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Transverse nucleon single-spin asymmetry for single-inclusive hadron and
jet production at NLO accuracy
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We investigate the single-spin asymmetry for the single-inclusive production of hadrons and jets in
collisions of transversely polarized nucleons and unpolarized leptons, /N — (hor jet)X. We compute the
spin-dependent cross section within collinear twist-3 factorization in perturbative QCD at next-to-leading
order (NLO) accuracy. In this approach, multiparton correlations generate a nonvanishing effect. For the
present paper, we focus on correlations in the nucleon initial-state rather than in the fragmentation process.
We explicitly verify that collinear twist-3 factorization is valid at the one-loop level. Our analytical results
show that at NLO the relevant multiparton correlation functions in the nucleon are probed on their full
support in momentum fractions. Our numerical analysis for collisions at the Electron-Ion Collider indicates
that the NLO corrections can be large and are sensitive to the functional form of the twist-3 correlation

functions.
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I. INTRODUCTION

The understanding of spin-related observables in highly
energetic particle collisions involving hadrons remains a
crucial pursuit in the research area of quantum chromo-
dynamics (QCD). It is well known in general that the study
of so-called single-spin asymmetries (SSAs) offers insight
into the partonic spin structure of hadrons, particularly the
nucleon, as well as into the underlying QCD mechanisms
that generate the SSAs. Among the various emerging spin
observables, the SSAs of transversely polarized nucleons
for single-inclusive events in high-energy collisions are
particularly interesting. A great amount of experimental
data for such SSAs has been gathered in proton-proton
collisions since the 1970s at Argonne National Lab, Fermi-
Lab, and the Relativistic Heavy-lon Collider (RHIC) for
all sorts of single-inclusive final states, such as hadrons
[1-13], jets [13-15], and photons [16]. Some of the
transverse-spin effects that were measured in these experi-
ments turned out to be large, reaching values of about
10%—-20% even at higher center-of-mass (c.m.) energies.
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This alone is reason enough to get to the ground of the
QCD mechanisms behind these large effects.

On the theoretical side, one can analyze the transverse
nucleon spin asymmetries in single-inclusive high-energy
processes in the framework of perturbative QCD using the
so-called collinear twist-3 factorization approach. This
method may be viewed as an extension of the widely used
collinear factorization approach that is typically applied
to cross sections of high-energy processes involving
unpolarized particles. In order to describe such power-
suppressed observables—often synonymously called sub-
leading twist or just twist-3 observables—in the framework
of collinear twist-3 factorization, one has to work with
different types of hadronic QCD matrix elements that are
more complex than the commonly used quark/gluon parton
distribution functions (PDFs) or fragmentation functions
(FFs) entering the usual factorization formulas for unpo-
larized cross sections. The matrix elements that generate
the nonzero transverse-spin effects in the collinear twist-3
formalism can be considered as two-parton and three-
parton correlation functions. They may appear in the initial
state as correlation functions of partons in the nucleon,
or emerge in the final state (with detected hadrons) as
parton correlations in the “parton-to-hadron” fragmentation
process.

The collinear twist-3 approach has been applied to the
aforementioned transverse SSAs in polarized proton colli-
sions with single-inclusive final states in Refs. [17-29].
However, due to the many contributions that appear at
twist-3 for these “purely QCD” observables, the theoretical
calculations are quite complex. As a result, most of the
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works [17-29] deal with the SSA at leading-order (LO)
accuracy in perturbative QCD only.

The situation is somewhat simpler for single-inclusive
final states in polarized lepton-nucleon collisions, where
the interaction between the lepton and the nucleon is
mediated by exchange of an electroweak gauge boson,
typically by a virtual photon. One may study the same
single-inclusive final states as for proton collisions, i.e.,
single-inclusive leptons, hadrons, jets, or photons.

The single-inclusive production of leptons, £N — £X,
the deep-inelastic scattering (DIS) process, is one of the
benchmark reactions in hadronic physics. Its analysis has
led to the development of the parton model of the nucleon,
and it is—to the present day—substantial for our under-
standing of the nucleon properties in terms of partonic
degrees of freedom. As far as the observable of interest
for this paper, that is, the transverse nucleon single-spin
asymmetry, is concerned, experimental measurements in
DIS have been performed by the HERMES experiment [30]
as well as at Jefferson Lab (JLab) [31]. On the theoretical
side, perturbative Quantum Chromodynamics (pQCD)
investigations of the transverse nucleon SSA within the
collinear twist-3 factorization approach have been reported
in Refs. [32-35]. One peculiarity of this particular observ-
able is that a nonvanishing SSA appears in Quantum
Electrodynamics (QED) perturbation theory only at a
higher perturbative order &, in the QED fine structure
constant dy, ~ 1/137—compared to the unpolarized cross
section at order aZ,. As a consequence, the transverse
nucleon SSA is expected to be suppressed by a,, along
with the usual subleading twist suppression factor M/Q
(where M is the nucleon mass), and therefore is expected to
be small. Indeed, the HERMES data [30] for the SSA for
scattering off a polarized proton are consistent with zero,
and even though the JLab data [31] (obtained with a 6 GeV
electron beam) indicate a first nonzero SSA for a polarized
He? target, a measurement that shows a nonzero SSA on a
polarized proton target is yet to be performed.

A process related to DIS is the single-inclusive production
of hadrons—typically pions—in lepton-nucleon collisions
¢N — hX. In contrast to DIS, the final-state lepton remains
undetected and so the virtuality of the exchanged photon
cannot be reconstructed. Instead, a hadron is detected in the
final state with a transverse momentum large enough
(21 GeV) that perturbative QCD can be applied. One may
consider this process as the simplified version of single-
inclusive hadron production in p p collisions discussed above,
with the unpolarized proton replaced by a lepton. Theo-
retically, the unpolarized cross section of the process /N —
hX has been calculated in pQCD to next-to-leading order
(NLO) accuracy [36]. It was found that the NLO corrections
can become quite sizable for various experimental setups.

Experimentally, the transverse nucleon SSA has been
measured for single-inclusive pion and kaon produc-
tion from a polarized proton target by HERMES

Collaboration [37], and at Jefferson Lab [38] for single-
inclusive hadrons on a polarized He® target. Theoretical
calculations of various transverse-spin observables in
hadron or jet production within the collinear twist-3
formalism have been presented in [39—43] at LO accuracy.
Interestingly, the authors of Ref. [40] confronted the LO
result for the transverse nucleon SSA obtained in the
collinear twist-3 formalism with the HERMES and JLab
data [37,38] and observed a discrepancy of approximately a
factor of 2 between the LO prediction and the experimental
data. Just recently, it was argued in [44] that adding the
NLO corrections of [36] to just the denominator of the SSA
(partially) reconciles this discrepancy. Based on this argu-
ment, the conjecture was made in Ref. [44] that the NLO
corrections to the LO prediction of the numerator of the
SSA are likely small, or affected by cancellations among
the various contributions. In this paper, we partially fill this
knowledge gap and calculate the NLO corrections to the
transverse nucleon spin-dependent cross section, i.e., the
numerator of the SSA. One of the motivations for us to
perform the NLO calculation presented in this paper is to
verify or falsify the conjecture raised in Ref. [44].

In this paper, we focus on the pQCD calculation of NLO
corrections to multiparton correlations within the nucleon
only. For single-inclusive jet production, /N — jet X, the
multiparton correlations within the nucleon are the only
sources for generating a nonvanishing transverse nucleon
SSA. Thus, the formulas for the SSA in single-inclusive jet
production, presented in this paper, constitute the complete
NLO result in perturbative QCD. They may be viewed as
the first NLO result ever obtained in the collinear twist-3
formalism for a fruly single-inclusive observable. We also
explicitly show that all divergences that appear at inter-
mediate stages of the calculation eventually cancel. This
cancellation implies that collinear factorization holds at the
NLO level for the transverse nucleon SSA in single-
inclusive jet production. In fact, it is the first time that
collinear twist-3 factorization is verified at the one-loop
level for a truly single-inclusive observable.

That said, we do need to be precise with the last
statements made in the previous sentences, particularly
with what we mean by the term truly single-inclusive.
Indeed, NLO calculations for the transverse SSA within the
collinear twist-3 formalism have been performed in the
past and have been reported in the literature for Drell-Yan
lepton pair production in polarized proton collisions, see
Refs. [45,46], in semi-inclusive DIS, see Refs. [47-51], and
in single-inclusive polarized hyperon production in elec-
tron-positron annihilation, see Ref. [52]. All of these NLO
calculations are undoubtedly important for the theo-
retical understanding of the collinear twist-3 factorization
approach. However, there is an important difference
between these processes compared to the single-inclusive
hadron or jet production considered in this paper. In all of
the processes above it is always possible (theoretically) to
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separate off the leptonic part from the hadronic part and
describe the spin-dependent cross sections in terms of
structure functions [53-55]. Technically, this leads to a
great simplification of the kinematics, in particular the
complexity of the momentum flow in Feynman diagrams,
and hence the complexity of phase space integrations is
much reduced. In this sense we do not count the processes
mentioned above as truly single-inclusive.

At this point, we emphasize that a final conclusion on
whether NLO corrections can reconcile the factor of 2
discrepancy observed in Ref. [40] has to be postponed even
if the NLO results of this paper are included in a numerical
analysis. The reason is that for single-inclusive hadron
production, our NLO results—in contrast to those for
single-inclusive jet production—are not yet complete.
Throughout this paper, we disregard subleading-twist
multiparton correlations in fragmentation even at LO
and pretend that they vanish. This assumption is, of course,
a gross oversimplification. However, a NLO calculation for
multiparton correlations in fragmentation will likely be as
complex as the one presented in this paper for multiparton
correlations in the initial state. Furthermore, it is known that
the so-called pole contributions do not play a role in
multiparton fragmentation functions [52,56] and, therefore,
it is likely that the methods in this paper cannot be copied
and applied one-to-one to multiparton fragmentation con-
tributions. We therefore decided to leave this problem as a
future project.

We also mention that the collinear twist-3 factorization
approach advocated in this paper is not the only theoretical
approach to describe the transverse nucleon SSA in single-
inclusive hadron or jet production. Several articles in the
literature have applied the so-called generalized parton
model [57-62] to the transverse SSA, where one takes into
account a nonvanishing transverse parton momentum kr at
all times. Although this approach has enjoyed considerable
phenomenological success, it is not clear from a theoretical
point of view whether such a factorization approach holds
beyond LO for single-inclusive processes.

As a final comment in this introduction, we mention our
numerical results for the transverse nucleon SSA at NLO
accuracy for both single-inclusive pion and jet production
in polarized electron-proton collisions. As shown in this
paper, one needs to know the quark-gluon-quark correla-
tion functions Fry and G gy on their full support in momen-
tum fractions, in order to provide a complete NLO
prediction for the transverse nucleon SSA. Currently, such
information is not available in the literature. Ideally, one
would want to extract the unknown functions F gy and Gy
from experimental data. Unfortunately, experimental data
do not exist for the transverse nucleon SSA for single-
inclusive jet production, and we cannot reliably apply our
NLO result for single-inclusive hadron production for
that purpose to the existing HERMES and JLab data of
Refs. [37,38] because the fragmentation contributions are

not yet included. However, experimental data for both
single-inclusive jet and hadron final states can be expected
to become available once the future Electron-Ion Collider
(EIC) [63-67] starts its operations. For this reason, we
provide numerical plots for single-inclusive jet and hadron
final states using the expected kinematical setup of an EIC.
We impose certain models or scenarios for the quark-gluon-
quark correlation functions and use them as input for our
numerical NLO plots. The purpose of these plots is to
illustrate that NLO corrections can significantly modify the
transverse nucleon SSA depending on the scenario we
choose for the correlation functions. In other words, the
transverse-spin observables turn out to be quite sensitive to
the specific form of the correlation functions, and future
EIC data will be able to rule out some of the possible
scenarios. However, a complete picture of the quark-gluon-
quark correlation functions will likely not emerge from a
single analysis of one or two transverse-spin observables in
one process alone but from a global QCD analysis of a
combination of experimental data for transverse-spin
effects gathered from other processes at the EIC (like
DIS, semi-inclusive deep-inelastic scattering (SIDIS), or
(semi)-inclusive photon production [68,69]) as well as from
polarized proton collisions at RHIC. There is still a long
way to go until such a complete global QCD analysis will
become available, however, the methods presented in this
paper open the door in this direction.

The paper is organized as follows: in Sec. II we give an
overview of the methods we used to calculate analytical
NLO corrections and the conceptual obstacles we had to
overcome. In Sec. III we present the analytical NLO
formulas for the transverse nucleon spin-dependent cross
section for single-inclusive hadron and jet production. In
Sec. IV we present our numerical scenarios for the trans-
verse nucleon SSA in single-inclusive pion and jet pro-
duction at the EIC. We conclude our paper in Sec. V.

II. COLLINEAR TWIST-3 FACTORIZATION

In this section, we present details of the approach we
used to calculate the transverse SSA in single-inclusive
hadron production in the scattering of unpolarized leptons
off transversely polarized nucleons, #(I)+ N'(P) —
h(Py,) + X. Let Ehd?—;’,h (S7) (with E), being the energy of
the detected hadron) denote the polarized differential cross
section, with Sy being the transverse-spin vector of the
polarized nucleon. Then, the transverse SSA is defined as

Ey e (S7) — Ey 2 (=S7)

Ey dg_;h (S7) + Ej d‘si—;h (=S7)’

(1)

ur =

where the subscripts denote the polarization of the initial-
state particles, U for unpolarized and T for transversely
polarized. Moreover, let us define some useful kine-
matical variables. Throughout this paper, we label the
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four-momenta of the lepton, the nucleon, and the produced
hadron as /#, P#, and P’;l. Their masses shall be denoted as
my, M, and M, respectively. In this work, we assume that
the scattering process is happening on an energy scale
much larger than the masses of the particles. Hence, we will
neglect m,, M, and M, wherever possible and treat the
four-momenta as lightlike vectors #?>~0, P?~0, and
P? ~0. We also introduce an additional four-vector S¥
that describes the spin of the nucleon with the usual
normalization $> = —1 and P- S = 0.

We further define the hadronic Mandelstam variables
s=(+P)>~2]-P,t=(P—-P,)?~=2P P, and u =
(I — Py)?> ~ =21 P,. These kinematical variables will be
used in the following. Note that s + ¢4 u > 0 for the
single-inclusive reaction we are considering here.

A. The transverse SSA at leading order (LO)

Transverse-spin observables in single-inclusive hard
processes—such as the SSA (1) in ZNT — hX—can be
analyzed in perturbative QCD within the collinear twist-3
factorization approach [20-22]. In this approach (parts of)
the soft physics are typically encoded in a multipartonic
nonperturbative matrix element. Such matrix elements
have already been discussed exhaustively in the literature,
for example in [43,70,71], and an overview of all field
theoretical objects that are relevant to our calculation is
given in Appendix A. In the main text, we only give the
definition of the quark-gluon-quark correlator—arguably
the most important of these multiparton correlators—since
it will be referred to regularly throughout this work,

odl feodu ., . ,
O (x,x') = / 5 2—”e’” elH(x=x)
oo 27 oo 21

x (P, S|g(0)igG" (un)q(An)|P. S)
1 1

= EMiep’”’SPFq(x, x') = EMS’%PySGq(x, x')
+oee @)

This correlator contains two quark fields g, g as well as the
gluonic field strength tensor G =n,G* and is para-
metrized in terms of the ggqg correlation functions F4, GY.
These functions depend on two longitudinal momentum
fractions x, x' and are accompanied by other twist-3
functions which, however, are simply indicated by ...,
since they do not enter the observable we are interested in
here. The vector n is lightlike, n? = 0, and normalized by

|

do LO

E, —
hdd—lPh

(5)=au(s) [ v "W aro(v.we) S e3P = x(F0)) . 0) D 2)

the condition P-n = 1 but otherwise arbitrary and thus
unphysical. Moreover, the Wilson lines required for gauge
invariance of the matrix element are not shown in favor of
readability and we define """ = P,n, S, e, where € is
the totally antisymmetric tensor with sign convention
€"123 = +1. Note that we have also introduced the trans-
verse part 4. of any four-vector a via a transverse projector

dr = ¢¢'a,, where ¢y = ¢ — Pn¥ — P'n¥. (3)

The general collinear twist-3 formalism, applied to
single-inclusive lepton-nucleon collisions, has been
described in great detail in Refs. [32,34,35,39-43,68].
We refrain from repeating this discussion on the general
formalism and focus only on the main features specific to
our calculation. However, we would like to remind the
reader of some terminology often used in the context of
collinear twist-3 factorization: in this formalism, various
types of seemingly different contributions add up to a
transverse-spin observable like the SSA (1). Contributions
to a SSA generated by two-parton correlators such as (A1)
and (A3) are called kinematical twist-3 contributions, while
contributions generated by three-parton correlators like (2)
are called dynamical twist-3 contributions. A third type of
contribution, the intrinsic twist-3 contribution, is irrelevant
for this paper.

We point out that the SSA (1) has been calculated
in the collinear twist-3 formalism to LO accuracy in
Refs. [40,43]. Of particular importance is the discussion
in Ref. [43] on the role of the nonphysical light cone vector
n* entering the definition of the matrix element in (2)
(and of related vectors entering other contributing twist-3
correlation functions). 7 is not unambiguously defined. On
the other hand, physical observables like cross sections or
the SSA must not depend on the particular choice made
for the vector. To establish the independence of n of the
full result becomes a rather complex task in the twist-3
calculation beyond LO, but also provides a good check on
the correctness of the results. In fact, in Ref. [43] the LO
result for ZNT — hX was computed for an arbitrary n. For
simplicity, here we just fix

2
n' = ——P) (4)

at LO and recover the result of [43] [see Eq. (67) therein].
Extended to d = 4 — 2¢ spacetime dimensions, we find

1-0)

L, Hh @SR ()

Tw

7=
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In this formula (5) we have introduced a Lorentz-invariant
nucleon spin-dependent prefactor 6 (S) that will appear in
several formulas below,

o0 (S) (2a§m > <47zMe“’PhS>_ (©)

s(zu))\ s(=u)

Note that the explicit appearance of the nucleon mass M in
the second factor on the rhs of (6) leads to a (twist-3) power
suppression (in comparison with the unpolarized cross
section) that is typical for transverse-spin observables.
This means that it is the factor oy(S) that will “dilute”
the SSA (1) if the transverse momentum of the detected
hadron is large.

Furthermore, the integration boundaries in (5) are given
by the Mandelstam variables s, ¢, and u, with

1—vu u

xo(v) = v 1’ Vo

t
o=

R s

In addition, we introduce the LO hard partonic function 6 ¢
as a function of the integration variables v, w in arbitrary
dimensions,

1+ 02 —¢e(1-0)
=0y

Gio(v,w,e) = S(1—w). (8)

We note that Eq. (5) is identical to Eq. (67) of Ref. [43] if a
transformation of the integration variables z = 11__’;_‘, x = XWO
is performed, along with & = 0.

The LO spin-dependent cross section is generated by two

types of multiparton correlation functions:

(i) The quark-gluon-quark correlation function of a
transversely polarized nucleon F9, in conjunction
with the ordinary twist-2 quark fragmentation func-
tion D? [definitions are given in (2) and (A13)]. The
function F? is probed in the LO formula (5) for a
very specific kinematical configuration of the quark
and the gluon: at x’ = x. Physically, the condition
X' = x may be interpreted as a situation where an
additional gluon attached to the hard part of the
process does not carry any longitudinal momentum
(see Ref. [43]). This is why F in this kinematical
region x' = x is called a soft-gluon pole matrix
element (SGP). The SGP function F4(x,x) is also
known in the literature as the Efremov-Teryaev-Qiu-
Sterman (ETQS) matrix element [17-21]. Note
that the ETQS matrix element enters (5) not only
by itself but in combination with a derivative term
F'(x,x) =& F(x,x), that is, as a combination
(1 -x&)F(x,x).

As laid out in Ref. [43], two types of twist-3
effects generate the LO formula (5): the kinematical
twist-3 contributions from quark-quark correlations

7
k-k'=(x-x") P

k=x P + k;

FIG. 1. LO Feynman diagrams that are used for the calculation
of Eq. (5). The black line indicates the lepton line, and the blue
line represents a quark line. Left: kinematical twist-3 contribu-
tion. Right: dynamical twist-3 contribution.

through the Sivers function flle’q [see (A1)], and
the dynamical twist-3 contributions from quark-
gluon-quark correlations [see (2)]. The LO diagrams
for the corresponding Feynman amplitudes of the
two effects are shown in Fig. 1.

As far as the kinematical contributions are con-
cerned, the recipe to calculate the hard partonic
factors can be briefly summarized as follows:
compute the modulus squared of the Feynman
amplitude for two-parton correlations (such as
shown in the left LO diagram in Fig. 1), but keep
anonzero transverse momentum kz for the incoming
parton momenta. Perform all phase space and w
integrations such that all § functions containing ky
are integrated out. Then, perform a Taylor expansion
to first order in k7, such that any dependence on k; is

moved from the hard part to the first moment f ILT(l)q.
This approach has been used in Ref. [43] at LO, but,
as will be explained below, it also works at NLO.

Furthermore, dynamical contributions to the LO
formula (5) are derived from the right diagram in
Fig. 1. In general, a nonzero SSA requires an
interference of the imaginary part of an amplitude
with the real part of another amplitude. For the
dynamical contributions an imaginary part is gen-
erated at LO by a quark propagator in Fig. 1 hitting
its pole in the following way:

1 1
(p+K —k?+is - (—=t/2)(x' —x + i6)

-z( P . ,
= (x’—x_ ind(x x))

©)
Cauchy’s principal value P/(x’ — x) drops out for an
SSA while the 6 function precisely singles out the
SGP function F9(x, x).
As explained in Ref. [43], both effects discussed
above need to be combined using the identity

Fia(x) = +aF9(x,x). (10)
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(ii)

This relation between the first moment of the Sivers

function flLT(l)’q and the SGP function F7(x,x) is
valid for lepton-nucleon scattering and was first
derived in Ref. [72]. In principle it serves as a bridge
between the two types of mechanisms for transverse-
spin asymmetries in semi-inclusive deep-inelastic
lepton-nucleon scattering and single-inclusive proc-
esses such as the one we are considering here.
Although the validity of the relation (10) has been
questioned in Ref. [73], we cannot stress enough the
importance of this relation for the collinear twist-3
formalism. As shown in Ref. [43], it is only through
(10) that the LO formula (5) is independent of the
specific choice of the auxiliary light cone vector n*
that appears in the definitions (2) and (A1l). Addi-
tionally, to establish color gauge independence also
in our NLO calculation, we introduce an arbitrary
parameter in the metric tensor in the gluonic
polarization sums and the gluonic propagators,

kﬂ v ku Yz
g (k) = = (g - PR,
-n

(11)

where k denotes the relevant four-momentum of the
sum or propagator. The specific gauge is then given
by the choice of the parameter «, i.e., k =0 for
Feynman and x = 1 for the light cone gauge. We
find that NLO hard partonic factors for SGP con-
tributions are independent of x only after the
application of Eq. (10), again implying that (10)
is essential for the collinear twist-3 approach.

We point out that an alternative and equivalent
method to calculate SGP contributions to single-spin
asymmetries has been suggested in Ref. [74], based
on Ward-Takahashi identities. We also note that
other approaches to a collinear twist-3 calculation of
a transverse single-nucleon spin asymmetry within
pQCD, e.g., Ref. [24], do not strictly distinguish
between kinematical and dynamical twist-3 effects.
The reason is that the setup of the collinear twist-3
factorization in the approach of Ref. [24], also [74],
is directly established in the Feynman gauge. In this
gauge, both kinematical and dynamical contribu-
tions are implicitly included in diagrams with a
quark and a gluon in the initial state, like the right
diagram in Fig. 1, while quark-quark correlations—
such as the left diagram in Fig. 1—are not counted as
extra contributions. We emphasize that eventually all
approaches are equivalent.

In principle there is another important contribution
to the LO formula (5) from twist-3 effects in the
fragmentation part of the process. This is indicated
in Eq. (5) by the &, ® J[H ] term, which repre-
sents a collinear convolution of the leading twist

transversity quark distribution /; and the imaginary
part of a quark-gluon-quark fragmentation function
Hpy (see Ref. [43]). Although this term may be a
numerically large contribution to the SSA (1), we
disregard this term in this paper and focus entirely on
the twist-3 effects in the nucleon discussed above.
The reason for this is that we can easily reduce
and extract from these effects the SSA for single-
inclusive jet production, /N — jetX. This is par-
ticularly simple at LO where, technically, we just
need to replace the quark fragmentation function by
a ¢ function,
D{(z) = 8(1 - 2). (12)

All other fragmentation functions vanish for jet
production, in particular the quark-gluon-quark
fragmentation function 3[H ;). At NLO, the sit-
uation is somewhat more complicated because of
soft-collinear parton radiation, and one needs to take
into account the specific definition of the jet. We will
discuss this procedure below in Sec. III B.

Effectively, in this paper, we assume that
S[Hpy] = 0. However, we plan to investigate the
NLO corrections to the 1, ® I[H ;] term in Eq. (5)
in a dedicated study in the future.

B. Renormalization of multiparton correlation
functions

It is well known that unrenormalized bare collinear
correlation functions such as the ones given in Appendix A
suffer from ultraviolet (UV) divergences that need to be
subtracted. Such UV divergences emerge for matrix ele-
ments, like (2) for the quark-gluon-quark correlator, in a
perturbative calculation. For example, at perturbative order
O(ay) in the strong coupling constant, the UV divergence
explicitly appears as a 1/¢ pole in dimensional regulari-
zation. This pole may be removed by a renormalization
procedure using the common MS scheme. While the
method is well known for twist-2 matrix elements (the
corresponding MS renormalization equations for the frag-
mentation functions are given in Appendix AS5), the
situation is more complicated for the bare SGP function
F{l.(x,x) in (5), as the corresponding splitting function is
more involved. In Ref. [75] the LO evolution equations for
the functions F and G have been studied, and one can
readily read off the splitting function for the SGP function
F(x,x) from the evolution kernel. The kernel is given
explicitly for the nonsinglet case in Eq. (43) of Ref. [75].
For an individual quark flavor one also has to consider a
contribution from the triple-gluon correlation functions
N(x,x'),0(x,x") [for a definition see Egs. (All) and
(A12)], which is independent of the quark flavor and is
thus canceled out in the nonsinglet case. This specific

114024-6



TRANSVERSE NUCLEON SINGLE-SPIN ASYMMETRY FOR ...

PHYS. REV. D 112, 114024 (2025)

contribution is given explicitly in Eq. (107) of Ref. [76]. We note that some terms of the full evolution equation are missing
in Ref. [76], as elaborated on in Ref. [75]. With that being said, we arrive at the following formula for the renormalization of

the bare SGP function of an individual quark flavor:

— a S
Flaelron) = FOS(x ) + 805 |
X

2r €

Ldw <X X
_[qu(W)Fq’ S(;,;’ﬂ>

w

N, 1+w /(X 1+ w? —=/[X X
e 7Fq,MS_ , _7}7(],5_’_’
(o (o) a5 (i)

2

. ((1 — 2w)FaMS (— !

2N,

X

N, _
+—=GIMS <£ , X, ,u> — N FIMS(x, x, 1)5(1 — w)
w

— — /1=
Y, x,u) + GIMS (— —Wx,x,ﬂ)>
w

+ 2qu(w)¥ <(N +0) (— %ﬂ> —(N-0) (%oﬂ»} +O(@), (13)

w

where we have introduced the renormalization/factorization
scale u and S, = (47)¢/T(1 —¢), a convenient prefactor
consistent with the MS scheme at NLO. P,, and P, are the
well-known LO ¢ — ¢ and g — ¢ splitting functions (with

2_
CF:A;}VCI :%forNCZl and TR:%)’

P (w) = Cp {ﬁ*%é(l —w)],
P, (w) = Tg[w?* + (1 —w)?]. (14)

d
(1 - xa) Fl . (x,x, 1)

X 21 € \

d e (u)S, [1d e
= <1—xd—>Fq’MS(x,x,ﬂ)+M l _W[pqq(w)(Fq,Ms__

N. 1+w

|
Equation (13) indicates that the ETQS matrix element
F(x, x) not only mixes with itself upon renormalization, but
also with F' in other regions of its support, e.g., F(£,x)—a
so-called hard pole contribution—as well as with the axial
vector-type correlation function G(£,x) and the triple-
gluon functions (N, 0)(%,%) and (N, 0)(£,0).

The leading-order formula (5) does not only contain
the bare ETQS matrix element F(x,x). Instead, there is
also a contribution from the derivative term, combined as
(1 —x&)F(x,x). Hence, we need the following MS
subtraction:

2
Ne 17W [rgms _ % g MSYy _ q.MS * _&Hiw gMs _ X cpgMsy | (X X
+ 2 (1—W)+ <F W(alF ) X(azF )> (Wa-x’/’l) 2 (1—W)+ F W(F ) W’W7ﬂ

N.
2

1 ~< 1—-w
FaMS | _
TN, ( < W

1 - [ 1=
- 2N ((1 - 2W)X[(31Fq'MS + 62F‘1’MS] (—

X

S —a
%, x’ﬂ> = 8(1 = w)FEMS(0, x, p) + GEMS (_

o) 20 G + 0,60~

+5 (Gq’MS -2 (0,GoMS) — x(aqu’MS)> <£,X, ,u) — N (FIMS — x(FIMSY)(x, x, 4)8(1 — w)
w W

— Wx,x,y) +6(1 - w)GqM—S(O, x,,u))

1—w ))
X, X, j
w

+(1=2w 4+ 5(1—w))Z ((Nm + OM) (%%u) — (NS — OMS) <%,0;u>>} +0(a?), (15)
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k-rt

k=x P + Ky

FIG. 2. NLO real-gluon emission diagrams in the gg — ¢
channel relevant for the kinematical twist-3 contribution. One
needs to compute the interference of the sum of these diagrams
with itself.

where we made use of a shorthand notation for the
derivatives with respect to the first (second) argument of
the correlation functions, (d;(d,)(F,G))(x,x’), which is
defined in Eq. (A6). Moreover, we applied integration by
parts on the terms with a derivative of N, O.

C. Setup of the NLO calculation

After all necessary definitions and discussions of the LO
results in the previous sections, we turn to the actual
calculation of this paper, that is, the NLO pQCD correc-
tions to the LO formula (5) (with the assumption that
S[Hpy] = 0). Before we discuss the results for the indi-
vidual contributions and partonic channels in detail, we will
describe our general strategy.

