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We study a chaos-integrability transition purely within a BPS subspace, the subspace of exactly
degenerate ground states annihilated by the supercharges, in a supersymmetric model that interpolates
between the chaoticN ¼ 2 SYK model and an integrableN ¼ 2 “commuting” SYK model. Since all BPS
states are degenerate under the Hamiltonian, conventional Hamiltonian level statistics cannot diagnose
chaos within the BPS subspace. Using the framework of BPS chaos, we instead analyze the spectrum of a
simple operator projected onto the BPS subspace. We numerically find that its spectral statistics exhibit
random-matrix behavior near the SYK regime and undergo a smooth crossover to Poisson statistics
near the integrable regime. Our results provide a direct example in which the BPS data alone diagnose the
chaos-integrability crossover.
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I. INTRODUCTION

Quantum chaos plays a central role in understanding
the quantum nature of black holes [1,2]. The Sachdev-
Ye-Kitaev (SYK) model [3–5] provides a tractable setting
for studying this connection, as it exhibits quantum chaos,
while its low-energy dynamics is closely related to nearly-
AdS2 gravity, known as Jackiw-Teitelboim (JT) gravity
[6,7], through the Schwarzian effective theory [8,9].
Various deformations of SYK models have been discussed
to investigate chaos-integrability transition [10–13], offer-
ing a useful laboratory to explore the relation between
chaos and black hole dynamics.
Supersymmetric black holes provide a particularly valu-

able setting for microscopic studies of black hole physics;
for instance, their protected entropies can often be
counted from the dual conformal field theory (CFT) to
match with an area of the horizon. However, supersym-
metric black holes consist of Bogomol’nyi-Prasad-
Sommerfield (BPS) states, which are degenerate ground
states, so the conventional diagnostics of quantum chaos
based on spectral correlations of the Hamiltonian cannot be
directly applied, in contrast to the belief that black holes
should exhibit chaotic property.
A recent proposal, known as BPS chaos, addresses this

issue by considering the spectrum of a “simple” operator O
projected onto the BPS subspace [14–16],

OBPS ¼ PBPSOPBPS: ð1Þ

Random-matrix statistics in the spectrum of OBPS are then
interpreted as a signature of quantum chaos within the BPS
subspace. Relatedly, the notion of fortuity classifies
BPS states according to whether they can be continued
to larger N [17]. The associated chaos-invasion picture
suggests that the spectral properties of finite-energy states
may be inherited by fortuitous BPS states [16].
These developments motivate a natural question: Can a

chaos-integrability transition be detected solely in a BPS
subspace?
In this work, we answer this question affirmatively in a

deformed N ¼ 2 supersymmetric SYK model. We con-
sider a supercharge that interpolates between the usual
chaotic N ¼ 2 SYK supercharge [18] and an integrable
“commuting” supercharge. After confirming the chaos-
integrability transition in the conventional setting of a non-
BPS sector, we focus instead on a BPS subspace and study
the spectrum of a projected operator. This provides a direct
example of a chaos-integrability crossover diagnosed
purely within a BPS subspace. Our results also suggest
that BPS-sector diagnostics may be useful for probing the
breakdown of black-hole-like chaotic descriptions in super-
symmetric holographic systems.

II. N = 2 SYK MODEL AND ITS DEFORMATION

We consider theN ¼ 2 supersymmetric SYKmodel with
N complex fermions ψ i, whose supercharge is given by

QSYK ¼
XN

i<j<k

Cijkψ iψ jψk; ð2Þ
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where the coupling constants Cijk are taken to be indepen-
dent Gaussian random complex variables with zero mean
and nonzero variance

CijkC�
ijk ¼

2

N2
: ð3Þ

Then the Hamiltonian H is given by an anticommutator

HSYK ¼ fQSYK; Q
†
SYKg: ð4Þ

The R-charge associated with this Hamiltonian is the
fermion number

f ¼
XN

i¼1

ψ†
iψ i; ð5Þ

and the Hilbert space is decomposed into sectors fixed by
fermion number, denoted by Hf.
For generic statesΨ, (4) leads to the following inequality.

hΨjHSYKjΨi ¼ jjQSYKΨjj2 þ jjQ†
SYKΨjj2 ≥ 0; ð6Þ

which means that the eigenvalues of HSYK are all non-
negative, and this bound is called the BPS bound. The states
that satisfy this bound are zero-energy ground states and we
call them BPS states [19]. A subspace spanned by BPS
states is called BPS subspace and we denote it as HBPS

f

within Hf. In particular, the BPS subspaceHBPS
f is a set of

states annihilated by both QSYK and Q†
SYK.

