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In the context of current research of the properties of gravitational interaction for bodies and particles
moving at very high velocities, we consider possible motions of ultrarelativistic spinning particles relative
to Schwarzschild’s mass. The focus is on nonequatorial circular orbits of such particles. The corresponding
solutions of the Mathisson-Papapetrou in the linear spin approximation are investigated. Direct analytical
calculations determined necessary and sufficient conditions under which such solutions are admissible. The
spin-gravity force which from the point of view of the comoving observer ensures existence of the
ultrarelativistic nonequatorial circular orbits in Schwarzschild’s field is analyzed. The corresponding

illustrations are presented.
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I. INTRODUCTION

In general relativity, important properties of gravity were
studied after analysis of solutions of the geodesic equations
in different metrics [1,2]. These equations describe the
world lines and trajectories of simple test particles (that is,
small bodies and particles without taking into account their
internal structure) in gravitational field of a massive body.
The first step toward considering the effects of the internal
structure of test particles on their behavior in a gravitational
field was taken by M. Mathisson [3]. He derived the
equations for structural particles in the pole-dipole approxi-
mation as a generalization of the geodesic equations. These
equations opened up the possibility of studying the motions
of rotating (spinning) particles in arbitrary metrics, and, like
the geodesic equations, for particle velocities up to and
including arbitrarily close to the speed of light. Later,
similar equations were obtained by A. Papapetrou [4].
However, at the end of this paper one can read an incorrect
statement that Mathisson obtained his equations without
taking into account the spacetime curvature, that is, only for
the trivial case of the absence of a gravitational field.
Probably due to the attention paid only to [4] without [3],
when describing the equations for spinning particles in
book [1], paper [3] is missing from the list of references,
only [4] and the later article [5] are present. [Note that
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Mathisson died in 1940 at the age 43; he was a famous
physicist and mathematician [6].]

The first numerical estimate of the effect of a body’s
rotation on its trajectory was presented in [7]. It was shown
that the correction to the perihelion shift of the planet
Mercury is very small compared to the known classical
effect that follows from the geodesic equations. In more
general consideration, in [1] the two situations are pointed
out when the spin-gravity effects can be significant:
(1) when rapidly spinning neutron star or a black hole is
in the gravitational field of another neutron star or black
hole; (2) when an electron is in a strong gravitational field
in the late stage of gravitational collapse. Almost simulta-
neously, in [8] some assumption was made that endowing
the test body with intrinsic spin may lead to surprises in
general relativity. However, the corresponding calculations
and analysis were not presented in [8]. Nevertheless, this
publication stimulated further research into solutions of
equations for spinning particles. As a result, in [9] attention
was drawn to a third situation in addition to the two
indicated in [1]. These are cases when a spinning particle
moves relative to Schwarzschild’s source of the gravita-
tional field with an orbital velocity close to the speed
of light.

In the case of the radial motion of a spinning particle in
Schwarzschild’s field the effect of the spin-gravity coupling
is equal to O for any particle’s velocity and orientation of its
spin. That is, this motion is exactly geodesic. The deviation
from geodesic arises only when the velocity of a spinning
particle has nonzero orbital (tangential) component. In this
context the analysis of the spin-orbit interaction was
presented in [10], in the cases when the particle’s velocity
is not highly relativistic. Later papers [11-13] were devoted

Published by the American Physical Society


https://orcid.org/0000-0003-3081-2774
https://ror.org/05dry3213
https://ror.org/05dry3213
https://crossmark.crossref.org/dialog/?doi=10.1103/vwqc-9vkh&domain=pdf&date_stamp=2025-11-26
https://doi.org/10.1103/vwqc-9vkh
https://doi.org/10.1103/vwqc-9vkh
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

R. PLYATSKO and M. FENYK

PHYS. REV. D 112, 104079 (2025)

to the study of the consequences of the spin-orbit inter-
action in the highly relativistic region in Schwarzschild’s
field, as well as in the Schwarzschild-de Sitter background
[14,15]. It was shown that from the point of view of an
observer comoving with a spinning particle, the physical
cause of the significant deviation of the particle’s motion
from geodesics is the spin reaction to the gravitomagnetic
components of the gravitational field. It is important that
these components are proportional to the square of the
relativistic Lorentz factor, calculated by the velocity of the
particle relative to the source of the gravitational field. The
definition of the gravitomagnetic field components in terms
of the local components of the curvature tensor, introduced
in [16], is used.

