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We employ the two-flavor quark-meson diquark model as a low-energy model for QCD at nonzero quark
and isospin chemical potentials μ and μI , and at zero temperature. We map out the phase diagram in the
μ–μI plane, which has four phases: a vacuum phase, a phase with condensed charged pions/Cooper pairs of
u and d̄ quarks, a normal quark matter (NQM) phase, and a color superconducting phase (2SC phase). The
global symmetry breaking SUð3Þc → SUð2Þc in the 2SC phase gives rise to a number of Nambu-Goldstone
bosons. We classify them and briefly discuss their properties. We calculate the speed of sound cs in the two
special cases, finite μI and μ ¼ 0, and finite μ and μI ¼ 0. In both cases, the speed of sound exhibits a
maximum and approaches the conformal limit from above as the density increases. For nonzero isospin μI ,
this behavior is in agreement with the speed of sound obtained from lattice simulations. In the 2SC phase,
the behavior is qualitatively the same if we impose local charge neutrality. Finally, we discuss the
possibility of having a mixed phase of negatively charged NQM and positively charged 2SC matter with
global color charge neutrality imposed on the latter.
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I. INTRODUCTION

QCD in extreme conditions has been of interest for
decades due to its relevance to the early Universe, heavy-
ion collisions, and compact stars [1–3]. The QCD phase
diagram, which conventionally is drawn in the μB–T plane,
turns out to be very rich, with a number of phases. It
becomes even more complicated if we allow an independent
chemical potential for each quark flavor f instead of a
common quark chemical potential μ. For two quark flavors,
we can use μu and μd or equivalently use the isospin
chemical potential μI ¼ μu − μd and the baryon chemical
potential μB ¼ 3μ. For three flavors, we add a μS axis, where
S is strangeness, and μS ¼ 1

2
ðμu þ μd − 2μsÞ. Consider the

phase diagram in the μB–μI plane. Moving along the μI axis,
the QCD is in the vacuum phase until the isospin chemical
potential reaches the critical value μcI ¼ mπ , which marks
the onset of charge pion condensation [4]. For sufficiently
small values of μI , the pion-condensed phase can be
described in a model-independent way using chiral pertur-
bation theory [5,6]. For very large values of μI , quarks and

gluons are the relevant degrees of freedom, and if the density
is sufficiently high, one can use perturbative QCD (pQCD).
In pQCD, one-gluon exchange gives rise to an attractive
quark-quark interaction channel. According to Bardeen-
Cooper-Schrieffer (BCS) theory for superconductivity, any
attractive interaction renders the Fermi sphere unstable, and
Cooper pairs are formed. Since μu ¼ −μd, these pairs
consist of u quarks and d̄ antiquarks or vice versa depending
on the sign of μI . Thus, QCD at very large isospin chemical
potential is a color superconductor. The diquark condensate
or the gap has the same quantum numbers as those of the
pion condensate that exists for low values of μI , so one
expects a crossover from a pion condensate to a color-
superconducting state (BEC/BCS crossover) as one
increases μI [4]. A nice feature of QCD at nonzero μI ,
but μB ¼ 0 is the absence of the sign problem and the
possibility to perform lattice simulations. It is then possible
to compare lattice QCD [7–9] with model-independent
predictions for small μI using chiral perturbation theory
[4,10], and perturbative QCD for large μI .
The situation is similar at large baryon chemical potential,

where perturbative QCD can be applied. Again, there is an
attractive channel that involves one-gluon exchange. For
sufficiently large values of μB, all three quark flavors can be
taken massless, and they participate in the pairing on an
equal footing as do the quarks of different colors. The
resulting ground state is referred to as the color-flavor-
locked (CFL) phase of QCD, whose existence at asymp-
totically large baryon chemical potential is one of the few
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rigorous results in cold and dense QCD. Moving toward
smaller values of μB, one can no longer ignore the mass of
the s quark. The finite value ofms places stress on pairs that
contain an s quark. Eventually, it is energetically advanta-
geous to break up such pairs, and one is left with a pairing
pattern that involves the u and d quarks and two of the three
colors. This phase is referred to as the 2SC phase.1 Note,
however, that the existence of the 2SC phase depends on the
details of the models employed. For example, in the Nambu-
Jona-Lasinio (NJL) model, there is a 2SC phase between the
phase of normal quark matter (NQM) and the CFL phase if
the couplings are small. For larger values of the couplings,
the transition is from the CFL phase directly to normal
quark matter [12–14].
The interest in QCD at finite quark chemical potentials

and low temperature is mainly due to its applications to
compact stars. Knowing the equation of state (EoS) allows
us to calculate macroscopic quantities such as masses and
radii of individual neutron stars, as well as tidal deform-
abilities in binary systems. The recent observations of
compact stars of more than two solar masses put constraints
on the EoS, and one of the main questions is whether the
most massive stars have a quark core surrounded by
ordinary nuclear matter. The quest for a phase transition
in dense QCD has been hampered by the inapplicability of
lattice QCD at finite μB due to the sign problem. The sign
problem forces one to use other methods. At very large
values of the baryon chemical potential, perturbative QCD
is applicable due to asymptotic freedom. In recent years,
perturbative calculations have been pushed to order
α33 log αs, where αs is the strong coupling [15,16]. In

Ref. [17], renormalization group methods have been used
to improve the convergence of the perturbative series. For
lower values of μ, where pQCD cannot be applied, one uses
low-energy effective models that in some aspects resemble
QCD. The NJL model is an example of a low-energy
effective model that incorporates chiral symmetry breaking
in the vacuum, but has no dynamical gauge fields. The local
SUð3Þc gauge symmetry is then replaced by the corre-
sponding global symmetry.
The present work is a continuation of Ref. [18]. In that

paper, we formulated the two-flavor quark-meson diquark
(QMD) model as a renormalizable low-energy effective
model for two-flavor QCD, with meson, quark, and diquark
degrees of freedom. In this paper, we continue our study of
the model and its properties, focusing on the phase diagram
in the μI–μ plane, the speed of sound, and the effects of
imposing neutrality for electric and color charge. Regarding
the phase diagram, we will also use some results from
Ref. [19]. In that paper, the thermodynamic potential Ω
including a pion condensate at finite μI was calculated in
the same approximation as used here. By comparing the
pressure in the different phases (vacuum, normal quark
matter, pion condensed phase, or 2SC phase) for a given
pair ðμ; μIÞ, we can map out the phase diagram.

