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We develop an operator-algebraic framework for modular self-duality, symmetrized relative entropy, and
Bogoliubov-Kubo-Mori (BKM) susceptibility of local states in quantum field theory. In finite dimensions,
modular self-duality singles out fixed points at which a state coincides with its modularly reflected partner.
At such points, the natural comparison functional is the symmetrized Umegaki relative entropy. It vanishes
at coincidence, and its Hessian is governed by the BKM quantum Fisher information along the reflected
tangent direction. We then extend this fixed-point construction to the local type III von Neumann algebras
that arise in quantum field theory. Here, a local state is compared with the modular pullback of its
commutant restriction, and the intrinsic comparison functional is the symmetrized Araki relative entropy.
For sufficiently regular state deformations, the fixed-localization Hessian at the self-dual point defines a
type III BKM susceptibility. This coefficient is obtained by evaluating the BKM bilinear form on the
tangent selected by the modular pairing. Exact coherent-state realizations are obtained for the free scalar
field on wedge algebras and for the chiral Uð1Þ current on half-line algebras. In both examples, the
comparison functional is exactly quadratic in the deformation parameter, and the susceptibility coefficients
admit explicit boost-energy, stress-tensor, or half-line integral representations. We also apply the
construction to a ball-shaped boundary region in the vacuum state of a conformal field theory with a
semiclassical anti–de Sitter (AdS) gravitational dual. For linear bulk coherent excitations in an exact
complementary-recovery model of this sector, bulk-boundary modular intertwining identifies the modular
partner with the AdS-Rindler-reflected coherent state, and the symmetrized relative entropy is exactly
quadratic. Its Hessian is twice the bulk canonical energy of the reflected-difference perturbation.
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I. INTRODUCTION

A basic question in quantum theory is how to quantify
state distinguishability and second-order response under
smooth deformations of a state. In finite-dimensional
quantum systems, this question is usually formulated in
terms of density matrices, relative entropy, and quantum
Fisher metrics. In local quantum field theory, however, the
analogous problem is subtler because observables localized
in a spacetime region are typically described by type III von
Neumann algebras, for which intrinsic density matrices do
not exist [1,2]. One therefore needs a formulation of
comparison and response that does not rely on finite-
dimensional matrix language. The aim of this paper is to
develop such a formulation using a common fixed-point

structure that treats type I and type III von Neumann
algebraic systems within a single framework. This oper-
ator-algebraic perspective builds on earlier work by the
author [3,4], where modular self-duality and related entan-
glement questions were studied in finite-dimensional and
quantum-field-theoretic settings using Tomita-Takesaki
modular theory.
In the finite-dimensional part of the paper, we consider

smooth one-parameter families of states together with their
modularly reflected partners. Modular self-duality singles
out special parameter values at which a state coincides with
its reflected partner. The natural comparison functional near
this locus is the symmetrized Umegaki relative entropy. It
vanishes at coincidence, differentiability forces its first
variation to vanish, and its Hessian is governed by the
Bogoliubov-Kubo-Mori (BKM) quantum Fisher informa-
tion along the reflected tangent direction [5–7]. In this
sense, the finite-dimensional type I theory identifies a
canonical BKM susceptibility selected by modular self-
duality and symmetrized relative entropy. A related but
distinct finite-dimensional connection between quantum
Fisher information and entanglement curvature has recently
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been studied in two-qubit systems [8], although without the
fixed-point comparison principle used here.
The local quantum-field-theoretic problem starts from a

family of ambient states on the full theory and, for each
localization region Ot, compares its restriction to the local
algebra AðOtÞ with the modular pullback of its commutant
restriction. The resulting intrinsic comparison functional is
the symmetrized Araki relative entropy [9,10]. At the self-
dual locus, the paired local states coincide, so the first
variation again vanishes. At fixed localization, the corre-
sponding Hessian is twice the BKM Fisher-information
scalar obtained by evaluating the type III BKM bilinear
form on the tangent direction selected by the modularly
paired family. This scalar is the local operator-algebraic
BKM susceptibility. The identification is made under the
standard second-order regularity assumption that Araki
relative entropy admits a diagonal BKM expansion for
the local state curves under consideration.
A central part of the paper is the construction of exact

quantum-field-theoretic examples. For coherent states of
the free scalar field on wedge algebras, known relative-
entropy formulas [11–16], together with the Bisognano-
Wichmann identification of wedge modular flow [17,18],
yield an exact two-parameter comparison surface and
explicit local susceptibility coefficients. These coefficients
are determined by the reflected-difference profile selected
by the modular pairing and admit boost-energy and stress-
tensor representations. For the chiral Uð1Þ current, the
same construction leads to explicit half-line formulas in the
vacuum representation and to thermal half-line formulas in
which the entropy kernel is explicit while the reflected
profile is determined by the Borchers-Yngvason standard-
subspace modular conjugation.
Beyond these exact quantum-field-theoretic realizations,

we examine the physical interpretation of the construction
in the AdS/CFT correspondence. The AdS/CFT correspon-
dence relates a conformal field theory to a quantum-
gravitational theory in an asymptotically anti–de Sitter
spacetime [19–21]. In this setting, a boundary region and a
semiclassical reference state determine a corresponding
entanglement wedge in the bulk. This wedge is the domain
of dependence of a bulk hypersurface bounded by the
boundary region and its associated extremal surface
[22,23]. For a vacuum boundary ball, subregion relative
entropy and quantum Fisher information are related to
canonical energy in the corresponding AdS-Rindler wedge
[24–28]. The purpose of the holographic part of the paper is
to determine how, for a chosen ambient perturbation,
modular conjugation fixes its reflected comparison and
how the resulting reflected-difference tangent is repre-
sented in the bulk.
This question is close to, but distinct from, holographic

entanglement asymmetry. In that construction, a reduced
state is compared with its average under an internal
symmetry, and the leading relative-entropy coefficient is

represented by Fisher information and bulk canonical
energy [29]. The comparison considered here is instead
fixed by the vacuum modular conjugation. It exchanges the
ball algebra with its commutant, and the commutant
restriction is pulled back before the two local states are
compared. Although both quadratic coefficients admit a
bulk canonical-energy representation in their respective
regimes, they resolve different notions of asymmetry. The
former probes internal-symmetry breaking, whereas the
latter probes modular-reflection asymmetry.
There are independent physical reasons for regarding the

modular pairing associated with the vacuum standard pair
as distinguished. For a Minkowski wedge, the Bisognano-
Wichmann theorem identifies modular flow with Lorentz
boosts and modular conjugation with the corresponding
charge conjugation, parity, and time reversal (CPT)-type
wedge reflection [17,18]. For a ball in the vacuum of a
conformal field theory, the Casini-Huerta-Myers conformal
map sends the restricted vacuum to a thermal Kubo-Martin-
Schwinger (KMS) state on the hyperbolic cylinder, whose
holographic description is the AdS-Rindler wedge, equiv-
alently the exterior of the massless hyperbolic black hole
[24]. In this thermal frame, for regular exponential source
deformations that admit a Kubo-Mori score representation,
the BKM quadratic form is the Kubo-Mori equilibrium
susceptibility [30,31]. The reflected-difference direction
therefore has the physical meaning of the response direc-
tion that breaks the reflection symmetry of a geometrically
selected equilibrium reference state.
The operator-algebraic input needed to identify the

reflected tangent is supplied by the exact complemen-
tary-recovery setting of Ref. [32]. Standard complementary
reconstructability (c-reconstructability) preserves relative
entropy and intertwines the boundary and bulk modular
conjugations. For the linear bulk coherent family consid-
ered here, the modular partner is therefore the AdS-Rindler-
reflected coherent state, and the comparison depends on the
difference between the original bulk perturbation and its
modular reflection. The symmetrized relative entropy is
exactly quadratic, and its Hessian equals twice the canoni-
cal energy of this reflected-difference perturbation.
The significance of these examples is therefore not that

the underlying relative-entropy formulas are new in iso-
lation. Rather, the point is that these known formulas
become exact realizations of a single modular comparison
principle. For each localization region, the vacuummodular
conjugation selects a canonical comparison partner by
pulling back the commutant restriction to the original local
algebra. The self-dual point is then a coincidence point in
the local state space, and the first nonvanishing departure
from this coincidence is measured by a Bogoliubov-Kubo-
Mori susceptibility. This susceptibility is not associated
with an arbitrary perturbation of the state, but with the
reflected-difference tangent selected by the modularly
paired family. It therefore depends simultaneously on the
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physical state deformation and on the localization geometry
through the modular data of the local algebra. In this way,
the wedge, chiral, and encoded AdS-Rindler coherent
families realize the type III local version of the same
fixed-point mechanism that appears in the finite-dimen-
sional type I prototype.

II. MODULAR SELF-DUALITY AND
SYMMETRIZED RELATIVE ENTROPY IN
FINITE-DIMENSIONAL (TYPE I) SYSTEMS

A. The need for operator algebras

Consider a simple spin Hamiltonian on N sites,

HN ¼ −
XN
i¼1

σzi ; ð1Þ

with noninteracting sites and the standard Pauli matrix
algebra at each site. If N is finite, the algebra of observables
generated by the Pauli spin operators is a finite-dimensional
matrix algebra AN . More explicitly,

AN ¼ ⊗
N

i¼1
M2ðCÞ ≅ M2N ðCÞ: ð2Þ

Up to unitary equivalence, this algebra has a unique
irreducible representation. Every normal state is repre-
sented by a density matrix on a fixed finite-dimensional
Hilbert space, and state comparison can be formulated
directly in terms of density matrices and Umegaki relative
entropy.
This uniqueness no longer persists when the number of

degrees of freedom is infinite. For an infinite spin chain, a
formal Hilbert space containing all possible infinite spin
configurations as mutually orthogonal basis vectors would
be nonseparable. Instead, one usually works in a separable
Hilbert space generated from a chosen reference state. This
choice of reference state selects a physical sector, and the
weak operator closure of the represented local spin algebra
depends on that sector.
Let A0 denote the unital �-algebra generated by finite

linear combinations of finite products of local Pauli
operators. Let π↑ be the representation of A0 generated
from the all-spin-up reference vector

Ω↑ ¼ j↑i ⊗ j↑i ⊗ j↑i ⊗ � � � : ð3Þ

The finite-excitation domain is

D↑ ≔ π↑ðA0ÞΩ↑: ð4Þ

The corresponding Hilbert space is the completion

H↑ ≔ D̄↑: ð5Þ

Equivalently, H↑ has an orthonormal basis labelled by
finite subsets of spin sites that have been flipped relative to
Ω↑, whileD↑ is the finite linear span of these basis vectors.
Thus D↑, not the full completion H↑, consists of vectors
differing from Ω↑ at only finitely many sites.
The von Neumann algebra associated with the all-spin-

up sector is the weak operator topology closure

M↑ ≔ π↑ðA0Þ00 ¼ π↑ðA0ÞWOT ⊂ BðH↑Þ: ð6Þ

For the sequence used below, weak operator convergence
means convergence of all matrix elements: a sequence Ai
converges weakly to A if

hψ ; AiϕiH↑
→ hψ ; AϕiH↑

; ψ ;ϕ∈H↑: ð7Þ

The sector dependence can be seen explicitly. Define the
spin raising and lowering operators by

σþi ¼ 1

2
ðσxi þ iσyi Þ; σ−i ¼ 1

2
ðσxi − iσyi Þ; ð8Þ

so that

σþi j↓ii ¼ j↑ii; σþi j↑ii ¼ 0;

σ−i j↑ii ¼ j↓ii; σ−i j↓ii ¼ 0: ð9Þ

The projection onto a down spin at site i is therefore

P↓
i ≔ σ−i σ

þ
i ¼ j↓iih↓ji: ð10Þ

In the all-spin-up sector, every vector in the dense domain
D↑ has j↑i at all sufficiently far sites. Hence, for ψ ;ϕ∈D↑,
we obtain

hψ ; P↓
i ϕiH↑

¼ 0 ð11Þ

for all sufficiently large i. Since kP↓
i k ≤ 1, density extends

this weak convergence to all ψ ;ϕ∈H↑. Moreover, because

P↓
i is a projection, the same density argument applied to

kP↓
i ψk gives

P↓
i → 0 strongly; and hence weakly; on H↑: ð12Þ

If instead one starts from the all-spin-down reference
vector

Ω↓ ¼ j↓i ⊗ j↓i ⊗ j↓i ⊗ � � � ; ð13Þ

and lets π↓ denote the corresponding representation of A0,
then the finite-excitation domain and Hilbert space are

D↓ ≔ π↓ðA0ÞΩ↓; H↓ ≔ D̄↓: ð14Þ

MODULAR SELF-DUALITY, SYMMETRIZED RELATIVE … PHYS. REV. D 114, 065016 (2026)

065016-3



The associated von Neumann algebra is

M↓ ≔ π↓ðA0Þ00 ¼ π↓ðA0ÞWOT ⊂ BðH↓Þ: ð15Þ

In this sector, every vector in D↓ has j↓i at all sufficiently
far sites. Therefore, for ψ ;ϕ∈D↓, we obtain

hψ ; P↓
i ϕiH↓

¼ hψ ;ϕiH↓ ð16Þ

for all sufficiently large i. Again, by density and uniform
boundedness,

P↓
i → 1 weakly on H↓: ð17Þ

Since 1 − P↓
i is the projection onto an up spin at site i, the

same density argument gives strong convergence,

P↓
i → 1 strongly on H↓: ð18Þ

Thus the same sequence of finite-site observables has
different weak limits in the two representations:

P↓
i → 0 in the Ω↑ sector;

P↓
i → 1 in the Ω↓ sector: ð19Þ

This illustrates the basic need for the operator-algebraic
point of view. In an infinite system, the represented algebra
and its weak closure retain information about the physical
sector or state used to realize the observables. The example
is not meant to assert that these spin-chain sector closures
are type III; it is meant to show why representations and
weak closures become essential once infinitely many
degrees of freedom are present.
This operator-algebraic viewpoint treats observables as

elements of a C�-algebra and states as positive normalized
linear functionals on that algebra. If A is the algebra of
observables, then a state ω assigns expectation values by
the pairing

A⟼ωðAÞ; A∈A: ð20Þ

Dynamics are described algebraically by a one-parameter
group of C�-automorphisms, as follows:

αt∶ A→A; αtðABÞ ¼ αtðAÞαtðBÞ; αtðA�Þ ¼ αtðAÞ�:
ð21Þ

This point of view separates the abstract observables from
the particular Hilbert-space representation selected by
a state.
The same structural issue appears in quantum field

theory. One first specifies an abstract algebra of local
observables before choosing a particular Hilbert-space

representation. Let A denote the abstract C�-algebra of
observables, and let AðOÞ ⊂ A denote the abstract local
algebra associated with a spacetime region O. A state on A
is again a positive normalized linear functional. Choosing a
state determines a Hilbert-space representation through the
Gelfand-Naimark-Segal (GNS) construction. For the vac-
uum state ω0, this gives a triple

ðπ0;H;ΩÞ: ð22Þ

HereH is the vacuum Hilbert space, BðHÞ is the algebra of
bounded linear operators on H, and

π0∶ A → BðHÞ ð23Þ

is the representation that turns each abstract observable into
a bounded operator on H. The vector Ω∈H is the vacuum
vector. It represents the vacuum state by

ω0ðAÞ ¼ hΩ; π0ðAÞΩi; A∈A; ð24Þ

and is cyclic for the represented algebra, as follows:

π0ðAÞΩ ¼ H: ð25Þ

For each region O, the represented local von Neumann
algebra is

AðOÞ ≔ π0ðAðOÞÞ00 ⊂ BðHÞ: ð26Þ

Equivalently, AðOÞ is the weak operator closure of
π0ðAðOÞÞ. The double-prime notation denotes the bicom-
mutant, and the equivalence with weak closure is the
content of von Neumann’s bicommutant theorem (see
Sec. III). The result is the concrete von Neumann algebra
generated by the bounded local observables associated with
O in the vacuum sector.
The local algebras obtained in relativistic quantum field

theory are typically type III von Neumann algebras. They
do not possess an intrinsic trace, do not admit canonical
density matrices for local state restrictions, and do not come
with a canonical tensor-product factorization into a region
and its complement. Consequently, finite-dimensional
notions such as reflected density matrices and Umegaki
relative entropy must be replaced by modular-theoretic
notions: standard pairs, modular conjugations, relative
modular operators, and Araki relative entropy.
In the present paper, the finite-dimensional type I

construction serves as a prototype. It explains the fixed-
point mechanism in the familiar language of density
matrices. The local type III construction then replaces
density matrices by states on local von Neumann algebras
and replaces ordinary relative entropy by Araki relative
entropy.
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B. Modular reflection and self-dual points

We start with a modular-theoretic idea that will be used
in the finite-dimensional type I construction. The Tomita-
Takesaki construction needed below is briefly reviewed in
Sec. III. Let H be a complex Hilbert space, and let BðHÞ
denote the algebra of bounded linear operators onH. Avon
Neumann algebra M ⊂ BðHÞ is a unital �-subalgebra
closed in the weak operator topology. Its commutant is

M0 ≔ fB∈BðHÞ∶BA ¼ AB; ∀ A∈Mg: ð27Þ

A vector Ω∈H is cyclic for M if MΩ is dense in H, and
separating for M if AΩ ¼ 0; A∈M → A ¼ 0. A pair
ðM;ΩÞ with Ω cyclic and separating is called a standard
pair. Tomita-Takesaki theory assigns to such a pair an
antiunitary modular conjugation J. One of its basic struc-
tural consequences is

JMJ ¼ M0: ð28Þ

Thus, J implements an algebraic reflection in the sense that
it exchanges the algebra with its commutant. For the finite-
dimensional discussion below, only the idea of an anti-
unitary reflection is needed; the antiunitary J is fixed as part
of the comparison data.
Let J be a fixed antiunitary involution on the finite-

dimensional Hilbert spaceH. Given a density matrix ρ, we
define its reflected partner by

ρJ ≔ JρJ: ð29Þ

A state is called modularly self-dual, relative to this
reflection, if

ρ ¼ ρJ: ð30Þ

Equivalently, ρ is a fixed point of the reflected state
map ρ ↦ JρJ.
For a smooth one-parameter family of density matrices

ρðgÞ, we assume that the reflection induces an involution r
of parameter space, as follows:

ρJðgÞ ≔ JρðgÞJ ¼ ρðrðgÞÞ; rðrðgÞÞ ¼ g: ð31Þ

A parameter value g⋆ is then a modular self-dual point if

rðg⋆Þ ¼ g⋆; ρðg⋆Þ ¼ ρJðg⋆Þ: ð32Þ

The next subsection studies the symmetrized Umegaki
relative entropy between ρðgÞ and its reflected partner ρJðgÞ
near such a fixed point. The finite-dimensional construction
below should be read as the type I prototype of the local
modular-pullback construction developed later in the paper.