When studying the properties of possible motions of
spinless particles, circular orbits are considered, among
others [1,2]. In the Schwarzschild field, such orbits exist
only for the radial coordinate r greater than 1.5r,, where
ry is the horizon radius. For all circular geodesic orbits,
Schwarzschild’s mass is in the center of the corresponding
circles. Since the Schwarzschild metric is often used in the
spherical space coordinates r, € and ¢, in which circular
geodesic orbits lie in the plane with 6 = z/2, they are
called equatorial. That is, in this sense, all geodesic circular
orbits are equatorial.

It is important that the circular geodesic orbits with
r=1.5r,(1+46),0 < 6 < 1 are ultrarelativistic, while for
0 = 0 there is so-called photonic circular orbit. The ultra-
relativistic circular orbits of electrically charged particles
are taken into account when estimating their synchrotron
radiation.

It should be noted that the study of the properties of
ultrarelativistic gravity was probably initiated in [17]. It
was shown that the gravitational field of a fast-moving
Schwarzschild’s mass bears an increasing resemblance to a
gravitational plane-wave field. Later the encounters
between black holes were considered in the limit that
the approach velocity tends to the speed of light [18,19]. In
[20], the impulsive tidal acceleration of a beam of ultra-
relativistic particles in the gravitational field were studied.
In [21,22], the ultrarelativistic gravitational force is con-
sidered. In the development of these studies, it is important
to analyze the gravitational ultrarelativistic force that acts
on a spinning particle due to the spin-gravity coupling.

The purpose of this paper is to investigate possible
nonequatorial ultrarelativistic circular orbits of spinning
particles in Schwarzschild’s field using the linear spin
approximation. The conditions for the existence of such
orbits are analyzed in detail.

The paper is organized as follows. A brief overview of
the Mathisson-Papapetrou equations is provided in Sec. II.
An important partial solution of these equations in
Schwarzschild’s metric, which describes the equatorial
ultrarelativistic circular orbit with r = 1.5r, is described
in Sec. III. Section IV is devoted to analytical calculations

to establish necessary and sufficient conditions under
which the MP equations in the linear spin approximation
have solutions describing nonequatorial circular orbits in
the Schwarzschild field. Section V illustrates an example of
such orbit compared to the motion of a spinless particle
with the same initial coordinates and velocity. Estimates of
the spin-gravity force, which, from the point of view of an
observer comoving with the spinning particle, deviates its
motion from the geodesic one, are given in Sec. VI. We
conclude in Sec. VIL

II. MATHISSON-PAPAPETROU EQUATIONS:
EXACT AND LINEAR IN SPIN

We write the equations for a rotating (spinning) test
particle in general relativity according to their representa-
tion in Mathisson’s paper [3]

D DS 1o
o <mu’1 +u, R > =—5u SPR} o (1)
DS# DS DSHe
H —u =0 2
dt + dt il dt ’ @)
S*u, =0 (3)

where u* = dx*/dr is the particle’s 4-velocity; S* is the
antisymmetric tensor of spin; m is the constant of the
particle’s mass and D/dz is the covariant derivative along
u*; units ¢ = G = 1 are chosen. For a spinless particle,
when S$#* =0, these equations reduce to the geodesic
equations Du*/dr = 0.

To evaluate specific spin-gravity effects, instead of (1)
and (2), their linear spin approximation

D

1
Z oyt = — ZyrSPoRA
dTl/i u

npo> (4)

DS*
=0 5
e (5)

is often used. In particular, the known effect of Shiff’s
precession [23] follows directly from Eq. (5).

Beginning from publications [24,25], Eq. (3) is often
replaced by

S¥P, =0, (6)
where

DSIM
PY = mu* + u, = (7)

is the particle 4-momentum. The possibility of using relations
(3) or (6) is associated with different ways of describing the
position of particle’s mass [25,26]. Equations (1) and (2),
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together with (3) or (7), are called the Mathisson-Papapetrou
(MP) or Mathisson-Papapetrou-Dixon (MPD) equations.

If relation (3) is used, then in the linear spin approxi-
mation the momentum P is parallel to the velocity u* and
relations (3) and (7) coincide.

III. AN EQUATORIAL CIRCULAR ORBIT OF A
SPINNING PARTICLE WITH r=3M IN
SCHWARZSCHILD’S FIELD

We use the Schwarzschild metric in the standard coor-
dinates x! = r, x> = 0,x> = ¢, x* = t. Then the nonzero

components of the metric tensor g,, are

Gy = —(1 =2Mr=")71, Joo = —12,

= —r2sin? 0, Gy =1 =2Mr7", (8)

Yoo
where M is Schwarzschild’s mass.