II. TWO-FLAVOR QMD MODEL

A. Lagrangian

The Minkowski Lagrangian for the two-flavor quark-
meson diquark model is

L ¼ 1

2
ð∂μσÞð∂μσÞ þ

1

2
ð∂μπ0Þð∂μπ0Þ þ ð∂μ þ iμIδμ0Þπþð∂μ − iμIδμ0Þπ− −

1

2
m2ðσ2 þ π⃗2Þ − λ

24
ðσ2 þ π⃗2Þ2

þ hσ þ ð∂μ þ 2iμaδμ0ÞΔ†
að∂μ − 2iμaδμ0ÞΔa −m2

ΔΔ
†
aΔa −

λ3
12

ðσ2 þ π⃗2ÞΔ†
aΔa −

λΔ
6
ðΔ†

aΔaÞ2

þ ψ̄ði=∂þ γ0μ̂Þψ − gψ̄ ½σ þ iγ5π⃗ · τ⃗�ψ þ 1

2
gΔψ̄C

bΔaγ
5τ2ϵabcψc þ

1

2
gΔψ̄bΔ†

aγ5τ2ϵabcψ
C
c ; ð1Þ

where ψ is a flavor doublet and a color triplet in the
fundamental representation

ψ ¼

0
BBBBBBBBB@

ψur

ψdr

ψug

ψdg

ψub

ψdb

1
CCCCCCCCCA
: ð2Þ

Furthermore, ψc is the flavor doublet with color c

ψc ¼
�
ψuc

ψdc

�
: ð3Þ

The field Δa is a composite diquark field, Δa ∼
ψ̄bγ

5τ2ϵabcψ
C
c , where ψC ¼ Cψ̄T and C ¼ iγ2γ0 is the

charge conjugation operator, which can be written as

Δ ¼

0
B@

Δ1

Δ2

Δ3

1
CA: ð4Þ

The diquark fieldΔ transforms as a singlet under SUð2ÞL ×
SUð2ÞR and as an antitriplet under SUð3Þc. Furthermore, μ̂

1Before the breakup of Cooper pairs, the stress on them may be
relieved by kaon condensation. The system is still in the CFL
phase, but the condensation corresponds to a rotation of the order
parameter [11].
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is the quark chemical potential matrix, μI is the isospin
chemical potential for electrically charged pions, and μa is
the chemical potential for diquark a. The chemical poten-
tials μ̂, μa, and μI are not independent, but can be expressed
in terms of μB, μe, and μ8, which are the chemical potentials
for baryon number, electric chargeQe, and color chargeQ8

(see Sec. II B). The symmetries of the Lagrangian in Eq. (1)
were discussed in some detail in Ref. [18], here we simply
state them. In the chiral limit, the global symmetries are
SUð2ÞL × SUð2ÞR ×Uð1ÞB × SUð3Þc, while at the physi-
cal point, the global symmetry is SUð2ÞV ×Uð1ÞB ×
SUð3Þc. The diquark condensate Δ0 ¼ hΔ3i in the 2SC
phase breaks SUð3Þc to SUð2Þc. The Uð1ÞB symmetry in
the vacuum, which is generated by B ¼ 1

3
diagð1; 1; 1Þ is

modified in the medium, B̃ ¼ B − 2ffiffi
3

p T8 ¼ diagcð0; 0; 1Þ,
where Ta are the generators of SUð3Þ. In the 2SC phase,
only the blue quasiparticles carry a nonzero B̃ charge [20].
Similarly, there is an unbroken modified Uð1Þ symmetry
generated by Q0 ¼ Q − 1ffiffi

3
p T8, where Q ¼ diagð2

3
;− 1

3
Þ is

the generator of the electromagnetic Uð1Þ symmetry. In the
QMDmodel, this symmetry is global, whereas in QCD it is
local. The gauge boson associated with this symmetry is
then the in-medium photon. In the condensed phase of the
pion, the condensate ρ0 breaks the symmetry Uð1ÞI3
associated with the third component of the isospin, that
is, the subgroup of SUð2ÞV . The Uð1Þ electromagnetic
symmetry is also broken since I3 ¼ Qþ 1

6
1.

The Lagrangian has a number of masses and couplings.
They can be grouped according to which sector they
belong. The masses and couplings are all running param-
eters that depend on the renormalization scale Λ and each
of them satisfies a renormalization group equation. These
equations and their solutions, i.e., the running parameters
were derived in Ref. [18]. The running masses and
couplings can be used to obtain an RG-improved effective
potential.

B. Chemical potentials and neutrality conditions

According to Noether’s theorem, there is one conserved
charge for each continuous symmetry of a system. In
principle, one can introduce an independent chemical
potential μi for each conserved charge Qi. The correspond-
ing number density is denoted by nQi

. However, this can
only be done if the charges commute. In other words, we
can introduce a maximum of N independent chemical
potentials corresponding to the maximum number N of
commuting charges of the system. In the present case, these
are the baryon chemical potential μB, the chemical potential
for electric charge μe, and the chemical potentials for the
color charges Q3 and Q8, μ3, and μ8. The pairing of quarks
in the 2SC phase gives rise to a nonzero color charge Q8 in
the ground state, while Q3 ¼ 0. Therefore, it is sufficient to
introduce μ8. This is in contrast to the CFL phase of three-
flavor QCD, where the ground state completely breaks the

SUð3Þc symmetry. For this reason, both μ3 and μ8 must be
introduced in order to impose color charge neutrality.
The quark chemical potential matrix can be expressed in

terms of μB, μe, and μ8 as

μij;ab ¼
�
1

3
μBδij − μeQij

�
δab þ

2ffiffiffi
3

p μ8δijðT8Þab; ð5Þ

where i, j are flavor indices and a, b are color indices, and
Qij are the matrix elements of the matrix Q ¼ diagð2

3
;− 1

3
Þ.

The expressions for the different quark chemical potentials
follow from Eq. (5) as

μur ¼ μug ¼ μ −
2

3
μe þ

1

3
μ8; ð6Þ

μdr ¼ μdg ¼ μþ 1

3
μe þ

1

3
μ8; ð7Þ

μub ¼ μ −
2

3
μe −

2

3
μ8; ð8Þ

μdb ¼ μþ 1

3
μe −

2

3
μ8; ð9Þ

where μ ¼ 1
3
μB is the common quark chemical potential.

The number densities are given by

nB ¼ −
∂Ω
∂μB

; ð10Þ

ne ¼ −
∂Ω
∂μe

; ð11Þ

n8 ¼ −
∂Ω
∂μ8

; ð12Þ

where Ω is the thermodynamic potential. For arbitrary
values of μB, μe, and μ8, the electric charge density is
nonzero, ne ≠ 0. However, a macroscopic chunk of quark
matter must be electrically neutral, otherwise a huge energy
price has to be paid due to the Coulomb interaction [20].
We therefore impose local electric charge neutrality on the
system. The same remarks apply to the color chargeQ8 and
we therefore impose the two constraints

∂Ω
∂μe

¼ ∂Ω
∂μ8

¼ 0; ð13Þ

which finally leaves us with a single independent chemical
potential, e.g., μB. Electric charge neutrality is obtained by
adding an electron background, which is achieved by
adding the following term to the thermodynamic potential

Ωe ¼ −
4μ4e

3ð4πÞ2 ; ð14Þ
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where we have taken the electrons to be massless. In nature,
Uð1ÞQ and SUð3Þc are local symmetries, and the zeroth
components of the gauge fields serve as chemical poten-
tials. The values of these fields are dynamically driven to
values that set the charges to zero [21,22]. In the quark-
meson diquark model, the above-mentioned symmetries are
global, and the chemical potentials must be introduced by
hand. In normal quark matter, it is straightforward to derive
that μ8 ¼ 0 guarantees color charge neutrality. However, in
two-flavor QCD, normal quark matter is electrically
charged since the trace of the electric charge matrix is
nonzero. This requires a nonzero μe and the presence of
electrons. In the 2SC phase, electric and charge color
neutrality is ensured by nonzero values of both μe and μ8, as
we shall see below. In Table I, we summarize the values of
the independent chemical potentials for the two-flavor and
three-flavor NQM and 2SC phases.

