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We study radiative processes of two qubits coupled to a massless scalar field prepared in the Minkowski
vacuum state. We perform an analysis of the effects of vacuum fluctuations in the generation of qubits’
entangled states is performed. We assume one of the qubits is at rest in an inertial frame while the other
comoves with a uniformly rotating frame, i.e., undergoing circular motion. We investigate how the
entanglement harvesting phenomenon depends on the radius and angular velocity of the noninertial qubit.
We compute the concurrence and mutual information to identify the set of circular motion parameters that
maximizes entanglement generation.
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I. INTRODUCTION

The interplay between quantum information and rela-
tivity, often called relativistic quantum information,
addresses how quantum resources (entanglement, coher-
ence, quantum correlations) behave when systems move
noninertially in Minkowski spacetime or are defined in a
curved spacetime. This topic not only probes that the
definition of particles associated with a quantum field are
observer-dependent but also probes information transfers
between different points in the framework of quantum field
theory. These subjects have operational implications for
quantum technologies in relativistic settings, e.g., satellite
quantum communications and experiments that probe
fundamental quantum field theory effects. The core of
the studies in relativistic quantum information is motivated
by two closely related predictions from quantum field
theory formulated in noninertial frames and curve space-
times: the Unruh-Davies effect, where a uniformly accel-
erated observer perceives the Minkowski vacuum state as a
thermal bath [1,2], and the Hawking effect, which is related
to the thermal radiation of a black hole [3]. These two
results exemplifies how particle content and the effect of
vacuum fluctuations depend on the observer’s trajectory
and horizons [4–8].
There are many different approaches in the literature to

study, in relativistic settings, information issues in

Minkowski spacetime. The two most used approaches
are based on: (a) working with mode decompositions
and Bogoliubov transformations between field basis con-
structed by inertial and noninertial observer [9] and
(b) quantum systems as localized two-level systems or
qubits that couple to the quantum field through a time-
dependent switching (coupling) function.
The first one is useful to quantify how global field

positive and negative frequency modes become mixed for
different observers worldlines and how mode entanglement
is redistributed. The second one considers the qubit-
quantum field coupling, commonly the Unruh-DeWitt
model or localized two-level systems [10–15]. However,
the atom-field interactions can be modeled in several ways
for completely different contexts (see Refs. [16–18]). In the
first scenario, one can perform different investigations on
the qubits’ dynamics. For example, after tracing out the
field, the qubits’ reduced density matrix encodes the
effective open-system dynamics and allows direct calcu-
lation of qubit excitation, decoherence, and entanglement
dynamics [19–21]. It can be generalized to curved space-
times with a very similar approach [22]. Time-evolution
techniques for multiple qubits, e.g., master equations, are
widely used to obtain both analytic and numerical results.
These complementary tools have clarified phenomena,
such as entanglement degradation for uniformly accelerated
qubits, entanglement harvesting from the vacuum, and the
role of switching functions and detector spatial profile in
physically realistic scenarios [23–25].
In this work, we focus on a setting that highlights

trajectory-dependent entanglement generation: two local-
ized two-level systems (Alice and Bob’s qubits) initially
prepared in its ground states has a nonzero probability to
make a transition to the maximally entanglement Bell’s
state, where Alice follows an inertial worldline and Bob
undergoes uniform circular motion with radius R and
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angular velocity Ω, as illustrated in Fig. 1. Both qubits
interact locally with a quantum scalar field and the full
closed evolution is given by the von Neumann’s equation
for the combined qubits and field state. Also, the qubits’
dynamics of interest are obtained by tracing out the field’s
degrees of freedom. Our main goal is to characterize how
the bipartite entanglement of the qubits reduced density
matrix increases as a function of Bob’s orbital radius (and
related kinematic parameters). Operationally, we quantify
entanglement generation through concurrence [14,26].
The issue of radiative processes for two-level systems in

a noninertial rotating frame has been addressed in several
works [27–31]. In the literature, the discrepancy between
the physical interpretation derived from Bogoliubov coef-
ficients, relating modes defined by rotating and inertial
observers, and the qubits’ response function is discussed.
Since the coefficient βij vanish, the Minkowski vacuum
state and the one defined for rotating observers are unitarily
equivalent. Nevertheless, a qubit in a rotating frame
interacting with a scalar field in the Minkowski vacuum
state exhibits a nonzero response function for excitations.
Regarding the two-level system as a detector, a solution for
this apparent inconsistent situation was presented by
Davies et al. [32]. Another way to avoid such contradiction
is to use the rotating wave approximation as a necessary
condition to define a detector [33,34]. In Refs. [35,36], the
operational definition of a measurement device was exam-
ined, where the Unruh-DeWitt and Glauber models of
detectors were discussed.
Beyond this inconsistency between the response func-

tion and Bogoliubov approaches, a deeper question arises:
how can rotation be incorporated into a relativistic frame-
work? This problem has attracted considerable attention
from physicists such as Ehrenfest, Born, Planck, Kaluza,
Einstein, and others [37–40]. Landau and Lifshitz [41]
proposed a transformation law between cylindrical coor-
dinates adapted to inertial and rotating frames, valid only
for r < c=ω. To extend this system to an arbitrary radius
and to avoid tangential velocities exceeding c for r > c=ω,