1. Kinematical twist-3 at NLO

Here, we would like to discuss some special features that
we encounter in the calculation of kinematical twist-3
contributions at NLO. As an example of pQCD corrections,
let us consider the real-gluon emission diagrams of Fig. 2.
Squaring the sum of these diagrams leads to a partonic hard
factor 6(k, p, 1,1, r) that depends on the external momenta
of the initial (/) and final (I’ = [ + k — p — r) lepton and the
quark (k, p) and the gluon (r).

Now we perform a kinematical approximation to the
initial/final quark momenta. Since the hadronization of the
final quark into an observed hadron is assumed in this paper
to proceed via the ordinary leading-twist fragmentation

|

function Di'/ ?(z), we may simply approximate p* ~ 1/zP)
for the final quark momentum.

The situation is more complicated for the initial quark
momentum k*, since we are dealing with a subleading-twist
kinematical effect. The usual kinematical approximation
in the parton model would be k* ~ xP*. Here, we also take
into account a nonzero transverse momentum Kk, as
indicated in Fig. 1. It turns out to be favorable for an
NLO calculation to enforce vanishing quark virtuality,
i.e., to approximate in the kinematical twist-3 partonic
hard factor,

2
k”:xP”—I;—)TCn/‘—f—k’}. (16)

It is not necessary to keep the term o k% since, after all loop
and phase integrations have been carried out, one only
expands up to linear order in k. However, keeping such a
term ensures that k> = 0 from the very beginning, which
simplifies several intermediate steps of the calculation.

As a next step, one could perform the phase space
integration of the partonic factor &(k, p,1,/',r) over the
unobserved gluon momentum r and the unobserved lepton
momentum 7/, and then Taylor expand in the transverse
quark momentum k7 up to the first order (and subsequently
set k7 = 0), or vice versa. We found that the order in which
phase space integration and Taylor expansion are per-
formed does matter. If one first expands in k;r and then
performs the phase space integration, the return appears
to be ambiguous and often manifestly incorrect. On the
other hand, we found that if we perform the phase space
integration first but keep a nonzero k7 at all times, then the
result, again indicated by &(x, z, k7, P, P, [, €) but with
I', r integrated out, is unambiguous. We note, however, that
the phase space integrations, in d =4 — 2¢ dimensions,
need to be performed to all orders in ¢, and an expansion in
€ has to be postponed to after the Taylor expansion in k.
Performing an exact phase space integration is possible
with the help of the methods described in Refs. [77-79].

There is a unique feature that appears at NLO for twist-3
observables: having performed the phase space integration
with nonzero kr, we arrive at the following sche-
matic factorization formula for the kinematical twist-3
contribution:

where we have introduced the partonic Mandelstam var-
iables § = (I+xP)* =xs, 1= (xP—P;/2)* =%1, i1 =
(I - P,/z)* = u/z. Since we explicitly keep the transverse
quark momentum k7, it appears in (17) as a scalar product
with the only other external transverse momentum [; of the

dz dx/dd_zk 8(3.0. 0t ky - Ly, . £.%)
DG4+ 0+ 2kp - 1)

ePhrSn £ (v, k) DY (2). (17)

I

incident lepton, thanks to our choice (4) for the light cone
vector n¥. Note that the gauge parameter x [see (11)]
explicitly appears in 6 so (17) by itself is not gauge
invariant at NLO. However, all terms proportional to x
turn out to be proportional to k. This means that if we set
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kr = 0 right away (as we do for leading-twist observables),
the gauge dependence drops out. As we will see in Sec. I E,
this gauge dependence also vanishes in case of our
twist-3 calculation. After combining the kinematical and
dynamical parts via Eq. (10) it is canceled by a corre-
sponding term from the soft-gluon pole contribution.
In addition, we extracted an explicit denominator
(8 + 7+ &t + 2ky - I7)'72¢. This denominator, for k; = 0,
typically displays a soft singularity for § +7+ 2 = 0 at
leading twist.
However, we need to Taylor expand the factor

6(8,7, 0, kp - Iy, u,e,x)
(8 471+ b+ 2ky - Ip)'+2¢

up to first order in k; (and subsequently set ky = 0),
because only in this case do we obtain a nonzero collinear
contribution from the first moment of the Sivers function,
using

/ A2k Kok f17 (3, K3) = M2 i (). (18)

The Taylor expansion to first order in k7 reads explicitly

~2(1+26)l7, 6.1 dpe) | Iro (G (3.1, @, . €, )
(3 47+ 0a)+> (S+i+a)re 7
|

and after the change of variables z :11:—”1}, X = xo/w,

discussed in Sec. II A, Eq. (17) assumes the following
schematic form (neglecting the v integration and the
fragmentation functions):

[ (( we)fip () | oa(v.woe, K)f#”(%))

. W (1 _W)2+2£ (1 _W)l+25

(19)

It is well known from leading-twist NLO calculations how
to handle the second term  1/(1 —w)!*2¢: in order to deal
with the soft singularity w — 1 in the integrand, one
introduces the plus distribution (21) isolating this singu-

larity by means of the following formula:

1 1
oy~ T
- e<w>+ LOE)  (20)

(obviously also valid for replacements € — 2¢). The plus
distributions in this expansion are defined as follows:

/ldwf(w) /1dw_vlvf(w) =S L r1) (1 - 2).

1—w

The 1/e-term in (20) is typically canceled by virtual
contributions, which ensures the infrared safety of lead-
ing-twist observables. Clearly, application of (20) does not
work for the first term in (19) due to the higher power in
1/(1 —w)*t2¢, which is a relic of the k; expansion for
kinematical twist-3 contributions and hence a new feature
compared to leading-twist NLO calculations. Our pro-
cedure of how to deal with this term is described in
Appendix C and is based on integration by parts. As a

result of integrating by parts, a derivative term (f ILT(]))’ =
n(F7)" is generated as well.

The final comment of this section is devoted to the
handling of the kinematical twist-3 contribution for the case
with just the fragmenting quark in the final state. This
situation includes the LO diagram (Fig. 1 left), as well as
the NLO virtual QCD vertex correction, see Fig. 3. As
mentioned before, the order in which integrations and kr
expansions are performed matters. As for the real correc-
tions, it is important to keep k finite [through a kinematical

|

approximation (16)] in virtual loop diagrams, integrate out
all emerging & functions that include k;, and only then
expand in ky. Let us discuss this point using a schematic

T~

FIG. 3. NLO virtual vertex correction relevant for the kin-
ematical twist-3 contribution. The momenta of the external lines
are denoted as in Fig. 1 (left). This diagram comes in interference
with the LO diagram in Fig. 1 (left), with a nonzero k. Also, the
mirror diagram needs to be taken into account.
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example for the NLO vertex correction, similar to (17) without the fragmentation function and z integration,

/d—x/dd‘sz5(§+?+ﬁ+
X
oo d 1
_)/ _W/dd_2k75<__(1_X)>(Uo+lr'k701)(v,wa€) PnkTSTfl(I( k2>
w w

- /dd 2krwo(og + Lr - kroy) (v, wy, €) P"kTSTfJ‘q< k2> (22)
Wo

2y kp)(oo + I - kyoy) (3,7, 4, E)SP"kTSTflLT’q(X’ k7)

where in the first line oy + [ - kro; represents the virtual
loop correction (the loop integration has been performed
analytically to all orders in ¢). This loop correction is
accompanied by a ¢ function that already appears at LO.
Both the ¢ function and the loop correction in principle
depend on k7, but in anticipation of the k; expansion we
only kept terms that are at most linear in k7. In the second
line of (22) we transform the integration variable x — xy/w

|

<‘71(U7w, €) + 2:0,,(woy) (v, w, e))

su(l—w)

w=

We observe that we also obtain a derivative term in this
case.

2. Dynamical twist-3 at NLO

In this section we discuss QCD corrections to the LO
diagram in Fig. 1 (right) generated by the SGP function
F(x,x). We describe special features and observations at
NLO as well as our general strategy for the computation of
dynamical twist-3 effects at NLO with radiation of an
unobserved gluon as an example (see diagrams in Fig. 4).

k'=x' P k-k'=(x-x") P

T )+ (e sau(vwe)

[
2t(l7-kr)
su(1-v)*
integrate the & function with wy = 1/(1 — y). Because of
the implicit dependence of the remaining integrand in the

third line of (22) on k; via w, and y, we expand the full

as before and abbreviate y = In the third line, we

integrand including the Sivers function f llT'q (xo/wo, k2) up
to the linear term in k7, and use (18). Eventually, the third
line of (22) simplifies to

2t

(=0 (i) (). (23)

w=l1

As discussed in Sec. IT A, to obtain a contribution to the
SSA, an imaginary part needs to be generated in the hard
scattering. In contrast to the LO formula (5), which is
generated merely by a soft-gluon pole enforced by the
propagator (9), there are several other sources of imaginary
parts at NLO due to the more complex phase space. We will
discuss them in the following:

a. Integral contribution: let us start with a general
schematic collinear twist-3 factorization formula for the
real corrections caused by gluon radiation in one of the

5 &

?:%%

N

FIG. 4. NLO real-gluon emission diagrams in the gg — ¢ channel relevant for the dynamical twist-3 contribution. One needs to
compute the interference of the sum of these diagrams with the sum of the diagrams in Fig. 2, with k; = 0.
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possible partonic channels that we call the gg — ¢ channel
(see Fig. 4). In particular, the LO result in Eq. (5) is part of
this channel. The notation refers to quark-gluon correla-
tions in the initial partonic state (¢g) and quark fragmen-
tation in the final state (g). The NLO formula will receive
contributions from both the quark-gluon-quark correlation
functions F and G [in contrast to LO (5)] that can be cast
into the following form:

/ dz/ el

(x,x',2)GY(x, )}Dq(z) +c.c (24)

Yx, x', z)F9(x, x')

The generic partonic factors &' are interference terms of

a Feynman amplitude M, with a collinear quark and a
collinear gluon in the initial state (as in Fig. 4) and a
Feynman amplitude M, with only one collinear quark in
the initial state (as in Fig. 2, but with k; = 0). We assume
that the phase space integration over the undetected lepton
and the radiated gluon has been performed. Hence, sche-
matically, we have

&N/dLIPSZ’ngngZ.

In the integral (24) we have explicitly extracted an
imaginary unit i, leaving the numerator of the partonic
factors &' real. Since we always add the complex
conjugate, c.c., in (24), it is clear that another imaginary
unit must appear in 6'° in order to produce a nonzero
expression. This is typically achieved by the small imagi-
nary parts entering the denominators of propagators in
Feynman diagrams. An example in LO is Eq. (9).

However, at NLO, complications may occur for certain
(but not all) partonic propagators in the hard scattering
amplitudes. As an example, let us discuss the following
propagator that appears in some of the Feynman diagrams
for the gg — g channel (see Fig. 4):

i
(p—k+K+r)?+is

Here, the approximated partonic momenta k=~ xP,
k'~x'P, and p~P,/z are as in the right diagram of
Fig. 1, but r refers to an additional gluon momentum that is
integrated out. Naturally, one may be tempted to deal with
this propagator, as in Eq. (9),

1 P in
(p—k+k+r?+is 2k-r—1
S+u—-21-r
5| ¢ - 25
. <€ 2% -r—1i ) (25)

where we introduced a useful variable { = % Then, if one
first performs the x’ (or, equivalently, {) integration, the
gluon momentum r* would enter the unknown functions F
and G in Eq. (24) implicitly as an argument for x’. To be
specific, we would obtain a generic contribution of the form
S+ia—-21-r

A5+ (P2)6(r)F( x,x = =),

/ r&6t(r*)é(r) <xx T

Since the quark-gluon-quark correlation function F (or G)
is unknown, the subsequent phase space integration over
the radiated gluon momentum r*, in particular in arbitrary
dimension d, would be very difficult to perform—although
formally possible if the functions F and G were to be Taylor
expanded in x'.

In order to deal with this particular complication we
reverse the order of integrations and perform the phase
space integration over * before we deal with the x’ integral.
To be precise, when phase space integration is performed,
the light cone momentum fractions x, x" are not constrained
at all [apart from their integration boundaries in (24)].
Hence, we call such contributions with unconstrained x and
X' integral contributions. Consequently, imaginary parts
are not generated by a principal value and pole decom-
position, as in (25). Instead, they emerge after the phase
space integration via the appearance of complex-valued
logarithms, where we carefully take into account the
imaginary part i0 of the propagator on the left side of
Eq. (25). As one example, a specific logarithm that appears
after phase space integration has the following form:

1= (B2 + C?)/(A + i8)?
1“( (- B/(A+0)) )

LB ey
=y
wint(1 - Qosen(c-75). (9

withA = —((1 =¢)8+ i+ a)/4,B=A+ Ct+ (tff‘H) and
\/m

2(3+1)
function and sgn the sign function. We observe that the
logarithm (26) produces an imaginary part for 0 < { < 1
or 0 < x’ < x. This is a general feature that we observe
for all complex logarithms generated by the phase space
integration.

We note that we perform the phase space integration for
the integral contributions in d =4 —2e dimensions.
Typically, the result will contain 1/¢ poles that originate
from soft and/or collinear singularities. However, since we
are looking for logarithms like (26) producing an imaginary
part, such 1/& poles become irrelevant, as NLO logarithms
only show up at order O(&°). In this way we arrive at a

In (26) O represents the Heaviside step
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result of the following form for the integral contributions to the gg — ¢ channel:

[loe 5 [ wlpemon ()

where we have, as before, transformed the integration
variables x and z to v and w. The partonic functions &'
have a finite limit to four dimensions and depend neither on
external kinematical variables s, ¢, u, nor on the renorm-
alization scale pu.

We observe that 5! (v, w, {) in general are not continu-
ous due to the explicit appearance of sign functions in the
complex logarithms, as in Eq. (26). This alone would be
acceptable, as the integrability of Eq. (27) would still be
ensured. However, in addition we also find severe end point
singularities of the { integral, as well as singularities in
between the integration boundaries. To be specific, the
partonic factors in the gg — ¢ channel behave as (f ;3 are
some generic functions independent of ¢)

§—>1 fi(v,w)
(o) S A,
515 (0, w, C—>2 fz(” W)
(w2 LM,
(o = B o8

q9—q _ 1 X0 . Xo
= (e il )

(27)

1-—
!
[

This behavior immediately indicates that the ¢ integral in
(27) diverges.

We deal with this feature in the following way: since we
know the singular structure (28) well, we may redefine the
partonic functions as

B (0.w.0) = C(1=0P(w =06 (0.w.0). (29)
Indeed, the new partonic functions &, are now well
behaved and integrable. Of course, we have to compensate
for the factor ¢(1 —¢)*(w —¢)? by dividing the quark-
gluon-quark correlation functions in (27) accordingly as
follows:

(30)

(RG)(%O,@) R (F,G)(Wz,gwo)

w) = 0w=0)

Obviously, the right-hand side now suffers from the same
divergent behavior that we tried to avoid in Eq. (28). We
next try to temper the divergences by subtracting from the
numerator Taylor expansions of (F, G)(2,{72) around the
three poles up to the linear term in {. The subtracted quark-
gluon-quark correlation functions then read

+(Clz(_1——>é)<<5 2420 —3w— 4wC)F‘1<— xo> +w=-0(1 - )xo(aqu)<— x0)>
CZEW_W? <(5 4¢ — 3w+2wC)Fq<—0 %0)—%(1—:)(1— )W(Fq) Cfiﬁ))
_% ((2§+w+2w¢)F‘1<)i3,0> +cjx0(azF'1)<tg,0)>], (31)
and
G oon8) = g | (63
# S (v 2= 3w w06 (2.0 ) + 00 = )1 = win(:67) (2. )
+CZ(W(I€);()12_C)%O(62G‘I)(%,%)
_(W—év);+®2 ((2C+w+2wC)Gq (%,0) +§x0(02Gq)<%,0>>]. (32)
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q9—9

Even though not immediately obvious from Egs. (31) and (32), both modified functions (F, G)jy~? turn out to be integrable
over the range 0 < ¢ <1 and xy < w < 1. Hence, the triple integral,

vy I dw 1 R - . - 11—
[ [ [ atletaoon OFE o0+ a0 G o D] (T2). 6
Vo X

which constitutes the final formula for the integral con-
tributions to the qg — ¢ channel, is convergent.

We note that there may be other ways to handle the
singularities in the ¢ integral. In particular, the terms
proportional to the color factor Cr in the partonic cross
sections &' (v, w, {) are less divergent around the three ¢
poles. Thus, for these terms, it would be sufficient to factor
out lower powers of 1 — ¢, {. Interestingly, there is no
divergence around { = w for the terms proportional to Cp.
Consequently, the subtracted correlation functions in
Egs. (31) and (32) as well as further parts of the calculation,
i.e., the hard pole, soft-gluon pole, and soft-fermion pole
contributions discussed below, would change as well.

b. Hard pole (HP), soft-gluon pole, and soft-fermion
pole (SFP) contributions: of course, the subtraction terms
in Egs. (31) and (32) [all terms except (F, G) (32, {32)] need
to be added back and handled individually. We first note
that the variable { does not enter the subtraction terms as an
argument of the functions F, G—the latter can in principle
be factored out of the ¢ integral. As a result, the subtraction
terms are evaluated only on a restricted part of the support
of F, G. For example, we recognize in the third line of (31)
the SGP function F(7¢,52) and its derivative term. Here,
only the diagonal support of F is probed. We have already
encountered such an SGP function at LO (5) and for
kinematical twist-3 in Sec. [ C 1 [Eqgs. (19) and (23) with
Eq. (10)]. Since the SGP function G(52,32) vanishes, only a
derivative term enters the third line of Eq. (32).

Other special regions of support of the quark-gluon-
quark correlation functions are probed by the subtraction
terms: the so-called SFP functions F(:2,0) and G(32,0)
(and their derivatives) appear in the fourth lines of Egs. (31)
and (32). The physical interpretation of an SFP matrix
element (F,G)(x,0) with X’ =0 is that an initial quark
entering a partonic amplitude (e.g., in the right diagram of
Fig. 1) carries no longitudinal momentum, hence the name
soft-fermion pole.

Lastly, the functions F(32, xy) and G(52,x) are probed
by the subtraction terms in the second lines of Egs. (31) and
(32). Such matrix elements are called HP because neither
the quark nor the gluon entering the partonic amplitude
are soft.

Technically, for the calculation of the HP, SGP, and SFP
subtraction terms it is not necessary to follow the order of
integration that we proposed for the integral contributions
above. Since the integration variable £, or x/, does not

appear directly in the correlation functions F and G in the
subtraction terms, we might as well return to the original
formulation of collinear twist-3 factorization (24), assum-
ing that the phase space integration has not yet been
performed. Then, for the subtraction terms, we may first
apply the decomposition (28), replace ¢ in the partonic
cross section 6 as well as in the {-dependent prefactors of
the subtraction terms (31) and (32) by the kinematic
fraction %, and eventually perform the phase space
integration. The advantage of this procedure is that we can
obtain expressions for all of the subtraction terms to all
orders in e.

The subtraction terms (31) and (32) are the only sources
of contributions entering with HP matrix elements F(32, x)
and G(f—g , Xo). One may consider the expressions we obtain
as the final HP results. They do carry 1/¢ poles that point
toward collinear singularities caused by gluon emission in
the gg — g channel. We can explicitly show that such
singularities are canceled precisely by the corresponding
HP term in the renormalization formula (15) (third and fifth
lines). This will be discussed in more detail below.

The situation is more complicated for the SGP and SFP
contributions. Not only do we encounter contributions
generated indirectly through the subtraction terms designed
for the integral contributions (33) to converge, but we also
obtain direct SGP and SFP contributions in the partonic
amplitudes, caused for example by Feynman propagators of
the form

1 1
(r—k+ kY +i6 (2k-r)(C—1+id)

_ % <L —ind(¢ - 1)>, (34)

-1
for the direct SGP contribution, as well as (9), and

1 1
(K =r2+is  (2k-r)(=C +id)

- _2k1- r (? * ims@)’ 9

for the direct SFP contribution. Such direct contributions
need to be calculated separately. Eventually, both direct and
indirect SGP and SFP contributions must be combined.
More details will be given below.
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3. Photon-in-lepton contribution at NLO

When performing NLO calculations for the single-
inclusive hadron production process in lepton-nucleon
collisions, #/N — hX, collinear singularities are encoun-
tered not only from unobserved partons in the final state,
but also from the unobserved lepton if assumed massless.
Upon integrating over the final-state lepton’s phase space
one may find a configuration where its momentum is
collinear to that of the initial-state lepton. Consequently, the
exchanged photon becomes quasireal and one hits the pole
of the photon propagator in this momentum configuration,
which leads to a collinear singularity that appears at NLO in
the form of a 1/& pole. This feature has already been
observed for the unpolarized cross section in Ref. [36]. As
discussed at length in that reference, one may deal with this
issue in two equivalent ways.

In the first approach, one explicitly keeps a nonzero
lepton mass m, throughout the NLO calculation. Conse-
quently, the phase space integration over the unobserved
parton and lepton at NLO becomes considerably more
involved, especially in view of the need for an all-order
(in &) result (see Appendix C). This may be seen as a clear
disadvantage of this approach. Regardless of this, one may
then expand the result in the small lepton mass and keep
only the In(m,) terms and those of order O(m?%). The

J
rkealy dz
i d dxo
"dp, / / g / (

and for the dynamical contributions,

dgfiealy dz 1 A
E, — = [ dy [ dx dx’'s
eI L_l (”s

x [P x)a (v, x

In these factorization formulas the partonic factors
can be constructed by the NLO Feynman diagrams dis-
cussed above, but with the lepton lines removed and the
exchanged virtual photon replaced by a real photon with
collinear momentum ¢* = yl* (I* being the lepton’s four-
momentum). The partonic factors will be of the order
O(aema,) and are simpler to calculate, as no phase space
integration is required. As discussed above, for the dynami-
cal contribution (38) we need to extract an imaginary part

through the propagator poles. Due to the simpler structure

of the partonic factors 8(rfyarlly1 s we only encounter soft-gluon

poles and soft-fermion poles that are generated for “par-
tonic” photons.

After renormalization of the photon-in-lepton distri-
bution (A21), the contributions (37) and (38) are of the
order O(aZya,) due to the fact that the renormalized

nonzero lepton mass regulates the aforementioned collinear
singularity, and any partonic factor—unpolarized or polar-
ized—will take the following generic form (see [36]):

,) o)

#In(m3)). (36)

s
oNLO (0, W Mg, 1) = Giog (v, W, 1) ln(m

+(9(m

Given the small size of the lepton mass, the logarithm can
potentially become quite large, and its resummation to all
orders may be required. However, this is beyond the scope
of this work.

In the second approach one directly works out the NLO
contribution for massless leptons and regulates the collinear
singularity originating from quasireal photons through
dimensional regularization. However, in order to cancel
the emerging 1/¢ pole, additional contributions are needed.
For such contributions one treats the quasireal photon as a
parton within the lepton and works with the photon-in-
lepton distribution f{/ ‘ (A19). The factorization ansatz for
the transversely polarized cross section in the collinear
twist-3 formalism is similar to Eq. (23) of Ref. [36], for the
kinematical contributions,

)T [P e 0.2 37)

a0

2) + G, )G (3%, 7). (38)

photon-in-lepton distribution fq/ £MS (x,u) in (A22) is of
order O(aey,). Thus, the contributions (37) and (38) can be
matched to the NLO corrections from real-gluon radiation
discussed above, and we find that the collinear 1/& pole
originating from quasireal photons indeed cancels for every
partonic channel. This serves as an important check of our
calculation. Also, the artificial factorization scale u in
(A22) drops out of the final result after the “partonic
photon” and NLO corrections are merged. Eventually,
expansion (36) is recovered in this way, as was already
observed in [36].

D. Channel gg — ¢: Virtual corrections

Having discussed the setup of our calculation, let us now
focus on the particular channels. We start with the virtual
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corrections to the LO diagrams. The kinematical twist-3
contribution at LO, generated by the first moment of the

Sivers function fllT(l)’q(x), is indicated by the left diagram
of Fig. 1. The virtual NLO correction to this diagram is
shown in Fig. 3. This correction to the quark-photon
vertex is the only virtual correction that is relevant for
the kinematical twist-3 effects. The computational pro-
cedure has already been discussed in Sec. IIC 1 [see
Egs. (22) and (23)]. Again, we stress that the calculations
can be performed to all orders in ¢. Interestingly, the result
we obtain for the NLO contribution from the virtual vertex
correction in Fig. 3 turns out to be gauge invariant in the
sense that the dependence on the gauge parameter « [see
Eq. (11)] vanishes. We also point out that the choice of the
light cone vector (4) simplifies the loop calculation to a
large extent, since for this choice /; is the only non-
vanishing transverse part of the external momenta. Note
that we only encounter the color factor Cr in the vertex
correction in Fig. 3.

As a general remark, since we work with the modifica-
tion of Eq. (11) for gluonic propagators introducing
denominators that do not have a quadratic dependence

on the momentum, we use the following strategy to perform
the loop integrals: first, we perform a Sudakov-type
decomposition of the loop momentum 7#, such as

= (r-P)n*+ (r-n)P*+r4,

where the transverse component is defined through (3).
Second, we divide the integration into integrals over the
light cone components and over the transverse components
(in d —2 =2 —2¢ dimensions), and integrate the r- P
component via contour integration. Third, thanks to the
choice (4) for the light cone vector, the transverse integrals
can be analytically computed for all e. Finally, the
remaining light cone component r-n is integrated
analytically.

Next, we focus on the virtual corrections to the LO
dynamical twist-3 contribution indicated in the right dia-
gram of Fig. 1. The calculation of these corrections is more
involved compared to that of the virtual correction for the
kinematical twist-3 contribution in Fig. 3. In fact, there are
three box diagrams shown in Fig. 5, four vertex corrections
displayed in Fig. 6, and one self-energy correction in Fig. 7.

*MM% e

P2

—_—

FIG. 5. NLO virtual box diagrams relevant for the dynamical twist-3 contribution. The momenta of the external lines are labeled as in
Fig. 1 (right). These diagrams come in interference with the LO diagram in Fig. 1 (left), with k7 = 0.

&%,

T

%

FIG. 6. NLO virtual vertex corrections relevant for the dynamical twist-3 contribution. The momenta of the external lines are labeled
as in Fig. 1 (right). One needs to compute the interference of the upper diagrams with the LO diagram in Fig. 1 (left), with k; = 0. The

lower diagram represents an interference of the LO dynamical
in Fig. 3, with k; = 0.

twist-3 diagram of Fig. 1 (right) and the vertex correction
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FIG. 7. NLO virtual self-energy diagram relevant for the
dynamical twist-3 contribution. The momenta of the external
lines are labeled as in Fig. 1 (right). This diagram comes in
interference with the LO diagram in Fig. 1 (left), with k7 = 0.

The different loop diagrams carry three kinds of color
factors. For example, the color factor of the left box diagram
in Fig. 5 is N, /2 because of the three-gluon vertex, while the
box diagram in the middle is proportional to Cr — N./2 and
the box diagram on the right is proportional to Cp.

All in all, we identify two independent color factors Cp
and N, /2 within the loop diagrams and combine all virtual
contributions accordingly. Eventually, we sum the virtual
corrections to the kinematical and dynamical twist-3 effects
by means of (10). Because of the more limited two-body
phase space (with the final-state quark momentum fixed) of
the virtual corrections, the factorization formula for the
dynamical twist-3 contributions [see Eq. (24)] simplifies.
In particular, the x integration in Eq. (24) can be easily
performed due to the overall § function &(x — xj) o
5(1 —w) for the LO and virtual NLO corrections.

At the same time, as discussed earlier, an imaginary part
must be generated in the diagrams of Figs. 5, 6, and 7 so
that the factorization formula (24) leads to a nonvanishing

|

expression. Similarly to LO, such an imaginary part
emerges from the decomposition (9) of a quark propagator.
The imaginary part of (9) provides a § function 5(x" — x),
and therefore, x’ = x = x;. In this way a soft-gluon pole
contribution emerges, entering as always with the ETQS
matrix element F(xg,x). This is the only contribution
that originates from an imaginary part of a Feynman
propagator—soft-fermion poles or hard poles are not directly
generated because of the restrictions on phase space.

That said, there is yet another source of an imaginary part
hidden in the loop diagrams in Figs. 5-7. In fact, loop
integrals can generate an imaginary part for certain regions
within the x’ integration in the general factorization for-
mula (24). Such an effect has been observed earlier also for
other processes, for example for the transverse SSA in DIS
where a two-photon exchange between an electron and a
quark generates an imaginary part within a loop [32-35].

In the region x’ > x = x(, the left and middle box
diagrams in Fig. 5 as well as the upper vertex corrections
in Fig. 6 and the self-energy correction in Fig. 7 provide
imaginary parts that originate from loop integration.
Generally, while both light cone fractions x and x’ are
fixed by o6 functions for the SGP contributions, i.e.,
x = x' = xq, the situation is different for the imaginary
parts of the loop diagrams. The light cone fraction x = x is
still fixed by the limited phase space, but we have to
integrate over x’, in the upper example from x = x,to 1. We
may transform x’ = x,/w and apply the symmetry proper-
ties of the quark-gluon-quark correlation functions (AS).
Interestingly, the resulting formula,

e B o T e B L)
w w W w

has the same form as that for the hard-pole contributions
constituted by the subtraction terms in the second lines of
both Egs. (31) and (32). Indeed, we find that it is necessary
to add the contribution (39) to the hard-pole contributions
originating from real NLO corrections to cancel all col-
linear 1/¢ poles. This feature gives us much confidence in
our result.

|

o) (- (-
w

In this expression the support of the quark-gluon-quark
correlation functions is probed for negative x = — 1»—va 0
turns out that (40) has the same form as the hard-pole
contributions found in the g¢ — ¢ channel. In this channel,

w A3,x'<0
” xo,xo> + 05 X0, —

|

There is yet another region x’ < 0 where we find nonzero
imaginary parts, provided by the loop integrals of the
middle and right box diagrams of Fig. 5. We can again
convert this contribution by a change of variable x = x, and
X = —I‘TWxO, use the symmetry features (AS5), and obtain

the schematic formula

1- 1-
Wx0,€> G1 (— wxo,xoﬂ .
w w

(40)

|

we encounter slightly different twist-3 matrix elements
[compared to (2) in the gg — g channel]. These matrix
elements may be interpreted as quark-antiquark-gluon
correlation functions. We will discuss this channel in more

114024-16



TRANSVERSE NUCLEON SINGLE-SPIN ASYMMETRY FOR ...

