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de Sitter complexity grows linearly in the static patch
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The observable Universe has undergone periods of expansion that are well approximated by de Sitter (dS)
space. Still lacking is a quantum-mechanical description of dS spacetime, both globally and when restricted
to the static patch. We develop a novel prescription, to the best of our knowledge, for computing holographic
complexity in the dS static patch to determine its microscopic features. Specifically, we propose that the
natural candidate for dS complexity is the volume of extremal “timelike” surfaces restricted to the static
patch, anchored to the cosmological horizon or an observer worldline. Our anchoring prescription provides a
clear definition of a reference state, overcoming a common ambiguity in prior definitions of de Sitter
holographic complexity. The late-time growth of our complexity functional is linear and proportional to the
number of degrees of freedom associated with the cosmological horizon and, therefore, does not exhibit
hyperfast growth. Our results imply the dS static patch is characterized by a quantum-mechanical system,
with a finite-dimensional Hilbert space whose evolution is governed by a chaotic Hamiltonian.
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Introduction. Profound insights into the quantum nature of
anti-de Sitter (AdS) spacetime are provided through a
powerful notion called holography, which in essence allows
for mapping an AdS (quantum) gravitational theory to a
dual quantum-mechanical system [1-3]. Meanwhile, it is
expected that the expansion of our current and early
inflationary Universe is well described by de Sitter (dS)
spacetime; see, e.g., [4]. Realizing holography for dS
spacetime could provide a window for studying quantum
aspects of the Universe.

AdS holography has given rise to a fruitful interplay
between gravitational physics and quantum information
theory, introducing geometric probes in spacetime that have
a dual quantum information interpretation. In particular,
proposals of holographic complexity, initially inspired by
notions of computational complexity in quantum circuits, have
been employed to discern quantum features of spacetime; see,
e.g., [5] for arecent review. The standard computation of black
hole holographic complexity using the complexity = volume
(CV) prescription involves spacelike extremal volume surfa-
ces anchored on timelike surfaces [6,7]. From such studies, a
picture emerges where the late-time linear growth of holo-
graphic complexity is in conjunction with a dual chaotic
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dynamical evolution (see, for example, [8]). A tool like
complexity could, on the one hand, reveal quantum aspects
of dS spacetime and on the other hand, help working toward
understanding dS holography.

The main result we present in this Letter is a new CV
proposal applicable to dS spacetime that instead involves
anchoring timelike extremal volumes. Our refinement
exhibits late-time linear growth and is confined within the
horizons of a single static patch. Our results suggest that the
static patch of de Sitter space could be described by a finite-
dimensional quantum system with a chaotic Hamiltonian.
This is consistent with earlier conjectures surrounding the
finiteness of the de Sitter Hilbert space [9—-11].

Our prescription makes use of three key ingredients,
which we illustrate in Fig. 1: (i) Explicit inclusion of an
observer through anchoring, inspired by recent advances
[12,13], although we alternatively also consider horizon
anchoring. In both cases, it holds that a state at a given
moment 7 = f; can be interpreted as a reference state.
(i1) Extremizing the volume V of a timelike surface, we
point out that as time evolves, it will converge to an
accumulation surface, allowing the late-time behavior to
approach a linear growth. (iii) To define complexity

V
= 1
¢ N (1)

we compare the volume V to a relevant complex-valued

reference scale 7, (and Newton’s constant G ) that is deter-
mined by generalizing a proposal by [14] via a min-max
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FIG. 1. The left conformal diagram traces an observer on the
vertical line advancing through the static patch, connecting with
extremized surfaces to 7, at different moments in time. Because of
the time-translation symmetry of the problem, the precise choice
of t, does not matter. The right graph shows the corresponding
complexity growth. Here, # = 1/T is the inverse temperature and
S is the entropy both associated with the cosmological horizon.
When 7 > f, the growth rate saturates.

procedure. Owing to the timelike nature of the surface, the
volume picks up a complex phase factor of i that seems
troublesome for interpreting a real complexity. However,
our reference scale ensures the complexity to be real
valued, by naturally counteracting the complex phase factor
i coming from the volume.

Importantly, our results evade the hyperfast growth of
complexity encountered in dS spacetime when considering
spacelike extremal surfaces [15]. In the literature, this
behavior has also been ameliorated by introducing a cutoff
surface near future infinity, resulting in a linear growth that
depends on the specific details of the cutoff surface, which,
however, make the result more difficult to interpret [16]. In
the work by [17], it was revealed that a family of surfaces
exists that bypasses this hyperfast growth, allowing for
various possible late-time growth behaviors, but not exclu-
sively linear.