C. Quark spectrum and thermodynamic
potential in the 2SC phase

We write the sigma σ and diquark field Δ3 as a sum of
their expectation values ϕ0 and Δ0, and quantum fluctuat-
ing fields. This is done by making the substitutions

σ → ϕ0 þ σ; ð15Þ

Δ3 → Δ0 þ Δ3; ð16Þ

in the Lagrangian. ChoosingΔ0 real, the resulting tree-level
thermodynamic potential is

Ω2SC
0 ¼ 1

2
m2ϕ2

0 þ ðm2
Δ − 4μ̄2ÞΔ2

0 þ
λ

24
ϕ4
0 þ

λ3
12

ϕ2
0Δ2

0

þ λΔ
6
Δ4

0 − hϕ0; ð17Þ

where μ̄ is defined in Eq. (25) below. The bilinear quark
terms in the Lagrangian are

Lbilinear ¼ ψ̄ ½i=∂ − gϕ0 þ μ̂γ0�ψ þ 1

2
gΔψ̄C

bΔ0γ
5τ2ϵ3bcψc

þ 1

2
gΔψ̄bΔ

†
0γ

5τ2ϵ3bcψ
C
c : ð18Þ

Using the Nambu-Gorkov basis, Ψ ¼ ðψ ;ψCÞT , we then
find the following inverse quark propagator

D−1ðpÞ ¼
�
=p − gϕ0 þ γ0μ̂ igΔτ2λ2γ5Δ0

igΔτ2λ2γ5Δ0 =p − gϕ0 − γ0μ̂

�
: ð19Þ

The zeros of the determinant of D−1ðpÞ give the fermion
spectrum. We group the spectrum into the spectrum for the
blue quarks

E�
ub ¼ E� μub; ð20Þ

E�
db ¼ E� μdb; ð21Þ

and the spectrum for the red and green quarks

E�
Δ� ¼ E�

Δ � δμ; ð22Þ

where the energies and chemical potentials are defined as

E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ g2ϕ2

0

q
; ð23Þ

E�
Δ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE� μ̄Þ2 þ g2ΔΔ2

0

q
; ð24Þ

μ̄¼ 1

2
ðμur þ μdgÞ ¼

1

2
ðμug þ μdrÞ ¼ μ−

1

6
μe þ

1

3
μ8; ð25Þ

δμ ¼ 1

2
ðμdg − μurÞ ¼

1

2
ðμdr − μugÞ ¼

1

2
μe: ð26Þ

The chemical potential δμ is referred to as the mismatch
parameter since it measures the mismatch between the
Fermi surfaces of the u and the d quarks, i.e., the quarks that
form pairs. A large value δμ disfavors Cooper pairing as we
shall see below. The ungapped quasiparticles Eqs. (20) and
(21) are singlets under the unbroken SUð2Þc symmetry,
each with a degeneracy factor one. The quasiparticles in
Eq. (22) form two doublets under the unbroken SUð2Þc
symmetry, each with a degeneracy factor of two. This gives
a total of six quark and six antiquark quasiparticles. They
become degenerate when the mismatch parameter vanishes.
The doublet with energy E−

Δþ has a gap gΔΔ0 þ δμ, while
the doublet with energy E−

Δ− has a gap gΔΔ0 − δμ as long as
δμ < gΔΔ0. When δμ ≥ gΔΔ0, this mode becomes gapless
and the corresponding phase is referred to as the gapless
2SC phase [23].
We now turn to the thermodynamic potentialΩ. Wework

in the approximation, where bosons are treated at tree level,
whereas we include Gaussian fluctuations of the quarks.
The one-loop contribution to the thermodynamic potential
from the quarks is

TABLE I. Values of the four independent chemical potentials in
normal quark matter and in the 2SC phase.

� � � NQM NQM (ms ¼ 0) 2SC 2SC (ms ¼ 0)

μB Nonzero Nonzero Nonzero Nonzero
μe Nonzero 0 Nonzero Nonzero
μ3 0 0 0 0
μ8 0 0 Nonzero Nonzero
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Ω2SC
1 ¼ −2Λ−2ϵ

Z
p
f2Eþ T log ½1þ e−βE

�
ub � þ T log ½1þ e−βE

�
db �g − 4Λ−2ϵ

Z
p
fE�

Δ þ T log ½1þ e−βE
�
Δ� �g; ð27Þ

which is added to the tree-level term Eq. (17). The integrals
R
p are defined in d ¼ 3 − 2ϵ dimensions as

Z
p
¼

�
eγEΛ2

4π

�
ϵ Z ddp

ð2πÞd ; ð28Þ

where Λ is the renormalization scale associated with the MS scheme. The final result for the thermodynamic potential at
T ¼ 0, including quark loops, was derived in Ref. [18] and reads

