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The quantum speed limits (QSLs) set fundamental lower bounds on the time required for a quantum
system to evolve from a given initial state to a final state. In this work, we investigate CP violation and the
mass ordering problem of neutrino oscillations in matter using the QSL time as a key analytical tool. We
examine the QSL time for the unitary evolution of two- and three-flavor neutrino states, both in vacuum and
in the presence of matter. Two-flavor neutrino oscillations are used as a precursor to their three-flavor
counterparts. We further compute the QSL time for neutrino state evolution and entanglement in terms of
neutrino survival and oscillation probabilities, which are experimentally measurable quantities in neutrino
experiments. A difference in the QSL time between the normal and inverted mass ordering scenarios, for
neutrino state evolution as well as for entanglement, under the effect of a CP violation phase is observed.
Our results are illustrated using the length scales and energies of ongoing long-baseline accelerator neutrino
experiments such as T2K, NOvA, and the upcoming DUNE experiment. Notably, three-flavor neutrino
oscillations in constant matter density exhibit faster state evolution across all these neutrino experiments in
the normal mass ordering scenario. Additionally, we observe fast entanglement suppression in DUNE
assuming a normal mass ordering.
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I. INTRODUCTION

The uncertainty relations are widely regarded as a
fundamental aspect of modern physics, representing the
uncertainty relationship between conjugate variables in a
quantum mechanical system [1,2]. Mandelstam and Tamm
(MT) demonstrated that the energy, time uncertainty
relation can be understood as imposing limits on the
evolution rate of a quantum system [3]. Another bound
on the quantum evolution time was subsequently obtained
by Margolus and Levitin (ML) in terms of the initial mean
energy of the quantum system [4]. Both MT and ML were
combined to provide a tight bound on the minimum time
required for a quantum system to evolve from an initial
state to the final state under a given dynamical process [5].
The limit arises due to the intrinsic dynamical timescales of
a quantum system. This limitation on a quantum system’s
evolution time is known as the quantum speed limit (QSL)

time. Over the last decade, by employing the geometric
approach, the topic of QSL time has been extensively
researched [6–12]. In Ref. [11], the QSL time was shown to
provide the fundamental limit on the rate of evolution of
closed quantum systems, whose dynamics is unitary. The
Bures angle can be considered a measure of the “closeness”
between the initial and final states of the evolved quantum
system. The QSL time for the evolution of a quantum
system through the state space can be expressed as a
function of the Bures angle and is inversely proportional to
the variance of the driving Hamiltonian. Moreover, the
generalization of QSL time has been explored for driven
closed [13] and open quantum systems [14,15]. The QSL
time has broad applications in various quantum tasks, such
as quantum information [16–20], quantum correlations
[21], quantum computation [22], quantum metrology
[23,24], nonequilibrium quantum entropy production
[14], quantum thermodynamics [25,26], quantum optimal
control algorithms [27,28], quantum batteries [29–32], and
quantum gravity [33–36]. In recent times, in the realm of
particle physics, the impact of open quantum system and
information theoretic ideas, such as the QSL time, has been
made on the neutral meson [37–39] and the neutrino
system [40].
Neutrinos are weakly interacting particles with nonzero

mass [41], as demonstrated by experiments with atmos-
pheric [42,43] and solar neutrinos [44]. It is known that a
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neutrino of a specific flavor να (where α∈ e; μ; τ) under-
goes time evolution and may be detected in a distinct flavor
state [45–50]. This phenomenon constitutes the essence of
neutrino oscillations. Flavor oscillations occur because
neutrinos exist as a mixture of different masses. A flavor
state can be written as a linear superposition of three
nondegenerate mass eigenstates. Both flavor and mass
eigenstates can be related by the unitary transformation
matrix known as the Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) mixing matrix [51]. In the standard three-flavor
neutrino oscillations in vacuum, the PMNS matrix of Dirac
neutrinos is fully described by three mixing angles θ12, θ23,
and θ13 and a complex phase δCP related to charge-
conjugation and parity-reversal (CP) symmetry violations
[50]. The survival and oscillation probabilities of initial
neutrino flavor states can be related to the three mixing
angles, two squared-mass differences, and the ratio of
length to energy (L=E), where L is the distance between the
neutrino source and detector, and E is the neutrino source
energy. Parameters linked to these probabilities are meas-
urable in neutrino experiments. The quest to investigate
precise measurements of PMNS mixing parameters [50],
CP-violation phases [52–54], and other issues such as
neutrino mass ordering (whether the neutrino mass order-
ing is normal or inverted in nature) [55] and sterile
neutrinos, are the primary focus of the current neutrino
experiments including solar [56], atmosphere [57], reactor
(short and long baseline) [58–60], and accelerator (long
baseline) [61,62].
Neutrinos interact very weakly with matter, with

interactions typically dominated by coherent forward
elastic scattering rather than incoherent scattering [41].
We can easily estimate the order of magnitude of a mean
free path due to incoherent scatterings from dimensional
arguments. In the laboratory frame (when the target
particle is at rest), the cross section for neutrino weak
interactions with a charged lepton or hadron is approx-
imately σlab ∼GFEM ∼ 10−38 cm2ðEM=GeV2Þ, where E
is the neutrino energy, GF is the Fermi constant, and M is
the mass of the target particle (assuming the neutrino mass
is negligible). The mean free path of a neutrino in a
medium with a number density N of target particles is
l ∼ ð1=NσÞ ∼ ð1038 cm=N cm−3ð EM

GeV2ÞÞ. In ordinary mat-
ter, the primary targets are nucleons, with a mass M ∼
1 GeV and a number density N ∼ ðNA=cm3Þ ∼ 1024 cm−3,
where NA is Avogadro’s number. This gives a mean free
path as lmatter ∼ ð1014 cm=ðE=GeVÞÞ. Thus, the acceler-
ator long-baseline neutrino source experiments on Earth,
which we shall consider in this work, are typically of the
order of hundreds of kilometers and are largely trans-
parent to neutrinos with energies in the range of a few
GeV. As a result, it is not necessary to consider neutrino
incoherent scattering, allowing the oscillating neutrino
system to be treated as a close quantum system.
Moreover, there is a scenario when neutrinos encounter

extremely high matter densities (for example, in neutron
stars and supernova cores where N ≈ 1012NA=cm3 and
E ≈ 1 MeV), where it is necessary to take into account
neutrino incoherent scattering, allowing the oscillating
neutrino system to be treated as an open quantum system.
In a close quantum system, the dynamical evolution of

the neutrino system is governed by unitary transformation.
The driving Hamiltonian for neutrino flavor oscillations in
the presence of Earth’s matter background is the effective
Hamiltonian [63–69], which can be described by two
regions of neutrino state propagation: in vacuum and in
the presence of constant matter. Thus, a natural question
arises: how quickly does the neutrino flavor state change
with time in these two regions of propagation? In this paper,
we aim to answer this question by examining in detail the
QSL time for the unitary dynamics of two- and three-flavor
neutrino oscillations in matter. In this context, we quantify
the Bures angle in relation to neutrino survival probability,
providing insight into the proximity between the initial and
final states of time-evolved flavor neutrino states in vacuum
and in a constant matter background. Furthermore, we
compute the variance in the driving Hamiltonian for various
regions of neutrino flavor state propagation with time. The
study of QSL time in two-flavor neutrino oscillations in
matter serves as a precursor to understanding three-flavor
neutrino oscillations actually occurring in nature. In three-
flavor neutrino oscillations, considering matter effects and
CP violation, we discuss the behavior of the QSL time for
ongoing accelerator long-baseline neutrino source experi-
ments like NOvA and T2K, as well as for the upcoming
experiment DUNE. Further, we analyze the QSL time for
the initial muon neutrino and muon antineutrino flavor
states. Our analysis reveals that the QSL time demonstrates
sensitivity to the normal and inverted mass-ordering sce-
narios and CP violation in neutrino physics.
Furthermore, quantum entanglement and coherence are

two fundamental features arising from the principle of
quantum superposition [70]. Since the time-evolved neu-
trino state is a coherent superposition state, it is natural to
study quantum entanglement in the neutrino system. In the
plane-wave framework of two- and three-flavor neutrino
oscillations, the linear superposition of neutrino states have
been mapped to two- and three-mode quantum states,
representing two- and three-qubit Bell’s type states, respec-
tively [71–90]. It is known that the concept of entanglement
plays a crucial role in quantifying and characterizing
entanglement in the time-evolved neutrino mode (flavor)
state. Various multimode entanglement measures, such as
concurrence, linear entropy, teleportation fidelity, geomet-
ric discord, von Neumann entropy, tangle, negativity, three-
tangle, and three-π, have been quantified in terms of
neutrino flavor transition probabilities. Also, other aspects
like Bell’s inequality and Bell-Clauser-Horn-Shimoy-Holt
inequality violations have been studied in the context of
neutrino oscillations [71–90]. As a three-qubit system, the
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three-flavor neutrino states resemble the generalized W
states [81]. Additionally, the study of the mode entangle-
ment using the wave-packet approach in neutrino oscil-
lations has been done [91–95]. These suggest that genuine
multipartite entanglement persists in the neutrino flavor-
changing states. Moreover, the nonclassical nature of
neutrino oscillations was investigated using temporal ana-
logues of Bell inequalities, such as Leggett-Garg inequal-
ities [96–103]. Quantum coherence in neutrino oscillations
can be maintained over a long distance and observed in
different experiments [104–106]. Furthermore, by encod-
ing neutrinos in a multiqubit system, potential use of
neutrino oscillations has been made for quantum compu-
tation as well [69,107–109].
The study of the QSL time for quantum evolution has

unveiled fundamental constraints on the rate of change of
various entanglement measures [110–112]. Specifically,
QSL time for entanglement entropy has been investigated
for the bipartite pure quantum system [113]. The simplest
case of a multipartite quantum system is a bipartite quantum
system comprising two subsystems. Entanglement entropy
serves as an important entanglement measure to assess the
degree of quantum entanglement between the subsystems of
a bipartite quantum system. The entanglement entropy
determines the vonNeumann entropy on the reduced density
matrix of one of the subsystems [114]. It quantifies the
uncertainty resulting from the lackof awell-defined quantum
state in a subsystem due to potential entanglement with
another subsystem. The variance in entanglement entropy is
defined as the capacity of entanglement of the reduced state
of any of the subsystems [115,116]. The QSL time for
entanglement entropy shown inRef. [113] estimates how fast
entanglement may be formed or degraded in a bipartite
quantum system.
Recently, to probe the astrophysical neutrinos, bipartite

