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Spin-dependent dark matter scattering in quasi-two-dimensional magnets
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We study the prospects of detecting dark matter coupled to the spin of the electron, such that it may
scatter and excite magnons—collective excitations of electronic spins. We show that materials exhibiting
long-range magnetic order where the spins are coupled only along a plane may act as directional dark
matter detectors. These quasi-two-dimensional materials possess anisotropic dispersion relations and
structure functions which induce a sidereal modulation in the excitation rate. We calculate the expected
signal rate for some candidate (anti)ferromagnets, demonstrating a possible route to the direct detection of

spin-dependent dark matter in the keV to MeV mass range.
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I. INTRODUCTION

The Universe is apparently filled with a nonbaryonic fluid
known as dark matter (DM), whose exact particle nature is
unknown. The direct detection of DM is a long-standing aim
of particle physics [1], the basic principle of which is to
measure energy depositions associated with DM scattering
or absorption events. Many nuclear recoil experiments have
set stringent limits on DM heavier than the proton [2—4],
where DM-nucleon interactions can impart significant
energy. For lighter DM, the scattering kinematics hinders
the sensitivity of such experiments to the coupling of DM
with the Standard Model. Much theoretical [5-8] and
experimental [9—-15] progress has been made in searching
instead for energy deposition on electrons.

When the DM mass is below ~10 MeV, the momentum
transfer is long enough that one may think of the scattering
events as taking place between DM and emergent, collec-
tive excitations in the target. Traditionally, much of the
focus has been on DM candidates that couple in the
nonrelativistic limit to the number densities of the species
in the target. Such couplings mainly excite phonons, for
instance, in superfluid helium [16-18], crystals [19-22],
semiconductors [23], and superconductors [24].

An alternative possibility is that the coupling may instead
be spin-dependent (SD); e.g., DM may couple predominantly
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to the spin of an electron [25,26]. In this case, if the target
exhibits long-range magnetic order, the scattering can excite
collective spin-wave excitations known as magnons. This
effect has been previously studied [27-29], demonstrating
that the magnon excitation rate may be much larger than the
accompanying phonon rate.

Scattering in antiferromagnets (AFMs), in particular, has
been shown to be optimal, owing to the favorable kinematics
associated with the magnon’s linear dispersion relation [29].
Detection of these magnons thus seems a promising avenue
for light DM detection. Previous work has operated in the
effective field theory (EFT) regime, restricting the range of
DM masses that may be accurately predicted to
m,, < 500 keV. Here, we extend calculation of scattering
in AFMs to the higher mass regime where the field theory
breaks down, taking particular care to account for magnetic
form factors that arise in the matching of microscopic
electron interaction to the collective magnon description.

We also extend existing calculations to a class of
magnets that have intrinsic anisotropies, which allows
for directional direct detection. The DM excitation rate
will exhibit a sidereal modulation as the Earth rotates
through the DM wind, allowing for an additional exper-
imental handle on the signal. Some ideas to this end for
sub-GeV DM have been explored in the literature [30,31],
for instance, using polar materials [20], defect production
[32], and semiconductors [33], as well as intrinsically two-
dimensional targets [34]. The importance of magnetic
anisotropies has also been emphasized recently in the
context of axion absorption through its gradient coupling
to electrons [35,36].

In this paper, we consider a method of directional
detection of light DM candidates coupling to electronic
spins. In particular, we demonstrate that magnon creation in
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quasi-1D and -2D (anti)ferromagnets are potentially sensi-
tive to DM with mass in the 1 keV to 10 MeV range, with
O(10%) daily modulation. This modulation is a result of
two effects: the intrinsically anisotropic dispersion relation
of magnons in such materials, as well as the anisotropy of
the magnetic spin’s wave function at small (ionic) scales. In
deriving this latter effect, we extend previous calculations
of DM-magnon interactions [28] to include a target-
dependent magnetic form factor.

We use the following conventions: i, j = 1, 2, and 3 as
spatial indices, a, b as electrons, and « as lattice sites.

II. MAGNON EXCITATION

In order to assess the suitability of a target material for
directional dark matter detection, we evaluate the magnon
excitation rate I" in the presence of a background DM field.
If the DM is weakly coupled to electrons, we evaluate this
rate using linear response theory such that it factorizes and

is given by
A4

X

where V;; is the scattering potential governed by the
particular DM model in question, and S;; is the spin-
structure function that encodes the target response. The
integral is over the momentum transfer q, while <'>Vx
indicates an average over the incoming dark matter velocity
distribution f(v,). The matrix S;; is the main object of
interest for DM detection, which we study in the rest of this
section.

Our strategy is as follows. First, we calculate S;; at the
level of underlying interaction, i.e., in terms of electrons
and their spin. We then match this to the relevant IR modes,
which in this case are those of lattice of effective spins. We
calculate the structure function with this effective lattice
theory and explore its properties in (anti)ferromagnetic
materials.

