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When Bob orbits Alice: Entanglement harvesting in circular motion
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We study radiative processes of two qubits coupled to a massless scalar field prepared in the Minkowski
vacuum state. We perform an analysis of the effects of vacuum fluctuations in the generation of qubits’
entangled states is performed. We assume one of the qubits is at rest in an inertial frame while the other
comoves with a uniformly rotating frame, i.e., undergoing circular motion. We investigate how the
entanglement harvesting phenomenon depends on the radius and angular velocity of the noninertial qubit.
We compute the concurrence and mutual information to identify the set of circular motion parameters that

maximizes entanglement generation.
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I. INTRODUCTION

The interplay between quantum information and rela-
tivity, often called relativistic quantum information,
addresses how quantum resources (entanglement, coher-
ence, quantum correlations) behave when systems move
noninertially in Minkowski spacetime or are defined in a
curved spacetime. This topic not only probes that the
definition of particles associated with a quantum field are
observer-dependent but also probes information transfers
between different points in the framework of quantum field
theory. These subjects have operational implications for
quantum technologies in relativistic settings, e.g., satellite
quantum communications and experiments that probe
fundamental quantum field theory effects. The core of
the studies in relativistic quantum information is motivated
by two closely related predictions from quantum field
theory formulated in noninertial frames and curve space-
times: the Unruh-Davies effect, where a uniformly accel-
erated observer perceives the Minkowski vacuum state as a
thermal bath [1,2], and the Hawking effect, which is related
to the thermal radiation of a black hole [3]. These two
results exemplifies how particle content and the effect of
vacuum fluctuations depend on the observer’s trajectory
and horizons [4-8].

There are many different approaches in the literature to
study, in relativistic settings, information issues in
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Minkowski spacetime. The two most used approaches
are based on: (a) working with mode decompositions
and Bogoliubov transformations between field basis con-
structed by inertial and noninertial observer [9] and
(b) quantum systems as localized two-level systems or
qubits that couple to the quantum field through a time-
dependent switching (coupling) function.

The first one is useful to quantify how global field
positive and negative frequency modes become mixed for
different observers worldlines and how mode entanglement
is redistributed. The second one considers the qubit-
quantum field coupling, commonly the Unruh-DeWitt
model or localized two-level systems [10-15]. However,
the atom-field interactions can be modeled in several ways
for completely different contexts (see Refs. [16—18]). In the
first scenario, one can perform different investigations on
the qubits’ dynamics. For example, after tracing out the
field, the qubits’ reduced density matrix encodes the
effective open-system dynamics and allows direct calcu-
lation of qubit excitation, decoherence, and entanglement
dynamics [19-21]. It can be generalized to curved space-
times with a very similar approach [22]. Time-evolution
techniques for multiple qubits, e.g., master equations, are
widely used to obtain both analytic and numerical results.
These complementary tools have clarified phenomena,
such as entanglement degradation for uniformly accelerated
qubits, entanglement harvesting from the vacuum, and the
role of switching functions and detector spatial profile in
physically realistic scenarios [23-25].

In this work, we focus on a setting that highlights
trajectory-dependent entanglement generation: two local-
ized two-level systems (Alice and Bob’s qubits) initially
prepared in its ground states has a nonzero probability to
make a transition to the maximally entanglement Bell’s
state, where Alice follows an inertial worldline and Bob
undergoes uniform circular motion with radius R and
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FIG. 1. Diagram representing two atoms: atom 1 and atom 2.
Alice is at the center of the coordinate system at a distance R of
Bob, which rotates in a circular motion around Alice.

angular velocity Q, as illustrated in Fig. 1. Both qubits
interact locally with a quantum scalar field and the full
closed evolution is given by the von Neumann’s equation
for the combined qubits and field state. Also, the qubits’
dynamics of interest are obtained by tracing out the field’s
degrees of freedom. Our main goal is to characterize how
the bipartite entanglement of the qubits reduced density
matrix increases as a function of Bob’s orbital radius (and
related kinematic parameters). Operationally, we quantify
entanglement generation through concurrence [14,26].

The issue of radiative processes for two-level systems in
a noninertial rotating frame has been addressed in several
works [27-31]. In the literature, the discrepancy between
the physical interpretation derived from Bogoliubov coef-
ficients, relating modes defined by rotating and inertial
observers, and the qubits’ response function is discussed.
Since the coefficient f;; vanish, the Minkowski vacuum
state and the one defined for rotating observers are unitarily
equivalent. Nevertheless, a qubit in a rotating frame
interacting with a scalar field in the Minkowski vacuum
state exhibits a nonzero response function for excitations.
Regarding the two-level system as a detector, a solution for
this apparent inconsistent situation was presented by
Davies et al. [32]. Another way to avoid such contradiction
is to use the rotating wave approximation as a necessary
condition to define a detector [33,34]. In Refs. [35,36], the
operational definition of a measurement device was exam-
ined, where the Unruh-DeWitt and Glauber models of
detectors were discussed.