Ω2SC
0þ1 ¼

3

4
m2

πf2π

�
1 −

12m2
q

ð4πÞ2f2π
m2

πF0ðm2
πÞ
�
ϕ2
0

f2π
þ 2m4

q

ð4πÞ2
�
9

2
þ log

m2
q

g20ϕ
2
0

þ 2 log
m2

q

g20ϕ
2
0 þ g2Δ;0Δ2

0

�
ϕ4
0

f4π

−
1

4
m2

σf2π

�
1þ 12m2

q

ð4πÞ2f2π

��
1 −

4m2
q

m2
σ

�
Fðm2

σÞ þ
4m2

q

m2
σ
− Fðm2

πÞ −m2
πF0ðm2

πÞ
��

ϕ2
0

f2π

þ 1

8
m2

σf2π

�
1þ 12m2

q

ð4πÞ2f2π

��
1 −

4m2
q

m2
σ

�
Fðm2

σÞ − Fðm2
πÞ −m2

πF0ðm2
πÞ
��

ϕ4
0

f4π

−
1

8
m2

πf2π

�
1 −

12m2
q

ð4πÞ2f2π
m2

πF0ðm2
πÞ
�
ϕ4
0

f4π
−m2

πf2π

�
1 −

12m2
q

ð4πÞ2f2π
m2

πF0ðm2
πÞ
�
ϕ0

fπ

þ
�
m2

Δ;0 − 4μ̄2
�
1þ 4g2Δ;0

ð4πÞ2
�
log

m2
q

g20ϕ
2
0 þ g2Δ;0Δ2

0

− Fðm2
πÞ −m2

πF0ðm2
πÞ
���

Δ2
0

þ λ3;0
12

ϕ2
0Δ2

0 þ
λΔ;0
6

Δ4
0 þ

12g20g
2
Δ;0

ð4πÞ2 ϕ2
0Δ2

0 þ
6g4Δ;0
ð4πÞ2Δ

4
0

þ 4g4Δ;0
ð4πÞ2

�
log

m2
q

g20ϕ
2
0 þ g2Δ;0Δ2

0

− Fðm2
πÞ −m2

πF0ðm2
πÞ
�
Δ4

0

þ 4g20g
2
Δ;0

ð4πÞ2
�
log

m2
q

g20ϕ
2
0 þ g2Δ;0Δ2

0

− Fðm2
πÞ −m2

πF0ðm2
πÞ
�
ϕ2
0Δ2

0 þ Ω2SC;fin
1 þ Ω2SC;μ

1 ; ð29Þ

where g2Δ;0 and Δ2
0 are the running coupling and field g2

Δ;MS
and Δ2

MS
evaluated at a reference scale, but the product

g2
Δ;MS

Δ2

MS
is scale invariant. The same remark applies to g20 and ϕ2

0. Moreover, the function Fðp2Þ ¼ 2 − 2q arctanð1qÞ with
q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

q

p2 − 1

q
, and

Ω2SC;fin
1 ¼ −4Λ−2ϵ

Z
p

�
E�
Δ − 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ g2ϕ2

0 þ g2ΔΔ2
0

q
−

μ̄2g2ΔΔ2
0

ðp2 þ g2ϕ2
0 þ g2ΔΔ2

0Þ
3
2

�
; ð30Þ

Ω2SC;μ
1 ¼ 2Λ−2ϵ

Z
p
½ðE ∓ μubÞθð�μub − EÞ þ ðE ∓ μdbÞθð�μdb − EÞ þ 2ðE�

Δ ∓ δμÞθð�δμ − E�
ΔÞ�: ð31Þ

Note that the integrals in Eqs. (30) and (31) are finite
in d ¼ 3.

D. Nambu-Goldstone bosons in the 2SC phase

The formation of Cooper pairs and the resulting nonzero
gap Δ0 in the 2SC phase break the SUð3Þc symmetry down
to SUð2Þc. In QCD with dynamical gluons, there is no

breaking of the local SUð3Þc symmetry, however, and the
gapΔ0 is a gauge-variant quantity. Only the magnitude jΔ0j
is gauge invariant. Instead of a number of Nambu-
Goldstone (NG) modes in the physical spectrum, the
Higgs mechanism leads to five massive gluons, one for
each broken generator [24]. In the QMDmodel, the SUð3Þc
symmetry is global and its breaking to SUð2Þc should
naively lead to five massless excitations, or NG bosons,
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corresponding to the five broken generators,2 naively, since
it is only in Lorentz-invariant theories that Goldstone’s
theorem guarantees that the number of massless excitations
equals the number of broken generators. Starting with the
paper by Chadha and Nielsen [27], there has been signifi-
cant progress in the classification of NG bosons and their
properties; see, e.g., [28–31], and [32] for a comprehensive
review.

The complex antitriplet Δa can be parametrized in terms
of six real fields. In order to simplify the discussion and
obtain analytical results, we set ϕ0 ¼ 0 in the remainder of
this section. There is no loss of generality since the
symmetry-breaking pattern in the diquark sector remains
the same, SUð3Þc → SUð2Þc. Writing Δ3 ¼ Δ0 þ 1ffiffi

2
p ðϕ1 þ

iϕ2Þ and using a common quark chemical potential μ, the
relevant terms up to quadratic order are

Lbosons
quad ¼ ð∂μ þ 2iδμ0μÞΔ†

1ð∂μ − 2iδμ0μÞΔ1 −
�
m2

Δ þ λΔ
3
Δ2

0

�
Δ†

1Δ1 þ ð∂μ þ 2iδμ0μÞΔ†
2ð∂μ − 2iδμ0μÞΔ2

−
�
m2

Δ þ λΔ
3
Δ2

0

�
Δ†

2Δ2 þ
1

2
ð∂μϕ1Þð∂μϕ1Þ −

1

2
ðm2

Δ − 4μ2 þ λΔΔ2
0Þϕ2

1

þ 1

2
ð∂μϕ2Þð∂μϕ2Þ −

1

2

�
m2

Δ − 4μ2 þ λΔ
3
Δ2

0

�
ϕ2
2 þ 2μð∂0ϕ1ϕ2 − ∂0ϕ2ϕ1Þ: ð32Þ

The spectrum is found by calculating the zeros of the
determinant of the propagator in the usual way. Note that
we need to evaluate the expectation value of the diquark
field, Δ0, at the minimum (on shell) of the tree-level
thermodynamic potential Ω0, i.e., for ðm2

Δ − 4μ2ÞΔ0 þ
λΔ
3
Δ3

0 ¼ 0. This yields the dispersion relations

E�
Δ1

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ 4μ2

q
� 2μ; ð33Þ

E�
Δ2

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ 4μ2

q
� 2μ; ð34Þ

E�
Δ3

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ 12μ2 −m2

Δ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16p2μ2 þ ð12μ2 −m2

ΔÞ2
qr

:

ð35Þ

The massless NG modes in Eqs. (33) and (34) are quadratic
for small momenta p, while the massless NG mode in
Eq. (35) is linear for small momenta. Linear modes are
referred to as type A and quadratic modes as type B.
Moreover, the partners of the type-B NG modes are
massive with mass 4μ.
A counting rule for the numbers of type-A and type-B

NG modes has been derived in Refs. [28,29]. Denoting
these numbers by nA and nB, respectively, the rule is

nA ¼ dimG − dimH − rank ϱ; ð36Þ

nB ¼ 1

2
rank ϱ; ð37Þ

where G is the full symmetry group, H is the unbroken
subgroup, and ϱ is the commutator matrix with matrix
elements

ϱab ¼ lim
V→∞

i
V
h0j½Ta; Tb�j0i; ð38Þ

where h0jAj0i is the ground-state expectation value
of A, and V is the spatial volume of the system. It is
clear that ϱab ¼ 0 if the generator TA or Tb is unbroken. In
the present case, G ¼ SUð3Þc and H ¼ SUð2Þc. The only
nonzero matrix elements are ϱ45 ¼ −ϱ54 ¼ ih0j½T5; T4�j0i
and ϱ67 ¼ −ϱ76 ¼ ih0j½T7; T6�j0i. This yields rank ϱ ¼ 4,
and therefore nA ¼ 1 and nB ¼ 2, in accordance with our
explicit calculations. The commutators of the broken
generators can be written as linear combination of the
symmetry generators T3 and T8. Thus, if color charge
neutrality is enforced in the 2SC phase, Q8 ¼ 0, Eq. (38)
immediately yields ϱ ¼ 0, and therefore the number of
type-A NG bosons, nA, equals the number of broken
generators, as first shown in Ref. [33]. In the present case,
a nonzero value of μ8 breaks the SUð3Þc symmetry down
to SUð2Þc ×Uð1ÞQ8

. Diquark condensation breaks the
Uð1ÞQ8

symmetry, resulting in a single NG boson
[25,26]. The massive modes in Eqs. (33) and (34) are
also special in the sense that their gap is determined by
symmetry [34]. Their number is given by the number of
pairs of broken generators Ta that do not commute with T8.
There are two such pairs, T4 � iT5 and T6 � iT7, which
leads to two massive NG bosons.