Franklin [42] and later Trocheries and Takeno [43] have
introduced a coordinate system where v=c ¼ tanhðωr=cÞ,
which approaches c asymptotically. The implications
of this transformation for field theory are discussed in
[44–46]. However, this choice fails to reproduce exper-
imental results such as the Sagnac effect [47], where an
interferometer on a rotating disk measures the phase shift
between two coherent light beams traveling in opposite
directions. An alternative proposal by Grøn [48,49] suc-
cessfully reproduces the Sagnac effect but introduces a
discontinuity in the time coordinate for closed circuits
around the origin. A different approach to the kinematics of
rotating frames was later developed by Klauber [50] (see
also Ref. [51]). Until now, there is no consensus on how to
characterize the relativistic rotating disk in the literature.
Based on previous studies of two-level systems in

circular motion and of initial entanglement between non-
inertial parties, we expect several characteristic features:
(i) entanglement typically degrades faster when Bob’s qubit
feels stronger effective vacuum fluctuations (higher radial
acceleration or higher angular velocity at fixed radius);
(ii) nonthermal signatures may appear for circular motion,
while uniformly linearly accelerated qubits have a thermal
response in the idealized long-time limit and rotating qubits
show parameter regimes where the effective temperature
picture fails and the response depends sensitively on the
radius and switching duration; (iii) switching functions and
finite interaction times can produce transient revivals or
oscillatory behavior in concurrence; and (iv) the massive
field and geometry (e.g., presence of mirrors or cavity
boundaries) can qualitatively change the rate and pattern of
entanglement loss. Quantifying these effects for an inertial
Alice and a rotating Bob will allow us to identify parameter
regimes where relativistic motion strongly restricts usable
entanglement and regimes where entanglement is compa-
ratively robust.
This paper is organized as follows. In Sec. II, we

introduce the quantization of a massless scalar field in
cylindrical and rotating frames and define the positive
frequency two-point Wightman functions. In Sec. III, we
present the two-level systems model and the interaction
Hamiltonian with switching functions. Next, we review the
procedure to obtain the two-atom reduced density matrix
by solving the von Neumann equation and tracing out the
field’s degrees of freedom and finally defining the con-
currence. In Sec. IV, we compute the transition probabilities
and discuss the entanglement harvesting as a function of
Bob’s radius and qubit’s energy gap. Conclusions are given
in Sec. V. In this work, we consider c ¼ ℏ ¼ 1.

II. CANONICAL QUANTIZATION

A. Cylindrical and rotating coordinates

Let us start by considering a scalar field ϕðt;xÞ defined
for a four-dimensional Minkowski spacetime, satisfying the

FIG. 1. Diagram representing two atoms: atom 1 and atom 2.
Alice is at the center of the coordinate system at a distance R of
Bob, which rotates in a circular motion around Alice.
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massless Klein-Gordon equation

□ϕ ¼ 0; ð1Þ

where□ ¼ ημν∂
μ
∂
ν. We wish to obtain a set of solutions of

the above equation by considering a coordinate system
adapted to a uniformly rotating frame. This can be done by
performing a coordinate change of the above equation
using a cylindrical coordinate system x0μ ¼ ft0; r0; θ0; z0g.
The Klein-Gordon equation, in such coordinate system,

is given by

�
∂
2
t0 − ∂

2
r0 −

1

r0
∂r0 −

1

r02
∂
2
θ0 − ∂

2
z0

�
ϕ ¼ 0; ð2Þ

whose one set of solutions is given by

ukmqðx0Þ ¼
1

2π
ffiffiffiffiffiffiffiffiffiffi
2ωkq

p e−iωkqt0þikz0þimθ0Jmðqr0Þ; ð3Þ

where ω2
kq ¼ k2 þ q2, and JlðxÞ is a Bessel function. The

field must be integrated over k and q and summed over m.
The modes defined in Eq. (3) are said to be positive
frequencies with respect to t0 being eigenfunctions of the
operator ∂t0,

∂t0ukmqðx0Þ ¼ −iωkqukmqðx0Þ; ωkq > 0: ð4Þ

By defining the scalar product

ðϕ1;ϕ2Þ ¼ −i
Z

d3xðϕ1∂tϕ
�
2 − ð∂tϕ1Þϕ�

2Þ; ð5Þ

where here t is a spacelike hyperplane of simultaneity, the
modes uk from Eq. (3) are orthogonal and normalized such
that

ðukmq; uk0m0q0 Þ ¼ δmm0δðk − k0Þδðq − q0Þ: ð6Þ

Once we obtain the complete set of mode solutions of the
field equations in the cylindrical coordinates one can
expand the fields using these modes. In the canonical
quantization framework, a quantized scalar field in
Minkowski spacetime can be expressed as

ϕðx0Þ ¼
X∞

m¼−∞
ωkq>0

Z
∞

−∞
qdqdkðakmqukmqðx0Þ þ a†kmqu

�
kmqðx0ÞÞ;

ð7Þ

where the operators akmqða†kmqÞ, the annihilation (creation)
operators of quanta of the field, obey the commutation
relation,

½akmq; a
†
k0m0q0 � ¼

ωkq

qjωkqj
δωω0δmm0δðk − k0Þδðq − q0Þ; ð8Þ

while ½akmq; ak0m0q0 � ¼ ½a†kmq; a
†
k0m0q0 � ¼ 0. These operators

allows us to define a Fock space with a vacuum state j0Mi
defined by

akmqj0Mi ¼ 0; ∀ k;m; q: ð9Þ

The above discussion was restricted to a cylindrical
coordinate system adapted to an inertial frame. We are
interested in the study of the canonical quantization of the
scalar field implemented by observers at rest in a frame
comoving with a disk in uniformly circular motion. In this
case, we must add a constant angular velocity Ω to the
discussion. A transformation to a rotating coordinate is
described by

t0 ¼ t; r0 ¼ r; θ0 ¼ θ þ Ωt; z0 ¼ z; ð10Þ

and provides the following line element

ds2 ¼ ð1 − Ω2r2Þdt2 − 2Ωr2dθdt − r2dθ2 − dr2 − dz2:

ð11Þ

This metric is stationary but not static, i.e., ∂t is not
orthogonal to a family of spacelike hypersurfaces. The
adaptation of the Killing vector to an observer orbiting
radius R is completed by replacing ∂t by γ∂t where
γ ¼ ð1 −Ω2R2Þ−1=2, which is normalized along that
observer’s world line.
The Klein-Gordon equation, given by Eq. (1) becomes

�
ð∂t −Ω∂θÞ2 − ∂

2
r −

1

r
∂r −

1

r2
∂
2
θ − ∂

2
z

�
ϕ ¼ 0: ð12Þ

Therefore, as shown by Letaw and Pfautsch in Ref. [28],
the mode functions for the rotating coordinate system is
identical in appearance to the ordinary Minkowski mode
function transformed to rotating coordinates

vkmqðxÞ ¼
1

2π
ffiffiffiffiffiffiffiffiffiffi
2ωkq

p e−iðωkq−mΩÞtþikzþimθJmðqrÞ: ð13Þ

The field operator ϕ can also be expanded in terms of the
field modes defined in Eq. (13) as

ϕðxÞ ¼
X∞

m¼−∞
ωkq−mΩ>0

Z
∞

−∞
qdqdkðbkmqvkmqðxÞ þ b†kmqv

�
kmqðxÞÞ

ð14Þ

Then, the commutation relations from b and b† are exactly
the same as the one given by a and a† in Eq. (8),
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½bkmq; b
†
k0m0q0 � ¼

ωkq

qjωkqj
δωω0δmm0δðk − k0Þδðq − q0Þ; ð15Þ

while ½bkmq; bk0m0q0 � ¼ ½b†kmq; b
†
k0m0q0 � ¼ 0. These operators

allow us to define a Fock space with a rotating vacuum
state, j0Ri, defined by

bkmqj0Ri ¼ 0; ∀ k;m; q: ð16Þ

Comparing the field decomposition of Eq. (14) with the one
defined in Eq. (7), we can write the following relations

bkmq ¼
� akmq; ωkq > 0;

ð−1Þma†−km−q; ωkq < 0;
ð17Þ

b†kmq ¼
�
a†kmq; ωkq > 0;

ð−1Þma−km−q; ωkq < 0:
ð18Þ

It is important to note that, different from an inertial
canonical quantization, bkmqð−ωkqÞ ≠ b†kmqðωkqÞ. We
wrote Eqs. (17) and (18), valid for ωkq ∈R, only for
completeness. However, since we are considering only
the case where ωkq > 0 [see Eq. (4)], bkmqð−ωkqÞ ≠
b†kmqðωkqÞ is not a problem for this work.
As discussed in Refs. [28,52], despite the similarities, the

quantization under cylindrical and rotating coordinates has
a fundamental difference: the field is not invariant under
time reversal for a rotating observer, i.e., due to m in the
term �iðωkq −mΩÞt, the time reversed observer acts as an
observer rotating in the opposite direction, breaking the
symmetry.
We can now define the number operator in the rotating

frame by

NR ¼
X∞

m¼−∞
ωkq−mΩ>0

Z
∞

−∞
qdqdkðΘðωÞb†bþ Θð−ωÞbb†Þ: ð19Þ

Using Eqs. (17) and (18) to rewrite this operator in terms
creation and annihilation operators associated with
Minkowski vacuum, we obtain that NR ¼ N, where N is
the number operator in the inertial frame and we have

h0MjNRj0Mi ¼ 0: ð20Þ

We can interpret the above equation by saying that there is
no excitations associated with Eq. (14) in the Minkowski
vacuum state. This result was first obtained in Ref. [27].
However, Letaw and Pfautsch [28] have shown that the
power spectrum for the rotating observer is not equal to the
inertial case. i.e., a qubit in a rotating frame could be
excited even if the qubit interact with the field defined in the
vacuum state defined by Eq. (16).

This section is important to clarify the problems of the
rotating frame to well-define particles and could be used to
calculate, for instance, transition probabilities. However,
the two-point positive frequency Wightman functions
present a more sophisticated way to do that. In next section
we introduce this quantity to further calculate the men-
tioned transitions and construct the reduced density matrix
for our system (see also Ref. [14] where the authors do
similar calculations for different configurations of two-
level systems in circular motion).

B. Two-point positive frequency Wightman functions

The two-point positive frequency Wightman function,
Wðx; x0Þ≡ h0jϕðt;xÞϕðt0;x0Þj0i, along the worldline of a
generic observer in Cartesian coordinates is given by the
following expression:

Wðx; x0Þ ¼ 1

4π2

Z
∞

0

dωe−iωðt−t0Þ
sinωjx − x0j
jx − x0j : ð21Þ

To avoid misunderstanding, from now on x and x0 are
related to different points of the spacetime defined by
inertial and/or rotating observers.
We will consider two observers in the setup illustrated in

Fig. 1. One, Alice, an inertial observer defined in the
worldline,

tA ¼ τ; xA ¼ yA ¼ zA ¼ 0; ð22Þ

and Bob, an observer at rest in a frame in uniform circular
motion with radius R and constant angular velocity Ω.
Bob’s worldline can be written as

tB¼ γτ; xB¼RcosðΩtBÞ; yB¼RsinðΩtBÞ; zB¼0;