PHYS. REV. D 112, 114024 (2025)

detail later in Sec. ITF. At this point, we mention that,
again, the contribution (40) is crucial for canceling the
1/e poles in the hard-pole contributions to the gq — ¢

Although the virtual corrections consist of several loop
diagrams for kinematical and dynamical twist-3 effects, we
eventually arrive at a quite compact result that we present in

channel. the following formula:
|
Ehd((;}i\I_LlC;')‘Zrt = S) ;;l:l dv [01 ci:vzq:eé <11_ 1;1>ZED? (11__1;1> {&m,sgp(v,w,)(wa)((l +&)F9 — xO(Fq)/) (x0, X0)
N R ] ) R S PR e R e | Y
where the partonic factors can be given to all orders in &, with y, = ZSM—“Z and rr = %{;g_é)
Bin 5P (Vs W1y €) = CrSerryp (1 — v) 1610 (v, w, 8)_(22(_18—;’_26,2)82)
5'vin,3,x’>x(”vw»ﬂ(ﬂ,€) =S, % ‘(1-w)” ey 1(151 J;;)) (1 ZV:;H N(l _(i :iz))(r_czg(l - 8)’
Buinsr0(0. .2 €) = S, % (1 p)2epe 1(151 +U)4) ; W1+e)£ (2C§(1—iv2;8 :;8_) &) 2)

Interestingly, the virtual SGP correction 6y sgp 1S propor-
tional only to the color factor C even though several loops
proportional to the other color factor N, initially also
contribute [like the box diagram in Fig. 5 (left)]. In other
words, all terms with a color factor N, entering the virtual
SGP correction eventually cancel. We also note that 6, sgp
is proportional to 61 of Eq. (8) that constitutes the LO
partonic factor in (5). If we expand the remaining factor in

Ovyirt, SGP>

—(2—e+2¢%)
e2(1 —2e)

we observe that the soft and collinear divergences are
exactly the same compared to the ones we encounter for the
unpolarized cross section (see Eq. (8) of Ref. [36]). This
particular feature has also been observed in Ref. [47] in
polarized SIDIS. We note that the —2/&* pole must cancel
once the virtual and real NLO corrections are combined,
and we do observe this cancellation.

The partonic cross section 6 5 x'~x in (41) yields a 1 /e
pole indirectly through the expansion (20) of the term
1/(1 — w)'*¢. Since this pole is proportional to a 5(1 — w)
function, this pole may also be attributed to the SGP
contribution. In any case, this 1 /¢ pole is needed to obtain a
finite final result.

E. Channel gg — ¢: Real corrections

In this section, we discuss further features that we
encounter in the calculation of the real-gluon emission

|

corrections. The relevant NLO Feynman diagrams for the
kinematical twist-3 contributions generated by the first
moment of the Sivers function are shown in Fig. 2. These
kinematical contributions can be combined with the
corresponding SGP contributions through (10). As was
already mentioned in Sec. IIC, the kinematical NLO
contributions generated by real-gluon emission are gauge
dependent, that is, the gauge parameter « of (11) explicitly
appears in these expressions. This gauge dependence
eventually cancels once the kinematical and SGP contri-
butions are combined. Since the gg — ¢ channel served as
an example of the general setup of our calculation in
Sec. II C, most of the relevant details of the calculations
have been discussed there and we refrain from repeating the
discussion here.

The NLO Feynman diagrams for the real-gluon emis-
sions within the dynamical twist-3 contributions are shown
in Fig. 4. The procedure of how we calculate these NLO
contributions has also been described in Sec. II C. This
procedure first involves handling the infegral contributions
as in Eq. (33) as well as the subtraction terms in Eqgs. (31)
and (32). As discussed in Sec. IIC, the subtraction
terms generate HP contributions as well as SGP and
SFP ones that must be combined with direct SGP and
SFP contributions.

At this point, we would like to add a remark about a
technical feature within the calculation of these HP and
SGP effects that does not appear in NLO calculations for
leading-twist observables. In Sec. IIC1 we already
encountered an unusual 1/(1 —w)2*% term. Such terms
are also found in the NLO calculation of the HP and SGP
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subtraction terms. Even more singular terms 1/(1 — w)3+¢

emerge. We deal with these using analytic continuation
based on integration by parts identities. The procedure is
described in detail in Appendix C, and it leads to first and
second derivatives of the quark-gluon-quark correlation
functions F(x,x") and G(x,x’) entering our final result.

To be specific, we first extract the various 1/(1 — w)"+¢
terms of a generic HP or SGP function o(v,w,¢) as
follows:

o(v,w,e) = o3(v. €) o(v,¢) o1(v,¢€)
o (1=w)de " (1=w)>e (1 —w)l+e
+ Oreg (v, W, €), 43)

where the remainder o, is a function that is integrable
over x, < w < 1. For the term 1/(1 — w)!*¢, one can use
the familiar decomposition in Eq. (20). The other terms,
1/(1 —w)*"¢ and 1/(1 — w)3*¢, are then treated according
to Appendix C. The explicit formulas are also col-
lected there.

1. Hard poles

After applying all necessary integration by parts iden-
tities for the HP contributions, one ends up with terms
proportional to the derivatives —xo0; (F,G)(52.xy) and
x501(F,G)(2,xy) of the quark-gluon-quark correlation
functions. Moreover, the HP subtraction terms in (31)
and (32) also contain the derivatives —x(d,(F,G) (32, xo),
which we deal with following the prescription of
Appendix C. We emphasize that we already combine these
HP results at this stage with the MS renormalization terms
[third line of Eq. (15)] and the hard-pole contributions of
the virtual corrections [third line of Eq. (41)]. Furthermore,
we integrate by parts the terms of our result that include
derivative terms x3(01F) (32, xo) and —xo(0,F) (32, xo). We
do this for regular terms in the partonic factors, but not for

distributional terms 1/(1 —w),, (m(ll__wfv))Jr, and 6(1 —w).
Useful identities regarding this kind of integration by parts
are also listed in Appendix C. Eventually, we explicitly
observe that this procedure cancels all 1/e poles except
those proportional to a §(1 — w) distribution. However, we
later combine such poles with the corresponding ones for
soft-gluon pole contributions. The cancellation of poles in
the HP terms concerns exclusively partonic contributions
with a color factor N., whereas contributions with Cr do
not exhibit 1/ poles. The explicit result for the hard-pole
contributions can be found in Eq. (65) below.

2. Soft-gluon poles

As a next step we focus on the direct SGP contributions
that are generated directly by propagators (9) and (34)
hitting their poles. We first discuss the contributions
proportional to the color factor N, since they do not

receive contributions from kinematical twist-3. The direct
SGP contribution proportional to N, can be arranged in the
following schematic form:
/
/dx’i , 02/(X) 4 571 (x.x ).
(X =—x) (X —x+i6) X' —x+is

F(x,x") +c.c.
(44)

The second term in (44) clearly sets x' = x in the partonic
factor o and projects out the ETQS function F(x, x). But
what about the first term, which turns out to be proportional
to %’? We may easily replace this term with a derivative

of a delta function, i.e., —%5()& —x), followed by a
subsequent integration by parts. In this way a derivative
term of the ETQS function F(x,x) is generated, and (44)
reads

2x—”0'2(x) (x(0,F)(x,x)) + 2701 (x, x)F(x,x). (45)

The rest of the calculation of the partonic functions ¢; and
0, in (45) is straightforward and follows the lines described
above. Some technical details can be found again in
Appendix C.

At this point, we observe an explicit cancellation of all
1/¢ poles that contribute to the N, parts of the SGPs and
their derivative terms. This cancellation is particularly
involved for the (1 —w) terms that are generated not
only by the 1/(1 — w)!*¢ expansion of (20), but also by the
boundary terms of integration by parts in the calculation of
the NLO hard poles.

a. Cancellation of collinear poles emerges for the terms
proportional to N for the second derivative F"(x,x) we
observe an explicit nontrivial cancellation of the 1/¢ poles
for the &(1 —w) distribution once the SGP and HP
contributions are added. The remaining collinear poles
accompanied by a 1/(1 —w)__ distribution cancel as well.

The situation is more complicated for the first derivative
—xoF'(x,x). As far as the (1 —w) distribution is con-
cerned, we need to add contributions from direct SGP and
its derivative term, as well as SGP and HP subtraction
terms in (31) and (32). However, this is not yet enough to
cancel all 1/¢ poles. In fact, the cancellation is completed
by including the renormalization term in the last line of
(15). For the remaining non-6 function terms it turns out
that the 1/¢ poles do not cancel even after the direct SGP
terms, subtraction SGP terms, and renormalization
terms, and additionally the photon-in-lepton contributions
(cf. Sec. IIC3), have been added. However, the plus
distributions at order 1/¢ do cancel out, and the remaining
1/¢ pole becomes regular with respect to the integration
variable w. Consequently, we can integrate these pole terms
by parts and combine them with the ones appearing with
just F(x,x) (without a derivative).
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Eventually, several contributions to the §(1 — w) distri-
bution accompanying the ETQS function F(x,x) are
accumulated from the direct SGP terms, subtraction SGP
and HP terms, renormalization terms [last line of (15)],
boundary terms of integrations by parts involving the first
derivative —xyF’(x, x), as well as the imaginary part of the
loop diagrams [second line of Eq. (42), the 5(1 — w) term].
It is intriguing that the 1/¢ poles cancel after adding so
many contributions, which again gives us great confidence
in our result. In the same way, the 1/¢ poles cancel for all
the non-5(1 — w) terms.

b. Cancellation of collinear poles emerges for the terms
proportional to Cr: the complexity of computing the Cp
parts of the SGP NLO contributions is even larger due to
the kinematical twist-3 contributions. The technical diffi-
culties of this particular contribution have already been
discussed in Sec. IIC 1. We emphasize again that the
kinematical twist-3 contributions are an integral part for
obtaining color gauge invariance of partonic cross sections.
Apart from this feature, the computation of the various
partonic cross sections is similar to that for the N, terms
described above. In particular, we also observe a cancella-
tion of all 1/¢ poles. In contrast to the N, part, we need to
include not only the SGP renormalization terms of the
ETQS function in (15) but also the renormalization terms
of the twist-2 fragmentation function in Eq. (A16). On
top of that, not only do we need to include the imaginary
parts of the loop diagrams [second line of Eq. (42), finite
as ¢ — 0], but also their SGP contributions [first line of
Eq. (42)]. The inclusion of the latter terms guarantees the
cancellation of the 1/&? poles as well as the cancellation of
the 1/¢ poles for the §(1 — w) distribution of the Cj- part of
the partonic cross section accompanying the function
F(x,x). In addition, also the non-5(1 — w) terms can be
arranged in such a way that eventually all 1/¢ poles cancel.
The full analytic NLO results for the SGP contributions,
valid in d =4 dimensions, are presented in the next
section, Eq. (66).

As a last remark we mention again that we organize our
analytic SGP results such that all regular, nondistributional
terms in the partonic cross section for the derivative terms
are integrated by parts so that only the §(1 — w) and plus
distributions remain in these cross sections. This is similar
to what was done for the nondistributional HP derivative
terms, and corresponding identities that we found useful for
this task can again be found in Appendix C.

3. Soft-fermion poles

The partonic channel gg — ¢ also receives contributions
from soft-fermion poles. Similarly to hard and soft-gluon
poles, there are SFP contributions that originate from the
appropriate SFP subtraction terms in Egs. (31) and (32).
The calculation of these partonic cross sections that
accompany the SFPs F(32,0) and G(32,0), and their
derivative terms —xo(0,F)(32,0) and —x((0,G)(32.0), is

W

straightforward. We do not meet any of the complications
in the soft limit w — 1. Consequently, we do not need to
calculate the SFP factors to all orders in ¢ and we can
directly work with an expansion in e. Additional “direct”
contributions to the SFP partonic factors originate from
propagators in the diagrams in Fig. 4, where an imaginary
SFP part is generated by a propagator such as (35) hitting
its pole. One also needs to take into account additional SFP
contributions from the photon-in-lepton kinematics of
Eq. (38) (see the discussion in Sec. I C 3).

One peculiarity we observe is that a collinear 1/¢ pole
still remains even after the aforementioned SFP partonic
factors originating from the SFP subtraction terms, “direct”
SFP terms, and photon-in-lepton SFP terms are added,
indicating that there are additional so far unaccounted
contributions. Indeed, it turns out that also another partonic
channel, the gg — ¢ channel to be discussed in the next
section, generates contributions proportional to the SFP
matrix elements F(7¢,0) and G(32,0). We combine the
corresponding contributions with the SFP contributions of
the gg — ¢ channel and find that eventually all 1/¢ poles
cancel, resulting in finite and well-behaved SFP cross
sections.' Since SFP renormalization terms are not present
neither in (15) nor in the LO cross section (5), there is no
dependence on the renormalization scale y. However, the
SFP cross sections will depend on the lepton mass m, due
to the photon-in-lepton contributions.

The partonic cross sections accompanying the SFP
derivative terms —xy(0,F)(32.0) and —x((9,G)(52.0) are
generated only by the SFP subtraction terms (31) and (32)
and are finite.

F. Channel gq — q

The calculation of the twist-3 contributions in the
qq — g channel is similar to the one we described in
Sec. I E for the gg — g channel. The relevant diagrams are
shown in Figs. 8 and 9. This channel is less complicated
because there are neither kinematical twist-3 contributions
nor soft-gluon pole contributions. Soft divergences in the
limit w — 1 can be handled in the usual way by means
of Eq. (20).

Curiously, since this channel probes the quark-antiquark
content of the nucleon’s wave function, there are several
symmetries between quark-antiquark exchanges in the
initial state and in the fragmentation of quarks and anti-
quarks in the final state. As it turns out, because of these
symmetries, it is sufficient to calculate the interference of
the diagrams in Fig. 9 with those in Fig. 8 only. Strictly
speaking, this interference would point toward a channel of
a quark-antiquark-gluon correlation followed by a quark

'Interestingly, a similar cancellation of SFP contributions
between different partonic channels has been observed earlier
in Ref. [80] in SIDIS.

114024-19



REIN, SCHLEGEL, TOLLKUHN, and VOGELSANG

PHYS. REV. D 112, 114024 (2025)

¢

¢+k-p-r

p=1/z R,
k-r?
-
00QQ ¢—<——
k=x P + ky

FIG. 8. NLO diagrams relevant for the gg — ¢ channel with a
gluon in the initial state. One needs to compute the interference of
the sum of these diagrams with the sum of the diagrams in Fig. 9,
with k7 = 0.

fragmentation in the final state, hence labeled ¢g — g.
However, all other channels such as gg — ¢, gq — ¢, and
gq — g can be linked to the gg — ¢ channel. Therefore,
we generically refer to it as the “qq — ¢ channel.”
Field-theoretically, the hadronic matrix element that
enters the factorized description of the gq — ¢ channel
is the quark-gluon-quark correlator (2). However, this
correlator is evaluated at different light cone fractions, that
is, it enters as @ (x’ — x, x'). The reason for this is that an
antiquark and a gluon exchange their role in comparison
with the gg — ¢ channel. This flip of antiquark and gluon
|

(+k-p-r

K=x'P k-k'=(x-x') P

i 7

FIG. 9. NLO diagrams in the gq — ¢ channel with a quark-
antiquark pair in the initial state. These diagrams are relevant for
the dynamical twist-3 contribution of the gg — ¢ channel. One
needs to compute the interference of the sum of the diagrams with
the sum of the diagrams in Fig. 8, with k; = 0.

legs is reflected in a change of the variable x — x’ — x. The
schematic form of the factorization formula for the channel
qq — q reads [cf. Eq. (24) for the gg — ¢ channel]

d 1 j
/Zi/ dxl_1 dx’i (699741 (x, X, ) F9(x' — x,x') + 699795 (x,x', 2) G4 (x' — x,x')| DI(z) + c.c. (46)

The partonic factors 6947913 (x, ¥, 7) are, as before, con-
structed as (d — 1)-dimensional phase space integrals of
interfering diagrams of Figs. 8 and 9. Interestingly, it turns
out that the upper and lower diagrams of Fig. 9, i.e., those
with a coupling of the exchanged virtual photon to either
the quark or the antiquark, form two independent classes of
|

|
interference effects that may be treated independently. Both
of these classes carry a color factor Cr — N,./2 = — ﬁ that
leads to a 1/N?2 suppression compared to the channel

qg — q. To be specific, we may split the partonic functions
in (46) into two parts,

_ 1 5 3
599015 (x ¥/ 7) = [8‘{‘””’1’5 (x.x',2) + 85770 (x Z)}, (47)

_2—NC

where 6 , in (47) refer to the interferences of the upper/lower two diagrams in Fig. 9 with those in Fig. 8, respectively. The
symmetries between quarks/antiquarks in the initial and final states mentioned above occur via a change of integration
variables x’ — x — x’ in (46). Specifically, we find the following symmetries, which allow us to restrict ourselves to the
configuration ¢g — ¢ shown in Fig. 9 only,

8{‘72_"”1(&)(’, 2) =83 (x,x - X, 2) = 6357 (x,x — ¥, 2),
6’1’:‘12_"1 Y(n,x.2) = —6%—"_”5 (x,x—x,z) = _&%aq,s (x,x—x', 2). (48)

It turns out that the computational procedure for the two interference effects &’{E’_’q and 8;’5_"’ differs. In order to

demonstrate this feature, we start the NLO calculation of the g¢ — ¢ channel with the integral contributions as described in
Sec. IT E. We find that the corresponding partonic functions carry different denominators [cf. the discussion above (31)] and
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modify them as follows:

A~ 1.5 A 1,5
T (0w, 0) = L(w =261 (v, w, 0),

I (0, w,8) = (1= 085774 (0, . Q). (49)

As it was the case for the gg — g channel, the partonic functions of the integral contributions 677 1

Aqq_’q‘l’s(v, w, ) are well

behaved and perfectly integrable. However, the inverses of the prefactors in (49) need to be shifted to the correlation
functions F, G(—(1 —{)32,{72), which in turn requires new subtraction terms [cf. Egs. (31) and (32)] of the following

types:
- 1 2w — 1—
Fia (xo, w,§) EW [Fq <—(1 —5)%7C%> _ V:}z ¢) F <‘ WWXO,XO>
— _ _ 2
_Mxo[aqu_f_aqu}(_l on’xo) _MFC](_@’O)]’ (5())
w w w w
= 1 2w — 1-
— _ _ 2
—on[aﬁuach (—1 wao,xo) —%G%—x—;,oﬂ, (51)
and
A a0 = P (0= 02,02 - o020, (52
Gi5" (x0. w. ) Elig {Gq <—<1 -0, fﬁ) -G (0’;?)} (53)

Applying the subtractions, we end up with integrable
functions F{} |/, and Gii77,.

Next, we focus on hard-pole contributions. The only
source of such contributions are the subtraction terms in the
second lines of Egs. (50) and (51). They can be calculated
as described in Sec. ITE. An infrared singularity of the
type 1/(1 —w)'2¢ emerges after phase space integration,
and we can readily regularize it via Eq. (20). We note
that we require neither photon-in-lepton contributions (see
Sec. I1C3) nor MS renormalization terms for the frag-
mentation function in (A 16) to cancel the collinear 1/& pole
for the hard-pole contribution. However, we do need to add
the NLO MS renormalization terms of the soft-gluon pole
matrix element in the last four lines of Eq. (15) for a proper
removal of collinear divergences of the hard-pole contri-
butions and their derivative terms [see the second line of
(50) and (51)]. Interestingly, there is yet another term
originating from the imaginary part of the virtual contri-
butions that is essential for the cancellation of the diver-
gences of the hard-pole contribution. This term has already
been discussed in Sec. II D and presented in the last two
lines of Eq. (42). After adding all terms, we end up with a
well-defined and finite NLO result for the hard-pole
contribution for the gg — ¢ channel.

There are also soft-fermion poles that appear as sub-
traction terms in the second lines of Egs. (50) and (51).
These SFPs F, G(—72,0) correspond to soft-fermion poles
for antiquarks by virtue of charge conjugation—see the
discussion below Eq. (A4). Interestingly, these anti-
quark SFPs need to be combined with the direct antiquark
SFPs, that is, SFPs generated by a propagator hitting its

pole similar to (35). However, these direct SFPs appear

~qq9—>q.1,5

in the partonic function 65 (v,w, ) rather than in

8997413 (y, w, ). This feature again displays the compli-
cated interplay between various, seemingly different,
dynamical twist-3 terms at NLO. Eventually, the collinear
divergence cancels once the SFPs F,G(-32,0) from
photon-in-lepton contributions are added.

In contrast, the SFP contributions F, G(O,X—vg) in the
subtraction terms of Eqgs. (52) and (53) should be
combined with direct SFP contributions that are found in
819701 (1, w, &) rather than in 69779 (v, w, £). However,
even after adding the corresponding SFP contribution from
the photon-in-lepton contribution, a collinear 1/¢ pole
remains. In fact, this is a feature that we have already
described for the SFP contribution in the gg — ¢ channel
(see the discussion in Sec. ITE 3). Only if we add the SFP
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K'=x' P k-k'=(x-x") P

FIG. 10. NLO diagrams for the g¢ — ¢’ channel with a quark-
antiquark pair in the initial state. These diagrams are relevant for
the dynamical twist-3 contribution. We need to compute the
interference of the sum of the diagrams with the sum of the
diagrams in Fig. 8, with ky = 0.

contributions generated by the functions F, G(0,72) for the
qg — q and the gq — g channels does the collinear 1/¢
cancel. As mentioned above, we assign the final well-
defined NLO SFP result to the gg — ¢ channel rather than
to the gg — ¢ channel.

The analytical results for the g¢ — ¢ channel are shown
explicitly in Eq. (68).

G. Channel gq — ¢’

The calculation for the gg — ¢’ channel is quite similar
to that for gg — ¢. The main difference is that the flavor of
the fragmenting final-state quark can be different from that
of the initial quark-antiquark pair. In addition, the color
factor for this channel is Ty = % Therefore, the gg — ¢’
channel is suppressed only by O(1/N.) compared to the
qg — q channel, rather than by O(1/N?). The relevant
partonic functions are generated by an interference of the
two diagrams in Fig. 10 with those in Fig. 8. The only
reason why this channel leads to a nonvanishing contri-
bution is the difference between quark and antiquark
fragmentation into the observed hadron. In contrast, this
channel vanishes for jet production. However, it may
|

Fi(-(1-0)3,

£ —¢F1(0.3) — (1 - OF(=32.0)

become more important in comparison to the other partonic
channels if heavy quarks are studied, for example, in the
production of D-mesons.

The gq — ¢’ channel is a standalone channel in the sense
that it is finite and well behaved on its own. It does not
require any MS factorization terms from either the LO SGP
matrix elements or the quark fragmentation function to
cancel collinear singularities. However, the channel does
require the implementation of photon-in-lepton contribu-
tions generating logarithms ln(n;—z[)

From a technical point of view, the calculation can be
performed just as described in the previous section for the
qq — g channel. We observe an antisymmetry of the
partonic functions if the fragmenting final-state quark is
replaced by an antiquark,

699=015 (x, X, 2) = =69770 15 (x, %', 7). (54)

As a result, the gg — ¢’ contribution will enter with the
difference of quark and antiquark fragmentation functions
in our final NLO formulas. Furthermore, we find additional
symmetry properties that reflect the behavior under an
exchange of quark and antiquark in the initial state,

6944 (x, %', 7) = =69979 ! (x, x — X', 2),

699745 (x, ¥ 7) = 4691795 (x,x = x',2).  (55)

This feature ensures that, like the fragmentation functions,
also the ggqg correlation functions enter as differences of
their quark/antiquark content.

Following the same computational procedure, we find
that the partonic cross sections of the integral contributions
carry a potentially divergent denominator ﬁ that is
extracted and combined with the gggq functions with a
subsequent subtraction of SFP terms. We define

/
Fiae " (x0,w,) =

!
Gin " (x0,w,.¢) =

GY(=(1- )% ¢%) ~£G9(0,2) — (1 - )GI(= 2 0)

¢(1=¢)

These two combinations generate well-behaved and finite
integral contributions.

We next turn our attention to the soft-fermion pole
contributions. From Egs. (56) and (57) we see that two
types of SFPs appear as subtraction terms. Together with
photon-in-lepton SFPs, these are the only sources of such
SFPs. In contrast to the ¢ — ¢ channel, there are no direct
SFP contributions. It turns out that both types of SFPs,

(-0 ' 57)

(F,G)(0,x) and (F, G)(—x,0), can be related to each other
via charge conjugation and can be interpreted as their
corresponding antiquark distributions. As mentioned
before, together with the symmetry properties (54) and
(55), this feature causes the contributions for this channel to
be driven by the difference of quark and antiquark
correlations.
We present our analytical results below in Eq. (72).
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H. Channel gg — g

The computation for this channel is quite similar to that
for qg — g discussed previously. Indeed, the partonic
factors originate from an interference of the diagrams in
Fig. 2 among themselves (for the kinematical twist-3
contribution) and from an interference of the diagrams in
Figs. 2 and 4 (for the dynamical twist-3 contributions).
However, for gg — g the observed hadron arises from
fragmentation of the final-state gluon in Figs. 2 and 4 rather
than from quark fragmentation. Technically, this means that
we have to exchange the labels of the external quark and
gluon momenta, i.e., ¥ <> p¥, in the diagrams in Figs. 2
and 4. Of course, this exchange modifies the momentum
flow within these diagrams, which will lead to different
analytical results. In addition, our factorization formula for
this channel will incorporate the gluon fragmentation
function DY in Eq. (A14) rather than the quark fragmenta-
tion function. Since the gluon fragmentation function
makes its first appearance at NLO level, MS renormaliza-
tion of the quark fragmentation function via Eq. (A16) is
the only ingredient needed for the cancellation of collinear
singularities in the hard partonic part for gg — g.

|

X0

- 1
Fi (x0,w, ) EW [F"<)£V—O,CW> —5(2—C)Fq(

The technical procedure is similar to the one we
described for the gg — g channel. Since the behavior in
the w — 1 limit is simpler here, the calculation is less
involved. In particular, we do not encounter any hard-pole
contributions. Remarkably, one can readily show that in
this channel, the C part of the “direct” SGP contributions
cancels against that for the kinematical twist-3 contribu-
tions. Consequently, the “direct” SGP contributions are
proportional to the color factor N, and are thus a result of
the non-Abelian nature of QCD.

However, there are also SGP contributions with both
color factors Cr and N, that appear through subtraction
terms in the integral contributions. We find that the partonic
functions for the integral contributions, calculated as
described below Eq. (24), carry a common singular

denominator ﬁ As before, we move this denominator

from the partonic factors to the ggq correlation functions.
In the same way as described earlier, we then need to
subtract SGP and SFP terms to ensure integrability of the
integral contributions. This procedure requires the intro-
duction of the following integrable combinations of corre-
lation functions:

0 2) 2Dy (22.2) - -pm (2.0

(58)

GY79(xp w. () = ﬁ [Gq (@ , c@) + ‘:(IW_ 9 (3:,G9) (x—vs : %) —(1-¢)7G¢ (x—v: , 0)] : (59)

w w

Adding the corresponding SGP subtraction terms in these
equations to the “direct” SGP contribution (proportional to
N, only), then adding the corresponding photon-in-lepton
contributions and the MS renormalization term in Eq. (A16)
(proportional to Cr) renders the resulting SGP partonic
cross section finite. In obtaining this result, integration by
parts of the derivative terms is useful. This is entirely
possible for this channel, as no plus distributions or delta
functions contribute to those partonic factors accompany-
ing derivative terms.

Lastly, we also need to add those parts of the subtraction
terms in Egs. (58) and (59) that generate soft-fermion pole
contributions to the “direct” SFP contributions, along with
the photon-in-lepton SFP contributions. It is straightfor-
ward to see that the collinear poles cancel, and we obtain,
also in this case, a finite result.

The explicit analytical results for the gg — g channel are
given in Eq. (75) below.

I. Channel gg — ¢’

Finally, we highlight the most important features of the
remaining channel, gg — ¢’. This channel features gluon-
gluon correlations inside the transversely polarized nucleon
and quark fragmentation in the final state. In contrast to the
q9 — q and ¢gg — g channels, where the kinematical
twist-3 effects were generated by the first moment of the
Sivers function alone, we now have the two kinematical

distributions G\ and AH'", both contributing at NLO [for
their definition, see Eq. (A3)]. For the kinematical twist-3
effects in this channel, one needs to compute the sum of the
diagrams shown in Fig. 8 in interference among them-
selves, and with nonzero ky.

To calculate the dynamical twist-3 effects for the gg — ¢’
channel, one needs to consider the diagrams in Fig. 11. As
far as the color structure of these diagrams is concerned, we
find that both the symmetric d*" and antisymmetric f*”
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FIG. 11.

il
l

NLO diagrams for the gg — ¢’ channel with a gluon pair in the initial state. These diagrams are relevant for the dynamical

twist-3 contribution. The sum of the diagrams comes in interference with the sum of the diagrams in Fig. 8, with ky = 0.

SU(N) structure constants appear, and thus both triple-
gluon correlators defined in Egs. (A11) and (A12) enter the
factorized description of the gg — ¢’ channel. Hence, we
obtain the following schematic form of the dynamical part
for this channel:

dz , oTp /
/ / /dxxxx ) { orp (X, X', )N (x,x7)

o+ 8 (5,2, 2)OF (.3 DY (2) + e (60)

Remarkably, the Feynman diagrams in Fig. 11 that generate

the partonic functions &g’,’f, in (60) do not contain propa-
gators of the form (25). Since such propagators (25) are
the only sources of logarithms with negative arguments
[such as (26)] that produce imaginary parts, their absence
indicates that there are no infegral contributions in the
gg — ¢’ channel. This immediately implies that subtraction
terms as in Eq. (31)—generating hard-pole and/or other
types of pole contributions—are absent as well. The
gg — ¢’ channel turns out to be the only partonic channel
discussed in this paper where a nonzero transverse nucleon
SSA originates from propagator poles alone. This feature
greatly simplifies the technical procedure to calculate the
partonic hard-scattering factors for this channel.

In fact, we find that 6/-¢ have propagators with a pole at
x' = x, which we previously called a soft-gluon pole, and at
x' = 0, previously a soft-fermion pole. However, since we
are now considering a situation where only gluons in the
nucleon are probed by the hard scattering, both cases
actually correspond to the scenario where one of the gluons
carries a vanishing longitudinal momentum. In addition,
the triple-gluon correlators Ng(x,x’) and Op(x,x’) in

Egs. (All) and (Al2) are parametrized in terms of a
combination of the triple-gluon correlation functions
(N,0)(x,x"), (N,O)(x,x —x"), and (N,O)(x',x" —x).
Therefore, no direct connection can be made between
the propagator poles and specific regions of the support
of N, O. Decomposing the relevant propagators in the hard
scattering into a principal value and a delta function [as,
e.g., in Eq. (9)], and taking into account the explicit factor
m in (60), one finds terms proportional to %

%)f/). This is similar to what happened in Eq. (44), and as

before these fractions of a ¢ function over its argument can
be turned into derivatives of the delta functions, i.e.,

‘s&x,/%;) =-35(x' —x) and % = —55(x'). Then, after
an integration by parts, terms are obtained that are propor-
tional to NV and O and their derivatives at several different
arguments. Using the symmetry relations N(x,x') =
N(x',x) = =N(—x,—x') and O(x,x') =0, x) =
O(—x,—x"), the only functions remaining in the final
expression are (N, O)(x,x),(N,O)(x,0) and derivatives
%(N, 0)(x,x),%(N, 0)(x,0).