entanglement entropy has been proposed to quantify
entanglement in quantum many-body collective neutrino
flavor oscillations [117–120]. These studies are indeed
useful for gaining a comprehensive understanding of
quantum entanglement in neutrino systems. However, in
this work, we consider a single-particle neutrino system as
a bipartite quantum system. A single particle dynamics of a
flavor neutrino state in the relativistic regime can be
mapped to a two-dimensional Hilbert space. It has been
shown that the Hilbert spaces for flavor and massive
neutrinos are orthogonal and that a condensate structure
of neutrino-antineutrino pairs is present in the vacuum for
the flavor neutrinos [121]. These effects become significant
in the nonrelativistic regime, where they lead to modifica-
tions in the neutrino oscillation formulas. In the particular
scenarios in the relativistic regime where vacuum correc-
tions are negligible, the flavor neutrinos “live” in a Hilbert
space, which is the tensor product of the Hilbert spaces for
massive neutrinos (two or three). An alternative perspec-
tive, as discussed in Ref. [122], is that particle states

represent excitations of quantum fields. It is a well-known
result that two free fields with different masses generate
unitarily inequivalent Hilbert spaces [123]. Thus, we cannot
accommodate two states with different masses in the same
Hilbert space. Therefore, it is necessary to form a tensor
product of these states, and a generic combination of these
will be entangled. Subsequently, defining occupation num-
bers as a multiqubit space, a single-particle neutrino flavor
state can be interpreted asmultipartite mode-entangled states
[73]. This is further reinforced by a strong activity in the field
of exploring quantum correlations for oscillating neutrinos
[71–90], recently reviewed in Ref. [86]. These investigations
support a single-particle neutrino system to be treated as a
bipartite quantum system. By mapping the two-flavor
neutrino state to the two-qubit state, we quantify the
entanglement entropy and the capacity of entanglement in
two-flavor neutrino oscillations in vacuum and in the
presence of constant Earth-matter background. We use these
concepts to explore the QSL time for entanglement entropy
in two-flavor neutrino oscillations. Furthermore, we extend
our investigation to study the fundamental limit on the time
required for entanglement entropy in three-flavor neutrino
oscillationswith theCP-violation phase, considering normal
and inverted mass ordering scenarios. We use the length
scales and energies of ongoing long-baseline accelerator
neutrino experiments such asT2K,NOvA, and theupcoming
DUNE experiment to characterize our results.
The study of QSL in neutrino oscillations in matter with

the CP-violation phase in the context of open quantum
systems was discussed in Ref. [40]. However, mass-order-
ing scenarios were not considered there. Here, the study of
the QSL time for neutrino oscillations in matter (both for
muon neutrino and muon antineutrino) is conducted, within
the ambit of closed quantum systems, taking into account
the CP-violation phase and mass-ordering scenarios, incor-
porating the length scales and energies of long-baseline
accelerator neutrino experiments such as T2K, NOvA, and
DUNE as well as the fundamental vacuum parameters from
NuFIT data [124,125]. Furthermore, this work utilizes the
concepts of multimode entanglement to study neutrino
oscillations and examine their relation with the QSL time
for entanglement entropy using the expected baseline
length and energy from different long-baseline neutrino
source experiments.
The organization of the paper is as follows: In Sec. II, we

briefly review the QSL time for quantum evolution and for
entanglement. In Sec. III, the QSL time is computed in two-
flavor scenarios, especially for the time evolution of muon-
flavor neutrino states propagating in vacuum and in
presence of a constant Earth-matter potential. Moreover,
we map neutrinos to two-qubit states and explore various
bipartite entanglement measures such as entanglement
entropy and capacity of entanglement. In three-flavor
scenarios, Sec. IV explores the QSL time for the initial
muon neutrino and muon antineutrino flavor states
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evolving in matter in the presence of theCP-violation phase
and under the assumptions of normal and inverted mass
ordering. Furthermore, in Sec. V, we map the initial muon
flavor neutrino state to a three-qubit state and investigate
various bipartite entanglement measures such as entangle-
ment entropy and capacity of entanglement as the initial
muon flavor neutrino propagates in space with a constant
Earth-matter background. We estimate the QSL time for
entanglement entropy in the presence of matter and the CP-
violation phase, considering normal and inverted mass
ordering. Discussions and conclusions are made in Sec. VI.

II. QUANTUM SPEED LIMIT TIME FOR
QUANTUM EVOLUTION AND FOR

ENTANGLEMENT

In quantum mechanics, the state of a quantum system is
described by a wave function jψi, and the time evolution of
this wave function is given by the Schrödinger equation [70]

iℏ
djψi
dt

¼ Hjψi ⇒ jψτi ¼ e−iHt=ℏjψ0i≡ Utjψ0i; ð1Þ

whereUt is the unitary time evolution operator (UtU�
t ¼ I).

An initial pure state remains pure due to the unitary
dynamics. In this case, the initial and final states can be
represented in the density matrix form as ρ0 ¼ jψ0ihψ0j and
ρτ ¼ jψτihψτj, respectively. The driving Hamiltonian H for
the initial pure state ρ0 can be either time independent or time
dependent, and is Hermitian H† ¼ H.
MT and ML-type bounds on speed limit time are

estimated by using geometrical approaches to quantify
the closeness between the initial and final states [12]. Here,
the Bures angle is employed to measure the distance
between two quantum states

B ¼ cos−1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðψ0;ψτÞ

p
: ð2Þ

In Eq. (2), F ¼ Trðρ0ρτÞ ¼ jhψ0jψτij2 represent the sur-
vival probability of the initial pure state ρ0 and is known as
fidelity. F ¼ 1 implies that ρτ is same as ρ0. For the initial
pure state ρ0, if the given driving Hamiltonian (H) is time
independent, the QSL time (τQSL) for such a system is
defined as [13]

τ ≥ τQSL ¼ ℏB
ΔH

; ð3Þ

where τ is the propagation time of the initial state, the ratio
τQSL=τ ≤ 1 is the QSL time-bound condition, and

ΔH ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hH2i − hHi2

q
ð4Þ

is the variance (or fluctuation) in the driving Hamiltonian
(H). Here, Eq. (3) represents the MT bound [3], which

corresponds to Eq. (12) from Ref. [13], where the Bures
angle is denoted by B.
Furthermore, in a bipartite pure quantum system, a state

of the quantum system can be represented as the tensor
product of minimum two-qubit Hilbert spaces [70]:
jψi∈HA ⊗ HB. For example, a two-qubit Bell-type super-
position state can be considered as a bipartite quantum
state: jψi ¼ αj10i þ βj01i, jαj2 þ jβj2 ¼ 1, where j01i ¼
j0i ⊗ j1i and j10i ¼ j1i ⊗ j0i are two-qubit basis states of
jψi. In general, Bell’s state of two-qubit or more than two-
qubit representation can be regarded as a bipartite pure
entangled state. Any entangled bipartite pure quantum
system ρAB ¼ jψihψ j consists of two subsystems ρA ¼
TrBðρABÞ and ρB ¼ TrAðρABÞ such that ρ ≠ ρA ⊗ ρB,
where ρA and ρB are two reduced density matrices. The
entanglement entropy SEE for ρA (or ρB) is defined as [114]

SEE ¼ SðρAÞ ¼ −TrðρAlog2ρAÞ: ð5Þ

Moreover, if the dynamics of the system is unitary and the
driving Hamiltonian remains time independent, the quan-
tum speed limit for the entanglement entropy (SEE) adheres
to the following bound [113]:

τ ≥ τEQSL ¼ ℏjSEEðτÞ − SEEð0Þj
2ΔH 1

τ

R
τ
0

ffiffiffiffiffiffiffiffiffiffiffi
CEðtÞ

p
dt

: ð6Þ

The variance in the entanglement entropy SEE is defined as
capacity of entanglement CE [115,116] and is

CE ¼
X
i

λilog22λi − S2EE: ð7Þ

Here, λ0is are the eigenvalues of the reduced density matrix
ρA of one of the subsystems of a given pure bipartite
quantum system ρAB, where Trðρ2ABÞ ¼ 1 and Trðρ2AÞ < 1.
Equation (6) establishes a quantum speed limit on the
production and decay of entanglement in the case of pure
bipartite states when the driving Hamiltonian is time
independent.

III. QUANTUM SPEED LIMIT TIME OF TWO-
FLAVOR NEUTRINO OSCILLATIONS

In this section, we first explore the QSL time for the
evolution of two-flavor neutrino states in the presence of
matter backgrounds. Later, we investigate the QSL time for
entanglement entropy in the two-flavor neutrino oscilla-
tions in matter.