C. Symmetrized Umegaki relative entropy and the
BKM metric at modular fixed points

The natural comparison functional for a state and its
reflected pair is the symmetrized Umegaki relative entropy
[33]

SJðgÞ ¼ SðρðgÞkρJðgÞÞ þ SðρJðgÞkρðgÞÞ; ð33Þ

with

SðρkσÞ ¼ Trρðlog ρ − log σÞ: ð34Þ
At the modular self-dual point,

SJðg⋆Þ ¼ 0; ð35Þ
because the two states coincide. Since SJðgÞ ≥ 0, differ-
entiability gives

∂gSJðgÞjg¼g⋆ ¼ 0: ð36Þ

The first nontrivial local datum is therefore the Hessian

IJðg⋆Þ ¼ ∂
2
gSJðgÞjg¼g⋆ ; ð37Þ

so that

SJðgÞ ¼
1

2
IJðg⋆Þðg − g⋆Þ2 þ oððg − g⋆Þ2Þ: ð38Þ

To further identify the quadratic coefficient, we write

δ ¼ g − g⋆; ρ⋆ ¼ ρðg⋆Þ;
X⋆ ¼ ∂gρðgÞjg¼g⋆ ; Y⋆ ¼ ∂

2
gρðgÞjg¼g⋆ : ð39Þ

Near a fixed point g⋆, we choose the local coordinate δ ≔
g − g⋆ so that this involution acts as reflection about g⋆, as
follows:

rðg⋆ þ δÞ ¼ g⋆ − δ: ð40Þ
Then a C2-differentiability assumption gives

ρðg⋆ þ δÞ ¼ ρ⋆ þ δX⋆ þ 1

2
δ2Y⋆ þ oðδ2Þ;

ρJðg⋆ þ δÞ ¼ ρðrðg⋆ þ δÞÞ ¼ ρðg⋆ − δÞ

¼ ρ⋆ − δX⋆ þ 1

2
δ2Y⋆ þ oðδ2Þ: ð41Þ

Before applying the logarithm, it is useful to spell out the
support convention used in this subsection. The operator
logarithm and the BKM kernel are singular on zero
eigenvalues. Thus the formulas below are meant either
for strictly positive density matrices on the full Hilbert
space, or more generally on a fixed common support.
Concretely, let
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P ≔ supp ρ⋆: ð42Þ

We assume that, for jδj sufficiently small,

supp ρðg⋆ þ δÞ ¼ supp ρJðg⋆ þ δÞ ¼ P: ð43Þ

All logarithms, Kubo-Mori maps, traces, and spectral sums
are then understood after restricting the density matrices
and tangent operators to the smaller Hilbert space PH. On
this reduced Hilbert space, the reference state ρ⋆ is faithful,
so the ordinary finite-dimensional formulas apply. The
discarded sector is a parameter-independent null sector: no
probability weight moves into or out of it along the family.
If the support were allowed to change with g, additional
singular or nonsmooth contributions to the relative entropy
could appear, and the Hessian formula would require a
separate analysis.
Let DðlogÞρ⋆ ½X� denote the Fréchet derivative of the

operator logarithm map ρ ↦ log ρ, evaluated at the refer-
ence state ρ⋆ and applied to the perturbation direction X.
After restricting to the fixed support PH, the reference state
ρ⋆ has no zero eigenvalues. Therefore, the following
Fréchet derivative of the logarithm is well defined on
PH, as follows:

DðlogÞρ⋆ ½X� ¼
Z

∞

0

duðρ⋆ þ uIÞ−1Xðρ⋆ þ uIÞ−1: ð44Þ

Equivalently, for small ε, we obtain

logðρ⋆ þ εXÞ ¼ log ρ⋆ þ εDðlogÞρ⋆ ½X� þOðε2Þ: ð45Þ

It is convenient to package this in the Kubo-Mori map, as
follows:

Kρ⋆ðXÞ ¼
Z

1

0

dsρs⋆Xρ
1−s
⋆ ; ð46Þ

whose inverse is exactly the Fréchet derivative of the
logarithm K−1

ρ⋆ ðXÞ ¼ DðlogÞρ⋆ ½X�.
The BKM bilinear form at ρ⋆ is then defined by

γBKMρ⋆ ðX; YÞ ¼ Tr½XK−1
ρ⋆ ðYÞ�: ð47Þ

The associated BKM quantum Fisher information along the
family g ↦ ρðgÞ is [6,30]

FBKMðg⋆Þ ¼ γBKMρ⋆ ðX⋆; X⋆Þ ¼ Tr½X⋆K−1
ρ⋆ ðX⋆Þ�

¼
Z

∞

0

duTr½X⋆ðρ⋆ þ uIÞ−1X⋆ðρ⋆ þ uIÞ−1�:

ð48Þ

If ρ⋆ ¼ P
i pijiihij is the spectral decomposition, then

the BKM form is given by [34,35]

γBKMρ⋆ ðX; YÞ ¼
X
i;j

cBKMðpi; pjÞXijYji; ð49Þ

with kernel

cBKMðx;yÞ¼
logx− logy

x−y
ðx≠yÞ; cBKMðx;xÞ¼

1

x
: ð50Þ

This makes positivity manifest, since γBKMρ⋆ ðX;XÞ ≥ 0 for
Hermitian X.
To extract the quadratic term, we expand the difference

of the two logarithms directly. Because log is analytic on
positive definite operators, and because the quadratic terms
in Eq. (41) coincide, one obtains

logρðg⋆þδÞ− logρJðg⋆þδÞ¼ 2δK−1
ρ⋆ ðX⋆Þþoðδ2Þ: ð51Þ

Substituting Eqs. (41) and (51) into the first relative entropy
yields

Sðρðg⋆þδÞkρJðg⋆þδÞÞ

¼Tr

��
ρ⋆þδX⋆þ

1

2
δ2Y⋆þoðδ2Þ

�
ð2δK−1

ρ⋆ ðX⋆Þþoðδ2ÞÞ
�

¼2δTr½ρ⋆K−1
ρ⋆ ðX⋆Þ�þ2δ2Tr½X⋆K−1

ρ⋆ ðX⋆Þ�þoðδ2Þ: ð52Þ

Since TrX⋆ ¼ 0 and, in the spectral basis of ρ⋆, we have

Tr½ρ⋆K−1
ρ⋆ ðX⋆Þ� ¼

X
i

picBKMðpi; piÞðX⋆Þii

¼
X
i

ðX⋆Þii ¼ TrX⋆ ¼ 0; ð53Þ

the linear term vanishes and we obtain

Sðρðg⋆ þ δÞkρJðg⋆ þ δÞÞ ¼ 2FBKMðg⋆Þδ2 þ oðδ2Þ: ð54Þ

The same expansion holds after exchanging the two argu-
ments, so

SJðg⋆ þ δÞ ¼ 4FBKMðg⋆Þδ2 þ oðδ2Þ: ð55Þ

Comparing with Eq. (38) gives

IJðg⋆Þ ¼ 8FBKMðg⋆Þ: ð56Þ

Thus, with the normalization used in Eq. (38), the Hessian
of the symmetrized Umegaki relative entropy is the BKM
quantum Fisher information of the single tangent X⋆,
multiplied by the universal factor 8. The factor 8 comes
from two sources. First, the reflected comparison uses the
tangent difference X⋆ − ð−X⋆Þ ¼ 2X⋆. Second, the func-
tional is symmetrized, so the two relative-entropy terms
contribute equally. This is the direct type I precursor of the
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local type III Hessian built later from symmetrized Araki
relative entropy.

D. Phase-damped single-excitation X-state family

As a concrete mixed-state illustration, consider the
phase-damped single-excitation family

jψðgÞi ¼ cos

�
π

4
þ g

�
j01i þ sin

�
π

4
þ g

�
j10i; jgj< π

4
;

ð57Þ

with even dephasing profile

ΛðgÞ¼ e−ðγ0þγ2g2Þτ; γ0> 0; γ2 ≥ 0; τ> 0: ð58Þ

The resulting density matrix in the computational basis
fj00i; j01i; j10i; j11ig is

ρðgÞ ¼

0
BBB@

0 0 0 0

0 cos2θ ΛðgÞ sin θ cos θ 0

0 ΛðgÞ sin θ cos θ sin2θ 0

0 0 0 0

1
CCCA;

θ ¼ π
4
þ g: ð59Þ

Its support is the fixed two-dimensional subspace

PH ¼ spanfj01i; j10ig: ð60Þ

For τ > 0, one has 0 < ΛðgÞ < 1, and since jgj < π=4 also
sin θ cos θ > 0. Hence, the restricted state PρðgÞP, viewed
as a 2 × 2 density matrix on PH, is faithful for all such g.
The two zero rows and columns in Eq. (59) therefore do not
enter the logarithms. They represent a fixed null sector
outside PH, not eigenvalues that are varied through zero.
All Umegaki entropies and BKM quantities in this example
are computed on PH.
On PH, let KP denote complex conjugation in the

ordered basis fj01i; j10ig, and let SP be the unitary swap
satisfying SPj01i ¼ j10i and SPj10i ¼ j01i. Define the
antiunitary involution J ≔ SPKP. Since ΛðgÞ is even, this
reflection satisfies

ρJðgÞ ≔ JρðgÞJ ¼ ρð−gÞ; g⋆ ¼ 0: ð61Þ

Thus, g ¼ 0 is the modular self-dual point. The family of
states takes the effective qubit form

ρðgÞ ¼ 1

2
ð1þ ΛðgÞ cosð2gÞσx − sinð2gÞσzÞ; ð62Þ

where σx and σz are the Pauli matrices. At the fixed point,

λ0 ¼ e−γ0τ ∈ ð0; 1Þ;

ρ0 ¼ ρð0Þ ¼ 1

2
ð1þ λ0σxÞ;

X0 ¼ ∂gρðgÞjg¼0 ¼ −σz; ð63Þ

where the last identity uses Λ0ð0Þ ¼ 0 by evenness.
In the eigenbasis of σx, the fixed-point state is diagonal,

ρ0 ¼
�
pþ 0

0 p−

�
; p� ¼ 1� λ0

2
; ð64Þ

while the tangent takes the form

X0 ¼
�

0 −1
−1 0

�
: ð65Þ

The BKM spectral formulas (49) and (50) then give [34,35]

FBKMð0Þ ¼ 2cBKMðpþ; p−Þ

¼ 2
logpþ − logp−

pþ − p−
¼ 2

λ0
log

1þ λ0
1 − λ0

: ð66Þ

Hence, the reflected Hessian is

IJð0Þ ¼ 8FBKMð0Þ ¼
16

λ0
log

1þ λ0
1 − λ0

: ð67Þ

The same coefficient can also be extracted directly from
the symmetrized Umegaki functional (33) [33]. Writing

ρðgÞ¼ 1

2
ð1þ R⃗ðgÞ · σ⃗Þ; R⃗ðgÞ¼ ðΛðgÞcos2g;0;−sin2gÞ;

ð68Þ

one has jR⃗ðgÞj ¼ jR⃗ð−gÞj. Let

RðgÞ ¼ jR⃗ðgÞj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΛðgÞ2cos2ð2gÞ þ sin2ð2gÞ

q
: ð69Þ

For a faithful qubit state ρ ¼ 1
2
ð1þ R⃗ · σ⃗Þ with 0 < R ¼

jR⃗j < 1, one has

log ρ ¼ aðRÞ1þ bðRÞR̂ · σ⃗; ð70Þ

with

aðRÞ ¼ 1

2
log

1−R2

4
; bðRÞ ¼ arctanhðRÞ; R̂¼ R⃗

R
:

ð71Þ

Since ρðgÞ and ρð−gÞ have the same Bloch radius, the
scalar part cancels in the relative entropy. Using
Tr½ða⃗ · σ⃗Þðb⃗ · σ⃗Þ� ¼ 2a⃗ · b⃗, a direct calculation gives

MODULAR SELF-DUALITY, SYMMETRIZED RELATIVE … PHYS. REV. D 114, 065016 (2026)

065016-7



SðρðgÞkρð−gÞÞ ¼ arctanhRðgÞ
RðgÞ ðRðgÞ2 − R⃗ðgÞ · R⃗ð−gÞÞ:

ð72Þ

Now,

RðgÞ2 − R⃗ðgÞ · R⃗ð−gÞ ¼ 2sin2ð2gÞ; ð73Þ

so the symmetrized Umegaki entropy is exactly

SJðgÞ ¼
4 arctanhRðgÞ

RðgÞ sin2ð2gÞ: ð74Þ

Since RðgÞ is even and Rð0Þ ¼ λ0, one has

arctanhRðgÞ
RðgÞ ¼ arctanh λ0

λ0
þOðg2Þ;

sin2ð2gÞ ¼ 4g2 þOðg4Þ: ð75Þ

Therefore,

SJðgÞ ¼
16 arctanh λ0

λ0
g2 þOðg4Þ

¼ 8

λ0
log

1þ λ0
1 − λ0

g2 þOðg4Þ

¼ 1

2
IJð0Þg2 þOðg4Þ: ð76Þ

This example therefore shows explicitly that the coefficient
of g2 in the reflected Umegaki functional is 4FBKMð0Þ
[6,30], or equivalently that the Hessian is
IJð0Þ ¼ 8FBKMð0Þ. It also shows that the parameter γ2
in the even dephasing profile affects only quartic and higher
even orders. The Hessian itself is fixed entirely by the self-
dual state ρ0 and the tangent X0.

III. VON NEUMANN ALGEBRAS AND MODULAR
THEORY

We now recast the finite-dimensional discussion of
Sec. II in the operator-algebraic language appropriate to
local quantum field theory. The essential point is that local
observables in relativistic quantum field theory are not
described by finite-dimensional matrix algebras, or even by
type I factors with intrinsic density matrices. They are
described by local von Neumann algebras, which are
generically type III. Consequently, the finite-dimensional
notions of density matrices, reflected density matrices, and
Umegaki relative entropy must be replaced by modular-
theoretic objects: standard pairs, modular conjugations,
relative modular operators, and Araki relative entropy. The
relative modular and Araki-entropy conventions used
below are fixed in Appendix A.