It was shown in [20] that the nilpotency of Q and Q†

induces a further orthogonal decomposition,

Hf ¼ Hþ
f ⊕ H−

f ⊕ HBPS
f ; ð7Þ

where Hþ
f and H−

f are non-BPS subspaces spanned by
states Ψ satisfying

QSYKΨ ¼ 0; Q†
SYKΨ ≠ 0; ð8Þ

and

QSYKΨ ≠ 0; Q†
SYKΨ ¼ 0; ð9Þ

respectively. It was also shown in [20] that spectral
statistics in each sectorH�

f are governed by random matrix
theory, which means that the N ¼ 2 SYK model exhibits
quantum chaos in each non-BPS sector.
As a concrete illustration of this quantum chaotic

behavior of the N ¼ 2 SYK model, let us take N ¼ 12

and considerHþ
f¼6, for example. This sector is described by

the random matrix theory of the Gaussian unitary ensemble
(GUE) [21].

To characterize correlations between neighboring energy
levels, we use two standard local spectral diagnostics: the
averaged gap ratio hri and the nearest-level-spacing dis-
tribution PðsÞ. Let E1 ≤ E2 ≤ � � � ≤ ED be the ordered
eigenvalues of the Hamiltonian in the sector under con-
sideration, and define the consecutive gaps δi ¼ Eiþ1 − Ei.
The averaged gap ratio, which compares the relative sizes
of two consecutive gaps, is

hri ¼ 1

D − 2

XD−2

i¼1

ri; ri ¼
minðδi; δiþ1Þ
maxðδi; δiþ1Þ

: ð10Þ

The nearest-level-spacing distribution PðsÞ is the proba-
bility density of the normalized spacing between adjacent
eigenvalues. To obtain normalized spacings, we unfold the
spectrum so that the local mean spacing is unity. Denoting
the unfolded eigenvalues by xi, PðsÞ is defined as

si ¼ xiþ1 − xi; PðsÞ ¼ 1

D − 1

XD−1

i¼1

δðs − siÞ: ð11Þ

Here and below, the overline denotes the ensemble average.
Generic integrable systems show a Poisson distribution
PðsÞ ¼ e−s, whereas quantum chaotic systems show a
Wigner-Dyson (WD) distribution, which is PðsÞ ¼
32
π2
s2e−4s

2=π for GUE. Correspondingly, hri ¼ 2 log 2 − 1 ≈
0.386 for Poisson and hri ≈ 0.599 for GUE [22]. The result
for the level-spacing distribution in Hþ

f¼6 is shown in
Fig. 1. It agrees well with the GUE WD distribution,
indicating the quantum chaos in Hþ

f¼6. We also find
hri ¼ 0.598 � � �, consistent with GUE.
The spectral form factor (SFF) is another useful diag-

nostic of quantum chaos, as it probes long-range spectral
correlations.

FIG. 1. Nearest level spacing distribution for Hþ
f¼6 in N ¼ 2

SYK model. The histogram is obtained by averaging over 4000
realizations, while the dotted curves represent the Poisson and
GUE Wigner-Dyson predictions. It agrees well with the GUE
prediction.
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SFFðtÞ ¼
X

i;j

e−iðEi−EjÞt: ð12Þ

Figure 2 shows a plot of the SFF computed using the
spectrum in Hþ

f¼6. This characteristic behavior referred
to as the slope-ramp-plateau is a sharp signal of quan-
tum chaos.
To investigate a possible chaos-integrability transition,

we study the finiteN crossover induced by a deformation in
terms of a supercharge

Qcom ≡XN=3

a¼1

Caψ3a−2ψ3a−1ψ3a; ð13Þ

with random coupling constants Ca drawn from the same
ensemble as Cijk. Here, the subscript “com” refers to the
fact that the corresponding Hamiltonian decomposes into a
sum of mutually commuting blocks, making this theory
manifestly integrable. In fact, using the occupation number
ni at the ith fermion site, we can write the Hamiltonian
Hcom ≡ fQcom; Q

