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Neutral triple gauge couplings (nTGCs) first arise from the dimension-8 operators of the Standard Model
effective field theory (SMEFT), rather than the dimension-4 SM Lagrangian and dimension-6 SMEFT
operators, opening up a unique window for probing new physics at the dimension-8 level. In this work, we
formulate the nTGC form factors of ZZV� (V ¼ Z, γ) that are compatible with the spontaneous breaking of
the SUð2Þ ⊗ Uð1Þ electroweak gauge symmetry and consistently match the dimension-8 nTGC operators
in the broken phase. We study the sensitivities for probing both the ZZV� form factors and the
corresponding new physics scales through ZZ production (with visible/invisible fermionic Z decays) at
high energy eþe− colliders including CEPC, FCC-ee, LCF, ILC, and CLIC. In particular, we identify the
dimension-8 operator that contributes to the pure triple Z boson coupling ZZZ� alone, but not the mixed
ZZγ� coupling. We further study the correlations between probes of the ZZZ� and ZZγ� couplings. Using
machine learning, we show that angular distributions of the final-state fermions can play key roles in
suppressing the SM backgrounds. The sensitivities can be further improved by using polarized e∓ beams,
and we find that the optimal sensitivity bounds on the nTGC correlations are given by the mixed setting
including both the unpolarized operation and the follow-up polarized operation. We demonstrate that
machine learning is advantageous for handling the 4-body final states from ZZ decays and improves
significantly the sensitivity reaches of probes of nTGCs in eþe− collisions. We find that nTGC new physics
scales can be probed up to the multi-TeV scale at the proposed eþe− colliders.

DOI: 10.1103/w9wn-fxkc

I. INTRODUCTION

Studies of neutral triple gauge couplings (nTGCs) open a
unique window on new physics beyond the Standard Model
(BSM), since they are absent both in the Standard Model
(SM) and in the SM effective field theory (SMEFT) [1] at
the dimension-6 level. However, nTGCs are generated by
dimension-8 SMEFToperators, and offer a rare opportunity
to probe directly BSM physics at the dimension-8 level,

without obscuration by dimension-4 SM contributions and
dimension-6 SMEFT effects.
In a series of works [2–7], we have explored the potential

sensitivities of probes of the nTGCs at eþe− and pp
colliders through the reaction ff̄ → Zγ, and further studied
the UV completion of the nTGCs [8,9]. In the course of
these studies, we have revisited the conventional nTGC form
factor formalism [10,11], which respects only the residual
Uð1Þem gauge symmetry of QED. In our formulation of
nTGC form factors we have emphasized [2–4] the impor-
tance of incorporating the full electroweak gauge group
SUð2Þ ⊗ Uð1Þ of the SM with spontaneous symmetry
breaking. In particular, we have shown that disregarding
the full electroweak gauge group in the conventional nTGC
formalism [10] gives unphysically large predictions for the
nTGC sensitivity bounds that are stronger than the correct
bounds by about two orders of magnitude in the cases of the
LHC probes in initial CMS and ATLAS experimental
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analyses [12,13]. However, the ATLAS Collaboration [14]
has recently performed a new LHC measurement of nTGCs
by using the consistent nTGC form factor formulas [3,4] and
confirmed our theoretical predictions for the prospective
experimental sensitivities. The lesson is that, although the
contributions of dimension-8 operators to collider processes
generally have higher energy-power dependences than those
of dimension-6 operators [15,16], it is important to ensure
that high-energy behaviors of the dimension-8 contributions
are consistent with the full electroweak gauge group
SUð2Þ ⊗ Uð1Þ with spontaneous symmetry breaking,
because it can impose nontrivial energy cancellations for
the physical scattering amplitudes that arise from BRST
identities [2–4].
Previous studies have mainly focused on analyses of Zγ

production [2–7,17].1 However, these cannot probe the
pure Z boson nTGC ZZZ�. For this purpose, we study in
the present work a different reaction process, eþe− → ZZ
with on shell final-state Z bosons, which can probe ZZZ�
and ZZγ� nTGCs. The final-state Z bosons decay domi-
nantly through the charged-fermion channels and invisible
channels,2 Z → qq̄;ll; νν̄, whose angular distributions can
be used to suppress the SM backgrounds and enhance the
sensitivities of probes of the nTGCs. We demonstrate in
our analysis how the sensitivities of probes of nTGCs can
be significantly enhanced by using machine learning to
optimize the discriminatory power of the 4-body final states
from ZZ decays. We show that using polarized electron and
positron (e∓) beams can further increase the sensitivity
reaches of probes of nTGCs. Moreover, we find that the
optimal sensitivity bounds on the nTGC correlations are
given by the mixed setting including both the unpolarized
operation of e−eþ collisions and the follow-up polarized
operation.
This paper is organized as follows. In Sec. II Awe analyze

how the nTGC couplings arise from dimension-8 SMEFT
operators, and establish a consistent formulation of the
nTGC form factors that incorporates the full electroweak
gauge group SUð2Þ ⊗ Uð1Þ with spontaneous symmetry
breaking. Then, in Sec. II B we derive the unitarity

constraints on nTGCs that are significantly weaker than
the sensitivity reaches for probes of the nTGCs at high-
energy eþe− colliders, as we show later. In Sec. III we derive
the SM and nTGC contributions to the scattering amplitudes
and cross sections for ZZ production channels, and analyze
the differences between their angular distributions.
Section IV demonstrates how these may be used to probe
ZZZ� and ZZγ� nTGCs at high-energy eþe− colliders. We
analyze the visible fermionic decay channels Z → ll; qq̄ in
Sec. IVA and the invisible decay channels Z → νν̄ in
Sec. IV B. We apply machine learning algorithms to enhance
sensitivity reaches of probes of nTGCs in Sec. IVC. Then,
we analyze the improved sensitivities with polarized elec-
tron/positron beams in Sec. IVD. We analyze correlations
between the nTGC parameters in Sec. IV E. Comparisons
with the previous analyses of probes of the nTGCs via the Zγ
production channel are presented in Sec. IV F. Finally, we
conclude in Sec. V.

II. ZZV� COUPLINGS FROM OPERATORS
AND FORM FACTORS

We present the formulation of the nTGC couplings of
ZZV� in terms of the gauge-invariant dimension-8 effective
operators and the corresponding form factors in Sec. II A.
Then, we analyze the unitarity constraints on the nTGCs in
Sec. II B. We will show that these unitarity bounds are
much weaker than our collider constraints, and thus do not
affect our collider analyses in the next section.

A. nTGC operators and form factors
for ZZV� couplings

In previous papers [6,7] we studied possible probes of
nTGCs via on shell Zγ production. In this section, we will
analyze the nTGC contributions to the production process
e−eþ → ZZ through the vertices ZZV� (with V ¼ Z, γ).
We work in the general framework of the SMEFT, in which
nTGCs are first generated by dimension-8 operators [11].
The general dimension-8 SMEFT Lagrangian can be
written as

ΔLðdim -8Þ ¼
X
j

cj
Λ̃4

Oj ¼
X
j

signðcjÞ
Λ4
j

Oj

¼
X
j

1

½Λ4
j �
Oj; ð2:1Þ

where the dimensionless coefficients cj may be Oð1Þ, with
signs signðcjÞ ¼ �. We define the corresponding cutoff
scale Λj ≡ Λ̃=jcjj1=4 and introduce the shorthand nota-
tion ½Λ4

j �≡ signðcjÞΛ4
j .

A CP-conserving ZZV� vertex can be parametrized as
follows [11]:

1In passing, we note that a recent preprint [18] studied ZZ
production at eþe− colliders, but differs substantially from our
work. It did not study the ZZZ� coupling because it considered
only the four operators OB̃W;OBW̃;OW̃W;OB̃B that do not
contribute to the ZZZ� vertex, as shown in our Table I. Moreover,
the operators OW̃W and OB̃B have zero contribution to the ZZγ�
vertex as well, whereasOBW̃ gives the same ZZγ� contribution as
OB̃W (up to a trivial overall minus sign as shown in our Table I).
Hence, Ref. [18] effectively studied only the ZZγ� coupling
generated by OB̃W, and could not study any correlations between
different nTGCs as we do. Finally, it did not study the probe of
any related nTGC form factors, which is a major subject of our
work.

2We note that at eþe− colliders, in contrast to pp colliders, it is
possible tomake a kinematic selection of invisible decays of on shell
Z bosons (Z → νν̄) in the mixed final states ZZ → ll=qq̄þ νν̄.
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ieΓαβμ
ZZV� ðq1; q2; q3Þ ¼

eðq23 −M2
VÞ

M2
Z

fV5 ϵ
μαβρðq1 − q2Þρ;

ð2:2Þ

and a CP-conserving ZγV� vertex can be parametrized as
follows [4]:

ieΓαβμ
ZγV�ðq1; q2; q3Þ

¼ eðq23 −M2
VÞ

M2
Z

��
hV3 þ hV4

2M2
Z
q23

�
q2νϵαβμν

þ hV4
M2

Z
qα2q3νq2σϵ

βμνσ

�
: ð2:3Þ

The ZZV� nTGC vertices can arise only from dimension-8
operators with two SM Higgs-doublet fields. As shown in
Ref. [8], we note that there are seven independent
CP-conserving nTGC operators of dimension-8 with two
SM Higgs-doublet fields after taking into account the
equivalence relations arising from integration by parts. We
choose the following operator basis for our nTGC analysis:

OW̃W ¼ iH†W̃μνWνρfDρ; DμgH þ H:c:; ð2:4aÞ

O0
W̃W

¼ iH†W̃μνðDρWνρÞDμH þ H:c:; ð2:4bÞ

OB̃B ¼ iH†B̃μνBνρfDρ; DμgH þ H:c:; ð2:4cÞ

O0̃
BB

¼ iH†B̃μνðDρBνρÞDμH þ H:c:; ð2:4dÞ

OB̃W ¼ iH†B̃μνWνρfDρ; DμgH þ H:c:; ð2:4eÞ

O0̃
BW

¼ iH†B̃μνðDρWνρÞDμH þ H:c:; ð2:4fÞ

OW̃B ¼ iH†W̃μνBνρfDρ; DμgH þ H:c:; ð2:4gÞ

where H denotes the SM Higgs doublet and we define the
dual field strengths B̃μν ¼ ϵμναβBαβ and W̃μν ¼ ϵμναβWαβ,
where Wμν ¼ Wa

μν
σa

2
and σa denotes the Pauli matrices. The

above operators are all Hermitian and their Wilson coeffi-
cients cj are assumed to be real, so that they conserveCP. As
discussed in the text below Eq. (2.8) of Ref. [8], the operators

of Eq. (2.4) are linear combinations of the operatorsOð9Þ
W2ϕ2D2 ,

Oð17Þ
W2ϕ2D2 , Oð14Þ

WBϕ2D2 , Oð15Þ
WBϕ2D2 , Oð18Þ

WBϕ2D2 , Oð10Þ
B2ϕ2D2 , and

Oð12Þ
B2ϕ2D2 that are listed in Ref. [19] (cf. its Table 2) for the

dimension-8 SMEFTanalysis, up to non-nTGC terms. These
operators are not given in the basis of Refs. [20,21], but they
can be derived from operators of the type ðDϕÞ2F2 [20,21]
via integration by parts.
The contributions of the operators (2.4) to ZZZ� and

ZZγ� vertices are summarized in Table I, where hH0i ¼
v=

ffiffiffi
2

p
denotes the SM Higgs vacuum expectation value,

θW is the weak mixing angle, and we use the nota-
tions ðsW; cWÞ ¼ ðsin θW; cos θWÞ.
We see that the operators OB̃W and OB̃W both contribute

to the ZZγ� coupling, but do not contribute to the ZZZ�
coupling. Moreover, their contributions to the ZZγ� cou-
pling differ only by an overall minus sign, so we need only
consider the operatorOB̃W for our study of the ZZγ� nTGC.
In summary, we have four remaining relevant operators
(O0

W̃W
;O0̃

BB
;OB̃W;O

0̃
BW

), among which OB̃W contributes to
the ZZγ� coupling alone and the other three operators
contribute to both the ZZZ� and ZZγ� couplings.
We note in Table I that three dimension-8 operators

(O0
W̃W

;O0̃
BB
;O0̃

BW
) contribute to the ZZZ� vertex, as

follows:

fZ5 ¼ v2M2
Z

 
1

4 tan θW ½Λ04
W̃W

� þ
tan θW
½Λ04

B̃B
� þ

1

2½Λ04
B̃W

�

!
: ð2:5Þ

In order to study the ZZZ� and ZZγ� couplings sepa-
rately, we can construct an operator that contributes to the
ZZZ� coupling alone,

O3Z ≡O0
W̃W

þ 1

4
O0̃

BB
; ð2:6Þ

which yields the following ZZZ� coupling:

ev2

4sWcW
ðp2

3 −M2
ZÞðpρ

1 − pρ
2Þϵαβμρ: ð2:7Þ

Its contribution to the ZZZ� form factor fZ5 is as follows:

fZ5 ¼ v2M2
Z

4sWcW ½Λ4
3Z�

: ð2:8Þ

We also see in Table I that there are four dimension-8
operators (O0

W̃W
;O0̃

BB
;OB̃W;O

0̃
BW

) that contribute to the
ZZγ� vertex, whose contributions to the ZZγ� form factor
are as follows:

fγ5 ¼ v2M2
Z

 
1

4½Λ04
W̃W

� þ
1

½Λ04
B̃B
� þ

1

2sWcW ½Λ4
B̃W

� þ
tan θW
2½Λ04

B̃W
�

!
:

ð2:9Þ

Among the above four operators, the operator OB̃W con-
tributes to the form factor fγ5 only, but not to fZ5 . This is in
contrast with the operatorO3Z, which contributes to the form
factor fZ5 only, instead of fγ5. As discussed in Ref. [4], the
operator OB̃W also contributes to the ZγZ� vertex, and the
corresponding form factor hZ3 is given as follows:

hZ3 ¼ v2M2
Z

2sWcW ½Λ4
B̃W

� : ð2:10Þ
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Inspecting Eqs. (2.9) and (2.10), we deduce the following
relation:

fγ5 ¼ hZ3 ; ðfor OB̃WÞ: ð2:11Þ

As seen in Eq. (2.4), spontaneous electroweak symmetry
breaking (EWSB) and the Higgs vacuum expectation value
(VEV) are essential for generating ZZV� couplings. We
also note that these vertices could only generate on shell
Z pairs with one Z polarized transversely and the other

Z polarized longitudinally, since the kinematic structure with
the antisymmetric Levi-Civita tensor causes the production
of Z pairs with the same polarizations to vanish. Due to the
antisymmetric structure, the pure gauge operators OG� that
we introduced in Ref. [6] make vanishing contributions to
the ZZV� couplings.
Working in the electroweak broken phase of the SM in

which SUð2ÞW ⊗ Uð1ÞY → Uð1Þem, we expand the oper-
ators (2.4) and derive the relevant neutral triple gauge
vertices (nTGVs) as follows:

OW̃W → −
ev2

8sWcW
ðs2WÃμνAνρ þ sWcWÃμνZνρ þ sWcWZ̃μνAνρ þ c2WZ̃μνZνρÞð∂μZρ þ ∂ρZμÞ; ð2:12aÞ

O0
W̃W

→ −
ev2

8sWcW
Zμðs2WÃμν∂ρAνρ þ sWcWÃμν∂ρZνρ þ sWcWZ̃μν∂ρAνρ þ c2WZ̃μν∂ρZνρÞ; ð2:12bÞ

OB̃B →
ev2

2sWcW
ð−c2WÃμνAνρ þ sWcWÃμνZνρ þ sWcWZ̃μνAνρ − s2WZ̃μνZνρÞð∂μZρ þ ∂ρZμÞ; ð2:12cÞ

O0̃
BB

→ −
ev2

2sWcW
Zμðc2WÃμν∂ρAνρ − sWcWÃμν∂ρZνρ − sWcWZ̃μν∂ρAνρ þ s2WZ̃μν∂ρZνρÞ; ð2:12dÞ

OB̃W →
ev2

4sWcW
ðsWcWÃμνAνρ þ c2WÃμνZνρ − s2WZ̃μνAνρ − sWcWZ̃μνZνρÞð∂μZρ þ ∂ρZμÞ; ð2:12eÞ

O0̃
BW

→
ev2

4sWcW
ZμðsWcWÃμν∂ρAνρ þ c2WÃμν∂ρZνρ − s2WZ̃μν∂ρAνρ − sWcWZ̃μν∂ρZνρÞ; ð2:12fÞ

OB̃W → −
ev2

4sWcW
ð−sWcWÃμνAνρ þ s2WÃμνZνρ − c2WZ̃μνAνρ þ sWcWZ̃μνZνρÞð∂μZρ þ ∂ρZμÞ: ð2:12gÞ

Combining the above contributions to the nTGC vertices, we can derive the general Lorentz structures for the ZZV� vertices
with the form factors ðfZ5 ; fγ5Þ in coordinate space that respect the residual gauge symmetry Uð1Þem of QED,

L ¼ e
2M2

Z
fγ5ðc2WÃμνZνρ − s2WZ̃μνAνρÞð∂μZρ þ ∂ρZμÞ − e

2M2
Z
fZ5Z

μZ̃μν∂ρZνρ: ð2:13Þ

TABLE I. Summary of contributions by the relevant CP-conserving dimension-8 operators to the nTGC vertices
ZZZ� and ZZγ�.

Operators ZZZ� ZZγ�

OW̃W 0 0

O0
W̃W

ev2
4 tan θW

ðp2
3 −M2

ZÞðpρ
1 − pρ

2Þϵαβμρ ev2
4
p2
3ðpρ

1 − pρ
2Þϵαβμρ

OB̃B 0 0

O0̃
BB

ev2 tan θWðp2
3 −M2

ZÞðpρ
1 − pρ

2Þϵαβμρ −ev2p2
3ðpρ

1 − pρ
2Þϵαβμρ

OB̃W
0 − ev2

2sWcW
p2
3ðpρ

1 − pρ
2Þϵαβμρ

O0̃
BW

ev2
2
ðp2

3 −M2
ZÞðpρ

1 − pρ
2Þϵαβμρ ev2

2
tan θWp2

3ðpρ
1 − pρ

2Þϵαβμρ
OW̃B

0 ev2
2sWcW

p2
3ðpρ

1 − pρ
2Þϵαβμρ
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B. Unitarity constraints on the CPC nTGCs

In this section we analyze the perturbative unitarity con-
straints on the CPC nTGCs from the process e−eþ → ZZ,
finding that these constraints are much weaker than the
sensitivity reaches of the collider analysis presented in the
following section.
We make a partial-wave expansion of the nTGC con-

tributions to the scattering amplitude of e−eþ → ZZ as
follows [22]:

aJ ¼
eiðν0−νÞϕ

32π

Z
1

−1
dðcos θÞdJν0νðcos θÞT

sfsf̄;λZ1 λZ2
nTGC ; ð2:14Þ

where the differences between initial-state and final-state
helicities are given by ν ¼ sf − sf̄ and ν0 ¼ λZ1

− λZ2
,

respectively. We note that it is sufficient to treat the
initial-state electrons/positrons as massless, so we have
sf ¼ −sf̄, leading to ν ¼ �1. This implies that the J ¼ 1

partial wave makes the leading contribution. The relevant
Wigner d functions [23] are given by

d11;0 ¼ −
1ffiffiffi
2

p ; d11;�1 ¼
1

2
ð1� cos θÞ; ð2:15Þ

and the relation dJm;m0 ¼ dJ−m;−m0 holds in general.

For the process e−Le
þ
R → ZZ, we compute the leading

contribution to the scattering amplitude T
sfsf̄;λZ1 λZ2
nTGC as

follows:

T LR
ð8Þ ¼ � cVLf

V
5 e

2s
3
2ffiffiffi

2
p

cWsWM3
Z

�
sin2

θ

2
; cos2

θ

2

�
; ð2:16Þ

and the corresponding leading p-wave amplitude a1 is
given by

jℜeða1Þj ¼
���� cVLf

V
5 e

2s
3
2

48
ffiffiffi
2

p
πcWsWM3

Z

����: ð2:17Þ

The partial-wave unitarity condition is jℜeða1Þj < 1, where
we have included a factor of 2 as the final-state ZZ are
identical particles [22]. Thus, we derive the following
unitarity bound on the leading contributions to the nTGC
form factor:

jfV5 j <
����� 48

ffiffiffi
2

p
πcWsWM3

Z

cVLe
2s

3
2

�����: ð2:18Þ

Analogously, for the process e−Re
þ
L → ZZ, we derive the

following unitarity bound:

jfV5 j <
����� 48

ffiffiffi
2

p
πcWsWM3

Z

cVRe
2s

3
2

�����; ð2:19Þ

which can be obtained from the unitarity bound (2.18) by
the replacement cVL ↔ cVR . using these results we derive the
following unitarity bounds on the nTGC form factors fγ5
and fZ5 :

jfγ5j <
48

ffiffiffi
2

p
πM3

Z

e2s
3
2

; jfZ5 j <
96

ffiffiffi
2

p
πcWsWM3

Z

e2ð1 − 2s2WÞs32
: ð2:20Þ

TABLE II. Unitarity bounds on the new physics scales ΛB̃W
and Λ3Z (in GeV) of the dimension-8 nTGC operators and on the
nTGC form factors fγ5 and fZ5 .ffiffiffi
s

p
(TeV) 0.25 0.5 1 3 5

ΛB̃W (GeV) 48.8 82 138 314 461

Λ3Z (GeV) 36.6 61.6 104 236 347

jfγ5j 106 13.2 1.65 0.061 0.013

jfZ5 j 166 20.7 2.59 0.096 0.021

(a)

1 2 3 4 5
0.01

0.10

1

10

100

E (TeV)

f 5V

(b)

1 2 3 4 5

0.15

0.20

0.25

0.30

0.35

E (TeV)

(T
eV
)

FIG. 1. Unitarity bounds on the nTGC form factors fγ5 and f
Z
5 in plot (a) and on the new physics scales ΛB̃W and Λ3Z in plot (b). These

bounds are derived from the p-wave amplitudes for the reaction e−eþ → ZZ. The region below (above) each curve is allowed in plot (a)
[in plot (b)].
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Since the nTGC form factors fγ5 and fZ5 are connected
to the new physics cutoff scales ΛB̃W and Λ3Z of the
corresponding dimension-8 nTGC operators as shown in
Eqs. (2.9) and (2.8), we derive the following unitarity
bounds on ΛB̃W and Λ3Z:

ΛB̃W >

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2v2s3=2

96
ffiffiffi
2

p
πsWcWMZ

4

s
;

Λ3Z >

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2v2s3=2ð1 − 2s2WÞ
384

ffiffiffi
2

p
πs2Wc

2
WMZ

4

s
: ð2:21Þ

We present the unitarity bounds (2.20) and (2.21) for the
reaction e−eþ → ZZ in Table II, for the representative
eþe− collider energies

ffiffiffi
s

p ¼ ð0.25; 0.5; 1; 3; 5Þ TeV. We
further present in Fig. 1 the unitarity bounds on the nTGC
form factors and on the new physics scales of the nTGC
operators as functions of the eþe− collision energy

ffiffiffi
s

p ¼
ð0.25; 0.5; 1; 3; 5Þ TeV for the reaction e−eþ → ZZ. The
unitarity bounds on the nTGC form factors fγ5 and fZ5 are
shown in plot (a), and in plot (b) we display the unitarity
bounds on the new physics scales ΛB̃W and Λ3Z. The region
below (above) each curve is allowed in plot (a) [in plot (b)].
We find that these unitarity bounds on the nTGC form
factor ðfγ5; fZ5 Þ and on the new physics scales ðΛB̃W;Λ3ZÞ
are much weaker than our collider constraints, and hence
do not affect our collider analyses in the next section.

III. SCATTERING AMPLITUDES, CROSS
SECTIONS AND ANGULAR DISTRIBUTIONS

In this section we study the reaction e−eþ → ZZ includ-
ing contributions from both the SM and the nTGCs. For this
purpose, we compute helicity amplitudes and cross sections,
and analyze the angular distributions of its final states.
As shown in Fig. 2, the SM contributions to the

reaction e−eþ → ZZ are given by the t-channel and
u-channel fermion-exchange diagrams, whereas the
nTGC vertex ZZV� contributes via s-channel diagrams
mediated by a virtual Z or γ. We first derive the SM
contributions to the scattering amplitudes of the reaction
e−ðp1Þeþðp2Þ → Zðp3ÞZðp4Þ,

T sm ¼ v̄ðp2ÞΓμ
Zϵ

�
μðp4Þ

ð=p1 − =p3Þ
t

Γν
Zϵ

�
νðp3Þuðp1Þ

þ v̄ðp2ÞΓμ
Zϵ

�
μðp3Þ

ð=p1 − =p4Þ
u

Γν
Zϵ

�
νðp4Þuðp1Þ; ð3:1Þ

where we have defined the Mandelstam variables,
s ¼ ðp1 þ p2Þ2, t ¼ ðp1 − p3Þ2, and u ¼ ðp1 − p4Þ2. In
the above the vertex function Γμ

Z is defined as follows:

Γμ
Z ¼ ie

sWcW
γμðcZLPL þ cZRPRÞ; ð3:2Þ

where PL;R ¼ 1∓γ5
2

are projection operators, and ðcZL; cZRÞ ¼
ð− 1

2
þ s2W; s

2
WÞ denote the (left, right)-handed gauge cou-

plings of the electron to the Z boson, respectively.
Next we compute the new physics amplitudes contrib-

uted by the nTGCs for the reaction e−ðp1Þeþðp2Þ →
Zðp3ÞZðp4Þ,

T ð8Þ ¼ v̄ðp2ÞΓμ
Vuðp1Þ

−gμν
s −M2

V
ieΓαβν

ZZV�ϵ�αðp3Þϵ�βðp4Þ

¼ v̄ðp2ÞΓμ
Vuðp1Þ

−egμν
M2

Z

× fV5 ϵ
ναβρðp3 − p4Þρϵ�αðp3Þϵ�βðp4Þ; ð3:3Þ

where we define the vertex functions Γμ
V (V ¼ γ, Z) as

follows:

Γμ
V ¼ ie

sWcW
γμðcVLPL þ cVRPRÞ; ð3:4aÞ

cγL ¼ cγR ¼ −sWcW; cZL ¼ −
1

2
þ s2W; cZR ¼ s2W;

ð3:4bÞ

where cVL and cVR arise from the left-handed and right-
handed gauge couplings of electrons to the gauge bosons
V ¼ Z, γ, respectively.
For the reaction e−ðp1Þeþðp2Þ → Zðp3ÞZðp4Þ, we para-

metrize the external momenta as follows:

p1 ¼
ffiffiffi
s

p
2

ð1; 0; 0; 1Þ; p2 ¼
ffiffiffi
s

p
2

ð1; 0; 0;−1Þ;

p3 ¼
� ffiffiffi

s
p
2

; q sin θ; 0; q cos θ

�
;

p4 ¼
� ffiffiffi

s
p
2

;−q sin θ; 0;−q cos θ
�
; ð3:5Þ

where q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s
4
−M2

Z

q
is the magnitude of each Z boson’s

momentum and θ is the scattering angle between the
directions of the incident e−ðp1Þ and the outgoing Zðp3Þ.