A. Factorizing the rate

Let us begin by giving the exact form of the excitation
rate given by Eq. (1). As stated, we are interested in
coupling solely to the electron’s spin. Concretely, we focus
on an interaction Hamiltonian [28,37],

mt - ZV f f‘ Aea’ (2)

where the sum is over electrons indexed by a, and the
potential V depends only on the difference between the DM
position r, and the electron position r,. Within the Born
approximation, the excitation rate is simple to derive. The
detector excitation rate from its ground state |0) to some
final state |f) reads

(15¢.:(@)[0){0ISE () 1) -226(w — wg). (3)

r(v,)= / <2ft’)—f'VTI,Zjvl-mov‘(qo
>
f

where wqg =q-v, — ¢ 2/ 2m,, is the energy transfer asso-
ciated with a 3-momentum transfer q, V1 is the target
volume, V;(q) is the Fourier transform of V(x), and

Se(q) =) eS8, (4)

is a momentum-weighted of electron spins. As previously
noted, the detector-specific, many-body physics conven-
iently factorizes and sits inside the spin matrix elements,
which make up the structure function

Sij= V2 {f18¢.:(@)[0) OIS () 1) - 228(wr; — ). (5)

B. Matching to the lattice

We have seen from Eq. (3) that the basic object of
interest is (f|S(q)|0). We match this to a lattice theory in
which the basic degrees of freedom are some effective
lattice spins,

Sa = Zse,av (6)

acea

where «a labels the lattice site, and the sum is over all the
electron spins at a site. For a crystal target, let us first then
begin by calculating the matrix element for a single ion' to
go from some initial lattice state |y;) = |S,, S,, ) to some
final lattice state |y ;) = [Sq,. S%. '),

Moy = Z(%Wq %aSe.alvr ). (7)

where S, labels the total spin, S, is the magnetic quantum
number, and f# denotes the other quantum numbers of the
site, including the electronic spatial wave functions (we
have suppressed the lattice indices on all these quantities to
avoid clutter).

The evaluation of such matrix elements follows a
standard procedure [38]. Assume first that the lattice site
has some definite position X, that changes adiabatically
upon scattering and write the electron’s position in terms of
its relative position with respect to this x, = X, + u,.
Then, we require knowledge of

'Here, we follow the magnetic scattering convention that ion
refers to a single magnetic atom.
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Mgy = "X <Wi|zeiq'ﬁ“sa|ll/f>- (8)

If S, = S, the total spin at the site is unchanged and we
may make use of the Wigner-Eckart projection theorem,

which states that for any SO(3)-vector operator W, its
matrix elements obey

(S BIW - 8[S,.. )
Se(Se + 1)

<Sa’Sz’ﬁ|W|Sa’S/z’ﬂ/> - X <Sa>’ (9)

where (S,) = (S,. S.. fSu|Sa. SL. ). Applying this to our
expression with W =3 ¢4%S  we find

Wil S eS8, ) = fu@ wilSalyy).  (10)

aca

where f,(q) is the “magnetic form factor”, and the
remaining expectation value is of the total spin at the site
as defined in Eq. (6).

The form factor, for the spin-only scattering considered
here, is proportional to the electron charge density and is, in
general, anisotropic, which will have important conse-
quences for the daily modulation of the signal, as we
demonstrate. Its evaluation requires the electron wave
functions, which have fortunately been calculated for ions
of interest in the neutron scattering literature. For the low-
energy scattering events of interest here, only the magnetic
quantum number S, is changed by the DM-electron
interaction, and so we only require matrix elements with
B = f in Eq. (9). The resulting form factors are tabulated,
and we give the explicit form in Appendix B for the
magnetic Cu®>" ions that we study in this paper, which is
plotted graphically in Fig. 1. In particular, we see that at
large momentum transfer |q| ~ 10 keV the scattering rate is
heavily damped by the form factor, leading to a damping in
the scattering rate by approximately two orders of
magnitude.

It is important to recognize that this matching procedure
was target specific, as we required knowledge of the
magnetic ion and its electron’s wave function. However,
in the long wavelength limit,

el ~ ], (11)

and the matching to S. proceeds in a material-independent
manner. This approximation is accurate to within O(10%)
forg <10 nm~!, which is the characteristic momentum for
m,, < 2 MeV. The above multipolar expansion of the form
factor, however, extends well into the ionic radius.

To recap, we have shown that the dynamics of individual
electrons may be matched to the dynamics of an effective
lattice spin at wavelengths that are long with respect to the
ionic size by introducing a magnetic form factor f,. The
total matrix element is then a sum over lattice sites of this

FIG. 1. The magnetic form factor f(q) for an electron in the
3d,>_y» orbital of a Cu”* ion, plotted over the sphere for three
choices of |q|; the radial coordinate of the surface denotes the
magnitude of f. At large momentum transfer, the form factor
deviates from f(0) = 1, with pronounced anisotropy in addition
to damping.

matched matrix element. Restricting ourselves to systems
where all the lattice sites are equivalent, f, = f, the
relevant matrix element may be written as

Mop = F(q)(0]) e, |f). (12)

where the relevant operators act at the level of the effective
lattice theory.

C. Spin-spin correlations and magnons

With a lattice spin correlation function in hand, we now
turn to its evaluation. We make use of some standard results
in the theory of magnetic excitations (for a brief review of
magnets and magnons, see Appendix A).

Consider the Heisenberg magnet, described by the
Hamiltonian

H=> JuSs-Sy. (13)
(@p)

where the sum is over nearest-neighbor sites (af) that are
coupled with a strength J,5. The behavior of the system
depends strongly on the sign of J4: if negative, the system
is a FM, otherwise, it is an AFM. We discuss this on the
FM case.