ð23Þ

where γ ¼ ð1 −Ω2R2Þ−1=2. The two-point correlation func-
tions for the inertial observer, the rotating observer and the
crossed case can be, respectively, written as

WðxA; x0AÞ ¼
1

4π2
lim
Δx→0

Z
∞

0

dω e−iωΔτ
sinωΔx
Δx

; ð24Þ

WðxA; x0BÞ ¼
1

4π2

Z
∞

0

dω e−iωðτ−γτ0Þ
sinωR
R

; ð25Þ

WðxB; x0BÞ ¼
1

4π2

Z
∞

0

dω e−iγωΔτ
sin ð2ωRjsin γΩ

2
ΔτjÞ

2Rjsin γΩ
2
Δτj :

ð26Þ

It is important to note thatWðxA; x0BÞ cannot be written as a
function of Δτ. This can be done only for the regime of
nonrelativistic velocities, i.e., ΩR ≪ 1.
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III. ENTANGLEMENT DYNAMIC OF TWO
QUBITS

Now we consider a pair of qubits interacting with a
massless scalar field via the following Hamiltonian in the
interaction picture

HðtÞ ¼ dτA
dt

HAðtÞ þ
dτB
dt

HBðtÞ; ð27Þ

where t is the time parameter we use to describe the
evolution of the system, and τi is the proper time for each
qubit i ¼ A; B. The local interaction between each two-
level system and the field is

HiðτiÞ ¼ λχðτiÞσxi ðτiÞ ⊗ ϕðxiðτiÞÞ; i ¼ A; B; ð28Þ

where λ is the coupling constant which we assume to be
small. The xμi ðτÞ are the timelike trajectories of each qubit
parametrized by their own proper times.
The qubit labeled by the letter A is at rest in an inertial

frame of reference, the Alice’s worldline defined by
Eq. (22). The second quibt, letter B, is at rest in a frame
in a uniformly circular motion, the Bob’s worldline defined
in Eq. (23). For simplicity, we are considering identical
two-level systems with the same Gaussian switching
functions assumed to have no time delay [22],

χðτÞ ¼ e−
τ2

σ2 ; ð29Þ

where σ prescribes the duration of interaction. The monopole
operator σxðτÞ is written as

σxi ðτÞ ¼ σþi e
iEτ þ σ−i e

−iEτ; ð30Þ

where σ�i are the raising and lowering operator for each two-
level system defined by the subindex i, which defines the
ground and excited state jgii and jeii, respectively, such that
σþi jeii ¼ σ−i jgii ¼ 0 while σþi jgii ¼ jeii and σ−i jeii ¼ jgii.
The quantity E is the energy gap of both two-level systems.
The qubit-field interaction for a given initial state ρ0 is

implemented by unitary time evolution ρ ¼ Uρ0U†, where
the time evolution operator U is given by the time-ordered
exponential

U ¼ T exp

�
−i

Z
dtHðtÞ

�
; ð31Þ

where HðtÞ is given by Eq. (27) and T denotes the time
ordering operator. By assuming a weak coupling regime,
we can perform a series expansion

U ¼ 1þ Uð1Þ þUð2Þ þOðλ3Þ; ð32Þ

whose first two terms, using Eq. (31), are given by

Uð1Þ ¼ −i
Z

∞

−∞
dτHðτÞ; ð33Þ

Uð2Þ ¼ −
Z

∞

−∞
dτ

Z
τ

−∞
dτ0HðτÞHðτ0Þ; ð34Þ

where UðjÞ is of order λj. The above expansion allows us to
write the density matrix as

ρ ¼ ρ0 þ ρð1Þ þ ρð2Þ þOðλ3Þ; ð35Þ

where ρðjÞ is also of order λj and are given by

ρð1Þ ¼ Uð1Þρ0 þ ρ0Uð1Þ†; ð36Þ

ρð2Þ ¼ Uð1Þρ0Uð1Þ† þ Uð2Þρ0 þ ρ0Uð2Þ†: ð37Þ

In order to quantify the entanglement between the two
qubits, one must find the joint-reduced density matrix of the
Alice’s and Bob’s subsystem by tracing out the field’s
degrees of freedom

ρAB ¼ trϕðUρ0U†Þ: ð38Þ

With the above reduced density matrix, we have everything
to start the discussion about the entanglement formation. In
the next section we discuss the initial setup of the two
qubits and investigate the matrix elements of Eq. (38).

A. Entanglement harvesting protocol

Our objective is to investigate the entanglement harvest-
ing phenomena. To do so, we consider the two qubits
prepared in the ground state and the field prepared in the
Minkowski vacuum state. This initial state configuration is
represented by

ρ0 ¼ jgAgBihgAgBj ⊗ j0Mih0Mj; ð39Þ

where, in the right term of the above tensor product, j0Mi is
the field’s vacuum state defined by Eq. (9), jgii is the
ground state, and jeii is the excited state of each qubit
i ¼ A, B defined just above Eq. (30). The matrix repre-
sentation of ρAB to leading order reads