A. Smeared fields, Weyl operators, and local nets

For a free real scalar field onMinkowski spacetimeM, it
is convenient to work with smeared fields ΦðfÞ, where
f∈C∞

0 ðMÞ is a smooth compactly supported test function.
Formally,

ΦðfÞ ¼
Z
M

ϕðxÞfðxÞdμðxÞ; ð77Þ

where ϕ is the operator-valued distribution associated with
the scalar field. The smeared fields satisfy linearity,

Φðαf1 þ βf2Þ ¼ αΦðf1Þ þ βΦðf2Þ; α; β∈C; ð78Þ

and the adjoint relation

ΦðfÞ� ¼ Φðf̄Þ: ð79Þ

In particular, if f is real valued, then ΦðfÞ is symmetric; in
the vacuum representation it is essentially self-adjoint on
the standard finite-particle domain.
Let

P ≔ □þm2 ð80Þ

denote the Klein-Gordon operator, and let

E ≔ Eret − Eadv ð81Þ

be the causal propagator. The field equation and the
covariant commutation relations are

ΦðPfÞ ¼ 0; ð82Þ

½ΦðfÞ;ΦðgÞ� ¼ iEðf; gÞ1; ð83Þ

where

Eðf; gÞ ≔
Z
M×M

fðxÞEðx; yÞgðyÞdμðxÞdμðyÞ ð84Þ

is the induced antisymmetric bilinear form. The relation
ΦðPfÞ ¼ 0 means that the field depends only on the
equivalence class of f modulo PC∞

0 ðMÞ. Equivalently,
one may regard the basic real test-function space as the
quotient

KR ≔ C∞
0 ðM;RÞ=PC∞

0 ðM;RÞ; ð85Þ

equipped with the symplectic form induced by E.
Because the smeared fields are generally unbounded, it is

standard to pass to the bounded Weyl operators. For real-
valued f, we define

WðfÞ ≔ eiΦðfÞ: ð86Þ
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These unitaries satisfy the Weyl relations

WðfÞWðgÞ ¼ e−
i
2
Eðf;gÞWðf þ gÞ; ð87Þ

or equivalently,

WðfÞWðgÞ ¼ e−iEðf;gÞWðgÞWðfÞ; ð88Þ

together with

WðfÞ� ¼ Wð−fÞ: ð89Þ

Equation (88) is the Weyl form of the canonical commu-
tation relations (CCR). Since ΦðPfÞ ¼ 0, the Weyl oper-
ator WðfÞ also depends only on the equivalence class of f
in KR, although we continue to write WðfÞ for simplicity.
Let A denote the global Weyl C�-algebra, that is, the

universal C�-algebra generated by the symbols WðfÞ
subject to the Weyl relations above. For an open region
O ⊂ M, we define the local C�-subalgebra

AðOÞ ⊂ A ð90Þ

to be the C�-algebra generated by those Weyl operators
WðfÞ with supp f ⊂ O. The assignment

O⟼AðOÞ ð91Þ

is the abstract local Weyl net. Here, “net” simply means a
region-by-region assignment of algebras, ordered by inclu-
sion of regions. In particular, if

O1 ⊂ O2; ð92Þ

then isotony gives

AðO1Þ ⊂ AðO2Þ: ð93Þ

Moreover, if O0 denotes the causal complement of O, then
locality means

O1 ⊂ O0
2 ⇒ ½A1; A2� ¼ 0; Ai ∈AðOiÞ: ð94Þ

This is the algebraic expression of Einstein causality:
observables localized in spacelike separated regions com-
mute. The regions relevant later in the paper include both
bounded regions and unbounded ones such as wedges.
To obtain concrete operators on a Hilbert space, one must

choose a state and pass to its GNS representation. Recall
that a state on A is a positive normalized linear functional.
For the free scalar field, there is a distinguished vacuum
state, denoted ω0, and its GNS construction yields a triple

ðπ0;H;ΩÞ; ð95Þ

called the vacuum representation. Here, π0∶ A → BðHÞ is
a �-representation of the abstract algebra by bounded
operators on a Hilbert space H, and Ω∈H is a cyclic
vector satisfying

ω0ðAÞ ¼ hΩ; π0ðAÞΩi; A∈A: ð96Þ
Thus, the vacuum state is realized as a vector state in the
Hilbert-space representation, and Ω is the vacuum vector.
For each region O, we then define the represented local

von Neumann algebra by AðOÞ ≔ π0ðAðOÞÞ00 ⊂ BðHÞ.
The double commutant here is equivalent, by von
Neumann’s double commutant theorem, to the weak
operator closure of π0ðAðOÞÞ. In other words, AðOÞ is
the concrete algebra of bounded local observables asso-
ciated with O in the vacuum sector.
This distinction between the abstract net and its vacuum

realization is important throughout the paper. The notation
AðOÞ refers to the abstract local Weyl C�-algebra, while
AðOÞ refers to the corresponding represented local von
Neumann algebra acting on the vacuum Hilbert space. The
former is part of the model-independent C�-algebraic
description, whereas the latter is the concrete operator
algebra used in the vacuum representation. Throughout the
main text, local algebras are understood in this represented
sense. In the free scalar theory, this includes, in particular,
the wedge algebras AðWtÞ used later, and in the chiral
setting, the analogous notation is used for local algebras
associated with intervals or half-lines.

B. Tomita-Takesaki theory

For extensive reviews of the topics summarized below,
see Refs. [1,2,31,36]. As above, we work in the vacuum
representation ðπ0;H;ΩÞ of the abstract local net and write

AðOÞ ≔ π0ðAðOÞÞ00 ⊂ BðHÞ ð97Þ
for the represented local von Neumann algebra associated
with an open spacetime region O ⊂ M. Here, M denotes
Minkowski spacetime, while M ⊂ BðHÞ denotes a generic
von Neumann algebra. All modular and relative modular
objects used below are attached to these represented local
algebras.
A von Neumann algebra M is a unital �-subalgebra of

BðHÞ that is closed in the weak operator topology, or
equivalently satisfies the bicommutant relation

M ¼ M00: ð98Þ

In finite-dimensional quantum mechanics, the basic exam-
ple is the type I factor

M ¼ BðHÞ; ð99Þ

where states are represented by density matrices and
relative entropy is given by the usual trace formula. In
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local quantum field theory, by contrast, the local algebras
AðOÞ are generically type III factors. They do not possess
an intrinsic trace, do not admit a canonical density-matrix
description of local state restrictions, and do not come with
a canonical Hilbert-space tensor factorization into a region
and its complement. This is the structural reason why the
finite-dimensional construction must be reformulated in
modular terms.
The relevant modular input begins with a standard pair

ðM;ΩÞ, where Ω∈H is cyclic and separating for M.
Cyclicity means that MΩ is dense in H, while separating
means that

AΩ ¼ 0; A∈M ⇒ A ¼ 0: ð100Þ

For such a pair, one defines the Tomita operator on the
dense domain MΩ by

S0ðAΩÞ ¼ A�Ω; A∈M: ð101Þ

Its closure S has polar decomposition

S ¼ JΔ1=2; ð102Þ

where J is the modular conjugation and Δ is the modular
operator. Tomita-Takesaki theory gives

JMJ ¼ M0; ð103Þ

and the modular automorphism group

σΩs ðAÞ ¼ ΔisAΔ−is; A∈M; s∈R; ð104Þ

satisfies σΩs ðMÞ ¼ M. Thus the modular operator gener-
ates intrinsic dynamics of the algebra, while the modular
conjugation exchanges the algebra with its commutant.
In the local quantum-field-theoretic setting, the Reeh-

Schlieder property implies that the vacuum vector Ω is
cyclic and separating for the local algebras associated with
the regions considered here. Hence, each pair

ðAðOÞ;ΩÞ ð105Þ

is standard, and the modular data are available intrinsically.
For the local comparison problem below, it is useful to

write the relevant local algebra in the uniform form

Mt ≔ AðOtÞ; Jt ≔ JMt;Ω; Δt ≔ ΔMt;Ω: ð106Þ

Here, Ot denotes the localization region under consider-
ation. In the scalar-field example of Sec. V, Ot ¼ Wt is a
wedge. In the chiral-current example of Sec. VI, Ot ¼
ð−∞; tÞ is a half-line. For every such standard pair, Tomita-
Takesaki theory gives

JtMtJt ¼ M0
t: ð107Þ

When Ot ¼ Wt is a wedge and one identifies M0
t with the

algebra of the opposite wedge, one invokes wedge duality.
When the modular objects are given a geometric interpre-
tation in the scalar wedge model, one additionally invokes
the Bisognano-Wichmann theorem.
A state on a von Neumann algebra M is a positive

normalized linear functional

ω∶ M → C; ωðA�AÞ ≥ 0; ωð1Þ ¼ 1: ð108Þ

It is faithful if ωðA�AÞ ¼ 0 implies A ¼ 0, and normal if it
is ultraweakly continuous. In finite-dimensional type I
settings, normal states are precisely those represented by
density matrices. In type III local algebras, faithful normal
states are still well defined, but there is no intrinsic local
density matrix with respect to a canonical trace.
To compare two faithful normal states ω and ϕ on M,

one uses relative modular theory. In standard form, each
faithful normal state is represented by a vector ξω in the
natural cone. With the convention fixed in Appendix A, the
relative modular operator Δϕjω determines the Araki
relative entropy [9,10] as follows:

SMðωkϕÞ ≔ −hξω; logΔϕjωξωi: ð109Þ

This is the intrinsic notion of relative entropy appropriate to
local operator algebras. In the type I case, if

ωðAÞ ¼ TrðρAÞ; ϕðAÞ ¼ TrðσAÞ; ð110Þ

with faithful density matrices ρ and σ, then

SMðωkϕÞ ¼ Trρðlog ρ − log σÞ; ð111Þ

so Araki relative entropy reduces to Umegaki relative
entropy [33].
The transition from the type I construction to the local

type III setting can now be stated conceptually. In finite
dimensions, the reflected partner of a state is another
density matrix obtained by applying the chosen antiunitary
within the same matrix algebra. For a local type III algebra,
the vacuum modular conjugation instead carries the algebra
to its commutant. Thus the reflected comparison cannot be
formulated as an internal density-matrix operation on the
local algebra. One must restrict the ambient state to the
commutant and then pull that restriction back to the original
local algebra by the modular anti-isomorphism associated
with the vacuum standard pair. This construction is for-
mulated in the next section for the local algebras relevant to
both examples: wedge algebras in the scalar-field model
and half-line algebras in the chiral-current model.
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IV. MODULAR SELF-DUALITY AND
SYMMETRIZED RELATIVE ENTROPY IN LOCAL

ALGEBRAS

Having fixed the operator-algebraic conventions, we
now formulate the local type III analog of the reflected
construction of Sec. II. The central replacement is that the
finite-dimensional reflected density matrix JρðgÞJ is
replaced by a modularly pulled-back state on the same
local algebra. The comparison functional is then the
symmetrized Araki relative entropy, and its quadratic
coefficient at a self-dual point is governed by the local
Bogoliubov-Kubo-Mori geometry. Table I summarizes the
correspondence between the finite-dimensional reflected-
state construction and the local type III modular-pullback
construction, including the different normalizations of the
associated BKM susceptibility coefficients.
For the remainder of this section and in the explicit

models below, we work in the vacuum representation. Let
Ot denote the localization region under consideration and
set

Mt ≔ AðOtÞ ⊂ BðHÞ: ð112Þ

In the scalar-field example of Sec. V, Ot ¼ Wt is a wedge.
In the chiral-current example of Sec. VI, Ot ¼ ð−∞; tÞ is a
half-line. We assume that ðMt;ΩÞ is a standard pair, so that
the modular objects Jt and Δt are well defined. Thus

JtMtJt ¼ M0
t: ð113Þ

The induced local states considered below are assumed to
be faithful and normal on Mt. When Ot ¼ Wt is a wedge
and we identifyM0

t with the algebra of the opposite wedge,
we invoke wedge duality. When the modular objects are
given a geometric interpretation in the wedge model, we
additionally invoke the Bisognano-Wichmann theorem. At
the abstract level, the definition of the self-dual locus and of
the symmetrized comparison functional requires only the
standard-pair structure. The identification of the quadratic
coefficient with a BKM form requires the second-order
differentiability assumption stated below.
In finite-dimensional type I systems, the antiunitary J

acts within a single algebra and directly produces the
reflected density matrix JρðgÞJ. In the local type III setting,
by contrast, there is no intrinsic density matrix on Mt, and
the vacuum modular conjugation maps Mt to its commu-
tant. The local analog therefore starts from one ambient

TABLE I. Structural correspondence between the finite-dimensional type I prototype and its intrinsic local type III extension. In the
type I theory, modular self-duality compares a state with its reflected partner through the symmetrized Umegaki relative entropy. In the
local type III theory, the comparison is between the local state ωg;t on Mt ¼ AðOtÞ and the modular pullback ω̃g;t of the commutant
restriction. The same fixed-point structure holds in both settings, but the type III partner requires the modular anti-isomorphism
jtðAÞ ¼ JtA�Jt. The table also distinguishes the full BKM bilinear form from the Fisher-information scalar obtained by evaluating that
form on the tangent selected by the one-parameter family. The type III BKM identification is understood under the diagonal second-
order regularity assumption stated in the text.

Concept Type I/finite-dimensional system
Intrinsic type III/local operator-algebraic
extension

State family Density-matrix family ρðgÞ Mt ≔ AðOtÞ, ðMt;ΩÞ standard, ωg;t ≔ ϖg↾Mt
.

Partner construction Reflected state ρJðgÞ ≔ JρðgÞJ ω̃g;t ≔ ðϖg↾M0
t
Þ ∘ jt, jt∶ Mt → M0

t,
jtðAÞ ≔ JtA�Jt.

Self-dual locus ρðg⋆Þ ¼ ρJðg⋆Þ ω0;t ¼ ω̃0;t ≕ωt

Parameters Deformation parameter g Ambient deformation parameter g, localization
parameter t.

Localization No local-algebra parameter Ot ¼ Wt for wedge algebras, Ot ¼ ð−∞; tÞ
for chiral half-lines.

Comparison functional SJðgÞ ≔ SðρðgÞkρJðgÞÞ þ SðρJðgÞkρðgÞÞ. Sðg; tÞ ≔ SMt
ðωg;tkω̃g;tÞ þ SMt

ðω̃g;tkωg;tÞ.
Vanishing linear term SJðg⋆Þ ¼ 0, SJðgÞ ≥ 0, ∂gSJðgÞjg¼g⋆ ¼ 0

if differentiable.
Sð0; tÞ ¼ 0, Sðg; tÞ ≥ 0, ∂gSðg; tÞjg¼0 ¼ 0 if
differentiable.

Second-order coefficient IJðg⋆Þ ≔ ∂
2
gSJðgÞjg¼g⋆

,

SJðgÞ ¼ 1
2
IJðg⋆Þðg − g⋆Þ2 þ oððg − g⋆Þ2Þ.

IAðtÞ ≔ ∂
2
gSðg; tÞjg¼0

,

Sðg; tÞ ¼ 1
2
IAðtÞg2 þ oðg2Þ.

Underlying BKM geometry γBKMρ⋆ ðX; YÞ; ρ⋆ ≔ ρðg⋆Þ γBKMωt
ðu; vÞ, ωt ≔ ω0;t ¼ ω̃0;t

Family-selected tangent ρ̇⋆ ≔ ∂gρðgÞjg¼g⋆
ut ≔ ∂gωg;tjg¼0

− ∂gω̃g;tjg¼0
, ut ∈ ðMtÞsa�;0.

Family-selected sensitivity FBKMðg⋆Þ ≔ γBKMρ⋆ ðρ̇⋆; ρ̇⋆Þ, IJðg⋆Þ ¼ 8FBKMðg⋆Þ. FA
BKMðtÞ ≔ γBKMωt

ðut; utÞ, IAðtÞ ¼ 2FA
BKMðtÞ.
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state family and uses Jt to pull the commutant restriction
back to the original local algebra Mt.
Let fϖggg∈ I be a C

2 family of normal states on BðHÞ,
where g is the state-deformation parameter. For each
localization region Ot, define the local restriction

ωg;t ≔ ϖg↾Mt
: ð114Þ

Next introduce the canonical linear unital �-anti-isomor-
phism

jt∶ Mt → M0
t; jtðAÞ ≔ JtA�Jt: ð115Þ

The modularly pulled-back partner of ωg;t is then

ω̃g;t ≔ ðϖg↾M0
t
Þ ∘ jt; ð116Þ

that is,

ω̃g;tðAÞ ¼ ϖgðJtA�JtÞ; A∈Mt: ð117Þ

Thus, both ωg;t and ω̃g;t are states on the same local
algebra Mt. This is the local type III replacement for
comparing two density matrices on a single type I algebra.
In the wedge case Ot ¼ Wt, wedge duality identifies

M0
t ¼ AðWtÞ0 ¼ AðW0

tÞ; ð118Þ

where W0
t denotes the causal complement, equivalently the

opposite wedge. In that case, ω̃g;t may be viewed as the
restriction of the same ambient state to the opposite-wedge
algebra, pulled back to AðWtÞ by the modular anti-
isomorphism jtðAÞ ¼ JtA�Jt. For other localization
regions, such as the chiral half-lines used below, the
definition remains ω̃g;t ≔ ðϖg↾M0

t
Þ ∘ jt, without requiring

a separate wedge-duality interpretation.
We use the Hilbert-space convention that h·; ·i is anti-

linear in the first argument and linear in the second. Thus,
for an antiunitary involution J, we obtain

hJξ; Jηi ¼ hη; ξi: ð119Þ

Consequently, for any bounded operator A and any vector
ξ, we obtain

hξ; JA�Jξi ¼ hA�Jξ; Jξi ¼ hJξ; AJξi: ð120Þ

In particular, if the ambient state is represented by a vector
ξg, so that

ϖgðBÞ ¼ hξg; Bξgi; B∈BðHÞ; ð121Þ

then the modularly pulled-back state is the vector state on
Mt implemented by Jtξg, as follows:

ω̃g;tðAÞ¼ hξg;JtA�Jtξgi¼ hJtξg;AJtξgi; A∈Mt: ð122Þ

The parameter g deforms the ambient state family, while
the geometric parameter t deforms the localization region
and hence the algebra Mt together with its modular
conjugation Jt. The local modular self-duality condition
is the fixed-point relation

ω0;t ¼ ω̃0;t: ð123Þ

Equivalently,

ϖ0ðAÞ ¼ ϖ0ðJtA�JtÞ; A∈Mt: ð124Þ

At such a point, the local restriction of the ambient state
coincides with the modular pullback of its commutant
restriction. This is the local type III analog of the finite-
dimensional fixed-point condition ρ ¼ JρJ. The self-dual
locus is indexed by the geometric parameter t.
In standard form, each faithful normal state has a unique

natural-cone representative, and the natural cone is fixed
pointwise by the standard-form modular conjugation; see
Eq. (A2). The comparison used here keeps the vacuum
standard pair ðMt;ΩÞ, its modular conjugation Jt, and the
actual ambient preparation ϖg fixed. Self-duality is there-
fore a relational condition on the region and commutant
data of that ambient state. The nontrivial response is the
reflected-difference tangent obtained from this fixed pair-
ing, rather than the availability of a canonical representative
for the local restriction alone.
To compare the two local states at fixed t, we use the