The MP equations in Schwarzschild’s metric have the
exact partial solution which describes the circular orbit of a
spinning particle in the equatorial plane of this metric with
the value of the radial coordinate r equal to 3M (the
standard Schwarzschild coordinates are used) [13,27].
There is the remarkable feature of this solution: it is the
same both for the exact MP equations and their linear spin
approximation. For realization of the circular orbit with
r = 3M the spinning particle must have the orbital 4-velocity
i, = rdg/dr which is determined by

u, = 3147172, 9)
where
e=S/mM, (10)

and S is the absolute value of the particle’s spin, m is the
particle’s mass.

The known general necessary condition for the spinning
test particle must be taken into account [10]

S/mr < 1. (11)

Then in our case with r = 3M we write ¢ < 1. According
to (9) and (10) we have u2l > 1. From these relations
follow the estimation of the relativistic Lorentz y-factor for
the spinning particle’s velocity in the circular orbit with
r =3M by an observer which is at rest in the position
r=3M. We use the known general expression for the
y-factor

y=(01-v)7"72 (12)

where »? is the second power of the particle’s 3-velocity
relative to the observer. In the case of the diagonal metric,
according to the expression for the 3-velocity component v’

we have [28]

. dx’
i 1
! V/Gasdr (13)

(here and below Latin indices run 1, 2, 3 in contrast to
Greek indices that run 1, 2, 3, 4) Then for v? we write

v? = ;v = yuvivk, (14)
where y;; is the 3-space metric tensor, with the relation
between y; and g,,: yix = =g It follows from (12) and
(14) with u,u* =1 that

Yy =Vuu'. (15)

In Schwarzschild’s metric (8) for the circular orbit we
have u,u’ =1+ ui. Then according to (9), (11) and (15)
we write > >> 1. That is, for an observer which is at rest in
the position r = 3M the necessary particle’s velocity for its
motion in the circular orbit with r = 3M is ultrarelativistic.

It is appropriate to compare the motion of the spinning
particle in the circular orbit for 3M with the geodesic motion
of the spinless particle which starts in the tangential
direction from the same position having the same orbital
velocity. It is known from the geodesic equations that in this
case the spinless particle falls to the horizon surface within a
finite proper time. While the spinning particle remains
permanently in the circular orbit. It means that in this case
the spin-gravity coupling acts as a strong repulsive force
which compensates the usual (“geodesic”) attraction. Note
that the absolute value of the acceleration |a| in the circular
orbit with r = 3M is equal to 373/2M~". It is useful to
compare the numerical value of this acceleration with the
classical acceleration in the Newtonian theory of gravitation

Agias = M /12 Then for r = 3M we write |a| = v/3dgu-

IV. NONEQUATORIAL CIRCULAR ORBITS OF A
SPINNING PARTICLE IN SCHWARZSCHILD’S
FIELD

Let us check whether the MP equations in the linear spin
approximation have solutions that describe nonequatorial
circular orbits of the spinning particles in Schwarzschild’s
field with r = const. After direct analytical calculation we
obtain that these equations have solutions with constant
nonzero values of the 3-vector spin components S, and Sy,
with the relation between them

3M 0
S,(l - —) 5,287 _ . (16)
r rsin @

The nonzero constant components of the particle 4-velocity
u” and u’ are determined by the equations
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3IM
m(Ty,u’u? + Tju'u') = ——-u?Sysin0,  (17)
r

o0
3IM
mI'd,utu? = —7u“’S, sin 0, (18)

where I, I';;, and FZ,/, are the corresponding Christofel

symbols. For metric (8) there are
I, = (—r—+2M)sin’#0, (19)
Iy, =Mr2(1-2Mr"),  TY,=-sinfcosh. (20)

It follows from (18)

3IMS
=" 21
T P cos 6 1)
For the component u’ we have the expression
9M S?
(u')* =—=52=5Mr")(1-2Mr")""tan*0. (22)
mer

It follows from the general relation for the 4-velocity
u,u* =1 that by (21) and (22)

18M S2

2.2

(1=3Mr ") tan0 = 1. (23)
r m-r

Now we take into account the general expression for the
second power value of the particle’s spin

1
§? = 3 S, S*. (24)
According to the MP equations S is a constant of motion for
any metric and for all possible particle’s trajectories.
There are the general relations between the tensor of the

particle’s spin and its 3-vector

Sit — ﬂski

Sik — |g|_1/2€ik1S1,
Uy

, (25)
where |g| is the absolute value of the determinant of the
metric tensor and £/ is the Levi-Civita symbol.