A. QSL time for evolution of two-flavor
neutrino states in matter

In the two-flavor neutrino oscillations in vacuum, at time
t ¼ 0, the neutrino flavor state can be written as [41]
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� jναi
jνβi

�
¼ UðθÞ

� jνji
jνki

�
; ð8Þ

where α; β ¼ e, μ, τ; j, k ¼ 1, 2, 3 and UU† ¼ I,

UðθÞ ¼
�U�

e1 U�
e2

U�
μ1 U�

μ2

�
≡
�

cos θ sin θ

− sin θ cos θ

�
: ð9Þ

When the neutrino starts propagating in matter, its effective
Hamiltonian in the two-flavor scenario can be expressed as
[41,63,126]

HM ¼ 1

4E

��
−Δm2 cos 2θ Δm2 sin 2θ

Δm2 sin 2θ Δm2 cos 2θ

�

þ
�
ACC 0

0 −ACC

��
; ð10Þ

where Δm2 and θ are the squared-mass difference and
mixing angle in vacuum, respectively, and E is the energy
of the neutrino, which is different for different neutrino
experiments. Here,

ACC ¼ 2EVCC; ð11Þ

where VCC is the Wolfenstein matter potential [63,126].
This charged-current potential1 VCC, which originates from
the neutrino’s interaction with electrons in matter through
coherent forward elastic scattering (assuming negligible
noncoherent effects), can be expressed as [127,128]

VCC ¼
ffiffiffi
2

p
GFNe ≃ 7.5Xe

ρ

1014 ðg=cm3Þ eV; ð12Þ

where GF is the Fermi coupling constant, Ne is the
electron number density, and Xe is the relative electron
number density, which is 0.5 for the neutral medium. The
approximate matter density in the Earth’s crust along
the long-baseline experiment is ρ ≈ 2.848g=cm3 [128].
Consequently, a constant matter potential is obtained as

VCC ≈ 1.01 × 10−13 eV: ð13Þ

Substituting Eq. (13) into Eq. (11), we can determine the
value of matter parameter ACC for various neutrino
energies.
The evolution equation for the two-flavor neutrino in

matter is

i
d
dt

jναi ¼ HMjναi: ð14Þ

The effective Hamiltonian HM in matter is Hermitian
H†

M ¼ HM and can be diagonalized by the orthogonal
transformation

HM ¼ 1

4E
ðUMðMMÞ2U†

MÞ; ð15Þ

where ðMMÞ2 ¼ 1
4Ediagð−Δm2

M;Δm2
MÞ. The unitary matrix,

UMðθMÞ ¼
�

cos θM sin θM
− sin θM cos θM

�
; ð16Þ

is the effective mixing matrix in matter. The neutrino
squared-mass difference and mixing angle in vacuum are
related to matter parameters as [41,129]

Δm2
M ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΔm2 cos 2θ − ACCÞ2 þ ðΔm2 sin 2θÞ2

q
; ð17Þ

and

tan 2θM ¼ tan 2θ

1 − ACC
Δm2 cos 2θ

; ð18Þ

respectively. Using Eqs. (16)–(18) in Eq. (15), the time-
evolved neutrino flavor state jναðtÞi in the presence of
matter background can be written as

jναðtÞi ¼ e−iHMtjναð0Þi
¼ UMΛMðtÞU†

Mjναð0Þi

¼ UM

�
eiΔm

2
M

t
4E 0

0 e−iΔm
2
M

t
4E

�
U†

Mjναð0Þi

¼
 
ÃααðtÞ ÃαβðtÞ
ÃβαðtÞ ÃββðtÞ

!
jναð0Þi: ð19Þ

Thus, from Eq. (19), the time-evolved flavor neutrino
state jναðtÞi can be written in a coherent superposition of
flavor basis in matter as

jναðtÞi ¼ ÃααðtÞjναi þ ÃαβðtÞjνβi; ð20Þ

where jÃααðtÞj2 þ jÃαβðtÞj2 ¼ 1. In the ultrarelativistic
approximation (t ≈ L), the survival probability of the
time-evolved flavor neutrino states jναðtÞi in the Earth-
matter background (when ACC ≠ 0) is given as PMatter

s ¼
jhναðLÞjναij2 ¼ jÃααðLÞj2. For any initial neutrino state in
matter

PMatter
S ¼ 1 − sin2ð2θMÞ sin2ðϕMÞ; ð21Þ

1The neutral current contribution has been separated from the
effective Hamiltonian in matter (HM), given by Eq. (10), because
it introduces a phase common to all flavors, which can be
eliminated by a phase shift and does not affect neutrino flavor
transition probabilities [41].
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where ϕM ¼ Δm2
ML

4E . Since θM and Δm2
M are dependent on

ACC, PMatter
S may be analyzed as a function of the matter

parameter ACC. When ACC ¼ 0, the survival probability of
the initial state jναi in matter, Eq. (21), reduces to its vacuum
counterpart PVacuum

s ¼ jhναðLÞjναij2 which is

PVacuum
S ¼ 1 − sin2ð2θÞ sin2ðϕÞ; ð22Þ

whereϕ ¼ Δm2L
4E . Therefore, the oscillation probability of the

initial flavor neutrino state jναi changes to jνβi in vacuum as
PVacuum
O ¼ jhνβðLÞjναij2 ¼ 1 − PVacuum

S , where PVacuum
S þ

PVacuum
O ¼ 1. In the analysis of neutrino oscillation exper-

imental data, the oscillatory term in Eq. (22), sin2ðϕÞ,
can be simplified to the following convenient form:

sin2ðΔm2L
4E Þ≡ sin2ðΔm2Lc3

4ℏE Þ → sin2ð1.27Δm2ðeV2Þ LðkmÞ
EðGeVÞÞ.

Typically, for the three-flavor neutrino oscillation in
vacuum, neutrino experiments are sensitive to the three
mixing angles θ12, θ13, and θ23; the two squared-mass
differences Δm2

21 and Δm2
31 (or Δm2

32), where Δm2
31 ¼

Δm2
32 þ Δm2

21; as well as the CP-violation phase δCP
[50]. In experiments with baseline L and beam energy E
such that Δm2

21L=E ≪ 1, a valid approximation is to set
Δm2

21 ¼ 0 and δCP ¼ 0 in the three-flavor neutrino oscil-
lation formalism in vacuum, yielding the two-flavor neutrino
oscillation approximation [50]. In this regime, two-flavor
neutrino oscillations are driven byΔm2

31 ≈ Δm2
32, applicable

to the long-baseline accelerator experiment.
Moreover, in the three-flavor neutrino oscillation, long-

baseline accelerator experiments probe θ13 by measuring
the oscillation probability of electron neutrinos in a muon
neutrino beam (νμ → νe) [130]. At leading order, under the
condition Δm2

21L=E ≪ 1, the three-flavor neutrino oscil-
lations reduce to two-flavor oscillations in vacuum, giving
the oscillation probability approximately as [50,131,132]

Pðνμ → νeÞ ≈ sin2ð2θ13Þ sin2ðΔm2
31L=4EÞ: ð23Þ

Here, we employ a two-flavor approximation, Eq. (23),
that is particularly suitable for long-baseline accelerator
experiments by following established treatments in
Refs. [50,131,132]. We identify θ13 with the mixing angle
θ and Δm2

31 ¼ m2
3 −m2

1 with Δm2. This approximation
provides a realistic description for long-baseline experi-
ments while capturing the essential physics in vacuum. In
the presence of matter, Eq. (23) can be modified by
replacing the fundamental vacuum parameters θ13 and
Δm2

31 with the corresponding effective matter parameters,
as defined in Eqs. (17) and (18). The list of neutrino mixing
parameters used for our analysis is detailed in Table I.
For a constant matter potential [Eq. (13)] and neutrino
energy, E ≈ 3.5 GeV [97], we obtained ACC ¼ 2EVCC≈
7.07 × 10−4 eV2.

In general, comparing two quantum states and assessing
their closeness is pertinent, especially in experimental
settings where the observed quantum state needs to be
compared with theoretical predictions. A valuable measure
for this comparison is fidelity, denoted by F. In the context
of two-flavor neutrino oscillations, undergoing unitary
evolution, the fidelity can be equated to the survival
probability of the initial flavor neutrino states jναi in the
matter background as

F ναðjναð0Þi; jναðLÞiÞ ¼ PMatter
S : ð24Þ

Similarly, the oscillation probability of the initial flavor
neutrino state jναi related to the fidelity as

PMatter
O ¼ 1 − F ναðjναð0Þi; jναðLÞiÞ ¼ 1 − PMatter

S ; ð25Þ

where PMatter
O þ PMatter

S ¼ 1. We assume the initial state to
be muon neutrino, i.e, α ¼ μ. Figure 1 illustrates the fidelity
F νμ of the initial muon flavor neutrino state jνμi as a
function of propagation length LðkmÞ in vacuum (red
dashed line) and in a constant Earth-matter background
(green solid line). We observe that at L ¼ 0, F νμ ¼ 1. As L
increases, F νμ varies periodically for the two different
matter backgrounds. Similarly, in Fig. 2, the variation of the
oscillation probability (P

νμ
O ) for the initial state jνμi as a

TABLE I. The list of neutrino mixing parameters with the best
fit� 1σ errors [124,125].

Δm2
31 θ°13 Energy (E)

2.534þ0.025
−0.023 × 10−3 eV2 8.52þ0.11

−0.11 3.5 GeV

FIG. 1. In the two-flavor neutrino oscillation, the fidelityF νμ of
the initial muon neutrino state jνμi is depicted as a function of
propagation length LðkmÞ. This representation includes vacuum
(ACC ¼ 0), indicated by a red dashed line and in a constant matter
potential (ACC ¼ 7.07 × 10−4 eV2), represented by a green solid
line. The various neutrino mixing parameters used are taken from
Table I.
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function of LðkmÞ is shown for both vacuum (red dashed
line) and a constant Earth-matter potential (green solid
line).
Substituting Eq. (24) in Eq. (2), the Bures angle of the

state jνμðtÞi can be calculated as

Bνμ ¼ cos−1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F νμðjνμð0Þi; jνμðtÞiÞ

q
: ð26Þ

In Fig. 3, the Bures angle Bνμ is plotted as a function of
propagation length L (in kilometers) for the initial state jνμi
in vacuum (red dashed line) and in the presence of a

constant Earth-matter potential (green solid line). This
graph illustrates the proximity between the initial and final
states. We observe that the periodic behavior of Bνμ persists
as the propagation length increases. The peak of Bνμ in both
vacuum and matter reaches its maximum when F νμ (see

Fig. 1) is at its minimum and P
νμ
O (see Fig. 2) is at its

maximum.
Furthermore, we utilize Eqs. (15) and (20) in Eq. (4) to

calculate the variance in the time-independent driving
Hamiltonian (ΔHM). Subsequently, employing the vari-
ance (ΔHM) value, and the Bures angle, Eq. (26), in
Eq. (3), we numerically compute the quantum speed limit
time, τQSL, for the initial muon neutrino flavor state jνμi in
vacuum and in a constant Earth-matter background. The
effect of matter on τQSLνμ

, as a function of propagation

length LðkmÞ, is illustrated in Fig. 4. It is observed that
τQSLνμ

exhibits periodicity in vacuum (red dashed line) and

in the constant Earth-matter potential (green solid line) as
the propagation length increases. We find that in both
vacuum and matter, when the peak of F νμ (see Fig. 1) is at

its minimum and P
νμ
O (see Fig. 2) is at its maximum, the

peak of τQSLνμ
in Fig. 4 is also at its maximum.