We mention at this point that we performed the calcu-
lations for this channel with a general lightlike vector n#
instead of using a specific choice (4). In fact, we para-
metrized n* as in Eq. (59) of Ref. [43], with two un-
determined parameters indicating the arbitrariness of the
choice of the light cone vector n*. As suggested in [43], it is
necessary to relate kinematical and dynamical twist-3
effects to cancel the parameters. Such relations for the

and

gluonic kinematical twist-3 functions G(T1 ) and AH (Tl ) were
presented in [70] in d = 4 spacetime dimensions. We found
that the following extensions of the definitions given in
Egs. (13) and (14) of Ref. [70] are required in d = 4 — 2¢
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dimensions to ensure that dependence on the light cone
vector n* cancels in the partonic cross sections:

G<Tl)(x) =4xz(N(x,x) — (1 +¢)N(x,0)),
AHY (x) = —82(1 — €)N(x.0). (61)

Eventually, we also find for the gg — ¢’ channel that all
collinear 1/& poles in the partonic cross sections drop out
once the term of the renormalized SGP function F4(x, x) in
the last two lines of Eq. (15) is included, along with
the corresponding photon-in-lepton contributions to this
channel. To facilitate the explicit cancellation of the
collinear poles, integration by parts identities (C9) turn
out to be useful. An intriguing feature of the final result,
which can be found in Eq. (79) below, is that the partonic
hard-scattering factors accompanying the triple-gluon cor-
relation functions (N, O)(x,x) coincide, while those
accompanying (N, O)(x,0) differ by a sign.

III. ANALYTICAL RESULTS

In this section we collect the results of the previous sections
and present the explicit analytical NLO pQCD formula for
the transverse nucleon spin-dependent cross section of the
polarized single-inclusive process # + Nt — h + X.

A. Hadron production

We first present our NLO results for the production of a
hadron with large transverse momentum P,;. As elabo-
rated on in the previous section, there are several partonic
channels that contribute to the total spin-dependent cross
section. We labeled these channels as (1) gg — g,
(2) 99— q, 3). 99— ¢, 4) q9— g, and (5) g9 —> ¢'.
|

dgqg_)q

In each of the channels, we found that all collinear 1/¢
poles eventually canceled, demonstrating that collinear
factorization for our twist-3 observable holds at the one-
loop level for all contributions involving multiparton
correlations in the nucleon. Our results are therefore valid
in the physical d = 4-dimensional world.

We split the spin-dependent cross section into the
contributions of the various partonic channels,

T_, — — —q
Eh do_l{lgo " - Eh daflgLoq + Eh dgfg‘oq + Eh do_lj:;ioq
&P, &P, &IP, &P,
69979 de994
4 E NLO 4 E NLO ) 62
h FE Ph h FE Ph ( )

As discussed before, each of the partonic channels receives
various individual contributions related to the configura-
tions of momentum fractions of the incoming partons
described by the twist-3 correlation functions. We hence
further decompose the cross sections for the various
channels.

a. Channel qg — q: as discussed above, the gg — ¢
channel can be split up in the following way:

P TS daf[ﬁ*‘f E do;ﬁ‘{fq E dg;;é?‘f
d’P d’p, d&’p, d’p,
da’l!l—’q
1E, SEP_ (63)
d*P,

where we sum the integral (Int), HP, SGP, and SFP
contributions.

The integral contributions have the following analytic
form [cf. Eq. (33)]:

v Idw [1 1—-v
Ey i — (S —aS(ﬂ)/]d / —/ Ay e2nf (2,
h d3Ph UO( ) 271_ " v 0 w Jo C;eq 1 1_1) H

~q9—q.1 — ~qg—3q.5 _
2 [Gi]ngt 1 (U’W’C>Filrlgt q<x0’w9§7ﬂ) +61qngt 7 (U’W’ C)qur?t q(x09W7C7/'t)i|’ (64)

where the spin-dependent prefactor 6((S) is given in (6)
and the nontrivial but integrable combinations of quark-
gluon-quark correlation functions Fi % and G{%? in
Egs. (31) and (32). The flavor sum » 4 18 to be understood
as a summation over both quarks ¢ and antiquarks g. The
accompanying fragmentation function DY distinguishes
between the fragmentation of a quark and an antiquark

into a given hadron. All partonic functions F4 9, G{97,

[

and DY are to be understood as MS renormalized that
depend on the renormalization/factorization scale x. Note
that the partonic functions 6}, and &; , do not depend on u
for the integral contributions. The explicit analytic forms of
the partonic functions 6}, and 63, are provided in Egs. (D1)
and (D2).

As described in Sec. I1 E, the hard-pole contributions in
(63) can be cast into the following analytic form:
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ddz{%_)q aS(:u) Ui 1dW 2 1 - 1}1 N — ’1 xO
EhWZGO(S) 2ﬂ/0 dvlo qu:qulf T~ LU qu-I%Fq (U7W’)(u)Fq ;7)(0’#

v

~q9—q,1 X0 ~qg—q,1 X0
- Gﬂ%,a?F (0, W, x,)%0(01 F9) (w » X0 ﬂ) - qu-ﬁ’.aZF (0, W, ),)%0(0,F1) (w , x07ﬂ>
~qg—q,1 X0 ~Agg—q.1 X0
+ O-zlg}’,a?F(U’ w)xg(01F?) <W7Xo,ﬂ) + B1ib.o g, (1, W)X (010, F4) (;’Xo,ﬂ>
4 §99745 Ga (o £994.5 9.Ga) (X0
GupG (VW Xy) IR = G1ip 9,6 (Vs W)X (0, G) Yok
~q9—q.5 X0 ~q9—q.5 X0
Al 500269 (2.0 + 00030367 (2 )
+ ~49—4.5 2 0,0-,G4 @ (65
GHP,BI()ZG(”’W)XO( 10,G) W’xo’ﬂ . )

There are ten different partonic hard-pole functions 6%:’1 whose explicit analytical expressions are given in

Egs. (D3)-(D10). Notice that an explicit dependence on the renormalization/factorization scale u, entering through
— su

X =5 in the above expression, only appears in five out of ten partonic factors. Because of the absence of photon-in-lepton

contributions (discussed in Sec. II C 3) for hard poles, the lepton mass m, does not enter the partonic cross sections
in Eq. (65).

The soft-gluon pole contributions in (63) have the following analytic form:

da‘]g—’l]

. V) 1 dw 1—w»
g, 408 _ oo aA(ﬂ)/ d / dw S 2 e L
h dSPh 60( ) 271' Vg v X0 w zq:e[] ! 1—1} H
549741 X0 Xo ~qg—q.1 Xo X
X |:6§%P% (U’W’){w)(m)Fq <W?W?/’t> +GggGPqF/ (U’ W?}(ﬂ) (_x0<Fq)/ <W’W7/’l)>
~q9—4.1 Xo Xo ~qg—q,1 Xo Xo
~99—4.5 Xo Xo ~qg—q.5 Xo Xo
+65Gp.0,6(v: W) ("CO(ale) <w’;vﬂ>> + Ug%pfgc(v, w) <x3(5%Gq) (; . ;M))] . (66)

In addition to y, =% we also encounter a dependence on the lepton mass via y,, = 5. The explicit forms of the six
1, m ”

W
partonic cross sections in Eq. (66) are presented in Appendix D 1 c.
Finally, we obtain the following result for the soft-fermion pole contributions:
delio? ag(u) [v Ldw l1-v
E SEP S) =S / d / has 2 D1 1 ,
h dBPh UO( ) 2” " v o w ;eq 1 1 — H

~qg—q,1 X ~q9—>q.1 X
X |:Uggpj? (v, W, ) F (M(}),O,IJ> +UZIZP,32F(U’W) <—x0(02F‘1) (M?’Ov”))

~dg—a. X a0, X
08 0w (2.0.0) 4 68578500 (<0069 (2,00 ) | 7

The four partonic cross sections of Eq. (67) are given in Appendix D 1 d.
b. Channel qq — q: the results for the gqg — ¢ channel can be split up in the following way:

dgqq_)q daqq—’q do.qq_’q dgqq_)q
E LO — E Int E HP E SFP . 68
" ap, e, TP ep, TP e, (68)
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Here, the integral contribution has the following analytic form [cf. Eq. (46) and following equations]:

dod™4 ag(u) [ Ldw [1 -
E = =oy(S)222 [ do [ — [ dZ> e2Df 3
PP, oo(S) o /UO ULOW/) Czq:eq 1<1—v H

A ,1 A 5
X [aﬁﬁﬁq (0w, O)Fic* (0, w, € ) + 6 7 (v, w, O) G 1 (%0, w, € 1)

~qq—q,1 - ~qq—q.5 -
BT (0 VAL s o) + B30, )G 06,0 (69

where the explicit form of the correlation functions F, Gy, is given in Egs. (50)—(53). The partonic functions 8?11‘1{__]”%’1‘5

depend neither on the renormalization scale y, nor on the lepton mass m,. Their explicit analytical forms are presented in
Eqgs. (D53)—-(D56).
The hard-pole contribution in (68) can be cast into the following analytic form:

dof4 a,(u) [» Ldw l-v
E HP S s / d / i 2Dq 1 ,
h d3Ph 0-0( ) 7 v v o W zq:eq 1 1—v H

1—w 1
~qqg—q,1 ~qq—q,1
X [Gﬂ%fq' (v,w,;(”)Fq (‘ w XOJCO,M) - C’Iq-;{a,a?v (v, W’Zﬂ)xo(a1F‘] + 0,F9) <_

-w
X0, X0s H

_on,xo,ﬂﬂ. (70)

I—-w
~qq—q,5 ~qq—q.,5
)6 (o0 ) = B (o (G + 0,6 -

The explicit results for the partonic hard functions &}, ? can be found in Appendix D 2b in Egs. (D57)~(D60).
The soft-fermion pole contributions read

dediz? ag(u) [ Ldw l1-v
E SFP — S s / d / it qu 1 i
h d3Ph 60( ) 0 " v o W ;eq 1 1—v H

~qg—q,1 X0 ~qq9—q.5 X0
X {Uggp,z (v, W,y ) F1 (—;,O,y) + 64tp & (VoW 1) G (—;,O,ﬂ)], (71)

where the two partonic cross sections are presented in Eqgs. (D61) and (D62).
c¢. Channel qq — ¢': the contributions for this channel may be split up in the following way:

d q99—q' d q99—q' d 99—’
e o S < (72)
da’pP, d’P, d’pP,

The integral contribution is given as [cf. Eq. (46) and below]

o4 ag(u) [v Ldw [1 o g (1=
E,—2— =5(5) = /d/—/d D} - Df :
h &P, oo(S) 2 ), v W Jo é’;( 1 1) - M

~qq—q',1 —q ~Aqq—q' .5 —q'
X Zeé [G?I?t “ (U’ W’ C)Fi]nqt ! ('x07 Wa C’ﬂ) + O-ilr?t 7~ (U’ W’ C)Gi]nqt 7 ('XO’ W7 C?/’l):| > (73)
q

where the explicit form of the correlation functions F, Gy, is given in Egs. (56) and (57). The partonic functions 8;’]1'1_"’/’1’5
do not depend on y and m,. Their explicit analytical forms are presented in Eqs. (D63) and (D64). Note that, unlike the
other channels, the flavor sum » = >_, ;. does not include antiflavors g in this case. Because of the symmetries in

Eq. (55) the antiquark contributions are already included in the partonic cross sections.
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We obtain the following form for the soft-fermion pole contribution:
ol ag(u) [» Ldw ' i f[l—v
E SFP — S s / d / e D‘] _ Dq 1 i
h d3Ph 60( ) o v v o w ;( 1 1 ) 1—v H
x Ze 3 a (wowo ) (F1( =22, 000 ) = F1( 0.2 4
a w w

X X
+ AggPG’S(UvW’)(m) (Gq <—;0,0,H> + G4 (0,;0,/1)” . (74)

The explicit form of the two partonic cross sections is presented in Egs. (D65) and (D66). Again, because of Eq. (55), the
flavor sum only runs over quarks but not antiquarks.
d. Channel qg — g: our results for the gg — g channel can be split up in the following way:

q9—9 q9—9 99—y q9—9
doyio do dogcp doggp

E = E,— E E 75
a$p, " dp, * hd3Ph+ " B3P, (75)
The integral contribution reads
doi™d ag(u) [ Idw (1 l—v
EI“‘:SS/d//dDgl,
npp, o) [ dv [ S D e
XZe (875 (0w Y FE (g w, G ) + 607 (0., )G (kg w, Cp)|, (76)

where the explicit form of the correlation functions F, Gy, is given in Eqs. (58) and (59). The partonic functions 67 & 13 40
not depend on u and m,. Their explicit analytical form is presented in Eqgs. (D67) and (D70).
The soft-gluon pole contribution in (75) can be cast into the following analytic form:

daqg_’g
g, 99s6p _ / / _Dg 1’
o, 008 271 . s

~q9—g,1 X AGG—7.5 Xo X
Y [o— (00 ) ( ) = sl (22| o)
- w’'w wow
where, as before, y, =5 and Im = 2%, The explicit analytical form of the partonic hard functions agg,"’ can be found in
Appendix D4 a in Eqs. (D73) and (D78)
Finally, we obtain the following form for the soft-fermion pole contributions:
dolls? a u) Ldw
g, S0sep_ _ s / / DY V1 ’
h d3P H
~qg— ~ X
D [ (0.0, (;O,O,ﬂ) o G (2.0 (78)
The explicit form of the two partonic cross sections is presented in Egs. (D79) and (D84).
e. Channel gg — ¢': here, we find the following form of the cross section:
do?d dw
E NLO _ S / / 2Dq
h d3Ph 0( Z
N(x° WM+ OGS M) O(y.0.4) = N(3.0.p)
X |: 6)%]6 ¢ (U’W’ZmJ(ﬂ) Xo =+ ng d (U’ W’)(m’)(y) = Xo = ’ (79)
w w
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where we again have a dependence of the partonic cross
sections on y, E;ﬂ—bf, and y,, E% As discussed below
Eq. (60), integral and hard-pole contributions are absent for
this channel. The explicit form of the two partonic cross

sections 62779 &gx(g;q/ is given in Egs. (D87) and (D&9).

B. Jet production

Now that we have established the NLO analytic formulas
for single-inclusive hadron production in Egs. (5) and (62),
we can extend them without too much effort to single-
inclusive jet production, (1) + N'(P) — jet(P;) + X. For
jets, no fragmentation functions are involved, and the first
step is to replace the fragmentation functions in Egs. (5)
and (62) by ¢ functions,

1-v -
D?/q’y<1_vl 9ﬂ> _)6<1 _ 1) = (1—1}1)5(’[}—1]1)-

1—w

(80)

This simple procedure works for the LO contribution (5),
but is not sufficient at NLO. The reason for this is that final-
state divergences cancel for a jet cross section, whereas for
the single-hadron cross section we had to subtract collinear

|

do_fNT—>jetX dO_fNT_,hX
E.—NLO S,R)=(E UNLO (¢

where the latter term is given by

d CNT sjetX
ONLO jetdef

Eji(S,R):GO(S)as(H)LIdVW[

d*p; 2z

~q9—jet(q)
+ GSGP,jet,F’(W’ R.p) (

We note that the additional jet-specific terms only appear as
SGP contributions, including a derivative term. The term

~qg—ijet(q+g)
SGP.jet,F

quark and gluon fragmentation channels, while the deriva-

. ~qg—jet(q)
tive term OSGP jet F'

previous quark channel. The only relevant color factor
for both partonic factors is Cp. Similarly to the case
of hadron production, we moved all regular terms origi-
nating from the partonic factors for the derivative term
to the SGP term via integration by parts. We present
the explicit analytic forms of the partonic factors in
Appendix D 6.

receives contributions from both the previous

(w,R,u) is generated only by the

h/q.g (1-v
DY/ (k) = (1=v)o(0=01)

singularities from the hard single-parton cross sections,
canceling them by renormalization of the fragmentation
functions. As was shown in Refs. [81-86], at NLO it is
relatively straightforward to account for this mismatch, at
least when the produced jet is relatively narrow.

For the purposes of the present paper, we define jets by
the anti-k; algorithm [87]. If the jet radius R is small,
R <« 1, one can systematically derive analytical matching
terms that translate from the collinear-subtracted single-
parton cross sections to a jet cross section [81-85]. This
approach is sometimes called the small-cone approxima-
tion (SCA) and actually turns out to be rather accurate also
at larger values of R, even out to R ~0.7. We note that
we used the SCA already for the unpolarized and longi-
tudinally polarized NLO single-hadron cross sections in
Refs. [36,88]. It results in additional finite and jet-specific
contributions to the NLO partonic cross sections that depend
on the jet definition and the jet radius R. Applying the SCA
to our present calculation, we find that the jet-specific terms
for the transversely polarized cross section are different from
the ones obtained for the unpolarized and longitudinally
polarized cross sections in [36,88].

Our analytical result for the partonic hard-scattering
functions relevant for jet production reads, in the SCA,

4N =it
ONLO jetdef
+ E;—00Jedel

&P, (S.R), (81)

~qg—jet(ge Xo X0
Bt (0. Rp) D G (—’—’”>

q

sEa)a)l

IV. NUMERICAL STUDY FOR THE SSA
AT THE EIC

In this section, we explore the numerical impact of the
NLO corrections for the transverse SSA (1) we have
derived, both for single-inclusive hadron and for jet
production. We perform our study for /s = 100 GeV,
which corresponds to the collision energy expected for the
EIC. We work in the lepton-nucleon c.m.s. frame rather
than in the asymmetric laboratory frame. We consider the
doubly differential cross section and the corresponding
SSA in the single-inclusive hadron’s (or jet’s) pseudo-
rapidity 7, (17;) and transverse momentum Pj 7 (P;r).
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The direction of the lepton defines the positive z-axis, that
is, we count pseudorapidity to be positive in the forward
lepton direction. To be specific, the three relevant momenta
have the explicit forms

1
I =2 /s(1.0.0.41).
1

Pt = 5\/5(1,0, 0,-1),
Pl = Py, (cosh(ny), cos(¢y). sin(¢py), sinh(n,)),  (83)

in our frame of reference, and analogously for the jet
momentum Pﬁf . The Mandelstam variables are expressed in
terms of #;, and Pr, as

t=—Pyry/setm,
U= —P, /567, (84)

again likewise for jet production. The unpolarized cross
section depends only on pseudorapidity and transverse
momentum so that we can integrate over the hadron’s
(or jet’s) azimuthal angle,

do do
—— =27P E,——|. 85
dﬂthh,T T h,T( h > ( )

The situation is different for the spin-dependent cross
section because of the prefactor oy(S) defined in
Eq. (6). The spin four-vector S is constrained by the
condition P-S =0 and normalization §? = —1. In the
frame specified by (83) the following expression for § is
consistent with these two conditions:

St = (89, cos ¢y, sin ¢, —S°). (86)
The azimuthal angle ¢, of the transverse components
determines the location of the spin vector in a plane
transverse to the beam direction. The spin vector appears
in 6¢(S) in combination with a totally antisymmetric tensor

as €'PPrS. One can easily work out this term in the c.m.s.
frame (83), along with (86), to find

PP = 2 fstusin(, ~ ). (7)

Modulation with sin(¢, — ¢;,) is of course a hallmark of
single transverse-spin asymmetries. There are several
equivalent ways of dealing with this dependence on the
azimuthal angle. For the present study, we consider the
so-called right-left asymmetry. For a given fixed angle ¢,
one counts numbers of events to the right and the left of a
plane spanned by the beam (positive direction determined
by the lepton beam) and the transverse-spin vector and

takes their difference,

f‘/’+2ﬂ ¢ f¢+” ¢ do(S)
stm h dn,dPy, rdéy, dﬂth h. Td¢h h dn,dPy, rdg,

fO dpn dnth}:.Td¢I:

ARL - (88)

Effectively, this means that we replace the Levi-Civita
tensor in oy (S) in the numerator of Ag; by

e'PPrS — 2+/stu. (89)

As an alternative to Ag; , one could also take a sin(¢; — ¢;,)
weight of the spin-dependent cross section.

In the following, we will study the right-left asymmetry
Ay, for z™ production, as well as for jet production at the
EIC. For the numerator of the right-left asymmetry we need
input distributions for the quark-gluon-quark correlation
functions F¢ and G for all flavors ¢, as well as for the tri-
gluon correlation functions N(x,x’) and O(x,x’). For
single-inclusive hadron production one would also need
to include multiparton correlations in the fragmentation
process [see the discussion below (5)] for a realistic
prediction of transverse-spin effects. Since none of these
functions are currently known to a satisfactory extent, a
realistic theoretical prediction is not feasible. However,
we can study the generic effect of the NLO corrections
compared to the LO approximation for Ag;. For this
purpose, we adopt three scenarios (labeled Scenarios
0,1, and 2) for the quark-gluon-quark correlation functions
F? and G? for u and d quarks, assuming all other multi-
parton correlation functions vanish. Details of the three
scenarios are presented in Appendix E.

For our numerical studies, we will focus on the pseu-
dorapidity dependence of this observable at fixed trans-
verse momentum P, or P; 7, which we will set to 5 GeV
throughout this work. Our default choice for the renorm-
alization/factorization scale is the pion or jet transverse
momentum, that is, 4 = P, ¢ (or 4 = P; 7). Although the
numerical implementation of QCD evolution is of course
not a problem for the leading-twist PDFs and FFs, it is more
involved for the multiparton correlation functions for which
only few numerical codes have been released so far [75,89],
and valid only at LO. The main purpose of our present
numerical study is to see how much the observable Ag; is
affected by the NLO corrections to the partonic hard-
scattering functions that we have derived, and less so to
provide a realistic phenomenological prediction for Ag;.
For this reason we do not implement the proper scale
evolution of the multiparton correlation functions into our
numerical code. Instead, keeping in mind that all our
models for the twist-3 correlation functions F?¢ and G4
are formulated in terms of the unpolarized f¢ quark PDFs
(see Appendix E), we simply use the evolution of the 7 to
get a first estimate of the scale dependence of the F'¢ and G¢
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and hence of the spin asymmetries. In other words, we
assume that the evolution of the twist-3 functions closely
follows that of the twist-2 PDFs. In view of the similarity of
the respective evolution kernels (see [75,76]), this approxi-
mation is expected to be quite realistic. We vary the scale
between y = P, /2 and p = 2P,y for pion production
and analogously for jets. The theoretical uncertainty bands
obtained by this oversimplified approach are only shown for
the asymmetries. That said, the proper implementation of the
true scale dependence and the study of the dependence of
the asymmetry on transverse momentum remain important
tasks for the future, once NLO corrections to evolution of the
twist-3 matrix elements have also been derived.

We start the discussion of our numerical results with the
denominator of the right-left asymmetry Ag; in (88), the
unpolarized NLO cross section. Here, we can simply rely
on the results of Ref. [36] and recalculate the cross section
for the kinematics of interest for our present study. We use
the MSTW2008 parametrization of [90] for the proton’s
PDFs and the parametrization [91] for the pion frag-
mentation functions. The results are presented in
Fig. 12. Theoretical uncertainty bands were generated by
varying the scale between y = Py/2 and u = 2P;. We find
that the LO cross sections for both single-inclusive pions
and jets receive sizable NLO corrections, of about a factor 2
to 3. This is in line with observations made previously in
Refs. [36,92].

As a final comment, we mention that in the phenom-
enological plots presented below we will refrain from
displaying separately the contributions to the polarized
cross section caused by the photon-in-lepton distributions

SO (x ) in (A22) (see the discussion in Sec. I1C 3).
The reason is that, as we will see in the following section,
Ap; tends to become largest in the backward rapidity
region where the quasireal photon contributions are
expected to be small according to the study of the
unpolarized cross section in Ref. [36].

Vs =100GeV, P, 1=5GeV

— LO
=== LO+NLO

[pb/GeV]
5 3 8 8 B &

doyy
dnndpn‘T

N
o
!

A. Single-inclusive 7* production

1. Scenario 0

We first present our LO and NLO results for the numerator
of Ap;. Scenario 0, discussed in Appendix E 1, may be
regarded as “minimal” in the sense that most model
parameters [see Eq. (E16)] vanish, and F shows the least
variation on its support in x, x’ (see the contour plot Fig. 22).
In addition, in this scenario it is assumed that G vanishes
identically.

Figure 13 shows the NLO right-left cross section for the
various partonic channels in (62), also distinguished by
their pole contributions. We observe that the largest NLO
corrections originate from gg — ¢. Interestingly, the hard-
pole contribution dominates this channel in Scenario 0 and
is only partially canceled by the soft-gluon pole contribu-
tions. The soft-fermion pole and integral contributions
appear to be negligible in this scenario. The second largest
channel is the gluon fragmentation channel gg — g,
which is dominated by the soft-gluon pole contribution.
Again, SFP and integral contributions are negligible for this
channel. The other channels generated by quark-antiquark-
gluon correlations, gg — g and gg — ¢’, are nonzero, but
irrelevant (note that the y-axis is scaled by a factor 10~ for
the gqg — ¢’ channel).

We proceed by adding all partonic channels and calcu-
lating the right-left asymmetry Ag; to NLO accuracy.
The result is shown in the left panel of Fig. 14 versus
pseudorapidity #,, again at fixed transverse momentum of
the pion. We observe that the asymmetry peaks at far
backward pseudorapidities of around —2. This backward
direction corresponds to the nucleon direction in the frame
(83) we have adopted. The asymmetry at LO is predicted to
be about —3.5% at the peak, but drops to about —0.2% in
the forward region. If one takes into account NLO
corrections only for the unpolarized cross section, i.e., in
the denominator of the asymmetry Ag;, the asymmetry is

Vs =100GeV, Pjr=5GeV

— Lo
=== LO+NLO (R=0.2) /A\
=== LO+NLO (R=0.7)

6000

5000 A

4000 A

[pb/GeV]

3000 A

2000 A

doyy
dn;dP;, r

1000 A

FIG. 12. Unpolarized differential cross section (85) plotted vs the pseudorapidity # of a # (left) or a jet (right). The transverse
momentum is fixed to 5 GeV in both cases. We plot the NLO jet cross section for two jet radii, R; = 0.2 and R, = 0.7.
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FIG. 13.

Vs =100GeV, P, r=5GeV

0.00 1 === o T T T T T T T T T s e

—0.02 +

—0.04 A

[pb/GeV]

—0.06 -

dog.
dnndPn,T

—==- Integral
-=- SGP

SFP
—0.081— nNLO

-3 -2 -1 0 1 2 3

1ees Vs =100GeV, P, r=5GeV

Integral
-=-- SFP
— NLO

2.5

2.0

1.59

[pb/GeV]

1.0

doge
d”ndpn, T

Nn

Cross sections for the various NLO channels of Eq. (62) plotted vs the pion’s pseudorapidity #, at fixed transverse

momentum P, =5 GeV. The curves are produced for Scenario 0 for the correlation functions F and G, see (E16). The channels are
qg — q (upper left), gg — g (upper right), gg — g (lower left), and gq — ¢’ (lower right).

Vs =100GeV, P, r=5GeV

0.000 -

—0.005 ~

—0.010

7 — o0
) -—- LO+NLO(Den)
< --- LO+NLO

-3 =2 -1 0 1 2 3

Vs =100GeV, P, r=5GeV

—————

0.000 -

—0.005 A

—0.010

— 1O
-=- LO+NLO(Den)
4 -=-- LO+NLO

-3 -2 -1 0 1 2 3

FIG. 14. Right-left asymmetry Ag; of (88) plotted vs the pion’s pseudorapidity 7, at fixed transverse momentum P, =5 GeV in
Scenarios 0 (left) and 1 (right). The red curve shows the asymmetry at LO, and the dashed black curve at NLO. The dashed blue curve
shows the asymmetry that one obtains if NLO corrections are only included in the denominator of the asymmetry (88).

roughly reduced by a factor of 2. This was already found in
Ref. [36] and recently quantified in Ref. [44]. However,
Fig. 14 demonstrates that if the full NLO corrections
are taken into account in both the numerator and the

denominator, the NLO corrections for the numerator over-
compensate those in the denominator, at least near the peak,
thus increasing the asymmetry. In contrast, in the forward
direction, the situation is reversed, and the NLO corrections
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of the denominator dominate. Using our simple estimate for
the scale dependence of the asymmetry we observe a
moderate uncertainty for the NLO corrections and an even
smaller effect at LO.

2. Scenario 1

We now turn to Scenario 1, discussed in Appendix E 2.
In this scenario, the contour plots for the correlation func-
tions F and G show moderately more “structure” (see
Figs. 23 and 24), as compared to those for Scenario 0. In
particular, we now have a nonvanishing function G.

The NLO results for the spin-dependent cross section are
shown for the various channels in Fig. 15. By comparison
of the dominant ¢gg — ¢ channel in Scenario 0 and Scenario
1 we observe that, in particular, the hard-pole contribution
differs quite a lot. For the gluon fragmentation channel, we
observe that the SFP and integral contributions roughly
cancel against the SGP contribution. Hence, NLO correc-
tions from this channel almost drop out. The NLO con-
tributions for the gg — ¢ channel in particular become
larger in Scenario 1 compared to those in Scenario O,
but still remain small. The same statement holds for the
qq — ¢' channel.
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FIG. 15.

We again use the results to compute the right-left
asymmetry, see Fig. 14 (right). We find that the asymme-
tries in Scenarios 0 and 1 do not differ too much, and one
can readily draw the same conclusions as in the previous
subsection. Whether or not the precision of EIC measure-
ments of Ag; will be good enough to distinguish between
both scenarios and possibly rule out one of them remains to
be seen. Our simplified approach for the scale variation
again predicts only moderately sized uncertainty bands for
Scenario 1, the smallest out of all three scenarios.

3. Scenario 2

Scenario 2 is described in Appendix E3, and the
corresponding contour plots for the correlation functions
F and G are shown in Figs. 25 and 26. These plots display
more complex “structures” of the correlation functions on
their support in x, x’. The reason is that the Fourier
coefficients in Eq. (E18) parametrizing Scenario 2 have
been inflated by a factor of 3 relative to those for Scenario
1, Eq. (E17). As a result, the correlation functions increase
for x # x'. It is interesting to note that a model calculation
in Ref. [93] based on an overlap representation of the
functions F and G in terms of light cone wave functions

Vs =100GeV, P, r=5GeV

0.02 1
—
>
@ 0.00
(©]
DY
Qo
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=
2l
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T | -0.04+ --- Integral \ 7
e \ /
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SFP \\ J
—0.06 71— Lo oot
-3 -2 -1 0 1 2 3
Nn
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0.000000
—0.000025 -
% —0.000050 -
Q
S —0.000075
%
T -0.000100 -
2l
3 125 —0.000125 -
gel
—0.000150 1 Integral
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—0.000175 1 — NLO
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Same as Fig. 13, but for Scenario 1.
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FIG. 16. Same as Fig. 13, but for Scenario 2.

supports such a behavior. In any case, we emphasize that all
three scenarios agree with all known constraints.