E. Pion condensation at finite isospin μI
In this section, wewill discuss charged pion condensation

at finite isospin chemical potential and zero baryon chemi-
cal potential. The onset of pion condensation at T ¼ 0 is a

2The NG bosons have been discussed in the context of the NJL
model in Refs. [25,26]. In the NJL model, the NG modes are
propagating only after taking quark loops into account.
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second-order transition that takes place exactly at the pion
mass, μI ¼ mπ. As mentioned in the Introduction, QCD is
amenable to lattice simulations for μB ¼ 0, since the sign
problem is absent in this case.
Chiral perturbation theory [5,6] provides a systematic

low-energy expansion of the chiral Lagrangian based on the
symmetries and degrees of freedom of QCD, and gives
model-independent predictions. For sufficiently small val-
ues of μI , we can use chiral perturbation theory to describe
the BEC phase. The tree-level expressions for the pressure
and the energy density in the pion-condensed phases are the
same for two and three-flavor QCD, and given by [4]

p ¼ 1

2
f2πμ2I

�
1 −

m2
π

μ2I

�
2

; mπ ≤ μI; ð39Þ

ϵðpÞ ¼ −pþ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pðpþ 2f2πm2

πÞ
q

: ð40Þ

In the vacuum phase, which extends from μI ¼ 0 to
μI ¼ mπ, the pressure and energy density vanish identi-
cally, p ¼ ϵ ¼ c2s ¼ 0. From the expressions, one can find
the speed of sound squared, expressed in terms of the pion
mass and the isospin chemical potential,

c2s ¼
dp
dϵ

¼ μ4I −m4
π

μ4I þ 3m4
π
: ð41Þ

The speed of sound is zero in the vacuum phase and
approaches unity in the ultrarelativistic limit μI → ∞. The
large-μI behavior is due to the fact that the pressure is
proportional to μ2I and consequently the EoS becomes ϵ ¼
p at large μI . However, χPT is not valid for large values of
the isospin chemical potential. We can get an idea of the
convergence properties of χPT at finite μI by comparing the
predictions for different physical quantities at leading order
(LO) and next to leading order (NLO). A conservative
estimate suggests that χPT is reliable for μI up to 200 MeV
[10]. The behavior at large μI is in disagreement with the
conformal limit of QCD, where c2s ¼ 1

3
. The reason is that

pions are not the correct degrees of freedom at high
(isospin) density. In this region, one should rather think
in terms of a Fermi surface that is rendered unstable due to
an attractive interaction channel and the formation of
loosely bound Cooper pairs of u and d̄ quarks. Since these
Cooper pairs have the same quantum numbers as the
charged pions, one expects a crossover rather than a phase
transition. This is called the BEC-BCS crossover. We will
not focus on this crossover, but simply refer to this part of
the phase diagram as the BEC/BCS phase.
The quark-meson (QM) model has also been used as a

low-energy model to study QCD at finite isospin [19,35–
41]. Denoting the pion condensate by ρ0, the tree-level
thermodynamic potential is

ΩBEC=BCS
0 ¼ 1

2
m2ϕ2

0 þ
1

2
ðm2 − μ2I Þρ20 þ

λ

24
ðϕ2

0 þ ρ20Þ2 − hϕ0: ð42Þ

The one-loop thermodynamic potential with on-shell renormalization was derived in Ref. [19] for Nc colors, and we give it
here for completeness,

ΩBEC=BCS
0þ1 ¼ 3

4
m2

πf2π

�
1 −

4m2
qNc

ð4πÞ2f2π
m2

πF0ðm2
πÞ
�
ϕ2
0 þ ρ20
f2π

−
1

4
m2

σf2π

�
1þ 4m2

qNc

ð4πÞ2f2π

��
1 −

4m2
q

m2
σ

�
Fðm2

σÞ þ
4m2

q

m2
σ
− Fðm2

πÞ −m2
πF0ðm2

πÞ
��

ϕ2
0 þ ρ20
f2π

−
1

2
μ2I f

2
π

�
1 −

4m2
qNc

ð4πÞ2f2π

�
log

ϕ2
0 þ ρ20
f2π

þFðm2
πÞ þm2

πF0ðm2
πÞ
��

ρ20
f2π

þ 1

8
m2

σf2π

�
1 −

4m2
qNc

ð4πÞ2f2π

�
4m2

q

m2
σ

�
log

ϕ2
0 þ ρ20
f2π

− 3

2

�
−
�
1 −

4m2
q

m2
σ

�
Fðm2

σÞ þ Fðm2
πÞ þm2

πF0ðm2
πÞ
�� ðϕ2

0 þ ρ20Þ2
f4π

−
1

8
m2

πf2π

�
1 −

4m2
qNc

ð4πÞ2f2π
m2

πF0ðm2
πÞ
� ðϕ2

0 þ ρ20Þ2
f4π

−m2
πf2π

�
1 −

4m2
qNc

ð4πÞ2f2π
m2

πF0ðm2
πÞ
�
ϕ0

fπ
þΩfin

1 þ Ωμ
1; ð43Þ

where ρ20 ¼ ρ2
0;MS

at a reference scale, with g20ρ
2
0 ¼ g2

0;MS
ρ2
0;MS

being scale invariant, and

ΩBECBCS;fin=BCS;fin
1 ¼ −2NcΛ−2ϵ

Z
p

�
E�
ρ0 − 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ g20ðϕ2

0 þ ρ20Þ
q

−
μ2Iρ

2
0

4½p2 þ g20ðϕ2
0 þ ρ20Þ�

3
2

�
; ð44Þ
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ΩBEC=BCS;μ
1 ¼ 2NcΛ−2ϵ

Z
p
½ðE�

ρ0 − μÞθðμ − E�
ρ0Þ

þ ðE�
ρ0 þ μÞθð−μ − E�

ρ0Þ�: ð45Þ

Here the fermionic quasiparticle spectrum is

E�
ρ0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
E� 1

2
μI

�
2

þ g20ρ
2
0

s
; ð46Þ

with E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ g20ϕ

2
0

p
. Note the similarity between the

gapped spectra Eqs. (22) and (46) for δμ ¼ 0. The integral
Eq. (44) is evaluated numerically directly in d ¼ 3 dimen-
sions. Equations (29) and (43) are the starting point for
mapping out the phase diagram.