Moreover, to demonstrate a realistic scenario of τQSL, we
adopt the DUNE’s baseline length L ≈ 1300 km and
neutrino energy E ≈ 3.5 GeV [97]. Further discussion of
the futuristic DUNE experiment is provided in Sec. IV. It is
worth mentioning that when the QSL time-bound con-
dition, as defined in Eq. (3), satisfies τQSL=L ¼ 1, the
dynamic evolution of the neutrino state remains unchanged.
In other words, the evolution speed has already reached its
maximum. Conversely, τQSL=L < 1 indicates the potential
for the dynamic evolution of the neutrino state to speed up.
The smaller the value of τQSL=L, the greater the potential

FIG. 2. In the two-flavor neutrino oscillation, the oscillation
probability (P

νμ
O ¼ 1 − F νμ ) of the initial muon neutrino state jνμi

is depicted as a function of propagation length LðkmÞ. This
representation includes vacuum (ACC ¼ 0) indicated by a red
dashed line and in a constant matter potential (ACC ¼
7.07 × 10−4 eV2) represented by a green solid line. The various
neutrino mixing parameters used are taken from Table I.

FIG. 3. In the two-flavor neutrino oscillation, the Bures angle
Bνμ of the initial muon neutrino state jνμi is plotted as a function
of propagation length LðkmÞ. This representation includes
vacuum (ACC ¼ 0) indicated by a red dashed line and in a
constant matter potential (ACC ¼ 7.07 × 10−4 eV2) represented
by a green solid line. The various neutrino mixing parameters
used are taken from Table I.

FIG. 4. In the two-flavor neutrino oscillation, we depict the
QSL time τQSLνμ

for the initial muon neutrino state jνμi as a
function of propagation length LðkmÞ. This is shown in vacuum
(ACC ¼ 0) with a red dashed line and in a constant matter
potential (ACC ¼ 7.07 × 10−4 eV2) with a green solid line. The
various neutrino mixing parameters used are taken from Table I.
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for a quantum speedup. From Fig. 5, we observe that for the
state jνμðtÞi, the ratio of τQSLνμ

=L < 1, lesser for evolution

in vacuum (red dashed line) as compared to that in
matter (green solid line) near L ≈ 1300 km. Thus, a rapid
evolution of the neutrino state is observed in vacuum (red
dashed line) compared to matter (green solid line) in the
DUNE setup.

B. QSL time for entanglement in two-flavor
neutrino oscillations in matter

In this subsection, we initially employ the principles of
quantum information theory to map neutrino flavor eigen-
states at time t ¼ 0 onto a two-qubit-mode state as follows
[71–90]:

jναi≡ j1iα⊗ j0iβ≡ j10i; jνβi≡ j0iα⊗ j1iβ≡ j01i: ð27Þ

Under the ultrarelativistic approximation, neutrino flavor
eigenstates can be considered as distinct modes.
Entanglement represents a connection between the quan-
tum states of the two modes. A specific form of entangle-
ment that arises among various modes is termed “neutrino
mode (flavor) entanglement.” Consequently, the time-
evolved flavor state can be understood as an entangled
superposition of flavor modes. This concept can be inves-
tigated within the framework of both two- and three-flavor
neutrino oscillations. In the context of two-flavor neutrino
oscillations, using Eq. (27) in Eq. (20), the time-evolved
flavor neutrino state in the presence of a constant Earth-
matter background can be represented as a two-qubit
system

jναðtÞi ¼ ÃααðtÞj10i þ ÃαβðtÞj01i: ð28Þ

The corresponding density matrix of the state jναðtÞi in the
presence of a constant Earth-matter background is

ρðtÞ ¼ jναðtÞihναðtÞj

¼

0
BBB@

0 0 0 0

0 jÃααðtÞj2 ÃααðtÞÃ�
αβðtÞ 0

0 ÃαβðtÞÃ�
ααðtÞ jÃαβðtÞj2 0

0 0 0 0

1
CCCA; ð29Þ

where ρðtÞ ¼ ρ2ðtÞ is an idempotent matrix and
Trðρ2ðtÞÞ ¼ 1. This implies that the state ρðtÞ is a pure
state. However, the reduced state (by tracing over the other
qubit) ραðtÞ ¼ TrβðρðtÞÞ and ρβðtÞ ¼ TrαðρðtÞÞ follows
Trðρ2αðtÞÞ < 1 and Trðρ2βðtÞÞ < 1, which are in the mixed
states. This shows that the state jναðtÞi is a bipartite
quantum system of a two-qubit pure state. This is also
true for the state jνβðtÞi. The eigenvalues of the reduced
state are ραðtÞ are λ1, λ2. These two eigenvalues are the

survival (λ1 ¼ PS ¼ jÃααðtÞj2) and the oscillation
(λ2 ¼ PO ¼ jÃαβðtÞj2 ¼ 1 − PS) probabilities of the initial
state jναi in matter background. Using Eq. (5) and the
eigenvalues of the reduced state ραðtÞ, the bipartite entan-
glement entropy SEEðtÞ of the reduced state ραðtÞ can be
calculated as

SEEðραðtÞÞ ¼ −jÃααðtÞj2 log2 jÃααðtÞj2
− ð1 − jÃααðtÞj2Þ log2ð1 − jÃααðtÞj2Þ: ð30Þ

Consequently, using Eq. (7), the capacity of entanglement
CE of the reduced state ραðtÞ is obtained as

CEðραðtÞÞ¼ jÃααðtÞj2 log22 jÃααðtÞj2þð1− jÃααðtÞj2Þ log22
× ð1− jÃααðtÞj2Þ− ð−jÃααðtÞj2 log2 jÃααðtÞj2
− ð1− jÃααðtÞj2Þ log2ð1− jÃααðtÞj2ÞÞ2: ð31Þ

The bipartite entanglement measures quantified in Eqs. (30)
and (31) are directly associated with two measurable
quantities, survival (PS) and oscillation (PO) probabilities,
enabling straightforward connections with experimentally
determined values of neutrinomixing parameters. One of the
prominent bipartite entanglement measures, concurrence,
can be related to PS and PO of two-flavor neutrino oscil-
lations as CðραðtÞÞ ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffi
PSPO

p
[76]. This implies PS ¼

1 − 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − C2ðραðtÞÞ

p
and PO ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − C2ðραðtÞÞ

p
. Hence,

the entanglement entropy SEEðραðtÞÞ, Eq. (30), can be
reexpressed in terms of concurrence as

FIG. 5. In the two-flavor neutrino oscillation, we depict the QSL
time τQSLνμ

for the initial muon neutrino state jνμi as a function of
propagation length LðkmÞ up to a length of L ≈ 1300 km. This is
shown invacuum (ACC ¼ 0)with a reddashed line and in a constant
matter potential (ACC ¼ 7.07 × 10−4 eV2) with a green solid line.
The various neutrino mixing parameters used are taken from
Table I.
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SEEðCðραðtÞÞÞ ¼
�
1 −

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − C2ðραðtÞÞ

q �

× log2

�
1 −

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − C2ðραðtÞÞ

q �

−
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − C2ðραðtÞÞ

q

× log2

�
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − C2ðραðtÞÞ

q �
: ð32Þ

Since PS > 0 implies PO < 1, this in term implies
CðραðtÞÞ ≠ 0. Consequently, SEEðCðραðtÞÞÞ ≠ 0. Similarly,
one can also relate capacity of entanglement, Eq. (31), as a
function of concurrence. In this vein, various other bipartite
entanglement measures, such as Bell’s inequality violation,
teleportation fidelity, geometric discord, tangle, linear
entropy, negativity, among others, have previously been
investigated and simplified in terms of two-flavor neutrino
survival and oscillation probabilities [71,76,81].
In Figs. 6 and 7, in the ultrarelativistic approximation

(t ≈ L), for the DUNE’s baseline length (L ≈ 1300 km) and
energy (E ≈ 3.5 GeV), the entanglement entropy SEEðρμðtÞÞ
and the capacity of entanglementCEðρμðtÞÞ, respectively, are
plotted as a function of propagation length (L in kilometers)
for the initial muon flavor neutrino state jνμi, particularly in
vacuum (red dashed line) and in the presence of a constant
Earth-matter potential (green solid line). We observe that at
L ¼ 0, the entanglement entropy [SEEðρμðtÞÞ] is zero,
indicating that jνμðtÞi is in a separable state. Moreover, as
L increases (L > 0), SEEðρμðtÞÞ increases across vacuum
and matter backgrounds. Additionally, we observe a sepa-
ration in entanglement entropy in the presence of matter

compared to vacuum near L ≈ 1300 km. In Fig. 7, the
capacity of entanglement CE (or the variance in the entan-
glement entropy) approaches zerowhenneutrino oscillates in
vacuum (red dashed line) and matter (green solid line), in a
separable state limit. However, CE attains a maximum in a
partially entangled state. Hence, in the two-qubit system, at
L > 0, SEEðρμðtÞÞ ≠ 0 and CEðρμðtÞÞ ≠ 0 identify that the
time-evolved muon flavor neutrino state jνμðtÞi is a bipartite
pure entangled state, similar to the two-qubit entangled state
used in quantum information.

FIG. 6. In the two-flavor neutrino oscillation, the entanglement
entropy (SEEðρμðtÞÞ), for the initial state jνμi, is shown as a function
of propagation lengthLðkmÞ up to a length ofL ≈ 1300 ðkmÞ. This
is represented in vacuum (ACC ¼ 0) by a red dashed line and in a
constant matter potential (ACC ¼ 7.07 × 10−4 eV2) by a green
solid line. The various neutrino mixing parameters used are taken
from Table I.