In the next section, we will explicitly compute the
complexity growth via (1) through “observer anchoring.”

Complexity through observer anchoring. Setting up the
timelike surface: In static coordinates, a d + 1-dimensional
de Sitter metric is given by

72

d 2
ds? = —fdr’ —I—%—i— r?dQ3_,, where f=1 -7 (2)

and where dei_1 refers to a transverse (d — 1) sphere. The
cosmological horizon is located at r = L. We restrict our
attention to d > 2 and will comment on the d = 1 case in
the Discussion section. Consider a spherically symmetric
timelike codimension-one surface in the right static patch
[18]. We anchor the surface to the r = 0 antipodal surface,
as shown in Fig. 2. For simplicity, but without any loss of
generality, we will work with the time-symmetric case
where the surface is anchored at times tp = —tp = 7/2.

I+
tp
r=20
Observer
Worldline
tp

FIG. 2. The blue curve corresponds to a timelike extremal
surface anchored to the observer worldline while the yellow curve
corresponds to an extremal surface anchored to the cosmological
horizon. The turning points of the extremal surfaces are shown by
black dots. At late anchoring times, the surfaces approach the
accumulation surface, shown with dashed lines.

The (to be) extremized surface starts off at the observer
worldline, goes through the static patch, and reaches a
turning point before coming back to the r = 0 surface.
Because of the symmetry of the problem, the turning point
lies on the ¢t = 0 surface. Since the growth rates of the
volume will ultimately depend only on the time difference
between the anchoring points, we can also choose p = 0
and set tz = 7, which is what we are ultimately interested in
and is depicted in Fig. 1.

Now let us extremize the volume functional of these
surfaces and compute their growth rate. The general
procedure follows the spacelike case of [23], to which
we refer the reader for details; here we focus instead on the
crucial differences that arise for a timelike surface. It is
convenient to work with the Eddington-Finkelstein coor-
dinate v defined through the relation

[
B o f(r)

The volume of the timelike surface can then be written as
the following integral

V:Qd_l/d/lrd"\/—f(r)i)2+2i1i", (4)

where we have parametrized the surface as (v(4), #(1)). We
have also used Q,_; to denote the volume of a (d — 1)-
dimensional unit sphere. The crucial difference from the
spacelike case is that the volume V in (4) is now imaginary.
Since the volume functional does not depend explicitly
on v, there exists a conserved quantity which we denote by
p. The volume functional is also reparametrization invari-
ant, allowing us to choose the parameter 4 as follows:

v="1+r, r(r) (3)
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P (—fi? + 20 i) = —1. (5)

The sign on the right-hand side is negative because we are
considering timelike surfaces. The conservation equation
and the choice of the affine parameter can then be used to
arrive at the following equations of motion:

p=r N (f(r)i—i), (6)
rz(d—l)i,z — —f(r) + r_2(d_1)p2. (7)

We will analyze these equations of motion in the remainder
of this section.

Extremizing volume V: The surface has a turning point,
whose location we denote by r = ry;,. The location of the
turning point can be obtained by setting # to zero,

rrzn(i‘i_l)f(rmin) = p2. (8)

We choose 4 to increase in the upward direction in the
Penrose diagram in Fig. 2. As a result, ¥ > 0 when
r = rmin- Evaluating (6) at the turning point, we find that
p is positive.

Using the coordinate transformation,

di = r*2dr, 9)

we can rewrite (7) as a particle scattering off an effective
potential [23,24],

2+ Vg = p2,  where Ve (r) = r?2f(r).  (10)
Here, p? is the total energy of the particle.

The effective potential in the scattering picture is useful
in inferring the properties of the extremal surface without
explicitly solving the equations of motion. We have plotted
V. as a function of r in Fig. 3. The potential has a
maximum at some r = r,. We refer to this constant-r
surface as the “accumulation surface.” The location of the
accumulation surface is given by

%(rzd—zf(r)) =0=r,=L % (11)

r=r,

Here, we have ignored the trivial r, = 0 solution.

The accumulation surface plays an important role in our
computation, as the extremal surface approaches this
constant-r surface in the infinite z limit. A quick way to
see this is by using the reasoning from [7]. Namely, in this
limit, the extremal surface should become time-translation
invariant and, therefore, must lie at constant r. Setting
=0 in (4), we find that the extremization condition
reduces to (11). As a result, the infinite 7 extremal surface
coincides with the accumulation surface.