Beyond this inconsistency between the response func-
tion and Bogoliubov approaches, a deeper question arises:
how can rotation be incorporated into a relativistic frame-
work? This problem has attracted considerable attention
from physicists such as Ehrenfest, Born, Planck, Kaluza,
Einstein, and others [37-40]. Landau and Lifshitz [41]
proposed a transformation law between cylindrical coor-
dinates adapted to inertial and rotating frames, valid only
for r < ¢/w. To extend this system to an arbitrary radius
and to avoid tangential velocities exceeding ¢ for r > ¢/,

Franklin [42] and later Trocheries and Takeno [43] have
introduced a coordinate system where v/c = tanh(wr/c),
which approaches ¢ asymptotically. The implications
of this transformation for field theory are discussed in
[44-46]. However, this choice fails to reproduce exper-
imental results such as the Sagnac effect [47], where an
interferometer on a rotating disk measures the phase shift
between two coherent light beams traveling in opposite
directions. An alternative proposal by Grgn [48,49] suc-
cessfully reproduces the Sagnac effect but introduces a
discontinuity in the time coordinate for closed circuits
around the origin. A different approach to the kinematics of
rotating frames was later developed by Klauber [50] (see
also Ref. [51]). Until now, there is no consensus on how to
characterize the relativistic rotating disk in the literature.

Based on previous studies of two-level systems in
circular motion and of initial entanglement between non-
inertial parties, we expect several characteristic features:
(i) entanglement typically degrades faster when Bob’s qubit
feels stronger effective vacuum fluctuations (higher radial
acceleration or higher angular velocity at fixed radius);
(i1) nonthermal signatures may appear for circular motion,
while uniformly linearly accelerated qubits have a thermal
response in the idealized long-time limit and rotating qubits
show parameter regimes where the effective temperature
picture fails and the response depends sensitively on the
radius and switching duration; (iii) switching functions and
finite interaction times can produce transient revivals or
oscillatory behavior in concurrence; and (iv) the massive
field and geometry (e.g., presence of mirrors or cavity
boundaries) can qualitatively change the rate and pattern of
entanglement loss. Quantifying these effects for an inertial
Alice and a rotating Bob will allow us to identify parameter
regimes where relativistic motion strongly restricts usable
entanglement and regimes where entanglement is compa-
ratively robust.

This paper is organized as follows. In Sec. II, we
introduce the quantization of a massless scalar field in
cylindrical and rotating frames and define the positive
frequency two-point Wightman functions. In Sec. III, we
present the two-level systems model and the interaction
Hamiltonian with switching functions. Next, we review the
procedure to obtain the two-atom reduced density matrix
by solving the von Neumann equation and tracing out the
field’s degrees of freedom and finally defining the con-
currence. In Sec. IV, we compute the transition probabilities
and discuss the entanglement harvesting as a function of
Bob’s radius and qubit’s energy gap. Conclusions are given
in Sec. V. In this work, we consider ¢ = # = 1.

II. CANONICAL QUANTIZATION

A. Cylindrical and rotating coordinates

Let us start by considering a scalar field ¢ (7, x) defined
for a four-dimensional Minkowski spacetime, satisfying the
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massless Klein-Gordon equation

where [ = 7,,,0"0”. We wish to obtain a set of solutions of
the above equation by considering a coordinate system
adapted to a uniformly rotating frame. This can be done by
performing a coordinate change of the above equation
using a cylindrical coordinate system x* = {¢,r,0,7'}.