Araki relative entropy on the local algebra Mt, with the
convention fixed in Appendix A. Thus,

SMt
ðωg;tkω̃g;tÞ ¼ −hξωg;t

; logΔω̃g;tjωg;t
ξωg;t

i; ð125Þ

where ξωg;t
is the natural-cone representative of ωg;t. This is

the intrinsic local substitute for the finite-dimensional
Umegaki expression.
We define the symmetrized local comparison functional

by

Sðg; tÞ ≔ SMt
ðωg;tkω̃g;tÞ þ SMt

ðω̃g;tkωg;tÞ: ð126Þ

By construction, Sðg; tÞ ≥ 0. At a modular self-dual point,
we write

ω0;t ¼ ω̃0;t ≕ωt: ð127Þ
Therefore,

Sð0; tÞ ¼ 0: ð128Þ
Thus, g ¼ 0 is a local minimum of the symmetrized Araki
comparison functional. Whenever g ↦ Sðg; tÞ is differ-
entiable at g ¼ 0, one has
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∂gSðg; tÞjg¼0
¼ 0: ð129Þ

We now make explicit the regularity assumption needed
to identify the quadratic coefficient with the local BKM
form. Fix t. Let ðMtÞ� denote the predual ofMt, and define

ðMtÞsa�;0 ≔ fν∈ ðMtÞsa� ∶ νð1Þ ¼ 0g: ð130Þ

Every C1 curve of normal states through ωt has tangent in
this real Banach space. More explicitly, if ηg is such a curve
with η0 ¼ ωt, then

∂gηgjg¼0
∈ ðMtÞsa�;0: ð131Þ

We do not assume, however, that every element of ðMtÞsa�;0
is an entropy-admissible tangent direction. Instead, we
restrict attention to directions realized by curves for which
Araki relative entropy has a second-order expansion at the
diagonal.
We assume that the paired local curves

g ↦ ωg;t; g ↦ ω̃g;t; ð132Þ
are C2 as maps into ðMtÞ�, take values in faithful normal
states for jgj sufficiently small, and satisfy

ω0;t ¼ ω̃0;t ¼ ωt: ð133Þ

We further assume that, on the entropy-admissible tangent
directions generated by the curves considered here, Araki
relative entropy is twice differentiable at the diagonal and
defines a positive symmetric bilinear form

γBKMωt
ð·; ·Þ: ð134Þ

Equivalently, for any admissible C2 curves

a ↦ φa; b ↦ ψb; ð135Þ

of faithful normal states on Mt, with

φ0 ¼ ωt; ð136Þ

ψ0 ¼ ωt; ð137Þ

∂aφaja¼0 ¼ u; ð138Þ

∂bψbjb¼0 ¼ v; ð139Þ

one has the diagonal expansion

SMt
ðφakψbÞ ¼

1

2
γBKMωt

ðau − bv; au − bvÞ þ oða2 þ b2Þ:
ð140Þ

Equivalently, the mixed Hessian is

γBKMωt
ðu; vÞ ≔ −

∂
2

∂a∂b
SMt

ðφakψbÞj
a¼b¼0

: ð141Þ

The bilinear form is assumed to be independent of the
admissible curves used to realize the tangents. This is the
local type III Bogoliubov-Kubo-Mori bilinear form at ωt,
understood in the sense of operator-algebraic information
geometry and quasientropy theory [5,7,37].
Under this hypothesis, we define the two tangents:

uð1Þt ≔ ∂gωg;tjg¼0
; ð142Þ

uð2Þt ≔ ∂gω̃g;tjg¼0
: ð143Þ

The reflected-difference tangent is

ut ≔ uð1Þt − uð2Þt ∈ ðMtÞsa�;0: ð144Þ

Applying the second-order expansion to

φg ¼ ωg;t; ð145Þ

ψg ¼ ω̃g;t; ð146Þ

gives

SMt
ðωg;tkω̃g;tÞ ¼

1

2
γBKMωt

ðut; utÞg2 þ oðg2Þ: ð147Þ

Exchanging the two arguments gives

SMt
ðω̃g;tkωg;tÞ ¼

1

2
γBKMωt

ðut; utÞg2 þ oðg2Þ: ð148Þ

Therefore, the symmetrized local comparison functional
satisfies

Sðg; tÞ ¼ γBKMωt
ðut; utÞg2 þ oðg2Þ: ð149Þ

Consequently, the local modular Hessian

IAðtÞ ≔ ∂
2
gSðg; tÞjg¼0

ð150Þ

is

IAðtÞ ¼ 2γBKMωt
ðut; utÞ: ð151Þ

It is useful to define the local BKM Fisher-information
scalar of the modularly paired family by

FA
BKMðtÞ ≔ γBKMωt

ðut; utÞ: ð152Þ

With this convention,
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IAðtÞ ¼ 2FA
BKMðtÞ: ð153Þ

Here γBKMωt
ðu; vÞ is the local BKM bilinear form, whereas

FA
BKMðtÞ is the scalar obtained by evaluating that bilinear

form on the particular tangent selected by the modularly
paired one-parameter family. This convention differs from
the finite-dimensional formula IJ ¼ 8FBKM only because
the finite-dimensional FBKM there is defined using the
single tangent ρ̇⋆, while the symmetrized reflected com-
parison uses the tangent difference 2ρ̇⋆.
Operationally, IAðtÞ is the local second-order distin-

guishability susceptibility of the ambient deformation
g ↦ ϖg against its modularly paired deformation at locali-
zation Ot. It is not a state function of ϖg alone: it depends
on the chosen reference standard pair ðMt;ΩÞ, hence on the
modular conjugation associated with the region. This
dependence is part of the construction. The quantity
IAðtÞ measures the BKM norm of the reflected-difference
tangent

ut ¼ ∂gωg;tjg¼0
− ∂gω̃g;tjg¼0

: ð154Þ

Only in the special case where the partner tangent equals
the negative of the original tangent does this become
literally the odd component of the state deformation.
In the coherent-state examples below, the tangent dif-
ference is represented by the reflected difference pro-
file δth ¼ h − ϑth.
This is the direct type III counterpart of the type I

statement that the Hessian of the symmetrized relative
entropy is governed by the BKM metric; the numerical
factor depends on whether the Fisher information is defined
using a single tangent or the reflected tangent difference.
For the operator-algebraic information geometry of faithful
normal states on a von Neumann algebra, including the
noncommutative divergence structure whose second-order
term yields the Kubo-Mori or Bogoliubov-Kubo-Mori
geometry, see Ref. [7]. For the quasientropy framework
on von Neumann algebras and its relation to Araki relative
entropy, see Ref. [5]. In the present setting, the bilinear
form γBKMωt

ðu; vÞ is the local type III BKMmetric at the self-
dual state ωt, while FA

BKMðtÞ is the scalar obtained by
evaluating that metric on the tangent difference ut selected
by the modularly paired family. Thus, FA

BKMðtÞ is the
appropriate family-dependent BKM susceptibility associ-
ated with the modularly paired local deformation, and
IAðtÞ ¼ 2FA

BKMðtÞ is the corresponding Hessian relation
generated by the symmetrized Araki relative entropy.
A useful special case occurs when the modularly paired

family is locally odd at the fixed point, in the sense that

∂gω̃g;tjg¼0
¼ −∂gωg;tjg¼0

: ð155Þ

Then,

ut ¼ 2∂gωg;tjg¼0
; ð156Þ

and Eq. (151) reduces to

IAðtÞ ¼ 8γBKMωt
ð∂gωg;tjg¼0

; ∂gωg;tjg¼0
Þ: ð157Þ

In this odd-pairing case, the local type III formula is exactly
parallel to the type I reflected formula IJ ¼ 8FBKM. In the
explicit coherent-state models below, the more general
difference-tangent formula (151) is the relevant one, with
the reflected difference profile playing the role of ut.
The local susceptibility IAðtÞ depends both on the

ambient state family and on the localization geometry
through the local algebra Mt and its modular conjugation
Jt. The comparison problem is therefore naturally organ-
ized as a two-parameter surface,

ðg; tÞ⟼ Sðg; tÞ; ð158Þ

where g measures departure from modular self-duality in
state space and t labels the localization geometry.
Equivalently, t indexes a family of local faithful state
manifolds, self-dual base points ωt, and BKM bilinear
forms γBKMωt

. In the coherent-state models studied below,
Sðg; tÞ is exactly quadratic in g, so the coefficients
computed there are exact evaluations of the local BKM
Fisher information FA

BKMðtÞ.

V. WEDGE COHERENT STATES AS AN EXACT
TYPE III MODEL

We now present a concrete free-field realization of the
local type III BKM-Araki fixed-point formalism introduced
in Sec. IV. The conventions are those fixed in the
Appendixes. The underlying coherent-state relative-
entropy formulas are known from Refs. [11,14]. For the
coherent family ωgh, the modular pullback maps the profile
h to ϑth. The comparison therefore depends only on the
reflected difference profile δth ¼ h − ϑth, and the known
wedge entropy formula evaluates the corresponding local
BKM coefficient exactly. In this sense, the wedge model
furnishes an exact local-algebraic realization of the type III
modular self-duality formalism.
We begin with the standard right wedge

W ≔ fx∈R1;d−1∶ x1 > jx0jg; ð159Þ

and denote by

AðWÞ ⊂ BðHÞ ð160Þ

the corresponding represented local von Neumann algebra
in the vacuum representation. More generally, we write
AðWtÞ for the represented algebra of a wedge Wt in the
family under consideration. For the class of wedges used
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here, the vacuum vector Ω is cyclic and separating, so each
pair

ðAðWtÞ;ΩÞ ð161Þ

is standard.
In the undeformed case W ¼ W0, let U denote the

vacuum unitary representation of the proper orthochronous
Poincaré group, and let ΛWðχÞ denote the one-parameter
Lorentz boost preserving the right wedge W. We use the
rapidity convention

ðΛWðχÞxÞ0 ¼ x0 cosh χ þ x1 sinh χ;

ðΛWðχÞxÞ1 ¼ x1 cosh χ þ x0 sinh χ;

ðΛWðχÞxÞ⊥ ¼ x⊥: ð162Þ

With this convention, the Bisognano-Wichmann theorem
identifies the modular group of the vacuum standard pair
ðAðWÞ;ΩÞ with the wedge-preserving boosts [17,18], as
follows:

Δis
W ¼ UðΛWð−2πsÞÞ; s∈R: ð163Þ

Equivalently, the modular automorphism group acts geo-
metrically on wedge-localized observables A∈AðWÞ by

σΩs ðAÞ ¼ Δis
WAΔ−is

W ¼ UðΛWð−2πsÞÞAUðΛWð−2πsÞÞ−1:
ð164Þ

The same theorem identifies the modular conjugation JW
with the antiunitary operator implementing the correspond-
ing wedge reflection.
More generally, for each wedge Wt in the translated

family, we write Jt for the vacuum modular conjugation of
the standard pair ðAðWtÞ;ΩÞ. On Weyl operators, Jt
induces a real Weyl-label involution ϑt, characterized by

JtWðfÞJt ¼ WðϑtfÞ; ϑ2t ¼ 1: ð165Þ

The explicit form of ϑt depends on the Weyl-label con-
vention and will be fixed below. These modular-theoretic
ingredients underlie the coherent-state formulas used in this
section.
For the free scalar field, Sec. III A fixes the Weyl

operators in terms of the smeared field ΦðfÞ. For
f∈C∞

0 ðM;RÞ, we write

WðfÞ ≔ eiΦðfÞ; Ωf ≔ WðfÞΩ; ð166Þ

and denote by

ωfðBÞ ≔ hΩf; BΩfi; B∈BðHÞ; ð167Þ

the corresponding coherent state. Its restriction to a local
algebra AðWtÞ is again denoted by ωf. Since conjugation
byWðfÞ acts on local Weyl operators by a phase and hence
preserves each local von Neumann algebra, ωfjAðWtÞ is
obtained from the vacuum state by a local automorphism.
Because the vacuum state is faithful onAðWtÞ, the coherent
restriction is also faithful. It is normal in the vacuum
representation, so the relative modular objects of
Appendix A are well defined.
For coherent states, the Araki relative entropy satisfies

the difference identity [14]

SAðWtÞðωfkωgÞ ¼ SAðWtÞðωf−gkω0Þ; ð168Þ

and, in particular,

SAðWtÞðωfkω0Þ ¼ SAðWtÞðω0kωfÞ: ð169Þ

Thus, the comparison of two coherent states reduces to the
comparison of a single coherent excitation with the
vacuum.
For the undeformed wedge W, the relative entropy

admits an exact boost-energy formula. Let

P ≔ □þm2; E ≔ Eret − Eadv; ð170Þ

and let

Ψf ≔ Ef ð171Þ

be the classical Klein-Gordon solution generated by f, so
that

ð□þm2ÞΨf ¼ 0: ð172Þ

For the wedge entropy formula, one introduces the left- and
right-wedge components of the excitation determined by f.
We write this schematically as

f ¼ fL þ fR; suppfL ⊂W0; suppfR ⊂W; ð173Þ

where W0 is the causal complement of W. fR denotes the
right-wedge component of the associated one-particle
vector, equivalently of the Cauchy data of the classical
solution Ef. Also, this notation is not meant as a literal
decomposition of an arbitrary test function f∈C∞

0 ðMÞ
inside C∞

0 ðMÞ. Rather, it is the standard coherent-state
wedge decomposition at the level of the associated one-
particle vector, equivalently of the Cauchy data of the
classical solution Ψf on the surface x0 ¼ 0. In this sense,
the wedge algebra is sensitive only to the right-wedge
component, and the relative entropy depends only on fR.
Let H1 denote the one-particle Hilbert space of the free

scalar field, and let U1 be the corresponding one-particle
representation of the Poincaré group. The boost subgroup
preserving the right wedge acts on H1 by a strongly
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continuous one-parameter unitary group. With the boost
convention fixed above, we define its self-adjoint generator
k1 by

U1ðΛWðχÞÞ ¼ expðiχk1Þ: ð174Þ
The induced Fock-space representation is the second
quantization of the one-particle representation,

UðΛWðχÞÞ ¼ ΓðU1ðΛWðχÞÞÞ; ð175Þ

and therefore

UðΛWðχÞÞ ¼ expðiχK1Þ; K1 ¼ dΓðk1Þ: ð176Þ

Here, dΓðk1Þ denotes the usual second quantization of the
one-particle generator [38]. Thus, k1 is the one-particle
boost generator, whereas K1 is the corresponding boost
generator on the symmetric Fock space. With Eqs. (163)
and (176), one has

Δis
W ¼ expð−2πisK1Þ; ð177Þ

or equivalently,

− logΔW ¼ 2πK1: ð178Þ

With this convention, the wedge relative entropy of a
coherent excitation is [11,14]

SAðWÞðωfkω0Þ ¼ 2πhfR; k1fRi: ð179Þ

This identity is understood as a quadratic-form identity on
the form domain of the one-particle boost generator.
Equivalently, since − logΔW ¼ 2πK1, it is the coherent-
state expectation of the wedge modular Hamiltonian, with
the vacuum contribution subtracted. The quantity
hfR; k1fRi is the corresponding one-particle boost-energy
quadratic form.
The relation between Eq. (179) and the stress-tensor

expression is the standard identification of the one-particle
boost quadratic form with the classical Noether charge for
the Lorentz boost preserving the right wedge. Let

ξW ≔ x1∂0 þ x0∂1 ð180Þ

be the boost Killing vector field associated with W. For a
classical Klein-Gordon solution Ψ, define the correspond-
ing boost charge on the wedge Cauchy surface by

QξW ½Ψ� ≔
Z
x0¼0;x1>0

dΣμTμ
ν½Ψ�ξνW: ð181Þ

For the classical solution ΨfR associated with the right-
wedge one-particle vector fR, the normalization used in
Eq. (179) is

hfR; k1fRi ¼ QξW ½ΨfR �: ð182Þ

Thus the term “boost energy” refers to the classical Noether
charge whose one-particle quantization gives the quadratic
form of k1.
On the hypersurface x0 ¼ 0, the future-directed surface

element is

dΣμ ¼ ð1; 0;…; 0Þdd−1x; ð183Þ

and the boost Killing vector restricts to

ξW jx0¼0 ¼ x1∂0: ð184Þ

Therefore,

Tμ
ν½Ψ�ξνWdΣμ ¼ T0

0½Ψ�x1dd−1x ¼ x1T00½Ψ�dd−1x; ð185Þ

where in the last equality, we used the mostly-minus metric
convention. Consequently,

hfR; k1fRi ¼
Z
x1>0

dd−1xx1T00½ΨfR �ð0;xÞ: ð186Þ

Since the wedge relative entropy depends only on the right-
wedge component of the excitation, one may write the
resulting classical solution simply as Ψf, with the under-
standing that only its right-wedge component contributes.
Substituting Eq. (186) into Eq. (179) gives

SAðWÞðωfkω0Þ ¼ 2π

Z
x1>0

dd−1xx1T00½Ψf�ð0;xÞ: ð187Þ

Here,

Tμν½Ψf� ¼ ∂μΨf∂νΨf −
1

2
ημνð∂αΨf∂αΨf −m2Ψ2

fÞ ð188Þ

is the classical Klein-Gordon stress tensor. In particular, for
the mostly-minus metric convention,