Vet I

>
r=0 Tmin Ta Tiin

FIG. 3. The scattering picture of the extremal surface. The
surfaces in Fig. 2 can be thought of as a particle with total energy

p?, scattering off an effective potential V.;. The extremal

surfaces anchored to the antipodal surface (blue) scatter off
the left side of the potential, while those anchored to the horizon
(yellow) scatter off the right side. At late times, the turning points
of the surfaces, labeled by ., and r, , approach the top of the
potential, denoted by r,.

The equations of motion (6) and (7) also admit a trivial
solution in which the extremal surface is always located at
r = 0. The volume of this surface is identically zero, and
the trivial solution of (11) corresponds to the infinite = limit
of this class of solutions. We will not consider these
solutions or their associated accumulation surface due to
their triviality [25].

The energy of the particle p? is a monotonic function of
[see (15) for the explicit relation; numerical evaluation of
the integral can be used to confirm the monotonic behav-
ior]. Using the fact that the extremal surface asymptotes to
the accumulation surface, we can use (8) to see that, in the
7 — oo limit, p? approaches V.q(r,) [23,24]. In the
scattering picture, this simply corresponds to the particle
approaching the top of the potential.

Using (5), we can rewrite the volume integral as
follows:

M(r=0) 0d
V= 21'9(,_1/ i = 2igd_1/ 2
A Fmin T

=Fuin) min

We have used the symmetry about the ¢t = 0 surface to
simplify the expression. We have also chosen the positive
branch for the square root of —1 for i. The negative branch
could also be used, provided the same choice is made when
computing the reference scale £, later in the section. The
order of the integration limits follows from our choice of A
increasing in the upward direction. Since i is negative in the
region of integration, we can plug in the equation of
motion (7) to get

2(d-1)

Y =2iQ, /r‘“‘“ dr . (13)
0 \/_f<r)r2(d—1) +P2
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The equation of motion for # can be reexpressed as the
following integral:

fo-f

Choosing appropriate ranges of integration and the asso-
ciated sign of i, we get

[ _+ 1} (14)

= dr +1 . (15)

2 0 \/ _f(r)

The above expression implicitly relates the anchoring time
7 to p since ry,;, depends only on p.

To compute the growth rate, we employ a simple trick of
rewriting the volume integral in the following form [23]:

V - Fmin dl" \/ d 1
2iQu 1 Jo { flr e

—p< mm+§). (16)

Taking a derivative with respect to 7 of the equation above,
we obtain the simple expression

dy

d - le—lp - le lrmln f(rmm) (17)
T

At late times, r.;, approaches r,, and, as a result, the
growth rate of the timelike extremal surfaces can be
approximated by a constant.

Determining reference scale #,: Now that we have
computed the volume )V, we need to determine the
reference scale to compare it to, in order to evaluate
complexity through (1). In the AdS black hole, for
example, one typically chooses this scale to be the AdS
length scale while in a Schwarzschild black hole, one
chooses it to be the horizon radius. In [14], it was suggested
that this length scale can be universally defined as the
maximum time to fall from the horizon to the accumulation
surface. Here, we generalize the prescription to a min-max
procedure. We begin by fixing the noncompact directions r
and ¢ and minimizing the proper time over all infalling
curves. We then vary r and ¢ to extremize the resulting
proper time.

We can easily verify that this prescription reproduces all
the length scales computed in [14]. Now let us use this
prescription to compute the reference scale of dS space-
time. Since the accumulation surface is timelike, the
“infalling” trajectories are spacelike. As a result, the “time”
taken to “fall” from the horizon becomes imaginary. For a
fixed r and ¢ profile, the minimum proper length is given by
a curve located at fixed angular coordinates. Now varying
the r and ¢ coordinates, we find that the maximal

(imaginary) proper time is given by the ¢ =0 surface.
Note that this is similar to what we find in the black hole
case, but the crucial difference is that the t = 0 is timelike
in the interior of a black hole.

The reference scale 7, = f \/— 9" X" is then given by

Lod d—1
(=i | L —iLcos /"~ (18)

. V() d

Putting it all together: We can now determine the growth
rate of complexity by using its definition (1) and plugging
in (17) and (18),

dc 87(% 1yst

= — ST ST, (19)
T 1 fa—1
Vdcos™! el

where S and T are the entropy and temperature of dS
spacetime,

Q, L1 1

S = , T=—. 20
4Gy (20)

Therefore, timelike complexity grows linearly at late times,
with a growth rate proportional to the number of degrees of
freedom, as expected for a finite-dimensional chaotic
quantum system.