The Klein-Gordon equation, in such coordinate system,
is given by

1 1

whose one set of solutions is given by

1

N
ukmq(x ) - 277\/2_65];;

where @}, = k* 4 ¢*, and J,(x) is a Bessel function. The

e—ia)kqt’Jrikz’JrimG’Jm (qr/) , (3)

field must be integrated over k and ¢ and summed over m.
The modes defined in Eq. (3) are said to be positive
frequencies with respect to ¢ being eigenfunctions of the
operator dy,

at’”kmq(x/> = _iwkqukmq(xl)v Wig > 0. (4)

By defining the scalar product

(b1 hs) = i / Px(piods - )b, (5)

where here 7 is a spacelike hyperplane of simultaneity, the
modes 1y from Eq. (3) are orthogonal and normalized such
that

(ukm[p uk’m’q’) = 6mm’5(k - k/)é(q - q/)' (6)

Once we obtain the complete set of mode solutions of the
field equations in the cylindrical coordinates one can
expand the fields using these modes. In the canonical
quantization framework, a quantized scalar field in
Minkowski spacetime can be expressed as

s =Y / GGk (pgttiong () + @1y (1),

m=—co
“’kq>0

(7)

where the operators akmq(a};m ,)» the annihilation (creation)

operators of quanta of the field, obey the commutation
relation,

T __Yiq
[akmq’ ak’m’q’] - Q|wkq‘ 5ww’5mm’5(k - k/>5<q - q/)’ (8)

while [agg. axmy] = [aZm - az,m,q,] = 0. These operators

allows us to define a Fock space with a vacuum state |0,,)
defined by
akmq|OM> = 07 v k? m,q. (9)
The above discussion was restricted to a cylindrical
coordinate system adapted to an inertial frame. We are
interested in the study of the canonical quantization of the
scalar field implemented by observers at rest in a frame
comoving with a disk in uniformly circular motion. In this
case, we must add a constant angular velocity Q to the
discussion. A transformation to a rotating coordinate is
described by
0 =6+ Qt,

=1, r=r,

7=z (10)
and provides the following line element

ds* = (1 — Q*r?)dr* — 2Qr*dodt — r*d9* — dr* — dz*.
(11)

This metric is stationary but not static, i.e., d, is not
orthogonal to a family of spacelike hypersurfaces. The
adaptation of the Killing vector to an observer orbiting
radius R is completed by replacing o0, by yd, where
y = (1 —Q2R*)~'/2, which is normalized along that
observer’s world line.

The Klein-Gordon equation, given by Eq. (1) becomes

1 1
(0, = Q0y)* =07 —~0,— 505 —02 |p=0. (12)
r r

Therefore, as shown by Letaw and Pfautsch in Ref. [28],
the mode functions for the rotating coordinate system is
identical in appearance to the ordinary Minkowski mode
function transformed to rotating coordinates

1
Vg (X) = ———F—=
kmq( ) o0 /—20)1«1

The field operator ¢ can also be expanded in terms of the
field modes defined in Eq. (13) as

e—i(wkq—mQ)t+ikz+im6Jm (qr) (13)

b= S / " GG (Ding iong (5) + Doy Vg ()

m=—oco v
mkq—m9>0

(14)

Then, the commutation relations from b and b are exactly
the same as the one given by a and a' in Eq. (8),
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a)kq
Q|wkq|

[bkmq’ bz’m’q’] = 5ww’5mm’5(k - k/)(s(q - q/)’ (15)

while [big. bumy] = [b)

tmg> D] = 0. These operators

b},
m'q
allow us to define a Fock space with a rotating vacuum
state, |Og), defined by
bkmq|OR> = 07 V k7m7 q (16)
Comparing the field decomposition of Eq. (14) with the one
defined in Eq. (7), we can write the following relations

Aimas Dy > 0,

bkmq = { " + ! (17)
(=D)"aly, o @iy <0,
a)kq > 0,

)
akm ’
blag ={ 07 (18)

(_1>ma—km—qv Wrg < 0.

It is important to note that, different from an inertial
canonical quantization, by, (—wy,) # b,im o @ig). We
wrote Eqgs. (17) and (18), valid for wy, €R, only for
completeness. However, since we are considering only
the case where @y, >0 [see Eq. (4)], by, (—wp,) #
bl 4(@ig) is not a problem for this work.

As discussed in Refs. [28,52], despite the similarities, the
quantization under cylindrical and rotating coordinates has
a fundamental difference: the field is not invariant under
time reversal for a rotating observer, i.e., due to m in the
term =+i(wy, — mQ)t, the time reversed observer acts as an
observer rotating in the opposite direction, breaking the
symmetry.

We can now define the number operator in the rotating
frame by

Ny = i / " 4dqdk(©(w)b'b + O(-w)bb').  (19)

m=—oco v
mkq—m(2>0

Using Eqgs. (17) and (18) to rewrite this operator in terms
creation and annihilation operators associated with
Minkowski vacuum, we obtain that Np = N, where N is
the number operator in the inertial frame and we have

{Op|Ng|0y) = 0. (20)

We can interpret the above equation by saying that there is
no excitations associated with Eq. (14) in the Minkowski
vacuum state. This result was first obtained in Ref. [27].
However, Letaw and Pfautsch [28] have shown that the
power spectrum for the rotating observer is not equal to the
inertial case. i.e., a qubit in a rotating frame could be
excited even if the qubit interact with the field defined in the
vacuum state defined by Eq. (16).