T00½Ψf� ¼
1

2
ðð∂0ΨfÞ2 þ j∇Ψfj2 þm2Ψ2

fÞ; ð189Þ

which yields the expanded form used below. In particular,

SAðWÞðωfkω0Þ ¼ 2π

Z
x1>0

dd−1xx1

×
1

2
ðð∂0ΨfÞ2 þ j∇Ψfj2 þm2Ψ2

fÞjx0¼0:

ð190Þ

By covariance, the analogous formula holds for any wedge
Wt in the family, with the corresponding modular boost
generator and wedge-adapted Cauchy slice.
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We now specialize the modular self-duality construction
of Sec. IV to coherent states. Fix h∈C∞

0 ðM;RÞ and define
the ambient coherent-state family on BðHÞ by

ϖg ≔ ωgh: ð191Þ

For each wedge Wt, its restriction to the local algebra is

ωg;t ≔ ϖg↾AðWtÞ ¼ ωgh↾AðWtÞ: ð192Þ

In accordance with Sec. IV, the local partner is defined by
modular pullback of the commutant restriction,

ω̃g;t ≔ ðϖg↾AðWtÞ0 Þ ∘ jt; jtðAÞ ≔ JtA�Jt: ð193Þ

Thus, for A∈AðWtÞ, we obtain

ω̃g;tðAÞ ¼ ϖgðJtA�JtÞ ¼ hΩgh; JtA�JtΩghi: ð194Þ

Using the antiunitary identity (120), this becomes

ω̃g;tðAÞ ¼ hJtΩgh; AJtΩghi: ð195Þ

Using JtΩ ¼ Ω, JtWðfÞJt ¼ WðϑtfÞ, and g∈R, one
obtains

JtΩgh ¼ JtWðghÞΩ ¼ ðJtWðghÞJtÞJtΩ
¼ WðgϑthÞΩ ¼ Ωgϑth: ð196Þ

Therefore,

ω̃g;tðAÞ¼hΩgϑth;AΩgϑthi¼ωgϑthðAÞ; A∈AðWtÞ: ð197Þ

So the modularly pulled-back partner is again a coherent
state on the same local algebra, now with profile ϑth. At
g ¼ 0, the two local states coincide, as follows:

ω0;t ¼ ω̃0;t ¼ ω0↾AðWtÞ: ð198Þ

Thus, g ¼ 0 is the modular self-dual locus.
We introduce the t-dependent reflected difference profile

δth ≔ h − ϑth: ð199Þ

To connect with the general type III BKM formalism, we
define for each f∈C∞

0 ðM;RÞ the tangent functional

νf;tðAÞ ≔ ∂gωgfðAÞjg¼0
; A∈AðWtÞ: ð200Þ

Equivalently,

ωgfðAÞ ¼ hWðgfÞΩ; AWðgfÞΩi: ð201Þ

Since Ω lies in the domain of the smeared field ΦðfÞ, the
vector curve g ↦ WðgfÞΩ is norm differentiable at g ¼ 0,

with

d
dg

WðgfÞΩj
g¼0

¼ iΦðfÞΩ: ð202Þ

Therefore, the derivative of the vector state is

νf;tðAÞ ¼
d
dg

hWðgfÞΩ; AWðgfÞΩij
g¼0

¼ hiΦðfÞΩ; AΩi þ hΩ; AiΦðfÞΩi: ð203Þ

Using the convention that the Hilbert-space inner product is
antilinear in the first argument and using the symmetry of
ΦðfÞ, this becomes

νf;tðAÞ ¼ ihΩ; ½A;ΦðfÞ�Ωi: ð204Þ

The last expression is understood as the normal functional
obtained from the differentiable coherent-state curve.
Equivalently, the commutator formula may first be read
on the usual finite-particle core, or on bounded Weyl-
polynomial observables, and then extended by normality.
In particular, the tangent difference selected by the

modularly paired family is

utðAÞ ≔ ∂gωg;tðAÞjg¼0
− ∂gω̃g;tðAÞjg¼0

¼ νh;tðAÞ − νϑth;tðAÞ ¼ νδth;tðAÞ: ð205Þ

Thus the local type III BKM tangent is generated exactly by
the reflected difference profile δth. In general, ϑth ≠ −h, so
the relevant formula is the general difference-tangent
relation of Sec. IV rather than the locally odd special case.
The coherent-state identities above now give

SAðWtÞðωg;tkω̃g;tÞ ¼ SAðWtÞðωgδthkω0Þ: ð206Þ

By homogeneity of the coherent-state entropy,

SAðWtÞðωgδthkω0Þ ¼ g2SAðWtÞðωδthkω0Þ; ð207Þ

and the same expression is obtained after exchanging the
two arguments. Therefore, the symmetrized local compari-
son functional becomes

Sðg; tÞ ¼ 2g2SAðWtÞðωδthkω0Þ: ð208Þ

Comparing Eq. (208) with the general fixed-point
expansion

Sðg; tÞ ¼ FA
BKMðtÞg2 þ oðg2Þ; FA

BKMðtÞ≔ γBKMωt
ðut; utÞ;

ð209Þ

where ωt ¼ ω0;t, we obtain the exact identification
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FA
BKMðtÞ ¼ 2SAðWtÞðωδthkω0Þ: ð210Þ

Accordingly, the local Araki Hessian is

IAðtÞ ≔ ∂
2
gSðg; tÞjg¼0 ¼ 2FA

BKMðtÞ ¼ 4SAðWtÞðωδthkω0Þ:
ð211Þ

Thus, in the modularly defined coherent-state model, the
coefficient computed from the symmetrized Araki entropy
is exactly the local BKM Fisher information of the
reflected-difference tangent, and the Hessian is twice that
Fisher information.
For the undeformed wedge W ¼ W0, substitution of the

boost-energy formula gives

FA
BKMð0Þ ¼ 4πhðδ0hÞR; k1ðδ0hÞRi; ð212Þ

where ðδ0hÞR denotes the right-wedge component of
δ0h ¼ h − ϑ0h. Equivalently,

FA
BKMð0Þ ¼ 4π

Z
x1>0

dd−1xx1T00½Ψδ0h�ð0;xÞ; ð213Þ

or, after expanding T00, we have

FA
BKMð0Þ¼2π

Z
x1>0

dd−1xx1

×ðð∂0Ψδ0hÞ2þj∇Ψδ0hj2þm2Ψ2
δ0h

Þjx0¼0; ð214Þ

with

Ψδ0h ≔ Eðδ0hÞ: ð215Þ

Hence,

IAð0Þ ¼ 2FA
BKMð0Þ ¼ 8πhðδ0hÞR; k1ðδ0hÞRi ð216Þ

and

IAð0Þ ¼ 8π

Z
x1>0

dd−1xx1T00½Ψδ0h�ð0;xÞ: ð217Þ

Thus, both the local BKM Fisher information and the local
Hessian are governed by positive boost-energy forms of the
reflected difference profile.
To analyze the geometric dependence of these quantities,

we now restrict the localization parameter t to the one-
parameter family of wedges obtained by null translations of
the right wedge, as follows:

Wt ≔ W þ tv; v ≔ ð1; 1; 0;…; 0Þ: ð218Þ

Thus, the edge of the wedge is translated along the null
direction v. Let

Σt ≔ Wt ∩ fx0 ¼ tg ð219Þ

denote the spatial section of the translated wedge on the
Cauchy surface x0 ¼ t. In coordinates,

Σt ¼ fðt;xÞ∶x1 > tg: ð220Þ

For this family,

Jt ¼ UðtvÞJWUð−tvÞ; ð221Þ

and the corresponding involution on Weyl labels is

ϑt ¼ τtv ∘ ϑ0 ∘ τ−tv; ð222Þ

where τtv denotes spacetime translation by tv. Here, τa acts
on test functions by

ðτafÞðxÞ ≔ fðx − aÞ: ð223Þ

Equivalently, if

r0ðx0; x1;x⊥Þ ¼ ð−x0;−x1;x⊥Þ ð224Þ

denotes the geometric wedge reflection associated with W,
then the translated geometric reflection is

rtðxÞ ¼ tvþ r0ðx − tvÞ ð225Þ

or

rtðx0; x1;x⊥Þ ¼ ð2t − x0; 2t − x1;x⊥Þ: ð226Þ

It satisfies r2t ¼ id.
It is important to distinguish the geometric action on the

scalar field from the induced action on Weyl labels. For the
real scalar field, there is no additional internal sign in the
geometric field transformation:

JtΦðfÞJt ¼ Φðf ∘ r−1t Þ: ð227Þ

However, Jt is antiunitary, while the Weyl operators are
defined by

WðfÞ ¼ eiΦðfÞ: ð228Þ

Therefore,

JtWðfÞJt ¼ JteiΦðfÞJt ¼ e−iJtΦðfÞJt

¼ e−iΦðf ∘ r−1t Þ ¼ Wð−f ∘ r−1t Þ: ð229Þ

Thus, the involution ϑt appearing in JtWðfÞJt ¼ WðϑtfÞ is
the Weyl-label involution

ðϑthÞðxÞ ≔ −hðr−1t xÞ ¼ −hðrtxÞ; ð230Þ
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where the last equality uses r2t ¼ id. The minus sign is not
an internal sign of the real scalar field; it is the sign forced
on the Weyl label by the antiunitarity of Jt. Hence,
the reflected difference profile entering the local suscep-
tibility is

δthðxÞ ≔ hðxÞ − ðϑthÞðxÞ ¼ hðxÞ þ hðrtxÞ: ð231Þ

By covariance of the coherent-state entropy formula, one
has for each fixed t, the following expression

SAðWtÞðωfkω0Þ¼ 2π

Z
Σt

dd−1xðx1− tÞT00½Ψf�ðt;xÞ: ð232Þ

Applying this with f ¼ δth yields

FA
BKMðtÞ ¼ 4π

Z
Σt

dd−1xðx1 − tÞT00½Ψδth�ðt;xÞ; ð233Þ

or equivalently

FA
BKMðtÞ¼2π

Z
x1>t

dd−1xðx1− tÞ

×ðð∂0ΨδthÞ2þj∇Ψδthj2þm2Ψ2
δth
Þjx0¼t: ð234Þ

Therefore,

IAðtÞ ¼ 2FA
BKMðtÞ ¼ 8π

Z
Σt

dd−1xðx1 − tÞT00½Ψδth�ðt;xÞ;

ð235Þ

or equivalently,

IAðtÞ ¼ 4π

Z
x1>t

dd−1xðx1 − tÞ

× ðð∂0ΨδthÞ2 þ j∇Ψδthj2 þm2Ψ2
δth
Þjx0¼t: ð236Þ

This is the precise local type III BKM–Araki coefficient
selected by the modular construction. The dependence on t
enters simultaneously through the translated wedge algebra
AðWtÞ and through the reflected profile ϑth appearing in
δth. The geometric dependence is therefore encoded in the
boost energy of the t-dependent reflected difference profile.
Taken together, these formulas furnish the wedge realiza-
tion of the local type III fixed-point formalism.

VI. THE CHIRAL Uð1Þ CURRENT AS AN EXACT
TYPE III MODEL

We next consider the chiral Uð1Þ current, a standard
exactly solvable chiral conformal quantum field theory on
the light ray. It may be viewed as the left- or right-moving
current sector of the two-dimensional massless free boson.
In light-cone coordinates, one retains a single null

coordinate, denoted here by x, and works with a
Hermitian current field jðxÞ. Formally, this current is the
derivative of a chiral scalar field,

jðxÞ ¼ ∂xϕðxÞ: ð237Þ

Thus, only one chiral sector is retained; there are no
independent left- and right-moving degrees of freedom
within the reduced model.
The local observables are generated by smeared currents

JðfÞ ≔
Z
R
jðxÞfðxÞdx; f∈C∞

c ðR;RÞ: ð238Þ

We use the symplectic convention

½JðfÞ; JðgÞ� ¼ 2iσðf; gÞ1; σðf; gÞ ¼
Z
R
fðxÞg0ðxÞdx;

ð239Þ

with the Weyl operators

WðfÞ ≔ eiJðfÞ;

WðfÞWðgÞ ¼ e−iσðf;gÞWðf þ gÞ;
WðfÞ� ¼ Wð−fÞ; ð240Þ

this is the CCR normalization used in the standard-sub-
space relative-entropy formulas below. For an interval or
half-line I ⊂ R, the local algebraAðIÞ is generated by those
WðfÞ with supp f ⊂ I.
The coherent states used below are obtained by Weyl

displacement of the vacuum. For h∈C∞
c ðR;RÞ, we define

ωhðBÞ ≔ hΩ;WðhÞ�BWðhÞΩi; B∈BðHÞ: ð241Þ

Formally, this displacement shifts the smeared current by

WðhÞ�JðfÞWðhÞ ¼ JðfÞ þ 2σðh; fÞ1

¼ JðfÞ − 2

Z
R
h0ðxÞfðxÞdx1; ð242Þ

where the last equality follows by integration by parts.
Thus, up to the normalization fixed by the Weyl convention
above, the Weyl label h determines a classical current
profile proportional to h0ðxÞ. This is why the half-line
relative-entropy formula below is naturally expressed as a
quadratic functional of h0.
The restriction of ωh to each local algebra is faithful and

normal. Indeed, by the Weyl relations,

WðhÞ�WðfÞWðhÞ ¼ e2iσðh;fÞWðfÞ; suppf ⊂ I; ð243Þ

so conjugation by WðhÞ preserves the local algebra AðIÞ.
Hence, ωhjAðIÞ is obtained from the faithful vacuum state
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by an automorphism of the local algebra. Since it is a vector
state in the vacuum representation, it is normal.
The vacuum representation of the chiral current is a

positive-energy representation of the translation-dilation
symmetry on the line. For half-lines, the vacuum modular
group acts geometrically, just as the Bisognano-Wichmann
modular group acts geometrically on wedge algebras in the
scalar-field example of Sec. V. This makes the chiral
current a useful complementary exact model: the same
local type III BKM-Araki fixed-point construction appears,
but the final sensitivity coefficient is a closed one-dimen-
sional half-line functional rather than a spacetime boost-
energy integral.
We now recall the operator-algebraic realization of this

model, following the standard-subspace formulation of
Refs. [14,16]. In the vacuum representation, the one-
particle standard subspaces associated with the half-lines
ð−∞; tÞ are

LUð1Þ
t ≔ C∞

c ðð−∞; tÞ;RÞ; ð244Þ

where the closure is taken in the one-particle Hilbert space.
Their second quantization yields the represented local von
Neumann algebras

Aðð−∞; tÞÞ ⊂ BðHÞ; ð245Þ

acting on the vacuum Hilbert space H with vacuum vector
Ω. The modular flow acts geometrically on the standard

subspaces LUð1Þ
t , and hence on the half-line algebras. We

write Jt for the modular conjugation of the standard pair

ðAðð−∞; tÞÞ;ΩÞ: ð246Þ

For the vacuum half-line

It ≔ ð−∞; tÞ; ð247Þ

the modular conjugation is the geometric orientation
reversal of the light ray about the endpoint t. We write
this reflection as

rtðxÞ ≔ 2t − x; rtðItÞ ¼ ðt;∞Þ: ð248Þ

The chiral current is treated as a one-form under this
orientation reversal.
In the following formulas, Jt denotes the modular

conjugation, whereas JðfÞ denotes the smeared current.
With the symplectic convention fixed above, this means
that the current distribution transforms as

JtjðxÞJt ¼ −jðrtxÞ: ð249Þ

Consequently, for smeared currents,

JtJðfÞJt ¼ −Jðf ∘ rtÞ: ð250Þ

Since Jt is antiunitary, JtiJt ¼ −i. Therefore, the induced
action on Weyl operators is

JtWðfÞJt¼WðϑtfÞ; ðϑtfÞðxÞ≔ ðf∘rtÞðxÞ¼ fð2t−xÞ:
ð251Þ

This convention is orientation-sensitive: the map ϑt is
antisymplectic, as follows:

σðϑtf; ϑtgÞ ¼ −σðf; gÞ; ð252Þ

which is precisely compensated by the antiunitarity of Jt in
the Weyl relations. Thus, the vacuum reflected difference
profile is

δthðxÞ ≔ hðxÞ − ðϑthÞðxÞ ¼ hðxÞ − hð2t − xÞ; ð253Þ

and hence,

ðδthÞ0ðxÞ ¼ h0ðxÞ þ h0ð2t − xÞ: ð254Þ

In the standard-subspace literature, the quantity often
denoted S

LUð1Þ
t

ðh; hÞ is, in the present notation, the Araki
relative entropy

SAðð−∞;tÞÞðωhkω0Þ; ð255Þ

where ω0 is the vacuum state restricted to the half-line
algebra. The key simplification in this model is that this
quantity is explicitly computable [14,16], as follows:

SAðð−∞;tÞÞðωhkω0Þ ¼ 2π

Z
t

−∞
ðt − xÞ½h0ðxÞ�2dx: ð256Þ

Equivalently, this formula may be viewed as the coherent-
state increase of the vacuum modular Hamiltonian for the
half-line. In traditional CFT language, the vacuum modular
Hamiltonian for ð−∞; tÞ is the geometric generator