ρAB ¼

0
BBB@

1 − Lþ 0 0 M�

0 LBB LAB 0

0 L�
AB LAA 0

M 0 0 0

1
CCCAþOðλ4Þ; ð40Þ

where the basis jgAgBi; jgAeBi; jeAgBi; jeAeBi has been
used and Lþ ¼ LAA þ LBB. The corresponding elements
in ρAB are given by
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Lij ¼ λ2
Z

dτdτ0χðτÞχðτ0Þe−iEðτ−τ0ÞWðxi; x0jÞ; ð41Þ

M ¼ −λ2
Z

dτ
Z

τ=γ

−∞
dτ0χðτÞχðτ0ÞeiEðτþτ0ÞWðx1; x02Þ

− λ2
Z

dτ0
Z

γτ0

−∞
dτχðτÞχðτ0ÞeiEðτþτ0ÞWðx2; x1Þ; ð42Þ

where i; j ¼ fA;Bg and Wðx; x0Þ is the positive frequency
Wightman function given by Eq. (21). The quantities LAA
and LBB are the transition probabilities of Alice and Bob,
respectively, whereasM and LAB correspond to “nonlocal”
terms that depend on both trajectories simultane-
ously [22,53].
To simplify the computation of the elements of the

reduced matrix, we define the coordinates given by

η ¼ τ þ τ0

2
; ξ ¼ τ − τ0; ð43Þ

which allows us to rewrite dτdτ0 ¼ dηdξ and also the

product of switching functions as χðτÞχðτ0Þ ¼ e−
2η2

σ2 e−
ξ2

2σ2 .
We also define the dimensionless quantities pondered by
the time of interaction σ,

ε ¼ Eσ; r ¼ R=σ; ω ¼ Ωσ: ð44Þ

The explicit details of the calculations of Lij and M
defined by Eqs. (41) and (42) can be seen in Appendix A
and B. For i ¼ j ¼ A, we have

LAA ¼ λ2

4π

�
exp

�
−
ε2

2

�
−

ffiffiffi
π

2

r
εErfc

�
εffiffiffi
2

p
��

; ð45Þ

where ErfcðzÞ ¼ 1 − ErfðzÞ. For the case where i ¼ A and
j ¼ B, we can use γ� ¼ γ � 1 and define

Σ2 ¼ γ2þ þ γ2−; j� ¼ γþε� 2irffiffiffi
2

p
Σ

: ð46Þ

Therefore, one can write

LAB¼−
i

4
ffiffiffiffiffiffi
2π

p λ2

Σr
e−

ε2

2 ½e−j2þErfcðj−Þ−e−j
2
−ErfcðjþÞ�: ð47Þ

Considering i ¼ j ¼ B, we have obtained

LBB ¼ LAA þ λ2

4π2

ffiffiffi
π

2

r
γv2ω

Z
∞

0

dz e−2ð
z
γωÞ2

× cos

�
2εz
γω

�
z2 − sin2z

z2ðz2 − v2sin2zÞ ; ð48Þ

where v ¼ ωr. Finally, the term M was also obtained and
has the following expression:

M ¼ −
λ2

8π
e−

ε2

2

Z
∞

0

dk
sinðkrÞ

r
e−

1
8
Σ2k2

×

�
2 cosh

�
γ−
2
εk

�
þ e−

γ−
2
εkErf

�
iffiffiffi
2

p
�
kΣ
2

þ εγ−
Σ

��

þ e
γ−
2
εkErf

�
iffiffiffi
2

p
�
kΣ
2

−
εγ−
Σ

���
: ð49Þ

In order to measure the amount of entanglement between
the two atoms, we can use the concurrence CAB [54]. For
the time-evolved density matrix in our scenario, the
concurrence has the form [11,55]

CAB ¼ 2max f0; jMj −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
LAALBB

p
g þOðλ4Þ: ð50Þ

A naive inspection of the concurrence could lead to the
incorrect conclusion that it would be given by an additional
condition: 2jLABj > 0. However, this term is not the only
contribution at order Oðλ2Þ. In fact, the concurrence arises
from the expression 2ðjρ12j − ffiffiffiffiffiffiffiffiffiffiffiffi

ρ33ρ44
p Þ, as can be seen in

Eq. (10) of Ref. [55]. Although the matrix element ρ44 is
nonzero only at order Oðλ4Þ, its contribution enters the
concurrence through the square root, yielding an effective
Oðλ2Þ term. This contribution combines with jρABj in such
a way that the resulting expression is always negative, as
discussed in detail in Ref. [11].
The concurrence is zero if and only if the state ρAB is

separable. The mutual information, otherwise, quantifies
the amount of total correlation, both classical and quantum
[15]. For two qubits, mutual information IAB up to second
order in λ is [56]

IAB ¼ L̄þ log L̄þ þ L̄− log L̄−

− LAA logLAA − LBB logLBB þOðλ4Þ; ð51Þ

where

L̄� ¼ 1

2

	
Lþ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2
− þ 4jLABj2

q 

; ð52Þ

in which L� ¼ LAA � LBB. As discussed in [15], while the
concurrence given by Eq. (50) vanishes when

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
LAALBB

p
exceeds the “nonlocal” element jMj, the mutual informa-
tion, given by Eq. (51), becomes zero when jLABj ¼ 0. But,
if CAB ¼ 0 while the mutual information is nonzero, then
the extracted correlation by the detector is classical corre-
lation or nondistillable entanglement.

IV. RESULTS

In this section, we compute the concurrence and the
mutual information, given by Eqs. (50) and (51), respec-
tively, for the two qubtis in the scenario described in Fig. 1.
The state of motion of both qubits is imprinted on the
Wightman functions, given by Eqs. (24)–(26), which
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allows us to construct Lij and M, the transition proba-
bilities and ‘non-local’ term, given by Eqs. (41) and (42).