In the case of circular orbits in Schwarzschild’s field with
u” =0 and u? = 0 it follows from (24), (25), and (8) the
nonzero values for S$*

S0 = [gI7V2Sy, 8% =g|7V/3S,,

st =" g1, s =g, (26)
Uy Uy
Using (26) in (24) we obtain

§? = (uu)7VSE+ r2(1 = 2mr )71S5). (27)

Substituting the expression for Sé through S2 which follows
from (16) according to (27) we write
§? = S2[(1=3Mr')?sin? 0 + (1 — 2Mr~") cos® 6]

x (1 =2Mr=1)72(u")~2 cos™2 6. (28)
[It follows from (16) that for S, =0 it is necessary
cosd = 0.] From (22) and (28) we obtain

52 o
m*rr M
x (1 =2Mr 1712 = 5Mr ")~ tsin~2 6. (29)

[(1=3Mr=")?sin* 0 + (1 —2Mr~") cos® 0]

According to the last expression, the condition for the
spinning test particle (11) is satisfied if and only if the
constant value 1 —3Mr~! is much less than 1 (by (23) it is
necessary r > 3M) and the value | cos 6| is much less than 1
as well. In the following we use the notation

S, =1-3Mr7!, 8, = | cos b, (30)
with the conditions
0<46 <1, 0<6, <. (31)

After (30) and (31) we write

F=3M[1+68 +0(), sin?0=1-8. (32

Substituting (32) into (29) we have

s 2 %
m2r2 = 367 + 63, (33)

where the right-hand side is written in the main approxi-
mation, i.e., terms that are significantly smaller due to
conditions (31) are omitted.

Using notation (31) we write the expressions for the
components of the particle’s 4-velocity

1 1

(u?)? = 54075, (u')? = 26, (34)

From these expressions the relation follows:
(u")? > 1, (35)

that is, the constant velocity of the spinning particle in the
nonequatorial circular orbits is ultrarelativistic. In this
sense, here the situation is similar to that for the circular
equatorial orbit with r = 3M described above in Sec. III.

Therefore, Egs. (29)-(34) determine the conditions for
existence of the nonequatorial circular orbits.
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A. On the limiting transition

It is easy to verify that at the limiting transitions 6; — 0,
0, — 0 and S, — 0 the nonequatorial circular orbits con-
sidered above tend to the equatorial circular orbit with
r = 3M, which is presented in Sec. III. To do this, instead
of the expression (21) for u?”, where at S, — 0 and 6, — 0
the right-hand side tends to the mathematical uncertainty
0/0, it is necessary to evaluate the expression for u?, which
follows from equation (17). Substituting the expressions
from (19), (20) into Eq. (17) and using the relation
u,u* =1, we obtain the quadratic equation for u; = ru?

u? (1=3Mr')sin? 0
—3u; MSpr3m='sinf — Mr~! = 0. (36)
There are two roots of this equation

uy =3MSygr>m=' £ [9M>S2rSm=2 +4Mr~!
x (1=3Mr~")sin?0)'/2[2(1 =3Mr ") sin?0]".  (37)

In the limiting case r — 3M (i.e., §; — 0), Eq. (37) with the

9

sign yields a single finite root
2
mr
=——, 38
uy 35, (38)

[The second root with the sign “+” means that |u, | tends to
infinity when r — 3M.]

To compare (38) and (9), we consider expression (27).
From (27) at S, — 0 we have the relation between the spin
component S, and the absolute value of the particle’s spin

SZm=2r=t = (1 +u?)(1 -2Mr H)S?m=2r72. (39)

At the limiting transition » — 3M, using (38) and notation
(10), from (39) we obtain the quadratic equation for u |

ut +ud =32 =0. (40)

The positive root of this equation in the main approxima-
tion is u% = e~'/3, then

lu, | = 314712, (41)

This expression coincides with (9) (due to (38) the sign of
u  depends on the sign of Sy). Therefore, there is a correct
limiting transition from nonequatorial circular orbits to an
equatorial circular orbit with » =3M when r — 3M
and S, — 0.

Together with Eq. (17), the properties of the nonequatorial
circular orbits of a spinning particle in Schwarzschild’s field
determine Eq. (18). Note that Eq. (18) is satisfied at the
limiting transitions S, — 0 and §, — 0, i.e., at the transition
from nonequatorial circular orbits to an equatorial circular
orbit with r = 3M.

V. ILLUSTRATIONS

It follows from Eqgs. (17) and (18) that the ultrarelativistic
nonequatorial circular orbits are possible both above and
below the plane & = 7/2 in Schwarzschild’s metric, depend-
ing on the spin orientation and the direction of the particle’s
orbital velocity. For example, the corresponding orbits exists
when 0 < 7/2, u; >0, S, >0 and Sy < 0.