This section is important to clarify the problems of the
rotating frame to well-define particles and could be used to
calculate, for instance, transition probabilities. However,
the two-point positive frequency Wightman functions
present a more sophisticated way to do that. In next section
we introduce this quantity to further calculate the men-
tioned transitions and construct the reduced density matrix
for our system (see also Ref. [14] where the authors do
similar calculations for different configurations of two-
level systems in circular motion).

B. Two-point positive frequency Wightman functions

The two-point positive frequency Wightman function,
W(x;x'") = (0]|¢(1,x)p(7', x")|0), along the worldline of a
generic observer in Cartesian coordinates is given by the
following expression:

1 [ o Sinw|x — X'
_ L[ dwerotn X =X o)
471'ZA we |x — x| (21)

W(x;x')
To avoid misunderstanding, from now on x and x’ are
related to different points of the spacetime defined by
inertial and/or rotating observers.

We will consider two observers in the setup illustrated in
Fig. 1. One, Alice, an inertial observer defined in the
worldline,

y=1, Xg =ya=24=0, (22)
and Bob, an observer at rest in a frame in uniform circular
motion with radius R and constant angular velocity Q.
Bob’s worldline can be written as
xg=Rcos(Qtg),

VB :RSin(QtB), ZB :0,

(23)

tB =77,

where y = (1 — Q?R?)~'/2 The two-point correlation func-
tions for the inertial observer, the rotating observer and the
crossed case can be, respectively, written as

1 oo . in wA
W(xa;xy) = — lim dw e™1@AT —smAw x’ (24)

4= Ax—0 | X

W(xA;xjg) =

& . ,, Sin @R
- dew e~ i@(T=r7) , 25
472 A we R (25)

W (xp; xp) = s

. . . @
/ PR (2wR|sin 5= Az|)
0 2R|sin & Az|

(26)
It is important to note that W(x,, x;) cannot be written as a

function of Az. This can be done only for the regime of
nonrelativistic velocities, i.e., QR < 1.
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III. ENTANGLEMENT DYNAMIC OF TWO
QUBITS

Now we consider a pair of qubits interacting with a
massless scalar field via the following Hamiltonian in the
interaction picture

o dTA dTB

H) = 2 () +

Hp(t), (27)
where 7 is the time parameter we use to describe the
evolution of the system, and z; is the proper time for each
qubit i = A, B. The local interaction between each two-
level system and the field is
Hi(z;) = iy(r)oi(s) @ d(xi(zy).  i=AB,  (28)
where A is the coupling constant which we assume to be
small. The x/(z) are the timelike trajectories of each qubit
parametrized by their own proper times.

The qubit labeled by the letter A is at rest in an inertial
frame of reference, the Alice’s worldline defined by
Eq. (22). The second quibt, letter B, is at rest in a frame
in a uniformly circular motion, the Bob’s worldline defined
in Eq. (23). For simplicity, we are considering identical
two-level systems with the same Gaussian switching
functions assumed to have no time delay [22],

x(1) =€, (29)

where o prescribes the duration of interaction. The monopole
operator o () is written as

ol (1) = o} e'E" + o7 e7iET, (30)

i i

where o7 are the raising and lowering operator for each two-

level system defined by the subindex i, which defines the
ground and excited state |g;) and |e;), respectively, such that
o7 lei) = 7 |g;) = 0 while o7 |g,) = le) and o7 [e;) = |g,).
The quantity E is the energy gap of both two-level systems.

The qubit-field interaction for a given initial state p is
implemented by unitary time evolution p = Up,U", where
the time evolution operator U is given by the time-ordered
exponential

U=Texp|—i | dtH(1)], (31)
WAL

where H(t) is given by Eq. (27) and 7 denotes the time
ordering operator. By assuming a weak coupling regime,
we can perform a series expansion

U=1+UD+U% + 0, (32)

whose first two terms, using Eq. (31), are given by

U = —i/Do drH(7), (33)

(o]

U@ = _ /_ : dr /_ oo WHEHE), — (34)

where U is of order /. The above expansion allows us to
write the density matrix as

p=po+pY+p@ + 02, (35)

where p/) is also of order A/ and are given by
P =UWpy + pUIT, (36)
p@ = UWp, UMt 4 U@ py + poUDT. (37)

In order to quantify the entanglement between the two
qubits, one must find the joint-reduced density matrix of the
Alice’s and Bob’s subsystem by tracing out the field’s
degrees of freedom

pap = tr,(UpoU"). (38)

With the above reduced density matrix, we have everything
to start the discussion about the entanglement formation. In
the next section we discuss the initial setup of the two
qubits and investigate the matrix elements of Eq. (38).

