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We provide a thorough study of the properties of the Boulware vacuum in the spacetime of a spherical,
static thin shell with a Minkowski interior. To this end, we calculate the renormalized vacuum polarization
and stress-energy tensor of massless scalar fields via the extended-coordinate prescription, paying
particular attention to their scaling as the shell approaches the black hole limit. Near the surface of
the thin shell, we obtain the expected leading-order singular behavior of both quantities via two
independent methods: a high-frequency approximation for the modes and a weak-field approximation.
At the center of the shell we find nonlocal, Casimir-like contributions that remain finite in the black hole
limit, and whose backreaction effects we compute via the semiclassical Einstein equations. Away from
these regions amenable to analytic treatment, we obtain numerical results for a wide range of shell
compactnesses and field couplings. In the black hole limit, we show that the vacuum polarization and
renormalized stress-energy tensor outside the shell quickly approach the ones generated by a Schwarzs-
child black hole, suggesting a possible universality in the vacuum outside highly compact horizonless
objects. This work addresses the conceptual and technical aspects necessary for computing renormalized
expectation values in matter configurations, laying the foundations for future explorations on the subject.

DOI: 10.1103/vslc-4dhv

I. INTRODUCTION

Quantum fields have profound implications on our
understanding of expanding universes [1] and black holes
[2]. Even in their vacuum states, quantum fields propagat-
ing on curved spacetimes exhibit zero-point energies that

cannot be fully renormalized away. These zero-point
energies acquire the form of vacuum polarization clouds
and energy/particle fluxes [3–5], phenomena that have
been studied in detail in the last decades [6–8]. In eternal
spherical black holes, for example, three vacuum states—
Hartle-Hawking [9], Unruh [10], and Boulware [11]—are
usually considered. Each of them describes a different
physical situation, leading to distinct arrangements of
vacuum polarization and energy fluxes throughout the
spacetime, across the event horizon, and at infinity.
The Hartle-Hawking state is stationary and regular

across the event horizon, but it fills the spacetime with a
thermal bath that extends to infinity, requiring the black
hole to be enclosed within an isolating surface or box [12].
The Unruh state reproduces the late-time limit of a black
hole formed via gravitational collapse. It is thus regular
across the future event horizon and describes a thermal flux

*Contact author: julio.arrechea@sissa.it
†Contact author: cormac.breen@tudublin.ie
‡Contact author: adrian.ottewill@ucd.ie
§Contact author: lorenzo.pisani2@mail.dcu.ie
∥Contact author: peter.taylor@dcu.ie

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.

PHYSICAL REVIEW D 114, 085016 (2026)

2470-0010=2026=114(8)=085016(32) 085016-1 Published by the American Physical Society

https://orcid.org/0000-0001-6853-7742
https://ror.org/004fze387
https://ror.org/05j3snm48
https://ror.org/0409c3r50
https://orcid.org/0000-0002-1606-8208
https://ror.org/04t0qbt32
https://orcid.org/0000-0003-3293-8450
https://ror.org/05m7pjf47
https://orcid.org/0000-0002-9356-4459
https://orcid.org/0000-0002-8416-6408
https://ror.org/04a1a1e81
https://crossmark.crossref.org/dialog/?doi=10.1103/vslc-4dhv&domain=pdf&date_stamp=2026-10-20
https://doi.org/10.1103/vslc-4dhv
https://doi.org/10.1103/vslc-4dhv
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


of particles at future null infinity. The Boulware vacuum,
being the state consistent with asymptotic flatness (it
reduces to the Minkowski vacuum at infinity) and staticity,
becomes singular at the event horizon. For this reason, it is
identified as the natural vacuum state in horizonless
equilibrium configurations like stars [13,14] (see the recent
work [15]) and thin shells. Due to the greater complexities
introduced by classical matter, little attention has been
devoted to analyzing the properties of the Boulware
vacuum in its natural, self-consistent setting. In addition,
the Boulware vacuum violates all pointwise energy con-
ditions on the Schwarzschild exterior [16], which has led to
the study of horizonless alternatives to black holes sus-
tained by the repulsion induced by their own vacuum
polarization effects [17]. Recently, these were also seen to
contribute to the relaxation of general-relativistic compact-
ness bounds [18–20], allowing matter to withstand collapse
in situations that are classically forbidden. The present
work aims to set in motion investigations in this direction
by examining the simplest scenario in which matter can be
placed arbitrarily close to the black hole limit: a spherical
thin shell in equilibrium with an empty (Minkowski)
interior. To this end, we will apply the recently developed
extended-coordinate prescription [21,22] to calculate the
expectation value in the Boulware vacuum of the renor-
malized vacuum polarization and stress-energy tensor of
scalar fields.
Doing quantum field theory in spacetimes with thin-

