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Conformal gauge theory of vector-spinors and spin-3/2 particles
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The unique off-shell fermionic gauge invariance of a vector-spinor field theory is found, and the
invariant action is derived. The latter is Weyl invariant in any dimension in the massless limit, and it
coincides with the singular point of the one-parameter family of Rarita-Schwinger Lagrangians, in
agreement with previous findings in flat space. Pure gauge configurations are represented by gamma-trace
vector-spinors, which can be gauged away in a global fashion. Previous claims that this theory is
classically inconsistent are shown to be flawed, and the Velo-Zwanziger instability is proved to be absent.
The theory propagates a massive spin—% particle together with a spin—% state whose mass is twice that of

the j = % mode. The causal construction of the quantum field is consistent with the field equations in
that the ratio of the masses is the same, while it shows that the lower-spin component is a negative-norm
state. The conformal anomaly is derived using known results for the heat kernel of nonminimal second-
order operators, and the resulting a charge is negative consistently with the Hofman-Maldacena bound,

which applies only to unitary theories.
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I. INTRODUCTION

The most studied theory of spin—% particles due to Rarita
and Schwinger [1] is known to lead to inconsistencies (the
properties of such particles in supergravity are well studied
yet out of the scope of this work). This field theory is
described by a vector-spinor ¥, whose vacuum field
equations state the vanishing of the gamma-trace and
longitudinal components, thus getting rid of the two
spin—% irreducible representations [2]. As Johnson and
Sudarshan [3] first showed, a way to notice that the
interacting theory is flawed is provided by computing
the equal-time commutators and noticing that causality is
jeopardized. Later, Velo and Zwanziger [4] proved that this
feature reflects the appearance of a tachyonic mode, which
is found by analyzing the normals to the characteristic
surfaces of the equations of motion after substitution of the
primary and secondary constraints. Heuristically, this
problem arises due to an accidental symmetry of the free
theory, which is broken when coupled to external back-
grounds such as the electromagnetic field. This implies that
the number of propagating degrees of freedom (d.o.f.) is
different in the free and interacting theories.
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The action introduced in [1] actually belongs to a one-
parameter family of actions, which are physically indis-
tinguishable, and the parameter generates the so-called
contact symmetry, see, e.g., [5]. In particular, the construc-
tion of [5] shows that this theory can be derived by
demanding that there are 8 propagating degrees of freedom
carried by a massive spin—% particle. Notice that there is a
singular value of this parameter in which the aforemen-
tioned analyses do not apply anymore. Furthermore, in a
recent paper [6] the authors performed a Hamiltonian
analysis of the constraints of the theory, showing that
Dirac’s conjecture [7] that the secondary constraints “gen-
erate” gauge transformations does not apply for the Rarita-
Schwinger model, and also pointing out that there is a
physical spin-} excitation.

In this paper the field theory of vector-spinors is
reconsidered starting from a different perspective. The
inception is the following question: are there any consis-
tent (i.e., not accidental) gauge symmetries that can
be imposed at the level of the kinetic Lagrangian? The
answer is that there is a unique such symmetry, which can
also be imposed on the mass terms, thus yielding a gauge
invariant massive theory. The action matches the singular
value of the one-parameter family studied in [§—10], which
is interpreted in a novel manner. By analyzing the
conformal (Weyl) properties of vector-spinor theories it is
noticed that the massless theory is not only conformal (like
in the flat-space limit [9]), by it is the only theory belonging
to the intersection of conformal actions and the afo-
rementioned one-parameter family. Velo and Zwanziger’s
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computation [4] is carried over in this model too, yielding
no superluminal propagation for any configuration of the
external gauge potentials.

By using spin projectors one deduces that the gamma-
trace vector-spinors belong to the kernel of the action
functional and can be gauged away in a global fashion. This
is the reason why it was mistakenly stated that the Green’s
function does not exist in the “singular” limit of the one-
parameter family of operators. The resulting field equations
are different from those encountered in the literature.
Specifically, in a local patch and in absence of interactions
the equations of motion can be written as two Dirac
equations for the transverse and longitudinal components
of a gamma-traceless vector-spinor y,. The physical
prediction is that the spin-§ mode has twice the mass of
the spin-3 particle.

The quantization problem of the physical gamma-
traceless vector-spinor 1y, is tackled by following
Weinberg’s construction of causal quantum fields [11]
(see also Chapter 5 of [12]). The mode decomposition and
the relative normalization of the j = 3 and j = ] coefficient
functions are derived by requiring that all anticommutators
vanish at spacelike separations. Most importantly, the
same field equations derived from first principles arise
as a by-product of the construction, and the Feynman
propagator is explicitly built. On the other hand, the lower-
spin component is found to be a ghost, in agreement with
previous analyses [9,10].

Finally, the 1-loop quantum fluctuations of the field y,
on top of a general Riemannian background are considered
by computing the logarithmically divergent part of the
effective action using the heat kernel technique. This is
achieved by employing the recently found model-indepen-
dent expression for the traced second heat kernel coefficient
for nonminimal second-order operators [13]. The result is
consistent with that of a Weyl conformal theory explicitly
broken by the presence of a mass term in the action. In this
case the physical prediction is that the contribution to the
a-anomaly [14,15] has an opposite sign with respect to
fields with spin s < 1.

The Appendix fixes the conventions regarding the space-
time signature and the Clifford algebra, provides the explicit
forms of the coefficient functions that are not reported in the
main text, and contains the expressions of some tensor
coefficients that appear in the heat kernel integration of the
1-loop fluctuations.