A. Entanglement harvesting protocol

Our objective is to investigate the entanglement harvest-
ing phenomena. To do so, we consider the two qubits
prepared in the ground state and the field prepared in the
Minkowski vacuum state. This initial state configuration is
represented by

Po = 19498)(9a98| & [047) (O], (39)
where, in the right term of the above tensor product, |0,,) is
the field’s vacuum state defined by Eq. (9), |g;) is the
ground state, and |e;) is the excited state of each qubit
i = A, B defined just above Eq. (30). The matrix repre-
sentation of p,p to leading order reads

1-£, 0 0 M
0 Lgg Lap 0
0 L Las O
M 0 0 0

Pap = + O, (40)

where the basis |gags),|94€5),|€agn), |eaep) has been
used and £, = L4 + Lpp. The corresponding elements
in p,p are given by
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L;; :/12/deT/Z(T)ﬂT/)e_iE(T_T’)W(xt’xJ) (41)

t/y
:—iz/dr/ de'y(r
—/lz/dr/ dry(7)

where i, j = {A, B} and W(x, x’) is the positive frequency
Wightman function given by Eq. (21). The quantities £,4
and Lgp are the transition probabilities of Alice and Bob,
respectively, whereas M and £, 5 correspond to “nonlocal”
terms that depend on both trajectories simultane-
ously [22,53].

To simplify the computation of the elements of the
reduced matrix, we define the coordinates given by

?)eE W (3, 3)

eEEOW (3. 31), (42)

_T+f
=—

E=1-17, (43)

which allows us to rewrite drd7 = dndé and also the
7,,2

product of switching functions as y(z)y(7') = e “e 202
We also define the dimensionless quantities pondered by
the time of interaction o,

e = Fo, r=R/o, o = Qo. (44)

The explicit details of the calculations of £;; and M
defined by Egs. (41) and (42) can be seen in Appendix A
and B. For i = j = A, we have

Loas :ﬁ [exp (— 822> - \/;?eErfc <\2)] (45)

where Erfc(z) = 1 — Erf(z). For the case where i = A and
j =B, we can use y, =y = 1 and define

) y e x2ir
=y 4+t ju= ﬁ (46)

Therefore, one can write

. 12
Lipg=— 7—e T [e~/t Erfc
AB 4\/2—52" [ ( )

Considering i = j = B, we have obtained

EBB—[,AA—I— \/77/11 a)/ dz e 2w
2ez —
X COS —Z 512n < (48)
yw ) 22(z* = v?sin’z)’

where v = wr. Finally, the term M was also obtained and
has the following expression:

e FErfe(j,)].  (47)

oot [ e
0

e () s (37

fma():

+ 5Bt [é (%Z - %)] } (49)

In order to measure the amount of entanglement between
the two atoms, we can use the concurrence C,p [54]. For
the time-evolved density matrix in our scenario, the
concurrence has the form [11,55]

—VLaaLggy +0O0GY).  (50)

A naive inspection of the concurrence could lead to the
incorrect conclusion that it would be given by an additional
condition: 2|L,pz| > 0. However, this term is not the only
contribution at order O(42). In fact, the concurrence arises
from the expression 2(|p»| — /p33pa4), as can be seen in
Eq. (10) of Ref. [55]. Although the matrix element p,, is
nonzero only at order O(1*), its contribution enters the
concurrence through the square root, yielding an effective
O(2?) term. This contribution combines with |p,z| in such
a way that the resulting expression is always negative, as
discussed in detail in Ref. [11].

The concurrence is zero if and only if the state p,p is
separable. The mutual information, otherwise, quantifies
the amount of total correlation, both classical and quantum
[15]. For two qubits, mutual information Z 45 up to second
order in A is [56]

CAB -

Tap =L, logl, +L_logL_

— Laplog Lag — Lyplog Ly + OAY),  (51)

where

- 1 /
‘C’i :§(£+:l: ‘C’%+4|‘CAB|2>’ (52)

in which £, = L4, &+ Lpp. As discussed in [15], while the
concurrence given by Eq. (50) vanishes when /L4 Lpp
exceeds the “nonlocal” element | M|, the mutual informa-
tion, given by Eq. (51), becomes zero when |£,| = 0. But,
if C4p = 0 while the mutual information is nonzero, then
the extracted correlation by the detector is classical corre-
lation or nondistillable entanglement.