1. Ferromagnetic magnons

The low-lying excitations above the FM ground state are
the single-magnon states, indexed by a crystal momentum
|q). The dynamics of single magnons are described in
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TABLE I. The magnetically ordered materials which we consider, along with their relevant properties. The type
denotes whether the material is a ferromagnet (FM) or antiferromagnet (AFM). |J| gives the strength of this coupling
that enters into the Heisenberg magnet Hamiltonian. S is the size of the spin. a, b, and ¢ give the lattice spacings,
with directions along which spins are coupled in bold. pt is the material density, and ng is the spin density derived

from the previous quantities.

Material Type  |J|(meV) S a(A)  bA) (A pr(gem™)  ng(10?' cm™?)
La,CuO, [42,43] AFM 143 1/2 38 13.1 6.98 2.6
K,CuF, [41.,44] FM 2 1/2 42 12.8 3.18 22

Appendix A. At low energies, these modes dominate the
system’s dynamics and govern the spin-spin correlation
function,

Sij(w.q) = . > (f15:(@)|0)(018} () |)5(wy (q) - @),
]

(14)

where w; is the energy of the final state, and S(q) =

D o eiq'ﬁ'lg{, are the lattice spin ogerators that appeared in
the matrix element of Eq. (12).” In the single magnon
regime, the nonzero elements of S, ; may be approximated
within the framework of linear spin-wave theory as

Ser = 51yy = nSé(a) - Q(q))’ (15)

where we see that the final state energy w; is equal to the
magnon’s energy Q in this regime, and ng is the spin
density of the system. At higher energies, there are more
terms appearing in the sum over final states, but we may
take this to be a lower bound on the size of the correlator.

The candidate FM we consider is K,CuF,, a quasi-2d
FM [39-41]. It has a square-lattice crystal structure (in the
x-y plane, say), where neighboring sites within the square
plane are coupled isotropically with strength J,5 = —J,
while the spins along the orthogonal plane are uncoupled.3
The spin can nonetheless point in any direction, not just in
the magnetized plane, in contrast to so-called “easy-plane”
magnets. The resulting dispersion relation for this system is

a
Q(q) =4Js (sin2 % + sin? %) ; (16)
example parameters for a candidate FM are given in Table 1.
Note that the dispersion relation is flat along the z direction.
This has important implications for DM direct detection,

’Note that the magnetic form factors f(q) have been factored
out of our definition of S‘l-j.

At long wavelengths, the interplane couplings, as well as
anisotropic intraplane couplings, are significant. Experimental
observations indicate that only for ¢ > 0.03a~! is the quasi-2d,
isotropic, Heisenberg magnet description appropriate [39]. Since
we focus on the regime @ = meV, this approximation is valid.

since at times of the day where the DM velocity is
predominantly aligned with the flat direction, there will
be less energy deposited in the target. This will cause a
significant daily modulation, as we see.

2. Antiferromagnetic magnons

We now consider materials with antiferromagnetic
order. In the Néel regime, where we may again carry out
a semiclassical expansion, there exist two degenerate
magnons, as described in Appendix A 2. For square-lattice
AFMs, whose spins are again coupled along the x-y plane,
the dispersion relation is

Q(q) = 415\/1 _ (cos(g.a) ZCOS(qya))z’ -

which we plot in Fig. 2(b). As with FMs, we see the
existence of flat directions in momenta. Furthermore, in the
long-wavelength limit, the dispersion relation reduces to

Q(q) #4JS8q a, (18)

JS a
~5x107%g ([ ——= )=, 19
x 1r <50 meV> <5 A) (19)

where ¢, = /¢ + q%. This linear dispersion relation can

allow for large density of states at smaller momenta than in
an FM, which is favorable for DM scattering, in addition to
having better kinematic matching to DM due to its large
sound speed [29]. Furthermore, we see that for character-
istic momentum ¢, > 10 eV, corresponding to a dark
matter mass m, ~ q,/v, > 10 keV, the magnon will have
multi-meV energy.

The spin structure function for such a quasi-2d AFM,
when summed over the two degenerate magnon modes, is

S'xx(q) = Syy (q)

2 —cosq.a—cosq,a
= —6(w — Q(q)). 20
nS\/Z + cosq.a + cosgya (@ (a)) (20)

Here, we see that the AFM scattering function itself is
anisotropic, which can lead to an enhanced anisotropy.

035030-4
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FIG. 2. A square lattice, quasi-two-antiferromagnet has spins which are only coupled along certain planes, as depicted in panel (a).
The coupling between the spins (in the x-y plane) gives rise to a nontrivial dispersion relation Q(q) along the ¢, and g, directions, shown
in panel (b) for La,CuOQ,. The dispersion relation is flat in the direction perpendicular to the planes (the g, direction), since rotating spins
between uncoupled planes require no energy, introducing directionality into the system.

The structure function features a divergence in the limit
qx = qy — am, where the magnon energy vanishes at non-
zero momentum transfer. In practice, the finite energy
threshold of an experiment acts as a regulator of this infrared
(zero energy) singularity. Moreover, we note that the singu-
larity occurs at the edge of the Brillouin zone, and as such, its
very existence is invisible if one works in the magnon EFT,
since it occurs at the cutoff. The lattice models that we
employ thus reveal qualitatively new features in DM-magnon
interactions, further motivating their use.

III. DARK MATTER SCATTERING

The magnons that we have described in the previous
section may be created via scattering of DM with the
magnetic target. In this section, we describe this effect
within the context of specific DM models and explore the
potential sensitivity of direct detection experiments based
on magnon detection, leveraging the effects of target
anisotropy on daily modulation.