II. THE RARITA-SCHWINGER FRAMEWORK

Here, we briefly introduce the Rarita-Schwinger frame-
work for describing spin-% particles through a specific
action functional involving the vector-spinor ¥,. To derive
this action one usually requires it to be at most linear in the
derivatives, Hermitian, and such that the equations of
motion of the free theory can be written as [2,5,16,17]

(d+m)¥, =0,
YW =0, (1)

By combining the two equations one notices that
0-¥=0. (2)

It turns out that there exists a one-parameter family of
Lagrangians that yields these field equations. The operator
that enters such Lagrangians depends on a free real
parameter a, which tunes an internal rotation in the
spin-% subspace, and it reads [5]

N (a) = (F + m)g" + ("9 + Vi)
(d=1)a*+2a+1

W v
7% "Wy
d(d—l)a2+4(d—l)a+d o

This internal rotation signals an underlying contact sym-
metry of the Lagrangian. The operator that is applied to
a generic vector-spinor ¥, and rotates the two spin-%
eigenspaces is

9/4”([7) = 5// + byﬂ}/y’ (4)

which is singular for b = —b, Recalling the form of the
Rarita-Schwinger operator [1,2,4]

Ny = 7, = my, (5)

we can write down the one-parameter operator Eq. (3) as

) a+1 1, atl
AF (a)—ef‘p<—d_2>/\fes¢9/1 (_d—2)' (6)

The properties of the system are insensitive to the value of
the free parameter a, which bears no physical meaning.
The rotations in Eq. (4) give rise to a group structure, and
the symmetry of the physical properties under such
rotations is known as contact symmetry [5]. On the other
hand, we notice that for a = —% the parameter of the
rotation assumes its singular value b = — [lp and the
physics described by the theory is completely different.
Whenever a # —% the field equations R* = 0 have both
a primary constraint y - R = 0 and a secondary constraint
V - R = 0. In the free theory in flat spacetime this implies
that both spin-} modes of ¥, are unphysical. However, in
the presence of nontrivial background electromagnetic
fields one can see that one spin—% mode is physical [4].
Thus, an inconsistency arises in that there is a difference in
the number of the dynamical degrees of freedom between
the free and interacting theories. Furthermore, in the latter
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case an unphysical superluminal propagation of the vector-
spinor is found along a specific direction, thus providing a
nontrivial example of how Lorentz invariance can be
broken in spite of the manifest covariance of the field
equations [4]. Technically speaking, this behavior arises
because both constraints can be substituted in the field
equations in a local fashion, so that superluminal propa-
gation is seen to occur in the presence of a static
homogeneous magnetic field by studying the normals to
the characteristic surfaces. This unphysical property can be
attributed to the fact that the longitudinal modes Ve
belong to the kernel of the Rarita-Schwinger operator
Eq. (5) in the free field limit only, while they contribute
to the dynamics whenever general background fields are
present.

III. FERMIONIC GAUGE INVARIANCE

The most general linear self-adjoint differential operator
acting on a vector-spinor ¥, is given by

NP = PN 4 a(p"VP 4y + Ry (T)

We want to constrain the two dimensionless coefficients a
and £ by imposing a fermionic gauge invariance like the
one considered in [1,2], but requiring that this symmetry
holds off the mass shell and in the presence of arbitrary
interactions. A gauge transformation is written as a linear
differential operator acting on a Dirac spinor e. Thus, the
most general one comprises two independent tensor struc-
tures, i.e.,

8p ¥ = 01V,e+ 0,7, Ve (8)

Here, 6,, are real constants, and the commonly studied
case is given by 0, = 0 [1,2]. By imposing gauge invari-
ance, 1.e.,

!
5 NW,=0, 9)

we find that there is a single solution to the previous
equation, which sets ; = 6,, i.e.,

5, =V,e+7,'Ve=7,¥e, (10)

whereas the invariant operator is

d-2
AP — AV — (y#NP 4 yPNIH)

mv
d+1)(d-2
=Dy,
In contrast with the local transformation dy, =V e,
Eq. (10) does not require any ad hoc assumption about
the background fields to yield an invariant action.

Moreover, the local transformation (10) also permits to
write down a gauge invariant mass term

-1 1
Aﬁﬁf _%(qﬁw_d_ 17,/4/)>. (11)

Thus, using Eq. (A10) the massive gauge invariant operator
can be written as

2 d+2
A =N g" — y (V¥ + ViyY) — 7 ¥y
m(d—1) L
— g ———y ). 12
+— <g" 17 ) (12)

This operator corresponds to the “singular” case of the one-
parameter family of operators, see Eq. (3). However,
fermionic gauge invariance makes this operator (12) stand
on a new and independent footing. As a matter of fact, the
previously mentioned impossibility of deriving the Green’s
function [5] is manifestly due to gauge invariance. Thus, if
one is to find such a Green’s function, a gauge-fixing term
should be added to the action, whose operator may be
written as

o1
Ny =1V (13)

A. Conformal properties

Let us now analyze the conformal (Weyl) properties of
our operator Eq. (12). First of all, we fix our conventions by
choosing

&Y G = 206G, VY, =wo?,, (14)
where w is the Weyl’s weight of the vector-spinor, which is

fixed by noticing that the infinitesimal transformation of
curved-space gamma matrices is

5V =0, (15)

Here, the weight is Wy, = — %, Moreover, the torsion-free

spin connection @

transform as [18]

, and the affine connection 17,

6“;Va)ah” — (euﬂEyh _ eh”E'zza)aDG7
5,‘;VF/’W =28,0,y0 — g,,0°0. (16)

Up to homogeneous terms the Weyl transformations of the
three different kinetic tensor structure operators that enter
Eq. (12) are
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Wy, ¥, = (d-2)(yro’lo)?,,
5y (VP + VW, = —d(yh’d“]a)‘l’p,
5(v,vpry/“Pﬂ =0. (17)

Therefore, the newly found fermionic gauge transformation
(10) is compatible with Weyl invariance when m = 0,
whereas this is not the case for the commonly studied local
transformation 6%, = Vﬂe. Furthermore, the kinetic part of
Eq. (12) represents the only element of the intersection
between conformal operators and the one-parameter family
of operators (3). Notice also that Weyl invariance is not
sufficient for fixing the relative coefficients of the three
differential operators entering Eq. (7), for the last term in
(7) is Weyl covariant. Thus, the conformal operator for a
vector-spinor ¥, can be written in terms of a dimensionless
constant ¢ as

2
Acont = ¥ g — y (VY 4+ Vi) +cyVyr. (18)

Thus, the compatibility of fermionic and Weyl gauge
invariances manifestly holds in any spacetime dimension,
while an analogous feature arises in electrodynamics and
Yang-Mills theories only in d = 4. In spite of this appealing
feature we shall not attempt to study the physics of
conformal vector-spinors in a generic dimension d.