FIG. 7. In the two-flavor neutrino oscillation, the capacity of
entanglement [CEðρμðtÞÞ], for the initial muon state jνμi, is
depicted as a function of propagation length LðkmÞ up to a length
of L ≈ 1300 ðkmÞ. This is represented in vacuum (ACC ¼ 0)
by a red dashed line and in a constant matter potential
(ACC ¼ 7.07 × 10−4 eV2) by a green solid line. The various
neutrino mixing parameters used are taken from Table I.

FIG. 8. QSL time for entanglement entropy τEQSLνμ
of the initial

muon state jνμi is shown as a function of propagation lengthLðkmÞ
up to a length of L ≈ 1300 ðkmÞ for two-flavor neutrino oscil-
lations. This is represented in vacuum (ACC ¼ 0) by a red dashed
line and in a constantmatter potential (ACC ¼ 7.07 × 10−4 eV2) by
a green solid line. The various neutrinomixing parameters used are
taken from Table I.
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Moreover, in Fig. (8), using Eqs. (30) and (31) in Eq. (6)
with the ΔHM value, the QSL time for the entanglement
entropy τEQSLμ

of jνμðtÞi is estimated as a function of

propagation length (L ≈ 1300 km) across vacuum (red
dashed line) and in a constant Earth-matter background
(green solid line). Under the QSL time-bound condition for
SEE i.e., τEQSLμ

=L < 1, we observe a quick suppression of

entanglement in vacuum (red dashed line) compared to
matter (green solid line) at the DUNE’s length scale and
energy.

IV. QUANTUM SPEED LIMIT TIME FOR
EVOLUTION OF THE THREE-FLAVOR

NEUTRINO STATE IN MATTER

In the case of three-flavor neutrino oscillations in matter,
we follow the formalism of the effective Hermitian
Hamiltonian proposed in Ref. [69]. The time-evolved
muon-flavor neutrino state in the presence of matter can
be expressed as [67–69]

jνμðtÞi ¼ ÃμeðtÞjνei þ ÃμμðtÞjνμi þ ÃμτðtÞjντi; ð33Þ

where jÃμμðtÞj2 þ jÃμeðtÞj2 þ jÃμτðtÞj2 ¼ 1. As a result,
the survival and oscillation probabilities of the initial muon
flavor neutrino state jνμi in matter are determined as

Pμ→μ ¼ jÃμμðtÞj2; Pμ→e ¼ jÃμeðtÞj2; and

Pμ→τ ¼ jÃμτðtÞj2; ð34Þ

respectively. The issue of neutrino mass ordering is closely
linked to current experimental data on neutrino survival and
oscillation probabilities, permitting two potential classes of
solutions [50]. In the normal ordering (NO) scenario, the two
lightest mass eigenstates demonstrate a marginal mass
difference, while the third eigenstate is heavier such that
m3 > m2 > m1. Conversely, in the inverted ordering (IO),
the lightestmass eigenstate precedes a doublet of highermass
eigenstates. Within this doublet, there again exists a mass
difference. Hence, m3 < m1 < m2. The neutrino mixing
parameters Δm2

lk, θij, and δCP, along with their 1σ best-fit
data for normal and inverted ordering, are presented in
Tables II and III, respectively. Note that here Δm2

3l ¼
Δm2

31 > 0 for NO andΔm2
3l ¼ Δm2

32 < 0 for IO [124,125].
Moreover, including various mass-squared differences

and mixing angles as outlined in Tables II and III for the
NO and IO scenarios. The survival and oscillation prob-
abilities of the state jνμðtÞi also rely on the ratio
L=E ðkm=GeVÞ, which can be fixed in various long-
baseline accelerator neutrino source experiments setups
like T2K, NOvA, and DUNE, presenting a more realistic
scenario for neutrino oscillations.

(i) T2K (Tokai-to-Kamioka) [133] operates as anoff-axis
experiment employing a νμ neutrino beam originating

at J-PARC (Japan Proton Accelerator Complex) with
an energy range approximately between 100 MeV to
1 GeV and a baseline of 295 km.

(ii) NOvA (NuMI Off-Axis νe Appearance) [134], a
long-baseline experiment, utilizes neutrinos from the
NuMI (Neutrinos at the Main Injector) beamline at
Fermilab optimized to observe νμ → νe oscillations.
This experiment employs two detectors positioned
14 mrad off the axis of the NuMI beamline, with the
near and far detectors located at 1 and 810 km from
the source, respectively. The flavor composition of
the beam consists of 92.9% of vμ and 5.8% of v̄μ and
1.3% of ve and v̄e with the energy of the neutrino
beam varying from 1.5 to 4 GeV.

(iii) DUNE (Deep Underground Neutrino Experiment)
[62,135,136] is an upcoming neutrino oscillation
experiment. It is an experimental facility utilizing
the NuMI neutrino beam with an energy range of
1–10 GeV from Fermilab and features a long base-
line of 1300 km. This configuration enables an L=E
ratio of about 103 km=GeV, providing good sensi-
tivity for the CP-violation (δCP) measurement and
determination of mass ordering.

The neutrino oscillation depends on a complex quantity in
the PMNSmixing matrix related to a phase factor associated

TABLE II. In the three-flavor neutrino oscillation, the values of
the neutrino mixing parameters NO that we considered in our
analysis are taken from Refs. [124,125] along with their corre-
sponding 1σ errors (90% CL).

Parameters Best fit� 1σ

θ12=∘ 33.68þ0.73
−0.70

θ23=∘ 48.5þ0.7
−0.9

θ13=∘ 8.52þ0.11
−0.11

Δm2
21

10−5 eV2
7.49þ0.19

−0.19

Δm2
3l

10−3 eV2
þ2.534þ0.025

−0.023

δCP=∘ 177þ19
−20

TABLE III. In the three-flavor oscillation, the values of the
neutrino mixing parameters for IO that we considered in our
analysis are taken from Refs. [124,125] along with their corre-
sponding 1σ errors (90% CL).

Parameters Best fit� 1σ

θ12=∘ 33.68þ0.73
−0.70

θ23=∘ 48.6þ0.7
−0.9

θ13=∘ 8.58þ0.11
−0.11

Δm2
21

10−5 eV2
7.49þ0.19

−0.19

Δm2
3l

10−3 eV2
−2.510þ0.024

−0.025

δCP=∘ 285þ25
−28
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with CP violation, δCP [69]. However, the value of the CP-
violating phase is still not well-constrained in neutrino
experiments [53]. On the other hand, the δCP is linked with
matter-antimatter asymmetry (more baryons over antibary-
ons) in the observable Universe [137]. The hunt to find
baryon number violation processes in nature has not been
fruitful without caveats until now. However, if the number of
leptons created in a reaction is not the same as the number
destroyed, it could indirectly lead to a net change in the
baryonnumber [138–150].Neutrino, a lepton, canprovide us
with more insight into this. Comparing the difference
between neutrino and antineutrino oscillations, ongoing
long-baseline neutrino oscillation experiments, such as
T2K and NOvA [50,53,133,151–154] and also next-gen-
eration experiment, DUNE [135,136,155], have the potential
to detect evidence for CP violation. The global fit values
[124,125] of δCP in NO and IO are listed in Tables II and III,
respectively.
In our analysis, we consider the neutrino energies for

T2K, NOvA, and DUNE to be 1.4, 2.5, and 3.5 GeV,
respectively [97]. The corresponding matter parameter
(ACC ¼ 2EVCC) calculated using Eq. (13) is approximated
as 2.83 × 10−4 eV2, 5.05 × 10−4 eV2 and 7.07 × 10−4 eV2

for T2K, NOvA, and DUNE respectively. Substituting
these ACC values in Eq. (34), in the ultrarelativistic regime
t ≈ L, Fig. 9 illustrates the variation of the survival
probability (Pμ→μ) and oscillation probabilities (Pμ→e

and Pμ→τ) of the initial muon flavor neutrino state jνμi
in matter as functions of the long-baseline length LðkmÞ for
T2K (L ≈ 280 km), NOvA (L ≈ 800 km), and DUNE
(L ≈ 1300 km). These results are examined for two distinct
δCP values corresponding to NO (δCP ¼ 177°) and IO
(δCP ¼ 285°), with comparative analyses presented for
T2K, NOvA, and DUNE in Figs. 9(a), 9(b), 9(c), 9(d),
9(e), 9(f), 9(g), 9(h), and 9(i), respectively.
In general, matter effects become significant only when

one of the neutrino flavors is an electron neutrino (νe). This
is because νe interacts with electrons via charged current
interactions, while νμ and ντ interact via neutral current
interactions, which are flavor independent [41]. As a result,
only the mixing angles θ12 and θ13 are affected by matter,
while θ23 remains unchanged [69,129]. Therefore, for the
case where only two neutrinos, νμ and ντ, are involved,
νμ ↔ ντ oscillations in matter are effectively the same as in
vacuum [156], whereas other transitions such as νμ ↔ νμ
and νμ ↔ νe are different in vacuum and matter, as shown
in Figs. 1 and 2, respectively. For νμ ↔ ντ oscillations in
vacuum, one can reduce the three-flavor formalism [69] to
an effective two-flavor framework by setting the parameters
Δm2

21 and θ13 to zero in the leading order [76]. Thus, in the
two-flavor approximation, the oscillation probability for
νμ ↔ ντ is defined as [76,157,158]

Pðνμ → ντÞ ≈ sin2ð2θ23Þ sin2ðΔm2
32L=4EÞ; ð35Þ

which is not the same as the one for νμ ↔ νe oscillations in
Eq. (23). Since the matter effect does not significantly alter
νμ ↔ ντ oscillations, Eq. (35) is valid in both vacuum and
matter under the two-flavor approximation [156]. However,
as shown in Fig. 9, in the more realistic three-flavor
framework, the presence of νe leads to matter-induced
effects even on νμ ↔ ντ, as well as on other channels
(νμ ↔ νe and νμ ↔ νμ).
Additionally, using the length scales and energies of T2K,