IV. RESULTS

In this section, we compute the concurrence and the
mutual information, given by Egs. (50) and (51), respec-
tively, for the two qubtis in the scenario described in Fig. 1.
The state of motion of both qubits is imprinted on the
Wightman functions, given by Egs. (24)—(26), which
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allows us to construct £;; and M, the transition proba-

bilities and ‘non-local’ term, given by Eqs. (41) and (42).

A. Transition probabilities

Let us start by considering the transition probability,
which are given by £;; for i = A or B. We consider L;;/A?
and write the parameters in units of ¢, which makes the
transition probability a function of the three variables R /o,
Ec and Qo.

Figure 2 shows the transition probability £;/A*> as a
function of the energy gap of the qubit multiplied by the
time of interaction, Eo, for fixed values of radius R/s, and
the angular momentum is set as Qo = 5.0. In Fig. 2(a), we
have the usual transition probability for an inertial

3.0

(a)
2.5

2.0

1.5

LanlA?

1.0

0.5

-10 -5 0 5 10 15
Eo

0.0
-15

(b)

(Lps — Lan)/A?
[ = — —
S 9 o o
5 08 & A

10—20
-24
10 — RQ =0.02 — RQ =0.80
10728y —— RQ =0.20 — RQ =0.90
— RQ =0.50 — RQ=0.98
10—32
-15 -10 -5 0 5 10 15
Eo
FIG. 2. (a) Transition probability £4,/4> as a function of the

energy gap Eo. (b) The term (L — L44)/4% as a function of Ec
with different values of R, which are represented by the
different colors.

trajectory, L£44/4>, as shown in several works [11,22].
The negative values of Ec are purely mathematical (since
Eo is a positive quantity that defines the energy gap of the
qubit) and show that our expression agrees with the usual
linear dependence presented in the previous works (see, for
example, Fig. 2 of Ref. [11]). Since we plot £44/4%, these
results can be greater than one. In Fig. 2(b), we have the
transition probability for a circular trajectory, Lgg/4%,
which is consistent with the results in [9,28], with a subtle
difference: in this work, we use the previously defined
switching function. We find that £z5/4? increases with the
linear velocity. As L4, does not change with R/c
and/or Qo, we subtract this quantity from Lpp in
Fig. 2(b) to better analyze how variations in these param-
eters impact the curves. Each color represent a value of RQ,
from RQ = 0.02 to RQ = 0.98.

This quantity, L — L44, is even having its peak at
Eo =0; both the width and the magnitude increase
with R/c.

B. Concurrence and mutual information

Next, we consider the concurrence Cyz/4> and the
mutual information Z,5/4> as functions of R/¢ and Eo
in Fig. 3. In these plots, we fix Qo = 0.1. Both the
concurrence and the mutual information decrease as Eo
increases. On the other hand, as R/o grows, both quantities
remain approximately constant over a wide range of values.
This behavior persists until, in the case of the concurrence,
which can be seen in Fig. 3(a), the term /L4 4 L becomes
larger than |M]|, causing the concurrence to abruptly
vanish.

The concurrence can persist up to relatively large
values of R/c depending on Ec. For Qo = 0.1, it is still
possible to obtain Cyz # 0 for R/o ~ 7.5. Moreover, as
Eo increases, the minimum value of the concurrence
grows approximately linearly with R/c up to about
Eo =~ 8.2, beyond which it begins to decrease rapidly.
As we increase the angular velocity Qo (see Fig. 4),
this behavior changes. The approximately linear growth
persists; however, instead of extending up to Eo = 8.2,
it now holds only until Eo = 3.8. From this point on,
the curve develops an almost flat behavior up to
Eoc =~ 8.2, after which the minimum value once again
decreases rapidly.

The similarities in the concurrence C4z when comparing
Figs. 3(a) and 4 are due to the fact that both M and Lzp
depend on RQ2 and not R/c or Qo separately (see Fig. 2).
For that reason, if we increase the angular velocity Qo, that
almost flat behavior mentioned before appears. Now, we
have fewer R /o values multiplying Qo that yield the same y
results, where y = (1 — Q>R?)~1/2,

In contrast, the mutual information exhibits this nearly
constant behavior as R/c increases until we approach
relativistic regimes, namely, when RQ =~ 1. Close to this
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FIG. 3.
C,p = 0. (b) Mutual information Z 45/4> with Qo = 0.1.
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FIG. 4. Concurrence C,5/A* with Qo = 0.2, where the red line
represents where | M| = /L, Lpp.

threshold, the mutual information decreases sharply, as
shown in Fig. 3(b).