layer boundaries immediately brings up problems. As was
shown in [23,24], the presence of sharp boundaries induces
divergences in expectation values that depend (to leading
order and in flat spacetime) on the intrinsic properties of the
boundary: its extrinsic curvature (tensor and scalar),
induced metric, normal vectors, and the boundary condition
satisfied by the field. Similarly, a distributional thin shell
separating two spacetime regions introduces an arbitrarily
small scale that coexists with the continuous medium that is
the quantum field. The sensitivity of the field to arbitrarily
small scales makes it so that all modes feel the presence of
the boundary. While sharp boundaries are perfectly well
defined in the classical theory, they generate contributions
to the quantum stress-energy that diverge as the boundary is
approached and that cannot be renormalized away, as they
are not the standard ultraviolet divergences to be subtracted
by covariant renormalization prescriptions [25]. While
local quantities such as the RSET diverge at the boundary,
globally integrated quantities such as the total free
energy can be consistently renormalized by introducing
boundary counterterms [26] (see also [27] for an applica-
tion). Sharp boundaries are ubiquitous in general relativistic
matter models like constant-density stars [28], the
Oppenheimer-Snyder dust collapse model [29], and
some black hole mimicker proposals like gravastars [30].
Thus, a complete understanding of the pathologies they
induce in quantum theory is necessary to postulate more

realistic extensions of these models, as attempted for
example in [31].
The renormalized stress-energy tensor (RSET) is the

central element of the semiclassical theory of gravity. This
theory considers the backreaction effects of the RSET on
the classical metric gαβ via the semiclassical Einstein
equations

Gαβ þ Λgαβ þ α1H
ð1Þ
αβ þ α2H

ð2Þ
αβ ¼ 8πðTðclÞ

αβ þ hT̂αβirenÞ;
ð1Þ

where Λ is the cosmological constant, Gαβ is the Einstein

tensor and hT̂αβiren is the RSET. The tensors Hð1Þ
αβ , H

ð2Þ
αβ are

geometrical and include terms that are quadratic in the
curvature; their inclusion arises through the point-splitting
regularization process that yields the RSET. This regulari-
zation process allows for the calculation of the finite
physical RSET alongside an infinite renormalization of
the constants Λ, α1, and α2. A divergence in the RSET
indicates the breakdown of semiclassical gravity as a valid
approximation. In the case of thin shells, we expect this
divergence to be halted by endowing the shell with a finite
thickness or by letting it fluctuate quantum mechani-
cally [32].
The RSET combines both local and nonlocal contribu-

tions, although this split is not easy to identify due to the
complex form that hT̂αβiren takes in most situations.
Roughly speaking, local contributions include, but are
not limited to, terms that depend on an arbitrary lengthscale
[33], being intrinsically ambiguous. Nonlocal contributions
encode the state dependence, can become relevant in
regions where local curvature invariants are small, and
their form is independent of any renormalization ambigu-
ities. The most robust predictions stemming from semi-
classical gravity will be obtained in situations where said
ambiguous contributions are either absent or negligible.
Fortunately, this is the case for the thin shell spacetimes
considered in this paper, since renormalization ambiguities
vanish in the Schwarzschild and Minkowski spacetimes
for massless fields. Furthermore, inside the shell, the
entirety of local RSET contributions vanish and only
purely nonlocal vacuum polarization effects remain.
Near the center of the shell, these effects are analogous
to the Casimir stress-energies produced inside spheres
[34–36], with the differences that (i) our thin shell is
transparent and (ii) it has a maximum compactness limit
given by the Schwarzschild radius. We will show how, as
the shell approaches its Schwarzschild radius, all RSET
components remain bounded at the center of the sphere.
Fortunately, this prevents observers from being decimated
by the backreaction of vacuum polarization effects caused
by arbitrarily distant matter. It also suggests that the
divergences characteristic of the Boulware state originate
at the exterior of the shell, rather than propagating toward
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the interior region, although a more thorough analysis of
the Boulware vacuum in the black hole limit would require
going beyond the thin shell models considered in this work.
This article is intended to be as self-contained as