NOvA and DUNE, the transition probabilities (Pμ→e, Pμ→μ,
and Pμ→τ

2) in NO and IO, as shown in Figs. 9(a), 9(b), 9(c),
9(d), 9(e), 9(f), 9(g), 9(h), and 9(i), respectively, are also
compared with results obtained from the two-flavor neutrino
oscillation in matter (TFNOM), represented by a green
dashed line for Pμ→e and Pμ→μ, and a magenta dashed line
for Pμ→τ. Noticeable differences arise between the two- and
three-flavor results in matter, primarily due to the additional
mixing angles, squared-mass differences, and CP-violation
phases accounted for in the three-flavor framework, which
are absent in the two-flavor approximation.
Moreover, using Eq. (33) and the matter-dependent

effective Hermitian Hamiltonian [69] in Eq. (3), the
QSL time (τQSL) of the state jνμðtÞi in a constant Earth-
matter background, taking into account CP-violation
phases for both NO and IO scenarios can be studied.
We explore these aspects across three long-baseline accel-
erator neutrino experiments: T2K, NOvA, and DUNE. In
the ultrarelativistic regime, the top, middle, and bottom
panels of Fig. 10 illustrate τQSL versus LðkmÞ of the time-
evolved muon flavor neutrino state jνμðtÞi in a constant
Earth-matter background at distinct CP-violation phase
values, under the assumptions of NO (Table II) and IO
(Table III), and employing constraints on the ratio of
L=Eðkm=GeVÞ based on long-baseline accelerator neu-
trino experiments such as T2K, NOvA, and DUNE.
The top panel of Fig. 10 displays τQSL of the initial

state jνμi in constant matter as a function of propagation
length ½LðkmÞ� using the T2K length and energy scale. In
Figs. 10(a)–10(c), near a length of 280 km, energy
(E ≈ 1.4 GeV), and considering distinct values of δCP for
the NO (δCP ¼ 0°; 90°; 177°) (orange dotted line) and for the
IO (δCP ¼ 0°; 90°; 285°) (black solid line), we observe that
the separation between τQSL in NO (orange dotted line) and
IO (black solid line) increases as the CP-violation phase
increases. Since Pμ→μ ¼ 1 − Pμ→e − Pμ→τ, the τQSL is con-
nected to both the survival (Pμ→μ) and oscillation proba-
bilities (Pμ→e and Pμ→τ). In Figs. 9(a)–9(c), it is shown that
the difference between NO at δCP ¼ 177° (blue solid line)
and IO at δCP ¼ 285° (red dashed line) for Pμ→μ and Pμ→τ is

2Equation (35) remains applicable in both vacuum and matter
within the two-flavor approximation [156], and is therefore
employed in the TFNOM framework to illustrate Pμ→τ (magenta
dashed line) in Figs. 9(c), 9(f), and 9(i).
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small, while Pμ→e is large near L ≈ 280 km. The difference
between NO at δCP ¼ 177° (orange dotted line) and IO at
δCP ¼ 285° (black solid line) for τQSL in Fig. 10(c) arises due
to Pμ→e near L ≈ 280 km. Additionally, it is observed in
Fig. 10(c) that under the time-bound condition τQSL=L < 1,
the initial state jνμi in the presence of a constant Earth-matter
potential inNO (orange dotted line) undergoesmore speedup
compared to the IO (black solid line) case.

Furthermore, within the middle panel of Fig. 10, we use
the long-baseline length scale (L ≈ 800 km) with energy
(E ≈ 2.5 GeV) provided by the NOvA experiment to
examine the QSL time in NO and IO scenarios for the
initial state jνμi propagating in a constant Earth-matter
background. Considering different values of δCP, we
compare τQSL versus LðkmÞ of the state jνμðtÞi in the
NO (magenta dotted line) and IO (green solid line)

FIG. 9. In three-flavor neutrino oscillations, we depict the transition probabilities Pμ→e, Pμ→μ, and Pμ→τ as functions of the
propagation length LðkmÞ for the initial muon flavor neutrino state jνμi and compare them between NO and IO. These comparisons are
shown using the length; scales and energies of T2K, NOvA, and DUNE in Figs. 9(a), 9(b), 9(c), 9(d), 9(e), 9(f), 9(g), 9(h), and 9(i),
respectively, under two different CP-violation phases and matter potentials. In the TFNOM, the transition probabilities Pμ→e, Pμ→μ, and
Pμ→τ as functions of the propagation length LðkmÞ for the initial muon flavor neutrino state jνμi are also illustrated using the length
scales and energies of T2K, NOvA, and DUNE in Figs. 9(a), 9(b), 9(c), 9(d), 9(e), 9(f), 9(g), 9(h), and 9(i), respectively. The various
neutrino mixing parameters used are taken from Tables II for TFNOM and NO, and III for IO along with their corresponding 1σ errors
(90% CL).
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scenarios in Figs. 10(d)–10(f). Notably, at larger CP-
violation phase values, τQSL of the initial state jνμi in
Fig. 10(f) demonstrates a more pronounced separation
between the NO (magenta dotted line) and IO (green solid
line) cases. This separation arises because the difference
between NO (blue solid line) and IO (red dotted line) for
Pμ→e is more pronounced at the larger CP violation near
L ≈ 800 km, as shown in Fig. 9(d). According to the time-
bound condition τQSL=L < 1, the dynamic evolution of the
initial state jνμi in matter demonstrates faster evolution for

the case of NO (magenta dotted line) as compared to the IO
(green solid line), especially noticeable at substantial
CP-violation phases, as can be seen in Fig. 10(f).
The bottom panel of Fig. 10 depicts τQSL of the time-

evolvedmuon flavor neutrino state jνμðtÞi using theDUNE’s
baseline length (L ≈ 1300 km) and energy (E ≈ 3.5 GeV).
In Figs. 10(g)–10(i), we compute and compare τQSL for the
initial state jνμi as a function of propagation lengthLðkmÞ for
NO (red dotted line) and IO (blue solid line), and for distinct
CP-violation phase values. In all these figures, the results can

FIG. 10. In three-flavor neutrino oscillations, we compare the QSL time τQSL versus LðkmÞ for the initial muon flavor neutrino state
jνμi in NO and IO. This comparison is illustrated using the length scales and energies of T2K, NOvA, and DUNE in Figs. 10(a), 10(b),
10(c), 10(d), 10(e), 10(f), 10(g), 10(h), and 10(i), respectively, under distinct CP-violation phases and matter potentials. In the TFNOM,
the QSL time τQSL versus LðkmÞ for the initial muon flavor neutrino state jνμi is also illustrated using the length scales and energies of
T2K, NOvA, and DUNE in Figs. 10(a), 10(b), 10(c), 10(d), 10(e), 10(f), 10(g), 10(h), and 10(i), respectively. The various neutrino
mixing parameters used are taken from Tables II for TFNOM and NO, and III for IO along with their corresponding 1σ errors (90% CL).
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distinguish between τQSL for NO and IO. In Fig. 9(g), for
larger CP-violation phase values, the separation between
Pμ→e in NO (blue solid line) and IO (red dotted line) is more
pronounced at DUNE’s length scale compared to T2K
[see Fig. 9(a)] and NOvA [see Fig. 9(d)], and therefore in
Fig. 10(i), the behavior of τQSL reflects a similar trend.
Figure 10(i) highlights that under the constraint τQSL=L < 1,
the initial state jνμi undergoes fast evolution at a large CP-
violation phase in DUNE, particularly in the NO scenario.
Hence, by using the length scales and energies of T2K,
NOvA, and DUNE experiments, we observe that the faster
evolution of neutrinomuon flavor states inmatter is sensitive
to the significant CP-violation phase in the NO scenario.
However, in all these experiments, including T2K,

NOvA, and DUNE, as depicted in Fig. 10, under the
time-bound condition τQSL=L < 1, the TFNOM exhibits a
faster evolution of the neutrino muon flavor state compared
to the three-flavor results in matter for both NO and IO
(with zero and nonzero CP-violation phases).
So far, we have considered τQSL for the initial muon

flavor neutrino state jνμi. For completeness, we discuss
τQSL for the initial muon antineutrino flavor state jν̄μi
relevant to accelerator experiments.
Using Eq. (34), in Fig. 11, we show the variation of the

survival probability (Pμ→μ) and oscillation probabilities
(Pμ→e and Pμ→τ) for the initial muon flavor neutrino state
jνμi [with ACC ¼ þ7.07 × 10−4 eV2, δCP ¼ þ177° for NO
(blue solid line), and δCP ¼ þ285° for IO (red dashed
line)], and, the survival probability (Pμ̄→μ̄) and oscillation
probabilities (Pμ̄→ē and Pμ̄→τ̄) for the antimuon flavor
neutrino state jν̄μi (with ACC ¼ −7.07 × 10−4 eV2, δCP ¼
−177° for NO (black dotted line), and δCP ¼ −285° for IO

(green dot-dashed line)), as functions of propagation length
LðkmÞ. The comparison between the NO and IO scenarios
is made using DUNE’s baseline length and energy. It is
observed that Pμ→e=Pμ̄→ē [see Fig. 11(a)] exhibits more
pronounced differences for the initial state jνμi=jν̄μi,
between NO and IO, while Pμ→μ=Pμ̄→μ̄ [see Fig. 11(b)]
and Pμ→τ=Pμ̄→τ̄ [see Fig. 11(c)] shows minimal differences
near L ≈ 1300 km. Additionally, Figs. 11(a)–11(c) depict
the transition probabilities Pμ→e=Pμ̄→ē, Pμ→μ=Pμ̄→μ̄, and
Pμ→τ

3/Pμ̄→τ̄, respectively, in the TFNOM for the initial
states jνμi (with ACC ¼ þ7.07 × 10−4 eV2) and jν̄μi (with
ACC ¼ −7.07 × 10−4 eV2), and compare them with the
results obtained from three-flavor neutrino oscillations in
matter (for both NO and IO with their respective CP-
violation phases). Noticeable differences are observed
between the two- and three-flavor results.
In Fig. 12, the comparison illustrates τQSL variation as a

function of the propagation length LðkmÞ for the initial
states jνμi and jν̄μi within both the NO and IO. Here, τQSL
for the initial muon neutrino state jνμi is characterized by a
positive matter potential (þACC) and a positive CP-violat-
ing phase (þδCP) in NO (magenta dotted line) and IO (red
dot-dashed line). Conversely, for the muon antineutrino
state jν̄μi, τQSL is characterized by a negative matter
potential (−ACC) and a negative CP-violating phase

(a) DUNE: NO (blue solid line), IO (red

dashed line), and TFNOM (line with a small

orange dot) for initial muon neutrino; NO

(black dotted line), IO (green dot-dashed line),

and TFNOM (cyan dashed line) for initial

muon anti-neutrino.