Kt ¼ 2π

Z
t

−∞
ðt − xÞTðxÞdx; ð257Þ

where TðxÞ is the chiral stress tensor. For the Uð1Þ current,
TðxÞ is the Sugawara energy density, quadratic in the
current, with the overall normalization chosen consistently
with the symplectic convention in Eq. (239) and the
relative-entropy formula (256). The coherent displacement
shifts the current by the classical profile proportional to
h0ðxÞ, and hence the relative entropy reduces to the positive
boundary-weighted quadratic form in Eq. (256).
We now implement the local type III construction of

Sec. IV. Fix h∈C∞
c ðR;RÞ and define the ambient coher-

ent-state family on BðHÞ by
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ϖg ≔ ωgh: ð258Þ

For each half-line ð−∞; tÞ, its restriction to the local
algebra is

ωg;t ≔ ϖg↾Aðð−∞;tÞÞ ¼ ωgh↾Aðð−∞;tÞÞ: ð259Þ

As in Sec. IV, the local partner is defined by modular
pullback of the commutant restriction,

ω̃g;t ≔ ðϖg↾Aðð−∞;tÞÞ0 Þ ∘ jt; jtðAÞ ≔ JtA�Jt: ð260Þ

Writing

Ωgh ≔ WðghÞΩ; ð261Þ

and using Eq. (120), we obtain

ω̃g;tðAÞ ¼ hJtΩgh; AJtΩghi; A∈Aðð−∞; tÞÞ: ð262Þ

Since JtΩ ¼ Ω and JtWðfÞJt ¼ WðϑtfÞ, we obtain

JtΩgh ¼ JtWðghÞΩ ¼ WðgϑthÞΩ ¼ Ωgϑth: ð263Þ

Hence, one has

ω̃g;t ¼ ωgϑth↾Aðð−∞;tÞÞ: ð264Þ

Thus, the modularly pulled-back partner is again a coherent
state on the same half-line algebra, now with reflected
profile ϑth.
At g ¼ 0, the two local states coincide, as follows:

ω0;t ¼ ω̃0;t ¼ ω0↾Aðð−∞;tÞÞ: ð265Þ

Thus, g ¼ 0 is the modular self-dual locus. We introduce
the reflected difference profile

δth ≔ h − ϑth: ð266Þ

To connect with the general type III BKM formalism, we
define for each f∈C∞

c ðR;RÞ the tangent functional

νf;tðAÞ ≔ ∂gωgfðAÞjg¼0
; A∈Aðð−∞; tÞÞ: ð267Þ

Then the tangent difference selected by the modularly
paired family is

utðAÞ ≔ ∂gωg;tðAÞjg¼0
− ∂gω̃g;tðAÞjg¼0

¼ νh;tðAÞ − νϑth;tðAÞ ¼ νδth;tðAÞ: ð268Þ

Thus, the local type III BKM tangent is generated exactly
by the reflected difference profile δth.
The coherent-state identities now reduce the local

comparison problem to a one-sided vacuum entropy. For

coherent states of the CCR net, we obtain

SAðð−∞;tÞÞðωfkωgÞ ¼ SAðð−∞;tÞÞðωf−gkω0Þ;
SAðð−∞;tÞÞðωfkω0Þ ¼ SAðð−∞;tÞÞðω0kωfÞ: ð269Þ

Therefore,

SAðð−∞;tÞÞðωg;tkω̃g;tÞ ¼ SAðð−∞;tÞÞðωgδthkω0Þ: ð270Þ

By homogeneity of the coherent-state relative entropy, we
have

SAðð−∞;tÞÞðωgδthkω0Þ ¼ g2SAðð−∞;tÞÞðωδthkω0Þ: ð271Þ

The same expression is obtained after exchanging the two
arguments. Consequently, the symmetrized local compari-
son functional becomes

Sðg; tÞ ¼ 2g2SAðð−∞;tÞÞðωδthkω0Þ: ð272Þ

Comparing Eq. (272) with the general fixed-point
expansion

Sðg; tÞ ¼ FA
BKMðtÞg2 þ oðg2Þ; FA

BKMðtÞ≔ γBKMωt
ðut; utÞ;

ð273Þ

where ωt ¼ ω0;t, yields the exact identification

FA
BKMðtÞ ¼ 2SAðð−∞;tÞÞðωδthkω0Þ: ð274Þ

Accordingly,

IAðtÞ ≔ ∂
2
gSðg; tÞjg¼0 ¼ 2FA

BKMðtÞ: ð275Þ

Thus, in the modularly defined chiral model, the coefficient
extracted from the symmetrized Araki entropy is exactly
the local BKM Fisher information of the reflected-differ-
ence tangent, and the Hessian is twice that Fisher
information.
Substituting the explicit reflection convention (254) into

the half-line entropy formula gives

FA
BKMðtÞ ¼ 4π

Z
t

−∞
ðt − xÞ½h0ðxÞ þ h0ð2t − xÞ�2dx: ð276Þ

Accordingly,

IAðtÞ ¼ 8π

Z
t

−∞
ðt − xÞ½h0ðxÞ þ h0ð2t − xÞ�2dx: ð277Þ

The vacuum chiralUð1Þ current therefore provides an exact
one-dimensional realization of the local BKM-Araki fixed-
point principle. The modular susceptibility is the positive
half-line quadratic form in Eq. (277), obtained from the
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reflected difference profile δthðxÞ ¼ hðxÞ − hð2t − xÞ and
its derivative ðδthÞ0ðxÞ ¼ h0ðxÞ þ h0ð2t − xÞ.
The thermal half-line extension is described in

Appendix B, where the reflected profile is defined by
the Borchers-Yngvason [39] standard-subspace modular
conjugation rather than by a pointwise light-ray reflection.

VII. MODULAR REFLECTION AND CANONICAL
ENERGY IN AdS/CFT

AdS/CFT relates a conformal field theory in d spacetime
dimensions to a gravitational theory in an asymptotically
AdSdþ1 spacetime [19–21]. The conformal field theory
is defined on the conformal boundary of the higher-
dimensional spacetime. A boundary state and a boundary
subregion determine a corresponding bulk region known as
the entanglement wedge. For a ball-shaped boundary
region in the conformal field theory vacuum, the modular
susceptibility is twice the canonical energy of the reflected-
difference bulk perturbation in the associated AdS-Rindler
wedge. For such a region, conformal symmetry makes the
modular flow of the vacuum state geometric. A conformal
transformation maps the causal development of the ball to a
hyperbolic cylinder, where the restricted vacuum is a
thermal state. The corresponding bulk region is an AdS-
Rindler wedge, and the modular flow is generated by an
AdS-Rindler Killing field that vanishes on the associated
extremal surface [24]. The canonical energy is the quadratic
energy of a linearized bulk perturbation associated with this
Killing flow. The Jafferis-Lewkowycz-Maldacena-Suh
(JLMS) relation and the holographic quantum Fisher
information construction identify the second variation of
boundary relative entropy with this bulk canonical energy
[25–27].
The canonical energy does not by itself determine which

bulk perturbation represents the modularly paired compari-
son studied here. The boundary modular conjugation does
not act internally on the ball algebra. It maps the ball
algebra to its commutant, after which the commutant
restriction is pulled back to the original algebra. When
bulk and boundary modular conjugations intertwine, the
corresponding bulk operation is the AdS-Rindler modular
reflection. The tangent selected by the boundary comparison
is therefore represented by the difference between a bulk
perturbation and its AdS-Rindler reflection. Equivalently, the
susceptibility depends only on the modular-odd part of the
bulk perturbation, which fixes the response direction on
which the canonical energy is evaluated.
In an exact complementary-recovery model for a linear

scalar field on a fixed AdS background, relative entropy is
preserved and the bulk and boundary modular conjugations
intertwine [32]. The modular partner is then exactly the
reflected bulk coherent state, and the symmetrized relative
entropy is exactly quadratic in the deformation parameter.
For coupled matter and metric perturbations, the corre-
sponding second-order semiclassical quadratic form is the

Hollands-Wald canonical energy of the reflected-difference
solution.

A. Holographic background for the ball construction

Anti–de Sitter space in dþ 1 dimensions, denoted by
AdSdþ1, is the maximally symmetric Lorentzian spacetime
with constant negative curvature. In Poincaré coordinates
ðz; xμÞ, where z > 0 and μ ¼ 0;…; d − 1, its metric is

ds2 ¼ L2
AdS

z2
ðημνdxμdxν − dz2Þ;

ημν ¼ diagð1;−1;…;−1Þ: ð278Þ

Here, LAdS is the AdS curvature radius and z is a spatial
coordinate. The limit z → 0 defines the conformal boun-
dary. Although the metric diverges there, the rescaled
metric z2ds2=L2

AdS has the finite boundary representative
ημνdxμdxν. Only its conformal class is intrinsic. The
isometry group of AdSdþ1 is locally SOð2; dÞ, which is
also the global conformal group of d-dimensional
Minkowski spacetime.
For a scalar bulk field ϕ, the near-boundary expansion in

standard quantization has the form

ϕðz;xÞ¼ zd−Δϕð0ÞðxÞþzΔϕðΔÞðxÞþ��� ; z→0; ð279Þ

with the usual logarithmic modifications at exceptional
values of Δ. The coefficient ϕð0Þ is the boundary source for
a scalar CFToperatorO of scaling dimensionΔ, while ϕðΔÞ
contains the normalizable response. The bulk mass and
boundary scaling dimension obey

m2L2
AdS ¼ ΔðΔ − dÞ: ð280Þ

The generating-functional relation is schematically

ZCFT½ϕð0Þ� ¼ Zbulk

�
lim
z→0

zΔ−dϕðz; xÞ ¼ ϕð0Þ

�
: ð281Þ

The semiclassical regime used here evaluates the bulk
functional perturbatively around a classical AdS solution.
A Euclidean boundary source may be present on the
contour that prepares the state. After that source is switched
off, the Lorentzian perturbations obey the normalizable
reflecting boundary condition ϕð0Þ ¼ 0. The preparation
source and the subsequent Lorentzian boundary condition
therefore play distinct roles.
Let B be a ball of radius RB, centered at xB on the

boundary time slice x0 ¼ 0, and let DðBÞ denote its causal
development. The correspondence also associates bulk
regions with boundary subregions. The bulk region asso-
ciated with B is its entanglement wedge. In the vacuum, a
constant-time bulk hypersurface is bounded by B and by
the Ryu-Takayanagi extremal surface χB, which is
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anchored on ∂B [22]. The Lorentzian entanglement wedge
is the domain of dependence of this hypersurface. Within
the semiclassical reconstruction sector, bulk observables in
the wedge can be represented by boundary observables
localized in B [23].
For the ball B in the CFT vacuum, the entanglement

wedge is an AdS-Rindler wedge. It is a coordinate patch of
pure AdS adapted to the modular flow of the ball. In
suitable coordinates,

ds2 ¼
�

ρ2

L2
AdS

− 1

�
dτ2 −

dρ2

ρ2

L2
AdS

− 1
− ρ2dH2

d−1; ð282Þ

where dH2
d−1 is the metric of unit (d − 1)-dimensional

hyperbolic space. The surface ρ ¼ LAdS is a Killing horizon
whose bifurcation surface is χB. The coordinate τ is the
bulk counterpart of the modular-flow parameter of the
boundary ball.
The Casini-Huerta-Myers conformal transformation

maps the causal development of the ball to a hyperbolic
cylinder [24]. Under this map, the vacuum restricted to the
ball becomes a thermal state, and the AdS-Rindler wedge
becomes the exterior of the massless hyperbolic black hole
described by Eq. (282).
We write x ¼ ðx0;xÞ for the boundary coordinates.

Repeated spatial indices i ¼ 1;…; d − 1 are summed,
∂μ ≔ ∂=∂xμ, and j · j denotes the Euclidean norm on a
constant-time slice. The modular flow of the vacuum state
restricted to B is generated by the conformal Killing field

ζB ¼ π

RB
½ðR2

B − ðx0Þ2 − jx − xBj2Þ∂0 − 2x0ðxi − xiBÞ∂i�:

ð283Þ

On the slice x0 ¼ 0, the nontrivial part of the modular
Hamiltonian of the vacuum state restricted to B is

KCFT
B ¼ 2π

Z
B
dd−1x

R2
B − jx − xBj2

2RB
T00ð0;xÞ ð284Þ

up to an additive scalar [24]. Here, T00 is the boundary CFT
energy density. In the hyperbolic-cylinder frame, the
vacuum state restricted to B is a KMS state with

βB ¼ 2πRB; TB ¼ 1

2πRB
: ð285Þ

The AdS-Rindler Killing field ξB extends ζB into the bulk
and vanishes on the bifurcation surface χB [24,25].
The bulk and boundary relative entropies are connected

by the JLMS relation [27]. At the semiclassical order under
consideration, it identifies the relative entropy of two
boundary states restricted to B with the relative entropy
of their bulk states restricted to the entanglement wedge.

The gravitational area contribution appears separately in
the modular Hamiltonian and in the holographic entropy
but cancels from their relative-entropy difference.
Consequently, the second variation of boundary relative
entropy can be calculated from the corresponding bulk
perturbations. For perturbations about the vacuum, this
bulk quadratic form is the canonical energy associated with
the AdS-Rindler Killing flow [25,26].
Consider a neutral linear scalar field on the fixed AdS

background. It is described by the same Weyl-algebra
construction used in Sec. III. Let

P ≔ □g þm2 ð286Þ

be its Klein-Gordon operator. Since the conformal boun-
dary of AdS is timelike, a boundary condition must be
specified in addition to the field equation. A normalizable
reflecting boundary condition compatible with the chosen
AdS vacuum is imposed, with a well-posed initial-boun-
dary-value problem.
The real symplectic space underlying the bulk Weyl

algebra is

Kbulk
R ≔ C∞

0 ðAdS;RÞ=PC∞
0 ðAdS;RÞ; ð287Þ

with the chosen AdS boundary condition understood. As in
Sec. III A, f denotes a real test function and [f] its class in
Kbulk

R . Since ΦðPkÞ ¼ 0 for every k∈C∞
0 ðAdS;RÞ, the test

functions f and f þ Pk define the same smeared quantum
field and the same Weyl operator,

WðfÞ ≔ eiΦðfÞ: ð288Þ

The brackets on [f] will be suppressed when no ambiguity
can arise. The notation also includes the admissible
vacuum-representation completion of Kbulk

R . Throughout,
labels in this completion are restricted to the finite domain
of the AdS-Rindler coherent-state relative-entropy form,
equivalently, after the identification below, of the canoni-
cal-energy form.
Let

E ≔ Eret − Eadv ð289Þ

be the causal propagator determined by the same boundary
condition. The test function f determines the real classical
solution,

Ψf ≔ Ef: ð290Þ

Because EPk ¼ 0, the solution depends only on [f]. The
test-function class [f] specifies the Weyl displacement,
while Ψf is the corresponding classical bulk perturbation.
The Klein-Gordon symplectic current and symplectic

form are
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ωA
KGðΨ1;Ψ2Þ ≔ Ψ1∇AΨ2 − Ψ2∇AΨ1 ð291Þ

and

σKGðΨ1;Ψ2Þ ≔
Z
Σ
dΣAω

A
KGðΨ1;Ψ2Þ: ð292Þ

The field equation and the reflecting boundary condition
make the integral independent of Σ.
For g∈R, the vector

Ωbulk
g;f ≔ WðgfÞΩbulk ð293Þ

is obtained by applying the Weyl operator to the bulk
vacuum and represents the field-theoretic counterpart of a
harmonic-oscillator coherent state. In the oscillator con-
struction jαi ¼ DðαÞj0i, the displacement operator DðαÞ
translates the oscillator phase-space variables. Here,WðgfÞ
plays the corresponding role for the bulk field. The Weyl
label gf corresponds to the classical solution Ψgf ¼ gΨf,
while its connected correlation functions of order 2 and
higher agree with those of the vacuum. The test-function
class [f] need not belong entirely to the real standard
subspace of the AdS-Rindler wedge or to its symplectic
complement.