IV. CONSISTENCY OF THE CLASSICAL THEORY

We now turn to analyzing the propagating degrees of
freedom of the fermionic gauge invariant action (12). To
this end, we first employ spin projectors to rewrite the
operator Eq. (12) in a more convenient form and derive
the field equations, then we analyze the constraints that
follow from the field equations, and finally we show that no
Velo-Zwanziger instability is present.

A. Spin projectors
We choose a different parametrization of the spin
projectors onto the spin—% sector with respect to that which

has been employed in the literature [5,19]. The first such
projector is given by

1 1
Pu) ==t 19
( AA w dquU ( )

which projects onto vector-spinors that can be written as y,,
times a Dirac spinor. The complementary spin—% projector is
given by

1 1
(P?_’?B)/w = m |:dpﬂpv - (7ﬂlﬁpu + p[lﬁ}’b)

p2

+ 7 }’ﬂ%/:| ’ (20)

which produces gamma-traceless longitudinal vector-spin-
ors. The intertwining projectors are

P L
( AB)W—WT_T Tty = 1B

1 1 p?
(Png)W = pz\/TTl [7}’,47@ - Pylﬁ}’u} . (21)

Finally, the spin—% projector reads

1
(P%>W = d=1) [(d=1)p*gu, —dp,p,

+<yﬂﬁpl/ + 7/1/16p/4> - yﬂyl/pz]’ (22)

and the usual completeness and idempotence relations are
satisfied,

1 1
(P% + P124A + P%B) = gﬂw
Hv

11 1
ZPj'iP?k :Pj'k’
i—=A.B
PiPi = P1, (23)
Furthermore, it turns out convenient to define the projector
onto gamma-traceless vector-spinors, which reads

3

1 1
(P}’T)W = (Pi)}w —+ (P%B)/w = G — Zyﬂj/b. (24)

Let us point out that both projectors (19) and (24) are
ultralocal, i.e., they do not depend on the momentum p*.

B. Field equations and constraints

The first step in the analysis of the dynamical degrees of
freedom is provided by rewriting the gauge invariant
operator Eq. (12) using the spin projector Eq. (24). The
result is remarkably simple, i.e.,

— T T\p
N = (PO, (W + m)(PPE)™. (25)
Thus, gauge invariance tells us that the gamma-trace vector-

spinor configurations belong to the kernel of the action.
Indeed, by performing the following global splitting:

1 .
Y, =y, + e with y =¥, (26)

we find that
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S = Sipw) = [ 7 e (20

Thus, the number of degrees of freedom in d =4 is at
most 16 —4 = 12.

To find the field equations we have to remember that the
gamma-traceless condition is purely algebraic, i.e., it is
analogous to the traceless condition for symmetric 2-
tensors. Hence, functional variations must be consistent
with such an algebraic property,

5, 1
— & ——yy. 28
5, iar (28)

Accordingly, by varying Eq. (27) we find the following
field equations for the gamma-traceless vector-spinor y,:

2
R, Eyzpﬂ—;iyﬂv-y/—i—ml//ﬂ =0. (29)

In the Rarita-Schwinger framework the gamma-traceless
condition is derived as a constraint following from the
vacuum field equations by computing y - R = 0, whereas
now y - R vanishes identically. Thus, only the secondary
constraint is nontrivial, and it reads

d-2 d
V-R=
d (W+d—2

m>V-l//
A 1 " S /] —
+7 ER l+l€F y) l//” —0, (30)

where e is the charge of the vector-spinor. Another striking
difference with respect to the Rarita-Schwinger theory
arises by analyzing the secondary constraint. In flat space
and in the absence of background electromagnetic fields,
Eq. (30) tells us that the longitudinal mode V - y obeys the
Dirac equation with mass d—fzm, while in the Rarita-
Schwinger V -y = 0 in such a limit, yielding 8 degrees
of freedom.

C. Absence of Velo-Zwanziger instabilities

To proceed further, let us specialize to the physical
dimension d = 4 and briefly perform a 3 + 1 decomposi-
tion of the Lagrangian. Gauge invariance then implies that
only 12 d.o.f. are physical, and we can exploit the gamma-
tracelessness to write

wo = 77w, (31)
Accordingly, the Lagrangian £ takes the following form:
L==y[6"(V +m)+7/ (¥ +m)ylw.  (32)

In contrast with the analysis performed by Velo and
Zwanziger [4], we cannot make use of the secondary

constraint Eq. (30) in a local fashion. Thus, the previous
Lagrangian already yields the first-order differential oper-
ator whose normals 7,, to the characteristic surfaces we want
to study. This is done by extracting the symbol D/ that
multiplies the time derivative in the previous equation, i.e.,

DIt =" +ylyy (33)

Notice that the 8-dimensional space defined by y'y; = 0
provides eigenvectors of the previous matrix with eigen-
value y°, whereas the 4-dimensional space spanned by y; =
y;4 also yields eigenvectors, whose eigenvalues are —2y°.
The physical solutions of the field equations are also
solutions of

det DV = 0, (34)

which determines the normals to the characteristic surfaces.
Using a general normal vector n, and employing the
previous argument we can rewrite the last equation in a
Lorentz covariant fashion as

detD = (n,y*)*(2n,y*)* =2*(n*)® =0.  (35)

Clearly, there exists no configuration of the external gauge
fields such that this equation is solved for spacelike n,.
Therefore, the loss of causality that was found in the Rarita-
Schwinger case [4] does not take place here. Therefore, in
d = 4 the field equations in Eq. (29) describe the causal
propagation of 8 spin-3 degrees of freedom with mass m and
4 spin-% d.o.f. with mass 2m.

V. QUANTUM THEORY: THE MODE
DECOMPOSITION

A free massive quantum field theory is defined by the
eigenvalues of the Casimir of the Poincar¢ algebra, which
are described by the mass m and spin j. These identify
particles together with additional quantum numbers, such as
the electric charge. For massive theories the intrinsic
redundancy of the field theoretical description is removed
by noting that particles must provide irreducible represen-
tations of Wigner’s little group, i.e., spatial rotations [11].
Furthermore, fields with a nonzero number of spacetime
indices may carry more than a single physical such
irreducible representation, thus describing more than a
single physical particle (see, e.g., [20]).