We present some illustrations for the typical case with the
numerical values from (30) §; = 1072 and §, = 5 x 1072,
Then by (30) the angle 0 is equal approximately to 87°, that
is 3° above the equatorial plane. Figure 1 shows the
difference in the dependence of the coordinate r on proper
time for the spinning particle and the spinless particle which
begin motion with the same position having the same initial
velocity. The spinning particle is held at the constant value r,
whereas the spinless particle falls to the horizon surface for
the short time. According to Figs. 2 and 3, the graphs of the
dependence of the angles € and ¢ on proper time for the
spinless particle end at the time when this particle reaches
the horizon surface. Figure 4 shows the trajectory of the
spinless particle falling to the horizon, while the trajectory of
the spinning particle remains circular.

Further description of the example of a nonequatorial
ultrarelativistic circular orbit with &, = 1072 and &, =
5 x 1072 is given in the next section.

3.01 e

2.8 .

—_ -

EZ.S'

~

2.3 .
2.1] .

FIG. 1. Radial coordinate vs proper time for the spinning (solid
line) and spinless (dotted line) particles.

921 to
911 .
°D 90 .
891 .
881

FIG. 2. Angle 0 vs proper time for the spinning (solid line) and
spinless (dotted line) particles.
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4001

3001
S

2001

1001

FIG. 3. Angle ¢ vs proper time for the spinning (solid line) and
spinless (dotted line) particles.

-2 -1 0 1 2 3

FIG. 4. Trajectories of the spinning (solid line) and spinless
(dotted line) particles. The dashed circle corresponds to the
horizon surface.

VI. THE FORCE AND ENERGY OF THE SPIN-
GRAVITY COUPLING FOR A PARTICLE IN THE
NONEQUATORIAL CIRCULAR ORBITS

In addition to the MP equations in the linear spin
approximation (4) and (5), we take into account their
consequence in terms of the local tetrads values i’(‘y) which
describe the frame of reference comoving with the spinning

particle, when /1’(‘ 5 = u* [13]. [Here, and in the following,

the local indices are placed in the parenthesis.] We orient the
first space axis (1) of the local basis along the particle’s spin,
and the second space axis (2) is oriented along the direction
of its orbital velocity relative to the Schwarzschild’s mass. In
further calculations we use the general relation between the
metric tensor ¢ and /1’(‘1/)

2y ,1€U>,7<u><u> = g7, (42)
where 7)) = diag(-1,-1,—1,1) is the Minkowski

tensor.
It follows from Eqgs. (4) that [13]

mag) + SRy 2)6) = 0, (43)
mag) + SR 2)3) = 0, (44)
mas) + SR3)4)2)3) = 0, (45)

where a; is the acceleration of a spinning particle relative
to the free motion of a spinless particle, and R ;)4)(2)3) are
the corresponding local components of the Riemann tensor.
We use general relations (43)—(45) to estimate the quan-
tities a(;) in our specific case of the motion of a spinning
particle in the ultrarelativistic nonequatorial circular orbits
in Schwarzschild’s field. It is not difficult to verify that
according to (8) and (42) the nonzero tetrad components
can be presented as

2y = =0 (=000)"/8,5" (1 + 9" 0057.5,7) .
Ay = =" (=900)" (1 + 97 900S7557) ™"/,

— @
91t r Uyl

’ 2) ’
—u,u’ 2) Gur

19" 990 2 ¢-2\-1/2
r J— @ rr
ﬂ<3) =Uu _u(/)uw(l +g gggS,Sg ) s

Ay = =S:Sg Ay My = ut. Ay =t (46)

/1202) = u?u'

We take into account the expressions for the components
of Riemann’s tensor R z,s for metric (8)

R,90 = M(r—2m)~", R,prp = M(r—2m)~"sin? 6,

Ropop = —2Mr sin? @, R, =2Mr>3,
Roor = —Mr=>(r = 2M),
Ryige = —Mr~>(r — 2M) sin” 6. (47)

Using the general relation between the local and global
components of this tensor

__qa P
Ry (p)(0)x) = A X o) Ay Raprs (48)
by (47) we obtain

Ruywy@)e) = —Mr~2u?u’ cos 6,
Riyay2)) = Mr—2u?u' (4 —OMr7")
x (1 =2Mr=")""2sin6. (49)
Then according to (43)—(45) and (46)—(49) we obtain the
expressions for the components of the spin-gravity force

F% = ma') which from the point of view of a comoving
observer acts on the spinning particle

o
1) —_M%2 (3 4 57282)712, F® =0, (50
M513\/§( 1 2) ( )
m YO _
F(3):_IE§_M(3+6'25%) 2(3-678). (1)

By Eq. (50) the component of the spin-gravity force F() in
the direction of the angle ¢ is equal to 0. Before describing
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the orientation of the other components of this force, let us
consider the inclination of the particle’s spin to the radial
coordinate line.