B. The ball algebra and its exact modular partner

Let the boundary CFT be represented on its vacuum
Hilbert space HCFT, with vacuum vector Ω. The repre-
sented algebra associated with the causal development
DðBÞ is

MB ≔ ACFTðDðBÞÞ: ð294Þ

Under the standard assumptions of local quantum field
theory, the vacuum is cyclic and separating for MB [1,36].
Hence, ðMB;ΩÞ is standard, and its modular conjugation
JB satisfies

JBMBJB ¼ M0
B; JBΩ ¼ Ω: ð295Þ

The associated modular anti-isomorphism is

jBðAÞ ≔ JBA�JB; jB∶ MB → M0
B: ð296Þ

When Haag duality holds, M0
B is the algebra of the causal

complement of DðBÞ, understood on the conformal
compactification.
Let ψ ∈HCFT be a unit vector, and let ϖψ denote the

corresponding normal vector state on BðHCFTÞ, defined by

ϖψðXÞ ≔ hψ ; Xψi; X∈BðHCFTÞ:

Its restriction to the ball algebra is

ωψ ;BðAÞ ≔ ϖψðAÞ ¼ hψ ; Aψi; A∈MB: ð297Þ

Its modular partner is the pullback of the commutant
restriction,

ω̃ψ ;B ≔ ðϖψ jM0
B
Þ ∘ jB: ð298Þ

Antiunitarity of JB gives

ω̃ψ ;BðAÞ ¼ hψ ; JBA�JBψi ¼ hJBψ ; AJBψi: ð299Þ

Thus, the modular partner is the restriction to MB of the
vector state implemented by JBψ. For the vacuum,

ωΩ;B ¼ ω̃Ω;B≕ωB: ð300Þ

The geometric meaning of JB follows from conformal
modular covariance. Let CB map a Rindler wedge W to
DðBÞ, and let rW be the Bisognano-Wichmann wedge
reflection. Up to the theory-dependent CPT action on spin
and internal indices,

JB ¼ UðCBÞJWUðCBÞ�; rB ≔ CB ∘ rW ∘C−1
B : ð301Þ

The map rB sends DðBÞ to its causal complement. This
double-cone modular action was established explicitly for
the free massless scalar field in Ref. [40] and operator-
algebraically for conformal nets in Ref. [41].
Equation (299) also fixes the reflected source without a

separate pointwise prescription. Let η be a real Lorentzian
boundary source, and let Xη ¼ X�

η denote the correspond-
ing smeared boundary operator. For g∈R, the associated
unitary preparation of the boundary CFT vacuum Ω is

Ωg;η ¼ eigXηΩ: ð302Þ

The reflected source operator is defined by

XηJB ≔ −JBXηJB: ð303Þ

The minus sign follows from JBiJB ¼ −i, and

JBeigXηΩ ¼ eigXηJB Ω: ð304Þ

For a Euclidean preparation, the reflected source is
obtained by the corresponding contour reflection, complex
conjugation, and CPT action on the inserted operator.
Conformal weights, Jacobians, and spin matrices are
included by defining the reflected smeared operator
through Eq. (303).
If Ug ∈MB is unitary, then JBUgJB ∈M0

B and commutes
with every A∈MB. Consequently,

ω̃UgΩ;BðAÞ ¼ hΩ; AΩi; A∈MB: ð305Þ
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A unitary excitation localized entirely in the ball therefore
has the vacuum as its modular partner on MB. A non-
vacuum modular partner requires a preparation whose
restriction to M0

B differs from that of the vacuum.

C. AdS-Rindler representation of the
reflected-difference tangent

Let

N B ≔ AbulkðWBÞ ð306Þ

be the represented von Neumann algebra generated by the
linear bulk field in the AdS-Rindler wedge WB, acting on
Hbulk. The bulk vacuum Ωbulk is cyclic and separating for
N B, so ðN B;ΩbulkÞ is standard. We denote its modular
conjugation by JbulkB .
For the AdS-Rindler vacuum, the bulk modular con-

jugation implements a geometric wedge reflection. Let
Rbulk

B denote the AdS isometry induced by the boundary
reflection rB. It reverses the two normal directions to the
bifurcation surface and exchanges the wedge with its causal
complement,

Rbulk
B ðWBÞ ¼ W 0

B; ðRbulk
B Þ2 ¼ 1: ð307Þ

For a neutral scalar, the corresponding real-linear action on
classical solutions is

ðJ cl
BΨÞðXÞ ≔ ΨððRbulk

B Þ−1XÞ; ðJ cl
BÞ2 ¼ 1: ð308Þ

For fields with spin or internal quantum numbers, the
appropriate tensor, spin, and CPT actions are included
in J cl

B .
Let

V∶ Hbulk → HCFT; VΩbulk ¼ Ω; ð309Þ

be an isometry from the bulk reconstruction sector into the
boundary CFT Hilbert space. Assume thatN B is standardly
c-reconstructable from MB in the sense of Ref. [32].
Theorem 2 of that reference then implies preservation of
relative entropy for normal states in the reconstruction
sector and the bulk-boundary modular-intertwining relation

VJbulkB ¼ JBV: ð310Þ

These conclusions are exact in the complementary-recov-
ery model. Their extension to coupled matter and metric
perturbations, discussed in Sec. VII F, requires additional
assumptions at the retained semiclassical order.
The action of JbulkB on the Weyl algebra induces an

involution ϑB on Kbulk
R , as follows:

JbulkB WðfÞJbulkB ¼ WðϑBfÞ; ϑ2B ¼ 1: ð311Þ

As in the Minkowski-wedge construction of Sec. V, ϑB
includes the sign required by

JbulkB iJbulkB ¼ −i:

Let Rbulk
B� denote the pullback induced by Rbulk

B on scalar
functions. We use the same symbol for its action on test
functions and on classical solutions. For the Weyl con-
vention WðfÞ ¼ eiΦðfÞ, antiunitarity gives

ϑBf ¼ −Rbulk
B� f ð312Þ

for a CPT-even neutral scalar. Since Rbulk
B reverses time

orientation, it exchanges the retarded and advanced propa-
gators. Consequently,

ERbulk
B� ¼ −Rbulk

B� E: ð313Þ
The two signs cancel when the reflected Weyl label is
mapped to its classical solution:

ΨϑBf ¼ EϑBf

¼ Rbulk
B� Ef

¼ J cl
BΨf: ð314Þ

For fields with nontrivial CPT parity, spin, or internal
quantum numbers, the corresponding actions are included
in both ϑB and J cl

B .
The difference between a Weyl label and its modular

reflection is

δBf ≔ f − ϑBf: ð315Þ

It vanishes for a modular-even label and is twice the ϑB-odd
part of f.
If the one-particle vector determined by [f] lies in the

real standard subspace associated with WB, then

WðfÞ∈N B; WðϑBfÞ∈N 0
B:

Consequently, for every A∈N B, we have

hWðgϑBfÞΩbulk; AWðgϑBfÞΩbulki ¼ hΩbulk; AΩbulki:
ð316Þ

The reflected coherent state therefore restricts to the
vacuum on N B. In this localized case, the modular
comparison reduces to the usual comparison between an
excitation in the ball and the vacuum. A nonvacuum
modular partner requires a Weyl label that is not confined
to the wedge standard subspace.
For f∈Kbulk

R in the reconstruction sector, we define the
corresponding boundary vector by

ΩCFT
g;f ≔ VΩbulk

g;f ¼ VWðgfÞΩbulk ð317Þ
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and its restriction to the boundary ball by

ωg;f;BðAÞ ≔ hΩCFT
g;f ; AΩCFT

g;f i; A∈MB: ð318Þ

Since JbulkB Ωbulk ¼ Ωbulk, the modular-intertwining relation
gives

JBΩCFT
g;f ¼ JBVWðgfÞΩbulk

¼ VJbulkB WðgfÞΩbulk

¼ VWðgϑBfÞΩbulk: ð319Þ

Together with Eq. (299), this yields the exact boundary
modular partner

ω̃g;f;B ¼ ωg;ϑBf;B: ð320Þ

Thus, the two boundary families entering the modular
comparison are the images under V of the bulk coherent
families with labels f and ϑBf. At g ¼ 0, both families
reduce to the restricted boundary vacuum,

ω0;f;B ¼ ω̃0;f;B ¼ ωB: ð321Þ

Let

vB;f ≔ ∂gωg;f;Bjg¼0
ð322Þ

denote the tangent generated by the coherent family with
label f. The tangent selected by the modularly paired
comparison is

uB;fðAÞ ≔
d
dg

½ωg;f;BðAÞ − ω̃g;f;BðAÞ�
����
g¼0

: ð323Þ

The exact partner relation ω̃g;f;B ¼ ωg;ϑBf;B, together with
the real linearity of the first variation in the Weyl label,
gives

uB;f ¼ vB;f − vB;ϑBf ¼ vB;δBf: ð324Þ

Under the real-linear correspondence f ↦ Ψf ¼ Ef, the
difference label δBf corresponds to the reflected-difference
solution

δJΨf ≔ Ψf − J cl
BΨf

¼ Ψf −ΨϑBf

¼ ΨδBf: ð325Þ

Since ϑ2B ¼ 1, we obtain

ϑBδBf ¼ −δBf; J cl
BΨδBf ¼ −ΨδBf: ð326Þ

Thus the reflected-difference perturbation is modular odd.

Once the ambient coherent family is fixed, the label f is
fixed. The modular pullback fixes its partner label ϑBf, and
the difference of the two families fixes the tangent
δBf ¼ f − ϑBf. The response direction is therefore a
consequence of the modular pairing rather than an inde-
pendently chosen bulk perturbation.

D. Exact relative entropy and the canonical energy of
the reflected-difference tangent

Let ωbulk
g;f denote the restriction to N B of the coherent

vector state represented by Ωbulk
g;f , and let ωbulk

0 denote the
restricted bulk vacuum. The diagonal normalization of the
scalar canonical-energy form is fixed by

EWB
can ðΨf;ΨfÞ ≔

d2

dg2
SN B

ðωbulk
g;f kωbulk

0 Þ
����
g¼0

: ð327Þ

Its symmetric bilinear extension is obtained by polariza-
tion. In terms of the Klein-Gordon symplectic current
defined in Eq. (291), it is

EWB
can ðΨf1 ;Ψf2Þ ¼ −

Z
ΣB

dΣAω
A
KGðΨf1 ;LξBΨf2Þ; ð328Þ

where ΣB is a Cauchy surface of WB and dΣA is future
directed. Conservation of the symplectic current, the
Killing property of ξB, and the reflecting boundary con-
dition make this form symmetric on the stated domain. The
minus sign follows from the metric and symplectic-current
conventions and makes the diagonal form positive. With ξB
normalized as the bulk extension of the boundary modular-
flow generator ζB, Eq. (328) agrees with the relative-
entropy Hessian in Eq. (327). The identification of the
ball-region quantum Fisher form with AdS-Rindler canoni-
cal energy was established in Refs. [25,26].
We now apply relative-entropy preservation to the

modularly paired boundary states. Equation (320) identifies
them with the boundary images of the bulk coherent states
labeled by f and ϑBf. Consequently,

SMB
ðωg;f;Bkω̃g;f;BÞ ¼ SN B

ðωbulk
g;f kωbulk

g;ϑBf
Þ;

SMB
ðω̃g;f;Bkωg;f;BÞ ¼ SN B

ðωbulk
g;ϑBf

kωbulk
g;f Þ: ð329Þ

Relative entropy between equal-covariance coherent
states of a CCR algebra depends only on the difference
of their test-function classes [14]. The two bulk relative
entropies in Eq. (329) therefore reduce to

SN B
ðωbulk

g;f kωbulk
g;ϑBf

Þ ¼ SN B
ðωbulk

g;δBf
kωbulk

0 Þ;
SN B

ðωbulk
g;ϑBf

kωbulk
g;f Þ ¼ SN B

ðωbulk
g;−δBfkωbulk

0 Þ: ð330Þ

The coherent-state relative entropy is exactly quadratic in
its difference label. It is therefore unchanged when δBf is
replaced by −δBf. Equations (327) and (330) give
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SMB
ðωg;f;Bkω̃g;f;BÞ ¼ SMB

ðω̃g;f;Bkωg;f;BÞ

¼ g2

2
EWB
can ðΨδBf;ΨδBfÞ: ð331Þ

The symmetrized comparison is consequently

SJðg;B; fÞ ≔ SMB
ðωg;f;Bkω̃g;f;BÞ

þ SMB
ðω̃g;f;Bkωg;f;BÞ

¼ g2EWB
can ðΨδBf;ΨδBfÞ: ð332Þ

The corresponding bilinear BKM form on coherent-state
tangents follows by allowing the two coherent states to vary
independently. For f1; f2 ∈Kbulk

R in the reconstruction
sector and a; b∈R, we define

fa;b ≔ af1 − bf2: ð333Þ

Linearity of the causal propagator gives

Ψfa;b ¼ aΨf1 − bΨf2 : ð334Þ

Relative-entropy preservation and the coherent-state differ-
ence formula then give

SMB
ðωa;f1;Bkωb;f2;BÞ ¼ Sðωbulk

1;fa;b
kωbulk

0 Þ

¼ 1

2
EcanðΨfa;b ; Ψfa;bÞ: ð335Þ

For the tangents defined in Eq. (322), the mixed-
derivative characterization of the BKM form gives

γBKMωB
ðvB;f1 ; vB;f2Þ ¼ −∂a∂bSMB

ðωa;f1;Bkωb;f2;BÞja¼b¼0

¼ EWB
can ðΨf1 ;Ψf2Þ: ð336Þ

Using Eq. (324), the susceptibility evaluates the BKM
form, and hence the canonical energy, on the reflected-
difference tangent,

χJðB; fÞ ≔
d2

dg2
SJðg;B; fÞ

����
g¼0

¼ 2γBKMωB
ðuB;f; uB;fÞ

¼ 2EWB
can ðΨδBf;ΨδBfÞ: ð337Þ

Equations (324), (326), and (337) show that the modular
pullback fixes a modular-odd reflected-difference tangent
whose susceptibility is exactly twice its AdS-Rindler
canonical energy. Because the coherent-state relative
entropy is exactly quadratic, Eq. (332) gives the complete
dependence on g, rather than only its Hessian at g ¼ 0.
The general reflected-difference result reduces to the

standard ball-region formula for a wedge-localized label.
Let floc satisfy

WðflocÞ∈N B; WðϑBflocÞ∈N 0
B:

The commutant displacement in WðgδBflocÞ does not
change the state restricted to N B. Hence,

ωbulk
g;δBfloc

¼ ωbulk
g;floc

on N B: ð338Þ

It follows that

EWB
can ðΨδBfloc ;ΨδBflocÞ ¼ EWB

can ðΨfloc ;ΨflocÞ;
χJðB; flocÞ ¼ 2EWB

can ðΨfloc ;ΨflocÞ: ð339Þ

Thus, the localized case recovers the canonical energy of
the original wedge perturbation, whereas an ambient
perturbation is evaluated on the reflected-difference sol-
ution Ψf − J cl

BΨf.

E. Modular-odd decomposition and boundary sources

We decompose the bulk test-function class into its
modular-even and modular-odd parts, as follows:

fðBÞ� ≔
1

2
ðf � ϑBfÞ: ð340Þ

These classes satisfy

ϑBf
ðBÞ
� ¼ �fðBÞ� ; δBf ¼ 2fðBÞ− : ð341Þ

Substitution into Eq. (337) gives

χJðB; fÞ ¼ 8EWB
can ðΨfðBÞ−

;Ψ
fðBÞ−

Þ: ð342Þ

The modular-even component of f therefore makes
no contribution to the susceptibility. In particular,
χJðB; fÞ ¼ 0 if ϑBf ¼ f. For a modular-odd test-function
class fodd, ϑBfodd ¼ −fodd, one has

χJðB; foddÞ ¼ 8EWB
can ðΨfodd ;ΨfoddÞ: ð343Þ

The same decomposition can be expressed directly in
terms of the boundary preparation. Let fη ∈Kbulk

R denote
the bulk test-function class produced by a boundary source
η. Assume that the preparation map

η ↦ fη ð344Þ

is real linear and equivariant under modular reflection,

fηJB ¼ ϑBfη: ð345Þ

Here, ηJB denotes the reflected boundary preparation. For a
Lorentzian unitary preparation, it is defined at the operator
level by Eq. (303). For a Euclidean preparation, it is defined
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by the corresponding reflected contour and operator
insertions.
On the real vector space of source preparations, we

define

ηðBÞ� ≔
1

2
ðη� ηJBÞ: ð346Þ

Real linearity and reflection equivariance imply

fη ¼ f
ηðBÞþ

þ f
ηðBÞ−

;

ϑBfηðBÞ�
¼ �f

ηðBÞ�
;

δBfη ¼ 2f
ηðBÞ−

: ð347Þ

Writing χJðB; ηÞ ≔ χJðB; fηÞ, the source-prepared suscep-
tibility is therefore

χJðB; ηÞ ¼ 8EWB
can ðΨf

η
ðBÞ
−
;Ψf

η
ðBÞ
−
Þ: ð348Þ

Thus, only the modular-odd part of the boundary prepa-
ration generates the reflected-difference bulk solution on
which the canonical energy is evaluated.
For a neutral Hermitian scalar primary prepared on a

reflection-compatible Euclidean contour C, let RC
B denote

the contour involution induced by the boundary reflection
rB. The reflected source is defined exactly by equality of
the corresponding smeared operators. In reflection-adapted
coordinates, after the conformal weight and Jacobian have
been absorbed into the source profile, this relation takes the
form

ηJBðxÞ ¼ ϵOη
�ðRC

BxÞ; x∈ C; ð349Þ

where ϵO ¼ �1 is the CPT or internal parity of the scalar
operator. For a real source coupled to a CPT-even scalar,

ηJBðxÞ ¼ ηðRC
BxÞ: ð350Þ

For the Lorentzian unitary preparation, the sign required by
antiunitarity is instead included in Eq. (303).