Let us illustrate this feature of quantum field theory in
the case of a gamma-traceless vector-spinor,

1 1
W, € <1,§) @ (5, 1), r"w, =0, (36)

which belongs to a 12-dimensional irreducible representa-
tion of the Lorentz group. A complex spin j = % particle
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carries 8 degrees of freedom, thus the remaining 4 d.o.f. are
described by a j = %particle. In a generic Lorentz frame the
two spin states can be singled out by applying spin
projectors, with the j:% particle defined by the trans-
versality condition p*y, = 0.

In what follows we explicitly construct the coefficient
functions for a generic vector-spinor y,, subject to Eq. (36)
such that the following causality condition is satisfied:

{w,(x),wl(y)} =0 for (x=y)?>0.  (37)

Let us commence by writing down the ansatz of the mode
decomposition of the gamma-traceless field y,, i.e.,

Wﬂ('x) :l///l< )—"_Wﬂ(
N ZHZ/ )32 [w5i(p. s)e" a,(p.s)
+15(p.s)e " ag (p, )], (38)

where y,; and y, are the annihilation and creation
operators. Moreover,  is summed over the two irreducible
representations of rotations, i.e., a = 5,2 Thus, the only
nonvanishing anticommutation relation is

{aa(p’ S), (l; (pl’ S/)} = 53(p _P/)5ss’6aa" (39)

Notice that the coefficient functions are dimensionless.
Consider a matrix J) providing an irreducible spin-;
representation of the rotation group, and let 7,” be the
generators of rotations. Then, in the rest frame the coef-
ficient functions @;(0,s) and Z;(0, s) of the annihilation
and creation operators must satisfy, respectively [11,12],

S U9), (0. )

s

=J, ®,(0,5), (40a)

= T) B (0.5) = T, 5 (0.9),

(40b)

where s,s" = j,...,—j and * stands for complex conjuga-
tion. These equations represent the starting point for the
derivation of the coefficient functions of any massive causal
quantum field.

A vector-spinor y, is described in terms of its temporal
and spatial parts as

v, = (Wi wo), (41)

and likewise for the coefficient functions ¢, and y, of the
annihilation and construction operators. While the temporal
component can only transform as a j = % Dirac spinor
under rotations, the spatial ones are given by a sum of j = %

and j :% states. To better grasp this feature, let us write
down the generators of rotation that act on these spaces. In
the vector and Dirac spinor representation a rotation around
the k direction takes the following simple forms:

ar=5(5 ) @

0 Oy

(jk) i _leijk9

where o; are the Pauli matrices. Thus, in the vector-spinor
representation we have

vsi I Liow 0
(jk)sj_—lejkﬂ+§<0 Gk)éj. (43)

Let us look at Eq. (40a). By squaring it we have that the
left-hand side is diagonal, and it reads j(j + 1)8,,D;(0, s).
Instead, on the spatial components y; on the right-hand side
we are acting with

. 15 olo; 0
(T (T =81 T ) (44)
4 0 o'o;

Thus, the spin j :% part of y; is that whose coefficient
functions satisfy

0 0
(" 4)¢?/2<0’s>=o, (" ) Y2(0,5)=0, (45)
0 o 0 o

while we have a spin j = % state provided that

oo; 0
< j i ) 1/2(0 s)—3(p1/2(0 9,

0 o'o;

1
0 o'o;

((Tigj 0 ) 1/2(0 5) = 3)(1/2(0,s). (46)

From the last two equations we see that a possible para-
metrization of the j = % part of ¢; and y; is given by

1
1/2(0 §) gy,-u((),s),
1
70,5 s 27;0(0.5), (47)

where u and v are the zero-momentum coefficient functions
of the annihilation and creation operators of a Dirac field.
Let us also observe that the relative phases of the left- and
right-handed spinor subspaces cannot be fixed at this level,
hence a ys factor may appear on the rhs of the previous
equations.

As we have said above, there is a second j = % mode,
which is carried by y, However, the gamma-traceless
condition Eq. (36) implies that only a linear combination of
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the two j = % modes is physical. Indeed, a covariant way to
describe the j = % particle carried by the vector-spinor is
provided by

Wi = (a ——m) (48)

where A is a Dirac spinor and the tensor structure on the rhs
is dictated by the gamma-traceless condition. In the rest
frame this boils down to

N
05 7(0.5) & = pu(0.5).

0120, 5) o ipo(zi _(;i>u(0,s), (49)

where s = +1, and similar equations hold for 20, 5)
too. Notice that the overall normalization must be deter-
mined relative to that of the j =3 coefficient functions.

We now derive the specific form of the coefficient
functions, starting from the spin j :% part. In this case
the generators of rotations are

0 V3 0 0

3 0 0 2 0 3

J+/ B 0 0 0 V3 ' (J3/ )5y = $0s¢,  (50)
0 0 0 O

where the raising and lowering matrices are defined by
Jizjlj:ijz (51)

and J_ = (J,)". Choosing the 3-direction in Eq. (40a) and
acting on (pg/ (0,5 = +3) we derive

@)’ (0 s = %) =0. (52)

Furthermore, Eq. (45) restricts the other two spatial
components’ relative coefficients, yielding

b, ib,. !
3 1 0 0
3200,2) = 0,0 53
H < 52) 2 b_ ’ lb_ s Vs ( )
0 0

One of the constants b, can always be chosen by
specifying the overall normalization of the field, obtaining

1 i '
3\ 1 0 0
3202 _ 4
3 (0,2> U, L 0o 69
0 0

The remaining spin eigenstates of ¢/? are determined by
repeatedly using Egs. (40a) and (45), and the results are
collected in Eqgs. (A11) and (A12). Using the same strategy
we work out the coefficient functions of the destruction
operators. This time a different constant ¢ enters the result,
see Eq. (A13). By requiring that the field transforms in a
simple fashion under parity we deduce that these constants
must be sign factors [12].