F. Behavior at large chemical potentials

For large chemical potentials μ or μI, we can obtain
simple expressions for thermodynamic quantities such as
pressure and energy density. We first consider large μ.
If we are deep in the 2SC phase, we have ϕ0 ≪ Δ0. The

thermodynamical potential in Eq. (29) reduces to

Ω2SC
0þ1 ¼ ðm2

Δ;0− 4μ̄2ÞΔ2
0þ

λΔ;0
6

Δ4
0−

4ð4μ̄4þμ4ubþμ4dbÞ
3ð4πÞ2

−
16g2Δ;0
ð4πÞ2

�
log

m2
q

g2Δ;0Δ2
0

−Fðm2
πÞ−m2

πF0ðm2
πÞ
�
μ̄2Δ2

0

þ 4g4Δ;0
ð4πÞ2

�
log

m2
q

g2Δ;0Δ2
0

þ 3

2
−Fðm2

πÞ−m2
πF0ðm2

πÞ
�
Δ4

0:

ð47Þ

In the same approximation, the gap equation reads

0 ¼ m2
Δ;0 − 4μ̄2 þ λΔ;0

3
Δ2

0 −
16g2Δ;0
ð4πÞ2

×

�
log

m2
q

g2Δ;0Δ2
0

− 1 − Fðm2
πÞ −m2

πF0ðm2
πÞ
�
μ̄2

þ 8g4Δ;0
ð4πÞ2

�
log

m2
q

g2Δ;0Δ2
0

þ 1 − Fðm2
πÞ −m2

πF0ðm2
πÞ
�
Δ2

0:

ð48Þ

Assuming μ̄ ≫ gΔ;0Δ0, we can solve the gap equation
explicitly. Denoting Δ0 by Δ̄0 in this regime, we find

Δ̄2
0 ¼

m2
q

g2Δ;0
exp

�ð4πÞ2
4g2Δ;0

− 1 − Fðm2
πÞ −m2

πF0ðm2
πÞ
�
: ð49Þ

In other words, the gap gΔ;0Δ0 approaches a constant as
μ̄ → ∞. This is in contrast to the behavior of the gap at tree
level. In this case, the gap increases linearly with μ̄. The

difference is caused by the logarithms introduced by adding
quark loops. Note that the gap gΔ;0Δ̄0 depends only on the
diquark coupling gΔ;0 and the zero-temperature quark mass
mq. In principle, we can use the result Eq. (49) to connect to
perturbative QCD. We simply tune the parameter so that it
agrees with the gap calculated in pQCD for a given large
value of μ.3

The pressure p is given by minus the thermodynamic
potential Ω0þ1, evaluated at the solution of the gap
equation. At high densities, the pressure reduces to

p ¼ 4ð4μ̄4 þ μ4ub þ μ4dbÞ
3ð4πÞ2 þ 16μ̄2g2Δ;0Δ̄2

0

ð4πÞ2 þ 4μ4e
3ð4πÞ2 : ð50Þ

Except for the term
4ðμ4srþμ4sgþμ4sbÞ

3ð4πÞ2 coming from unpaired s

quarks, the result for the pressure Eq. (50) is the same as
obtained for the 2SC phase in the three-flavor case based on
an analytic approximation of the NJL model [42].4 The
corrections to the pressure due to the color superconduc-
tivity are parametrically suppressed by Δ̄2

0=μ̄
2, which can be

understood as follows. Whereas Cooper pairing affects
only states close to the Fermi surface, the Pauli pressure
receives contributions from the entire Fermi sphere. The
energy density ϵ and trace anomaly hTα

αi are given by

ϵ ¼ 4ð4μ̄4 þ μ4ub þ μ4dbÞ
ð4πÞ2 þ 16μ̄2g2Δ;0Δ̄2

0

ð4πÞ2 þ 4μ4e
ð4πÞ2 ; ð51Þ

hTα
αi ¼ −

32μ̄2g2Δ;0Δ̄2
0

ð4πÞ2 : ð52Þ

By imposing neutrality constraints, we can also obtain
simple expressions for μe and μ8 for very large values of μ.
Expanding the thermodynamic potential around this
asymptotic value and solving for the neutrality constraints
Eq. (13), we arrive at the following expressions through
order 1

μ

μe ¼
3

11

�
1þ

�
9

2

�2
3

−
�
9

2

�1
3

�
μ

×

�
1þ 2

9

�
1þ

�
2

9

�1
3

�
g2Δ;0Δ̄2

0

μ2

�

≈ 0.57μ

�
1þ 0.36

g2Δ;0Δ̄2
0

μ2

�
; ð53Þ

3We have to multiply by 2−
1
3 since the CFL gap is related to the

2SC gap by this factor [2].
4The chemical potentials μsr, μsg, and μsb are expressed in

terms of μ, μe, μ8 as well as the mass ms of the s quark.
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μ8 ¼
9

11

�
1 −

�
375

32

�1
3 þ

�
125

48

�1
3

�
μ

×

�
1 −

50

27

�
1þ

�
162

125

�1
3 þ

�
4

3

�1
3

�
g2Δ;0Δ̄2

0

μ2

�

≈ 0.09μ

�
1 − 5.91

g2Δ;0Δ̄2
0

μ2

�
: ð54Þ

It is interesting to note that both chemical potentials μe and
μ8 are independent of the gap at asymptotic values of the
quark chemical potential and therefore grow linearly with
μ. This is in contrast to the 2SC phase with three flavors
[42]. The pressure p receives the extra contribution from
the unpaired s quarks as explained below Eq. (50). The
extra contributions to the neutrality equations from this
term cancel the leading-order contributions in Eqs. (53) and

(54) (for ms ¼ 0) so that μe and μ8 are both of order
Δ̄2

0

μ .
Inserting the expansions Eqs. (53) and (54) into the
expressions for the pressure Eq. (50) and energy density
Eq. (51), we obtain the speed of sound for neutral matter at
large μ

c2s ¼
1

3

�
1þ 4

9

�
1þ

�
2

9

�1
3

�
g2Δ;0Δ̄2

μ2

�

≈
1

3

�
1þ 0.71

g2Δ;0Δ̄2
0

μ2

�
: ð55Þ

In this form, it is easy to see that the speed of sound
approaches the conformal limit from above. In the case
μe ¼ μ8 ¼ 0, the coefficient of the correction term is 2

3
[18].