In Fig. 16 we plot the numerator of the right-left
asymmetry for Scenario 2 for all contributing partonic
channels at NLO. As for the other scenarios, gg — ¢
dominates over all other NLO channels. In contrast to
the previous scenarios, the NLO corrections drastically
change the LO result. In particular, the hard-pole contri-
bution to the gg — g channel is completely reversed
compared to Scenario 0. All other contributions, i.e.,
SGP, SFP, and integral contributions, are larger as well.
Note that the LO result (which is sensitive only to x = x') is
the same in all the plots in Figs. 13, 15, and 16. When
comparing the results for the second-most relevant channel,
gluon fragmentation gg — g, for Scenarios 0 and 2 we
observe that because of nontrivial cancellation of SGP, SFP,
and integral contributions, the NLO corrections flip sign.
As before, the other channels g¢g — ¢g and gg — ¢’ remain
irrelevant.

In Fig. 17 we turn again to the asymmetry. Comparing
Ap;, for all three scenarios, we observe that the NLO effects
are largest for Scenario 2 where the unknown support
“away from the SGP diagonal” of the correlation functions
F and G causes the asymmetry to even flip sign around
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FIG. 17. Same as Fig. 14, but now showing all Scenarios 0, 1,
and 2 in a combined plot for easier comparison.

mid-pseudorapidity. One may hope that experimental data,
once available from the EIC, would be able to resolve such
large differences, and thus help to distinguish between
different scenarios. That being said, our simple implemen-
tation of scale variation produces theoretical uncertainty
bands that do not show a clean sign change anymore.
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B. Single-inclusive jet production

In the following we use our analytical result (81) for the
NLO spin-dependent cross section, along with the NLO
result for the unpolarized cross section taken from
Refs. [36,88], to study the numerical NLO effects on the
right-left asymmetry Ag; in jet production. As input for the
quark-gluon-quark correlation functions F and G we use
the same model Scenarios 0, 1, and 2 as above. We provide
exemplary numerical studies for two jet radii, Ry = 0.2

and R2 =0.7.

1. Scenario 0

Our numerical results for Scenario 0 are shown in
Fig. 18. As for single-inclusive pion production we show
plots for the NLO contributions by the various partonic
channels. The dominant channels are those originating
from quark-gluon-quark correlations (x' > 0), where either
a radiated quark or gluon generates a jet in the partonic
cross section. We note that for Scenario 0, large soft-gluon
pole contributions as well as large hard-pole contributions
appear in the gg — jet(q) channel, along with negligible
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soft-fermion and integral contributions. However, a partial
cancellation of SGP and HP contributions leads to rather
small NLO corrections. Since HP contributions do not
appear in the gg — jet(g) channel, the whole NLO cor-
rection for that channel is generated by the SGP contribu-
tion and consequently is larger. The gq — jet(q) channel
remains irrelevant, while the g¢g — jet(g’) channel vanishes
for jets.

The right-left asymmetry Ag; for single-inclusive jet
production is shown in the lower-right plot of Fig. 18 as a
function of the jet’s pseudorapidity. We obtain a similar
behavior for this observable in Scenario 0 as for z™
production: the sum of all NLO corrections to the numer-
ator is even a little larger than the corrections to the
unpolarized cross section in the denominator of Ag;.
Overall, however, the asymmetry in Scenario 0 does not
turn out to be too sensitive to NLO corrections, in contrast
to the individual numerator and denominator. The NLO
results show only little dependence on the jet radius R.
Moreover, they are remarkably similar to their zt counter-
part in the left panel of Fig. 14.
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FIG. 18. Contributions by the various NLO channels plotted versus the jet’s pseudorapidity #; at fixed transverse momentum P;; =
5 GeV at the EIC. The curves are obtained for Scenario 0 for the nonperturbative correlation functions F and G, see (E16). The channels
are gg — jet(q) (upper left), gg — jet(g) (upper right), and gq — jet(q) (lower left). In the lower right we show the full NLO asymmetry

Apy- Results are shown for two jet radii, R; = 0.2 and R, = 0.7.
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One would regard the jet asymmetry as an even cleaner
observable than the pion asymmetry. From a theoretical
point of view, the main reason is that jet production is
independent of fragmentation. As discussed earlier, this is
especially important in the polarized case since no twist-3
fragmentation correlation functions are present for jets. In
this sense, the plots in Fig. 18 represent a full NLO pre-
diction for the right-left asymmetry, based on Scenario 0.
We also note that the event rate for jets in the backward
pseudorapidity region (where the asymmetry is largest)
seems to be larger roughly by a factor of 100 compared to
that for pion production.

2. Scenario 1

Next, we consider jet production in Scenario 1 [see
(E17)]. Our numerical results for this scenario are shown
in Fig. 19. Comparing the curves with the correspond-
ing ones for pion production in Fig. 15 we observe a
similar behavior for all channels, except that the HP
contribution of the gg — jet(g) channel and the SFP
contribution in the gg — jet(g) channel are modified
compared to Scenario 0. This leads to a sign change for
the asymmetry, indicating that in Scenario 1 the NLO
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corrections affect the asymmetry in jets to a somewhat
greater extent than for pions.

3. Scenario 2

This effect becomes even more pronounced for
Scenario 2, as can be seen from Fig. 20. Again, it is the
HP contribution of the gg — jet(q) channel as well as the
SFP contribution in the gg — jet(g) channel that drastically
change the behavior of the right-left asymmetry. As we
can see from the lower-right plot in Fig. 20, the NLO
asymmetry peaks somewhere in the backward pseudora-
pidity region between —2 < n; < —1 with a value slightly
above 4%, but with different sign compared to the LO
curve. This means that at NLO the right-left asymmetry for
single-inclusive jet production shows high sensitivity to
the precise form of the “off-diagonal” support of the ggq
correlation functions F and G. This again indicates that
future EIC data for the right-left (or the corresponding
single-spin) asymmetry might be in the position to confirm
or rule out scenarios for these functions. In order to better
illustrate this interesting result, we plot all three NLO
asymmetries for jet production within Scenarios 0, 1, and 2
in Fig. 21, again for both jet radii.
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FIG. 19. Same as Fig. 18, but for Scenario 1.
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FIG. 20. Same as Fig. 18, but for Scenario 2.
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FIG. 21. Comparison of the NLO asymmetries Ag; computed for Scenarios 0, 1, and 2. The asymmetries are again plotted vs the jet’s
pseudorapidity #; for jet cone radii Ry = 0.2 (left) and R, = 0.7 (right).
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V. CONCLUSIONS

We have performed a next-to-leading order pQCD calcu-
lation of the transverse single-spin asymmetry for single-
inclusive high-P; hadron or jet production in polarized
lepton-nucleon scattering, ZN' — h or jetX. We have
taken into account all contributions to the spin-dependent
cross section that, in collinear factorization, enter with
twist-3 parton correlation functions in the incoming
nucleon. As far as jet production is concerned, our
calculation thus constitutes the first complete NLO calcu-
lation of a single-inclusive single transverse-spin observ-
able. For hadron production, our calculation will need to be
extended to account also for twist-3 fragmentation con-
tributions at NLO. We have explicitly demonstrated that
collinear twist-3 factorization holds at the one-loop level
for the contributions associated with twist-3 nucleon matrix
elements. This finding provides a great boost for theoretical
confidence in the collinear twist-3 approach.

Furthermore, we have presented estimates of the size of
the NLO corrections. To this end, we have adopted three
models for the relevant quark-gluon-quark correlation
functions F(x,x") and G(x,x’) and numerically computed
the spin-dependent cross section based on our analytical
NLO results, as well as the transverse nucleon single-spin
asymmetry for typical kinematics relevant at the EIC. We
found that a large part of the NLO corrections originate
from hard-pole configurations where the correlation func-
tions are probed on their “off-diagonal” support x # x/,
implying that future EIC data may have the potential
to shed light on this so far completely unexplored region.
That said, the fact that numerous separate contributions
influence the size of the spin asymmetry may make it
ultimately difficult to unravel all the individual contribu-
tions experimentally. Perhaps new jet physics techniques
such as the concept of “jet charge” [94] may be of value
here at the EIC. Possible identification of quark- and gluon-
induced jets could help to further study individual partonic
channels.

Our work can and will be extended in various ways.
First, as mentioned above, we have not yet addressed
the twist-3 multiparton fragmentation contribution to the
hadron production cross section. We plan to work out the
NLO corrections for these contributions in the future. We
also note that so far we have only properly included the
evolution of the twist-2 functions in our phenomenological
studies. For the twist-3 distribution functions, on the
other hand, we merely used the scale dependence of the
/1 PDF, which is the only input of our model. The correct
implementation of the true twist-3 scale evolution will be
an important next step, e.g., for studying the transverse-
momentum dependence of the spin asymmetry, which may
offer additional insights into F(x,x’) and G(x,x’). Of
course, for a fully consistent next-to-leading order study,
evolution at next-to-leading order will be required, which
currently is not on the horizon.

A salient result of our paper is the sheer complexity of
the calculation, even for the relatively simple single-
inclusive hadron or jet observables in lepton-nucleon
scattering that we have considered. In a way, our calcu-
lation serves as a “proof of principle” that full NLO twist-3
calculations for transverse-spin asymmetries are possible.
We expect that the methods presented in this paper will also
be relevant for other, even more complicated processes,
especially for p'p — hX. A long-term goal would be to
achieve a global QCD analysis at the NLO level combining
all possible datasets for transverse-spin effects from
medium-energy fixed-target experiments all the way to
RHIC and the EIC. The results of this paper are one step
toward the completion of this long-term goal.
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APPENDIX A: DEFINITION OF (MULTIPARTON)
CORRELATION FUNCTIONS IN THE NUCLEON
AND FRAGMENTATION FUNCTIONS

In this appendix, we briefly recall the definitions of the
multiparton correlation functions and fragmentation func-
tions that are relevant for our work. These definitions and
their properties have been discussed in Refs. [43,70,71],
and we refer the reader to these references for more details.

1. Quark-quark correlator

The first relevant field theoretical definition we provide
is for the bare, unrenormalized quark-quark correlator,

2 ood,l iAx =
@40 = [ (p.512,0)0.con

x limid?, ([con + zr,An + z7]q;(An + z7))|P. S)

ZT—>0

= M) £ (A1)
The diagonal matrix element between nucleon states of
given momentum P and spin S in (Al) contains the
Heisenberg quark fields g (of flavor ¢ = u,d,...) and
Wilson lines [An, £n| from light cone position & to 4 along
an additional lightlike four-vector n* (see Ref. [43]). This
vector, unlike the nucleon momentum P, is unphysical and
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can be arbitrarily chosen as long as n> =0 and P-n = 1
are satisfied. However, n is actually needed to characterize
what we mean by the term transverse. In fact, we may
introduce a transverse projector,

d]{zx = g;w — PHp? — Pvnﬂ’

with ;= d¢ra,, (A2)

that separates out the transverse components a4 of an

arbitrary four-vector a*. So, if we say that the nucleon is

transversely polarized, we mean S¥ = S’}, orn-S=0.
In the parametrization (A1) we encounter the collinear

function f ILT(”’q(x), which is commonly referred to as the
first moment of the Sivers function (see Refs. [95,96]). It is
accompanied by a factor ¢*#°P,n,S, = e” S where € is
the totally antisymmetric tensor with €°'?* = +1. The
ellipsis ... in (Al) indicates that there are several more
terms that appear in the parametrization of the quark-quark
correlator @g. However, these terms are irrelevant for the
purpose of this paper.

The quark-quark correlator ®; in (Al) generates con-
tributions to a transverse nucleon spin-dependent observ-
able where @, is accompanied by partonic cross sections 6,
|

in the collinear twist-3 formalism. These partonic cross
sections 6, are calculated so that a kinematical approxi-
mation is applied to the four-momentum &* of the initial-
state quarks [cf. (16)],

k2
K+ ~ xPH —in" + kY,

with a subsequent Taylor expansion of the partonic cross
section in the quark’s transverse momentum ky. It is the
first-order coefficient O(k}) in this expansion that then
constitutes the final collinear partonic cross section
64(k = xP). Since 6,(k = xP) is an indirect result of a
nonzero transverse parton momentum, the contributions
generated by @, in the collinear twist-3 formalism were
called kinematical twist-3 contributions in Ref. [43].

2. Gluon-gluon correlator

Similarly to the quark-quark correlator, one can define
the following analog for gluons (see Ref. [70]—note that
this reference uses a different sign convention for the
e-tensor):

ot odl . .
7" (x) = / ﬂel“(P, S|G™(0)[0, con] hnbldgr([oon + zp, An + z7|G™ (An + z7))|P, S)
— I

[Se]

M 7 .Pn 1 M nS{o * np{oc Q7 1
=~ e GY (x) = (PG - Peles ) AR ()

where G"” = n,G"* and G"* are gluonic field strength
tensors and an implicit sum over their color indices of the
adjoint representation is understood. Again, the ellipsis ...
in (A3) indicates terms in the parametrization that do not
contribute to our calculation. Like the collinear func-

tion flLT(l)’q(x) from (A1), the kinematical distributions
G(Tl)(x) and AH(TI)(x) in (A3) are the first moments
of the corresponding transverse-momentum-dependent
|

o dl [eodu

(A3)

|
distributions (TMDs). For the same reason as for the
quark-quark correlator, the contribution to an observable
generated by the gluon-gluon correlator is counted as a
kinematical twist-3 contribution.

3. Quark-gluon-quark correlator

Another nonperturbative matrix element that is of rele-
vance for this work is the quark-gluon-quark correlator,

DL (x, 1) = / 3| 5 e mP, 813,(0)[0, un]igG (unm) [un, Anlq;(An) P, S)
' oo 27— 21 '

1 1
= 5Mi€PnpSPijF1qVT(xv x') = EMSg"(PyS)ijG;{"T(X’ x) 4

The matrix element in (A4) contains, in addition to two
quark fields ¢, the gluonic field strength tensor
G" =n,G". Because of the appearance of this third
dynamical quantum field in (A4), contributions to spin
observables generated by @ are called dynamical twist-3
contributions (see Ref. [43]). The quark-gluon-quark
correlation functions F#, and G%,, as introduced, for

(A4)

example, in Ref. [43], are key to this paper, whereas other
structures in the second line of Eq. (A4), denoted by ..., are
irrelevant for our purposes. In order to ease the notation,
from now on and throughout this paper we shall drop
the subscript FT for the quark-gluon-quark correlation
functions and simply denote them as F, G instead of
Frr,Gpr.
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The quark-gluon-quark correlation functions F and G
depend on two light cone momentum fractions x and x’.
Their support is constrained by the conditions —1 < x,
x' <1, and |x — x| < 1. Most importantly, the vector-type
function F is symmetric under exchange x <> x’, while the
axial vector-type function G is antisymmetric,

F(x,x") = +F (¥, x),

G(x,x') = -G(x', x). (A5)
Consequently, G(x,x) = 0. The functions F, G also con-
tain information on their corresponding antiquark content
in the region of negative x and x/, that is, FI(x,x') =
Fi(—x,—x") and G7(x,x’) = G7(—x, —x") [43].

At higher orders, not only the quark-gluon-quark corre-
lation functions but also their derivatives become impor-
tant. To be precise, in the following we consider the two
functions F(x;,x,) and G(x,x,) as generic functions of
two variables x; and x,. We perform the partial derivatives
with respect to x; or x,, and then replace (x,x,) — (x,x').
In this way, we can easily examine the (anti)symmetry
properties of the functions F and G in (AS) and extend

|

them to their derivatives. As a short-hand notation, we may
introduce (n; and n, integers)

7y o A gt _ W
(01 02 F) ('x’ X ) = axl’llaxnz ('xl - x’ x2 =X )’
1 2

an1+n2G

1 2

If the quark-gluon-quark correlation functions are assumed
to be smooth, then the order of the partial derivatives is
arbitrary.

With these notations it is easy to see that the
(anti)symmetry properties of the functions F, G are
inherited by their partial derivatives,

(0y'0y° F) (x. x') = (95 9}* F) (¥, x),

(0y'0y°G)(x.x') = =(0,'0°G) (', x). (A7)
Of particular interest is the so-called soft-gluon pole, i.e.,
the region of the support of the functions F, G where
x' = x. From (A7) the obvious relations follow:

(0,F)(x,x) = (0,F)(x, x), (02F)(x,x) = (5F)(x, x), (0,0,F)(x,x) = (0,0, F)(x, x),
(0,G)(x,x) = —(0,G)(x, x), (02G)(x,x) = —(5G)(x, x), (0,0,G)(x,x) = 0. (A8)
We introduce an even shorter notation for derivative terms along the diagonal support,
d
F'(x,x) = aF(x, x) = (0F 4 0,F)(x,x) = 2(0,F)(x,x) = 2(0,F)(x, x),
2
F''(x,x) = @F(x,x) = (PF + OBF + 0,0,F + 0,0, F)(x, x). (A9)

Lastly, we discuss the derivatives of antiquark correlation functions F4, G. It is easy to see that the first partial derivatives
differ by a sign between quarks and antiquarks, while the second derivatives keep their sign (i, j = 1, 2),

(0:F7)(x,x') = =(0;F9)(—x, =x'),
(0,0,F7)(x,x") = +(0;0;F)(—x,=x'),

(0:G7)(x, x') =

—(0,G7)(=x, =x'),

(0,0,G7) (x.x') = +(0,0,G9)(—x, —x). (A10)

4. Triple-gluon correlator

Yet another type of correlator of the nucleon that we need in our calculation is the triple-gluon correlator. It appears in the
following two varieties (cf. Refs. [70,71]—note that these references use a different convention for the e-tensor):

d
N7 (x, / / B gitxgint'=x)(p_ §|i fabr G (0)[0, un)igG"# (un) [un, An)G"=¥ (In)|P, )
=2iM [g‘}’epp”SN(x,x’) — gl ePSN(x,x = x') — 7€ PN (X, X' — x)] , (A11)
o d
07" (x,x / / H it i =0) (P §|dPr G(0)[0, un)igG " (un) [un, An)G" (An)|P, S)
=2iM [g‘;fef’P”SO(x, X))+ greS0(x,x — x') + ¢ et o (X, X' — x)} , (A12)
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where d*? and f*’ are the totally symmetric/antisym-
metric SU(N) structure constants. We encounter the real-
valued functions N (x, x") and O(x, x'). They have the same
support properties as F4(x, x') and G9(x, x’), introduced in
the previous subsection, —1 < x,x’ <1 and |x — x| <1,
and they also have certain symmetry relations. To be
specific, N(x,x') =N(x',x) =—=N(—x,—x') and O(x,x") =
O(x',x) = O(—x,—x'). Naturally, the contributions to a
spin observable generated by the triple-gluon correlators
Npr and Oy are counted as dynamical twist-3 contributions.

5. Fragmentation functions

We further introduce the more familiar parton-to-hadron
fragmentation functions, which describe the hadronization
of a quark or a gluon into a specific hadron. Both frag-
mentation functions may be provided by the following
well-known collinear fragmentation correlators (cf. the
review article [97] on fragmentation functions):

h/q I/
l] N

X <Ph;X|qj(/1m)[/1m, oom||Q2)
= Z_1+2€Fh.ijDil/q(Z) + -,

wioi X[ e RGOl o

X |Pys X)(Py; X|[com, Am]G™ (Am) |Q)
_Z—2+2£diUDil/g(Z) 4.

e #/2(Q[oom. 0q;(0)|P): X)

(A13)

N2 ﬂv Z)

(Al14)

In these definitions another light cone vector m* with
m* =0, m- P, =1 is introduced. This light cone vector
may differ from »*, included in the above definition of
nucleon correlators. P4 and m* provide a different trans-
verse projector,

Jd =g — Phm* — Ptm". (A15)
We note that since a hadron is assumed to be observed with
momentum P’;l, the summation IX over intermediate states
|Pj; X) is incomplete, which is always the case for a
fragmentation process. Furthermore, |Q) represents the full
QCD vacuum state. The definitions (A13) and (A14) are
given in d = 4 — 2¢ dimensions. The ellipsis in (A13) and
(A14) indicates other spin-dependent fragmentation func-
tions that are irrelevant for the purpose of this paper.

As explained in Sec. IIB, an MS subtraction of UV
divergences emerging in our perturbative calculation is
required. It is well understood (see, e.g., the discussion in
Refs. [36,69]) how this subtraction works for the leading-
twist fragmentation functions, like e.g., the quark-to-

hadron fragmentation function D1 vare that appears in the

LO formula (5), which is a priori a bare, unsubtracted

quantity. For the SSA (1) at NLO one needs to replace
D} by the subtracted, MS renormalized fragmentation

function in the following way:

DY (2. p)

ag(u) S,
2

ag(p )S
2w

+ O(as),

l;
D (z.p) =

+

(qu ® Dh/qu)(Zvﬂ)

+

(qu ® Dh/q MS)(Z’”)

(A16)

where p denotes the renormalization/factorization scale,
S, = (47)¢/T(1 —¢) is a convenient prefactor consistent
with the MS scheme at NLO, and P, P, are the well-
known LO splitting functions,

Pyy(w) = Cp [% + %5(1 - W)} :
P = ;LA (A17)

The convolution integral in Eq. (A16) is defined as usual as

(P ® D)(z.p1) = /zlde(w)DCV,u). (A18)

w

6. Photon-in-lepton distribution

Here, we introduce a photon-in-lepton distribution in
terms of the following matrix element (cf. Refs. [36,69,88]):

q,y/f,;w(x)_/ d4 e (£(1)|F* (0)Fo* (A0)|£(1))

2
S d; I () + (A19)
The two photon field-strength tensors F7(x) =

0,F"(x) = 0,(0’A?(x) — 0°A”(x)), A being the photon
field, are to be evaluated between lepton states of momen-
tum /#. The definition (A19) utilizes yet another light cone
vector o with 02 =0, o-1=1, and the corresponding
transverse projector gr reads
Iy =g —1"o” = IYo". (A20)
The special role of the photon-in-lepton distribution f {/ “(x)
is discussed in Sec. I C3 and a discussion of the various
light cone vectors n#, m*, and o* can be found below in the
next appendix.
We also mention the renormalization of the bare photon-

in-lepton distribution f7 bare( x). The distribution includes a
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UV divergence that needs to be MS subtracted. Following
Ref. [36] the MS subtraction term reads

Fem Se
2r €

(Pye ® £1/75) (x, 1)
(A21)

P eop) = £ () +

where P,,(w) = P,,(w)/Cp is the lepton-to-photon QED
splitting function and f¢/*(x) is the lepton-in-lepton dis-
tribution which, at LO in QED, reduces to §(1 —x). In
contrast to the QCD parton distributions, the renormalized
photon-in-lepton distribution f’{/ K'Ms(x,,u) can be calcu-
lated in QED perturbation theory, and one obtains [36]

2

MS aem
7 ) = %2 2y (4 ) = 1] + O

4

(A22)

Note the explicit dependence on the lepton mass m, in the
logarithm in (A22). Since the renormalization/factorization
scale u is typically of the order of the hard scale of the
underlying process, that is, of the order of several GeV at

least, the logarithm 1n(ﬁ) can potentially become large
4

and its resummation to all orders may be necessary. More
discussion on the treatment of the lepton mass m, in (A22)
is included in Sec. 11 C 3.

APPENDIX B: DISCUSSION ON THE CHOICE OF
GAUGE AND RELATED SUBJECTS

In this appendix we discuss the gauge conditions that we
impose throughout this paper. In addition, we address the
special role of the light cone vectors n*, m*, o*, which were
featured in several of the definitions in the previous
Appendix A for the (multiparton) correlation functions
and fragmentation functions [see Egs. (Al), (A3), (A4),
(A11), (A12), (A14), and (A19)].

1. Light cone gauge

First, we point out that we organize our calculation of the
partonic hard factors in the collinear twist-3 factorization
approach using a specific light cone gauge for the gluonic
field G**(x) (a being a color index in the adjoint
representation) with asymmetric boundary conditions,

n,G"*(x)=0 and G§(P-x=+00)+G§(P-x=—00)=0.
(BI)

This gauge is a pragmatic choice already adopted in a
similar, yet simpler NLO calculation for the production of
polarized A particles in electron-positron collisions [52]. It
leads to simplifications since the gluonic field-strength
tensors G™ in the definitions (A3), (A4), (Al1), and (A12)

reduce to (n-0)G4, which can be easily inverted. In
addition, the Wilson lines in these definitions reduce to
unity. All of this simplifies the handling of the quark-gluon-
quark and triple-gluon correlations.

In addition, the matrix element (A1) simplifies in the
light cone gauge (B1). However, we must be careful when
applying this gauge to the Sivers function f1;. As described
in Ref. [72], in the light cone gauge the Sivers function is
generated by transverse Wilson lines at light cone infinity,
and the boundary conditions are important. According to
Ref. [98], the asymmetric boundary condition in (B1)
guarantees a nonzero Sivers function for both a DIS-like
process (like the single-inclusive hadron production
N — hX) and a Drell-Yan (DY)-like process. However,
the Sivers functions in DIS and DY differ by a sign [99]. In
turn, the identity (10), derived for a DIS-type process in
Ref. [72], requires a change of sign on the rhs for a DY-type
process.

However, there is a price to pay when using the light
cone gauge (B1). Gluonic polarization sums as well as the
numerator of gluonic Feynman propagators—both objects
that copiously appear in the calculation of partonic hard
factors at NLO—are more complicated in this gauge
compared to the covariant Feynman gauge. It is well
known that both must be modified in the light cone gauge
(B1) according to

HpV 4 kVph

—g" - —d"(k,n) = — (g‘”’ - KPW). (B2)
The parameter x allows us to switch between the Feynman
gauge (x = 0) and light cone gauge (x = 1). It turns out that
all terms proportional to « in the final result for the partonic
hard factors cancel upon application of the identity (10).
This means that our results for partonic hard factors
coincide in the Feynman gauge and light cone gauge.
We take this as an indication that all partonic hard factors in
the collinear twist-3 approach to the SSA (1) are color
gauge invariant. Hence, in turn, this means that we can use
the gauge invariant extensions of the twist-3 matrix
elements (A1) and (A4) in our collinear twist-3 approach.

However, we emphasize that the choice of a light cone
gauge (B1) is certainly not a necessity for an NLO
calculation—one may also choose the Feynman gauge
right away.

2. Choice of the light cone vector

Secondly, as discussed in Sec. II A, there is an additional
potential dependence on the light cone vector n# of physical
observables through the parametrizations (A1), (A3), (A4),
(A11), and (A12). In Ref. [43] it was shown for the LO
contribution to the SSA (1) that an arbitrary light cone
vector n¥, parametrized by the three external physical
vectors of the process, can be adopted. Applying the
identity (10), one finds that all dependences on n* cancel
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in the final LO result (5). However, at NLO, working with
an arbitrary light cone vector n* would require the
computation of numerous redundant terms that are even-
tually expected to disappear. In order to avoid this, we take
the LO finding of Ref. [43] for granted in our NLO
calculation, and assume a specific light cone vector right
away from the beginning,

2

This would correspond to a natural choice in a specific
frame in which the nucleon momentum P and the
momentum P), of the produced hadron are collinear along
one axis, e.g., the z-axis. We assume that any arbitrariness
of the choice (B3) drops out at NLO once the constraint
(10) is applied.

|

()" T(1+e) d!

APPENDIX C: ANALYTIC CONTINUATION AND
USEFUL INTEGRATION BY PARTS IDENTITIES

In the calculation of several of the contributions, we find
terms of the form 1/(1 —w)""¢ that require careful treat-
ment with respect to the soft limit w — 1. A priori such
terms are only integrable on an interval (x, 1) under the
condition that ¢ < —(n — 1). However, integration by parts
can be applied to find an analytic continuation of such
terms that extends also to the region —(n—1) <& < 0.
Although we only need the specific cases n = 2 and n = 3
in our calculation, we note that a closed form can also be
found for a general integer n. Let f be a sufficiently
differentiable function satisfying the boundary conditions
f)y=fF(1)=...=f"2(1)=0 [where f) denotes
the nth derivative] and let x; be a real constant with
0 < xy < 1. Then the following general analytic continu-
ation holds:

1 G
lo dw (1 _ W)’H—S -

This can be shown in a straightforward way by induction. The induction step from 7 to n + 1 looks like this,

L B (w
Ao o (1 —w)ntite - _( —nw—) e f(

1
—/dw
Xo

[ o e (2) e
)|+ [ManliZe ()
o e (o (7))
(-1 T(l+e d )

_ [ T
B KD dw(l —w)*er(n+1 +8)dw"f<w>’

where the boundary term at w =1 vanishes because
e <—n and the boundary term at w = x, because
f(1) =0. We emphasize that only after the analytic
continuation (C1) has been applied can one proceed with
the small-¢ expansion and make use of the familiar relation
between (1 —w)~!=¢ and the & and plus distributions given

by Eq. (20).
For completeness we also give the explicit formulas for
the specific cases n = 2 and n = 3 that were encountered in
|

our calculation, with the generic function f replaced by
other relevant objects.