A. Transition probabilities

Let us start by considering the transition probability,
which are given by Lii for i ¼ A or B. We consider Lii=λ2

and write the parameters in units of σ, which makes the
transition probability a function of the three variables R=σ,
Eσ and Ωσ.
Figure 2 shows the transition probability Lii=λ2 as a

function of the energy gap of the qubit multiplied by the
time of interaction, Eσ, for fixed values of radius R=σ, and
the angular momentum is set as Ωσ ¼ 5.0. In Fig. 2(a), we
have the usual transition probability for an inertial

trajectory, LAA=λ2, as shown in several works [11,22].
The negative values of Eσ are purely mathematical (since
Eσ is a positive quantity that defines the energy gap of the
qubit) and show that our expression agrees with the usual
linear dependence presented in the previous works (see, for
example, Fig. 2 of Ref. [11]). Since we plot LAA=λ2, these
results can be greater than one. In Fig. 2(b), we have the
transition probability for a circular trajectory, LBB=λ2,
which is consistent with the results in [9,28], with a subtle
difference: in this work, we use the previously defined
switching function. We find that LBB=λ2 increases with the
linear velocity. As LAA does not change with R=σ
and/or Ωσ, we subtract this quantity from LBB in
Fig. 2(b) to better analyze how variations in these param-
eters impact the curves. Each color represent a value of RΩ,
from RΩ ¼ 0.02 to RΩ ¼ 0.98.
This quantity, LBB − LAA, is even having its peak at

Eσ ¼ 0; both the width and the magnitude increase
with R=σ.

B. Concurrence and mutual information

Next, we consider the concurrence CAB=λ2 and the
mutual information IAB=λ2 as functions of R=σ and Eσ
in Fig. 3. In these plots, we fix Ωσ ¼ 0.1. Both the
concurrence and the mutual information decrease as Eσ
increases. On the other hand, as R=σ grows, both quantities
remain approximately constant over a wide range of values.
This behavior persists until, in the case of the concurrence,
which can be seen in Fig. 3(a), the term

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
LAALBB

p
becomes

larger than jMj, causing the concurrence to abruptly
vanish.
The concurrence can persist up to relatively large

values of R=σ depending on Eσ. For Ωσ ¼ 0.1, it is still
possible to obtain CAB ≠ 0 for R=σ ≈ 7.5. Moreover, as
Eσ increases, the minimum value of the concurrence
grows approximately linearly with R=σ up to about
Eσ ≈ 8.2, beyond which it begins to decrease rapidly.
As we increase the angular velocity Ωσ (see Fig. 4),
this behavior changes. The approximately linear growth
persists; however, instead of extending up to Eσ ≈ 8.2,
it now holds only until Eσ ≈ 3.8. From this point on,
the curve develops an almost flat behavior up to
Eσ ≈ 8.2, after which the minimum value once again
decreases rapidly.
The similarities in the concurrence CAB when comparing

Figs. 3(a) and 4 are due to the fact that both M and LBB
depend on RΩ and not R=σ or Ωσ separately (see Fig. 2).
For that reason, if we increase the angular velocity Ωσ, that
almost flat behavior mentioned before appears. Now, we
have fewer R=σ values multiplyingΩσ that yield the same γ
results, where γ ¼ ð1 −Ω2R2Þ−1=2.
In contrast, the mutual information exhibits this nearly

constant behavior as R=σ increases until we approach
relativistic regimes, namely, when RΩ ≈ 1. Close to this

FIG. 2. (a) Transition probability LAA=λ2 as a function of the
energy gap Eσ. (b) The term ðLBB − LAAÞ=λ2 as a function of Eσ
with different values of RΩ, which are represented by the
different colors.
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threshold, the mutual information decreases sharply, as
shown in Fig. 3(b).

V. CONCLUSION

In this work, we investigated entanglement harvesting
between two qubits interacting with a massless scalar field.
We assume that one of the qubits is inertial and the other
undergoes uniform circular motion. By explicitly comput-
ing the two-point Wightman functions associated with
inertial and rotating trajectories, we study trajectory-de-
pendent entanglement generation.
Our results show that circular motion enhances the

transition probability of the rotating qubit (LBB), as the
effect intensifies as the linear velocity increases. In par-
ticular, the difference between the rotating and inertial
transition probabilities grows both in magnitude and width
around Eσ ¼ 0 as R=σ increases, revealing the strong
sensitivity of excitation processes to rotational motion.
With respect to correlations, we have obtained that both

concurrence and mutual information decrease as the energy

gap Eσ increases. However, for fixed angular velocity, both
quantities remain approximately constant over a wide range
of radii R=σ, indicating a certain robustness of harvested
correlations against changes in orbital radius.
A key feature of our results is the abrupt vanishing of

concurrence when the term
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
LAALBB

p
surpasses the “non-

local” contribution jMj. This behavior highlights the
delicate balance between excitations and “nonlocal”
correlations in entanglement harvesting protocol.
Increasing the angular velocity modifies this balance
significantly: for the maximum values of R=σ that can
generate entanglement, we observe an increase in the Eσ
interval allowed, which can be viewed by comparing
Figs. 4 with 3(a). This happens before a rapid degradation
starts. Otherwise, the mutual information displays greater
robustness, remaining nearly constant with increasing R=σ
until the onset of relativistic effects, characterized by
RΩ ≈ 1. Close to this threshold, total correlations decrease
sharply, signaling that extreme rotational motion strongly
suppresses the ability of the detectors to extract correlations
from the field.
Overall, our analysis demonstrates that circular motion

introduces nontrivial kinematic effects in entanglement
harvesting. While nonrelativistic rotational motion allows
significant extraction of quantum and classical correlations,
relativistic regimes tend to degrade them. These results
contribute to a deeper understanding of how noninertial
motion influences quantum correlations in relativistic
quantum information settings and may be relevant for
future studies involving rotating systems and relativistic
quantum technologies.
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FIG. 3. (a) Concurrence CAB=λ2 with Ωσ ¼ 0.1, where the red line represents where jMj ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
LAALBB

p
and the white region where

CAB ¼ 0. (b) Mutual information IAB=λ2 with Ωσ ¼ 0.1.