possible, serving as a guideline for future extensions to
more realistic models. For readers interested in the tech-
nical framework required to calculate the RSET in thin shell
spacetimes, we point them to Secs. II–IV. Readers more
interested in results and physical lessons can focus on
Secs. V–VII instead. In particular, Sec. II presents the
extended coordinate prescription adapted to Boulware
states. Section III applies the thin shell formalism to the
case of a spherical shell matching a Minkowski interior and
a Schwarzschild exterior. Section IV details how we
calculate the Euclidean modes on this thin shell spacetime
and tests the convergence of the extended-coordinate
prescription. Section V deals with analytically appro-
ximating the near-surface divergences in the RSET and
renormalized vacuum polarization (RVP) through two
independent methods: a Wentzel-Kramers-Brillouin (WKB)
expansion of the Euclidean modes, and a weak-field
approximation. Section VI contains numerical results for
the RVP and RSET. We validate numerically the analytic
results from the previous section, and analyze these quan-
tities both inside and outside the shell, and in the black
hole limit. We conclude with some discussion and outlook
in Sec. VII.

II. THE EXTENDED COORDINATE
PRESCRIPTION

In this section, we summarize the key elements of the
extended coordinate method for computing the renormal-
ized vacuum polarization and the renormalized stress-
energy tensor for a quantum scalar field in the Boulware
vacuum state propagating on an arbitrary static, spherically
symmetric and asymptotically flat background. This
extended coordinate method is a mode-sum renormaliza-
tion prescription, first developed for renormalizing
quantum expectation values of field observables in the
Hartle-Hawking state [21,37,38] and then later adapted to
the case where the field is in the Boulware state [22]. The
computations are most conveniently performed using the
Wick-rotated line-element obtained by complexifying
the static time coordinate t → −iτ, yielding a line element
with Riemannian signature usually referred to as the
Euclideanized metric. Moreover, the static nature of the
metric guarantees that the Euclidean two-point function for
the quantum scalar field satisfying appropriate boundary
conditions is equivalent to the Feynman propagator com-
puted on the Lorentzian line element [39].
In ðτ; r; θ;ϕÞ coordinates, we take the Euclidean line

element to be

ds2 ¼ fðrÞdτ2 þ hðrÞdr2 þ r2dΩ2; ð2Þ

where fðrÞ and hðrÞ are arbitrary functions of r and dΩ2 ¼
dθ2 þ sin2 θdϕ2 is the line element for the two-sphere S2.
If the line element (2) describes the geometry of a static
black hole with event horizon located at r ¼ rþ, then the
Euclidean geometry would possess a conical singularity at
r ¼ rþ unless the Euclidean time τ was wrapped up and
identified modulo the inverse Hawking temperature
β ¼ 1=TH, that is, we would have to impose the further
condition τ ¼ τ þ β in order to have a regular geometry at
the event horizon. This periodicity in imaginary time is
inherited in the two-point function for the quantum scalar
field on the Euclidean geometry resulting in a discrete
frequency spectrum, which is a significant computational
advantage. The Green’s function which satisfies regularity
boundary conditions at the event horizon then corresponds
to the Hartle-Hawking state [9,40], which corresponds to
the quantum field in a thermal state at the Hawking
temperature of the black hole, in other words, the black
hole and the quantum field are in thermal equilibrium. This
is simply the Kubo–Martin–Schwinger (KMS) condition
[41,42] in a black hole context.
In this paper, we are instead interested in quantizing a

scalar field in the Boulware state. This is the state which
corresponds to a vacuum as seen by a static observer in the
asymptotically flat region of spacetime. Another viewpoint
for the Boulware state is that it is a zero temperature state.
This viewpoint is particularly useful since it again permits
the use of Euclidean techniques. The difference between
Boulware states and Hartle-Hawking states when defined
on the Euclidean section is that the Euclidean time τ is not
wrapped up and identified for the Boulware state.
Moreover, this will mean that the frequency spectrum is
continuous rather than discrete.
For clarity of exposition, we focus here on the compu-

tation of the renormalized expectation of the vacuum
polarization for a quantized scalar field ϕ̂ in the Boulware
state, which we write as hBjϕ̂2jBiren. For further details, see
Ref. [22]. On the Lorentzian line element, we can write the
vacuum polarization for the field ϕ̂ðxÞ in the state jBi as