(a) (b) (c)

FIG. 2. Feynman diagrams that contribute to the reaction
e−eþ → ZZ. Plot (a) shows the signal process containing the
nTGC vertices ZZV�, and plots (b) and (c) show the leading SM
background contributions.
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In order to characterize the final state Z boson pair Zðp3; λÞZðp4; λ0Þ with its nine helicity combinations, we define a
3 × 3 matrix amplitude T whose ith row and jth column element is defined as T ði; jÞ≡ T ðλþ 2; λ0 þ 2Þ. We derive the
following SM contributions to the scattering amplitudes:

T LR
sm ¼ 2e2cZL

2

s2Wc
2
Wð4M4

Z − 4sin2θM2
Zsþ s2sin2θÞ

×

0
BBB@

−sM2
Z sin 2θ

ffiffiffiffiffi
2s

p
MZ

�
ssin2θ − 4M2

Zsin
2 θ
2

	
−2sðs − 2M2

ZÞ sin θsin2 θ
2ffiffiffiffiffi

2s
p

MZ

�
ssin2θ − 4M2

Zcos
2 θ
2

	
2sM2

Z sin 2θ −
ffiffiffiffiffi
2s

p
MZ

�
ssin2θ − 4M2

Zsin
2 θ
2

	
2sðs − 2M2

ZÞ sin θcos2 θ
2

−
ffiffiffiffiffi
2s

p
MZ

�
ssin2θ − 4M2

Zcos
2 θ
2

	
−sM2

Z sin 2θ

1
CCCA; ð3:6Þ

for the process e−Le
þ
R → ZZ, and

T RL
sm ¼ 2e2cZR

2

s2Wc
2
Wð4M4

Z − 4ssin2θM2
Z þ s2sin2θÞ

×

0
BBB@

−sM2
Z sin 2θ

ffiffiffiffiffi
2s

p
MZ

�
ssin2θ − 4M2

Zcos
2 θ
2

	
2sðs − 2M2

ZÞ sin θcos2 θ
2ffiffiffiffiffi

2s
p

MZ

�
ssin2θ − 4M2

Zsin
2 θ
2

	
2sM2

Z sin 2θ −
ffiffiffiffiffi
2s

p
MZ

�
ssin2θ − 4M2

Zcos
2 θ
2

	
−2sðs − 2M2

ZÞ sin θsin2 θ
2

−
ffiffiffiffiffi
2s

p
MZ

�
ssin2θ − 4M2

Zsin
2 θ
2

	
−sM2

Z sin 2θ

1
CCCA; ð3:7Þ

for the process e−Re
þ
L → ZZ.

As mentioned above, the ZZV� coupling only contrib-
utes to the helicity amplitude for e−eþ → ZZ with one
longitudinally-polarized Z boson and one transversely-
polarized Z boson,

T LR
ð8Þ ¼

cVLf
V
5 e

2
ffiffiffi
s

p ðs− 4M2
ZÞffiffiffi

2
p

cWsWM3
Z

0
B@

0 sin2 θ
2

0

cos2 θ
2

0 − sin2 θ
2

0 − cos2 θ
2

0

1
CA;

ð3:8aÞ

T RL
ð8Þ ¼

cVRf
V
5 e

2
ffiffiffi
s

p ðs− 4M2
ZÞffiffiffi

2
p

cWsWM3
Z

0
B@

0 −cos2 θ
2

0

− sin2 θ
2

0 cos2 θ
2

0 sin2 θ
2

0

1
CA:

ð3:8bÞ

Making a high-energy expansion, we deduce the high-
energy behaviors of the helicity amplitudes from the
contributions of the SM and the nTGCs, respectively,

T sm ¼

0
BBBBB@

O
�
M2

Z
E2

	
O
�
MZ
E

	
OðE0Þ

O
�
MZ
E

	
O
�
M2

Z
E2

	
O
�
MZ
E

	
OðE0Þ O

�
MZ
E

	
O
�
M2

Z
E2

	

1
CCCCCA; ð3:9aÞ

T ð8Þ ¼

0
BBBBB@

0 O
�

E3

M3
ZΛ

4

	
0

O
�

E3

M3
ZΛ

4

	
0 O

�
E3

M3
ZΛ

4

	
0 O

�
E3

M3
ZΛ

4

	
0

1
CCCCCA; ð3:9bÞ

where we denote the energy scale E ¼ ffiffiffi
s

p
.

We see from Eq. (3.9) that the SM amplitude with the
final states ZLZT would behave like T smðZLZTÞ ¼ OðMZffiffi

s
p Þ

at high energies. This behavior can be understood via
the electroweak equivalence theorem (ET) that connects the
scattering amplitude of longitudinal gauge bosons to the
scattering amplitude of the corresponding Goldstone
bosons [24]. For the current scattering process we have
the following ET relation:

T ½ZL; ZT � ¼ T ½−iπ0; ZT � þ B½v; ZT �; ð3:10Þ

where π0 denotes the neutral Goldstone boson that is
converted to the longitudinal mode ZL via the Higgs
mechanism [25]. In Eq. (3.10), the B term is defined
as B ¼ T ½v; ZT �, with v≡ vμZμ and vμ ¼ ϵμL − ϵμS ¼
OðMZ=EÞ. Since the initial-state fermion masses are
negligible, the SM contributions contain only the t- and
u-channel exchanges. Thus we can deduce,

T sm½π0; ZT � ≃ 0; T sm½ZL; ZT � ≃ B ¼ O

�
MZffiffiffi
s

p
�
;

ð3:11Þ
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which explains the high-energy behavior of T sm½ZLZT �.
Moreover, Eq. (3.9) shows that T sm½ZLZL� ¼ OðM2

Z=E
2Þ.

This is because the ET gives

T ½ZL; ZL� ¼ −T ½π0; π0� þ B½LL�; ð3:12Þ

where T ½π0; π0� ¼ 0 holds because the initial-state fer-
mions e∓ have very small masses, so that the Yukawa
couplings between the Higgs boson (Goldstone boson) and

fermions can be ignored. Hence, for the ET identity (3.12),
we deduce the following:

T ½ZL; ZL� ¼ B½LL� ¼ T ½−iπ0; v� þ T ½v;−iπ0� þ T ½v; v�

¼ T ½v; v� ¼ O

�
M2

Z

E2

�
: ð3:13Þ

We can then compute the SM contributions to amplitude-
squared as follows:

jT smj2½ZZ� ¼
e4sðcZL4 þ cZR

4Þ½16M6
Zð1þ cos2 θÞ − 4ð3 − 7 cos2 θ þ 4s cos4 θÞM4

Z�
c4Ws

4
Wð4M4

Z − 4s sin2 θM2
Z þ s2 sin2 θÞ2

−
e4sðcZL4 þ cZR

4Þ½8s2 sin2 θ cos2 θM2
Z þ s3ðcos4 θ − 1Þ�

c4Ws
4
Wð4M4

Z − 4s sin2 θM2
Z þ s2 sin2 θÞ2 ; ð3:14Þ

where we average over the spins of the initial-state fermions and sum over the helicity combinations of the final states. The
squared scattering amplitudes for the SM contributions to the final states ZLZT and ZTZL take the following form:

jT smj2½ZLZT � ¼
2e4sM2

ZðcZL4 þ cZR
4Þ½4ð1þ cos2 θÞM4

Z − 4s sin2 θM2
Z þ s2 sin4 θ�

c4Ws
4
Wð4M4

Z − 4s sin2 θM2
Z þ s2 sin2 θÞ2 : ð3:15Þ

We have verified that our above formulas (3.14) and (3.15) agree with the literature [11]. We can further derive the SM
contributions to the squared amplitudes for the final states ZLZL and ZTZT ,

jT smj2½ZLZL� ¼
e4s2M4

ZðcZL4 þ cZR
4Þ sin2 2θ

c4Ws
4
Wð4M4

Z − 4s sin2 θM2
Z þ s2 sin2 θÞ2 ; ð3:16aÞ

jT smj2½ZTZT � ¼
e4s2ðcZL4 þ cZR

4Þ½4ð1þ 2 cos2 θÞM4
Z − 4sð1þ cos2 θÞM2

Z þ s2ð1þ cos2 θÞ� sin2 θ
8c4Ws

4
Wð4M4

Z − 4s sin2 θM2
Z þ s2 sin2 θÞ2 : ð3:16bÞ

As we have discussed earlier, the new physics of ZZV� nTGCs contribute only to the reaction e−ðp1Þeþðp2Þ →
Zðp3ÞZðp4Þ with the final states ZLZT and ZTZL. Computing the interference between the contributions from the
dimension-8 nTGC operator and from the SM, we find the following form:

2ℜeðT smT �
ð8ÞÞ½ZLZT � ¼

2se4fV5 ðcVLcZL2 − cVRc
Z
R
2Þð4M2

Z − sÞ½2M2
Zð1þ cos2θÞ − ssin2θ�

c3Ws
3
WM

2
Zð4M4

Z − 4ssin2θM2
Z þ s2sin2θÞ : ð3:17Þ

This interference term is ofOðΛ−4Þ. We can further compute the squared amplitude ofOðΛ−8Þ from the dimension-8 nTGC
contributions as follows:

jT ð8Þj2½ZLZT � ¼
e4sfV5

2ðcVL2 þ cVR
2Þðs − 4M2

ZÞ2ð3þ cos 2θÞ
4s2Wc

2
WM

6
Z

: ð3:18Þ

According to the energy power counting results (3.9), we can infer the leading high-energy behavior of each contribution to
the squared amplitude jT j2,

jT smj2 ∼ E0;
X
λ;λ0

T smðλλ0ÞT �
ð8Þðλλ0Þ ∼ E2; jT ð8Þj2 ∼ E6: ð3:19Þ

However, we recall that the Z boson is unstable and decays inside the detector. The intermediate-state Z bosons with
different polarizations interfere, and the leading high-energy dependence of T smT �

ð8Þ is E
3. We need to analyze the angular
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distributions of final-state particles from Z boson decays to obtain information about the interference of different Z
polarizations, which is discussed in the following section.
Using these results, we derive the total cross section of the reaction e−eþ → ZZ as follows:

σ ¼
e4ðcZL4 þ cZR

4Þ
h
−2sβðs − 2M2

ZÞ þ ð4M4
Z þ s2Þ ln sð1þβÞ−2M2

Z
sð1−βÞ−2M2

Z

i
16πc4Ws

4
Wðs − 2M2

ZÞs2

þ
e4fV5 ðcVLcZL2 − cVRc

Z
R
2Þ
h
sðsþ 2M2

ZÞβ þ 4M2
Zðs −M2

ZÞarcoth
�
2M2

Z−s
βs

	i
16πc3Ws

3
WM

2
Zs

2
þ e4fV5

2ðcVL2 þ cVR
2Þβ5s2

192πc2Ws
2
WM

6
Z

; ð3:20Þ

where β ¼ pZ=EZ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4M2

Z=s
p

and the symbol “arcoth” denotes the inverse function of the hyperbolic tangent
function coth. In the high-energy limit, we can deduce the following behaviors for each contribution to the total cross
section:

σ ¼ Oðs−1Þ þO

�
s0M2

Z

Λ4

�
þO

�
s2M2

Z

Λ8

�
: ð3:21Þ

We see that the SM contribution scales as s−1 and decreases with energy, whereas the interference term scales as s0=Λ4 and
thus is insensitive to the energy. Finally, the last contribution (arising from the squared amplitude) scales as s2=Λ8 and
increases with energy rapidly.
For the current analysis, we define the following normalized angular distribution functions:

fjθ ¼
1

σj

dσj
dθ

; ð3:22Þ

where σj (with j ¼ 0, 1, 2) represents the SM contribution (σ0), the OðΛ−4Þ contribution (σ1), and theOðΛ−8Þ contribution
(σ2). Then, we compute the angular distribution functions as follows:

f0θ ¼
s2βð2M2

Z − sÞf192M6
Z − 32sM4

Z − 8s2M2
Z þ 5s3 − sβ2½4 cos 2θðsþ 2M2

ZÞ2 þ s2β2 cos 4θ�g sin θ
16
h
2sβðs − 2M2

ZÞ þ ðs2 þ 4M4
ZÞ ln sð1−βÞ−2M2

Z
sð1þβÞ−2M2

Z

i
ð4M4

Z þ s2β2sin2θÞ2
; ð3:23aÞ

f1θ ¼ −
s3β3½6M2

Z − sþ ðsþ 2M2
ZÞ cos 2θ� sin θ

4
h
sβðsþ 2M2

ZÞ þ 4M2
Zðs −M2

ZÞarcoth 2M2
Z−s
βs

i
ð4M4

Z þ s2β2sin2θÞ
; ð3:23bÞ

f2θ ¼
3

16
ð3þ cos 2θÞ sin θ: ð3:23cÞ

We see in Fig. 4 that the SM distribution is concentrated
around the forward and backward scattering regions with θ
close to 0° or 180°. This feature is particularly clear for
large collision energies

ffiffiffi
s

p
≫ MZ. It also shows that the

interference distributions of OðΛ−4Þ have negative sign in
the small sin θ region, namely, when the scattering angle θ
obeys the condition j sin θj < 2MZ=ðsþ 2M2