1. Kinematical contributions

For the analytic continuation of the term 1/(1 — w)?*2¢

appearing in the computation of kinematical contributions,
for example in the gg — ¢ channel, it is convenient to use
the following identity:

/. dwor(vowe)fip () 1
Xo

/ Ldw [(9,01) = L) (v, w. ) i ()

wo (T—w) 2 142 ) w (1 —w)t+2
L rawgaow e (i) G ©3)
142/, w (1 —w)l+2e

2. Hard poles

For the calculation of the hard-pole contributions in the gg — ¢ channel, that is, the partonic factors accompanying the
functions F(32,xy) and G(32, x), we apply the following identities:
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Al b 3-(:)28 g <x73’x°> 1 fff{fl B

1 o5(v, €) X0
dw- 208 p(Y0 ) =
/XO - (w o

The right-hand sides of Eqgs. (C4) and (C5) can then be
expanded in ¢ using (20). Note that the above procedure
works for both correlation functions F and G. The hard-
pole subtraction terms in (31) and (32) also contain contri-
butions of other derivative terms —x((0,F)(32, xy) and
—x0(02G) (52 . xp). These terms need to be dealt with in the
same way as described in Eq. (C5), followed by application
of (20), and (only afterwards) expansion in . We note that
|

0

/‘ dw s (GOTF) (2, x0) = 35 (=%001 F) (3. x0) (C4)

o W (1 _W)1+£ ’

_az(v,e)/ld_w,‘v(—anlF)(fﬁ,m) (C5)
l+e J, w (1—w)ltte -

all our results are organized in such a way that derivative
terms are integrated by parts as much as possible. Integra-
tion by parts identities are applied to all regular, nondistri-
butional terms of the corresponding partonic cross sections.
As a consequence, only delta and plus distributions remain
in our results for the partonic factors that accompany
derivatives of the ggq functions. This procedure is per-
formed using the following list of useful formulas:

[ ot (2230 ) = ~(a1) + F)F G030 + 580 (=50F (50 50)

Id
+ / i 2w?e(w) + 4wie’ (w) + W40”(w)]F<E,xo>,
W W w

/ 01 () (—x0) (01 F) <%O,x0> — 6(1)F(x0,x0) — A‘ D () + et ()] F(% ’XO>,

w w

[ =) ) (20 ) =ato) [1 TS o) [' (20,

(Co)

3. Soft-gluon poles

Additional complications arise for the NLO computation of the SGP contributions (in the gg — ¢ channel). Let us focus
on the SGP subtraction terms in the third lines of Egs. (31) and (32). As for the hard poles, the all-order (in ¢€) results for the
partonic cross sections involve terms 1/(1 —w)3*¢ and 1/(1 — w)?*¢ that we need to deal with via Eq. (C1). This implies

the following two identities:

EX_O)

W w o3(v. €)

3te 2+¢€)(l+e

L GG ) - & (P (.3)
) X0

(1 —w)lte ’

(
)
JRe e . /ldﬁ(—xom%,%»_
X0 Xo

(1 _W)l+e (C7)

However, the all-e-order results for the partonic cross sections also contain terms that are proportional to a hypergeometric

function which, interestingly, comes with a term 1/(1 — w)

»F (—e, —&;1

242
b

-
& 1—v+vw>

(1 _ W)2+28

This term needs extra care. We again perform an integration by parts, which in turn requires a derivative of the
hypergeometric function. We use the following identity for this derivative:

d

) I-v
EZF] —8,—8,1—

w
| me———————,F | —e.—&1 1
81—v+vw> 8w(1—v+vw)2 1<£ ¢

(1= 0)+e(1 = w)r
w(l — v+ ow)Te"

)
— & —¢€
1—v+4+vw
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By means of this identity we derive the following integral:

[ oAt G PR o) 1, faFie ] e o ()
% (1 _ W)2+28 1+ 2¢ (1 W)1+28
(1= ) R (2 )

(1 _ W)lJreW(l —v+ UW)1+£

=0 e Fi(—e,—&1 — e, =2 )F(2 ﬁ)}

w(l—v+ow) > I—v+ow w’'w

+ (1 _W)1+25

(C8)

These expressions can now safely be expanded in ¢ by virtue of Eq. (20) (with a replacement ¢ — 2¢ where needed), and an
expansion of the hypergeometric function

w w
Fi{-e—el-e————) =1+l ———— ) +0().
2 1( ere t‘?1—11—|—vw> T 12(1—v+vw)+ (&)

Another apparent complication in the calculation of the all-e-order results for the partonic cross sections is that another
special function emerges, the Appell hypergeometric function of two arguments,

1—
F, (—28;—8, —&; 1 —2¢; s i— v(l = w) ) =14+ 0(&).

€ ;
l—v+vw 1—v+ow

Since this function is typically accompanied by a factor 1/(1 — w)®, no dangerous behavior as w — 1 is observed, and one
can readily replace the Appell function by unity.
The partonic cross sections for the derivative parts F'(32,32) and (0,G)(52,22) of the SGP subtraction terms in Egs. (31)
and (32) are accompanied only by a factor 1/(1 —w)>*¢ and can be handled using (C7) and (C8) in a similar way.
As for the HP contributions, we list some useful formulas that facilitate the integration by parts of all regular,
nondistributional terms in the partonic factors accompanying the derivatives of ggg functions. For the SGP contributions,

we make use of the following identities:

[:i:va(w) (_XOF/CS’)S)) = 6(1)F(xp, x0) —lolci:vW(wa(w))’FCS,iS),
/x:dea(W) =) <_x°F(x73xW0>) - /lde 5254%1 F (x—;x—j) - Ald;wwa(w)) In(1 - )F(%%)
[01 %VG(W) (ng” (%%)) o(1)(=xoF (x0, Xo)) — (wo(w))'[,,=1 F (x0, Xo)
+£%Ww[ 'F<x° x°>
[0t (53686) (2.22) ) = ot -016) 50 - [ Lwtwatn)y (-xa06) (2.2)). (9

APPENDIX D: ANALYTICAL RESULTS FOR THE PARTONIC HARD-SCATTERING FACTORS
AT NLO

In this appendix, we present the explicit analytical results for the various partonic factors.

1. Channel g¢g — ¢
a. Integral contribution

The partonic factor accompanying the vector-type correlation function F in our result for the integral contribution to the
qg — q channel in Eq. (64) reads explicitly
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A 1
G (0w ) =

w (( ¢ = 2Cp)E(1 = v)’v(w = 0)*(1 + v(w =)
40 =)'\ /T=200 42028 = Dow + 02 (w — )2

_2Csu(w —¢)? ((:2 +2(C = )P0 w(Ow? — 8w +3) + 200(=C + (2 + 30 = 3w+ 1)

+ 02 (8 + (88 — 482 = 2)w? + 2L (-4 + 20 + w) +sen(w = O) (L(E + 1)

+ 028+ § 42w = 20w) + 28v(w - C))) - N, (v(w O (C(E+2) + (P + (42 —2)n?
+2(1=20)¢w) + v((48% = 2)w = 28%)) + sgn(w = &) (0* (w = O)* (& = 1)¢ + 2w* = 2¢w)
+20 (- = D)E +w =L+ Dw? +LBP = ¢ = 1)w)

L+ )p(w— ) +20(8 — 1)w)>>, o1

where sgn(x) is the sign function. Furthermore, the partonic factor of the axial vector-type correlation function G in Eq. (64)
reads

B 0w, =

w (( e = 2CF)C(1 = v)v(w = {)*(1 + v(w =)
41 =0)* ' /T=200 42028 = Dww + 2 (w — )2

+2C0(w = £)? (c:2 20— DEw(6w? — 8w+ 3) + 200(=L + (2= + Dw—1)
+ 02 ($2 4 (883 — 4% = 2)w? + 20(—4L% + 20 + 1)w)

+sn( = O)((€ = D8+ 02((¢ = 15 +20% = 20w) +2Lo(w =)

+Nc(v(w —O2((€ =28 + 02 (&2 + (422 = 2)w* +2(1 = 20)¢w)

+ (482 = 2)w = 28%)) +sgn(w = ) (v (w = )P (& + & +2w? = 24w)

+202 (=3 + 1) +wP =L+ 3w+ LB+ + Dw)

+@—1xww—a2+u¢—n%wn). (D2)

b. Hard-pole contribution

Here, we list the explicit analytic results for the partonic factors that appear in our formula for the hard-pole contribution
to the gg — g channel in Eq. (65),

a1 (v> = 14v+18)In(1 —v) 750 — 100v* + 15103 — 17200* + 24600 — 1080
O-HPF (U’Wv)(u) = CF 2 2 - 4
v (1 —v)*(1—-w), 60v(1 —v)* (1 —w),
220 =3)In(1 —v)  v°(75w —9) + v*(22 — 130w) + v*(7 — 30w) — 200 (w + 12) + 390v — 180
2 7t 3
vew(l —v) 30ow(1 =)
140> (In(1-w) +(3v4—|— 160 —439% + 500 — 18) In(1 — v)
=0 . 22 (=) (1-w),

N
* C{ l—-w
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(1 +112)1n(;(ﬂ) 160* — 8503 — 1760% + 1330 — 108

(1=v)*(1—-w), 120(1 = v)*(1 —w),.

B (v*w + 203 + v*(w—=7) +8v—=3)In(1 — v) 0+ v*)(In(1 —w) +In(y,))
02 (1 —v)*w 2(1 —v)*
18 4+ 402(6 +w) — v* (13w —1)  3(1 + v*)w(w? + 2w — 1) In(w)
6v(1 —v)*w 6(1 —v)*w(l —w)?
_ (35w = 76w + 35 + 0245w = 53w + 2))]
6(1 — v)*w(l —w)

(D3)

Note that the last two terms combined—although individually divergent—are finite for w — 1,

2705 — 44v* + 29103 — 16000% + 20400 — 840 (v* — 13v + 14) In(1 — v)
600(1 = 0)"(1 — ), A= =),
1+ 2?2 <ln(1 - w)> (3v* + 150° = 3702 + 41v — 14) In(1 — »)
1=v)*\ 1-w /), 203 (1 —v)* (1 —w),.
(1+0v*)In(y,) = 6v* —510° — 14207 + 1150 — 84
(1=v)*(1=w). 120(1 = v)*(1 —w)..

A 1
UI‘ZIgP aqF(U w )(u) F {—

.|

(D4)

o 1 1
zIJp_;ZF (v,w) = Gﬁgp aq02 (v, w)

In(1 - v) 203 — 5v* + 2203 — 1250? + 1500 — 60

2(1—o)(1-w), 600(1 — v)*(1 —w), }
In(1 —v) vt — 403 — 1907 4200 — 12

221 =01 —w), | 2u(l= o) (I —w), ]

|

+N, {— (D5)

&zlgp_;q;(v woxs) = Cr [(v22— 6v —|—26) In(1-v) 90> — Tv* + 17103 —32502 +900v —360 (2v —23) In(1 ; )
v (1 —v)*(1—w), 60v(1 —v)*(1 —w), wo*(1 — )
23 (30w — 9) + v*(22 — 45w) + 03(7 — 10w) — 502 (w + 48) + 3900 — 180
60wo(1 — v)* ]
1+22 [/In(1-w) (3v* + 8v° — 150% + 18v — 6) In(1 — v)
(1_”)4( I-w )++ 20%(1=v)*(1—w),
v(24v(1 + v?)In(y,) + 3v* — 680 — 1430% + T4v - 72)
2407 (1= v)* (1 —w),
2v*w + 203 + 22w =7) +8v=3)In(1 —v) (1 +2*)In(1 —w)
- 202(1 = v)*w - 2(1 —v)*
(1+0*)In(y,) (14 2*)(1 +w)In(w)
o 2(1-0)*  2(1—-0)*(1-w)
v*(2 = 9w) + 03 (70w — 4) — v?(w — 48) + v(68w — 70) + 36
240w (1 — v)*

.|
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2
nqg—q.] (v* =140+ 18)In(l —v) 22v—=3)In(1 -v)
b 9 - C
Gite.c (V- 2u) F[ (1 —0)*(1-w), v*w(l —v)?
n 75v° — 1000* — 36903 + 16400? — 2460v + 1080
60v(1 — v)*(1 —w),

. 03(9 = 75w) + 20*(65w — 11) + 23 (30w + 33) + 200%(w — 12) + 390v — 180
300w(1 —v)*
(v =140+ 18)In(1 —v)  160* — 732 4+ 160v? — 287v + 108
+ N, |- -
203 (1 —v)*(1—=w), 120(1 —0)*(1 = w),
(vw =20+ > (w+7) =8 +3)In(1—v) 1+° 1—-w
+ 3 7 + 71n Xu
v*w(l =) 2(1 =) w
N v (13w —1) + 232 = 51w) — 40> (w = 6) — v(d1w + 37) + 18
6vw(1 — v)* ’

Since G9(x, xo) = 0, we may replace the plus distribution 1/(1 —w)_ just by 1/(1 —w),

(D7)

S0 (4 ) — (v = 130+ 14) In(1 — v) | 270 — 442* = 3090° + 15200” — 20400 + 840
6 v,W) =
oG Lo -0 (1w,

60p(1 = v)*(1 —w), }
+N, [—(

v =130+ 14)In(1 —v)  60* — 3903 + 1500? — 2090 + 84
2 2 - 4 . (DS)
205 (1 —v)* (1 —w), 201 -v)*(1-w),

g1 =01
I({IL;_,;%IG(U’ w) = qu—l%_,;‘,]aza(”v w)

c In(1 —v) +205—51)4— 180 + 11522 — 150 + 60
Fl2(l=o)(1—w), 600(1 — v)* (1 —w),

T - In(1—v) ot =40 + 2107 - 280 + 12

205 (1 —ov)(1—w),

24v(1 —0)* (1 —w),

~q9—q,1

(D9)
Otip.anG (0w 1) = Cp [(” — 60+ 6)In(1 —v)

905 — 7o* — 1890° + 71507 — 900w + 360 (20— 3)In(1 = v)
V(1= v)*(1—-w), i 60v(1 — v)* (1 —w), - v?w(l —v)?
N 03(9 = 30w) + v*(45w — 22) + 3 (10w + 33) + 50 (w — 48) + 390w — 180]
60vw(1 — v)*
N {_ (v =60 +6)In(l —v) 3v* —440’ + 1450 — 1900 + 72
L2021 =) (1—w),

24v(1 = v)*(1 —w),
N (2v*w =20 +*(2w+7) = 8v +3)In(1 — v)

N 1+ v? m(L=w
20%w(1 = v)* 2(1 —v)* w A
(9w = 2) + v3 (4 = T0w) + v*(w + 48) — 2v(34w + 37) + 36
. (D10)
240w (1 — v)*

¢. Soft-gluon pole contribution

In the following passage, the partonic factors of Eq. (66) are listed, which constitutes our result for the soft-gluon pole
contribution to the gg — ¢ channel,

~q9—q,1 _ ~q9—q,1 ~q9—q,1
OsGp,F (v, w,)(,,,)(m) = NCGSGP.F.N(,(U’W’)(/HXm) + CFGSGP,F,CF(U’W’)(ﬂ’)(m)’

(D11)
where we divided the partonic cross section into its contributions entering with various color factors. The N, contribution
reads
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In(1 — w) 1
~qg—q,1 g—q,1 g—q,1 g—q,1
63GoF.N, (VW Xy Xm) = ATsGb ., (02200 ) O(1 = W) +Ag,qSG(f’,F,N¢(v)< 1-w > + ASsapr, (V- 2,) (1-w)
+ +
—q,1 —q,1 —q,1
+ AZ,gSGLl]’,F,NC(U’ w) In(y,,) + Ag,gSGLII).F,N‘.(U’ w)In(1 —w) + Ag:qSGtII),F,NC(U) In(y,)
—q,1 —q,1
+ Ag,gSG%,F,NC(”v w) In(1 —vw) + Ag:qSG(l]).F.NC(U’ w)In(1 - v)
+ ALSa ey, (0w) In(L =0 ow) + AT Gy (v.w). (D12)
with ten coefficient functions of the following explicit forms:
5 4 3 2 2 2
ol v’ —40v* — 1207 +38v° —49v + 18 I+v I+ (I+v)w
ATSGbrN, (VX Hm) = 21— o) In(1-v) —mln(}(ﬂ) —mln()(m) =0 In(v)
9v* —58v% — 1500% + 1500 — 108
240(1—v)* ’
1+02
—q.1
AS'scbrn, (V) = DG
1+v? 3v* + 160° — 4302 + 500 — 18 10v* — 6123 — 17602 + 1510 — 108
A9974] i - 1 — In(1-v)— )
3.56p.FN, (V- 2u) (1= n(y,) 202(1—v)* n(l-v) 120(1 - 0)*
AL () 209 (1 =2w)w* + v w2 (8w? —dw+ 1)  203w(2w? +w—1) + v*(1 —w?) = 20w + 1
v, W) = _ ,
4,SGP.F.N, 2(1—0)*(1 —ow)? 2(1=v)*(1 —vw)?
A= () V?w(v3w? (3w? = 2w+ 1) +20°w(=2w? +w=2))  *w(v(—w? +6w+1)-2)
: VW) =— -
5.SGP,F,N, 2(1—v)*(1 —ow)? 2(1=v)*(1 —ww)?
1+02
—q,1
Agf]se%,mvc(”) = m’
—q. 20%w?
A’?:(JSG%.F.NC(U’W) = (1 _ v)Z(l _ UW)Z )
AL () v =200 + 4702 =500+ 18 (¥ =9v+16)w  (3v—35)w? 1—2vw
v,W) = — - - 5
8,SGP.F.N. 20%(1 —v)* 4v*(1—v)? v?(1-20)?  (1-0)*(1 —vw)?
—q.1 vw
Agf}SG(l{',F,N( (v,w) = m

A= () :wzln(w) v(w—1)22w - 1)+21;2(w—2)w+21;—2+ 1—v(2w—1)
10,SGP.F.N, \Ys (1—w)? (1-0v)* (1=2)(1—vw)?
B 1422 +13v4—76v3—95112+13011—108
(1—v)*(1—w) 120(1 —v)*
(370v* = 1220% = 3130% + 2280 — 192)w  (5v* + 38v% — 63v + 30)w?
48v(1 —v)* 6v(1—v)*
(1703 + 60> + v+ 8)w*  4v*w—v(Sw+2)+3 1
. SRR - (D13)
48(1—v) (I=2v)*(1—ow) 4(1-v+ow)

Notice that the last coefficient function A?gy_s’gﬁypy,\,(_(v, w) is regular as w — 1, despite the factors In(w)/(1 —w)? and
1/(1 = w). Its limit for w —> 1 is

60° + 49v* — 21003 — 3140% + 168y — 192
24v(1 —v)* '

: q9—q.1 _
}Vl_ff}Alo,SGP,F,NC (v,w) =
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The Cp contribution in (D11) takes a similar form as the N. one,

In(1 —w) 1
~qg—q,1 g—q,1 g—q,1 g—q.,1
636 F.C, (VW Xyo Xm) = AT'sGb e, (U Xy Zm)(1 = W) +Ag%0%,F,CF(U)( l1-w ) +Ag,qSGqP,F,CF(vJ(ﬂ)W
+ +
—q,1 —q.1 —q.1
+ AZI(ISG%,F,CF(”a w) In(y,,) + Ag,gSG%,F,CF(U’ w)In(1 —w) + Ag,gSG%,F,CF(U’ w) ln(;(ﬂ)
—q,1 —q,1
+ A%G%,F,CF(U’ w)In(1 —vw) + Agqua%f,cp(v» w)In(1 - )
—q.1 —q,1
+ Ag?SG%.F,CF<v’ w)In(1 — v+ ow) + A(I](g).SgP.F.CF(Uv w), (D14)
with ten coefficient functions of the following explicit forms:
d0—a.1 1402 903 +40* 4+ 120% +300? — 490 + 18
ALSGP’FVCF(U,;(”,)(m):(l_v)4ln(v)(4ln(1—v)+21n(;(ﬂ)—ln(v))— 212 In(1-v)
208 + 0 +60-3 1+ 2? 1+2?

=0 ln()(ﬂ)—l—mln()(m)—Smln(v)

+451}5 —21v* —3651° — 84002 + 780v — 540

60v(1—v)* '
—q,1 1 + 1)2
Alzl,gsc;%f,cF(”) = W,
ol 1+0? Tv* + 160° =392 + 500 — 18
Afsbr.c, (V- 2) :4mln(}(;¢)+ 21— 0) In(1-v)
n 7503 — 3400* — 50903 — 244002 422800 — 1080
60v(1—v)* '
agl 20w 2w —1) = v*'W?(8w? —dw+1) 203w(2w? +w—1)—>(W? —1) 20w +1
v,W) = ,
4.SGP.F.Cr (1=v)*(1—ow)? (1-v)*(1-vw)?
AT () 6vtwt  *(Buv—17)w* *(3v*—10v+ 13)w2+ w4202 —v+2)
' VW)= — —
5.8SGP.F,Cp (1 _ 1))4 (1 _ 1})4 (1 _ v)4 (1 _ 1))4 (1 _ 0)4

2—4ow
(1=v)2(1—ow)?’
v*w? (6w? — 8w +3) +403w? (3w —2) + 2 (9Iw? —3) =3

+

—q,1

Agsapr.c, (v.w) = (1—0v)* ’
4v’w?

—q,1
ATscbrc, (W) == (1—v)2(1—vw)?*
ALT=E () —30*=200° +4302 =500+ 18 (v°=9v+16)w  2(30°—80° +9v* +30° — 1102 + 130 = 5)w?

VW) =
8.SGP,F,Cp 1,2(1 — v)4 2v2(1 - v)2 112(1 - ”)4
81}3(2v—3)w3+ 120*w? N dow =2
(1=v)*  "(1=0)* " (1=0)2(1—ow)®

el vw

A r.c, (VW) = C2(1-0)?
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4.4 3,3 202,72 2 2
AL (0, ) = In(w) (— (fv_wv>4 + 8(721 _21}1;4W v 0 1_02; B 2(3”“ _zlgf Y
414+ 1) (2w - 1) dow =2 3wt w(7603 — 150% + 60 + 1)w?
(1= o) (1 —w)? (l—v)z(l—vw)2> D 24(1 = o)
_ (640° = 2100* — 1950° + 3600” — 6300 + 300)w*
300(1 —v)*
(11405 — 5690* — 112003 — 27350 + 1860w — 960)w
- 1200(1 — v)*
7505 = 3100* — 5390 — 16300 + 21900 — 1080
B 60v(1 — v)*
4(1 4 0?%) 802w —2v(5w +2) + 6 1

+

(=) (l-w) (=0 (l—ww?  2(1—v+ow) (D15)

As for the N, part, the last coefficient function appears to diverge for w — 1, but is actually regular and integrable since

—2800° + 1097v* + 1684v* + 28800 — 18900 + 960

: q9—4.1 _
}V}EAIO.SGP,F,CF(U’W) = 600(1 — v)°*

The partonic cross section for the term with the first derivative can be decomposed as well, but after integration by parts
only distributions appear in the analytic forms, and the results are significantly less complex. We obtain

~qg—q,1 ~qg—q,1 ~qg—q.1
656 (VW 2u) = NeBsp'pn, (0:w.2) + Crospy c, (0w 1) (D16)

where the N, part reads

In(1—w)
~Aqg—q,1 —q,1 —q,1 —q.1
aggp’quc(v,w,){”) :A??SG%,F’,N(,(U’Xﬂ)é(l —w)—l—Ag.gSG'f,.F,’N(_(v) (—1 — ) +AZ.95G?,.F,QNC(U,)(,,)7(1 ), (D17)
+ +

with the coefficient functions

- 1 2 7ot 4+ 150° = 3302 + 410 — 14 6v* —510° — 14202 + 1150 — 84
AU () = = () T I LR T (1 gy - 2 s

SGP.F'.N, (1-v) 402(1 =) 24v(1 —v)

1+ 2
—q,1 .

Ag',(ISGqP,F’,NC(U) =- 1—-0)*

N 1 2 6v* + 2303 — 5202 + 59 — 20 15v* — 9803 — 42702 + 3760 — 240
AL () = =Gy, - 2 S LT Sy ) - 2SR S

SGP,F'.N, (1-v) 402(1 = v) 48v(1 — v)

(D18)

Furthermore, the Cp part reads
~q9—q;1 — A2974] S(1 A997a:1 In(1-w) A997a:1 1 D19
&46pr.c, Wewaxy) = AlGh p e, (0. 20)8(1 = w) + AT b o, (V) e + 3,SGP,F'7CF(U,)(ﬂ)m’ (D19)

with the coefficient functions
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Ll 1+ 2 1v* + 150° = 290% + 41v — 14
ATEL  (07,) = NI = 0) + 200 ~ o) + TR In(1 - v)
14 02 2705 — 440 — 6690° — 160012 + 10800 — 840
3— (In(y,) -1 ,
3=yt ) —Inw)) + 1200(1 — v)?
—q.1 1 + 'U2
Ag,gSG%,F’,CF@) = (1 _ 0)4’
ol 1+ o2 140* + 2303 — 449% + 590 — 20
Assarr e, (0:2) = 4 (1-v)* In(y,) + 202(1 - v)?* In(1 - )

N 120° — 170* + 15403 = 775v% 4+ 980w — 400

400(1 — v)* (b20)

The partonic cross sections for the terms with the second derivative have similar forms. Again we perform a separation into
color structures,

~qg—q,l ~qg—q.1 ~qg—q,l
Ug‘épzw(v, w) = Ncagépzv”,zvf (v,w) + CFG(;%P’(?,,’CF(U, w), (D21)
where the N, part reads
~q9—q,1 —q,1 1
Uggp’zp//’N[(v, W) == A?TISG;I),F”,NC(U) <6(1 - W) + m ) (D22)
with the coefficient function
1 vt =403 =190 + 200 - 12
A9l — In(1 = ») — D23
1.SGP,F" N, (’U) 41)2(1 _ ’U) n( U) 48’U(1 _ U)4 ( )
The Cp part reads
1
~qg—q,1 —q,1
A (0.9) = ATGE . (0) (0= + =) (024
+

with the coefficient function

ALy In(1—v) 207 —50* +220° — 1250 + 1500 — 60.
20%(1 —v) 1200(1 — v)*

1.SGP.F".Cy. (D25)

~q9—q.1

The other partonic cross section related to a second derivative term in Eq. (66) is 6¢/, % -(v, w). It shows the least analytical
91

complexity and reads

In(1-v) v* =403 —190% + 200 - 12
54941
1 (o,w) =8(1—w)|N, [ -
GSGP.alF(” w) (1=w) [ ( 402(1 = ) + 48v(1 —v)*
In(1-v) 20° = 50v* +220° — 1250? + 1500 — 60
C - . D26
N F<2y2(1—y) 1200(1 — v)* (D26)

We next turn to the terms in Eq. (66) that are generated by the quark-gluon-quark correlation function G. Only derivative
terms contribute here,

N 5 N 5 N 5
Gcslg;%lc(”» w) = Ncacsig};fi)lc,zvp(”v w) + CFUZ%})%IG,CF(U, w), (D27)

where we again divided the partonic cross section into its color factor contributions. The N, contribution reads
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~Aqg—q,5 —q.,5 —q.,5 —q.,5
GZ%P%IG,NC(U’ w) = Acli,gSGLIID,dIG,NC(v)é(] - w)+ Ag,gSG%,aIG.NC(U) T=w), + Ag,gSGCII’,le,N[(v’ w) In(1 —w)
+
—q.,5 9—q.5 —q.,5
+ AZI(JSG%',()IG,NC(U) In(1—v+ow) + AgL]SGIIIJ.a,G,N(.(”’ w)In(1 —v) + Ag:qSG(lj),mG.N(,(U’ w), (D28)
with six coefficient functions of the following explicit forms:
A99-05 (v) v? — 130 + 14ln(1 ) 6v* — 3903 + 15002 — 2090 + 84
V) =——5 —-0v)— ,
1 SGPAG N 20%(1 - v)? 120(1 — v)*
8 —"Tv 9v* — 3403 4+ 155v% — 228v + 96
q9—9.5 _
AYsapa,on,. (V) = mln(l -v)+ 240(1 = o) ;
2 2
4.5 v (v(w —w+1)+w=2)
Ag:qSG(ll’,a]G,N[(U’ w) = (- v)4 )
—q.5 v
AlSGhaon. (V) = I
3
—q.5 v’ + 6vw + 7o — 10w —8§
A[SI:(]SG%,OJG.NC(U’ w) = 21)2(1 —v)? )
05 9v* — 3403 + 15507 = 2280 + 96 w(v* — 207 + 730? — 128v + 60)
AG'sabaon, (VW) = — -
SGP.OGN. 24v(1 — v)* 120(1 — v)*
w2 (703 — 6v% — v —8)
_ D29
24(1 = v)* (D29)
The Cp contribution reads
1
~qg—q.5 —q.,5 —q.,5 —q.,5
Ug%?,%lc,cp(v» w) = Ai],gsag,alc,q(”)a(l -w)+ Ag,gSG‘lI’,alG.CF(U) T=w). + Ag,yse%,a,c,c,r(”’ w) In(1 —w)
+
—q.,5 —q.,5 —q.5
+ Az,gsc;%,alc;,cf(”) In(1 —v+ow) + Ag,gsaflg,alc,cf(v’ w)In(1 —v) + Ag:qSG[II’,mG,CF(U’ w), (D30)

with six coefficient functions of the following explicit forms:

o 0= C 20 iy TP 50— 200 0

MG 0, (0) = =i — ) - IRE T2 200 8007 [0 450,
AEEES gy ) = 220 0,

AZ,QSE%,?)IG,CF(U) = ﬁ,

v+ 60w+ Tv—10w—38

—q.,5
ASscpo,c.c, (W) = = v?(1 —v)? ’
9945 (v, w) 180° — 37v* — 12007 + 8050% — 11400 + 480 n w(260° — 250* — 1200 + 3750% — 6300 + 300)
VW) =
6.5GP.0,G.Cy 600(1 — v)° 300(1 —v)*
2(200* = 9v° — 602 — 2wt
w3 (200 v 41} v)+ wv4. (D31)
12(1 - v) (I-v)
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Finally, the cross section entering with the second derivative of G reads

2 In(1-v) v* =403 +210? =280+ 12
54945 — —w) — —
Ssaraio(V: W) = (5(1 Y (1- W)+) [NC(

402 (1 - ) 48v(1 — v)?
In(1-v) = 205 =50* — 180 + 1150? — 150v + 60
C . D32
" F(sz(l—v) 1200(1 — v)* (D32)

d. Soft-fermion pole contribution

The soft-fermion pole contribution is the final part of the gg — ¢ channel, and below we present the explicit expressions
for the partonic factors found in Eq. (67). We separate the SFP partonic factors by means of their color factors,

N .1 ~ Nl A A
65ipr (VW xm) = Nebsrp i, (0w, 2m) + Crésep i e, (0, W, ) (D33)

with the N_. part given by
~gg—q,1 —q,1 —q,1 —q,1
84tp rn, (VW 2m) = A?',QSFg,F,NF(Ua w)In(y,,) + ASsrp p oy, (0, w) In(1 —w) + Agf]SFg.F,NC(U’ w) In(1 - vw)
—q,1 —q,1 —q,1
+ AL e, (0.w) In(1 = 0) + ALl (0. w) In(1 = 0+ ow) + ALy (v, w) In(w)

—q,1
+ AfSepr, (V). (D34)

with seven coefficient functions of the following explicit forms:

AL () = — v3w3 B v?w? B v(v? —4v + 5)w B v? —4v+2
1,SFP,F.N .\ "> (1 _ v)4 (1 _ U)3 2(1 _ 0)4 (1 _ v)4
3-2v 1
T = ow) 201 = o) (1 — w2’
AL () = 20w *Bu=Dw? o3’ —4v+Sw 0P —4v+2
2,SFP,F.N . \"Y» (1— v)4 (1- 11)4 2(1 - v)4 (1- 1})4
3-2v 1
TS0 2= o) (1= ow)?
3 2,2
Ag?s_};g:;wc(”v w) = — (v (w (ll)v_v v; (111 (_vaiz)w tv-1l) )
AL () = 20-3 200 =100 +160 -9 w(v* =50’ = 0> + 50 -4)
SFP,F.N.\"» (1 _ v)2v2W (1 _ 0)31)2 2(1 _ 0)31)2

2B3v =5)w? 4w —-302w+1)+5
(1-2v)*? 2(1 —v)3(1 —ow)?