Having derived the parametric form of the coefficient
functions in the rest frame, we can compute the spin sums.
After some algebra we find

1+b !
Z¢3/2 0, S 3’/2"'(07 S) — % <]]5,, _§Yiyj> ’

T+c 1
213/2 0. S S/ZT(O,S) :( 5 ﬂ) <]]5ij_§yiyj>’ (55)

where 8 = iy". Notice that both equations are consistently
y;-traceless on the left- and right-hand sides. Moreover, the
spin sums are clearly orthogonal to the time direction.
Thus, in a generic Lorentz frame the spin sums must be
orthogonal to both p, and y,. Hence, they are given by

24)3/2 )0l (p.s) = 20 ( ip + bmsy;)
X (P3/2)/wﬁ’
213/2 ' (p.s) = ( ip + cmy))

X (P3/ g2 (56)

where the result for the Dirac case [12] simply multiplies
the j =3 projector.

Now we focus on the spin j = % part of the vector-spinor.
Let (0, s) and v(0, s) be the zero-momentum coefficient
functions of the annihilation and creation operators. They
can be written in terms of a scaling constant x and two sign
factors f and g as

1
0 1
, u<0,——> =K
f 2
0

~ O = O
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(57b)

<
N
A
N =
~~_
Il
A
Q@ O = O

Hence, the spin sums are
2
Z”(P, s)u'(p,s) = 2—170(—119”7;4 +fm1/2)ﬁ,
N

2
> 0(p.s)ot(p.s) = 5 (=ip"y, + gmy2)B. (58)

The mode functions (p,, % and )(1/ 2 are found by using the
explicit form of the longitudinal parametrization Eq. (48),
yielding

0P 0.5 =i (= b o). (590

: 1
205 =i = b )olp9). (590
Accordingly, the spin sums of the j :% annihilation

coefficient functions can be rearranged as

240]/2 ». 1/2T(p 5)

= <pﬂ—1rﬂlﬁ> < g (=ip + fmi)p < "5“)

2

K . » .
= Tpo (_21[55;/ + lyup/) + fml/Zﬁ;/))

X <pp - %nﬁ) (py - %1%)/3
2 1
(60)

_ 3K2p

A completely analogous calculation shows that

V(. s)x* (p.s)

s

31< 1
L (<0 + g+ ) (P, 5. (61

Now use the fact that both the j = 3 and j = 1 particles are
described by the single field variable y,. By combining the
spin sums of the annihilation coefficients we obtain

ZZ"’# P.s)

a=13

2 % [( P,/ + bms )0, /’)(PZ)

o 2 i 0 f 2 %
+ 6K2p2 <—l‘l$5,/ + EYﬂpl + E m1/25;/) X(PBB)pu:| ﬁv
(62)

with a similar equation holding for the construction
coefficients. Since the two spin modes are to be described
by the sole field variable y,,, we must be able to factor out
the gamma-traceless projector, say on the right. Then, using
the definition of the gamma-traceless projector Eq. (24) we
obtain

= 6—p2’ bml/z = 2fm3/2- (63)

Given that b and f are sign factors, these equations are

solved by k = £+ —— b = f, and m,,, = 2m5,,, where
y o /s 12 3/2

we notice a sign ambiguity in the value of x. The last
equation correctly reproduces the mass ratio of the j =3
and j = modes obtained in the classical analysis of the
previous sectlon. The counterpart of Eq. (62) for the
construction coefficients yields ¢ = g. Then, as a direct
consequence of these findings and using Eq. (39), the
anticommutator of the field and its adjoint can be written as

vl 00) = (=40, + 3,0 + b
X (PyT)puﬂA+ (.X - y)

1
Iﬁ e ]/Map + Cm3/25 ?

x (P11),,BA L (y = x), (64)
where
AL(x)= /%eiw‘. (65)

Since this function is even when its argument is spacelike
[12], causality implies that

¢ =—b. (66)

Finally, up to a redefinition of y, involving ys we can take
b =1, and we are now free to drop the subscript in the
masses, choosing m = mj3;,. As a consequence of the
present construction and exploiting the transversality
Py 32 = p/‘;(%/ =0, we observe that the coefficient
functlons satisfy the following equations:
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: v i v v\ _
(1166;4 _EYﬂp +m5;4 )(Pv(p’s) =0,
: v i v v).,a
(=ip8. + 5 rup” +m5, )ip.5) =0, (67)
1 3

with @ = 5,5. Thus, the outcome of imposing Poincaré

invariance of the free field y,(x) € (1,3) @ (3.1) is that
this field propagates two spin states according to the field
equation

1
(15514" — Eyﬂa" + m&lt”) w,(x) =0, (68)

in perfect accordance with the ab initio analysis performed
in the previous section III [see Eq. (29)].

The behavior of a vector-spinor under discrete trans-
formations can be derived by combining the known results
for vectors and Dirac spinors [12]. In particular, under
parity we have

Py, (x)P~" = —n* Py, (Px), (69)

where 7 is the intrinsic parity of the j = % particles carried
by . Antiparticles transform in a similar way, with »¢
replacing #*. In particular, causality implies that n7* = —1
like in the Dirac case.

Finally, the sign ambiguity in the numerical value of k can
be understood as a discrete Z, symmetry in the j = % sector.

1/2 1/2

Thus, we may always let ¢/~ = —¢, ,)(,1/2 - —)(,1/2.

A. The propagator

One of the possible definitions of the propagator
A, (x—y) (see [12], Chapter 6) is written in terms of
the annihilation and creation operators y; and vy, as

=i, (x—y) = 0(x —y){yi (x).w ()}
=0y —x){w; (v).wi (x)}. (70)

Accordingly, the Feynman propagation is defined as
Ap(x) = 0()A (x) + O(-x)A, (~x),  (71)

where 6(x) is the Heaviside step function whose integral
representation is given by

o(1) = i / ® do (72)

% w + le

By using the explicit results for the sums of the coefficient
functions in Eq. (62) we then find the full expression of the
propagator,

d4p eip'(x_y)
—iA — 1 P3/2 p
iBule=y) = =i [ S (),

X (=ip + m)(P3/2)pD/}

d4p eip'<x_Y)
—i prT
+ l/ (2r)* p? + 4m? — ie( o
P, .
X3 (=ip +2m)(P""),p, (73)

where we notice the presence of two distinct contributions
from the two separate spin eigenstates. While the j = 3/2
mode behaves as expected, the lower-spin component does
not. Indeed, we may define its propagator by considering
the divergences of the annihilation and creation operators in
Eq. (70), i.e.,

—iA2(x—y) = 0(x —y){o*Hy;f (x). 0" i ()}
+ =0y —x){ (). 0%y (x)}. (74)

Then, the explicit computation of this expression shows
that

—iA2(x —y) =

_31'/ d*p p*(—ip+2m)p (75)

32) @2r)* p2+4m? —ie

where we notice that the lower-spin mode displays a
residue with the opposite sign with respect to ordinary
Dirac particles at the pole p> = —4m?, i.e., it is a ghost. Of
course, all # factors on the right-hand sides of the previous
equations disappear if we take into account ¥, instead
of y}.