ZÞ1=2.
Next, we further incorporate the fermionic decays of the

final states ZZ. We first consider Z decay in its rest frame,
Zðq1Þ → fðk1Þfðk2Þ, and express the momenta of the final-
state fermions as follows:

k1 ¼ kð1; sin θa cosϕa; sin θa sinϕa; cos θaÞ; ð3:24aÞ

k2 ¼ kð1;− sin θa cosϕa;− sin θa sinϕa;− cos θaÞ;
ð3:24bÞ

where k ¼ 1
2
MZ holds since we treat the final-state fermions

as effectively massless. Here the positive direction ẑa in the
Z rest frame is chosen to be the Z moving direction in
the laboratory frame, and θa denotes the angle between the
positive direction ẑa and the fermion f direction of motion in
the Z rest frame. We define ϕa as the angle between the
e−eþ scattering plane and the Z-decay plane in the e−eþ
center-of-mass frame. Similarly, we can express the kin-
ematics of the other Z decay in terms of the angular variables
θb and ϕb. This kinematic structure is illustrated in Fig. 3.
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Then, we express the helicity amplitude for the reaction
e−eþ → ZZ → faf̄afbf̄b as follows:

T ¼ e2M2
ZDZðq1ÞDZðq2Þ
2s2Wc

2
W

X1
λ;λ0¼−1

e−iðλϕaþλ0ϕbÞT ss0 ½λλ0�

× fð1 − δ0λÞ½faRð1 − λ cos θaÞ − faLð1þ λ cos θaÞ�
þ

ffiffiffi
2

p
δ0λ sin θaðfaR þ faLÞg

× fð1 − δ0λ0 Þ½fbRð1 − λ0 cos θbÞ − fbLð1þ λ0 cos θbÞ�
þ

ffiffiffi
2

p
δ0λ0 sin θbðfbR þ fbLÞg; ð3:25Þ

where DZ is the propagator of the Z boson, and
ðfa;bL ; fa;bR Þ ¼ ðfLδσ;−1

2
; fRδσ;1

2
Þ denote the gauge couplings

of the fermions a and b with helicity σ. In the above, the
gauge couplings ðfL; fRÞ ¼ ðT3 −Qs2W;−Qs2WÞ denote the
gauge couplings of the (left, right)-handed fermions. In
Eq. (3.25), T ss0 ½λλ0� represents the on shell helicity ampli-
tude of the scattering process e−eþ → ZZ,

T ss0 ½λλ0� ¼ T ss0
sm½λλ0� þ T ss0

ð8Þ½λλ0�; ð3:26Þ

which include the contributions from both the SM and the
dimension-8 nTGC operators.
Next, we derive the following normalized angular dis-

tributions fjθa ¼ 1
σj

dσj
dθa

as functions of the angle θa:

f0θa ¼
3 sin θaðs − 2M2

ZÞ½3s − 10M2
Z þ ðsþ 2M2

ZÞ cos 2θa�
16β
h
sðs − 2M2

ZÞβ þ ðs2 þ 4M4
ZÞarcoth 2M2

Z−s
βs

i

þ
6 sin θa½ð1þ cos2θaÞðs3 − 4s2M2

Z þ 4sM4
Z þ 8M6

ZÞ − 32M6
Z�arcoth 2M2

Z−s
βs

16β2s
h
sðs − 2M2

ZÞβ þ ðs2 þ 4M4
ZÞarcoth 2M2

Z−s
βs

i ; ð3:27aÞ

f1θa ¼ f2θa ¼
3

32
sin θað5 − cos 2θaÞ; ð3:27bÞ

and the following normalized angular distributions fjϕa
¼ 1

σj

dσj
dϕa

with respect to the angle ϕa:

FIG. 3. Kinematic structure of the reaction e−eþ → ZZ followed by the fermionic decays Z → ff̄, in the e−eþ collision frame.
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f0ϕa
¼ 1

2π
þ 3π

ffiffiffi
s

p
βM3

Zf
2
−ðcZL4 − cZR

4Þ cosϕa

8f2þðcZL4 þ cZR
4Þ
h
sðs − 2M2

ZÞβ þ ðs2 þ 4M4
ZÞarcoth 2M2

Z−s
βs

i

−
M2

Zðs − 2M2
ZÞ
h
sβ þ ðs − 2M2

ZÞarcoth 2M2
Z−s
βs

i
cos 2ϕa

2πβ2s
h
sðs − 2M2

ZÞβ þ ðs2 þ 4M4
ZÞarcoth 2M2

Z−s
βs

i ; ð3:28aÞ

f1ϕa
¼ 1

2π
−

3πβ3f2−s
3
2ð3s − 8M2

ZÞðcVLcZL2 þ cVRc
Z
R
2Þ cosϕa

256MZf2þðcVLcZL2 − cVRc
Z
R
2Þ
h
sðsþ 2M2

ZÞβ þ 4M2
Zðs −M2

ZÞarcoth 2M2
Z−s
βs

i

−

h
sðs − 2M2

ZÞβ þ 4M4
Zarcoth

2M2
Z−s
βs

i
cos 2ϕa

8π
h
sðsþ 2M2

ZÞβ þ 4M2
Zðs −M2

ZÞarcoth 2M2
Z−s
βs

i ; ð3:28bÞ

f2ϕa
¼ 1

2π
−
cos 2ϕa

16π
; ð3:28cÞ

where we have defined notations f2� ¼ f2L � f2R, with
ðfL; fRÞ ¼ ðT3 −Qs2W;−Qs2WÞ denoting gauge couplings
of the (left, right)-handed fermions in the final states. The
other notations (cVL; c

V
R) denote the gauge couplings of the

(left, right)-handed e∓ with the SM gauge boson Vð¼ Z; γÞ
as defined in Eq. (3.4b). We note that f1θa ¼ f2θa in

Eq. (3.27b). In general, the angular distributions fiθa depend
on the ZZ helicity combinations (TT, TL, LL). However,
we see in Eq. (3.8) that T smT �

ð8Þ and jT ð8Þj2 both contain

only the (TL) combination, hence the distributions f1θa and
f2θa are the same.

(a) (b)

(c) (d)

FIG. 4. Normalized angular distributions in the polar scattering angle θ for different collider energies,
ffiffiffi
s

p ¼ ð0.25; 0.5; 1; 3Þ TeV, are
shown in plots (a)–(d) respectively. In each plot, the black, red and blue curves denote the contributions from the SM, the OðΛ−4Þ term,
and the OðΛ−8Þ term, respectively. The eþe− collision energy chosen for each plot is shown in the parentheses, such as (250 GeV),
(500 GeV), and so on.
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Using the above analytical formulas, we present numeri-
cal results for the normalized angular distribution functions
of θ, θa, and ϕa in Figs. 4–6 respectively. In each figure, the
four plots have input different collision energies,ffiffiffi
s

p ¼ ð0.25; 0.5; 1; 3Þ TeV, corresponding to the expected
collision energies of the CEPC, FCC-ee, ILC, and its
possible energy upgrades, and the design energy of CLIC.
In Figs. 4 and 5 we use black, red and blue curves to denote
the contributions from the SM, the OðΛ−4Þ interference,
and the OðΛ−8Þ term, respectively. In Fig. 6, we use black,
red, green, and blue curves to denote the contributions from
the SM, the OðΛ−4Þ interference with γ�, the OðΛ−4Þ
interference with Z�, and theOðΛ−8Þ term, respectively. We
find that the distributions with respect to θa and ϕa are
similar to the corresponding distributions for the Zγ final
states given in [6,7]. The SM and pure dimension-8
distributions in ϕa are rather flat, whereas the OðΛ−4Þ
interference terms are dominated by cosine functions.
It is of interest to examine the high-energy behaviors of

the angular distribution functions. In the case of the angular
distribution respect to the scattering angle θ, the distribution
from the SM, namely f0θ, increases rapidly with collision
energy in the small sin θ region, whereas the distribution
from the OðΛ−4Þ interference term, f1θ, decreases with

energy and the distribution from the pure OðΛ−8Þ dimen-
sion-8 term, f2θ, is rather flat. For all the functions f

j
θa
, the

coefficients of all trigonometric functions approach con-
stants in the high-energy limit s ≫ M2

Z. This is why Fig. 5
shows that the distributions in θa are not sensitive to the
collision energy

ffiffiffi
s

p
, as we vary the collision energy over

the range
ffiffiffi
s

p ¼ ð0.25; 0.5; 1; 3Þ TeV in the four plots. In
the high-energy limit s ≫ M2

Z we can derive the following
angular distributions with respect to the angle ϕa:

f0ϕa
¼ 1

2π
; ð3:29aÞ

f1ϕa
¼ 1

2π
−
9πðcVLcZL2 þ cVRc

Z
R
2Þðf2L − f2RÞ

ffiffiffi
s

p
cosϕa

256ðcVLcZL2 − cVRc
Z
R
2Þðf2L þ f2RÞMZ

−
cos 2ϕa

8π
; ð3:29bÞ

f2ϕa
¼ 1

2π
−
cos 2ϕa

16π
: ð3:29cÞ

From the above formulas, we see that the angular function
f0ϕa

approaches the constant term 1
2π for s ≫ M2

Z. We see in
Eq. (3.28c) or Eq. (3.29c) that the value of the angular

(a) (b)

(c) (d)

FIG. 5. Normalized angular distribution in the polar angle θa in the Z decay frame for different collider energies,ffiffiffi
s

p ¼ ð0.25; 0.5; 1; 3Þ TeV, as shown in plots (a)–(d), respectively. In each plot, the black, red and blue curves denote the contributions
from the SM, the OðΛ−4Þ interference, and the OðΛ−8Þ term, respectively, where the red and blue curves exactly overlap. The eþe−
collision energy chosen for each plot is shown in the parentheses, such as (250 GeV), (500 GeV), and so on.
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function f2ϕa
fluctuates around 1

2π with a magnitude of only
1

16π, which is why in Fig. 6 the angular functions f
0
ϕa

and f2ϕa

(shown as the black and blue curves) appear fairly flat and
largely overlap with each other. In contrast, for the case of
the angular function f1ϕa

, the coefficient of cosϕa is
enhanced by an energy factor

ffiffiffi
s

p
=MZ, and can be much

larger than the constant term.

IV. PROBING ZZV� COUPLINGS
AT e+ e− COLLIDERS

In this section we analyze systematically the capabilities
of ZZ production in eþe− collisions followed by fermionic
decays. We derive the nTGC signal sensitivity using the
differential angular distributions of the cross section with
respect to all angles ðθ; θa;ϕa; θb;ϕbÞ for the case of
Z bosons decaying to either leptons or quarks in
Sec. IVA. Then, in Sec. IV B, we integrate over the angles
θb and ϕb, which may be regarded as decay angles of Z
bosons to neutrinos, thereby incorporating the neutrino decay
channel of Z bosons. After this, we demonstrate in Secs. IV C
and IVD that the signal sensitivity can be significantly
enhanced through the implementation of machine learning

and the use of polarized e∓ beams. Finally, in Sec. IV E we
compare our results with those obtained in previous studies
that considered the Zγ final state.

A. Analyzing ZZ production via
leptonic/hadronic channels

For the present analysis, we define the observables,

Oj ≡ σj

Z
Ω
dΩjfjΩj; ð4:1Þ

where the angular distribution function is

fjΩ ¼ d5σj
σjdθdθadθbdϕadϕb

; ð4:2Þ

and dΩ ¼ dθdθadϕadθbdϕb. We note that Eq. (4.1) inte-
grates the absolute value of the angular distribution
function fjΩ over all the phase space, where jfjΩj ¼ �fjΩ
for fjΩ≷0. In this way, the angular integration over jfjΩj is
enhanced without any cancellations between the fjΩ > 0

regions and fjΩ < 0 regions.