1 w(vw —v —1)
AZ,QS_I;IZ,F.NC(U’ w) =

2(1—w)®
AL () 202 —4v+3  (2-v)ow ?Q2u+1)w? 4w -=3v2w+1)+5
VW) = - - ,
6,SFP.F.N, (1 —v)* (1-v)? (1-0)* 2(1 —2)*(1 —ow)?
d9—a.l v =203 + 24072 =350+ 18 100 = 2303 + 12602 — 203v + 108
A7.SFP.F,NC(7”W) =- 7 7
6(1 —v)*ow 12(1 —v)*w
(5v* =50 =290 + 9 — 12)w  (33v* — 160> + 15502 — 2380 + 120)w?
6(1 —v)*v 12(1 —v)*
1 = 60% = v — 8w 4w — p(Tw +2 1
(31v° — 60 1)4 8w’ 4v’w v(3w+ )—6;5+ . (D35)
12(1 —v) 2(1 =) (1 —ovw) 2(1 =v)(1 — v+ ovw)
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The Cp part has a similar form,

~q9—q,1 —q.1 —q.1 —q.1
Uglg@.qﬁcp(vv W lm) = Alll,gSFg,F,CF(v’ w) In(y,,) + Ag,gSF}Z,F.CF(U’ w)In(1 —w) + Ag,gSFg,F,CF(U’ w)In(1 — ow)
+ AZ?s;g:;,cF(”v w)In(1 —v) + A%’f’s?{ij},q(v, w)In(1 — v+ ow) + Ag%}g}yq(v, w) In(w)
—q.1
+AfSebr.c, (0-W), (D36)

with seven coefficient functions of the following explicit forms:

5-3v  wo(r?—6v+3) 2w??(2-v) 2wd 4w -3vQ2w+1)+5
A9974:] _ _
Lo, () (1-0v)° " (1-v)* (1-v)* " (1-v)* (1=0)*(1—ovw)?
5-3v 3wu 2wrr(2-3v) 4w AvPw-3v(2w+1)+5
A9979] _ -
I (s N (o s

ATEL () — 2ow(3(w—=1Dw? + ?(w=1w+v—1) ,

3,SFP,F.Cp (1 _ 1})3(1 _ UW)2
AL () 6—4v 403 =202 +320 - 18  w(v* =503 —v? + 50 —4)
v,w) =
4,SFP.F,Cy (1= 0)20%w 2(1— ) (1= )

awr(3v—=5) 4v’w—v(6w+3)+5
R T T
vw(v(l =2w) + 1)

—q,1
A;IZQSFg,F,cF(”v w) = (1 U)3 )
5-3v 2w2-v)v 2wr*(4v-=3) 8w 4v’w—w(6w+3)+5
Aqg—w,l ’ _ _ _ ’
6,SFP,F,CF<” w) (1- ) (1- ) + (1-v)* (1-v)* + (1—0)3(1 — ow)?

90 — 220* — Tv® + 2400% — 3900 + 180 750° — 160v* — 15103 + 13800% — 22200 + 1080

A997a! _
1svr.r.cy (VW) 300(1 — v)*w 60v(1 — v)*
N w(120° — 14v* + 5503 — 90v? + 1050 — 60) N w?(1282° — 65v* — 11507 + 705v% — 12600 + 600)
150(1 — v)* 300(1 — v)*
_w3v(521)3—31121—6v+ 1) n 5w4v44+4112w—1}§7w+2)v;5_ 1 ‘ (D37)
6(1 —v) (1-v) (I=2)°(1 —ovw) (I=2v)(1 =v+ovw)

The partonic cross section for the corresponding SFP derivative term reads

N 1 A 1 N 1
83tpanr (VW tm) = Neb&p g pn (VoW 2m) + Cr6§pgop o, (VW 2on). (D38)
with the N, part given by
~qg—q.1 1 —q.1 A
O-glg?P.ng.N(, (v,w) = Acli.gs_];g.azF.N(, (v,w)In(1 —v) + Ag,QSFg,azF,N((”v w) In(w) + Ag,gs_];g,azF,Nc(U’ w), (D39)

with three coefficient functions of the following explicit forms:
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v(—6w? + 8w —2) + 10w? — 12w + 3

—q,1
Alll,gSFg,azF,N((y’ w) = 2w1)2(1 — U)z ’
2
ol wo*(1 4 ow)
Alzl,gsmz,azp,zv(. (v,w) = W )
A99a1 (0.w) vt =203 + 2402 =350+ 18 Tt — 1603 4+ 960% — 1440 + 72
' VW) = -
3.SFP.0,F.N, 2wo(1 - 0) 120(1 = v)*
N (11v* — 923 + 3822 —463U +30)w (310 — 60 — 1}4— 8)w? (D40)
6v(1 —v) 24(1-v)
The Cp part reads
~Aqg—q,1 —q,1 —q,1 —q,1
Ug%P,ZZF,CF(”v w) = A?,gSFI?’,BzF,CF(U’ w)In(1 - o) + Ag,gSFg,azF,CF(v’ w) In(w) + AlSI,gSFlg,azF,NCF(v’ w), (D41)
with three coefficient functions of the following explicit forms:
ol v(6W? — 8w +2) — 10w? + 12w — 3
A(II,gSFg,BzF,CF(v’W) = sz(l —v)? J
203w?
—q.1
Ag%Fg,sz,CF(U’ w) = 7(1 — U)4 )
A99=0] (0, ) = —90° + 220* + 73 — 2400% + 3900 — 180 n 2703 — 61v* — 150 + 480v% — 7800 + 360
3.5FP.0,F.C;\Vs W) = 60w (1 — v)* 30v(1 —v)*
w(64v° — 1500* + 150 4 3600% — 6300 + 300) N w280 =390 + 60+ 1)  viw?
300(1 —v)* 12(1 — v)* (1—0)*
(D42)

We now turn to the SFP contributions by the quark-gluon-quark correlation function G. The corresponding partonic factor
reads

~q9—q.5 . q9—q.5 . q9—4.5
65tpG (1 Wodm) = NeBip G, (0, W 20m) + Croip G, (0, W, 2m) (D43)

with the N part given by
~Aqg—q,5 —q.5 —q.5 —q.,5
Gglgrp,g,zv((”v W lm) = Aclj.gSFg,G,Nc(v’ w)In(y,,) + Agﬁqug,G,N[(”’ w)In(l —w) + Ag,gSFg,G,NC(U’ w)In(1 — ow)
—q.,5 —q,5 —q.,5
+ Af'srpon, (v, w) In(1 = v) + AL v (v, w) In(1 = v+ ow) + A v (0. w) In(w)

+ AT o, (0. W), (D44)
with seven coefficient functions of the following explicit forms:

v3w3 v*w? (0 —4v+5w ®—4v+2 4’w—ov(6w+3)+5

Aqg—>q,5 — _ _ — -

Lskp.G., (V5 W) (1—v)* (1-0)° 2(1 - v)* (1=v)* 2(1 =)’ (1 - ow)?
ALS () = — 2 (1 + v)w? B v? —4v+2 (S +ow 4v°w — v(6w +3) +5

25FPGN W)= T T (1—-0v)*  2(1—-0)?  2(1—0)3(1—ow)? ’

AL () = vw?  (3-w)ww  3v-5  4’w—w(6w+3)+5
3.SFP.G.N \ "> - (1 _ 1])3 (1 _ 1))3 (1 _ 1})3 (1 _ 1})3(1 _ Uw)z
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20-3 203 =100 +160-9 (3’ —v+4)w  23v -5’ B 4’w —3002w + 1) +5

A9979 , _ — )
4‘SFP’G‘N"<U w) 2 (1 —v)*w (1 —v)? 20%(1 — v)? v?(1 —)? 2(1—v)3(1 —ow)?
2,2
a5 VW o(l +v)w
ASseegn, (v:w) = = (1-0) " 2(1-0)*"
203w? 3w?  2-=v)ow 20 —4v+3 4Pw-3v2w+1)+5
A99795 W) = —
6.5rpGN, (VW) (1- ) + (1— ) + (1-0)3 + (1—wv)* 2(1 = v)3(1 —ow)?
A99-45 ( ) vP =203 = 2402 +37v =18 100* = 350 — 10202 + 181w — 108
v,w) = -
7.SFP.G.N, 6(1 —v)*ow 12(1 —v)*o
(50* = 17v° + 230> = 33v + 12)w N (9v* + 80 — 1490% 4 2420 — 120)w?
6(1 —v)*v 12(1 —v)*v
(703 =60 —v—=8)w* 4v’>w—v(Tw+2)+5 1
h 4 - 3 2 - : (D45)
12(1-v) 2(1=v)’ (1 —ow) 2(1=v)(1 — v+ ow)
On the other hand, the C part is given by
~q9—9.5 —q.,5 —q.,5 —q.,5
Jggp,g’@(v, Wolm) = A(II,gSFlg,G,CF(U’ w)In(y,,) + Agf"SFg,G’CF(U, w)In(l —w) + Ag’QSFg’G’CF(U, w) In(1 — ow)
—q.5 —q.5 —q.,5
+ AZ,QSF;G,CF(U’ w) In(1 - v) +A‘5]:(]SF1(§,G,CF(U’ w)In(l — v+ ow) + Ag,gSFlg,G,CF(v’ w) In(w)
+ AT G, (0 W), (D46)
with seven coefficient functions of the following explicit forms:
N 203w 2 =2)*w? w(*—=6v+3)w 5=3v 4v*w—-3v2w+1)+5
A?%Fg’gc,(l)’w): 1 ( ) 4 + ( ) ) =+ 3 3( )2
SEEEE (I-v) (1-v) (I-v) (I-v) (I=v)’(1—ovw)
AT () 202 (v +2)w?  v(v> 4+ 6v—3)w N 5-3v  4v*w-3v2w+1)+5
' v,W) = - _
2,SFP,G,Cy (1-0) (1-v)* (1- ) (1-0)3(1 —ow)?
A () 20°w? 23 —=v)ow  2(5-3v) 2(4v*w-3v(Q2w+1)+5)
v,W)=— -
3.SFP.G.C; -0 (1=v® ' (1-0) (1=2)3(1 —ow)?
A5 () = 6—4v 403 —200% 4320 — 18_(31)3—1)+4)W 4(5-3v)w? 4dv*w—v(6w+3)+5
48FP.G.Cp \V W) = (1-v)*0*w (1-v)%? (1-v)*? (1-0v)*? (1-=2)3(1—ow)?
I—=a5 v(1+v)w  20°w?
ASserc.c, (VW) == (1-0)3 - (1=0)%
A5 () = 4v3w? B 2022v+1)w? 2(v=2)vw  3v-5 4v*w—ov(6w+3)+5
6.SFP.G.C; \ Vs (1—-v)* (1-v)* (1-v)7°  (1-v) (1-2v)*(1—vw)* ~
49—a,5 —99° 4+ 220* — 330 4+-2400% — 3900 + 180  75v° — 160v* + 1292° — 114022 + 2100w — 1080
A7',SFP,G_CF(U» w) = 4 + 4
30(1 —v)*ow 60v(1 — )
B (120° — 14v* — 750 + 600> — 1050 + 60)w B (1282° — 185v* + 3250 — 73502 + 12600 — 600)w?
150(1 —v)* 300(1 —v)*
v(520° =270 + 60+ )w?  Sv'wt  4?w—ov(Tw+2)+5 1
( 7 ) - 7+ g ) —+ . (D47)
6(1-v) (1-v) (I=v)*(1—=ow) (I=v)(1=v+ow)
The partonic cross section for the corresponding SFP derivative term for G reads
~qg—q.5 ~q9—9.5 ~q9—>9.5
ng%P,ng(v’ W, ) = Ncagi{ip,ng,N(.(U’ W, ) + CFGgl%P,ng,CF(U’ W Xm)s (D43)

with the N part given by
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R 5 5 5 5
Uglg:;gz'c,zvc(”’ w) = A(l].gS_I;g.de.NC(U’ w)In(1 —v) + Ag,gs?g,azc,m(”v w) In(w) + Ag,gs_}:)g,azc,ivc(”» w), (D49)

with three coefficient functions of the following explicit forms:

. 3-2v 2v=3) (5-3v)w
A9979 W) = ’
]’SFP’de’N"(U w) 202(1—v)?w ¥ (1 —v)*  v*(1 —v)?

v*w(l + vw)

—q.5
Agf]ng,azG,N(.(U’ w) = _W’
19-a.5 —v* +20° + 2407 =370+ 18 Tv* = 160° — 960 + 1440 — 72
ASsepa,on, (VW) = 3 + )
ERE 120(1 — v)*w 120(1 = v)
(11v* = 92 = 3802 + 57v — 30)w . (310 — 6% — v — 8)w? (D50)
6v(1 —v)* 24(1 —v)* ’
The Cp part reads
~Aqg—q.5 —q.,5 —q.5 —q.,5
Ggigrp,ng,cF(Uv w) = A{II,gSFlg,BZG,CF(U’ w)In(l —v) + AngSFg,azG,cF@v w) In(w) + Ag,gSFl?’.aZG,NCF<Uv w), (D51)

with three coefficient functions of the following explicit forms:

v=3  4(20v-3) 2Q3v-5w

2
Aqg—>q-5 , — )
l,SFP,azG,CF(U w) 1}2(] v)zw 1}2(1; _ 1)2 1}2(1 _ v)z

3,2
A5 0, (0w) =
A99-05 (0. w) = 9% — 220* + 330° — 2400% + 3900 — 180 3 2707 — 61v* + 650> — 4800v% + 780v — 360
3SFP.0;G.Cr AT 60v(1 — v)*w 300(1 — v)*
N (640> — 1500* + 5503 — 3600? + 630v — 300)w B v(280% = 3902 + 60 + 1)w?  v*w?
300(1 — v)* 12(1 — v)* (1—v)*

2. Channel ¢q — ¢q
a. Integral contribution
The partonic factors that appear in our result for the integral contribution to the gg — ¢ channel in Eq. (69) read explicitly

1 w

TR

+02(L(28 = 1) + (882 — 4L = 2)w? +2(3 = 40)Ew) — 20(L%2 = 3w + w))

+sgn(w =) (v’ (w = £)*(C(20 = 1) + 2w = 2{w)

+20% (=L + (C+ W' = (C+4)0w* + (38 + Ow)

+Cu((20 = 1) + (6 = S)w? +2(3 = 40)¢w) +2£(28 = 3 + Dw)], (D53)

&7 (v, w, ) =

1 w
CNA(-0)¢(1-v)
+0((82% = 64 = 2)w —28%)) + sgn(w — &) (V¥ (w = £)* (& + 2w? — 2%w)
=202+ (= Dw? + w? + (C=38)w)
+{o(8% + (5 = 40)w? +2£(28 = 3)w) +2(¢ = 1)¢w)], (D54)

G (0, w.0) = oW = 0O2(C + 02(¢ + (4 = 2)w? = 2w)
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&5 (0w, 0) =

1 vw 282 =3¢ = 20*(1 —=w—={)*sgn(1 —w =)
N 4s(1 —v)* ( 1-¢
V(207 = 3¢ +2(48% — 66 + Dw? = 2(482 = 5¢ + Dw + 1) +2(C = Do(w—=¢) + 1
1-¢

1—-w
+[1—21}(1 —w—C+2w) +2(1—w =)
v ((1=8)2(28% =3¢ = 2) + (5 — 6)w? + (—=64% + 17 — 12)w?
+ (28 + 2 =120+ 9)w) + 0?2 (35(28% = 5¢ +3) + (3 — 45%)w?

<2¢ ot =2w)(1 —w = )?

_ (4{3 _ 225;2 +12¢ + 3)W) — y(_6é’2 +9¢ + 12C2W - 12lw+w-=2)— 1)), (DSS)

M (0. 0) = (—c—wu—c-wysgn(l_w_g)

N 41— v)* 1-¢
V(=L + 2 =40w* =201 =Ow+ 1) +2(1 =Ov((4E - 1w =) + 1
1-¢

n 1-v :
M=20(1=w=¢+2w)+2*(1—w=0)?):
3[(1=8)?(58 = 2) + (5 = 160)w™ + (=322 +45¢ — 12)w?

+ (=168 + 4502 = 38¢ + 9)w] + v*[-3(1 = &)¢ + (32¢% — 22¢ + 3)w?

(y4(1 —w =P (1 = 2w —20)

(=228 4228 = 3)w] — 0(C + 28w+ w —2) — 1)) (D56)

b. Hard-pole contribution

Moving on with the hard-pole contribution to the gg — ¢ channel found in Eq. (70), we have the following partonic
factors:

2

~qq— 1
sl (vowa ) = T 5(1—w)( )(ln;(”—l—Zln(l—y))
2(14 %) L 3(8W? = Tw + 1) = 90*w + v(Tw — 3) — 8w + 2
(1=v)*(1=w), (1-v)*
1+0° 20(1 +v)w 1 —4v3w? + v*(1 — 4w)
-—T" 21n(1 - I |
(1_1})4(n;(ﬂ+ n(l —v))+ =0 nov+ =) nw
3(4w® — 6w 4w — 1) + 02(8w2 — 9w +2) + v(2w — 1) —
v oy )+U(8w4 w2 +ow-1) Wln(l—W) ) (D57)
(I -v)*w
~qq— L [(140*)(1-2w)
031%,@%1(0 W, Xu) = N, (1= o) (Iny, +2In(1 - v))

3(=dw? +5w = 1)+ 0> (Tw=2) + (3 =5w) + 8w —4 203w + > (dw—1) +2w—1
(=) ’ (r= o)
3 (=2w3 +4w? = 3w+ 1) + 02 (=6w? +Tw = 2) —ow + v —2w? +w
(1=v)*w

Inw

In(1 —-w)|, (D58)
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5197 1+ 02
GI[{I({)GqS(/l]’W’Xy):_W _5(1—W)m(ln)fﬂ+21n(l—l})>
_ 2(1+ %) v+ vi(w+4)+o@Bw—1)+4
= o=, =
Lt 20(1 +v)w 1+ 4v’w? + v*(1 + 4w)
Y (ny, +2In(1 - | |
e (e B (=7
(4w +ow? —dw+ 1) +1*(Bw—2) =2 _
03 (—4w? + 6w? — 4w + )+v4( w—2) = 20w+ v Wln(l—w) | (039)
(I—v)*w
~Aqq— 1 1+’[)2 _U3+7J2W—2 _4’UW+U—2
GZI[{JaqGS(”’WJﬂ):W m(lnh-ﬁ-Zln(l—v))‘f’ ( (1 —)0)4
203w? 2(2 1 1 3(2w3 — 42 —1) =2 _9 1
2w +11<W4+ ) + lnw+y(w w®+3w—1) 114(w )+ v(w )+W1n(1_w).
(1-v) (1 —-v)*w
(D60)

¢. Soft-fermion pole contribution

At last, our formula in Eq. (71) for the soft-fermion pole contribution concludes our results for the gg — ¢ channel, and
the partonic factors therein are given as

g -1 203w(2w? =2w + 1) + v?(=6w? + 2w — 1) + dow — 1
Ggngl(v’w’)(m) = W |: (1 — 1))4 Iny,,
ow(1 + v(1 —4w)) 20°w? vw(l 4+ v —20w)
= ln(l—v)+mln(l—vw)— -0y In(1 — v+ ow)
v 1+4v  o(T*=8v+5)w 202°(GBv+ 1)w?  4v’w?
+ — S+ Z - —+ 7| In(1 —w)
(1-v)*w (1-v) (1-w) (1-v) (1-w)
v3(5 = 2w)w? + v} (=2w? + 6w — 1) + 2ow — 1 8v3w? (703 —8v+4)w
7 Inw— 7T 7
(=0 - T (o)
v+ 02 =Tv+3 2030 - 1)w? 1
_ , D61
(1-v)* * (1=v)* +(1—1))(1—v—|—vw)] (D61)
G5 203w(2w? = 2w + 1) + v (—6w? + 2w — 1) +4ow — 1
Stp (0w xm) = { (1= op Iny,,
(14 v)w 20°w? ww (1l 4+ v —20w)
In(1 — ——1In(1 - - In(1 —
Sl 104 (1 B n(l-v) - =L n(1—ow) L n(l—v+ ow)
v 4 —v+1 o(Tv+3)w  602w?
_ _ _ In(1 —
" ( G0 (=of T (—op (—op) ="
N —6v°w? + 0?2 (6w? = 2w — 1) + 20w — 1ln N 8v*w?
w2
(1-v)* (1-v)*
_v3+vz—5v+1_v(6v+5)w 1 (D62)
(=0t (- T-ol-vrow)
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3. Channel gq — ¢
a. Integral contribution

For the integral contribution to the g¢ — ¢’ channel in Eq. (73) we found the following partonic factors:

1w < (2= D1 = 0)(1 +v(w =)
22(1=0)* \\/1 =200 +2(2¢ = Dow + 2 (w = )2
+ ésgn(w O)(C(28 = 1) + v*(¢(4C = 1) + 4w? = 66w) + 2Lv(w = 0))

+2—; (2¢ = Derw(6 +2(62 = 1w + (2= 162w = 1)

St (v.w.0) =

+ (8% + (8% — 4L —2)w? + ¢(—48% = 2{ + 3)w)

FE(C+ (482 — 6+ 3)w — 1))),

B (0,) =~ (0w 1 - ),

F4= T (0, w,8) = 61479 (0,w,0) + 68457 (0w, ). (D63)
8[”_}4’5(1) w,{) = I_ow <_ (1-v)*(1+0o(w={)

Int,1 22(1 \/1 — 20042028 = Dow + 2 (w = £)?

—%sgn(w —O)(C+ v* (282 + &+ 4w? — 6¢w) + 28v(w = ()

_2_; (‘2(1 = O)CvPw(2w? = 2w + 1) 4+ v(E* 4 (4 = 2)w? 4 3(1 = 20)¢w)

+(=C+ (6 = 5)w+ 1))),

~ S5 A S5
Stz (0w, Q) = +60 T (0w 1= 0),

St (0.w,0) = 61T (0., €) + 61T (0w, 0),

(D64)

b. Soft-fermion pole contribution
The two partonic factors in our formula for the soft-fermion contribution to the gq — ¢’ channel in Eq. (74) read

explicitly

dg—d 1 1[4ttt A v+ DwP | 207 (0 4 2)w?
i 11 (e (e s (e
B 2v°w [ 1 N w(dow? + v — 4w) 21—
(—of Ta=02 [ —v)z(l—vw)> X+ (= gy M=)
___wwll +ow) In(1 —ow) ———1In(1 — v + vw)

(1=2)2(1 —vw)
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4yt 3 dvtw? +2(v2—3v+3)02w2+(1—3v)vw+ 1
(I=v)* (1-v)* (1-v)* (I=v)*  (1-v)

B 1 2l —w B 4wt 4vtw? _2(v2+3v+1)vzw2
(1—v>2<1—vw>>1“ ”( G=of T(=of (=0

ow 1 1 12v*w* 1203 (v + 2)w?
- 2- 7t 2 Inw — 7t 3
(1-v)* (1-=-v)* (I—=v)*(1-ovw) (1 -v) (I-v)
_20%(20° +8v + Dw? N 20%w
(1-v)* (1=v)*)

N 1 4v*w*t 43 (v + Dwd 202 (0 + 2)u?
8g]q:Pg}5(U’W’Zm> -5 4 ( 2 + ( 4)
2 | \(1=-v) (I-v) (1-wv)

207w 1 1 ow
U ) N e e vw)) R oy )
- iwv(;zzrl v_WzW) In(1 —ow) — ﬁln(l —v+ow)
4vtw 4v*w? 207 =3v+3)v*w? (1 -3v)ow 1
((1—0)4_(1—0)4+ : (1 ——1’;)4) +((1—U))3 +(1_U)2
_ 0= y)zl(l — vw)) In(1—-w)+ <_ (?U_A‘VZ; + (TUjVZ; B 2(v? —(131)_—;)2)1)%1;2
vw 1 1 4w Apt?
C(1-v)? (-0 * (1-v)*(1- vw)) nw = (1—wv)* + (1-0v)*
20%w? 207w
REDast|

4. Channel qg — g

a. Integral contribution

(D65)

(D66)

For the gg — g channel we again start with the partonic factors of the integral contribution, cf. Eq. (76). As for the
qg — q channel we encounter two color factors, Cr and N.. We can split the results according to these two factors. For the

integral contributions, we write

A 1 . 1 A 1

&t (v, w,8) = Créiy & (v, w,8) + Nl v (0,w,0),
with

vw

RETTE (‘C(l = 20— %) = 2(1 = Ocviw(ow’ = 8w +3)

Sl (v, w,0)
- 2(4c2 -6 + %) *w? + 482 =3¢+ D)v*w +2( + ¢ = 2)ow + 20

1+ -1 +v(w=0))

MRV Ty T y e (w—é)ﬁsgn(w_g)(lJH)Z(HLC_W)))’
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(0w 0) = 3 s (—(2 +0) -7 (c + (4¢ - %)wz +2(1- 2c>w>

=2(1=20)vw — sgn(w—ij)(l + 02 + v? <22j+ 2%2—4w>>

1—vw
-2+ 2(2:(— 1)v)w + 2 (w— ()2 1= w= O L+ 2w -1

+ 03 (E2(E2 =20 = 3) + (11 = T)w3 + (1982 + 4 + 3)w? 4 £2(7¢ + 5)w)
+ (&= D)2 (=34 + 1) + (148 = 5)w? + (282 = 2{ + 1)w)

+ 038+ 20+ (-68*+ ¢+ )w— 1)]), (D69)

and

Sl " (0.w.0) = Croly % (0.w.0) + NI (0. w. ). (D70)

Olnt
with

~q9—9.5

Otnic, (vsw,0) = vw) <§(1—27)—112)+2(1—C)QU3W(6WZ—8w+3)

2(1 —v)*

+2<4§2—6C—|—2>1}2w2— 4 =3+ 1)*w=2(1 -2 = )vw +2v

(1= - v)*(1 +(w=©)) 2
\/1 2{1)+22(;_1)UW+U(w_é)z-i-sgn(W—C)(l v—v(2C+T—4w))>, (D71)

6{1&;’?’5(0,w, {) = 4(1071‘}1))4 <—(2 -¢)+0? <C—|— <4C—§>w2 +2(1 —2C)w)

+2(1—2§)vw—sgn(w—é’)<1 - <2§+2C2—4w)>

(1-v) B o §
+[1—2Cv+2(2§—1)vw+v2(w_§)z]g[1 C+vtw=0P(=C+2w+1)

+ 03(P(E* =4+ 3) + (11¢ = 5)w? + (=192 + 108 = 3)w? + E*(7¢ — 1)w)
+0?(=3(¢ = )2+ (148 = 158 + T)w? + (283 = 8% = ¢ + 1)w)

+ v(38* =48 + (=68 + 13 = 5)w + 1)}). (D72)

b. Soft-gluon pole contribution
Next, we state our results for the partonic factors appearing in Eq. (77), the soft-gluon pole contribution to the gg — ¢
channel. This contribution can again be separated according to its color structures,

R 1 R | R |
g%PgF (VW Xy Xm) = CFaggGszc (v.w.2,) + N Gg?}P(}N (0, W, ) (D73)

with

114024-63



REIN, SCHLEGEL, TOLLKUHN, and VOGELSANG PHYS. REV. D 112, 114024 (2025)

1

~Aqg—g,1 —g,1 —g,1 —g,1

O'LS]%P,gF,CF(U’ w’)(ﬂ) = ALIJ,QISG%,F,CF(”»Zﬂ)é(] - w)+ Ag:qSG!l]-",F,CF(v) 1—w) + Ag,gSG%,F,cF(U» w) ln()(y)
+

+ AL e, (vow) In(1 —w) + AXLEL - (v.w)In(1 = v)
—g,1 —q,1
+ AZ%G%,F,CF(”’ w)In(1 — v+ ow) + A%G%,F,CF(”’ w) In(w)

—g.1
+ A§SGR .o, (VW) (D74)

The eight coefficients read

9.1 v(14 0v?) 203 + 507 +1 vt — 807 +9v? — 60
Ailf]SGlé.F_cF(UJ(u) = W ny, +Wln(l —-v) - 4(1 - v)4 ,
—g,1 31}(1 —|— ’[]2)
Ag,gsa%F,cF(U) = m’
6vtw? Sv*tw? (302 =20 + 3)v*w? 2 v(2—4w) -2
A9979:1 , - _ _ ,
ssavre, (W) = S T (=0 (=02 =) =vtmw)
AL () 6vtwt P Bv—1w? 23 =20+ 3)w? v(v+ 1w
oy v,w) = — - -
4.SGP.F.Cp (1—v)* (1=v)* (1-v)* 2(1 —v)?
. 2 v(2—4w) -2
(1=2)? (I1-v)(1-v+ww)’
ATEL () 120%w* N 16v*w?  2(30% = 2v + 3)v?w? 2 v(2—-4w) -2
SG v,W) = — - 5
3.SGP.F.Cp (1-v)* (1-v)* (1-0v)* (1-2)? (1-=2)1=v+ow)?
4v?w?
A9979:1 W) = ,
6,SGP,F,CF(” w) (1- U>2(1 “o+ vw)2
AL () 6v*wt  ¥(8v—1)w?  0?2(30% - 20+ 3)w? 2 v(dw—=2)+2
v,w) = - - ’
7.SGP.F.Cr 1-v)*  (1-v)?* (1-v)* (1-2)% " (1=2)(1—v+ow)?
ol 3vtwt 2038 +o)w? W (1lv=2)w?  3u(v? —4v+ 1w
Assarr.c, (1) = (1-v)* (- (1—v)* - 2(1 —v)*
3v3 —260% 4 31v — 14 11 -3y 4
- . D75
2(1 —v)* +(1—1))(1—1)+vw) (1—v+ow)? (D75)
The N, part reads
~qg—g,1 —g,1 —g,1 1 —q,1
88p T (0w, xm) = ALy, (0.0m)8(1 = w) + ATSGh vy (0) =w), +ASscpr, (VW) In(r,)
+
+ ALSGE v, (0. w) (1= w) + ATy (0.w) In(1 = 0) + AZGE (0, W) In(1 = ow)
—g,1 —g,1
+ A;I,gSGgP,F,NC(U’ w)In(w) + Agf]sa%,F,Nc(U» w), (D76)

with the eight coefficients
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3002 120 1—20 (1+v)0?
AL () = L2200y 1220 gy U0
1,SGP,F,NC(U Zm) 2(1 — 1})4 n()(m) + 2(1 — 1])4 1’1( U) 4(1 — 1;)4
gl v(3-v)
Asprn, (V) = 4(1 = v)*
203w (v + 1)w? 1 3-v
Aqy—>y-,1 , — -
3sap.r, (U W) (1-v) + (1—v)* + (1-2)* (1-v)31—-ow)
N 3-2v 1
(T=vP(1 =) (1= 0)’(1 —ow)*’
3v3w3 v(v+ Dw  o(1+o)w 3-v
Aqg_)g‘l s —a -
G L G s TG s R (s T g
L 3-w 1 .
(T e e
3 2
o v (1 —w)w
ASscpr, (0:w) = = (1—v)3(1 —vw)?’
—q,1 2U3(1 - W)Wz
Ag,ySG%,F,NC(U’W) = (1=0)3(1 —ww)>’
30w (1 4 vo)w? 3-v
Aqg—»g,l , — —
7.5Gb.F.N, (V5 W) 20=0v)* (1-v)* + (1=2)3(1 —ovw)
320 1 !