A. The dependence of spin inclination on the
parameters 4; and 6,

Let us estimate the angle between the direction of the
particle’s spin and the radial line for different values of the
parameters 6; and ,. By definition, for this angle a we
write

s)gr ()

e e

cosa = = , 52
|_é(1>||_ér| / grr ( )

where ¢(1) and " are the vectors of the local and global
basis, respectively. According to (46) we have

2V = —g7rS, S5 (1 — g r2S285%)712. (53)

Taking into account (16) with notation (30) and condition
(31), we use in expression (53) the relation

S, 6

r_ %2 54
Sg r51 ( )

Then it follows from (53) and (54)
/V(l) — grrézal—l(l _grr5%51—2)—1/2' (55)

As a result, by (52) we obtain

cosa = \/—g" 857 (1 — g783672)712 (56)

From (56) for 6, —» 0 with the fixed §; it follows
a — n/2, and this is the case of the equatorial motions
with §, = 0. Then according to (28), in order for the value
S remains the fixed constant, it is necessary S, — 0. It
means that the particle’s spin is oriented close to the
orthogonal direction to the equatorial plane. At another
limiting transition when 6; — 0 with the fixed &, from (56)
we have @ — 0 and then by (54) it means that Sy/S, — 0,
i.e., the orientation of the spin tends to the radial direction.
Note that by (15) and (35) when &; — O the necessary
particles velocity tends to the speed of light. For all others
ratio o, to §; the values of the angle « are between 0 and
z/2. For example, at the above considered case with §; =
1072 and &, = 5 x 1072 from (56) we have

cosa =

(57)

B
oo

and a ~ 19° (see Fig. 5).

Now we estimate the dependence of the components F(!)
and F®) from (50) and (51) on the parameters &, and &,. By
(50) for any fixed small 6, with §; tends to zero we have

5

19°
o 6=90°
1.57,

FIG.5. Schematic illustration of the orientation of the particle’s
spin for the example when §; = 1072 and &, = 5 x 1072,

F spin

19°
© 6=90°

1.5rg

FIG. 6. Schematic illustration of the orientation of the spin-
gravity force for the example when §; = 1072 and §, = 5 x 1072,

m__m_
M3V/3

At another boundary transition, when §; is fixed and 6,
tends to zero, it follows from (50) F(1) — 0. Similarly,
according to (51), for any fixed small value 6, with §; tends
to zero we write

(58)

3) N m52 '
18M3,

(59)
While for fixed 9, and &, tends to zero, it follows from (51)

FO 5 —— . (60)

Let us estimate the components F() and F®) from (50)
and (51) for the example §; = 1072 and 5, = 5 x 1072 (see
Fig. 6). Then we have

Sm 11m
= FO = —— | 61
9M+/28 (61)

To estimate how large the values of these components are,
we will write down their ratio to the value of the Newtonian
force F,, When in the known classical formula we put
r=23M, i.e.

m

Fass = 97M . (62)

Taking into account (61) and (62) we write
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F) 75 FO 11
= /2, S (63)
Fclass 28 Fclass V 28

Then for the absolute value of the spin-gravity force

Fopin = \/ (F)? + (FO))? (64)
from (63) we have

Pain _ 5 (65)
F class

That is, the value of the spin-gravity force is close in order

to the classical Newtonian force calculated for a mass M at

the distance r = 1.5r, = 3M. So, in this sense, the spin-

gravity coupling is strong.

Note that the presented analysis of the dependence of the
components F(!) and F©® on §, and &, provides a physical
explanation of the limiting transition at §; — O from the
nonequatorial circular orbits of a spinning particle to the
equatorial circular orbit of a spinless particle with r — 3M.
From the geodesic equations in Schwarzschild’s metric, the
expression for the orbital velocity u; = ru? follows with
r close to 3M (r > 3M)

1
From the MP equations according to (34) we have
1
2=, 67
uj 651 ( )

That is, the right-hand sides in Egs. (66) and (67) do not
coincide. This difference is due to an obvious physical
reason. Indeed, as noted above, when §; is any small fixed
nonzero value and §, — 0 (the last means that the spinning
particle passes into equatorial plane), then F(1) — 0. At the
same time, at the same limiting transition according to
Eq. (60), the component F®) remains finite. That is, at this
limiting transition the spin-gravity force does not disappear.
Whereas a spinless particle is under the action of only
ordinary (“geodesic”) gravitational attraction.