(a) (b)

(c) (d)

FIG. 6. Normalized angular distributions in the azimuthal angle ϕa of down-type quarks for different collider energies,ffiffiffi
s

p ¼ ð0.25; 0.5; 1; 3Þ TeV, are shown in plots (a)–(d), respectively. In each plot, the black, red, green and blue curves denote the
contributions from the SM, theOðΛ−4Þ interference with γ�, the OðΛ−4Þ interference with Z�, and the OðΛ−8Þ term, respectively, where
the blue and black curves nearly overlap. The eþe− collision energy chosen for each plot is shown in the parentheses, such as (250 GeV),
(500 GeV), and so on.
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Then, we compute the signal significance,

Zðfaf̄afbf̄bÞ ¼
jSIj
ΔBI

¼ jO1ðfaf̄afbf̄bÞjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ0ðfaf̄afbf̄bÞ

p ×
ffiffiffiffiffiffiffiffiffiffiffi
L× ϵ

p
; ð4:3Þ

where L is the integrated luminosity and ϵ is the detection
efficiency. When evaluating the signal significance by
using the above formula (4.3), we include only the final-
state leptons and quarks, since neutrinos cannot be detected
directly. We note that reducible backgrounds contribute to
the production process eþe− → 4f. Most of these can be
effectively eliminated by applying the Z on shell condition
jMff −MZj < 10 GeV. Since the final-state fermions are
nearly massless, there are certain soft and collinear diver-
gences arising from these reducible backgrounds. The
implementation of kinematic cuts on the separation angle
ΔRðff̄Þ and transverse momentum PTðfÞ can significantly
suppress the contributions of these reducible backgrounds.
Our MadGraph [26] simulations demonstrate that the
reducible backgrounds can be reduced to below 5% of
the total backgrounds for processes excluding e−eþ final
states; and to Oð10%Þ for processes containing e−eþ final
states. The optimal cuts are process-dependent, varying
with both the final-state configurations and collision
energies [18]. Notably, the relative contribution of the
reducible backgrounds become smaller as the eþe− colli-
sion energy rises. We further note that the SM backgrounds
σ0ðfaf̄afbf̄bÞ contribute to the significance (4.3) through
the square-root of σ0. Hence, for the present analysis, the
effects of reducible backgrounds on the significance (4.3)
are rather minor and mainly negligible. For this analysis we
can focus on the signal extraction from irreducible back-
grounds. A dedicated backgrounds simulation including
both the irreducible and reducible backgrounds will be
beneficial for future detector-level analyses.
The differential angular distribution fjθ with respect to

the angle θ is presented in Fig. 4, and we observe that the
SM background is predominantly concentrated within the
forward and backward regions. Furthermore, as the scatter-
ing energy increases, the relative contributions of these SM
backgrounds within the forward and backward regions

increase. Therefore, imposing a cut on the scattering angle
θ (such that sin θ > sin δ) serves to suppress the SM
backgrounds, and thus improves the significance of signals.
With the angular cut δ ¼ ð0; 0.36; 0.33; 0.34; 0.34Þ forffiffiffi
s

p ¼ ð0.25; 0.5; 1; 3; 5Þ TeV, we derive the results in
Table III for the sensitivities to the nTGC form factors
ðfγ5; fZ5 Þ and the results in Table IV for the sensitivities to
the new physics cutoff scales Λj of the dimension-8 nTGC
operators. In the present analysis, for ease of comparison
we choose an integrated luminosity L ¼ 5 ab−1 as the
universal benchmark [27–34] for all collider energies.
In addition, for the e−eþ collision energy of 250 GeV,
we choose another benchmark of integrated luminosity
L ¼ 20 ab−1 based on the CEPC TDR [28]. For any other
choice of integrated luminosity, one can obtain the corre-
sponding sensitivities by rescaling.
For reference, the FCC-ee Feasibility Study Report [29]

quotes a baseline integrated luminosity 10.8 ab−1 for the
240 GeV collision energy and another 3.12 ab−1 for the
(340–350) GeV and 365 GeV collision energies. The pro-
posed project of LCF (Linear Collider Facility) [30] at
CERN sets an envisioned integrated luminosity of 3 ab−1

for the 250 GeV collision energy and 8 ab−1 for the
550 GeV collision energy. The proposed CLIC project
[31,32] at CERN plans to collect integrated luminosities of
4.3 ab−1 for the 380 GeV (and 350 GeV) collision energies
and of 4.0 ab−1 for the 1.5 TeV collision energy. The
proposed ILC project [34] is expected to deliver an
integrated luminosities of 2 ab−1 at the 250 GeV collision
energy and 4 ab−1 at the 500 GeV collision energy, with
additional 200 fb−1 at the 350 GeV collision energy.
The sensitivity bounds on the new physics scale ΛB̃W are

consistently stronger than those on Λ3Z, and this advantage
grows with increasing scattering energy. Limits on the new
physics scale Λ generally strengthen as the scattering energy
increases, primarily because the differences between the
differential angular distributions of the interference signal f1Ω
and the SM background f0Ω become more pronounced at
higher scattering energies.
In passing, we note that for the present analysis of

ZZ production at the eþe− colliders, the dominant

TABLE III. Sensitivity reaches for the nTGC form factors fγ5 and fZ5 at the 2σ and 5σ levels, as derived by
analyzing the reaction e−eþ → faf̄afbf̄b (with f ¼ l; q), for a representative integrated luminosity L ¼ 5 ab−1 at
selected collision energies and an ideal detection efficiency ϵ ¼ 100%.ffiffiffi
s

p
(TeV) L (ab−1) jfγ5j2σ jfγ5j5σ jfZ5 j2σ jfZ5 j5σ

0.25 20 2.8 × 10−4 7.0 × 10−4 3.5 × 10−4 8.9 × 10−4

0.25 5 5.6 × 10−4 1.4 × 10−3 7.1 × 10−4 1.8 × 10−3

0.5 5 5.5 × 10−5 1.4 × 10−4 1.2 × 10−4 2.9 × 10−4

1 5 1.1 × 10−5 2.9 × 10−5 2.9 × 10−5 7.3 × 10−5

3 5 1.2 × 10−6 3.0 × 10−6 3.4 × 10−6 8.4 × 10−6

5 5 4.3 × 10−7 1.1 × 10−6 1.2 × 10−6 3.1 × 10−6
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contribution comes from the interference term between the
SM and the nTGC contributions, whereas the contribution
of the quadratic nTGC term is negligibly small. For
instance, we find that when the contribution of the
interference term reaches a significance Zint ¼ 2, the
significance contributed by the quadratic term is only
Zquaðfγ5Þ ¼ ð0.006; 0.009; 0.016; 0.047Þ and ZquaðfZ5 Þ¼
ð0.003;0.014;0.036;0.13Þ for

ffiffiffi
s

p ¼ ð0.25; 0.5; 1; 3Þ TeV,
showing that the contribution of the interference term
always dominates the sensitivity.

B. Analyzing the invisible decay channel Z → νν̄

To compute the nTGC signal significance for the
reaction e−eþ → ZZ → ff̄νν̄ (with f ¼ l; q), we consider
θb and ϕb to be the angles of the decay of one Z boson into
neutrinos and integrate over them. Then, we compute the
signal significance, with θa and ϕa being the angles of the
other Z boson decays into leptons or quarks.
For this analysis, we define the following observable:

On
j ≡ σj

Z
Ω0
dΩ0jfjΩ0 j; ð4:4Þ

where the superscript “n” ofOn
j denotes one of the final state

Z bosons decaying into neutrinos, and dΩ0 ¼ dθdθadϕa. In
the above, the partially integrated angular distribution

function fjΩ0 is given by

fjΩ0 ¼
Z

fjΩdθbdϕb: ð4:5Þ

With these, we compute the nTGC signal significance,

Znðfaf̄aÞ ¼
jSIj
ΔBI

¼ jOn
1ðfaf̄aÞjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ0ðfaf̄aÞ

p ×
ffiffiffiffiffiffiffiffiffiffiffi
L × ϵ

p
: ð4:6Þ

We then derive the total signal significance for probing the
nTGCs,

Ztot ¼
" X
ða;bÞ∈ ðl;qÞ

Z2ðfaf̄afbf̄bÞ

þ
X

a∈ ðl;qÞ
Z2

nðfaf̄aÞ
#1

2

; ð4:7Þ

by using the angular cut δn ¼ ð0.02; 0.30; 0.31; 0.31; 0.33Þ
for Zn at each eþe− collider energy

ffiffiffi
s

p ¼ ð0.25; 0.5 ;
1; 3; 5Þ TeV. We present our findings for the sensitivity
reaches on the nTGC form factors ðfγ5; fZ5 Þ in Tables V
and VI, and on the nTGC new physics scales in Table VII.
It can be seen that the limits onΛνν̄ are less stringent than

those on Λff̄. This is due to the lower branching ratio of the
Z boson decays to neutrinos as compared to its decays to
charged fermions (including leptons and quarks),

Br½Z → νν̄� < Br½Z → ll; qq̄�; ð4:8Þ

and the absence of decay angle information. Consequently,
incorporating the contribution from the neutrino decay
channel of the Z boson yields only a modest improvement
in the limit on the new physics scale Λ, as compared to the
results obtained in Sec. IVA that include only Z boson
decays to charged fermions.

C. Probability cuts from machine learning

In this section we explore the use of machine learning
(ML) to improve the signal significance. ML has become a

TABLE IV. Sensitivity reaches on the new physics scales ΛB̃W

and Λ3Z (in TeV) via the reaction e−eþ → faf̄afbf̄b, ð with
f ¼ l; q). The sensitivity reaches are shown at the 2σ and 5σ
levels and for different collider energies. For illustration, we
assume a representative integrated luminosity L ¼ 5 ab−1 and an
ideal detection efficiency ϵ ¼ 100%.

ffiffiffi
s

p
(TeV) L (ab−1) Λ2σ

B̃W
Λ5σ
B̃W

Λ2σ
3Z Λ5σ

3Z

0.25 20 1.2 .96 .96 .76
0.25 5 1.0 .81 .81 .64
0.5 5 1.8 1.4 1.3 1.0
1 5 2.7 2.1 1.8 1.4
3 5 4.7 3.8 3.1 2.4
5 5 6.1 4.9 4.0 3.1

TABLE V. Sensitivity reaches for the nTGC form factor fγ5 at the (2σ; 5σ) level, as derived by analyzing the
reactions e−eþ → faf̄afbf̄b, e−eþ → faf̄aνν̄ (with f ¼ l; q) and their combination at selected collision energies,
for a representative integrated luminosity L ¼ 5 ab−1 and an ideal detection efficiency ϵ ¼ 100%.ffiffiffi
s

p
(TeV) L (ab−1) jfγ5jff̄ jfγ5jνν̄ jfγ5jtot

0.25 20 ð2.8; 7.0Þ × 10−4 ð:63; 1.6Þ × 10−3 ð2.6; 6.4Þ × 10−4

0.25 5 ð:56; 1.4Þ × 10−3 ð1.3; 3.2Þ × 10−3 ð:51; 1.3Þ × 10−3

0.5 5 ð:55; 1.4Þ × 10−4 ð1.2; 2.9Þ × 10−4 ð:50; 1.2Þ × 10−4

1 5 ð1.1; 2.9Þ × 10−5 ð2.4; 6.0Þ × 10−5 ð1.0; 2.6Þ × 10−5

3 5 ð1.2; 3.0Þ × 10−6 ð2.5; 6.3Þ × 10−6 ð1.1; 2.7Þ × 10−6

5 5 ð:43; 1.1Þ × 10−6 ð:90; 2.3Þ × 10−6 ð3.9; 9.7Þ × 10−7
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transformative tool in collider physics, addressing challenges
in data analysis, pattern recognition, and theoretical model-
ing [35]. ML algorithms (such as boosted decision trees,
deep neural networks, nearest neighbor analysis, and support
vector machines) are widely used to distinguish between rare
particle collision signals and large background noise sources.
These methods optimize event classification by learning
complex correlations in high-dimensional datasets.
For this analysis, we employ the Mathematica’s built-in

function Classify to perform machine learning for
distinguishing between the nTGC signals and the SM
background events. The Classify function incorporates
many machine learning algorithms and automatically iden-
tifies the optimal algorithm for the specific classification
task to deliver the optimized performance. This implemen-
tation operates autonomously without requiring manual
hyperparameter tuning.
The core methodology is to use large samples of (labeled)

simulated scattering events (explicitly tagged as belonging to
the signal or background categories), which we use to train a
classification algorithm to discover automatically optimal
criteria for distinguishing between the signal and back-
grounds on the basis of measurements of physical quantities
such as energies, momenta, angles, and their combinations
within the events. After training, the classification algorithm
functions as a classifier, which computes the probability that
any experimental event belongs to the signal or background
category.

We proceed by dividing the phase space of the final
states into a positive region Rþ and a negative region R−
based on the signs of the angular distribution f1Ω in
Eq. (4.2) or f1Ω0 in Eq. (4.5),

Rþ ∶ f1Ω > 0; or; f1Ω0 > 0; ð4:9aÞ

R−∶ f1Ω < 0; or; f1Ω0 < 0: ð4:9bÞ

Subsequently, we categorize the signal S and back-
ground B into positive dataset (Sþ; Bþ) and negative
dataset (S−; B−) according to Rþ and R−.
In this theoretical study, we generate events in

Mathematica and then leverage its built-in ML function
Classify with variables (θ, θa, θb, ϕa, ϕb) to distinguish
the nTGC signals from SM backgrounds. For the positive
portion of the signal and background dataset (Sþ and Bþ),
we train a classifier Cþ

sig−bkg capable of distinguishing
between signals and backgrounds, and providing the prob-
ability that each event belongs to either category. We apply
the same approach to the negative dataset using a classifier
C−
sig−bkg. For instance, we illustrate in Figs. 7 and 8 the

probability distributions for the collider energies
ffiffiffi
s

p ¼
250 GeV and

ffiffiffi
s

p ¼ 3 TeV, respectively. Comparing
Fig. 7 with Fig. 8, we see that probability distributions
significantly change as the collider energy increases fromffiffiffi
s

p ¼ 250 GeV to
ffiffiffi
s

p ¼ 3 TeV. Furthermore, it is shown

TABLE VI. Sensitivity reaches for the nTGC form factor fZ5 at the (2σ; 5σ) level, as derived by analyzing the
reactions e−eþ → faf̄afbf̄b, e−eþ → faf̄aνν̄ (with f ¼ l; q) and their combination at selected collision energies,
for a representative integrated luminosity L ¼ 5 ab−1 and an ideal detection efficiency ϵ ¼ 100%.