(b) DUNE: NO (blue solid line), IO (red

dashed line), and TFNOM (line with a small

orange dot) for initial muon neutrino; NO

(black dotted line), IO (green dot-dashed line),

and TFNOM (cyan dashed line) for initial

muon anti-neutrino.

(c) DUNE: NO (blue solid line), IO (red

dashed line), and TFNOM (line with a small

purple dot) for initial muon neutrino; NO

(black dotted line), IO (green dot-dashed line),

and TFNOM (magenta dashed line) for initial

muon anti-neutrino.

FIG. 11. In the three-flavor neutrino oscillation, we depict the transition probabilities Pμ→e, Pμ→μ, and Pμ→τ for the initial muon flavor
neutrino state jνμi (positive matter potential þACC and positive CP-violating phase þδCP), and Pμ̄→ē, Pμ̄→μ̄, and Pμ̄→τ̄ for the initial
muon antineutrino flavor neutrino state jν̄μi (negative matter potential −ACC and negative CP-violating phase −δCP), as functions of the
propagation length LðkmÞ. We compare their behaviors under the NO and IO scenarios. In the TFNOM, the transition probabilities
Pμ→e=Pμ̄→ē, Pμ→μ=Pμ̄→μ̄, and Pμ→τ=Pμ̄→τ̄ as functions of the propagation length LðkmÞ for both the initial muon neutrino flavor state
jνμi (with positive matter potential þACC) and the muon antineutrino flavor state jν̄μi (with negative matter potential −ACC) are also
shown in Figs. 11(a), 11(b), and 11(c), respectively. This comparison is illustrated in DUNE setup using global fit data [124,125].

3In the TFNOM, we use Eq. (35) to illustrate Pμ→τ (line with a
small purple dot) and Pμ̄→τ̄ (magenta dashed line) in Fig. 11(c).
Since, the matter effect is negligible (ACC ¼ 0) for νμ ↔ ντ
oscillations, the transition probabilities for the initial states jνμi
and jν̄μi, are equal, i.e., Pμ→τ ¼ Pμ̄→τ̄, and are effectively
identical in vacuum and matter.
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(−δCP) in NO (blue dashed line) and IO (green solid line).
The significant difference between Pμ→e=Pμ̄→ē in NO and
IO for the initial states jνμi=jν̄μi, as observed above,
explains the noticeable separation in τQSL between NO
and IO for the initial states jνμi and jν̄μi near L ≈ 1300 km;
see Fig. 12. Moreover, under the constraint τQSL=L < 1, in
the NO scenario, a faster flavor evolution is estimated for
both the initial states jνμi and jν̄μi, compared to the IO
scenario. However, compared to the initial state jν̄μi,
significantly faster flavor evolution is observed for the

initial state jνμi near L ≈ 1300 km, as shown in Fig. 12 by
the magenta dotted line.
Furthermore, in Fig. 12, the QSL time τQSL is also

illustrated in the TFNOM for the initial states jνμi and jν̄μi.
Under the constraint τQSL=L < 1, the results show a faster
evolution for both the initial state jνμi (line with a small
orange dot) and jν̄μi (cyan dotted line) in the TFNOM
compared to the three-flavor neutrino oscillations in matter
(both for NO and IO with their respective CP-violation
phases).
In the spirit of the two-flavor scenario, we now take up

the case of entanglement in three-flavor neutrino oscilla-
tions in matter.

V. QUANTUM SPEED LIMIT TIME FOR
ENTANGLEMENT IN THREE-FLAVOR

NEUTRINO OSCILLATIONS IN MATTER

In the three-neutrino system, we map the three-flavor
neutrino state to three-qubit states as [81]

jνei≡ j1ie ⊗ j0iμ ⊗ j0iτ ≡ j100i;
jνμi≡ j0ie ⊗ j1iμ ⊗ j0iτ ≡ j010i;
jντi≡ j0ie ⊗ j0iμ ⊗ j1iτ ≡ j001i: ð36Þ

Following Eq. (33) and Eq. (36), the time-evolved muon
flavor neutrino states in matter can be represented in the
three-qubit system as

jνμðtÞi¼ ÃμeðtÞj100iþ ÃμμðtÞj010iþ ÃμτðtÞj001i: ð37Þ

The corresponding density matrix ρðtÞ ¼ jνμðtÞihνμðtÞj in
the standard basis jijki, where each index takes the values 0
and 1, is given by ρðtÞ ¼

0
BBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 jÃμeðtÞj2 0 ÃμeðtÞÃ�
μμðtÞ ÃμeðtÞÃ�

μτðtÞ 0

0 0 0 0 0 0 0 0

0 0 0 ÃμμðtÞÃ�
μeðtÞ 0 jÃμμðtÞj2 ÃμμðtÞÃ�

μτðtÞ 0

0 0 0 ÃμτðtÞÃ�
μeðtÞ 0 ÃμτðtÞÃ�

μμðtÞ jÃμτðtÞj2 0

0 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCCCA

: ð38Þ

Here ρ ¼ ρ2 and Trðρ2Þ ¼ 1, i.e., a pure state. However,
the reduced density matrix of the state ρ [by tracing over the
other qubit(s)] denoted by ρμeðtÞ ¼ TrðτÞðρðtÞÞ and ρτðtÞ ¼
TrðμeÞðρðtÞÞ represent mixed states as Trðρ2μeðtÞ < 1 and

Trðρ2τðtÞÞ < 1. Thus, the reduced states ρμeðtÞ and ρτðtÞ
provide an example of two subsystems of a bipartite
quantum system ρðtÞ in the framework of three-qubit mode
(flavor) states. Treating one flavor mode as one part of the

FIG. 12. In three-flavor neutrino oscillations, we compare the
QSL time τQSL versus LðkmÞ for the initial muon flavor neutrino
state jνμi (positive matter potential þACC and positive CP-
violating phase þδCP) and the initial antimuon flavor neutrino
state jν̄μi (negative matter potential −ACC and negative CP-
violating phase −δCP) in NO and IO. In the TFNOM, the QSL
time τQSL versus LðkmÞ for both the initial muon neutrino flavor
state jνμi (positive matter potential þACC) and the muon
antineutrino flavor state jν̄μi (negative matter potential −ACC)
are also depicted. This comparison is illustrated in the DUNE
setup using global fit data [124,125].
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FIG. 13. For three-flavor neutrino oscillations, Figs. 13(a), 13(c), and 13(e) depict entanglement entropy [SEEðρμeðtÞÞ] and capacity of
entanglement [CEðρμeðtÞÞ] for the initial state jνμi in matter as functions of the propagation length LðkmÞ in both NO (δCP ¼ 177°) and
IO (δCP ¼ 285°) using the length scales and energies corresponding to T2K, NOvA, and DUNE, respectively. Furthermore, we compare
the QSL time τEQSL versus LðkmÞ for the initial state jνμi in matter in NO (δCP ¼ 177°) and IO (δCP ¼ 285°). This comparison is
illustrated in Figs. 13(b), 13(d), and 13(f) using the length scale and energy from T2K, NOvA, and DUNE, respectively. In the TFNOM,
the entanglement measures SEEðρμðtÞÞ and CEðρμðtÞÞ in Figs. 13(a), 13(c), and 13(e), and the QSL time τEQSL in Figs. 13(b), 13(d), and
13(f), as functions of the propagation LðkmÞ for the initial muon-flavor neutrino state jνμi, are also illustrated using the length scales and
energies corresponding to T2K, NOvA, and DUNE. The various neutrino mixing parameters used are taken from Tables II for TFNOM
and NO, and III for IO along with their corresponding 1σ errors (90% CL).
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bipartite system ρðtÞ (e.g., τ) and the other as the remaining
part (e.g., μe), the eigenvalues of the reduced state ρμeðtÞ
are

ξ1ðtÞ ¼ ξ2ðtÞ ¼ 0; ξ3ðtÞ ¼ jAμμj2; and

ξ4ðtÞ ¼ jAμej2 þ jAμτj2; ð39Þ
where ξ3ðtÞ þ ξ4ðtÞ ¼ 1. Using the two nonzero eigenval-
ues, the bipartite entanglements measures such as entan-
glement entropy [Eq. (5)] and capacity of entanglement
[Eq. (7)] can be calculated for the time-evolved muon
flavor neutrino state jνμðtÞi in matter as