According to the present analysis no difficulty arises in
defining the Feynman propagator for a gamma-traceless
vector-spinor y,. Moreover, Eq. (67) shows that this
propagator is consistent with the Lagrangian description
of this field based on the gauge invariant action Eq. (27).
However, the theory propagates a negative-norm state in the
lower-spin sector.

VI. QUANTUM THEORY:
THE CONFORMAL ANOMALY

A standard procedure of deriving the divergent part of
the effective action on curved spacetime is to rely on the
heat kernel technique [21-23]. To this end, one notices that
the spectrum of the ys-adjoint of the linear differential
operator A,* and that of A" itself are identical, i.e.,

Trlog(A,*) = Trlog (ysA,"ys)- (76)
Therefore, one can express the spectrum of the first-order

differential operator A" in terms of the following second-
order one:
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1
Tr log(AM”) = ETr log (Al,"ySAM”y5)

1
=5Tr log(H,*). (77)
To compute the divergent part of the effective action we
employ the heat kernel technique, which rests on the
definition of the kernel [22,24], i.e.,

K(x,y;s) = eiSH(x)cS(x, y), (78)

where s is the so-called proper time and has dimension of a
squared length. From the definition, one derives the
following Schrodinger-like equation for the kernel:

(i0;, + H(x))K (x, y;5) = 0. (79)

Then, the trace of the logarithm of the operator 7 can be
written as

A ds - ds_ .
TrlogH:—/m—sTre”HE—/w—STrK
o S o S

o / " dss™ ' a (80)
= (47Zi)d/2 0 ns

where in the last step we have inserted the asymptotic
expansion of the heat kernel valid for second-order
operators [22]. When the operator H is nonminimal,
i.e., its principal part is not just given by a box operator,
the asymptotic expansion can be written only in the
coincidence limit y — x, which is sufficient to compute
the divergent part of the effective action. The coefficients
of this expansion are known as Seeley-DeWitt coefficients
a,, and they are local covariant functions of the dimen-
sionful tensors that describe the operator [24]. Dimension-
four counterterms are then extracted by computing the a,
coefficient, which is also proportional to the conformal
anomaly [23]. Thus, the computation of this coefficient
will be our goal henceforth.

The second-order operator defined by Eq. (77) can be
written in a convenient way by retaining the gamma-
traceless projectors on the left and on the right, thus
defining

Mt = (P1), (W +m)(P'T),7(W = m)(P'T),*
= (PT) FH,H (P, (81)

The explicit form of H,” in d = 4 is given by

WA v v 1 v 1 v a
H}t :Déﬂ —Vﬂv —ZRéﬂ _ERW/}Y/}

—m25,". (82)

Let us make some remarks on some crucial properties
of this nonminimal second-order operator. Since the explicit
parametrization of longitudinal modes is proportional to
V4 —17,¥2, they do not belong to the kernel of Eq. (82).
Therefore, this second-order nonminimal operator has a
nondegenerate principal part, and it belongs to the family of
causal operators, which have been first studied in [24].
Recently, using a refined version of the algorithm used in
[25], a model-independent result for the local terms of the
divergent part of the effective action was found in [13]. This
paper was published alongside an open-source Mathematica
code that has been employed to carry out most of the
subsequent computations.

To apply the heat kernel technique to nonminimal
second-order operators one needs to rely on a trick that
was first exploited in [24]. The idea is that the principal part
of the operator ﬂu” can be written as a special case of a one-
parameter family of nonsingular second-order operators as

DAV) =08, -V, W = (05,* = ¢V, V)|,
=D, (Vi )l (83)

Then, the full operator is simply given by the sum of the
principal part and the rest as

HY =D (Vi) + 7,2 (84)

The pseudoinverse of the principal part Eq. (83) is defined
in momentum space (i.e., by letting V, — n,),

D, (n)K,"(n) = n*5,". (85)

(]

To go back to coordinate space we must choose an ordering
of the covariant derivatives in the nonminimal term of

I~C,/’ (V). Our choice is given by

v v 4{ v — faf v

Ky* (V) =15, +4_73§V/,V =K ﬂﬂ VaVy
_ (1/}5 v 4C 5S¢ gﬂy V.V 86
= 1970, + 4 — 3§ I aVp: ( )

Furthermore, the nonminimal part of the differential oper-
ator Eq. (83) can be isolated,

da

N (Vig) ==LV, V0 = gdC

N30 (87)

Consequently, by employing Eq. (83) we can write the trace
log of the operator H,” as
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TrlogH,” = Trlog (P - D- PT) *
+ Trlog (P -K-P'T-7),*

= Trlog (P""-D() - P'"), "]y

+ Trlog (P" - K- PT-Y),”

tdg T . A T . ¢ T\ v
= ?Tr(PV N-PTR- P,
0
+ Trlog (P'T-K-PT- 7). (88)

Then, to work out the dimension-four divergent part of the
effective action we are required to perform a perturbative
expansion in the dimensionful operators and to evaluate the
so-called universal functional traces V” 1 ﬂ D" [13,24].