ffiffiffi
s

p
(TeV) L (ab−1) jfZ5 jff̄ jfZ5 jνν̄ jfZ5 jtot

0.25 20 ð3.5; 8.9Þ × 10−4 ð:57; 1.4Þ × 10−3 ð3.0; 7.5Þ × 10−4

0.25 5 ð:71; 1.8Þ × 10−3 ð1.1; 2.9Þ × 10−3 ð:60; 1.5Þ × 10−3

0.5 5 ð1.2; 2.9Þ × 10−4 ð2.3; 5.9Þ × 10−4 ð1.0; 2.6Þ × 10−4

1 5 ð2.9; 7.3Þ × 10−5 ð:67; 1.7Þ × 10−4 ð2.7; 6.7Þ × 10−5

3 5 ð3.4; 8.4Þ × 10−6 ð:86; 2.2Þ × 10−5 ð3.1; 7.8Þ × 10−6

5 5 ð1.2; 3.1Þ × 10−6 ð3.2; 8.0Þ × 10−6 ð1.1; 2.9Þ × 10−6

TABLE VII. Sensitivity reaches on the new physics scales ΛB̃W and Λ3Z (in TeV) through the reactions e−eþ →
faf̄afbf̄b and e−eþ → faf̄aνν̄ (with f ¼ l; q) plus their combination. The bounds are shown at the ð2σ; 5σÞ level
and for different eþe− collider energies. For illustration, we choose a representative integrated luminosity L ¼
5 ab−1 and an ideal detection efficiency ϵ ¼ 100%.

ffiffiffi
s

p
(TeV) L (ab−1) Λff̄

B̃W
Λνν̄
B̃W

Λtot
B̃W

Λff̄
3Z Λνν̄

3Z Λtot
3Z

0.25 20 (1.2, .96) (.99, .78) (1.2, .98) (.96, .76) (.85, .68) (1.0, .79)
0.25 5 (1.0, .81) (.83, .66) (1.0, .83) (.81, .64) (.72, .57) (.84, .67)
0.5 5 (1.8, 1.4) (1.5, 1.2) (1.9, 1.5) (1.3, 1.0) (1.1, .85) (1.3, 1.0)
1 5 (2.7, 2.1) (2.2, 1.8) (2.8, 2.2) (1.8, 1.4) (1.5, 1.2) (1.8, 1.5)
3 5 (4.7, 3.8) (3.9, 3.1) (4.8, 3.9) (3.1, 2.4) (2.4, 1.9) (3.1, 2.5)
5 5 (6.1, 4.9) (5.1, 4.0) (6.3, 5.0) (4.0, 3.1) (3.1, 2.5) (4.0, 3.2)
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that the higher collider energy can help to raise the
probability of discriminating the signals from backgrounds.
In order to achieve higher sensitivity, we discriminate

between signals and backgrounds by using the event
probability distributions that are computed via ML. We
divide events into bins of the probability distribution, whose
widths are chosen asΔP ¼ 0.1. We compute the significance
Zbin for each bin, and construct the following significance
measure:

Z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX

Z2
bin

q
: ð4:10Þ

Finally, we compute the total signal significance Ztot by
combining the significances from both the positive region
Zþ and negative region Z−:

Ztot ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2þ þ Z2

−

q
: ð4:11Þ

Employing this approach, we have derived the sensitivity
reaches on the nTGC form factors in Table VIII and on the
nTGC new physics cutoff scales in Table IX.
We find that after applying machine learning to dis-

tinguish nTGC signals and SM backgrounds, the phe-
nomenological constraints on the new physics cutoff scale

Λ are significantly enhanced as compared to the results
prior to using machine learning. Specifically, in compari-
son with the results presented in Table V and Table VI of
Sec. IV B, machine learning enhances the constraints on
the form factor fγ5 across different collider energies by
19% to 25%. The smallest enhancement of 19% is realized
at

ffiffiffi
s

p ¼ 500 GeV, whereas the largest enhancement of
25% occurs at

ffiffiffi
s

p ¼ 5 TeV. Similarly, machine learning
improves the constraints on the form factor fZ5 by about
(20–35)%. Here the smallest enhancement of 20% is
found at the collider energy

ffiffiffi
s

p ¼ 1 TeV. Conversely,
the strongest enhancement of 35% is achieved at the
collider energy

ffiffiffi
s

p ¼ 250 GeV.
Machine learning also improves the sensitivity reaches

for the new physics scale ΛB̃W across various collider
energies by about (5.6–7.5)%. The smallest improvement
of 5.6% is realized at

ffiffiffi
s

p ¼ 500 GeV, whereas the largest
improvement of 7.5% is achieved at

ffiffiffi
s

p ¼ 5 TeV.
Furthermore, machine learning improves the sensitivity
reaches for Λ3Z by about (5.7–11)% across different
collider energies. Here the smallest improvement of
5.7% occurs at

ffiffiffi
s

p ¼ 1 TeV, and the largest improvement
of 11% is found at

ffiffiffi
s

p ¼ 250 GeV.

(a) (b)

(c) (d)

FIG. 7. Probability distributions of events being signals and backgrounds respectively, for the case of eþe− → V� → ZZ → ðllÞðdd̄Þ
at a given collider energy

ffiffiffi
s

p ¼ 250 GeV [marked as (250 GeV) in each plot]. Here we choose the particular hadronic decay channel
Z → dd̄ [with d denoting the down-type quarks (d, s, b)] for illustration. Plots (a) and (b) present the probability distributions of events
for the angular regions Rþ and R− with the γ� contributions, respectively; plots (c) and (d) show the probability distributions of events
for the angular regions Rþ and R− with the Z� contributions, respectively.
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(a) (b)

(c) (d)

FIG. 8. Probability distributions of events being signals and backgrounds respectively, for the case of eþe− → V� → ZZ → ðllÞðdd̄Þ
at a given collider energy

ffiffiffi
s

p ¼ 3 TeV [marked as (3 TeV) in each plot]. Here we choose the particular hadronic decay channel Z → dd̄
[with d denoting the down-type quarks (d, s, b)] for illustration. Plots (a) and (b) present the probability distributions of events for the
angular regions Rþ and R− with the γ� contributions, respectively; plots (c) and (d) show the probability distributions of events for the
angular regions Rþ and R− with the Z� contributions, respectively.

TABLE VIII. Sensitivities to the nTGC form factors fγ5 and f
Z
5 at the 2σ and 5σ level after using ML, as derived by

analyzing the combination of e−eþ → faf̄afbf̄b and e−eþ → faf̄aνν̄ (with f ¼ l; q), with an ideal detection
efficiency ϵ ¼ 100%.ffiffiffi
s

p
(TeV) L (ab−1) jfγ5j2σ jfγ5j5σ jfZ5 j2σ jfZ5 j5σ

0.25 20 2.0 × 10−4 4.9 × 10−4 2.0 × 10−4 4.9 × 10−4

0.25 5 3.9 × 10−4 9.8 × 10−4 3.9 × 10−4 9.8 × 10−4

0.5 5 4.0 × 10−5 1.0 × 10−4 8.2 × 10−5 2.1 × 10−4

1 5 8.3 × 10−6 2.1 × 10−5 2.1 × 10−5 5.3 × 10−5

3 5 8.4 × 10−7 2.1 × 10−6 2.5 × 10−6 6.2 × 10−6

5 5 2.9 × 10−7 7.3 × 10−7 8.6 × 10−7 2.2 × 10−6

TABLE IX. Sensitivity reaches for the new physics scales ΛB̃W and Λ3Z (in TeV) via the combination of e−eþ →
faf̄afbf̄b and e−eþ → faf̄aνν̄ (with f ¼ l; q) after using ML. The ranges are shown at the 2σ and 5σ level and for
different energies. For illustration, we choose a representative integrated luminosity L ¼ 5 ab−1 and an ideal
detection efficiency ϵ ¼ 100%.

ffiffiffi
s

p
(TeV) L (ab−1) Λtot;2σ

B̃W
Λtot;5σ

B̃W
Λtot;2σ
3Z Λtot;5σ

3Z

0.25 20 1.3 1.1 1.1 .88
0.25 5 1.1 .88 .93 .74
0.5 5 2.0 1.6 1.4 1.1
1 5 2.9 2.3 1.9 1.5
3 5 5.2 4.1 3.3 2.6
5 5 6.7 5.4 4.3 3.4
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D. Improvements from polarized electron
and positron beams

In this subsection, we study the role of polarized e− and
eþ beams, assuming ðPe

L; P
ē
RÞ ¼ ð0.9; 0.65Þ for the frac-

tions of (left, right)-handed (electrons, positrons) in the
ðe−; eþÞ beams [30,36], respectively.3 We present the
sensitivity reaches on the nTGC form factors ðfγ5; fZ5 Þ in
Table X and on the nTGC new physics scales Λj in
Tables XI, where we compare the sensitivity reaches in
the (unpolarized, polarized) cases in each entry.
Compared to the unpolarized results, polarized e∓

beams enhance the sensitivity reaches on the form factor
fγ5 across various e−eþ collider energies by (8.4–51)%.
The smallest enhancement of 8.4% is realized atffiffiffi
s

p ¼ 3 TeV, whereas the largest enhancement of 51%
is achieved at

ffiffiffi
s

p ¼ 250 GeV. Moreover, polarized e∓
beams improve the sensitivity bounds on the form factor
fZ5 by about (36–54)% across different collider energies.

Here the smallest enhancement of 36% is found at the
collision energy

ffiffiffi
s

p ¼ 500 GeV, and the largest enhance-
ment of 54% occurs at the collision energy

ffiffiffi
s

p ¼ 250 GeV.
We find that in most scenarios the beam polarizations can

enhance ΛB̃W by about 0.2 TeV as compared to the
unpolarized case. However, the improvement of the sensi-
tivity reaches for the new physics scale Λ3Z facilitated by
the polarized e∓ beams is significantly more pronounced.
Specifically, relative to the unpolarized results, the polar-
ized e∓ beams can improve the sensitivity reaches for Λ3Z
across different collision energies by about (12–21)%. The
smallest improvement of 12% occurs at the collision energyffiffiffi
s

p ¼ 0.5 TeV, whereas the largest improvement of 21% is
achieved at the collision energy

ffiffiffi
s

p ¼ 0.25 TeV.
Finally, we note that each eþe− collider will first operate

with unpolarized e∓ beams and then operate with polarized
e∓ beams. Thus, it is desired to consider an (ideally) mixed
setting where one half of the total data is taken from the
first-phase operation with unpolarized beams and the other
half of the total data is from the second-phase operation
with polarized beams. This mixed setting requires to
combine the sensitivity bound using the unpolarized data
with the sensitivity bound using the polarized data. We
present the sensitivity reaches on the nTGC form factors
ðfγ5; fZ5 Þ and the corresponding nTGC new physics scales
ðΛ3Z;ΛB̃WÞ in Table XII. It shows that the sensitivity
bounds in the mixed setting always lie between the
sensitivity bounds of the unpolarized and polarized cases.

TABLE X. Sensitivity reaches for the nTGC form factors fγ5 and f
Z
5 at the 2σ and 5σ level, as derived by analyzing

the combination of e−eþ → faf̄afbf̄b and e−eþ → faf̄aνν̄ (with f ¼ l; q), for (unpolarized, polarized) e∓ beams
in each entry, with the e∓ beam polarizations ðPe

L; P
ē
RÞ ¼ ð0.9; 0.65Þ and an ideal detection efficiency ϵ ¼ 100%.ffiffiffi

s
p

(TeV) L (ab−1) jfγ5j2σ (unpol, pol) jfγ5j5σ (unpol, pol) jfZ5 j2σ (unpol, pol) jfZ5 j5σ (unpol, pol)

0.25 20 ð2.0; :96Þ × 10−4 ð4.9; 2.4Þ × 10−4 ð2.0; :90Þ × 10−4 ð4.9; 2.3Þ × 10−4

0.25 5 ð3.9; 1.9Þ × 10−4 ð9.8; 4.8Þ × 10−4 ð3.9; 1.8Þ × 10−4 ð9.8; 4.5Þ × 10−4

0.5 5 ð4.0; 3.2Þ × 10−5 ð1.0; :81Þ × 10−4 ð8.2; 5.2Þ × 10−5 ð2.1; 1.3Þ × 10−4

1 5 ð8.3; 7.0Þ × 10−6 ð2.1; 1.7Þ × 10−5 ð2.1; 1.2Þ × 10−5 ð5.3; 3.0Þ × 10−5

3 5 ð8.4; 7.6Þ × 10−7 ð2.1; 1.9Þ × 10−6 ð2.5; 1.3Þ × 10−6 ð6.2; 3.2Þ × 10−6

5 5 ð2.9; 2.6Þ × 10−7 ð7.3; 6.4Þ × 10−7 ð8.6; 4.2Þ × 10−7 ð2.2; 1.1Þ × 10−6

TABLE XI. Sensitivity reaches for the new physics cutoff scales ΛB̃W and Λ3Z (in TeV) through the combination of e−eþ →
faf̄afbf̄b and e−eþ → faf̄aνν̄ ð with f ¼ l; q), with (unpolarized, polarized) e∓ beams in each entry. The bounds are presented at the
2σ and 5σ levels and for different collision energies. For illustration, we choose a representative integrated luminosity L ¼ 5 ab−1, an
ideal detection efficiency ϵ ¼ 100%, and the e∓ beam polarizations ðPe

L; P
ē
RÞ ¼ ð0.9; 0.65Þ.

ffiffiffi
s

p
(TeV) L ðab−1Þ Λtot;2σ

B̃W
(unpol, pol) Λtot;5σ

B̃W
(unpol, pol) Λtot;2σ

3Z (unpol, pol) Λtot;5σ
3Z (unpol, pol)

0.25 20 (1.3, 1.6) (1.1, 1.3) (1.1, 1.3) (.88, 1.1)
0.25 5 (1.1, 1.3) (.88, 1.1) (.93, 1.1) (.74, .90)
0.5 5 (2.0, 2.1) (1.6, 1.6) (1.4, 1.5) (1.1, 1.2)
1 5 (2.9, 3.0) (2.3, 2.4) (1.9, 2.2) (1.5, 1.8)
3 5 (5.2, 5.3) (4.1, 4.2) (3.3, 3.9) (2.6, 3.1)
5 5 (6.7, 6.9) (5.4, 5.5) (4.3, 5.2) (3.4, 4.1)

3The degree of longitudinal beam polarization for electron e− or
positron eþ is defined as P̂ ¼ PR − PL [36]. Because the sum of
left-handed and right-handed fractions equals one (PL þ PR ¼ 1),
the left-handed and right-handed fractions of e− and eþ can be
derived as follows:Pe

L;R ¼ 1
2
ð1 ∓ P̂eÞ and Pē

L;R ¼ 1
2
ð1 ∓ P̂ēÞ. For

example, an unpolarized beam of e− or eþ has a vanishing degree
of polarization P̂ ¼ 0, whereas a polarized e− beam with a fraction
Pe
L ¼ 90% has P̂e ¼ −0.8 and a polarized eþ beam with a fraction

Pē
R ¼ 65% has P̂ē ¼ 0.3
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As we will demonstrate in Sec. IV E, the mixed setting is important for optimizing the correlation bounds (contours) for
each pair of nTGC parameters by avoiding certain poorly constrained parameter space in the case of the polarized beams.