A. DM models

Although our results apply to any DM model that
couples to electronic spin S,, for concreteness we consider
a model of fermionic dark matter y coupling to the
Standard Model photon through a magnetic dipole moment
(MDM) operator,

_ 1 _
Ly = eyV, eyte + E//l){)(O'”D)(V”U. (21)

Past constraints on this model have been derived, some of
which assume the dark state constitutes the entirety of
DM [45-50], while others are more model independent
[51-54]. As we demonstrate, DM not excluded by any of
these prior searches can induce possible measurable mag-
non excitation rates.

In Appendix C 1, we derive the DM interaction potential
resulting from this interaction via a massless mediator as

Vijla) = 2(2“")7@; —aa). (@)

e

where ¢; are unit vectors in the direction of momentum
transfer. We see that this interaction projects onto the spin
structure function perpendicular to the momentum transfer,
and so there is an intrinsic directionality. However, this may
not be the case for other interactions, for instance, those of a
pseudoscalar mediator. Furthermore, this directionality is
washed out by the presence of multiple domains, as shown
in Appendix E 1.

We also consider the nonrelativistic, standard spin-
dependent interaction potential,

V(q) - CS;( -Se. (23)

between our dark fermion y and an electron, where ¢ is
some coupling constant. This could arise, for instance, from
integrating out the heavy axial-vector gauge boson of
Appendix C2, in which case ¢ =4g,9,/ m?, although
we choose to remain agnostic to the UV completion.
The scattering potential in this case is

Vii(@) = c*8, (24)
which is see is independent of q and proportional to the
identity.

Since the scattering potential Eq. (24) is completely
isotropic, it can introduce no daily modulation in an
isotropic material. In particular, breaking of isotropy by
the aligned spins in a single-domain magnet is not
necessarily enough, as the potential picks out the trace
of the spin structure function S;;, which can be isotropic in
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this case even if the individual diagonal elements are not, as
seen in the previous section. This necessitates using targets
with intrinsic anisotropies, such as the quasi-low-dimen-
sional materials we consider.

B. Daily modulation of signal

The anisotropy of the target is sensitive to the rotation of
the Earth through the DM wind. Recall that we work in a
coordinate system in which the crystal magnetization plane
is the x-y-plane. Then, aligning the x axis with the Earth’s
velocity direction at r = 0, the Earth’s velocity may be
written [55] as

cos? © + sin” © cos (1)

sin @ sin ¢p(1) . (25)
sin® cos O(cos (1) — 1)

ve(t) = R(p) -

where R, (p) is arotation around the x axis through an angle
., © = 43° is the angle between the Earth’s axis of rotation
and the velocity of the Solar System in the Galactic Frame,
and ¢(t) = 2zt/T is the phase of the Earth’s rotation, with
T = 24 h. We choose f = 90° so that the component of the
velocity in the magnetization plane oscillates with a period
of half a day.

How does this oscillating velocity affect the energy of
the excited magnon modes? We see that for small masses
the emergent O(2) symmetry of the dispersion relation at
long wavelengths causes the energy to oscillate in phase
with the component of the Earth’s velocity in the mag-
netic plane.

In Fig. 3, we plot the expected signal rate for the standard
SD interaction over the course of a day, for a selection of
DM masses. The absolute magnitude of the oscillation may
be large, as big as 10%, even if the interaction potential is
isotropic.

Lol m, [keV
—50
—500
1.1k
—5000
|
= N
0.9+
0.8+
0 5 10 15 20
t/hr
FIG. 3. The expected signal rate I" over a day for a La,CuQO,

target, normalized to its mean value I'. The rate exhibits modu-
lations of a few to ten percent over a range of DM masses m,.

This modulation can provide an additional handle on
discriminating a signal against the background. Assuming
that most of the signal power is in the lowest harmonic,
which oscillates with a period of a 12 h (not 24, due to an
approximate parity symmetry), the appropriate measure of
this effect is given by the difference of the average rate
between 6 h bins,

Falto) :ﬁ ( [ O ) dr - [ : hrl"(t)dz), (26)

as introduced in [56]. In this expression, T = 24 h, ('), is
the time-averaged rate, while 7, sets the phase of the
oscillations. In terms of this measure, the statistical sig-
nificance of an oscillating signal is given by

Toxn (I
n, = 2 ex1p><2 >T’ (27)

N tot
where T, is the total exposure time, and N is the total
number of events measured at the experiment. Assuming a
constant background rate R,, that scales linearly in both the
exposure time and the target mass, the discovery potential
increases with exposure time, even without background
mitigation.

C. Potential sensitivity to dark matter

We now finally consider how these rates impact the
potential sensitivity to dark matter. We consider two
statistical measures. The first corresponds to the 3 sigma
detection of the DM daily modulation, given by Eq. (27),
assuming that all the DC events are signal dominated. This
is an optimistic scenario in which we assume we have
subtracted all non-DM induced background events and are
testing the hypothesis that the residual DC events are
indeed DM induced.

As a second measure of sensitivity, we also calculate the
95% confidence limit at which any signal can be measured,
again assuming zero background. This is a more aggressive
measure than the previous modulation measure, which only
takes into account the total rate of events. The total rate is
straightforward to evaluate numerically, and its expression
is given in Eq. (D7) of Appendix D.

An important quantity that enters into evaluation of the
projected sensitivity is the minimum energy threshold of a
magnon, above which one can nominally detect its pres-
ence. Currently, single magnons are detectable by entan-
gling the material with a qubit, which allows efficient
readout of the Kittel magnon mode [57], while to our
knowledge the single-particle detection of other modes has
yet to be demonstrated.