†
comg as

Hcom ¼
XN=3

a¼1

jCaj2½n3a−2n3a−1n3a

þ ð1 − n3a−2Þð1 − n3a−1Þð1 − n3aÞ�; ð14Þ

demonstrating that the spectrum is given by a linear
combination of jCaj2 ’s. This can be viewed as a super-
symmetric generalization of [23].
In the rest of the paper, we take N to be a multiple of 3 to

appropriately define Qcom, and we would like to consider a
theory that has a supercharge

Qg ≡Qcom þ 2−gN=2QSYK; ð15Þ

with a coupling constant g [24]. Specifically, the
Hamiltonian of the deformed model is defined by

Hg ≡ fQg;Q
†
gg: ð16Þ

Therefore, the positive semidefiniteness of the Hamiltonian
(6) continues to hold, and the decomposition of the Hilbert
space (7) continues to hold for the deformed model (15),
since the deformation byQcom preserves the nilpotency and
the fermion number (5).
We can observe a chaos-integrability crossover in Hþ

f¼6

as shown in Fig. 3. Since Hcom is exactly solvable, its
spectrum is highly structured and contains degeneracies.
Consequently, the raw level-spacing distribution does not
display a clean Poisson form [25]. For the same reason, the
SFF does not smoothly approach the integrable limit.
Nevertheless, the disappearance of the ramp region in
Fig. 4 indicates a loss of quantum chaos.
These observations motivate us to raise the question

whether we may observe a similar crossover in the BPS
subspace, in which the usual analysis based on spectral
statistics does not simply apply. It turns out that we can see

FIG. 2. SFF for Hþ
f¼6 in N ¼ 2 SYK model averaged over

4000 realizations. It exhibits a slope-ramp-plateau structure
reflecting the chaotic spectrum.

FIG. 3. Nearest level spacing distribution for the deformed
model (15). Deviation of the distribution from GUE is shown as g
increases. The average is taken over 4000 realizations for each
value of g.

FIG. 4. SFF for the deformed model (15) averaged over 4000
realizations for each g. The plateau for Qcom alone arises from its
degeneracy in the spectrum. As g increases, the ramp becomes
small and approaches Qcom, indicating a loss of chaotic behavior.
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a clear crossover in the BPS subspace by making use of the
notion of BPS chaos.

III. BPS CHAOS AND FORTUITY

We would like to diagnose the chaos-integrability cross-
over by focusing solely on the BPS subspace of the
deformed model (15). Since all BPS states are exactly
degenerate zero-energy ground states, ordinary level sta-
tistics of the Hamiltonian cannot be used to probe chaos
within this subspace. Nevertheless, the notion ofBPS chaos,
originally motivated by Lin–Maldacena–Rozenberg–Shan
(LMRS) [14,15] and further developed in [16], provides a
way to characterize chaotic behavior among BPS states.
An important question is how random-matrix behavior

can arise among BPS states whose energies are exactly
protected. A proposed explanation is the mechanism
of chaos invasion [16], which depends on the idea of
fortuity [17].
To formulate this idea, let us consider a sequence of

theories with increasing N, in which the fermions and
couplings already present at smaller N are retained [26].
Since the Hilbert spaces at different N are different,
continuing a BPS state does not mean keeping the same
state vector. Rather, it means uplifting the corresponding
Q-cohomology class [27] to a nontrivial class in the theory
at larger N. Some BPS states admit such an uplift
repeatedly and therefore remain BPS at arbitrarily large
N; these are called monotone states. For other BPS states,
every possible sequence of uplifts terminates at a finite
value of N, beyond which the corresponding state is no
longer BPS; these are called fortuitous states. Thus, the
distinction describes whether BPS protection persists as the
theory is enlarged, rather than a property defined within a
single fixed-N theory.
Fortuitous states have been conjectured to describe

typical microstates of supersymmetric black holes, whereas
monotone states are associated with smooth horizonless
geometries [17]. This motivates the expectation that for-
tuitous BPS states should exhibit stronger signatures of
quantum chaos than monotone ones. The chaos invasion
picture qualitatively describes this expectation: a fortuitous
BPS state at a given N originates from a finite-energy non-
BPS state at larger N. Therefore, if the original finite-
energy states are chaotic, their random matrix character
may persist after they enter the BPS subspace.
Following the LMRS proposal [14,15], chaos within a

BPS subspace, or BPS chaos, can be probed by restricting a
generic simple operator O to the BPS subspace. In a basis
fjaig of BPS states, the resulting operator OBPS, defined in
Eq. (1), has matrix elements ðOBPSÞab ¼ hajOjbi. Random
matrix statistics that arise in this restricted matrix are
interpreted as a chaotic property of the BPS subspace [28].
Motivated by this criterion, we will diagnose chaos in the

BPS subspace of the deformed SYK model by studying the
spectral statistics of a projected simple operator.