F. Semiclassical extension to matter and gravity

For the linear bulk field under exact complementary
recovery, the coherent-state identities in Secs. VII C and
VII D are exact. For coupled matter and metric perturba-
tions, we work to quadratic order in the perturbation within
the semiclassical approximation. At this order, we assume
the reconstruction-sector bulk-boundary modular-inter-
twining relation and reflection equivariance of the linear-
ized boundary-source-to-bulk-solution map. The boundary
reflected-difference tangent is then represented by the
corresponding reflected-difference solution of the linear-
ized bulk equations. The JLMS relation, the bulk

constraints, and the gauge-invariant Hollands-Wald pre-
scription identify its BKM quadratic form with the bulk
canonical energy.
Let δX denote a combined linearized matter and metric

perturbation satisfying the bulk constraints and the required
asymptotic and extremal-surface boundary conditions. The
real-linear modular reflection J cl

B acts geometrically on the
matter and metric fields, including the tensor, spin, andCPT
actions appropriate to each field. Since the reflection
preserves the linearized equations and boundary conditions,
it maps an admissible perturbation to another admissible
perturbation. The reflected-difference solution is

δJX ≔ δX − J cl
BδX : ð351Þ

Let EWB
can denote the Hollands-Wald canonical-energy

form on the constrained perturbation space. The ball-region
BKM form is represented by this canonical energy
[25,26,28]. Consequently, at the retained semiclassical
order, the modular-reflection susceptibility is

χJðBÞ ¼ 2EWB
can ðδJX ; δJXÞ: ð352Þ

The factor of 2 is the same factor relating the symmetrized
relative-entropy Hessian to the BKM form in the exact
linear-field construction.
For a scalar perturbation on the fixed AdS background,

Eq. (352) reduces to the scalar canonical-energy expression
in Eq. (328). For a purely gravitational perturbation, it
becomes

χgravJ ðBÞ ¼ 2

Z
ΣB

ωgravðδJh;LξBδJhÞ; ð353Þ

where δJh is the metric component of δJX , and ωgrav is the
covariant gravitational symplectic current in the Hollands-
Wald convention.
The gravitational expression is evaluated in Hollands-

Wald gauge, or with the equivalent extremal-surface
boundary-and-corner completion that makes the subregion
canonical energy gauge invariant [28,42–44]. Proper gauge
transformations preserving the prescribed boundary con-
ditions are quotiented out. Transformations carrying non-
zero boundary or edge charges are not null directions of the
completed symplectic form. The gravitational extension
therefore preserves the modular selection of the reflected-
difference perturbation while replacing the fixed-back-
ground scalar quadratic form by the gauge-invariant
canonical energy of the coupled linearized solution.

VIII. DISCUSSION AND OUTLOOK

The central conclusion of this work is a fixed-point
principle for state comparison that extends from finite-
dimensional type I systems to local type III algebras. In the
type I setting, the coincidence point is the equality of a
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density matrix with its modularly reflected state. In the
local quantum-field-theoretic setting, it is the equality of a
local state with the modular pullback of its commutant
restriction. In finite dimensions, the antiunitary reflection
acts within a matrix algebra. In the local theory, the vacuum
modular conjugation carries the algebra to its commutant.
The pullback is therefore the operator-algebraic operation
that makes the comparison intrinsic to the original local
algebra.
The fixed representative alone is not the main result. For

a vacuum standard pair, vacuum coincidence follows from
invariance of the vacuum under modular conjugation. More
generally, every normal positive functional has a unique
natural-cone representative fixed by the standard-form J.
The present construction instead holds fixed the reference
standard pair and the ambient preparation. These data
determine the commutant restriction, its pullback, and
the reflected-difference tangent. Choosing a new canonical
representative for each local state would remove the
ambient comparison measured by the susceptibility.
At coincidence, the symmetrized relative entropy has no

linear term because the two compared states agree and
relative entropy is non-negative. Its leading nontrivial
coefficient is governed in finite dimensions by BKMmetric
evaluated on the reflected-difference tangent. For local type
III algebras, the corresponding coefficient is the local BKM
bilinear form obtained from the second-order expansion of
Araki relative entropy at the diagonal. The resulting
susceptibility is attached to the tangent selected by the
modular pairing rather than to an arbitrary curve of states. It
also depends on the localization region because changing
the region changes the local algebra, its modular conjuga-
tion, and the tangent tested by the BKM form.
The coherent-state examples realize this structure

exactly. For the free scalar field on a wedge, the suscep-
tibility is a positive boost-energy quadratic form, equiv-
alently a stress-tensor integral, of the reflected-difference
profile. Translations of the wedge change the algebra and
its modular reflection, so the localization parameter enters
the response intrinsically. For the chiral Uð1Þ current, the
construction reduces to a half-line quadratic form. In the
thermal half-line theory, the vacuum geometric reflection is
replaced by the Borchers-Yngvason standard-subspace
reflection. These examples show that the fixed-point
susceptibility is well defined in local type III quantum
field theory and is not merely a finite-dimensional analogy.
The vacuum-ball construction has a related equilibrium

interpretation. The Casini-Huerta-Myers conformal trans-
formation maps the ball vacuum to a KMS state on the
hyperbolic cylinder, while the bulk geometry becomes the
AdS-Rindler exterior [24]. For regular exponential source
deformations that admit a Kubo-Mori score representation,
the BKM geometry has the corresponding equilibrium-
response form [30,31]. The ball vacuum is therefore
a geometrically selected equilibrium state, and the

reflected-difference tangent measures a departure from
its modular reflection symmetry.
For the vacuum ball and a chosen ambient perturbation,

modular conjugation determines its reflected comparison
and hence the bulk perturbation on which the canonical
energy is evaluated. In the encoded linear coherent family,
this perturbation is the difference between a bulk excitation
and its AdS-Rindler modular reflection. The symmetrized
Araki relative entropy is exactly quadratic, and its Hessian
equals twice the canonical energy of this reflected-difference
perturbation. At the retained semiclassical order, the same
prescription extends to admissible matter and metric pertur-
bations. Unlike ordinary ball-region Fisher information, the
modular-reflection susceptibility uses B and JB to determine
the perturbation tested by the quadratic form.
This construction also differs from holographic entan-

glement asymmetry [29]. An internal-symmetry twirl and
the present modular pair can both produce a BKM
coefficient represented by a bulk quadratic form, but they
select different tangent directions. The present susceptibil-
ity isolates the component odd under the AdS-Rindler
modular/CPT reflection rather than the component that
breaks an internal symmetry. The coherent scalar con-
struction in Secs. VII C–VII E gives an explicit realization
of this selection. Section VII F extends the same modular
selection principle to admissible coupled matter and metric
perturbations at the retained second-order semiclassi-
cal level.
The main technical limitation is the assumed differ-

entiability of Araki relative entropy at the diagonal. The
BKM interpretation applies to deformations for which the
required second-order expansion exists, and the explicit
quantum-field-theoretic calculations in this paper use
coherent-state deformations. An important extension is
to determine broader classes of faithful normal deforma-
tions with the same local BKMHessian. These may include
perturbations not generated by Weyl translations, pertur-
bations produced by interacting dynamics, and families
whose reflected tangent has no elementary description.
Localization provides a second direction for further

work. In the examples considered here, it appears through
boost weights, half-line weights, thermal standard-sub-
space reflections, and AdS-Rindler entanglement-wedge
reflections. A more intrinsic treatment could relate this
dependence to modular inclusions, translated standard
pairs, and variations of local algebras under changes of
region. Such a formulation may clarify the relation between
the present susceptibility and other local response quan-
tities, including modular energy variations, relative-entropy
inequalities, and holographic canonical-energy constraints.
The vacuum-ball analysis relies on its geometric modular

flow. For more general regions or excited reference states,
modular flow is typically nonlocal, and no simple bulk
Killing description analogous to the AdS-Rindler flow is
available. Extending the construction would require control
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of the relevant standard pair, the corresponding bulk-
boundary modular data, and the domain of the reflected
perturbation.
It would also be useful to compare the intrinsic type III

coefficient with regulated type I approximations. Cutoff
density matrices should be treated as approximations to the
Araki comparison rather than as definitions of the local
quantity. Higher-order terms in the symmetrized Araki
functional may define additional local response coeffi-
cients. In holographic settings, they may also encode
nonlinear gravitational response or backreaction associated
with the modularly reflected bulk comparison.
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APPENDIX A: RELATIVE MODULAR
OPERATORS AND ARAKI RELATIVE

ENTROPY

This Appendix fixes the relative modular-operator con-
vention used in the main text. Let M be a von Neumann
algebra in standard form on a Hilbert space H, with
modular conjugation J and natural cone P♮ ⊂ H.
Standard-form theory implies that each faithful normal
state ω on M is represented by a unique vector ξω ∈P♮

[31,38]. Its defining relation is

ωðAÞ ¼ hξω; Aξωi; A∈M: ðA1Þ

One of the defining standard-form properties is that the
natural cone is fixed pointwise by J, as follows:

Jξ ¼ ξ; ξ∈P♮: ðA2Þ

In particular, Jξω ¼ ξω. The vector ξω is therefore the
canonical J-symmetric standard-form representative of ω.
This statement concerns the canonical representative of a
state on M; it does not identify an arbitrary ambient vector
implementing the same local state with that representative.
This representation is intrinsic to the standard form and
does not require a density matrix or a trace on M.
Given two faithful normal states ω and ϕ, with natural

cone representatives ξω and ξϕ, the relative Tomita operator
is defined on the dense domain Mξϕ by

SωjϕðAξϕÞ ¼ A�ξω; A∈M: ðA3Þ

This antilinear operator is closable. Its closure, denoted
again by Sωjϕ, determines the relative modular operator

Δωjϕ ≔ S�ωjϕSωjϕ: ðA4Þ

The operator Δωjϕ is positive and self-adjoint. When
ω ¼ ϕ, this construction reduces to the ordinary modular
operator of the state ω.
With these conventions, the Araki relative entropy is

[9,10]

SMðωkϕÞ ≔ −hξω; logΔϕjωξωi: ðA5Þ

The order of the relative modular operator in Eq. (A5) is
part of the convention: the entropy SMðωkϕÞ is expressed
in terms of Δϕjω. The logarithm is understood through the
spectral calculus, with the usual extended-value conven-
tion. This definition applies directly to type III local
algebras, where there is no intrinsic trace and no canonical
local density matrix.
In the finite-dimensional type I case, Eq. (A5) reduces to

the usual Umegaki relative entropy. LetM ¼ BðKÞ, and let

ωðAÞ ¼ TrðρAÞ; ϕðAÞ ¼ TrðσAÞ; A∈BðKÞ; ðA6Þ

where ρ and σ are faithful density matrices on K. In the
Hilbert-Schmidt standard form, the natural cone represent-
atives are ρ1=2 and σ1=2, and left and right multiplication
define

LσðXÞ ¼ σX; RρðXÞ ¼ Xρ: ðA7Þ

The relative modular operator appearing in Eq. (A5) is then

Δϕjω ¼ LσR−1
ρ : ðA8Þ

Since Lσ and Rρ commute, one obtains

logΔϕjω ¼ Llog σ − Rlog ρ: ðA9Þ

Substitution into Eq. (A5) gives

SMðωkϕÞ ¼ −Tr½ρ1=2ðlog σρ1=2 − ρ1=2 log ρÞ�
¼ Trρðlog ρ − log σÞ: ðA10Þ

Thus, the Araki expression used for local algebras is the
operator-algebraic extension of the finite-dimensional rel-
ative entropy used in the type I part of the paper [33].
The local construction uses the following pullback fact.

Let ðM;ΩÞ be a standard pair, and let J be its modular
conjugation. Tomita-Takesaki theory gives

JMJ ¼ M0: ðA11Þ
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We define

jðAÞ ≔ JA�J; A∈M: ðA12Þ

Then, j is a linear unital �-anti-isomorphism

j∶ M → M0: ðA13Þ

Indeed,

jðABÞ¼ jðBÞjðAÞ; jðA�Þ¼ jðAÞ�; jð1Þ¼ 1: ðA14Þ

Since j is a von Neumann algebra anti-isomorphism, it is
ultraweakly continuous. Consequently, if ψ is a normal
state on M0, then ψ ∘ j is a normal state on M. Positivity
follows from

ðψ ∘ jÞðA�AÞ ¼ ψðjðA�AÞÞ ¼ ψðjðAÞjðAÞ�Þ ≥ 0; ðA15Þ

and normalization follows from

ðψ ∘ jÞð1Þ ¼ ψð1Þ ¼ 1: ðA16Þ

This is the abstract mechanism used in Sec. IV: the
commutant restriction of an ambient state is pulled back
to the original local algebra by themodular anti-isomorphism
induced by the vacuum modular conjugation.

APPENDIX B: THERMAL CHIRAL
Uð1Þ HALF-LINE

This Appendix formulates the finite-temperature ana-
logue of the chiral half-line formulas of Sec. VI. The
modular pullback construction and the coherent-state
reduction are the same as in Secs. IV and VI; only the
thermal modular reflection and the thermal entropy kernel
are different.
Let ωβ be the thermal equilibrium state at inverse

temperature β > 0, and let ðπβ;Hβ;ΩβÞ be its GNS
representation. For a real test function f∈C∞

c ðR;RÞ, write

WβðfÞ ≔ πβðWðfÞÞ: ðB1Þ

Here, Aðð−∞; tÞÞ denotes the abstract chiral Weyl C�-
algebra of the half-line. The represented thermal half-line
von Neumann algebra is

Aβðð−∞; tÞÞ ≔ πβðAðð−∞; tÞÞÞ00: ðB2Þ

The pair ðAβðð−∞; tÞÞ;ΩβÞ is standard. Let Jβt denote its
modular conjugation. Then

JβtAβðð−∞; tÞÞJβt ¼ Aβðð−∞; tÞÞ0: ðB3Þ

The associated modular pullback map is

jβt ðAÞ ≔ Jβt A�Jβt ; A∈Aβðð−∞; tÞÞ: ðB4Þ

In the vacuum half-line case, the modular conjugation is
implemented by the geometric reflection x ↦ 2t − x. In the
thermal representation, this pointwise reflection is replaced
by the Borchers-Yngvason standard-subspace modular
conjugation [39]. Its induced action on Weyl labels is
defined by

Jβt WβðfÞJβt ¼ Wβðϑβt fÞ: ðB5Þ

The map ϑβt is an involutive antisymplectic reflection on the
thermal one-particle space:

ðϑβt Þ2 ¼ 1; σðϑβt f; ϑβt gÞ ¼ −σðf; gÞ: ðB6Þ

Unlike the vacuum reflection fðxÞ ↦ fð2t − xÞ, the ther-
mal reflection is not represented here by a pointwise
formula on the light ray.
For a real test function h, we define the thermal reflected

difference profile

δβt h ≔ h − ϑβt h: ðB7Þ

This is the finite-temperature analog of the vacuum profile
h − hð2t − ·Þ. Although h is initially taken in C∞

c ðR;RÞ,
the vectors ϑβt h and δβt h are understood in the thermal one-
particle completion.
Let ωβ

h denote the coherent thermal state obtained from
ωβ by Weyl displacement:

ωβ
hðBÞ ≔ hWβðhÞΩβ; BWβðhÞΩβi; B∈BðHβÞ: ðB8Þ

With the normalization conventions of Sec. VI, the thermal
half-line relative entropy is [16,39]

SAβðð−∞;tÞÞðωβ
hkωβÞ¼

Z
t

−∞
ðh0ðxÞÞ2βð1−e2πðx−tÞ=βÞdx: ðB9Þ

The zero-temperature limit agrees with the vacuum half-
line result, since

βð1−e2πðx−tÞ=βÞ¼ 2πðt−xÞþOðβ−1Þ; β→∞: ðB10Þ

Now take the coherent thermal family

ϖβ
g ≔ ωβ

gh: ðB11Þ

Repeating the modular pullback construction of Sec. IV,
with Jt replaced by Jβt , gives

ωβ
g;t ¼ ωβ

gh↾Aβðð−∞;tÞÞ;

ω̃β
g;t ¼ ωβ

gϑβt h
↾Aβðð−∞;tÞÞ: ðB12Þ
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At g ¼ 0, the two local states coincide, as follows:

ωβ
0;t ¼ ω̃β

0;t ¼ ωβ↾Aβðð−∞;tÞÞ: ðB13Þ

Thus, g ¼ 0 is the thermal self-dual point.
The coherent-state difference identity and homogeneity

of the relative entropy give [14]

Sβðg; tÞ ≔ SAβðð−∞;tÞÞðωβ
g;tkω̃β

g;tÞ þ SAβðð−∞;tÞÞðω̃β
g;tkωβ

g;tÞ
¼ 2g2SAβðð−∞;tÞÞðωβ

δβt h
kωβÞ: ðB14Þ

Comparing with the local BKM expansion gives

FA
BKM;βðtÞ ¼ 2SAβðð−∞;tÞÞðωβ

δβt h
kωβÞ;

IA;βðtÞ ¼ 2FA
BKM;βðtÞ: ðB15Þ

Substituting Eq. (B9) yields

FA
BKM;βðtÞ ¼ 2

Z
t

−∞
ððδβt hÞ0ðxÞÞ2βð1 − e2πðx−tÞ=βÞdx; ðB16Þ

and therefore

IA;βðtÞ ¼ 4

Z
t

−∞
ððδβt hÞ0ðxÞÞ2βð1 − e2πðx−tÞ=βÞdx: ðB17Þ

The derivative in Eqs. (B16) and (B17) is understood in
the entropy form domain of the thermal half-line.
Equivalently, one may view it as the image under the
quadratic-form map

ϕt;βðfÞ ≔ f0↾ð−∞;tÞ ∈L2ðð−∞; tÞ; βð1 − e2πðx−tÞ=βÞdxÞ:
ðB18Þ

Thus, when f ¼ δβt h, the notation ðδβt hÞ0ðxÞ denotes

ðδβt hÞ0ðxÞ ≔ ϕt;βðδβt hÞðxÞ: ðB19Þ

For ordinary compactly supported test functions, this
agrees with the usual derivative. For the reflected vector
ϑβt h, it denotes the corresponding element of the thermal
entropy form domain.
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