One possible avenue would be through calorimetric
detection of the magnons, as suggested in [27]. Such
detection schemes are currently being developed for the
SPICE experiment [19,58] as part of the TESSERACT

035030-6
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Collaboration, for which transition-edge sensors (TESs) are
the tool of choice [59,60]. The theoretical lower limit on the
energy sensitivity of such a detector is twice the binding
energy of the Cooper pair in the superconductor, which for
an aluminium superconductor, for instance, corresponds
to 7.2 meV. To reach this fundamental limit of energy
resolution, detection efficiencies of order unity need to be
achieved. As such, we choose to vary the threshold from
between nominal values of 25 and 1 meV, with the latter
value corresponding to the fundamental limit of a low-
band-gap material.

For the model of DM interacting through a magnetic
dipole, the existence of a light, electromagnetically coupled
state can be probed regardless of its relic abundance. There
are constraints from stellar cooling [61], as well as supernova
SN 1987A and cosmology [62]. Additional constraints exist
from beam dump/collider experiments [53,54], although
these rely on the MDM EFT holding up to scale gm, and
so may be parametrically violated in a given UV model.

We show in Fig. 4 the curves corresponding to the two
measures just described, for the candidate target AFM
La2CuO4, whose spin parameters are given in Table 1. We
see that the material we consider can be sensitive to DM in
regions of parameter space not directly excluded by other
probes. In particular, the modulating signal could be
visible. Furthermore, we see that much of the interesting
parameter space not probed by terrestrial/astrophysical
measurements is at higher mass, at which point we find
that the inclusion of the magnetic form factors becomes
significant.

Freeze-out

107°

Q
\ﬁ 107
S)
10_10 SN1987A
1l L |
10! 102 10° 10*

m, [keV

FIG. 4. The potential sensitivity of kg-year exposure of La, CuQ,
to DM with a magnetic moment , in units of the Bohr magneton
up = e/2m,. We take the electrons charge to be ey, = e. In solid
black, we show the coupling at which the modulation of the DM
signal is statistically significant, as detailed in the text. In dotted
black, we show the absolute limit of sensitivity, corresponding
to three events with no background. Both projections assume a
25 meV threshold. We also show limits placed by stellar cooling
[61], BBN, SN1987A, the CMB, and direction detection (DD)
[62]; in orange, we show the parameters which reproduce the relic
abundance through freeze-out.

We also express limits in terms of the standard SD
coupling. Here, we express the limits in terms of a
“reference cross section”,

G, = |clPm?, (28)

which converts bounds on ¢ to a cross section with a free
electron. The limits on this model are shown in Fig. 5 and
compared with those from yttrium iron garnet (YIG). An
important distinction in this case is that the use of quasi-2d
magnets induces a daily modulation under the DM hypoth-
esis, which would not occur in YIG (at least at long
wavelengths, where the dispersion relation is approxi-
mately isotropic). We further see, by comparing the lines
with 1 meV thresholds, that the use of AFMs allows reach
at lower masses, down to around a keV, as previously noted
in other AFMs [29]. However, a given UV model of this
DM candidate may face strong constraints from cosmology
at such light masses, although a full exploration of this
topic is beyond our current scope.

Lastly, it is important to highlight the stringent back-
ground constraints that the above projections assume. Such
calorimetric detectors have observed large excesses of
events at low energies [63], which are thought to arise
from stresses in the target material [64,65]. This back-
ground presents a major hurdle to any search for a small
number of dark matter-induced events, and it is an ongoing
problem to mitigate or veto these events. A rigorous
understanding of these and similar backgrounds is neces-
sary to understand the limit of the proposed detection
scheme. However, assuming the background events do not
exhibit a daily modulation, one still has a sensitivity to the

10—34 L
10—36 L
§ 10-381
9: v - ‘—‘:‘
&) 10—40 L “ ::::.
el T 77'777.‘,7;7:7 ______________
10—44 1 1 1 1 YIGM”I{\
10° 10! 10 10° 10*
m, [keV
FIG.5. Possible constraints on the standard SD interaction cross

section as a function of DM mass. Solid lines correspond to 3
sigma detection—using Eq. (27)—of a modulating signal over a
constant signal for kg-year exposures. Dashed lines correspond to
cross sections that give three events per kilogram year. We vary the
energy threshold of w,;, from 1 meV (blue) to 25 meV (black). We
show for comparison the cross section leading to three events/kg-
year with a YIG target and a 1 meV threshold [28].
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DM modulation, although at a reduced level depending on
the rate of the DC background according to Eq. (27).

IV. CONCLUSIONS

We have studied the scattering of keV-MeV mass DM
that couples in electronic spins in magnetically ordered
materials. In this mass regime, the relevant excitations are
bosonic magnon degrees of freedom. Such DM candidates
can excite a possibly measurable number of magnons in
relevant regions of paramater space. At the lower end of the
mass range, the energy of a magnon that can be exciting
through scattering is in the meV range, below which
calorimetric detection becomes challenging due to the
finite binding energy of the superconducting pairs in a TES.

At MeV DM masses, the momentum transfer is large
enough to start resolving the electronic structure of the
magnetic crystal. We have used the magnetic form factors
to take this into account when matching to the magnon
theory and shown how this quantitatively changes the
predicted cross sections. Its inclusion is important to obtain
an accurate prediction of the total DM signal rate, as well as
its angular dependence. Far above this mass, the magnon
theory breaks down, and one expects to enter the single-
particle scattering regime.