FIG. 4. Concurrence CAB=λ2 with Ωσ ¼ 0.2, where the red line
represents where jMj ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

LAALBB
p

.
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APPENDIX A: EXPLICIT COMPUTATION OF Lij

Let us start by evaluating the term from Eq. (41) using
the coordinates given by Eq. (43). The positive frequency
Wightman function are given by Eqs. (24)–(26). In the case
where i ¼ j ¼ 1, we have

LAA ¼ λ2

4π2
lim

Δx→0þ

Z
∞

−∞
dη e−

2η2

σ2

Z
∞

−∞
dξ e−

ξ2

2σ2
−iEξ

×
Z

∞

0

dk e−ikξ
sin kΔx
Δx

:

In the above equation, we integrate both Gaussian integrals
and obtain

LAA ¼ λ2σ2

4π
lim

Δx→0þ

Z
∞

0

dk e−
1
2
ðEþkÞ2σ2 sin kΔx

Δx

≡ λ2

4π

�
exp

�
−
E2σ2

2

�
−

ffiffiffi
π

2

r
Eσ Erfc

�
Eσffiffiffi
2

p
��

; ðA1Þ

which is the same expression as presented in Eq. (45).
For i ¼ A and j ¼ B, we use the following coordinate

change:

τ − γτ0 ¼ −ðγ − 1Þηþ 1

2
ðγ þ 1Þξ≡ −γ−ηþ

1

2
γþξ; ðA2Þ

where γ� ¼ γ � 1. Therefore, we have

LAB ¼ λ2

4π2

Z
∞

0

dk
sin kR
R

Z
∞

−∞
dη e−

2η2

σ2
þikγ−η

×
Z

∞

−∞
dξ e−

ξ2

2σ2
−iEξ−ikγþ

2
ξ:

By using the results of the integrals

Z
∞

−∞
dη e−

2η2

σ2
þikγ−η ¼

ffiffiffi
π

2

r
σe−

γ2−
8
k2σ2 ;

Z
∞

−∞
dξ e−

ξ2

2σ2
−iEξ−ikγþ

2
ξ ¼

ffiffiffiffiffiffi
2π

p
σ e−

1
8
ðγþkþ2EÞ2σ2 ;

LAB can be rearranged as

LAB ¼ λ2σ2

4π
e−

1
2
E2σ2

Z
∞

0

dk
sin kR
R

e−
1
8
ðΣ2k2þ4γþEkÞσ2 ;

where Σ2 ¼ γ2þ þ γ2−. By solving the above integral one can
obtain

LAB ¼ −
i

4
ffiffiffiffiffiffi
2π

p λ2σ

ΣR
e−

1
2
E2σ2 ½e−j2þErfcðj−Þ − e−j

2
−ErfcðjþÞ�;

ðA3Þ

where j� ¼ 1ffiffi
2

p
Σ
ðγþEσ � 2iR=σÞ. The previous equation is

exactly the same as the one given by Eq. (47).
For the case where i ¼ j ¼ 2 we have

LBB ¼ λ2

4π2

Z
∞

−∞
dη e−

2η2

σ2

Z
∞

0

dk
Z

∞

−∞
dξ e−

ξ2

2σ2
−iEξ−iγkξ sin 2kRjsin γΩ

2
ξj

2Rjsin γΩ
2
ξj : ðA4Þ

Due the complexity of the last term, we will need to
integrate over k first and obtain a “distribution.” It
is well known that the positive Wightman function can
be written as

Wðx; x0Þ ¼ 1

4π2

Z
∞

0

dω e−iωðt−t0Þ
sinωjx − x0j
jx − x0j

≡ −
1

4π2
1

ðt − t0Þ2 − jx − x0j2 ; ðA5Þ

which, using Eq. (23) for t and x, can be written as

WðxB; x0BÞ ¼ −
1

4π2
1

γ2ξ2 − 4R2sin2ðγΩ
2
ξÞ :

The denominator of the previous expression possesses only

one root (ξ ¼ 0). In order to remove this pole, we can sum
and subtract 1=ξ2, obtaining

WðxB;x0BÞ¼Wðx1;x01Þþ
1

4π2

�
1

ξ2
−

1

γ2ξ2−4R2sin2ðγΩ
2
ξÞ

�
;

where, combining the last term, can be written as

WðxB; x0BÞ ¼ WðxA; x0AÞ −
1

4π2
ð1 − γ2Þξ2 þ 4R2sin2ðγΩ

2
ξÞ

ξ2½γ2ξ2 − 4R2sin2ðγΩ
2
ξÞ� :

ðA6Þ

Replacing Eq. (A6) in Eq. (A4), we obtain
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LBB ¼ LAA −
λ2

4π2

Z
∞

−∞
dη e−

2η2

σ2

Z
∞

−∞
dξ e−

ξ2

2σ2
−iEξ ð1 − γ2Þξ2 þ 4R2sin2ðγΩ

2
ξÞ

ξ2½γ2ξ2 − 4R2sin2ðγΩ
2
ξÞ� :

The first integral is just a Gaussian one as we already have computed before. For simplicity, we change the variable by
defining

v ¼ ΩR; z ¼ γΩ
2

ξ;

which lead us to

LBB ¼ LAA −
λ2Ωσ
8π2γ

ffiffiffi
π

2

r Z
∞

−∞
dz e−2

�
ð z
γΩσÞ2þiEzγΩ

� ð1 − γ2Þz2 þ γ2v2sin2z
z2ðz2 − v2sin2zÞ :

Since 1 − γ2 ¼ −γ2v2, and with the symmetrical interval of integration, we obtain

LBB ¼ LAA þ
λ2

4π2

ffiffiffi
π

2

r
γv2Ωσ

Z
∞

0

dz e−2ð
z

γΩσÞ2 cos
�
2Ez
γΩ

�
z2 − sin2z

z2ðz2 − v2sin2zÞ ; ðA7Þ

which is exactly the same expression as the one given by
Eq. (48).