V. CONCLUSION

In this work, we investigated entanglement harvesting
between two qubits interacting with a massless scalar field.
We assume that one of the qubits is inertial and the other
undergoes uniform circular motion. By explicitly comput-
ing the two-point Wightman functions associated with
inertial and rotating trajectories, we study trajectory-de-
pendent entanglement generation.

Our results show that circular motion enhances the
transition probability of the rotating qubit (Lpp), as the
effect intensifies as the linear velocity increases. In par-
ticular, the difference between the rotating and inertial
transition probabilities grows both in magnitude and width
around Eo =0 as R/o increases, revealing the strong
sensitivity of excitation processes to rotational motion.

With respect to correlations, we have obtained that both
concurrence and mutual information decrease as the energy

10 -
104
8 10—10
6 1016
5
o 10—22
4
10—28
2 10—34
—-40
00 2 4 6 8 10 10
Eo

(a) Concurrence C,p/4* with Qo = 0.1, where the red line represents where |[M| = /L4 L5 and the white region where

gap Eo increases. However, for fixed angular velocity, both
quantities remain approximately constant over a wide range
of radii R/o, indicating a certain robustness of harvested
correlations against changes in orbital radius.

A key feature of our results is the abrupt vanishing of
concurrence when the term /L4, Lpp surpasses the “non-
local” contribution |M|. This behavior highlights the
delicate balance between excitations and “nonlocal”
correlations in  entanglement harvesting protocol.
Increasing the angular velocity modifies this balance
significantly: for the maximum values of R/c that can
generate entanglement, we observe an increase in the Eo
interval allowed, which can be viewed by comparing
Figs. 4 with 3(a). This happens before a rapid degradation
starts. Otherwise, the mutual information displays greater
robustness, remaining nearly constant with increasing R/o
until the onset of relativistic effects, characterized by
RQ ~ 1. Close to this threshold, total correlations decrease
sharply, signaling that extreme rotational motion strongly
suppresses the ability of the detectors to extract correlations
from the field.

Overall, our analysis demonstrates that circular motion
introduces nontrivial kinematic effects in entanglement
harvesting. While nonrelativistic rotational motion allows
significant extraction of quantum and classical correlations,
relativistic regimes tend to degrade them. These results
contribute to a deeper understanding of how noninertial
motion influences quantum correlations in relativistic
quantum information settings and may be relevant for
future studies involving rotating systems and relativistic
quantum technologies.
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APPENDIX A: EXPLICIT COMPUTATION OF L;

Let us start by evaluating the term from Eq. (41) using
the coordinates given by Eq. (43). The positive frequency
Wightman function are given by Eqs. (24)—(26). In the case
where i = j = 1, we have

,12 202 o0 2 .
Las = lim dne :2/ dée 272 S

471,' Ax—07"
sm kAx

XA dke” Ay

In the above equation, we integrate both Gaussian integrals
and obtain

122

o
Las = —— lim " dk e MEHKPo
T Ax—0+ Ax

Eg [exp (- ?) - \/gEaErfc (%)] (A1)

which is the same expression as presented in Eq. (45).
For i = A and j = B, we use the following coordinate
change:

1262 sin kAx

1 1
—(7—1)n+§(y+1) =7 n+57:& (A2)

T—y7 =

A 2 _ipe—ipke SIN 2KR|sin 79§|
533_4—712/_ dnen/ dk/ dé e 27 L

Due the complexity of the last term, we will need to
integrate over k first and obtain a “distribution.” It
is well known that the positive Wightman function can
be written as

W(x;x') = /oo da e—i@l=1) w
0

1 1
42 (1—7)? = |x—x

[x —x/|

(AS)

2

which, using Eq. (23) for ¢ and x, can be written as

1 1
A2 22 — 4R%sin%(2¢)

W (xp; xp) = —

The denominator of the previous expression possesses only

where y, = y & 1. Therefore, we have

2 sin kR ik
Lip =—5 dk dne "1
AB T 42 / R /_oo e
y / dé e—z——zEz; 53
By using the results of the integrals
o0 2 /4 222
dne = tikr-n — |Z ks .
/_ . ne i
/ dé oo B b7 k2P
—00