We have also shown that quasi-2d ferromagnets allow for
directional detection, even if the underlying interaction is
isotropic. As we demonstrated, the daily modulation of
the signal induced by the target anisotropy gives a vital
handle on background discrimination. While the quasi-low-
dimensional nature of these materials leads to strong break-
ing of rotational invariance, their bulk nature allows one to
scale up the target to macroscopic sizes. This is crucial to
achieve the large exposures necessary to reach cross sections
that are not excluded by other direct and indirect searches.

A major outstanding question is the detection of the
magnon excitations that may be produced in the DM
scattering, as well as the associated backgrounds in this
process. A robust understanding of these questions is
needed in order to fully assess the potential of this method
of dark matter detection. We hope that this work motivates
a deeper understanding of the possibility of the limits of
single magnon detection.
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APPENDIX A: MAGNONS

We give a concise introduction to the relevant properties
of magnetic excitations. We focus on simple square-lattice
ferromagnets and the linear spin-wave treatment of mag-
nons. For more detailed information, see [66].

Throughout this section, we work with the Heisenberg
magnet,

H=> JouSu-Sy. (A1)
(ap)

with a spin operator S, acting on each lattice site. A basis of

states at a site is given by the eigenstates |m), of S%,

Salm) g = m|m),, (A2)
for m = —s, ...s. We also find it useful to define the spin
raising and lowering operators,

St =8 +iS), (A3)
in terms of which the above Hamiltonian is
1 _ _

(ap)

1. Ferromagnets
a. Finding the magnon Hamiltonian
The sign of J 5 in Eq. (Al) is crucial in determining the
ground state and the excitations above it. For J,; = —|/ 4/,
we have an exact ferromagnetic ground state, in which all
the spins are aligned in the z direction, say,

0 par = [ 119)r (A5)

Excitations around the ferromagnetic ground state may
be studied by means of a Holstein-Primakoff transforma-
tion [67]. Defining the operators a, by

_ T
S% =5 — aqay,

T
S; = 2s (1 - alxaa) [
2s

we observe that the 80(3) commutation relations of S,
imply that the creation and annihilation operators obey the

(A6)
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canonical commutation relations for bosons. The space of
states spanned by the operators S, a is, in general, different
(by Fermi’s exclusion principle), so one must impose the
constraint that there are no more than 2s bosons at a site.
For small fluctuations around the ground state, we take
the eigenvalues n = s — m of the number operator,
dhagln) = (s = m)[n), (A7)
to be small with respect to s. We may then express the
Hamiltonian (A1) in terms of our new variables (A6) and
linearize in n/S, restricting ourselves to work only with the
low-lying states, thus forgetting about the constraint. The
resulting Hamiltonian, to leading order, is

Ho = > 0(q)d}ay. (A8)

where we have gone to momentum space,

aq = N‘l/zzeiq'xaaq, (A9)
q

subtracted the zero-point energy, and expressed the energy
of each mode as Q(q). Note that to this order in the
expansion, the bosonic ladder operators are linearly related
to the S+,

St ~V2sa,. (A10)
For a quasi-2d square lattice ferromagnet with lattice

spacing a, in which all nearest neighbors within a plane are
coupled with the same strength —J, we have

Q(q) =4Js (sin2%+sin2%), (A11)
where the sites are taken to be coupled in the x-y plane. The
excitations which carry this energy are called spin waves or
magnons. Calculating the xx and xy correlations of the spin
operator, we see that they are z/2 out of phase, indicating
that the spins are precessing coherently around the mag-
netization direction.

b. One-magnon correlations

At low energies, the DM-target scattering will predomi-
nantly excite a single magnon. We thus take the excited
state |f) to be a single magnon state, labeled by a
momentum |q). We now calculate the matrix element of
the spin operator in momentum space S(q) between the
ground state |0) and this final state |q) appearing in

Sij(qu)E‘l/<q|gi(q)|0><0|3‘;<0)‘q>'5(9((1)_(‘))' (A12)

Observe that the linearized Hamiltonian in (A8) commutes
with §%, and that, by Eq. (A10), the one-magnon state has
§* eigenvalue s — 1. Hence, S,; = S, = 0and S,, = S, =
Spum (after symmetrizing the spatial indices). A straightfor-
ward calculation gives the only nonzero component of the
matrix at zero temperature,

Srm = ngé(w — Q(q)), (A13)

where ng is the effective spin density per volume of the
ferromagnet.

2. Antiferromagnets

The model of antiferromagnets we consider is again of
interacting lattice spins with a Heisenberg Hamiltonian,

H = Zjaﬂsa * Sﬂ,
(ap)

(A14)

but we now have J,; = |J,4/, meaning that the classical
ground state has neighboring spins antialigned. Such sys-
tems have been much studied, see, for instance, [68] for a
review. This ground state, in which the magnon is the Néel
phase, is not the true quantum ground state of the system,
although in the semiclassical regime it gives accurate results.