APPENDIX B: EXPLICIT COMPUTATION OF
THE “NONLOCAL” TERM M

In this appendix we present the explicit evaluation of the
“nonlocal” contribution M defined in Eq. (42). We make
use of the change of variables ðτ; τ0Þ ↦ ðη; ξÞ introduced in
Eq. (43). This change modifies the integration domain as
the following:

τ0 ≤
τ

γ
; τ ≤ γτ0:

In terms of ðη; ξÞ, this implies

γ

�
η −

ξ

2

�
≤ ηþ ξ

2
⇒

2γ−
γþ

η ≤ ξ;

ηþ ξ

2
≤ γ

�
η −

ξ

2

�
⇒ ξ ≤

2γ−
γþ

η; ðB1Þ

where we have defined γ� ¼ γ � 1. Using the positive
frequency Wightman function given by Eq. (25), the
identity Wðx02; x1Þ ¼ Wðx1; x02Þ�, and the relation between
τ and τ0 from Eq. (A2), we obtain

M ¼ −
λ2

4π2

Z
∞

0

dk
sinðkRÞ

R

Z
∞

−∞
dη e−

2η2

σ2
þið2Eþkγ−Þη

Z
∞

2γ−
γþ η

dξ e−
ξ2

2σ2
−ikγþ

2
ξ

−
λ2

4π2

Z
∞

0

dk
sinðkRÞ

R

Z
∞

−∞
dη e−

2η2

σ2
þið2E−kγ−Þη

Z 2γ−
γþ η

−∞
dξ e−

ξ2

2σ2
þikγþ

2
ξ: ðB2Þ

The integrals over ξ can be performed analytically, which yields

M ¼ −
λ2σ

4π2

ffiffiffi
π

2

r Z
∞

0

dk
sinðkRÞ

R
e−

1
8
γ2þσ

2k2
Z

∞

−∞
dη e−

2η2

σ2
þið2Eþkγ−Þη

�
1 − Erf

� ffiffiffi
2

p
γ−

γþσ
ηþ i

γþσk
2

ffiffiffi
2

p
��

−
λ2σ

4π2

ffiffiffi
π

2

r Z
∞

0

dk
sinðkRÞ

R
e−

1
8
γ2þσ

2k2
Z

∞

−∞
dη e−

2η2

σ2
þið2E−kγ−Þη

�
1þ Erf

� ffiffiffi
2

p
γ−

γþσ
η − i

γþσk
2

ffiffiffi
2

p
��

:

After a few manipulations on the above equation, one can write

M ¼ −
λ2σ

4π2

ffiffiffi
π

2

r Z
∞

0

dk
sinðkRÞ

R
e−

1
8
γ2þσ

2k2
Z

∞

−∞
dηe−

2η2

σ2
þ2iEη½2I0ðη; kÞ − I�1ðη; kÞ þ I1ðη; kÞ�; ðB3Þ
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where

I0ðη; kÞ ¼ cosðkγ−ηÞ; ðB4Þ

I1ðη; kÞ ¼ e−ikγ−ηErf

� ffiffiffi
2

p
γ−

γþσ
η − i

γþσk
2

ffiffiffi
2

p
�
: ðB5Þ

The contribution coming from the integration of I0 is

Z
∞

−∞
dη e−

2η2

σ2
þ2iEηI0ðη; kÞ ¼

1

2

ffiffiffi
π

2

r
σ½e−1

8
ð2Eþkγ−Þ2σ2 þ e−

1
8
ð2E−kγ−Þ2σ2 �

¼
ffiffiffi
π

2

r
σ e−

1
2
E2σ2−1

8
γ2−k2σ2 cosh

�
γ−
2
Ekσ2

�
;

and the contribution from I1 and I�1 are

Z
∞

−∞
dη e−

2η2

σ2
þ2iEηI1ðη; kÞ ¼ þ

ffiffiffi
π

2

r
σ e−

1
8
ð2E−kγ−Þ2σ2Erf

�
iσffiffiffi
2

p
�
kΣ
2

−
Eγ−
Σ

��
;

Z
∞

−∞
dη e−

2η2

σ2
þ2iEηI�1ðη; kÞ ¼ −

ffiffiffi
π

2

r
σ e−

1
8
ð2Eþkγ−Þ2σ2Erf

�
iσffiffiffi
2

p
�
kΣ
2

þ Eγ−
Σ

��
;

where Σ2 ¼ γ2− þ γ2þ. We then write

M ¼ −
λ2σ2

8π
e−

1
2
E2σ2

Z
∞

0

dk
sinðkRÞ

R
e−

1
8
Σ2k2σ2

×

�
2 cosh

�
γ−
2
Ekσ2

�
þ e−

γ−
2
Ekσ2Erf

�
iσffiffiffi
2

p
�
kΣ
2

þ Eγ−
Σ

��
þ e

γ−
2
Ekσ2Erf

�
iσffiffiffi
2

p
�
kΣ
2

−
Eγ−
Σ

���
; ðB6Þ

which is exactly the same expression as the one given by Eq. (49).
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