B. The energy of the spinning particle in the
ultrarelativistic nonequatorial circular orbits

There is the energy E as a constant of motion for the
MP equations in the linear spin approximation for
Schwarzschild’s metric [29,30]

1
E=mu, + Egn,rsrt- (68)

Using (8) and (16) we calculate

1 MM(ﬂSg

g, ST = w20 69
29 AL Sin g (69)

Then for the above considered nonequatorial ultrarela-
tivistic circular orbits with (34) we obtain

E= Egeod(1 + 3_151)’ (70)

where Eqeoq = mu, is the energy for the geodesic motion.
That is, because by (31) 0 < §; < 1, the correction of the
spin to the particle’s energy is small.

VII. CONCLUSIONS

Direct analytical calculations, presented in Secs. IV and
VI, reveal the properties of the spin-gravity coupling in the
space region near the photonic circular orbit with r =
3M = 1.5r, in Schwarzschild’s field. The corresponding
solutions of the MP equations in the linear spin approxi-
mation (4) and (5), which describe the ultrarelativistic
nonequatorial circular orbits of a spinning particle, are
considered. In this approximation, two known supplemen-
tary conditions for the MP equations (3) and (6) coincide.

In Sec. IV, the necessary and sufficient conditions for
the existence of the nonequatorial circular orbits in
Schwarzschild’s field are studied. One of these conditions
requires that the velocity of the spinning particle relative the
field source must be ultrarelativistic, i.e., close to the speed
of light. Another condition determines the inclination of the
spin to the equatorial plane and to the radial coordinate line.

The spin-gravity force as estimated by the observer co-
moving with the spinning particle is investigated in Sec. VL
The dependence of this force on the spin orientation for the
particle in the ultrarelativistic nonequatorial circular orbit is
analyzed for a concrete example. The corresponding illus-
trations are presented in Secs. V and VL

The space region, in which the physical effects considered
in the article occur, is limited in the radial coordinate by the
condition 1.5r, <r < 1.5r,(1+6), where 0<dé<1.
Nevertheless, in the real case of a massive black hole the
value 1.57,6 is not small. For example, in the case of a black

hole with the mass of 10° the Sun’s mass, when ry in the

relevant system of unites is 3 x 10° kilometers, at § = 1072
the value 1.5r,6 is equal to 4.5 x 10* km.

The obtained results on ultrarelativistic nonequatorial
circular orbits of spinning particles can be useful for
studying physical processes in thin accretion disks and for
estimating synchrotron radiation of charged particles [31].

It is known that there is a correspondence between the
general relativistic Dirac equation [32,33] and the MP
equations in the linear spin approximation. In this context,
the properties of the ultrarelativistic spin-gravity coupling
at the classical level are useful for studying the gravity
interaction of quantum particles at very high energies [34].

DATA AVAILABILITY

The data that support the findings of this article are
openly available [34].

104079-8



STRONG SPIN-GRAVITY COUPLING IN THE LINEAR ...

PHYS. REV. D 112, 104079 (2025)

[1] C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation
(Freeman, San Francisko, 1973).
[2] S. Chandrasekhar, The Mathematical Theory of Black Holes
(Oxford University Press, Oxford, 1983).
[3] M. Mathisson, Acta Phys. Pol. 6, 163 (1937).
[4] A. Papapetrou, Proc. R. Soc. A 209, 248 (1951).
[5] F. A.E. Pirani, Acta Phys. Pol. 15, 389 (1956).
[6] T. Sauer and A. Trautman, Acta Phys. Pol. B Proc. Suppl. 1,
7 (2008).
[7] E. Corinaldesi and A. Papapetrou, Proc. R. Soc. A 209, 259
(1951).
[8] S. Rasband, Phys. Rev. Lett. 30, 111 (1973).
[9] R. Plyatsko, Phys. Rev. D 58, 084031 (1998).
[10] R. Wald, Phys. Rev. D 6, 406 (1972).
[11] R. Plyatsko and M. Fenyk, Phys. Rev. D 85, 104023 (2012).
[12] R. Plyatsko, M. Fenyk, and O. Stefanyshyn, in Equations of
Motion in Relativistic Gravity (Springer, New York, 2015),
pp. 165-190.
[13] R. Plyatsko and M. Fenyk, Phys. Rev. D 94, 044047 (2016).
[14] R. Plyatsko, M. Fenyk, and V. Panat, Phys. Rev. D 96,
064038 (2017).
[15] R. Plyatsko, V. Panat, and M. Fenyk, Gen. Relativ. Gravit.
50, 150 (2018).
[16] K. Thorne and J. Hartle, Phys. Rev. D 31, 1815 (1985).
[17] FE. A. E. Pirani, Proc. R. Soc. A 252, 96 (1959).

[18] P.D. D’Eath, Phys. Rev. D 18, 990 (1978).

[19] G.E. Curtis, Gen. Relativ. Gravit. 9, 999 (1978).