IV. CHAOS-INTEGRABILITY TRANSITION IN
THE BPS SUBSPACE

A key observation here is that the BPS states of both
QSYK and the integrable deformation Qcom are all fortu-
itous. The chaos invasion picture suggests that the spectral
statistics of finite-energy states can be inherited by fortu-
itous BPS states. Therefore, QSYK is expected to transmit
chaotic random-matrix behavior to the BPS subspace,
whereas the deformation Qcom may instead transmit
Poisson-like statistics from its integrability. This motivates
us to investigate whether the deformed model (15) exhibits a
chaos-integrability transitiondirectlywithin itsBPSsubspace.
The fortuitous nature of these BPS states can be under-

stood as follows. For QSYK, the BPS subspace exhibits the
R-charge concentration discussed in [26]: BPS states are
concentrated within an Oð1Þ range around Hf¼N=2. An
uplift of Q-cohomology preserves the fermion number,
hence cannot remain within the concentration window
around f ¼ N=2 for arbitrarily large N. Therefore, these
BPS states are fortuitous. For Qcom, we can see from (14),
that a state is BPS only when each block (labeled by a)
contains either one or two fermions. Therefore, the BPS
subspace is supported in the range N

3
≤ f ≤ 2N

3
for fixed N.

Although this distribution is not concentrated, its states
likewise admit no infinite BPS uplift. A Q-cohomology
uplift adds an empty block giving a positive contribution in
(14). Hence this uplift does not remain BPS, and these
states are also fortuitous.
For simplicity, we focus on N ¼ 12 and the sectorHBPS

f¼6,
in which we find that the dimension of the BPS subspace
remains unchanged throughout the interpolation in g. To
see a clear transition, we need to choose a probe operatorO
that does not have a degenerate spectrum in HBPS

f¼6. A
natural choice for such an operator is

O ¼
XN

i¼1

Aiψ
†
iψ i; ð17Þ

where Ai are Gaussian random real variables with zero
mean and unit variance [29].
Now, defining OBPS;f¼6 as the operator O projected onto

HBPS
f¼6, we are ready to investigate the chaos-integrability

crossover inHBPS
f¼6. Using the spectrum of OBPS;f¼6, we can

compute hri, the nearest level spacing distribution, and the
SFF, in the same way as was done in Sec. II with the
spectrum of the Hamiltonian.
More explicitly, let λ1 ≤ λ2 ≤ � � � ≤ λD be the ordered

eigenvalues of OBPS;f¼6, and define δðOÞ
i ¼ λiþ1 − λi. We

can define the gap ratio for this spectrum as

hri ¼ 1

D − 2

XD−2

i¼1

rðOÞ
i ; rðOÞ

i ¼ minðδðOÞ
i ; δðOÞ

iþ1Þ
maxðδðOÞ

i ; δðOÞ
iþ1Þ

: ð18Þ
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Denoting the unfolded eigenvalues of OBPS;f¼6 by xðOÞ
i , we

can also define the nearest level spacing distribution

sðOÞ
i ¼ xðOÞ

iþ1 − xðOÞ
i ; PðsÞ ¼ 1

D− 1

XD−1

i¼1

δðs− sðOÞ
i Þ: ð19Þ

Figures 5 and 6 both show a clear crossover from GUE to
Poisson statistics around g ¼ 1.
Figure 7 shows the SFF defined directly from the

eigenvalues of OBPS;f¼6 by

SFFOðtÞ ¼
����
X

i

e−λ
2
i =ð2σ2Þe−iλit

����
2

: ð20Þ

Here, the subscript O represents the dependence on our
choice of the operator. The Gaussian filter [30] is intro-
duced to suppress edge effects and focus on bulk spectral

correlations. Note that t is conjugate to differences between
the eigenvalues of OBPS;f¼6 and does not represent physical
time evolution generated by Hg. Therefore, this SFF
cannot, in general, be identified with a dynamical corre-
lation function ofO and instead probes spectral correlations
of OBPS;f¼6.
In Fig. 7, we observe a disappearance of the ramp region,

suggesting a chaos-integrability transition.