Such a collinear AFM is equivalent to a sum of two
sublattices, each with their own creation and annihilation
operators. Labeling these sublattices A and B, we apply
individual Holstein-Primakoff transformations to them,
which to leading order are

S1Z4.(l =S5- aflaoﬂ ZB.a =-S5+ blba, (AIS)
Spa = V25a,, Sha = V25bf. (A16)

In contrast to the previous FM case, we now have two sets
of bosonic operators a, and b,. In the 1/S expansion, the
leading nonconstant term is bilinear in these operators, and
the Hamiltonian may generally be written in momentum
space as

H=—SHy+SY yaMayq +O(°).  (A17)
q

where the vector operator y, is
(A18)

and M, is a matrix whose components depend on the
particular couplings J,; of the original Heisenberg
Hamiltonian.

035030-9



GIACOMO MAROCCO and JOHN WHEATER

PHYS. REV. D 112, 035030 (2025)

In our analysis, we only make use of isotropic AFMs,
such that the matrix is given by

0 0 my
0 1 m
My =J(0) d . (A19)
0 mq 1 0
mg 0 0
where the matrix element mg is
cos(q,a) + cos(g,a)
my = 5 S (A20)

To obtain the propagating magnon modes, we must
diagonalize the mass matrix; we find a pair of degenerate
modes with frequency

Q(q) = 5J(0)y/1 — m?.

Summing over both of the degenerate branches, the one
magnon contribution to the low-temperature limit of the
spin structure function is then

(A21)

1—-m
S (q) = S,,(q) = ngJ (0 4
() yy() S(>Q(q)
1-m
_ q
— s l—l—mq

2— - ,
_ HS\/ COS g,a — COS qya (A22)

2 4 cosg,a + cos g,a’
with the other components vanishing.

3. Quasi-1D AFMs

In this case, we again have a pair of degenerate magnon
modes, each with frequency

Q(q) = 2JS[sing.al, (A23)

and

Se = Sy, = 2ng tan%ﬁ(w —Q(q)). (A24)

APPENDIX B: MAGNETIC FORM FACTORS

For the Cu?* magnetic ions of interest here, there is a
single unpaired electron in a 3dx2_y2 orbital [69], and so the
form factor is [66]

9 '
F(@)= (o) +5 (Beos?0 = 1){j2)
+ 53_6 (=30co0s? 0+ 35cos* O +35sin? O cos4¢h) (4 ).
(B1)

where 6 and ¢ are the polar and azimuthal angles,
respectively, with the x-y plane of the orbital taken along
the equator; the functions (j,)(g) are the weighting of the
nth Bessel function over the radial wave function of the
electron arising from an expansion in gR, with R the ionic
radius. This form factor is illustrated in Fig. 1. A convenient
phenomenological parametrization is given by

4
) 40) = (3 Anse ).

i=1

(B2)

where the prefactor is g3 =1 or g2, =¢*>,n=2, 4, 6;
the constants A, ;, a,; are taken from The Cambridge
Crystallographic Subroutine Library.

APPENDIX C: RELATIVISTIC MODELS

1. Magnetic dipole moments
Consider a dark photon V,, with a minimal coupling to
electrons with charge ey, and which couples through a
magnetic dipole interaction to a dark state y,

L = eyV, ep* L zom 14 C1

int = €y ”6]/ e +§/’L;(ZU X Hvo ( )
where 6# = £ [y#,*]. In the nonrelativistic limit, the dark
state y couples to the dark magnetic field By,
Hint o) _zﬂ;(BV . S)(? (C2)
via its spin S, = 6,/2, where 6, are the Pauli matrices
acting on the y subspace. Meanwhile, an electron’s spin

S, =o0,/2 sources a dark magnetic field, which for a
massless dark photon is

e S, xx
- Vx (= — -
4zm, X
The interaction potential in momentum space is then given
by

By(x) = (C3)

eV:u;(
m,

V(‘l) =-2 S){ : HL(@) *Se, (C4)

where I1, (§) projects onto the subspace perpendicular to
the direction of momentum transfer,

HL(@)U = 5ij - @iflj- (C5)

035030-10



SPIN-DEPENDENT DARK MATTER SCATTERING IN QUASI- ...

PHYS. REV. D 112, 035030 (2025)

The DM-spin-averaged/summed interaction potential is

(Co)

where we have made use of Egs. (14) and (15). For
simplicity, we take ey = e when expressing bounds on
an MDM.

2. Heavy axial vector

The bounds we place may also be mapped on to a model
where an axial-vector gauge boson V,, of mass my couples
to the axial-vector DM and electron currents,

Line = gV, 27" P2 + 9.V, 2r're. (C7)
Ifmy > 10‘3m}{, the gauge boson mass is much larger than

the typical scattering momentum transfer, and the Fourier
transform of the interaction Hamiltonian is

4
Vig) = =4S, S, (c8)
my
The spin-summed interaction potential is then
49,9¢\?
V.. = X 5. C9
5= () 3, (©9)

3. Spin sums

In scattering cross sections, we take the initial DM state
to be unpolarized, and we sum over final DM spin states. In
doing so, we make use of the identity,

- ZS’ 511

SS’

(C10)

which holds for the spin-1/2 DM with S, = 6/2.