E. Analyzing correlations of nTGC parameters by machine learning

In this subsection, we use machine learning to analyze correlations between two nTGC form factors or two dimension-
8 nTGC operators. We find that using the machine learning method can significantly improve the sensitivities of probes of
correlations between the nTGC parameters.
We divide the phase space of the final states into four regions based on the signs of the angular distribution f1Ω in Eq. (4.2)

or f1Ω0 in Eq. (4.5),

Rþþ∶ ðf1ΩðγÞ > 0; f1ΩðZÞ > 0Þ; or; ðf1Ω0 ðγÞ > 0; f1Ω0 ðZÞ > 0Þ; ð4:12aÞ

Rþ−∶ ðf1ΩðγÞ > 0; f1ΩðZÞ < 0Þ; or; ðf1Ω0 ðγÞ > 0; f1Ω0 ðZÞ < 0Þ; ð4:12bÞ

R−þ∶ ðf1ΩðγÞ < 0; f1ΩðZÞ > 0Þ; or; ðf1Ω0 ðγÞ < 0; f1Ω0 ðZÞ > 0Þ; ð4:12cÞ
R−−∶ ðf1ΩðγÞ < 0; f1ΩðZÞ < 0Þ; or; ðf1Ω0 ðγÞ < 0; f1Ω0 ðZÞ < 0Þ: ð4:12dÞ

Within these four regions, we can obtain the probability of
each event belonging to the γ� signal or Z� signal category.
These probabilities Pðγ�Þ and PðZ�Þ are provided by
classifiers trained specifically based on each dataset in
the corresponding region.
In Fig. 9, we present the distribution of probabilities Pðγ�Þ

and PðZ�Þ of the simulated events belonging to the γ� signal
or Z� signal category within the four regions of Eq. (4.12) for
the case of eþe− → V� → ZZ → ðllÞðdd̄Þ at a collider
energy

ffiffiffi
s

p ¼ 250 GeV. For comparison, we present in
Fig. 10 an analogous set of plots of Pðγ�Þ and PðZ�Þ for
a different eþe− collider energy

ffiffiffi
s

p ¼ 3 TeV. For illustra-
tion, we choose in each plot a sample value of the nTGC
cutoff scales Λ3Z ¼ ΛB̃W ¼ 1 TeV, which corresponds to
the input of nTGC form factors ðfγ5; fZ5 Þ ¼ ð6; 3Þ × 10−4

according to Eqs. (2.8) and (2.9). As shown in Figs. 4 and 6
for the single-observable distributions, we see that the
differences between the angular distributions (in θ and
ϕa) of signals and backgrounds become much larger as
the collision energy

ffiffiffi
s

p
increases. Hence, it is expected that

using the machine learning algorithm we can separate the

signals (red and green points) from the SM backgrounds
(blue points) much more efficiently at a higher collision
energy (such as

ffiffiffi
s

p ¼ 3 TeV) than at a lower collision
energy (such as

ffiffiffi
s

p ¼ 250 GeV). This enhanced discrimi-
native power of signal-background separation can be seen by
comparing the plots of Figs. 9 and 10.
We divide events into bins of the probability distribution,

whose widths we take as ΔPðγ�Þ ¼ 0.1 and ΔPðZ�Þ ¼ 0.1.
Then, we combine the contributions of two nTGC form
factors into a global χ2 function,

χ2 ¼
X
region

X
bin

ðσγ1fγ5 þ σZ1f
Z
5 Þ2

σ0
× L × ϵ: ð4:13Þ

Minimizing the χ2 function, we derive correlated constraints
on each pair of nTGC form factors and each pair of nTGC
cutoff scales. We present these correlated constraints in
Fig. 11 as 2σ contours, where the contours of plots (a) and
(c) depict the correlations between the form factors ðfγ5; fZ5 Þ,
whereas the contours of plots (b) and (d) demonstrate the
correlations between the new physics scales ðΛ0̃

BW
;Λ3ZÞ.

TABLE XII. Same as Tables X–XI for the 2σ sensitivity bounds, but the sensitivity reaches for the mixed setting
(including half of the data taken from the unpolarized operation and the other half of the data taken from the
polarized operation) with beam polarizations ðPe

L; P
ē
RÞ ¼ ð0.9; 0.65Þ.

ffiffiffi
s

p
(TeV)

(energy) L ðab−1Þ
jfγ5j2σ

(unpol, pol, mixed)
jfZ5 j2σ

(unpol, pol, mixed)
Λtot;2σ

B̃W
(unpol, pol, mixed)

Λtot;2σ
3Z

(unpol, pol, mixed)

0.25 20 ð2.0; :96; 1.2Þ × 10−4 ð2.0; :90; 1.2Þ × 10−4 (1.3, 1.6, 1.5) (1.1, 1.3, 1.3)
0.25 5 ð3.9; 1.9; 2.4Þ × 10−4 ð3.9; 1.8; 2.3Þ × 10−4 (1.1, 1.3, 1.3) (.93, 1.1, 1.1)
0.5 5 ð4.0; 3.2; 3.6Þ × 10−5 ð8.2; 5.2; 6.3Þ × 10−5 (2.0, 2.1, 2.0) (1.4, 1.5, 1.5)
1 5 ð8.3; 7.0; 7.5Þ × 10−6 ð2.1; 1.2; 1.5Þ × 10−5 (2.9, 3.0, 3.0) (1.9, 2.2, 2.1)
3 5 ð8.4; 7.6; 8.0Þ × 10−7 ð2.5; 1.3; 1.6Þ × 10−6 (5.2, 5.3, 5.2) (3.3, 3.9, 3.7)
5 5 ð2.9; 2.6; 2.7Þ × 10−7 ð8.6; 4.2; 5.3Þ × 10−7 (6.7, 6.9, 6.8) (4.3, 5.2, 4.9)
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In each plot of Fig. 11, we compare the correlation
bounds for the case of unpolarized e∓ beams (shown as the
blue contour) and the case of polarized e∓ beams (shown as
the red contour). For the polarized case, we choose the
e∓ beam polarizations ðPe

L; P
ē
RÞ ¼ ð0.9; 0.65Þ. Figure 11

shows that using the beam polarizations can significantly
tighten each correlation contour along the minor axis of the
ellipse by about 50%, but makes the correlation bound
much weaker along the major axis of the ellipse (which is
orientated towards the northwestern direction in the param-
eter plane). Similar features hold for the correlation bounds
in the parameter space of the cutoff scales ðΛ0̃

BW
;Λ3ZÞ. This

can be understood as follows. The distributions of fZ5 and

fγ5 are actually the same for purely left-handed (or right-
handed) electrons. So the fully polarized e−L (or eþR ) beam
would make fZ5 and fγ5 distributions indistinguishable and
thus the correlation contour would collapse into a line with
slope −1. This explains why the polarized case makes the
correlation in each plot poorly constrained along the major
axis of the ellipse (orientated towards the northwestern
direction in the parameter space of fγ5 versus fZ5 ). Hence,
we can modify the polarization setting and optimize the
bound along this poorly constrained direction by combin-
ing the data-taking from both the unpolarized case and
polarized case. To demonstrate this point, we present in
each plot of Fig. 11 the correlation bound for a mixed

FIG. 9. Distribution of probabilities Pðγ�Þ and PðZ�Þ of simulated events belonging to γ� signal or Z� signal category within the four
regions of Eq. (4.12) for the case of eþe− → V� → ZZ → ðllÞðdd̄Þ at a collider energy ffiffiffi

s
p ¼ 250 GeV [marked as (250 GeV) in every

plot], where d denotes the down-type quarks (d, s, b). The (green, red, blue) points in each plot represent the (γ�, Z�, SM) contributions,
respectively. Plots (a)–(d) present the probability distributions of events for the angular regions Rþþ, Rþ−, R−þ, and R−−, respectively.
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setting in which half of the data comes from operation with
unpolarized beams and the other half of the data comes
from operation with polarized beams, as shown by the
light-blue contour. We see that the correlation bound in the
mixed setting is substantially tightened along the major axis
of the ellipse and becomes comparable to that of the
unpolarized case. On the other hand, the correlation bounds
in the polarized and mixed cases are much stronger than
that of the unpolarized case by about (40–50)% along the
minor axis of the ellipse contours.
For Fig. 11, we further compare the correlation contours

in the plots (a)–(b) for the collision energy
ffiffiffi
s

p ¼ 250 GeV
with the corresponding contours in the plots (c)–(d) for the

collision energy
ffiffiffi
s

p ¼ 3 TeV. This shows substantial
enhancements of the constraints by factors of Oð102Þ when
the collider energy

ffiffiffi
s

p
increases from 250 GeV to 3 TeV.

This feature can be understood by noting that the signal
significance is determined by S=

ffiffiffiffi
B

p
, where the signal S is

dominated by the interference term (which scales with
energy as

ffiffiffi
s

p
) and the SM background B scales with energy

as 1=s as shown by Eq. (3.28) for the differential cross
sections. Hence, the signal significance scales with energy as
s1 and is increased by a factor of Oð102Þ when the collider
energy rises by a factor of ð3 TeV=250 GeVÞ ¼ Oð10Þ.
Finally, we compare the correlations bounds (2σ) on the

nTGC form factors ðfγ5; fZ5 Þ by using the conventional

FIG. 10. Distribution of probabilities Pðγ�Þ and PðZ�Þ of simulated events belonging to γ� signal or Z� signal category within the four
regions of Eq. (4.12) for the case of eþe− → V� → ZZ → ðllÞðdd̄Þ at a collider energy ffiffiffi

s
p ¼ 3 TeV [marked as (3 TeV) in every plot],

where d denotes the down-type quarks (d, s, b). The (green, red, blue) points in each plot represent the (γ�, Z�, SM) contributions,
respectively. Plots (a)–(d) present the probability distributions of events for the angular regions Rþþ, Rþ−, R−þ, and R−−, respectively.
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manual cuts and by using the ML method as shown in
Fig. 12. In plot (a), we present correlations bounds for the
e−eþ collision energy 250 GeV and an integrated lumi-
nosity 20 ab−1, but without using beam polarization. Plot
(b) is the same as plot (a) except for the collision energy
3 TeVand an integrated luminosity 5 ab−1. In both plots (a)
and (b), the blue contours show the correlations bounds
by using the conventional manual cuts, whereas the pink
contours show the correlations bounds by using the

machine learning method [which are taken from the
unpolarized contours of Figs. 11(a) and 11(c)]. From this
comparison, we find that the machine learning can sub-
stantially improve the nTGC correlation bounds on ðfγ5; fZ5 Þ
by about a factor of 2 to 3 relative to the conventional
analysis by using manual cuts. This demonstrates that the
machine learning method does provide a powerful tool for
distinguishing the nTGC correlation signals from the SM
backgrounds.
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FIG. 11. Bounds on correlations of the nTGC form factors and on correlations of the nTGC new physics scales at the 2σ level. The
plots (a)–(b) are for the collision energy

ffiffiffi
s

p ¼ 250 GeV (with an integrated luminosity 20 ab−1) and plots (c)–(d) are for the collision
energy

ffiffiffi
s

p ¼ 3 TeV (with an integrated luminosity 5 ab−1), which are marked in the upper-right corner of each plot. The contours of
plots (a) and (c) depict the correlations between the form factors ðfγ5; fZ5 Þ, whereas the contours of plots (b) and (d) present the
correlations between the new physics scales ðΛ0

B̃W
;Λ3ZÞ. In each plot, the correlation bound for the case of unpolarized e∓ beams is

shown as the blue contour and that of the case for polarized e∓ beams is given by the pink contour, with the e∓ beam polarizations
ðPe

L; P
ē
RÞ ¼ ð0.9; 0.65Þ; whereas the light-blue contour presents the correlation bound for the mixed setting in which half of the data

comes from unpolarized collisions and the other half of the data comes from polarized collisions.
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F. Comparison with previous results