Thus, the speed of sound relaxes faster to cs ¼ 1ffiffi
3

p if charge

neutrality is not imposed. Imposing neutrality, these simple
relations hold as long as we can safely ignore the last term
in (31). This can be done as long as δμ ≥ gΔ;0Δ0. We found
in (53) that μe grows linearly with μ. This implies that at
some later stage, for larger chemical potential, this term
becomes relevant. The effect on the system is that it is
energetically beneficial for a smaller diquark gap and one
would see a decrease to smaller or zero value on Δ0.
Comparing Eqs. (29) and (43), we note that the expres-

sions for the thermodynamic potential are essentially the
same, the one-loop terms differ by numerical factors and
the relevant couplings. This implies that the gap, pressure,
energy density, trace anomaly, and speed of sound have the
same behavior at large μI . As in the 2SC phase, we
calculate the thermodynamic potential deep into the BCS
phase using ϕ0 ≈ 0. This yields

ρ̄20 ¼
m2

q

g20
exp

� ð4πÞ2
4Ncg20

− 1 − Fðm2
πÞ −m2

πF0ðm2
πÞ
�
; ð56Þ

p ¼ Ncμ
4
I

6ð4πÞ2 þ
2Ncμ

2
I g

2
0ρ̄

2
0

ð4πÞ2 ; ð57Þ

ϵ ¼ Ncμ
4
I

2ð4πÞ2 þ
2Ncμ

2
I g

2
0ρ̄

2
0

ð4πÞ2 ; ð58Þ

hTα
αi ¼ −

4Ncμ
2
I g

2
0ρ̄

2
0

ð4πÞ2 ; ð59Þ

c2s ¼
1

3

�
1þ 4g20ρ̄

2
0

μ2I

�
: ð60Þ

In contrast to the superconducting gap, the asymptotic
value of the pion condensate ρ̄0 is completely determined
by vacuum physics.

III. RESULTS AND DISCUSSION

In this section, we discuss our numerical results. The
values of the meson masses and the pion decay constant are

mπ ¼ 140 MeV; ð61Þ

mσ ¼ 600 MeV; ð62Þ

fπ ¼ 93 MeV: ð63Þ

In addition, the quark mass is

mq ¼ 300 MeV: ð64Þ

We also set Nc ¼ 3. As we have explained, the remaining
parameters are treated as free. A natural guess for the
parameters would be gΔ ∼ g, λ ∼ λ3 ∼ λΔ, which in [18]
was shown to yield reasonable results. It turns out that the
results are sensitive mainly to the diquark mass parameter
mΔ and the diquark coupling gΔ. The position of the
transition to the 2SC phase depends on both parameters,
while the gap is largely determined by the latter. For
asymptotically large values of μ, the gap depends only on
Δ̄0 (in addition to the quark and pion mass).
To illustrate the possible phase diagrams, we have

chosen two sets of parameters Table II, The first set is
one of the four parameter sets used in our previous analysis
in Ref. [18]. The second set was chosen to show that NQM
is possible when neutrality has been imposed (see Fig. 4
below). We mentioned in Sec. II F that we can determine gΔ
by equating our asymptotic value for the gap to the gap at
large densities obtained from pQCD. We can also deter-
mine it from other constraints on the gap at large densities.

TABLE II. Parameter values for the two sets of parameters.

� � � mΔ gΔ λ3 λΔ

Set 1 500 MeV 2g λ 1
4
λ

Set 2 900 MeV 3
2
g λ 1

4
λ
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Recently, [43] used astrophysical observations to obtain an
upper bound on the CFL gap of 216 MeV at baryon
chemical potential μB ¼ 2.6 GeV. We therefore ensure that
our gap for the first set does not exceed this limit gΔΔ0 ≤
268 ¼ 2−

1
3216 MeV for large μ,while the gap for set two we

allow to go beyond. More generally, the parameter with the
largest effect is gΔ. Increasing gΔ leads to an earlier
transition from vacuum or NQM to the 2SC phase.
Increasing gΔ also leads to lower gap values in our analysis.
Lastly, increasing (decreasing) mΔ leads to a later (earlier)
transition to the 2SC phase, either from the vacuum or
NQM. Constraining these parameters is therefore most
important. To find the minimum of the thermodynamic
potential Ω0þ1, we must simultaneously solve the two gap
equations

∂Ω2SC
0þ1

∂ϕ0

¼ ∂Ω2SC
0þ1

∂Δ0

¼ 0; ð2SCÞ; ð65Þ

∂ΩBEC=BCS
0þ1

∂ϕ0

¼ ∂ΩBEC=BCS
0þ1

∂ρ0
¼ 0; ðBEC=BCSÞ ð66Þ

using Eqs. (29) and (43), respectively. For given values of μ
and μI , we compare Ω2SC

0þ1 and ΩBEC=BCS
0þ1 and then choose

the global minimum. Imposing electric charge and color
charge neutrality in the 2SC phase, the Eqs. (13) and (65)
are solved simultaneously. The neutrality constraints
reduces the number of independent chemical potential
from three to one, for example μ. The quark condensate
and the superconducting gap, as well as μe and μ8 are then
functions of μ.
In Fig. 1, we show the zero-temperature phase diagram

in the μ–μI plane using parameter set 1. The red line is the
phase boundary between the pion-condensed phase and
the vacuum phase or normal quark matter. The blue line is
the phase boundary between the vacuum phase and either
normal quark matter or the 2SC phase, whereas the green

line is the phase boundary between NQM and the color
superconducting phase.
In Fig. 2, we show the zero-temperature phase diagram

in the μ–μI plane using parameter set 2. The color coding is
the same as in Fig. 1, but now normal quark matter exists in
a much larger region in the plane. Below we shall see that
this gives rise to electrically neutral normal quark matter.
In Fig. 3, we show the quark condensate (black line), the

superconducting gap (green line), the electron chemical
potential μe (blue line), and the color chemical potential μ8
(red line) as functions of the quark chemical potential μ for
parameter set 1. For these parameters, the transition is
directly from the vacuum to the 2SC phase. The chemical
potentials μe and μ8 vanish in the entire region up to the
transition to the 2SC phase, reflecting that the vacuum state
is neutral. Since the 2SC ground state carries both color and
electric charge, both chemical potentials μe and μ8 are
nonzero in order to satisfy the charge neutrality conditions.

FIG. 1. Phase diagram in the μ–μI plane at T ¼ 0 for param-
eters set 1. See main text for details.

FIG. 2. Phase diagram in the μ–μI plane at T ¼ 0 for param-
eters set 2. See main text for details.