L,p can be rearranged as

/1262 1722 © sin kR
Lip=——e2F° dk———e~
AB 4z ¢ /0 R ¢

L(Z2K> 44y, Ek)o?

where £2 = y3 + y2. By solving the above integral one can
obtain

. /12 ) .
Lan =~ 7= 5p € Tl Erfe(j.) — e Erfe(, )],
(A3)

where j, = ﬁ (y+Ec + 2iR/c). The previous equation is

exactly the same as the one given by Eq. (47).
For the case where i = j = 2 we have

A4
2R|sm§§| (Ad)

|
one root (¢ = 0). In order to remove this pole, we can sum
and subtract 1/£?, obtaining

1 /1 1
W(XBW};)_W(xl;xll)"'F(_z_ 22 2ein2 (19 )’
7= \&™  y*E* —4R%sin*(53¢)

where, combining the last term, can be written as

1 (1=p)& + 4R%in? (B ¢)
A 2[R - 4R%sin? (5¢)]
(A6)

W (xp; xp) = W(XAWQ) -

Replacing Eq. (A6) in Eq. (A4), we obtain
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2 - 2 e (1= 7)€ + 4RI’ (7 ¢)
Lpp = Lp — 4”2/_0061776 - /_Oodf 2[22 — 4R%sin? (%f)] .

The first integral is just a Gaussian one as we already have computed before. For simplicity, we change the variable by
defining

— OR Ly
v = s = 5 &
which lead us to
2 : _ 22
Lop = Lop— Qo \/7/ o[ +it] (1—9%)z? —|—2y v?sin? ¢
Z (z — v%sin’z)
Since 1 —y? = —y?»?, and with the symmetrical interval of integration, we obtain
2E7 72 —sin’z
Lgp =L ’Q d ) cos A7
BB AA+42\/7}/U G/ 2 (yQ) 2(2% = v%sin’z)’ (A7)

which is exactly the same expression as the one given by  In terms of (7, £), this implies
Eq. (48).

APPENDIX B: EXPLICIT COMPUTATION OF ¢ <t ¢ N 2y_ <&
THE “NONLOCAL” TERM M \172) =173 yn =5
In this appendix we present the explicit evaluation of the ¢ ¢ 2y_
“nonlocal” contribution M defined in Eq. (42). We make et 2 sr\n 2 = &= a 7. (Bl)

use of the change of variables (7, 7') > (, &) introduced in

Eq. (43). This change modifies the integration domain as

the following: where we have defined y, =y 4+ 1. Using the positive
frequency Wightman function given by Eq. (25), the
identity W(x};x;) = W(x;;x5)", and the relation between
7 and 7 from Eq. (A2), we obtain

(q\
IA
<1«

, T <y7.

2 0 i o0 2 7y
M = A dk Sm%‘R)/ dn e—za—2+z(2E+k7—)'7/ de e—z—z—lkT
0 -0

477,'2 —11
2 o sin(kR) [ 22 i0p- Log 2 ke

~2 dksmg!f)/ dne o 1E k””/ ! dg e, (B2)
7 Jo —00 —0

The integrals over & can be performed analytically, which yields

0 [ e [= gy o]y 120
dr 2 Jo R — 740 2f
T 2 Jo R —00 740 2\/§

After a few manipulations on the above equation, one can write

/12 . in(kR o _i i
M= 2 [ S e [ e E ) — 100+ 1) (B3)
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where
Io(n. k) = cos(ky_n). (B4)
- k
I(n.k) = e—ikr- ”Erf<\/—y n— }’+6 ) (B5)
r+0 2\/_
The contribution coming from the integration of I is
/oo in e_%%rziEnlo(m k) :%\/ga[e YREH Yo 4 p—2E-kr )
= ga e 1E' 0 =Ko cosh (% Ek62>,
and the contribution from /, and I7 are
o0 22 o T ic (kKX Ey_
d 52+21E17] k) = ~ L —=(2E- ky)aErf_ — ],
/_oo 7’] e 1(’7 ) + 266 8 \/‘2‘ 2 Z
® _ﬁ+2'E ” T 1 ic (kX E}/_
/_oodne w T (. k) = o et Erf{ﬁ <7+7 :
where 2 = y2 + y%. We then write
_ _1252 e /oo Jk Sll’l(kR) oiTe?
87 0 R
r- 2 o—5EkS kX Ey_ = Fke? kx _Ey_
2cosh | —FEk Erf Exf , B6
e TS I CTCS))
which is exactly the same expression as the one given by Eq. (49).
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