The first such dimensionful operator is found by commut-
ing covariant derivatives in the coordinate-space version of
Eq. (85), which yields

"

P(VK (V) =1076,2 + M, (V)
=025, + M@2)P 'V Vs + ... (89)

where 2 stands for the background dimension of the tensor
coefficients /\71”” that are reported in Eq. (A16). The full
expressions of the K% ,* and M (2)% * operators are found
by contraction with gamma-traceless projectors, i.e.,

ICO('H/)/1 = (PVT)/)”’E:aﬁﬂU(PyT)UA’
M) = (PT) M2 (PT), (90)

The other two dimensionful operators that concur to the
final form of the divergent part of the effective action are
the generalized curvature and the endomorphism }7””. The
former is defined by

o
Q;wp = (P}/T) 5W

Vi Vo (PT),2 (91)

while the latter is read off from the operator and Eq. (84).
The explicit expressions of these tensors are written in the
Appendix, see Egs. (A14) and (A15).

To combine these tensor coefficients into the general
equations derived in [13], it is particularly convenient to
make use of a given basis in the Clifford algebra. This is
done by splitting these tensors according to the Clifford
basis as

M), = M(2),% 1+ MO Hrs + M),y

Hw

(92)

and likewise for the other tensors, where we have defined

M), = (M) ) (93a)
M), ¢ = n (M@ ), (93b)
M) 1 = = u(ME)P ). (93¢)

The subscripts in the previous equations stand for scalar,
pseudoscalar, and tensor. This splitting enables us to write
the general equations of [13] in a reasonably tractable
manner, and most importantly it hugely simplifies the
computation of the Dirac traces while keeping track only
implicitly of the actual functional dependence in the tensor
coefficients.

By combining the contributions coming from the two
trace logs in Eq. (88) and computing the ¢ integral we find
the following result for the traced second heat kernel
coefficient:

7 31
—W? +—E, +4m?R +36m*.  (94)

t
T2 =75 120

We have chosen to express the higher-derivative part of this
expression in terms of the so-called Weyl basis, which is
given by the square of the Weyl tensor W,,,,, the Euler
density E,4, and the square of the Ricci scalar (see, e.g.,
[26]). In the massless limit the starting Lagrangian (12) is
Weyl invariant, therefore, the traced second Seeley-DeWitt
coefficient does not depend on the square of the Ricci
scalar, whose infinitesimal Weyl transformation law is
affine.

This calculation yields a new expression for the con-
formal anomaly of gamma-traceless vector-spinors v, in
the limit m — 0, which can be contrasted with the
previously known result by Endo [27], which is valid on
Einstein spaces. Indeed, classically Weyl invariant actions
generate the following local contributions to the conformal
anomaly [15]:

<Tl4#> =

1677:2 (CW2 - aE4)7 (95)

where the a and c¢ coefficients are given by [15,28]

1
a = 36O(N0+11N1/2+62N1 93N1)S>?
1
C = (N0‘|‘6N1/2‘|‘ 12N] +42st) (96)

120

Here, the numerical subscripts stand for the spin of the
particles propagated by fields. Since in the present case the
analysis of the propagating degrees of freedom has shown
that we have more than one physical spin mode, we have
opted for labeling the contribution of y, in a different
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manner. We observe that the contribution due to vector-
spinors to the a charge of the conformal anomaly is
negative. This is in accordance with the general results of
[14,15], since this feature must be displayed whenever
negative-norm states are propagating. Indeed, this is the case
for the present theory, as it was noted by computing the
propagator of the lower-spin component in Eq. (75). In
passing we note that the contribution to the a charge can be
counterbalanced to yield zero if we consider a model
involving nine scalars, two Dirac fermions, and one gauge
field together with a vector-spinor. Finally, the total deriva-
tive part of the conformal anomaly cannot be computed with
the present method, however, a newly found result [29] can
be applied to work it out.

VII. CONCLUSIONS

Poincaré invariance and the cluster decomposition prin-
ciple necessarily imply the necessity of a field description of
particles [12]. However, the Rarita-Schwinger action fails to
provide a consistent theory of spin—% particles through a
vector-spinor field as soon as interactions are introduced
[3,4]. Back in 1964, Weinberg’s take on this issue was that it
represents a drawback of the Lagrangian description of the
field theory [11]. However, the Lagrangian formulation of
quantum field theory has proved to be crucial in the
derivation and mathematical description of the standard
model of particle physics. Thus, serious attempts should be
made to retain the Lagrangian description in any tentative
interacting theory of higher-spin particles. To this end, this
problem may be stated in a different manner by saying that it
is not possible to describe spin-% particles through a
consistent quantum field theory that propagates this particle
only. Accordingly, the aim of the present paper was to show
that a quantum theory of vector-spinors compatible with
causality is found once this assumption is amended,
nevertheless, the price to pay is the lack of unitarity
[9,10]. Therefore, future works should explore the possibil-
ity of coupling the theory to a Dirac field and introducing a
further gauge invariance such that the lower-spin compo-
nents are compatible with both causality and unitarity.

This work provides a first attempt to find a solution to the
long-standing conundrum of describing interacting higher-
spin particles by focusing on the simplest example of j = %
The Lagrangian description is fixed by requiring the
presence of an off-shell fermionic gauge symmetry valid
regardless of the configurations of the background electro-
magnetic and gravitational fields. The resulting Lagrangian
is unique, and it is given by a “singular” element of the one-
parameter family of operators describing spin—% particles
found in the literature [8,9]. The arguments that were
proposed to discard such a theory are shown to be flawed
in that they do not account for the gauge invariance of the
action. Moreover, in the massless limit and in any spacetime
dimension, this action fixes the arbitrary parameter that

enters the most general Weyl invariant action for a vector-
spinor.

By employing spin projectors, it is shown that the
gamma-trace configurations y,y of a generic vector-spinor
¥, belong to the kernel of the action, and that they can be
gauged away in a global fashion. Thus, the theory involves
only the irreducible representation of the Lorentz group
given by y, € (1.1) @ (3.1), where y*y, = 0. The field
equations R* = 0 of the theory are derived, and it is shown
that only the secondary constraint V- R = 0 is present,
which in the free field limit fixes the relative values of the
masses of the j =3 and j = particles. Finally, the Velo-
Zwanziger instability is proved to be absent.