[20] B. Mashhoon and J. C. McClune, Mon. Not. R. Astron. Soc.
262, 881 (1993).

[21] A.S. Fokas, Eur. Phys. J. C 79, 271 (2019).

[22] J. C. Feng, arXiv:2401.05764v2.

[23] L. Schiff, Phys. Rev. Lett. 4, 219 (1960).

[24] W. Tulczyjew, Acta Phys. Pol. 18, 393 (1959).

[25] W. G. Dixon, Nuovo Cimento 34, 317 (1964); Proc. R. Soc.
A 314, 499 (1970); Gen. Relativ. Gravit. 4, 199 (1973); Phil.
Trans. R. Soc. A 277, 59 (1974); Acta Phys. Pol. B Proc.
Suppl. 1, 27 (2008).

[26] B. Mashhoon, J. Math. Phys. (N.Y.) 12, 1075 (1971).

[27] R. Plyatsko and M. Fenyk, Acta Phys. Pol. B §5, 7-A.1
(2024).

[28] L.D. Landau and E. M. Lifshitz, The Classical Theory of
Fields (Addison-Wesley, Reading, Massachusetts, 1971).

[29] R. Micoulaut, Z. Phys. 206, 394 (1967).

[30] K. Tod and F. de Felice, Nuovo Cimento B 34, 365 (1976).

[31] R. Plyatsko and M. Fenyk, Acta Phys. Pol. B 52, 323
(2021).

[32] V. Fock, Z. Phys. 57, 261 (1929).

[33] H. Weyl, Proc. Natl. Acad. Sci. U.S.A. 15, 323 (1929).

[34] R. Plyatsko and M. Fenyk, Phys. Rev. D 111, 1021302
(2025).

104079-9


https://doi.org/10.1098/rspa.1951.0200
https://doi.org/10.1098/rspa.1951.0201
https://doi.org/10.1098/rspa.1951.0201
https://doi.org/10.1103/PhysRevLett.30.111
https://doi.org/10.1103/PhysRevD.58.084031
https://doi.org/10.1103/PhysRevD.6.406
https://doi.org/10.1103/PhysRevD.85.104023
https://doi.org/10.1103/PhysRevD.94.044047
https://doi.org/10.1103/PhysRevD.96.064038
https://doi.org/10.1103/PhysRevD.96.064038
https://doi.org/10.1007/s10714-018-2474-1
https://doi.org/10.1007/s10714-018-2474-1
https://doi.org/10.1103/PhysRevD.31.1815
https://doi.org/10.1098/rspa.1959.0139
https://doi.org/10.1103/PhysRevD.18.990
https://doi.org/10.1007/BF00784660
https://doi.org/10.1093/mnras/262.4.881
https://doi.org/10.1093/mnras/262.4.881
https://doi.org/10.1140/epjc/s10052-019-6779-3
https://arXiv.org/abs/2401.05764v2
https://doi.org/10.1007/BF02734579
https://doi.org/10.1098/rspa.1970.0020
https://doi.org/10.1098/rspa.1970.0020
https://doi.org/10.1007/BF02412488
https://doi.org/10.1098/rsta.1974.0046
https://doi.org/10.1098/rsta.1974.0046
https://doi.org/10.1063/1.1665699
https://doi.org/10.1007/BF01326498
https://doi.org/10.1007/BF02728614
https://doi.org/10.5506/APhysPolB.52.323
https://doi.org/10.5506/APhysPolB.52.323
https://doi.org/10.1007/BF01339714
https://doi.org/10.1073/pnas.15.4.323
https://doi.org/10.1103/PhysRevD.111.L021302
https://doi.org/10.1103/PhysRevD.111.L021302

	Strong spin-gravity coupling in the linear approximation for circular orbits in Schwarzschild's field
	I. INTRODUCTION
	II. MATHISSON-PAPAPETROU EQUATIONS: EXACT AND LINEAR IN SPIN
	III. AN EQUATORIAL CIRCULAR ORBIT OF A SPINNING PARTICLE WITH r=3M IN SCHWARZSCHILD'S FIELD
	IV. NONEQUATORIAL CIRCULAR ORBITS OF A SPINNING PARTICLE IN SCHWARZSCHILD'S FIELD
	A. On the limiting transition

	V. ILLUSTRATIONS
	VI. THE FORCE AND ENERGY OF THE SPIN-GRAVITY COUPLING FOR A PARTICLE IN THE NONEQUATORIAL CIRCULAR ORBITS
	A. The dependence of spin inclination on the parameters &delta;1 and &delta;2
	B. The energy of the spinning particle in the ultrarelativistic nonequatorial circular orbits

	VII. CONCLUSIONS
	DATA AVAILABILITY
	References