Now let us look at the case where we fix 7p = 0 and
choose fr = 7 (see Fig. 1). Owing to the symmetry of the
problem, the turning point is now located at t = z/2 and
r = rmin- Since the equations of motion are the same, we
can proceed as in the previous case to find the same growth
rate as in (19).

Complexity through horizon anchoring. Instead of anchor-
ing the extremal surface onto the observer worldline, we
can anchor it at the horizon or, in fact, anywhere beyond r,,.
To do this, we first define the other Eddington-Finkelstein
coordinate u =t —r*. The anchor points can now be
specified in terms of the Eddington-Finkelstein coordinates
u and v (see Fig. 2). We will choose to anchor the surface at
symmetric points by setting vy = —up = v/2.

The equations of motion are once again given by (6) and
(7). The only difference in this setup is that the particle in
the scattering picture starts at the horizon and scatters off
the potential from the right side, as shown in Fig. 3. The
volume integral now takes the form

2(d-1)

_ZIle/ dr .21

Using the equation of motion for #, we find that

L121902-4
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v(r=L)
B - r;knin = / dv
2 'U(r:rmin)

L dr
/rmm \/ ) +1 . (22)

This gives us
1% /’h dr [
5o = | o (VSO Pt p
Zle_l Fmin f(r> \/ ( )

_p (g - r;;m> . (23)

Taking a v derivative, we get the integral

dy

dv =ipQu =iQ, 1rmm f(rmin)- (24)

At late times, r,;, approaches r,. This gives us the late-time
growth rate

dv
-— = le_lrd 1

T 7). 25)

Using the infalling time we have calculated in the previous
section, we find the complexity growth to be given by

dc le—l d—
vV f ST. 26
dv = Gye, ) o (26)

The growth rate matches the final expression we obtained
in the previous section, Eq. (19). This suggests that the dS
stretched horizon complexity is, in fact, the same as the
complexity seen by the observer.

Discussion. In this Letter, we have proposed a new
definition of holographic complexity in de Sitter spacetime,
based on computing the volumes of extremal timelike
surfaces within a single static patch. We find late-time
linear behavior for the complexity growth, without any
signs of hyperfast growth. We find the same results using
both an observer as well as a horizon perspective, both
perspectives give us a clear interpretation of the reference
state, namely, the state at “z = #,.” Our results suggest that
the static patch in de Sitter spacetime has a dual description
in terms of a finite-dimensional quantum chaotic system.

The above picture is further supported by the following
observation. If we naively apply the results of [24] to our
setup, then the complexity should saturate at a timescale
given by the exponential of the area of the accumulation
surface. This corresponds to ¢“(S), exactly as expected for a
chaotic system.

In the future, to find more evidence to support the
interpretation of de Sitter space as a chaotic system, one
could perform shockwave experiments or study the switch-
back effect to uncover out-of-equilibrium effects. In par-
ticular, sending in a shockwave and computing the delay in
the onset of linear growth can be used to extract the
scrambling time, as discussed in [26—28] using the standard
CV computations in dS spacetime.

One may also revisit other holographic complexity
proposals, such as complexity = action [29] and
complexity = anything [30,31], as studied in [16,17], by
anchoring the Wheeler-DeWitt patch and codimension-one
volume surfaces to timelike separated points on the
observer’s worldline. We expect these computations to
confirm further and strengthen the linear growth found in
this work.

Finally, despite carefully defining our results to be only
valid beyond two dimensions (d = 1), we find that the final
result allows continuation to two dimensions (19), predict-
ing late-time linear growth. Meanwhile, we point out that
often two-dimensional models have a higher-dimensional
pedigree. For example, two-dimensional de Sitter space can
be obtained through reducing three-dimensional de Sitter
spacetime or near-extremal limits of four-dimensional de
Sitter black holes, see [32,33] for discussions. One can
always “dress” the two-dimensional volume functional
with an appropriate power of the dilaton to match the
complexity of its higher-dimensional parent; see,
e.g., [34,35].

The reason we emphasize the two-dimensional realiza-
tion of our results is that it provides an exciting benchmark
for matching conjectured dual systems (see, for example,
[15,36-41]). These quantum systems can be completely
solved using so-called “chord diagrams,” whose intersec-
tion numbers map to the lengths of geodesics in the bulk
geometry [42]. Since these are precisely the elements
required for a quantum-mechanical definition of holo-
graphic complexity, the Krylov spread complexity in these
dual descriptions is expected to match our predictions,
analogous to the cases studied in [43,44].
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