FIG. 3. Quark condensate (black line), superconducting gap
(green line), electron chemical potential (blue line), and color
chemical potential (red line) as functions of μ for parameter set 1.
See main text for details.
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Note that μe > 0 such that the electron density is positive,
which is needed to neutralize the positively charged 2SC
state. The superconducting gap approaches a constant for
large values of the chemical potential μ, cf. Eq. (49).
Similarly, the large-μ behaviors of μe and μ8 are given by
Eqs. (53) and (54). These equations are shown as dashed
lines in the figure, green for the asymptotic behavior of the
gap, blue for μe, and red for μ8. The behavior of the gap is in
contrast to the behavior in the NJL model regulated by a
conventional three-dimensional cutoff Λ, where the gap has
a maximum at μ ≈ 500 MeV, after which it drops rather
quickly to zero. As pointed out in Ref. [44], this unphysical
behavior is a regularization artifact. However, in recent
work on the NJL model using renormalization group ideas
[45], this problem is absent.
In Fig. 4, we show the same quantities as in Fig. 3, but

now for parameter set 2. The difference is that there is a
phase of normal quark matter between the vacuum phase
and the 2SC phase. Two-flavor normal quark matter is not

electrically neutral without an electron background, which
is why δμ ¼ 1

2
μe (blue line) becomes nonzero before the

superconducting gap (green line) and μ8 (red line). Note
that the red lines in Figs. 3 and 4 eventually cross the x axis,
so μ8 becomes positive for sufficiently large values of μ,
which is in agreement with large-μ behavior given by (54).
Next, we consider the speed of sound, which is of

interest because it gives information about the stiffness of
the EoS. The EoS is crucial in understanding the structure
of neutron stars. Before we discuss the case of finite quark
chemical potential, we consider finite isospin for which
lattice data exist. For similar results and analyses, see
Ref. [38] and very recently Ref. [41]. In Fig. 5, we show the
result for the speed of sound squared c2s as a function of
μI=mπ using the quark-meson model (blue line). We also
show the results for two-flavor chiral perturbation theory
[10] to leading order and next-to-leading order. The green
band is simply the region between the LO (upper line) and
the NLO (lower line) results. Note that the blue curve lies
entirely within this band. We also show the results of lattice
simulations using two different lattices [7], given by the
light blue and yellow bands. In the lattice simulations,
mπ ¼ 135 MeV and fπ ¼ 90 MeVwere used. In this range
of isospin chemical potentials, χPT and the quark-meson
model are in good qualitative agreement with the lattice
data, although the peak in c2s occurs much earlier than in the
QM model (See Fig. 6).
In Fig. 6, we show the result for the speed of sound

squared c2s using the QM model for a wide range of values
for μI=mπ (blue line). The green band is the χPT result [10]
obtained as explained above. The red band is the result of
the lattice simulations of Ref. [9] with mπ ¼ 139.6 MeV
and fπ ¼ 92 MeV. The band was constructed from 2000
bootstrap samples with� two standard deviations from the
mean. The yellow band is the result of the calculations in
Ref. [46]. The authors calculated the speed of sound,
and trace anomaly using the Cornwall-Jackiw-Tomboulis

FIG. 4. Quark condensate (black line), superconducting gap
(green line), electron chemical potential (blue line), and color
chemical potential (red line) as functions of μ for parameter set 2.
See main text for details.

FIG. 5. Speed of sound squared in the pion-condensed phase
versus μI=mπ . See main text for details.

FIG. 6. Speed of sound squared in the pion-condensed phase
versus μI=mπ . See main text for details.
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formalism [47], including the gap in their two-loop
calculations. Their band is obtained by varying the
renormalization scale Λ ¼ Xμ with X ¼ 1 to X ¼ 3.
Our results show that c2s increases sharply from the onset
of pion condensation at μI ¼ mπ with a peak at
μI ≈ 335 MeV. After the peak, the speed of sound relaxes
to the conformal limit (shown as the black dashed line). As
pointed out in Ref. [41], the overall good agreement with
lattice data over a wide range of isospin densities is
remarkable. It is also in qualitative agreement with the
perturbative calculation of [46].
In Fig. 7, we show the speed of sound squared c2s as a

function of the quark chemical potential. The red lines
correspond to dataset 1 and the blue lines refer to dataset 2.
Dashed lines are without electric and color charge neutral-
ity, and solid lines are with. Moreover, the peak of c2s moves
to higher values of μ, and the peak is also lower. Thus,
requiring charge neutrality softens the EoS. We emphasize
that this property and the relaxation to the conformal limit
from above are generic features of the QMD model. From
Eq. (55) and the remarks below it, it follows that cs with
neutrality constraints imposed is larger than cs without
charge neutrality, for sufficiently large values of μ. This is
the case for parameter set 1, as can be seen in Fig. 7. We
have checked that the blue curves are crossing each other
for larger values of μ.
Regarding the structure of cs, we must be cautious, since

our calculations are for two flavors. Extending our calcu-
lations to three flavors, we except to find a CFL phase for
large μ. If the transition from the 2SC phase to the CFL
phase is first order, the speed of sound will be discontinu-
ous. Thus, we will not make a detailed comparison with
other approaches [48]. That being said, a peak of c2s has also
been found in quarkyonic matter [49]. On the other hand,
the perturbative treatment of [46] discussed above predicts
that the conformal limit is approached from below. Finally,

the peak in the speed of sound is particularly interesting in
view of recent neutron star observations. Using agnostic
approaches, Refs. [50,51] find a peak, whereas Ref. [52]
observes a plateau, as the baryon density increases. It is
possible to confront QMD model calculations with obser-
vation. Combining mass-radius measurements of neutron
stars with Bayesian inference [53,54], it is possible to find
the probability distributions of its parameters.
Since we are interested in applying the QMD model to

compact stars, we briefly discuss different possibilities for
hybrid stars, i.e., stars with a core of deconfined quarks. In a
compact star, a possible scenario is several phase transitions
as we increase the baryon density. The first transition is
from hadronic matter to normal quark matter. The second
transition is from normal quark matter to a color super-
conducting phase. Whether this transition is to the 2SC
phase or directly to the CFL depends on the details of the
models (masses and couplings) and is an open question.
One can ask the question whether the transition is sharp or
it is via a mixed phase. A sharp transition takes place at a
specific value for the quark chemical potential at which the
pressures of the two phases are equal. In each phase,
neutrality constraints are imposed locally. The existence of
a mixed phase requires a first-order transition between the
two phases. In such a two-component system, neutrality
constraints are imposed globally [55]. This means that the
system is overall neutral with respect to the relevant
conserved charges, but one component is positively
charged and the other is negatively charged. Following
Ref. [56], we consider the possibility of a mixed phase of
normal quark matter and 2SC matter. Since normal quark
matter is neutral with respect to the color charge Q8, we
also impose ∂Ω0þ1

∂μ8
¼ 0 on the 2SC phase. If the density in

the core of the star is not too high, it is possible that it
contains a mixture of normal quark matter and 2SC matter,
that is, a nonstrange hybrid star is realized. If the density in
the core is sufficiently high, one expects a transition to the
CFL phase, so we need to extend the QMD model to three
flavors. Work in these directions is in progress [57].

Note added. In the final stages of this work, Ref. [41]
appeared. Their analysis of the pion-condensed phase and
comparison with lattice simulations are similar to ours.
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FIG. 7. Speed of sound squared in the 2SC phase for parameter
set 1 (red) and set 2 (blue) versus μ. Dashed lines are without
charge neutrality and solid lines are with charge neutrality. See
main text for details.
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