V. CONCLUSION AND OUTLOOK

In this paper, we demonstrated that a chaos-integrability
crossover can be observed directly within the BPS subspace
of a deformed N ¼ 2 SYK model, using the diagnostic
framework of BPS chaos. In particular, the projected
operator spectrum transitions from GUE to Poisson sta-
tistics as the deformation parameter is varied. Since both
endpoints contain only fortuitous BPS states, our results
indicate that fortuitous BPS states can inherit qualitatively
different spectral characteristics depending on the structure
of the finite-energy spectrum from which they descend.
The holographic interpretation of this crossover is an

important open question. Since the N ¼ 2 SYK model is
described at low energies by the super-Schwarzian or JT
supergravity [31], the disappearance of random-matrix
behavior suggests a breakdown of the black-hole-like
chaotic description as the model approaches the integrable
regime. More broadly, in supersymmetric holographic
systems where a bulk description can be followed along
a deformation, BPS chaos diagnostics may provide boun-
dary probes of changes in the dominant semiclassical
saddle, for example between black-hole-like and horizon-
less descriptions. A relation between wormhole length and
an appropriately defined Krylov complexity in the BPS
subspace of the N ¼ 2 double-scaled SYK was discussed
in [32] and may provide useful insight in this regard.
Whether this finite N crossover sharpens into a genuine

transition in the large N limit remains an open question.

FIG. 5. Dependence of the averaged gap ratio hri defined in
Eq. (18) on the deformation parameter g, computed from the
spectrum of OBPS;f¼6 for N ¼ 12. The average is taken over 500
realizations. The result exhibits a smooth crossover from the GUE
value to the Poisson value around g ¼ 1.

FIG. 6. Nearest level-spacing distribution PðsÞ defined in
Eq. (19) for the spectrum of the projected operator OBPS;f¼6 in
the deformed model (15) for 4000 realizations. The distribution
shows a crossover from GUE to Poisson around g ¼ 1.

FIG. 7. Filtered spectral form factor SFFOðtÞ defined in
Eq. (20), averaged over 4000 realizations, with σ ¼ 0.2. The
ramp region seems to disappear around g ¼ 1.2, suggesting the
chaos-integrability transition.
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It would be worthwhile to investigate whether an analytic
large N description can be developed for our model,
perhaps in line with the analysis of the deformed SYK
model in [10]. Another promising direction is to study the
double-scaling limit [33] and formulate the model in terms
of a chord path integral established in the analysis of chaos-
integrability transition in ordinary double-scaled SYK
model [34–36].
Although we have used the spectral form factor of a

projected operator as a diagnostic of BPS chaos, it would
be interesting to ask whether other probes can be adapted
to detect the same crossover within the BPS sector.
Possible candidates include out-of-time-order correlator
(OTOC) [1,2], entanglement entropy [37], relaxation
fluctuations of correlation functions [38], Krylov com-
plexity [39,40], and (generating function of) spectral
complexity [41–43]. For extensions to more general
supersymmetric models, the spectrum of the Berry cur-
vature may provide an intrinsic diagnostic of BPS
chaos [44].
Finally, clarifying the precise relation between fortuity

and chaos is another important problem. The present model
provides a useful example in this regard: Qcom has only
fortuitous BPS states despite being integrable. It would be
interesting to investigate whether the sharpness of the
R-charge distribution of BPS states is correlated with
quantum chaos, since for QSYK, the BPS states are con-
centrated within Oð1Þ charge window, whereas for Qcom
they are supported over theOðNÞ range, N=3 ≤ f ≤ 2N=3.
Another model with fortuitous BPS states distributed over
the OðNÞ range of R charge, while being integrable, was
proposed in [45].
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APPENDIX: INTEGRABILITY OF Qcom

In the main text, the nearest level spacing distribution for
Hg did not show clear Poisson distribution at large g, as
shown in Fig. 3. This is due to the degeneracy in the
spectrum of Hcom. For completeness, we show in Fig. 8
that the nearest level spacing distribution for Hcom alone
indeed exhibits Poisson-like statistics, if we remove the
degeneracy.
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