APPENDIX D: RATE AND PHASE
SPACE INTEGRALS

We now have all the ingredients necessary to calculate
the DM-scattering rate as a function of DM velocity. To
obtain a total expected rate, we must average over the dark
matter velocity distribution f,(v). We take the standard
form of a Maxwell-Boltzmann distribution truncated at the

sphere of radius v, in the Galactic Frame; i.e., in the
laboratory frame, we have

1
£ (V) = 5 exp [=(V 4 )/ 15]O(vese = [V 4 V), (D1)

0

where the normalization N is

Ny = ”U(z)(”l/zvo Erf(vesc/UO) - 2vesce_vg“/v(2))' (D2)
The numerical values we use are v, =230 km/s,
Vese = 600 km/s, and v, = 240 km/s. The average rate

is, in general, given by

F:/d3vfl(v)l"(v), (D3)

which involves six integrals, where I'(v) is given by Eq. (3).
This is related to the average rate per target mass by

P
R:pTlm—lF.
7

(D4)

Carrying out the angular velocity integrals in the
Galactic Frame, where velocities are described by
V =V —vg, we find

_Zﬂx/ /d3 3fx v

SU( U - Umm(q))’ (DS)
where the factor of 2z arises from the azimuthal integral,
and we have used the Dirac delta function to integrate over
the polar angle, and

q Qq + V@ -q
V() =—+—"7"—. D6
(@ =5+, (D6)
Carrying out the final integral over v/, we find
T :U_(z)” X/ d3q ®( mm(q))
Ny (27)° q
X Vij(Q)Sij(Q)(6'"/min(q)2/”5 — eV, (D7)

APPENDIX E: DOMAINS
AND NEUTRON SCATTERING

The results so far have strictly applied only to one-
magnon excitations within the framework of linear spin-
wave theory. In this section, we discuss calibration to
experimental data in the presence of magnetic domains, in
order to do away with these assumptions. Our method is
analogous to the proposal of [70,71], where it was pointed
out that one can directly measure the part of the correlation
function relevant for DM scattering from coupling to the
electron number density. We also discuss how magnetic
domains that enable experimental calibration also wash
away directionality in otherwise isotropic materials.

We begin with the observation that the cross section for
magnetic neutron scattering from some initial momentum
k; to a final momentum k; is
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d36 kf Yro A AND

i~ (o) V@F G, =005 0.0). @)
Since neutron scattering proceeds via a magnetic dipole
interaction, only the piece of the spin-spin correlation
orthogonal to the direction of momentum transfer contrib-
utes. This projection onto the orthogonal subspace naively
precludes a direct comparison between neutron scattering
and DM scattering.

One way forward is to note that we may in fact rotate
away the ¢ dependence in the projector if the crystal is
made up of many domains, with the direction of a particular
domain’s magnetization being isotropically distributed [72].
This is indeed the case in many crystals of interest, in
particular, the ones studied here.

1. Domains

Since we are interested in the physics of multidomain
systems, let us rewrite the spin correlator in a way that
brings out the structure of the domains. The relevant
function is

(@.9) / dre- z XX (5,,(1)S5,(0)),  (E2)

where we place a tilde to emphasize that the matrix
elements are at the level of the lattice,and so omit form
factors, etc.; recall that the sum over «, f indicates a sum
over all sites on the lattice. Note that only the symmetric (in
i, j) part of this contributes to scattering processes. We may
split this sum into a sum over domains D and a further sum
over sites within this domain, which we denote as

2=2.2 (E3)

aeD

We now assume that spins in different domains are
uncorrelated. Physically, this means that the magnons
cannot propagate between domains. They are scattered
by the domain walls, and the coherent wave is destroyed.
Thus, the correlator is diagonal in D space.

To evaluate the spin-correlation function, we have
implicitly been assuming a fiducial coordinate system in
which we quantize the spins along a preferred z axis. In a
multidomain system, it is convenient to have a local
coordinate system where the magnetization direction is
aligned with the z direction. We denote quantities

evaluated in this system with a prime ', and we introduce

a domain-dependent rotation matrix that takes us from the
local coordinate system to the global one,
(Sa(1)S5(0)) = R~ (Si(1)S4(0)) - RT. (E4)

In terms of the local system, the projection of § is

q) = Z(éij

D

x Y XX (s, (1)S)(0)), (E6)

apeD

HJ_.ij(‘A])Sij(wv —@?@?)/dte_m (ES)

where §P is the rotated momentum unit vector: §® = RP - §
To evaluate this sum, a final assumption must now be made:
let all the domains be approximately equal, with the
magnetization direction being on average isotropic, i.e.,
[H,>", Si] = 0. This means we can translate a sum over
the domain-specific rotations into an isotropic integral over
rotation matrices. Explicitly, we parametrize the rotations R”
in terms of a rotation axis 7, specified by polar coordinates
(6, ¢) and an angle y, for which the normalized, isotropic
Haar measure is [73] dQ = # sin? Ldydcos@dg, and we
have P = (cosys;; + sinyey;iy + (1 — cosy)ii;)q;. As
is evident from Eq. (E6), to evaluate the projected correlator,
we only require knowledge of

[ dor@)-a,&@)-0), - 50 (E)

making use of [dQ(§-R-§)*=1/3 and [dQ|R-g|> = 1.
This demonstrates that the isotropic distribution of domains
simply effects a calculable rescaling of the scattering
potential, allowing one to determine S;; directly from neutron
scattering data. Similar observations exist in the neutron
scattering literature, e.g., [72,74].

Finally, note that even though the magnetization direc-
tions are isotropically distributed, there can still be a daily
modulation of a DM signal. The couplings of the under-
lying lattice nonetheless break the isotropy. One may think
of the spin isotropy as being an internal symmetry of the
system, meaning that the anisotropy of the dispersion
relation and form factors in real space still contribute,
even while the anisotropy of the scattering potential is
averaged out.
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