SEEðρμeðtÞÞ ¼ −ξ3ðtÞ log2 ξ3ðtÞ − ξ4ðtÞ log2 ξ4ðtÞ; ð40Þ
and

CEðρμeðtÞÞ¼−ξ3ðtÞ log22 ξ3ðtÞ−ξ4ðtÞ log24 ξ4ðtÞ
− ð−ξ3ðtÞ log2 ξ3ðtÞ−ξ4ðtÞ log2 ξ4ðtÞÞ2; ð41Þ

respectively. In a manner akin to the two-flavor neutrino
oscillation in matter [as demonstrated in Eqs. (30) and
(31)], the two bipartite entanglement measures SEEðρμeðtÞÞ
and CEðρμeðtÞÞ given in Eqs. (40) and (41) for the three-
flavor neutrino oscillation in a constant matter background
can likewise be elucidated in terms of neutrino transition
probabilities.
In the ultra-relativistic limit, Figs. 13(a), 13(c), and 13(e)

illustrate SEEðρμeðtÞÞ andCEðρμeðtÞÞ for the initial state jνμi
in matter as a function of propagation length LðkmÞ, for
T2K, NOvA, and DUNE, respectively. The length scales
and energies used correspond to T2K (L ≈ 295 km,
E ≈ 1.4 GeV), NOvA (L ≈ 800 km, E ≈ 2.5 GeV), and
DUNE (L ≈ 1300 km, E ≈ 3.5 GeV), respectively, consid-
ering two distinct CP-violation phases: δCP ¼ 197° in
NO scenario and δCP ¼ 286° in the IO scenario. By using
the mixing parameters and mass-squared differences
mentioned in Tables II and III, it is observed that for
L > 0, entanglement measures SEEðρμeðtÞÞ ≠ 0 and
CEðρμeðtÞÞ ≠ 0. This suggests that the state jνμðtÞi can be
considered to be a bipartite pure entangled state in both NO
and IO, with δCP taken into account. In Fig. 13(a), for the
initial state jνμi, SEE monotonically increases in both NO
(green solid line) and IO (red dot-dashed line) and approx-
imately coincide within the range of propagation length
L ≈ 250 km, for the δCP chosen. Consequently, CE also
approximately coincides in NO (blue dotted line) and IO
(magenta dashed line) while taking into account δCP for the
state jνμðtÞi. This analysis indicates that T2K is unable to
discern between the entanglement entropy for the initial state
jνμi in NO and IO with δCP under constant matter potential.
However, in Fig. 13(c), it is evident that NOvA’s length scale
and energy are able to capture the difference between the
entanglement entropy SEE in NO (green solid line) and IO
(red dot-dashed line) with the chosen δCP. Subsequently, a

small difference between NO (blue dotted line) and IO
(magenta dashed line) is observed for the capacity of
entanglement CE. At L ≈ 800 km, a separation in entangle-
ment entropySEE is observedbetween the IO (reddot-dashed
line) and the NO (green solid line), allowing them to be
discerned. In Fig. 13(e), the analysis using DUNE’s length
scale and energy reveals a significant split in SEE between
NO (green solid line) and IO (red dot-dashed line). At
L ≈ 1300 km, more suppression of entanglement is
observed in the NO (green solid line). Consequently, at
the same length, the capacity of entanglementCE increases in
the NO (blue dotted line) compared to the IO (magenta
dashed line).
In addition, using the length scales and energies corre-

sponding to the experiments T2K, NOvA, and DUNE,
Figs. 13(a), 13(c), and 13(e), respectively, also present the
entanglement measures SEEðρμðtÞÞ (line with an orange
inverted triangle) and CEðρμðtÞÞ (line with a small black
dot) for the TFNOM as functions of the propagation length
LðkmÞ for the initial muon-flavor neutrino state jνμi. The
entanglement entropy SEE → 1 for NOvA, DUNE, and very
close to 1 for T2K. This indicates that the state jνμðtÞi
achievesmaximal bipartite pure entanglement forNOvAand
DUNE in the three-flavor oscillations in matter for both NO
and IO at their respective CP-violation phases, while SEE in
the TFNOM (line with an orange inverted triangle) exhibits
only partial bipartite pure entanglement across all three
experiments.
Moreover, for the state jνμðtÞi in matter, using Eq. (33)

and the effective Hermitian Hamiltonian in matter [69] in
Eq. (4), we determine the variance in the time-independent
driving Hamiltonian (ΔHM). Subsequently, applying
Eqs. (40) and (41) with ΔHM value in Eq. (6) enables
us to numerically compute the QSL time for entanglement
entropy τEQSL of the state jνμðtÞi in both NO and IO
scenarios, with their respective CP-violation phases. In
Fig. 13(b), it is observed that τEQSL for the initial state jνμi as
a function of propagation length LðkmÞ in NO (red dotted
line) and in IO (blue solid line) with their respective CP-
violation phases coincide using the T2K length scale and
energy. This leads to the time-bound condition τEQSL=L ¼ 1.
The result shows that the evolution speed of jνμðtÞi has
already reached its maximum in both NO and IO at
L ≈ 280 km, and therefore T2K fails to capture any
differences between the dynamic evolution of an entangled
muon flavor neutrino state for speedup in NO and IO. In
Fig. 13(d), employing NOvA’s length scale and energy, the
plot of τEQSL vs LðkmÞ demonstrates a slight disparity
between the NO (red dotted line) and IO (blue solid line)
scenarios, taking into account δCP. Under the constraint
τEQSL=L < 1, for the initial state jνμi in matter, a rapid
suppression of entanglement is observed in the NO (red
dotted line) compared to the IO (blue solid line) within the
range of δCP. However, at DUNE’s length scale and energy,
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Fig. 13(f) illustrates a significantly greater disparity
between τEQSL versus LðkmÞ in the NO (red dotted line)
and IO (blue solid line). It is evident that a much more rapid
suppression of entanglement is observable in the NO (red
dotted line) compared to the IO (blue solid line) within the
range of δCP. Alternatively, one can say that within the
framework of three-flavor neutrino oscillations in matter,
for the initial state jνμi, faster growth of entanglement is
observed in DUNE under the assumption of IO (blue solid
line). Therefore, DUNE exhibits higher sensitivity in
observing τEQSL compared to T2K and NOvA.
Further, using T2K length scale and energy in Fig. 13(b),

the time-bound condition τEQSL=L < 1 indicates that the
initial state jνμi undergoes a more rapid suppression of
entanglement in the TFNOM (black dashed line) compared
to the three-flavor neutrino oscillation in matter, for both
NO (red dotted line) and IO (blue solid line) with their
respective best-fit CP-violation phases. However, for
NOvA and DUNE in Figs. 13(d) and 13(f), similar behavior
is observed for most of the baselines, except towards the
end of their respective baselines, where this behavior is
reversed, i.e., faster suppression of entanglement is
observed for three-flavor case instead of TFNOM.

VI. DISCUSSION AND CONCLUSION

We have studied CP-violation and the mass ordering
problem of neutrino oscillations in matter, employing the
QSL time as a key analytical tool. As a precursor to the
three-flavor oscillations, the QSL time for two-flavor
neutrino oscillations in matter has been initially analyzed.
Our findings have revealed that rapid transitions of muon
flavor neutrinos occur from initial to final states as the
neutrino potential shifts from a constant Earth-matter
potential to vacuum, based on the length scale and energy
of a futuristic long-baseline accelerator neutrino experi-
ment such as DUNE. Furthermore, we have explored two
bipartite entanglement measures: entanglement entropy and
capacity of entanglement—quantified in terms of two-
flavor neutrino transition probabilities in matter, which
are measurable quantities in neutrino experiments. The
nonzero values of these entanglement measures indicate a
bipartite pure entangled system during two-flavor neutrino
oscillations in vacuum as well as in matter. For the initial
muon flavor neutrino state evolution, the QSL time for
entanglement entropy indicates rapid suppression of entan-
glement when neutrinos oscillate in vacuum instead of the
constant Earth-matter background.
In order to probe the impact ofCP violation and the mass

ordering problem of neutrino oscillations in matter, we
have extended our analysis to three-flavor neutrino oscil-
lations in the presence of a constant Earth-matter potential
with CP-violation phases, considering two cases of neu-
trino mass ordering: NO and IO. We have focused on the
initial muon flavor neutrino state evolution and used the

length scales and energies of ongoing long-baseline neu-
trino experiments such as T2K, NOvA, and the upcoming
DUNE experiment. Our results have revealed discrepancies
in the QSL time, for the initial muon flavor neutrino state
evolution, between NO and IO in the presence of their
corresponding CP-violation phases across these experi-
ments. This separation can be primarily ascribed to the
oscillation probability Pμ→e. Notably, a faster evolution of
the initial muon flavor neutrino state in matter is achievable
in NO taking into account CP-violation phases in all three
experiments. Moreover, at DUNE’s length scale and
energy, we have observed faster flavor state evolution
for both the initial muon neutrino and muon antineutrino
flavor states in the NO scenario. However, considering the
baseline lengths and energies of current experiments T2K,
NOvA, as well as the next-generation DUNE experiment,
the results showed that both the initial muon neutrino and
muon antineutrino flavor states evolve more rapidly in
matter under the two-flavor approximation than in three-
flavor cases for both NO and IO with zero and non-zero
CP-violation phases.
In the three-flavor oscillations scenario, entanglement

entropy and capacity of entanglement could be expressed in
terms of three-flavor transition probabilities for the initial
muon-flavor neutrino state. We have observed that, com-
pared to the two-flavor neutrino oscillation results, the
time-evolved muon-flavor neutrino state in the three-flavor
framework exhibits a maximally bipartite pure entangled
state. While there are no discrepancies in the entanglement
entropy found for the best-fit CP-violation phase values in
both NO and IO using the length scale and energy of T2K,
discrepancies are observed when we use NOvA and
DUNE. Specifically, a greater decrease in entanglement
entropy has been observed at DUNE’s length scale and
energy for the initial muon flavor neutrino state evolution in
the presence of a constant Earth-matter background in NO
with CP violation.
Further, for the initialmuon flavorneutrino state evolution,

theQSL time for entanglement entropy has been numerically
computed in NO and IO with CP-violation phases using
T2K, NOvA, and DUNE length scales and energies. T2K
fails to capture any differences in the QSL time for
entanglement between NO and IO in the presence of CP-
violation phase. However, NOvA and DUNE have shown
sensitivity in capturing these differences. Faster suppression
of entanglement, for the initial muon flavor neutrino state
evolution inmatter, has been observed inNO, in the presence
of a significant CP-violation phase, at DUNE’s length scale
and energy. This behaviorwas comparedwith that of the two-
flavor oscillation in matter across all the experiments (T2K,
NOvA, andDUNE). Except for T2K, our results showed that
entanglement suppression occurred more rapidly near the
ends of the NOvA and DUNE baselines in three-flavor
neutrino oscillations in matter, compared to the two-flavor
approximation.
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Thus, by probing the transition probabilities and the QSL
time for the evolution and entanglement of an initial muon
neutrino state in three-flavor neutrino oscillations in matter,
using baseline lengths and energies corresponding to the
currently running T2K and NOvA experiments, and the
upcoming DUNE experiment, we conclude that the results
differ from those of the two-flavor approximation. These
differences mainly stem from changes in the additional
mixing angles and mass-squared differences due to the
presence of matter, as well as from theCP-violation phases,
which are included in the three-flavor neutrino oscillation
framework in matter but excluded in the two-flavor
approximation. These findings could help in ascertaining
the role of CP violation and determination of the mass
ordering in neutrino oscillations.
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