In this subsection we compare our present sensitivity
analysis for probing nTGCs via ZZ final states with those
bounds extracted from our previous study [4,6] via the
Zγ final states.
We extract the sensitivity reaches for the nTGC new

physics scale ΛB̃W obtained via Zγ production (based on
Table 3 of Ref. [6]) and compare them with the reaches for
ΛB̃W obtained via the ZZ production (based on the present
analysis), which are summarized in Table XIII. The previous
reaches were derived for the Zγ production with Z → qq̄ [6]
(shown in the second and third columns of this table),
whereas the present reaches are derived for the ZZ pro-
duction with Z → qq̄;ll; νν̄ (shown in the fourth and fifth
columns of this table). These reaches are presented at 2σ and

5σ levels and for different collider energies. In each entry the
sensitivity bounds correspond to (unpolarized, polarized) e∓
beams, with beam polarizations ðPe

L; P
ē
RÞ ¼ ð0.9; 0.65Þ. For

illustration, we choose a representative integrated luminosity
L ¼ 5 ab−1 and an ideal detection efficiency ϵ ¼ 100%.
Moreover, for the 250 GeV collision energy of e−eþ,
we choose another benchmark of integrated luminosity
L ¼ 20 ab−1 based on the CEPC TDR [28], which is shown
in the third row of Table 13.
In parallel, we can convert the sensitivity reaches for the

nTGC new physics scale ΛB̃W obtained via the Zγ pro-
duction in Ref. [6] to the corresponding reaches for the
nTGC form factor hZ3 obtained via the Zγ production [4].
Then, in Table XIV we compare these bounds with the
sensitivity reaches for the form factor fγ5 [contributed by the
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FIG. 12. Comparison of correlations bounds (2σ) on the nTGC form factors ðfγ5; fZ5 Þ by using the conventional manual cuts (blue
contours) and by using the machine learning method (pink contours). Plot (a) shows correlations bounds for the e−eþ collision energy
250 GeVand an integrated luminosity 20 ab−1, but without using beam polarization. Plot (b) is the same as plot (a) except for the e−eþ

collision energy 3 TeV and an integrated luminosity 5 ab−1.

TABLE XIII. Comparison of the previous sensitivity reaches for the nTGC new physics scale ΛB̃W (in TeV) obtained via the reaction
eþe− → Zγ channel [6] with the present sensitivity reaches obtained via the reaction eþe− → ZZ. These reaches are presented at 2σ and
5σ levels and for different collider energies. In each entry the sensitivity bounds correspond to (unpolarized, polarized) e∓ beams, with
beam polarizations ðPe

L; P
ē
RÞ ¼ ð0.9; 0.65Þ.

Energy and luminosity Previous results [6] Present resultsffiffiffi
s

p
(TeV) L (ab−1) Λtot;2σ

B̃W
(unpol, pol) Λtot;5σ

B̃W
(unpol, pol) Λtot;2σ

B̃W
(unpol, pol) Λtot;5σ

B̃W
(unpol, pol)

0.25 20 (1.4, 1.5) (1.2, 1.2) (1.3, 1.6) (1.1, 1.3)
0.25 5 (1.2, 1.3) (.97, 1.0) (1.1, 1.3) (.88, 1.1)
0.5 5 (1.8, 1.9) (1.4, 1.4) (2.0, 2.1) (1.6, 1.6)
1 5 (2.6, 2.6) (2.0, 2.1) (2.9, 3.0) (2.3, 2.4)
3 5 (4.3, 4.5) (3.5, 3.6) (5.2, 5.3) (4.1, 4.2)
5 5 (5.7, 5.9) (4.5, 4.7) (6.7, 6.9) (5.4, 5.5)
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same operator OB̃W via Eq. (2.9)] obtained through the ZZ
production channel of the present study. The previous
reaches were derived for the Zγ channel with Z → qq̄
(shown in the second and third columns), whereas the
present bounds are derived for the ZZ channel with Z →
qq̄;ll; νν̄ (shown in the fourth and fifth columns). These
reaches are presented at 2σ and 5σ levels and for different
collider energies respectively. In each entry the reaches
correspond to (unpolarized, polarized) e∓ beams, with
beam polarizations ðPe

L; P
ē
RÞ ¼ ð0.9; 0.65Þ. Same as in

Table XIII, we choose a representative integrated luminos-
ity L ¼ 5 ab−1 and an ideal detection efficiency ϵ ¼ 100%.
In addition, for the 250 GeV collision energy of e−eþ,
we choose another benchmark of integrated luminosity
L ¼ 20 ab−1 based on the CEPC TDR [28], as presented in
the third row of Table 14.
As shown in Table XIII, it is evident that the sensitivity

reaches for the nTGC new physics scales estimated in the
present study are stronger than those reported in Ref. [6].
The current improvement is primarily attributable to the full
use of the differential angular distribution f1Ω incorporating
all angular variables ðθ; θa;ϕa; θb;ϕbÞ, combined with
machine learning classification algorithms that efficiently
distinguish between the nTGC signals and SM back-
grounds. For instance, the sensitivity reaches for the new
physics scale ΛB̃W estimated in the present study exhibit an
enhancement up to 21% (18%) as compared to the previous
bounds of Ref. [6] for the unpolarized (polarized) e∓
beams. The largest improvement of 21% (18%) is achieved
forΛtot;2σ

B̃W
in the unpolarized (polarized) case at the collision

energy
ffiffiffi
s

p ¼ 3 TeV.
As shown in Table XIV, the present sensitivity reaches

on the nTGC form factors also surpass the previous reaches
found in Ref. [4]. For instance, we find that the sensitivity
reaches on the nTGC form factors exhibit enhancements of
about ð17–51Þ% as compared to the reaches found in
Ref. [4]. The minimal improvement of 17% is realized for
the sensitivity bounds on jfγ5j in the polarized case at the
collision energy

ffiffiffi
s

p ¼ 250 GeV, whereas the most signifi-
cant enhancement of 51% is achieved for jfγ5j in the

unpolarized case at the collision energy
ffiffiffi
s

p ¼ 3 TeV.
We also see that using the polarized e∓ beams the
sensitivity reaches on fγ5 (hZ3 ) can be increased by about
51% (15%) at the collision energy

ffiffiffi
s

p ¼ 250 GeV, and by
about 10% (18%) at the collision energy

ffiffiffi
s

p ¼ 3 TeV.

V. CONCLUSIONS

Neutral triple gauge couplings do not exist within the SM,
nor do they receive contributions from any dimension-6
SMEFT operators. Hence, the nTGCs provide an important
window for probing new physics beyond the SM that can be
used to probe directly new physics encoded by dimension-8
SMEFT operators. The previous phenomenological studies
[2–11] and experimental measurements [13,14] mainly
focused on the ZγV� nTGCs (with V ¼ Z, γ) and did not
probe the triple Z boson coupling ZZZ�.
In this work, we formulated the nTGC form factors of

ZZV� (V ¼ Z, γ) that are compatible with the spontaneous
breaking of the SUð2Þ ⊗ Uð1Þ electroweak gauge sym-
metry and consistently match the dimension-8 nTGC
operators in the broken phase. Using machine learning,
we have systematically studied the sensitivities of probing
both the ZZV� form factors and new physics scales through
the reaction process e−eþ → ZZ → faf̄afbf̄b (with
fa ¼ l; q and fb ¼ l; q; ν) at high energy eþe− colliders,
including CEPC, FCC-ee, LCF, ILC, and CLIC. We have
analyzed the signal significance and derived sensitivity
reaches for probing the nTGC form factors ðfγ5; fZ5 Þ and the
corresponding nTGC new physics scales ðΛ3Z;ΛB̃WÞ. We
present a systematic summary of these sensitivity bounds in
Figs. 13(a) and 13(b), allowing one nTGC parameter
nonzero at a time.
In Sec. II we studied how the nTGC couplings of ZZV�

can arise from the relevant dimension-8 SMEFToperators as
shown in Eq. (2.4) and Table I. In particular, we constructed
the dimension-8 nTGC operator O3Z in Eq. (2.6) that
contributes to the ZZZ� vertex only, but not to the ZZγ�
vertex, as shown in Table I and Eq. (2.8). This is in con-
trast with the other operator OB̃W that contributes to

TABLE XIV. Comparison of our previous sensitivity reaches for the nTGC form factors obtained via the Zγ channel [4] with the
present sensitivity reaches obtained obtained via the ZZ channel. These reaches are presented at 2σ and 5σ levels and for different
collider energies. In each entry the sensitivity bounds correspond to (unpolarized, polarized) e∓ beams, with beam polarizations
ðPe

L; P
ē
RÞ ¼ ð0.9; 0.65Þ.

Energy and luminosity Previous results [4] Present resultsffiffiffi
s

p
(TeV) L (ab−1) jhZ3 j2σ (unpol, pol) jhZ3 j5σ (unpol, pol) jfγ5j2σ (unpol, pol) jfγ5j5σ (unpol, pol)

0.25 20 ð1.4; 1.2Þ × 10−4 ð3.4; 2.9Þ × 10−4 ð2.0; 0.96Þ × 10−4 ð4.9; 2.4Þ × 10−4

0.25 5 ð2.7; 2.3Þ × 10−4 ð6.8; 5.8Þ × 10−4 ð3.9; 1.9Þ × 10−4 ð9.8; 4.8Þ × 10−4

0.5 5 ð6.2; 5.2Þ × 10−5 ð1.6; 1.3Þ × 10−4 ð4.0; 3.2Þ × 10−5 ð1.0; :81Þ × 10−4

1 5 ð1.5; 1.2Þ × 10−5 ð3.8; 3.0Þ × 10−5 ð8.3; 7.0Þ × 10−6 ð2.1; 1.7Þ × 10−5

3 5 ð1.7; 1.4Þ × 10−6 ð4.3; 3.5Þ × 10−6 ð8.4; 7.6Þ × 10−7 ð2.1; 1.9Þ × 10−6

5 5 ð5.8; 4.9Þ × 10−7 ð1.5; 1.2Þ × 10−6 ð2.9; 2.6Þ × 10−7 ð7.3; 6.4Þ × 10−7
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the ZZγ� vertex alone, as shown in Table I and Eq. (2.9). We
presented the consistent formulation of the nTGC form
factors that are compatible with the full SM gauge symmetry
SUð2Þ ⊗ Uð1Þ with spontaneous electroweak symmetry
breaking. The unitarity constraints on the nTGCs were
derived in Table 2 of Sec. II B and are much weaker than
the sensitivity bounds derived for the collider probes
in Sec. IV.
In Sec. III, we derived the scattering amplitudes, cross

sections, and angular distributions for the reaction process
e−eþ → ZZ. We analyzed systematically the contributions
from both the SM and nTGCs, as given analytically in

Eqs. (3.23), (3.27), and (3.28). With these we demonstrated
the differences in their differential angular distributions, as
shown in Figs. 4–6. These are important for our phenom-
enological analysis of probing the nTGCs in the follow-
ing Sec. IV.
In Sec. IV, we presented a systematic analysis of the ZZ

production in different fermionic decay channels at various
eþe− colliders. We computed the signal significance using
the differential angular distributions of the cross section,
considering both the visible leptonic and hadronic decay
channels and the invisible decay channel (Z → νν̄). The
estimated sensitivity reaches for probing the nTGC form

(b)

250GeV250GeV 500GeV 1TeV 3TeV 5TeV

(a)
f5 (unpolarized)
f5 (polarized)
f5Z (unpolarized)
f5Z (polarized)

10 8

10 7

10 6

10 5

10 4

10 3

FIG. 13. Sensitivity reaches for the nTGC form factors in plot (a) and for the nTGC new physics scales in plot (b) for various e−eþ
collision energies and integrated luminosities. In this figure, plot (a) presents the ð2σ; 5σÞ sensitivity reaches in (heavy, light) colors,
whereas plot (b) shows the ð2σ; 5σÞ sensitivity reaches in (light, heavy) colors.
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factors are shown in Tables III, V, VI and for probing the
nTGC new physics scales are shown in Tables IV, VII.
These sensitivity limits are presented for the leptonic and
hadronic Z-decay channels in Sec. IVA and for the invisible
Z-decay channels in Sec. IV B. We studied the significant
improvements of the sensitivity reaches on the nTGC form
factors and on the nTGC new physics scales (as well as their
correlations) achieved through the use of machine learning
algorithms in Secs. IV C and IV E. We further derived the
enhanced sensitivity bounds on probing the nTGCs by using
the polarized e� beams in Sec. IVD. A comprehensive
summary of these nTGC sensitivity bounds for both the
unpolarized and polarized e∓ beams is presented in
Figs. 13(a) and (b). Moreover, we studied the correlation
bounds for the nTGC form factors and for the nTGC new
physics scales, which were presented in Figs. 11(a), (c) and
11(b), (d), respectively. We found that the optimal sensitivity
bounds on the nTGC correlations are given by the mixed
setting including the unpolarized operation and a follow-up
polarized operation. We further demonstrated in Figs. 12(a)
and 12(b) that the machine learning can substantially
enhance the nTGC correlation bounds (pink contours) over
those bounds derived by using the conventional manual cuts
(blue contours). Finally, Sec. IV F compared the sensitivity
reaches on probing the nTGCs as obtained in this work
through ZZ production with the previous studies via Zγ
production [4,6], which are summarized in Tables XIII
and XIV. We have demonstrated that the sensitivity bounds

on probing the nTGC form factors and the nTGC new
physics scales as given in this work are stronger, primarily
due to the full use of the differential angular distributions
based on the machine learning algorithms.
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