A complementary analysis of the mode decomposition of
a free causal quantum vector-spinor y, € (1.3) @ (3.1) is
then carried out. The relative normalization of the two spin
sectors is derived, and the mass of the spin—% is found to be
twice that of the spin—% particle, in agreement with the
previous result. Thus, the same field equations that are
found by imposing the off-shell fermionic gauge invariance
are obtained as eigenvalue equations for the coefficient
functions, and the Feynman propagator is constructed.
However, the latter shows that the lower-spin component
gives rise to negative-norm states, thus hindering the
unitarity of the theory.

Finally, the 1-loop quantum fluctuations of the vector-
spinor y,, are considered using the heat kernel technique.
The conformal anomaly is derived up to boundary terms,
and the negative sign of the a-anomaly is noticed to be
coherent with the general result of [14,15].

Future works are needed to understand if the present
picture can be extended also to fermionic tensor fields of
higher rank, generalizing the flat-space results of [9]. In
particular, it is compelling to know if the consistency
between the field theoretical description based on an off-
shell fermionic gauge invariance and the mode decompo-
sition of a causal quantum field belonging to an irreducible
representation of the Lorentz group is valid beyond the
j= % case. Furthermore, it is natural to ask ourselves if any
such extended theory is also Weyl invariant. Finally, the
physically interesting aspects of this field theoretical work
will be to comprehend how many particles are propagated
by a rank-k totally symmetric fermionic field, which are the
ratios between the masses, and foremost if it is possible to
couple it to lower-spin fields introducing gauge invariances
that may restore unitarity, and whether these putative
theories provide a phenomenologically acceptable descrip-
tion of A resonances.
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APPENDIX

1. Algebraic relations of gamma matrices

In this appendix the conventions are fixed and some
useful properties of gamma matrices are collected.

The flat Minkowski metric is #,, = diag(+, 4+, +,—).
The pseudoscalar generator of the Clifford algebra is
chosen to be given by

i
Vs = &V Yo (A1)
yielding the following set of generators of the Clifford
algebra:
1, 755 Vs VsVus Vuw = V[l (AZ)

We dub these generators as scalar, pseudoscalar, vector,
pseudovector, and tensor due to their well-known trans-
formation properties under the Lorentz group.

The explicit representation of the Clifford algebra is
given by

0 1 0 o
0= i , i =i ", A3
! (ﬂ 0) g (—a,- 0) (A3)

where o; are the Pauli matrices.

We also list some useful identities, which are heavily
employed in the main text. We start by considering the
product of three vector generators, which yields

Py =1 syt + gty — ¢y + gt (Ad)

From this equation we readily see how to express the
products of the vector and tensor generators, i.e.,

'y = gy — Py + i Prysy,,

vyt = gy — P + iy,

(A5a)
(ASb)

Next, we take into account the product of the pseudoscalar
and tensor generators, which depends on the tensor

generator only, in formula

i
V5Vw = — 5 8/,tvaﬂ7aﬂ' (A6)

Another useful relation is provided by reducing the product
of four vector generators, which yields

Yl o¥o = (Guwpo = Gup9vo + GuoGup)
+ ie;wpayS =+ 9w pe — Gup¥ve + ¥ vp

= Gue¥up + 9up? yc + 9oV yv+ (A7)

From this equation we immediately find the reduction of
the product of two tensor generators,

Yyp}//m = (g;mgv/) - gﬂ/)gll()')]] + ig/w/)o'}/S

- gﬂ/)yl/()' + g/m}’zz/) - gl/(iyﬂ[) + gl/py;m' (AS)

When the dimension d is generic, the rank-3 element of
the Clifford basis is written as

(r'r'y" = v"r*y"). (A9)

N[ =

}/ﬂl’p = 7/[”7/’/7//7] =

By using the properties of the Grassmann algebra we
find that

7/;uzp — },ﬂyvyp + g/l/’}/’/ — gﬂ”yp — g”p}/ﬂ, (AIO)

2. Complete form of the coefficient functions

Here, we collect the coefficient functions that were
omitted from the main text. These belong to the j:%
irreducible representation with s # %

We start from the coefficient functions of the annihilation
operators. For s = i—% they are given by

0 0 -2 !
1 1 1 i 0
;/2 (07 _> - 1 /5 ) s s 0 s
2 243 0 0 -2
1 i 0
-1 i 0 !
1 1 0 0 -2
g”,z/z (07__> = = ’ ’ 90
2 23 -1 i 0
0 0 -2
(A11)
On the other hand, the s = —% component reads
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0 0 !
3 1 -1 i
32(0,-2) == 0,0 Al2
y2 < ’ 2> 2 0 k) 0 s Vs ( )
-1 i

The remaining functions are those multiplying the
creation operators. In this case, we have

0 0 !
3 1 1 —i
3/2 AN
H (072> 2 0 ’ O 7070 ’
-1 i
-1 i 0 !
3/2<0 l) 1 0 0 -2 0
H 72 2\/§ ’ — ’ ’ ’
0 0 2
0 0 2 !
1 1 -1 —i
320 1) = 1 0
H < ’ 2) 2\/§ O ’ 0 ’ _2 ’ ’
i 0
. t
1
3 1 0 0
;(,3/2<0,—§> =1 1] 2[00 (A13)
0 0

3. Tensors for the 1-loop integration

Here, we provide the explicit forms of the generalized
curvature, the endomorphism, and the perturbation tensor

M(2) that were introduced in the main text. The first one is
the only one that is model independent, and it takes the
following form:

7 3 1
Qﬂwl 73 Rﬁ/mv + 16 7’aﬁRaﬂ/w5p/1 + g Raﬂlﬂ/yal

1 i
+3 Y/)(IR/I(I;MJ + R ySGi/)rlf)’Raﬂm/'

g (A14)

On the other hand, the endomorphism is written as

v 1 v 1 v 1 a pv 1 a v
Eﬂ :_ER’M _§R6ﬂ +ZV” R a-zR M)/a
1 v 1 v a 3 v 1 v
+§R}/” —ER Ilaﬂyﬁ_zm25ﬂ +Zm2yﬂ . (AIS)

Finally, the tensor coefficient of the differential operator
M(2) is given by

42: v pQa
T
20

o v 06 PU pa
6ugﬁR+4_—3€y/ g/ Rﬂpo’

M(z)aﬁﬂu — —§5G”Rﬂu +

é'2
4430

¢

+ 51 RY (A16)
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