hBjϕ̂2jBiren ¼ −i lim
x0→x

fGBðx; x0Þ −Kðx; x0Þg ð3Þ

where GBðx; x0Þ is the Feynman Green’s function for the
scalar wave operator satisfying the Boulware boundary
conditions and Kðx; x0Þ is a Hadamard parametrix for the
scalar wave operator which is required to renormalize the
Feynman Green’s function in the coincidence limit x0 → x.
Expressing these in terms of the corresponding Euclidean
quantities gives

hBjϕ̂2jBiren ¼ lim
x0→x

fGBðx; x0Þ − Kðx; x0Þg ð4Þ

where GBðx; x0Þ is the Euclidean two-point function satisfy-
ing appropriate boundary conditions for the Boulware state
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and Kðx; x0Þ is a Hadamard parametrix for the Euclidean
wave operator. The Euclidean two-point function satisfies
the Euclidean wave equation

ð□ − μ2 − ξRÞGBðx; x0Þ ¼ −δðx; x0Þ; ð5Þ

where□ is the d’Alembertian operator on the Euclidean line
element (2), μ is the field mass, ξ is the coupling strength of
the field to the background curvature, and R is the Ricci
scalar. The inhomogeneous term is the covariant Dirac delta
distribution. The solution admits a mode-sum representation

GBðx; x0Þ ¼
1

8π2
X∞
l¼0

ð2lþ 1ÞPlðcos γÞ

×
Z

∞

−∞
dωe−iωðτ0−τÞgωlðr; r0Þ; ð6Þ

where cos γ ¼ cos θ cos θ0 þ sin θ sin θ0 cosðϕ0 − ϕÞ and
PlðzÞ is the Legendre polynomial of the first kind. The
bidistribution gωlðr; r0Þ is the one-dimensional radial Green’s
function satisfying

�
d
dr

�
r2

ffiffiffi
f

pffiffiffi
h

p d
dr

�
−

ffiffiffiffiffiffi
hf

p �
ω2r2

f
þ VlðrÞ

��
gωlðr; r0Þ

¼ −δðr − r0Þ; ð7Þ

with

VlðrÞ ¼ lðlþ 1Þ þ r2ðμ2 þ ξRÞ: ð8Þ

The solution is constructed by an ordered normalized
product of homogeneous solutions

gωlðr; r0Þ ¼
pωlðr<Þqωlðr>Þ

Nωl
; ð9Þ

where pωlðrÞ is a homogeneous solution satisfying a
boundary condition on the left boundary of the radial domain
and qωlðrÞ is a homogeneous solution satisfying a boundary
condition on the right boundary of the radial domain (usually
infinity). We have adopted the ordering notation
r< ¼ minfr; r0g, r> ¼ maxfr; r0g. The normalization con-
stant Nωl is obtained by the Wronskian condition

Nωl ¼ −
r2

ffiffiffi
f

pffiffiffi
h

p Wfpωl; qωlg

¼ −
r2

ffiffiffi
f

pffiffiffi
h

p
�
dqωl
dr

pωl −
dpωl

dr
qωl

�
: ð10Þ

We discuss the details of the computation of the radial modes
pωlðrÞ and qωlðrÞ and of their normalization constant Nωl in
the context of thin shells in Sec. IVA.

We will denote the coordinate separation of the points x0
and x by Δx ¼ x0 − x. Now it is clear that in the coinci-
dence limit Δx → 0, or equivalently x0 → x, the two-point
function GBðx; x0Þ diverges; it involves, by definition, the
square of an operator valued distribution ϕ̂ðxÞ evaluated at
the same spacetime point. This is mathematically ill defined
and this is precisely why it is necessary to renormalize the
two-point function by subtracting the Hadamard parametrix
Kðx; x0Þ. In terms of the mode sum (6), this divergence does
not manifest at the level of the individual modes but rather
in the fact that the sum over l and integral in ω do not
converge whenever x0 ¼ x.
On the other hand, the divergence in the Hadamard

parametrix Kðx; x0Þ is explicitly geometrical. For a general
Riemannian manifold in four dimensions, the Hadamard
parametrix for the wave equation will have the following
universal form [43]

Kðx; x0Þ ¼ 1

8π2

�
Δ1=2ðx; x0Þ
σðx; x0Þ þ Vðx; x0Þ log

�
2σðx; x0Þ

l2

��
;