=0 —ow) (=0l —wp  (I=0)
3v3w3 _vz(l+2v)w2_v(1+vz)w 8v? — 320 + 25

—g,1
Assorrn. () = 3T F T 0t a0 20— o (1= ow)
v} + 40> =290 + 26 2
T a—0F U= o)=vtow
21 -13v 1

3
T2 == 2=t} (=02 (l— o) (D77)

The other SGP contribution entering with the axial vector ggqg correlation function has a relatively simple expression,

v(2Cp — N)(0?(2w? —dw + 1) = 1)

A (0.0) = o In(1 =)
_w(Cp(1=v) + N (1 =v+1%)) In(1 - v) - v’w?(2CE _NC)ln(w)
(=0 (=0
+ (Ilvfzv; In(1 — v+ ww) + Cp (o (6w’ — iv(vlt3v)>4— ' tv-2)
A, vw(y2(12z121v)v;—‘ 3v-2) (D78)

c¢. Soft-fermion pole contribution

The explicit result for the partonic functions of the soft-fermion pole contribution to the gg — g channel in Eq. (78) can
be split up according to its color factors,

A 1 A 1 " 1
&t r (0w xm) = Cr6dtp o, (0w, 1) + Neb§tp by (V. W, 20n), (D79)

with
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~qg—g.1 —g,1 —g.1 ~g.1
UZI%P.%VCF(Uv W lm) = A?,HSFI%,F,CF(U’ w)In(y,,) + Ag,gSFIg’,F,CF(U’ w) In(1 —w) + AZ,HSFlg,F,CF(v’ w)In(1 - )
—q.1 —g.1
+ AZ?SF@,F.Q(”* w)In(l — v+ ow) + A{SI,gSFlg,F,CF(U’ w) In(1 — vw)
—g,1 —g.1
+ Ag:’JSng’,F,CF(U’ w) In(w) + A;’?SFI%,F,CF (v,w), (D80)
with the seven coefficients
AL () = w2 (02 (2w? = 2w + 1) = 20w + 1)
I,SFP,F,Cp-\"> (1 _ v)4(1 _ UW) ’
205002
g0l vw(rw(2w—1)+v(2 —4w) +w)
ALeirc, (0:w) = (1—0)* (1= ow) ’
AL () = _w(2v3w(2w —D+*W? 4w+ 1) —ow? +w—1)+w)
3SFP.F.Cp\V> W) = (1=0)3(1—ow) ’
ol ow(1 4+ v(1 =2w))
Azqt,gsmg,F,cF@v w) = (1-0) ’
q9—9.1 _ww(@Pww—1)—v(w+1)+1)
ASsrpr.c, (VW) = (1—0)(1—ow) ’
AL () = v*w? (v} (6w —1) —4ov(w+ 1) +3)
6.SFP,F,C;\Us (1= o) (1= ow) '
ASEL () = 3vtw? N 2032v+ 5w w303 +200% = 3v —2)w? ow 1 n 1
7SERF.C D W) = T T (=0 2(1-0v) (1-2) (I-v)(I—v+ow) (1-0v)*
(D81)
The N, part reads
wag—g.1 —q.1 —q,1 —q,1
GggP.?’.NC(U’ W Am) = A(II,(ISF'IZ,F,NC(U’ w)In(y,,) + Agf]ng,F,Nc(Uv w)In(1 —w) + Agf}SFiJ]'.F,N((U’ w)In(1 - v)
+ AZ?S_EI%}NC(U, w)ln(1 — v+ vw) + AZ?S;]%;;,N[(v, w)In(1 — vw)
—g.1 —g,1
+ A?f’sn?mc (v, w) In(w) + A;I,QSF]g’,F.NC (v, w), (D82)
with the seven coefficients
AL () = W (3w(2w? = 2w + 1) + 2 (=6w? + 4w — 2) + Svw — 2)
1.SFP. PN AV W) = 2(1 — v)4(1 — vw)? ’
AL () = V?w(3w? (2w — 1) = 20°w(w? + 2w — 1) + v(3w? + 4w — 2) — 2w)
2.8FP.F N Vs 2(1 = v)*(1 —ow)? ’
3 —v+1)w? ol +ov)w 3-w 1 1
A9979:] W) = _( — )
s.sepr, (02 W) (1-0) + (1-0)3 2(1—1;)3(1—Uw)+2(1—1))2(1—UW)2+(1—U)3
ol ow(l + v(1 —2w))
Alsrery, (W) = = 2(1-v)* 7
ATEL () = ow (3w (4w — 1) + 0?2 = 9w)w + 20w + v + 1)
3.SFP.F.N 7 2(1=v)3(1 —ow)? ’
AT () = ?w? (3w(6w — 1) = 20*(W? + 6w — 1) + v(5w + 4) — 2)
6.SFP,F.N V> W) = 2(1 — v)4(1 — vw)? ’
4’w?  o(Tv? + Tv — 4)w? 20w 4—v
A9979:1 i — _
75808 N, (U5 W) (1-v)* 2(1—v)* * (1-0v)? N 2(1-v)?
7-4 1 1
v (D83)

T 2(1—0)3(1 —ww) * 2(1 = v)(1 = v+ vw) N (1=2)2(1 —ww)?’

114024-66



TRANSVERSE NUCLEON SINGLE-SPIN ASYMMETRY FOR ... PHYS. REV. D 112, 114024 (2025)

The result for the partonic functions for the axial vector soft-fermion pole contributions can also be split up according to
its color factors,

A .5 ~ .5 A 5
Gg]%]_;,gG (U7 vam) = CFUZ%]_;,%,CF(/[L Wv)(m) + NCGZ%;%,N((U’ W,)(m)~ (D84)

N 5 . . 1 .
The 6457 are quite similar to the 8¢ % . Indeed, we find

2(1 — v —20%)w? 4v°w? 402 (1 = 3v)w?
~gg—3q.5 ~qg—q,1
53tp.6.0, (VW dtm) = 63tp 7.0, (V. W, ) + TIEE In(1—v) + mln(l —ow) — WIH(W)
+02w2(1}2(6w2_8w—|—3)4— 16v(w—1)— 1)’ (DS5)
(1-v)
and
~qg—G.5 ~qg—g.1 2(1 - + 2U2)W2
6spGn, (VW Xm) = Opp p iy (VoW 2m) + 1=y In(1 - )
4v*w? 2(1 = 3v)?*w? ow? (v (6w — 5) — 40 + 3)
— In(1 — _ D86
(A= pp o)+ = n(w) (1-0) (D86)

5. Channel gg — ¢’

We conclude our explicit results for hadron production with the two partonic factors of Eq. (79), our formula for the
gg — ¢' channel. They are given as

Ny —d g—q' 1 —q !
S (0w o 2u) = AL (0, w2, )8(1 = w) + AP (v)m + AP (v.w) In(y,,) + ALY (v.w) In(1 —w)
+
+ Agf’);q/(v,w) In(y,) —i—Agf’;q/(U,w) In(1 —ow) + Agf’;q/(v,w) In(1 —v) +A§f’;q/(v,w) In(w)
+ A5 (v.w), (D87)
with the following nine coefficient functions:
/ 2w —-1)v+1 1+ 2? v —(1-20)? (Bv-2)v+2
AP sXm>s = 1 m 1 In(1 —v),
1.xx (v. 1, Iﬂ) (1_1})4 n(y )+(1_U)4 n(;(”)—i— (1—11)4 + (1—1))4 n( v)
/ 2 =20+ 302
A9 (1) — ’
2,xx (U) (1 _ U)4
si—d 20(=2ow? +v—=2)+4 42 -0v)v*w? + (3-2)(1 = 3vw)
A3,xx (U’W) = 4 - 3 3 s
(1-wv) (1=2)"(1—ovw)
g9—=d 2B + 1)w? + 30> —4v+5 42— v)v*w? + (3 —v)(1 = 3ow)
A4,xx (U’W) = 4 - 3 3 ’
(I-v) (I =) (1 —ovw)
! (1 +2?)(1 —2w?)
Asse! (v00) =

s 20w (v -3)vw+ v+ 1)
A (v,w) = (1=2)3(1 —vw)?

6,xx
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v(=6vw? + v +4) —1=2w? 42 -v)v*w? + (3 —v)(1 = 3ow)

AL (0w) = (T—op (= 0P (1= ow)® :
ALY (0, w) = 2(v +(11):V2U; v-3 n 42 - p)(fv_vzv;éf—_:v)v(; —3uw) ’
AL (0, w) = 8v?w —2(v + 1)(41;(1—_1)Uv)vj + (19 = 7v)v =20

120> — 450 4 34 150 — 23

Gy v R s s s G s (D88)

~Agg—q' —q' —q' 1 —q —q
857 (0w o ) = AL QT (0o )51 — w) + AF 57 (v)m + AP0 (v.w) In(y,,) + AP (v, w) In(1 —w)
+ AL (0,w) In(r,) + ALY (0, w) In(1 = ow) + ALY (0, w) In(1 = 0) + AL (v, w) In(w)
+ A5 (v.w). (D89)
with the following nine coefficient functions:
’ 2-1v+1 1+ 22 2-v)? (2-3v)v-2
A9 (o _ In(y,,) ——1 In(1 —v),
Lx0 (Vs X Xu) (1- ) () (1—-0) n()(u)+(1_v)4+ (1—0) n(1—v)
o —2 4 2v —3¢?
A'g?xoq (v) = w,
d=d v2(4w? =2) +4v—4 42 —=v)v*w? + (3 -v)(1 = 3vw)
A3X0 (U’W) - 4 3 3 )
‘ (I-v) (I=v)(1=wvw)
Aﬂg_’ql(v,w) _ v(v(6w? —3) + 41—1— 2w? =5 N 42 — v)v*w? —|; (3- v)(i —3uw) ’
(1 =) (1=2)°(1 —ovw)
o (1+2)(1=2u?)
Asao (0) = =

20w (40w (3 —ow) + w(v + 9w + v = 3)
(1=20)*(1 —ovw)? ’

Agg_’q/(v, w) =

_,/ (Bv=2)>+2)w? = —4v+1 42 -0v)v*w? + (3 —0)(1 —3vw)
AF " (v.w) = - )

(1-0v)* (1=2)3(1 —ww)?
s9—d 24 + v+ 1w +0v =3 42 -v)v*w?* + (3—v)(1 =3vw)
A8x0 (U’W) == 3 - 3 3 s

: (1 -v) (1=2)"(1—wvw)
Ag%ql(v,w) _ 2(70* + v —4)w? + 8% + 8(41 —2v)ow —23v + 25
’ (1-v)
120% — 49 + 38 150 —23 6

C=o)t(—ow) (=01 —ww)? (1=0)2(1—ow) (D90)

6. Specific contributions for jet production

In this last subsection, we present the jet-specific partonic factors that appear in (82). The variable v in the following is to
be understood as v = vy = 1 4 L. For the SGP term, we divide the partonic factors into two parts,
~q9—jet(q+ ~gg—jet ~gg—jet
6 " (. R.p) = CroSGiald (w.Rop) + Crtlgpiay (w.R.p). (D91)

where the part corresponding to former quark fragmentation is given as
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~Aqg—ije —jel —jel ln(l - W) —jel 1
ALY () = AL (R =)+ AT (P2 AR, (o)
+ +
+A49+jet(q) In <szz(1 —w)? ”‘) +Aqg—>J‘f>t(q) (D92)
3.5GP jet.F % 4.SGP jet,F*
with
3 2 2
g—iet(q) 4 4907 + 120 + 1 = 4(1 + v*) In(v) tu
Agisapjecr (R 1) = 21— ) In stu_z
1+ 0? (14 v)? 1+0* (13 2
- In2(v) + 4 I A
(e i O e e aa &
Ad97iea) 1407
1.SGP jet,F TR
g—jet(q) (T4 0)* = (1 +v*)In(v) 1+ 02 tu
AT cpjor (Rop) =4 (=0 -2 =0 In Rzﬁ ,
A99-etla) _ 6vtwt 420 =3)w?  0?(30% — 8v + 9)w? 1+ v
3SGRelF = T (1 )3 (1-0)3 (1-0)3 (1-2v)*"
Aaiela) 10v*w* v3(3v — 4)w? B v?(50% — 8v + 19)w?
4,SGP jet,F — (1 _ 1})3 (1 _ l})3 (1 _ D)3
dv(* +2v+3)w (1 +0)
- -4 . D93
(1-v)? (1-0v)? (D93)

We note that the explicit form of the coefficient Aggs_(;];tj(eqt) - depends on the jet algorithm adopted [86], and the one given here

applies to the anti-k; algorithm.
The specific form of the contribution from former gluon fragmentation reads

AGg—] —] —] 1
Ggépﬁt@ (w.R,p) = Ag?S(}JIe’,lj(gt?F(R )6(1—w) + A??sc];lj(ggp =),
+
+ AL 1y (R2p2(1 —w)P L) 4 agei) (D94)
2,SGP jet,F S/,lz 3,SGP jet,F’
with
gjet( o(1 4 1?) tu
AL (Rop) = o In stﬂ_z +2In(v) + 1),
A99=Relo) 20(1 + v*)
LSGRieLF = T T
gg~jetls) _ 6utwt 8w (307 =20+ 3)v*w? 4 o 2(l-w) 2
2SGPILE T (1 — )3 (1 —0)? (1-0v) l—v+ww (I—-v+ow)? 1-0’
qo—ietls) _ 10v*w? B 4°(Bv —2)w?  v?(50% — 100 + 9)w? B 20(v? —4v+ )w
3,SGP,jet,F (1 _ 0)3 (1 _ 1})3 (1 _ 1})3 (1 _ 1})3
2P =62+ 50—2) 41—
2 v +31) ) 4(1-v) . (D9S)
(1-v) I—v+ow

The coefficient for the derivative term is simpler, contains only distributions, and reads

ln(l - W) Aqﬂ—’Jet(Q) 1

~qg—jet(q) _ q9—jet(q) q9—jet(q)
GSGPJGLF,(W,R,/J) =Cp (AOSGP’J.CLF, (R,u)8(1 —w) —|—A1’SGP’J-CI’F,< [ ) + A3 'SGp je (T=w) >, (D96)
+ +
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with
A99=1U) (p 1+0? ol
O,SGP.jet,F’( ) == DL n*(v) +
S (R
1.SGP jet,F’ (1 _ 7))3 s
2
qg~jetle) _ _2(1+07) , tu
AZ,SGP,jet,F’ = —Wln R p”
Again, Ag‘gg;tjg)p is specific to the anti-k; algorithm.

APPENDIX E: MODEL INPUT FOR THE
QUARK-GLUON-QUARK CORRELATION
FUNCTIONS F AND G

In this appendix, we provide details on the model input
for the quark-gluon-quark correlation functions F(x,x’)
and G(x, x") that we use for our numerical studies discussed
in Sec. I'V. We start with a discussion of the soft-gluon pole
matrix element F7(x, x). It can be related to the first TMD
moment of the Sivers function using (10), which in turn has
been extracted in the literature from global data fits, in parti-
cular from SIDIS. For more information on the status of the
fits, we refer the reader to the recent comprehensive review
of TMDs in [100]. For our work, we rely on one of the
earliest extractions of the first moment of the Sivers function,
given in [101], the reason being its simple numerical
implementation. We stress once more that the purpose of
our numerical study is to explore the impact of NLO effects
on the single-spin observable Ag; in (88) rather than to
provide fully phenomenologically relevant predictions. For
this purpose, the early parametrization of [101] suffices.

In Ref. [101], the first TMD moment of the Sivers func-
tion is parametrized at a scale yy = 1.55 GeV as follows:

7F9(x, x, 1) = 11" (x, o)

_>_

13

2 3

(% +2 ln(v)> In <R2 ;ﬂ—"z)

2
+_”2:| ’

(D97)

with M being the nucleon mass, the flavor-independent
mass parameters M| = 0.583 GeV and (k%) = 0.25 GeV?,
e =2.7182... the Euler constant, and f{(x,u,) the
MSTW2008 quark PDF for flavor ¢ [90] evaluated at the
scale ug. The flavor-dependent factor N7(x) has the form

a,+p
N9(x) = Noxeo(1 — x)fs Ga TP

with flavor-dependent parameters N9, a,, and f3,, whose
values can be found in Ref. [101]. The flavors included in
(El) are ¢ = u, d, s. The SGP matrix element for negative x
can be related via charge conjugation [see the discussion
below (A4)] to the first TMD moment of the antiquark
Sivers function (g = #, d,s),

mF4(—x —xpo) = fiy (o) (E2)
As can be seen from Eq. (5), the SGP input (E1) is already
sufficient to produce predictions for the right-left asym-
metry Ag; at LO. However, at NLO accuracy we need input
for F' and G on their full support. Both functions are essen-
tially unknown on the “off-diagonal” support x # x’ and, to
the best of our knowledge, have never been extracted from
data. In order to study the NLO effects, we therefore have to
resort to models for these correlation functions.

As a first step, we rewrite a specific point (x,x’)
within the support of the functions F¢ and G? in terms of
“polar coordinates,” i.e., x(r, @) = rcos(¢ + %), X'(r. ) =
rsin(p +7%), with

-4 +arctan(x'/x), x>0,x >x,

I i1k
= _ENQ(x)f‘{(x,uo)\/z_CM’
(E1)
|
r=y\/¥+ > o=

Iz 4 arctan(x’/x),

Note that we count the polar angle ¢ from the “diagonal”
axis of support (X' = x) instead of from the x-axis. We then
consider the ggqg correlation functions as functions of r

and @, with r €0, v/2], ¢ € [0, 2z]. The next observation is

3% 4 arctan(x’/x),

x <0, (E3)

x>0,x <ux.

I

that both F(r, @) and G(r, ¢) are 2z-periodic in ¢, that is,
F(r,p)=F(r,¢o+2z) and G(r,9)=G(r,¢+2n).
This feature allows us to express both functions as Fourier
series,
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Fi(r, ) [AL(r) cos(ng) + Dii(r) sin(ng)],

e 10

Gi(r, ) [Ci(r) cos(ng) + BL(r) sin(ng)]. (E4)

I
o

n

The important symmetry constraints (A5) of the correlation
functions under x <> x’ can be conveniently implemented
|

into the Fourier series (E4). In particular, it is easy to see
that the symmetry of F, ie., F(x,x')=+F(' x) <
F(r,9) = +F(r,2x — @), enforces that all Fourier coef-
ficients D,,(r) vanish. Similarly, antisymmetry of G, that is,
G(x,x') =-G(x',x) © G(r,¢) = —=G(r,2m — @), means
that all Fourier coefficients C,(r) also vanish.

Furthermore, we can easily implement the constraint
(10) as follows:

Po(ri0 = 0) = LA (5] = A80) + AL+ AL) + A oo

r

1 _
Fi(r,p =m) = ;ffr(l)’q <%

) = 4800) - AL + %) - A0 +

We can solve these constraints for the Fourier coefficients for A and A, and we obtain

Ag(r) =

A1) =

3 (709(25) 4707 (5) ) - 4200 - 10 = 45000 .
L) (@) o

Implementing (ES) into (E4) yields [¢ £ g denotes the sum/difference of quark and antiquark distributions as in (E5)]

1 1(1), = r 1 1(1).9-3
Fq(”vfﬂ):ﬂflrmqw(ﬁ) +Zf1r<)q q(

o0

r

) oo

+ > [AL,(r)(cos(2ng) = 1)] + i [AZ 1 (r)(cos((2n + 1)g) — cos(g))]

n=1
)

n=1

) sin(ng ]

Up to this point, the two Fourier expansions in (E6) are
exact and model independent. In particular, the Fourier
coefficients A, (r) and B, (r) depend on r = /x> + (x')*.
In other words, for every Fourier component n there are two
(unknown) functions A, (r) and B, (r) that should ideally
be fitted to experimental data. This is of course an
impossible task to do for all Fourier components. However,
the series (E6) are quite useful for building a parametriza-
tion that can be used as input for the numerical study of the
observable Ap; in (88) at NLO. For this, we need to apply
some simplifying assumptions.

First, we note that often Fourier series converges
reasonably fast on an interval [0,2z]. Whether it does
depends of course on the series, but let us assume that we
achieve a reasonable approximation to the “true” correla-
tion functions already with the first six Fourier components
for each flavor. To be specific, we assume that all Fourier
coefficients for n > 8 in case of F and for n > 7 in case
of G vanish, ie., A’ ((r) =0 and B! ;(r) = 0. If this
assumption turns out to be wrong for some reason, for

=1

(E6)

|
instance, because the explanation of experimental data may
require a higher precision, one is free to add more Fourier
components and truncate the series (E6) at higher n.
Second, we may make further assumptions about the
functional form of the Fourier coefficients A7 (r) and B} (r).
In a first step, we may introduce modified coefficients af (r)
and bj(r) according to

r

I 1(1).q+3
AZ:2,4.6,...(”) = ﬂfw( Jata <\ﬁ> “3:2.4,6....(’”)7

<r>ziff;””‘q(¢%) @l s, (1),

BH() = - L (ot (E7)

The idea of this modification is the assumption that the
“size” or “scale” of the quark-gluon-quark correlation
functions F' and G is roughly set by the SGP diagonal
determined by the extraction (E1). Under this assumption,

q
An:l,3.5,...

114024-71



REIN, SCHLEGEL, TOLLKUHN, and VOGELSANG

PHYS. REV. D 112, 114024 (2025)

the modified coefficients a,(r) and b, (r) may vary on the
order of magnitude of 1, but not, say, 1000.

Third, we may even go one step further and approxi-
mate the modified coefficients in (E7) to be effectively
constants. We replace the functions aji(r) and bi(r)

by their mean values ai(r) — (ai(r)) = a} and bj(r) —

(bi(r)) = bi.

Applying these assumptions, we end up with the
following model Ansditze for the quark-gluon-quark corre-
lation functions:

o =2 () 1+ S [a cos(2np) - ]|

1
Fi(r, )
n=1
1 J_ 1 —
+ Zf”( ).a—q
q U oigraf 7 ° q
Gi(r, ) odel _;flT NG Z [b" Sm(”(ﬂ)]'

Effectively, the models (E8) allow us to describe each of the
functions F, G by six parameters, separately for each flavor.
We may collect these parameters as entries in a vector in the
following way (note the specific ordering of the even and
odd Fourier coefficients for F):

_ (9 4 4.4 4 4
al = (az,a4,a6,a3,a5,a7),

b1 = (b‘f,bg,bg,bj,bg,bg). (E9)
Note that no matter the values the vectors a? and b? take,
the soft-gluon pole is always provided by the extraction
(E1). It is the only constraint available from data for the
functions F and G.

In order to smoothen the transition of the functions F and
G at the boundaries |x| =1, |x| =1, and |[x — x| = 1 of
their support it is helpful to introduce an envelope function,
for example of the following form:
|

Fi(r, ) — Fi(r,p)

model model

a. Constraints from Lattice QCD There exists another
source of (somewhat indirect) information on F from
lattice QCD that one may apply here as well. It turns
out that one can express the second moment of the
genuine twist-3 part of the DIS structure function g,,
the so-called d, moment, in terms of the fully integrated
quark-gluon-quark function F. This feature has been
discussed, for example, in [102,103]. Interestingly, one
can interpret the moment d, as a probe of the color
Lorentz force, mediated by the strong force in the
nucleon [104,105]. The connection between d, and F is

as follows:
1 1
dg——/ dx/ dx’' F1(x,x'). (E11)
-1 x—1

e(x,x');G(r, )

e(x,x) = < 2

1 + 650(x2—1)3

2
1) (i)

2
: <W‘ 1>9(1 — o1 — [¥'])

x 0(1 — [x —x|). (E10)

The function e(x,x’) in (E10) is approximately unity,
except in the vicinity of the boundaries x| =1, |x'| = 1,
and |x — x'| = 1. Multiplying the function e(x, x') in (E10)
with the model expressions (E9) does not significantly alter
the model but ensures smoothness of the functions F' and G
even at the boundary. In particular, it ensures F(x, 1) =
F(1,x) =G(x,1) =G(1,X)=0 and (0,F)(x,1) =
(01F)(1,x") = (0,G)(x,1) = (0,G)(1,x") = 0. Therefore,
in the following, we perform the replacement

- G9(r,p)

/
model modele(x, . )

|
In Refs. [106—109] the d, moments for up and down quarks
were computed on the lattice. The values found in [108]
were reported as

4% = —0.00365(25); d¢ = 0. (E12)

Despite the limitations related to unphysical pion masses or
renormalization schemes, these values give us another hint
at the size of the function F. Due to the linearity of the
model (E8) in the Fourier coefficients a9, it is easy to
implement the lattice constraint (E12). We simply insert
Eq. (E8) into (E11) and obtain

A+ Alad + Alal + Alal + Alad + Alal + Alal = di,
(E13)
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where

1 1
Agz—/_ldx/_ldx’Fq(r,(p)

1 1
AgE-Ag-/ dx/ ¥’ FI(r, )
-1 -1

model,a?=0 ’

model,a?zl,a?#:O

(E14)

By solving the constraints (E13) for the Fourier coefficient
al (for example) we can express it as a function of
the remaining coefficients and thus remove 1 degree of
freedom,

al =(di—(Al+Ajal+Alal +Alal +Alal + Alad))/AS.
(E15)

We emphasize that no constraint similar to (E13) is known
for the correlation function G.

In the following we will consider three scenarios for the
correlation functions based on three specific choices of
Fourier coefficients (E9). Each of the following scenarios is
consistent with the constraint (E11) for the d¥, d‘zi . We note
that all our scenarios are formulated in terms of the first
TMD moments of the Sivers functions f ILT(I)"”‘] and hence,
via Eq. (E1), in terms of the unpolarized twist-2 PDFs f9.
The corresponding relations can strictly hold only at one
scale y, since the evolutions of the f ILT(I)"H‘I and f1 differ.
Nevertheless, as discussed in Sec. IV, in our numerical
studies we assume fi1'"7 and f? to be related in the
same way at all scales, simply as a rough means of
mimicking the scale evolution of the twist-3 quark corre-
lation functions.

0.114

0.057

X -0.057
-0.114

-0.171

FIG. 22.

1. Scenario 0

For the first scenario we choose the Fourier coefficients
(E9) as follows:

a* = (1.1578,0,0;0,0,0),
a = (1.0173,0,0;0,0,0),
a® = (0,0,0;0,0,0),
b = (0,0,0,0,0,0),
b’ = (0,0,0,0,0,0),

b* =(0,0,0,0,0,0). (E16)
This choice sets the correlation function G basically to zero,
and provides a correlation function F that is as “leveled” as
possible by utilizing only the first three Fourier components
cos(0g), cos(1¢), and cos(2¢) in the model ansatz (ES).
Note that an additional choice ad = 0 would violate the d,
constraint (E13). We show the resulting ¢ as contour plots
in Fig. 22. We expect that NLO contributions to the asym-
metry Ag; within this scenario are minimal, since G = (0
and the plots in Fig. 22 show little “structure” of F49.

2. Scenario 1

In this scenario we populate most of the Fourier
coefficients (E9) for the u- and d-quark correlation func-
tions with relatively moderate values that vary between —1
and 1. Doing so, we also generate a nonvanishing corre-
lation function G. As before we choose the values of the
Fourier coefficients such that the d, constraint from lattice
QCD (E14) is satisfied. We consider this scenario some-
what more “realistic” as far as the sizes of the correlation
functions are concerned. To be specific, we choose the
Fourier coefficients in Scenario 1 as

0.171
0.133
0.095
0.057
0.019

2 -0.019
-0.057
-0.095
-0.133

Correlation functions F*(x, x') (left) and F%(x, x') (right) for Scenario 0.
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xp

0.266
0.190
0.114
0.038
-0.038
-0.114
-0.190
-0.266
-0.342
-0.418

Xp

FIG. 23. Same as Fig. 22, but for Scenario 1.

0.513
0.399
0.285
0.171
0.057
-0.057
-0.171
-0.285
-0.399
-0.513

FIG. 24. Correlation functions G*(x, x') (left) and G¥(x, x') (right) for Scenario 1.

1
_,_1’__ s
)

12 21
b = (—2.5308,5,3,1,3,5),
1

2 2 1
b? = (03429, —— -2 —1,-2 -~ ),
(0342955 1.-573)

b* = (0,0,0,0,0,0). (E17)

The contour plots for the resulting u- and d-quark corre-
lation functions F4(x, x’) are shown in Fig. 23. Figure 24
shows the corresponding correlation functions G¢ for up
and down quarks. Note that the symmetry and antisym-
metry properties of F and G under exchange x <> x’ are
well visible in Figs. 23 and 24.

3. Scenario 2

Finally, Scenario 2 is similar to Scenario 1, but with
Fourier coefficients inflated by a factor of 3 in order to
magnify the effects of the NLO corrections on Apg;.
Specifically, we choose
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x» xp

0.330
0.32
0.16 0.132
Y _0.066
-0.16
-0.32 -0.264
X -0.48 o
; -0.462
-0.64
-0.80 -0.660
-0.96
-0.858
FIG. 25. Same as Fig. 22, but for Scenario 2.
xp xp
1.35
1.05
0.75
0.45
0.15
-0.15
X -0.45
-0.75
-1.05
-1.35
FIG. 26. Same as Fig. 24, but for Scenario 2.
a' = (5.2767, -2,-2;—-1,-3, —1),
a® = (—3.0634, 2,2:1,3, 1),
a’® = (0, 0,0;0,0, 0),
bt = (—5.2767, 1,2,3,2, 1),
b = (3.0634, -1,-2,-3,-2, —1),
b’ = (0, 0,0,0,0, 0). (E18)

As for the other two scenarios, the constraint (E11) on d, by lattice QCD is also satisfied here. The resulting contour
plots for the u- and d-quark correlation functions F? are shown in Fig. 25, while Fig. 26 presents the corresponding
contour plots for G.
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