ð11Þ

where σðx; x0Þ is Synge’s world function, while Δ1=2ðx; x0Þ
and Vðx; x0Þ are symmetric, regular biscalars. These quan-
tities only depend on the local geometry and the field
parameters, and do not carry any global information, such
as the details of the quantum state. The parameter l is an
arbitrary length scale required to make the argument of the
logarithm dimensionless and is associated with part of the
renormalization ambiguity. The terms involving Δ1=2=σ
and V log σ on the right-hand side of Eq. (11) are usually
referred to as, respectively, the direct and tail parts of the
Hadamard parametrix.
The biscalar σðx; x0Þ satisfies the differential equation

2σ ¼ σ;ασ
;α; ð12Þ

where throughout we use the notation σ;α ≡∇ασ. For
x0 ≠ x, the world function σ is positive definite on a
Riemannian manifold and zero only at coincidence. The
biscalar Δ1=2ðx; x0Þ is the Van Vleck–Morette determinant,
defined by the transport equation

2σ;α∇αΔ1=2 ¼ ð4 −□σÞΔ1=2; ð13Þ

with boundary condition

lim
x0→x

Δðx; x0Þ ¼ 1: ð14Þ

Finally, the biscalar Vðx; x0Þ satisfies the homogeneous
wave equation
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ð□ − μ2 − ξ2RÞVðx; x0Þ ¼ 0: ð15Þ

Introducing the Hadamard Ansatz allows us to construct a
series solution of (15)

Vðx; x0Þ ¼
X∞
p¼0

Vpðx; x0Þσp; ð16Þ

and substituting into (15), we obtain the recurrence
relations for Vp,

ðpþ 1Þð2pþ 4ÞVpþ1 þ 2ðpþ 1Þσ;α∇αVpþ1

− 2ðpþ 1ÞVpþ1Δ−1
2σ;α∇αΔ

1
2

þ ð□ − μ2 − ξRÞVp ¼ 0; ð17aÞ

together with the boundary condition

2V0þ 2σ;α∇αV0− 2V0Δ−1
2σ;α∇αΔ

1
2 þð□−μ2− ξRÞU¼ 0:

ð17bÞ

The computational challenge of applying the Hadamard
renormalization in practice, that is to say taking the limit in
(4), is that the divergence encoded in the Hadamard
parametrix is purely geometrical: σðx; x0Þ → 0 as x0 → x,
whereas the divergence in the two-point function GBðx; x0Þ
manifests in the nonconvergence of the modes. The
extended coordinate method addresses the problem of
subtracting the parametrix from the two-point function in
a way that this coincidence limit can be meaningfully
computed. Moreover, the resultant expression is rapidly
convergent making it a very efficient approach.
The principle of the method is to write the Hadamard

parametrix as a mode sum in the same form as that of the
two-point function and then perform the subtraction mode
by mode [21,22,37,38]. This renormalized mode sum will
converge in the coincidence limit. The details have been
presented and explained elsewhere so here we give only a
brief overview. The method necessitates the introduction of
a carefully chosen set of “extended coordinates” in which
to expand the parametrix, which in this case are simply
fs2;Δτ2;Δrg, where

s2 ¼ fðrÞΔτ2 þ 2r2ð1 − cos γÞ: ð18Þ

Note that the dependence on the angles is contained in s2

through γ. The choice of coordinates is adapted to the
symmetry of the background metric. Then if we expand the
Hadamard parametrix in these extended coordinates and
take the partial coincidence limit r0 ¼ r (or Δr ¼ 0) for
simplicity, we get an expansion of the form

Kðx; x0Þ ¼ 1

8π2

�Xm
a¼0

Xa
b¼0

DðrÞ
abðrÞ

Δτ2aþ2b

s2bþ2

þ
Xm
a¼1

Xa
b¼1

DðpÞ
ab ðrÞΔτ2a−2bs2b−2

þ
Xm−1

a¼1

Xa−1
b¼0

T ðrÞ
abðrÞ

Δτ2aþ2bþ2

s2bþ2

þ
Xm−1

a¼0

Xa
b¼0

T ðlÞ
abðrÞs2a−2bΔτ2b log

�
s2

l2

�

þ
Xm−1

a¼1

Xa
b¼0

T ðpÞ
ab ðrÞs2a−2bΔτ2b

�
þOðϵ2m log ϵÞ:

ð19Þ

The integer m here fixes the order of the expansion.
Higher-order expansions are necessary to produce rapidly
convergent mode-sum representations of the renormalized
expectation values. The minimum order of this expansion
to guarantee a regular vacuum polarization is m ¼ 1. The
expansion of the parametrix has been divided into five
separate parts: two terms which are rational in the
extended coordinates, two terms that are polynomial in
the extended coordinates and terms involving logðs2Þ.
The first few coefficients appearing here can be found in
the Appendix A. What we are trying to achieve is a
mode-sum representation of the terms appearing in this
expansion. Focusing on the rational terms, we adopt an
Ansatz of the form

Δτ2aþ2b

s2þ2b ¼
X∞
l¼0

ð2lþ 1ÞPlðcos γÞ
Z

∞

−∞
dωeiωΔτΨωlða; bjrÞ

ð20Þ

for some yet to be determined functions Ψωlða; bjrÞ
which we call regularization parameters. To determine
the regularization parameters we invert this relationship
using the completeness relations for the Legendre poly-
nomials and the Fourier modes. It turns out that these can
be obtained in closed form in terms of special functions.
Again the details of the derivation are given in
Refs. [21,22,37,38]. Similarly, we can take as an Ansatz
for the logarithmic terms

Δτ2bs2a−2b logðs2Þ

¼
X∞
l¼0

ð2lþ 1ÞPlðcos γÞ
Z

∞

−∞
dωeiωΔτχωlða; bjrÞ; ð21Þ

where χωlða; bjrÞ are the regularization parameters for the
logarithmic terms. As before, we can invert this relation-
ship using completeness relations and derive closed-form
representations for χωlða; bjrÞ. Explicit expressions for

VACUUM POLARIZATION AND RENORMALIZED … PHYS. REV. D 114, 085016 (2026)

085016-5



the regularization parameters are deferred to Appendix B.
The terms that are polynomial in the extended coordi-
nates are kept in closed form and do not require a mode-
sum representation; they cannot affect the high-l or high-
ω behavior of the renormalized mode sum.
Putting the details together, we obtain the following

mode-sum representation of the Hadamard parametrix (19)
expanded to order m ¼ 1,

Kðx; x0Þ ¼ 1

8π2

Z
∞

−∞
dωeiωΔτ

X∞
l¼0

ð2lþ 1ÞPlðcos γÞkð1Þωl ðrÞ

þ 1

8π2

�
DðpÞ

11 ðrÞ þ
DðrÞ

10

fðrÞ þ
DðrÞ

11 ðrÞ
f2ðrÞ

þ
�
log

�
fðrÞ
l2λ2

�
− 2γE

�
T ðlÞ

00ðrÞ
�
þOðϵ2 log ϵÞ;

ð22Þ

where kð1Þωl ðrÞ captures the large l, large ω behavior of the

modes gωlðrÞ ≔ gωlðr; rÞ; the explicit form for kð1Þωl ðrÞ is
found in Appendix B. The parameter λ appearing in the
expression above is an arbitrary inverse length scale
associated with an infrared cutoff in the frequency integrals.
The renormalized expectation values themselves are inde-
pendent of the particular choice [22]. For massive fields, it
is natural to take λ ¼ μ, the mass of the field.
The renormalized vacuum polarization is then computed

by subtracting mode-by-mode the Hadamard parametrix
from the Green’s function and then taking the coincidence
limit yielding

hBjϕ̂2jBiren ≔ lim
x0→x

ðGBðx; x0Þ − Kðx; x0ÞÞ

¼ 1

8π2

Z
∞

−∞

X∞
l¼0

ð2lþ 1ÞðgωlðrÞ − kð1Þωl ðrÞÞdω

−
1

8π2

�
DðpÞ

11 ðrÞ þ
DðrÞ

10 ðrÞ
f

þDðrÞ
11 ðrÞ
f2

þ
�
log
�
fðrÞ
l2λ2

�
− 2γE

�
T ðlÞ

00ðrÞ
�
: ð23Þ

The modes kð1Þωl ðrÞ captures the leading and subleading
large l and largeω behavior of the modes gωlðrÞ ≔ gωlðr; rÞ
so that the mode sum above converges, albeit slowly. We
can accelerate the convergence by taking higher-order
expansions in the parametrix. This has the overall effect
of introducing some additional analytical terms. The result
for general expansion order is

hBjϕ̂2jBiren ¼
1

8π2

Z
∞

−∞

X∞
l¼0

ð2lþ 1ÞðgωlðrÞ − kðmÞ
ωl ðrÞÞdω

−
ffiffiffi
π

p
8π2

Xm−1

a¼1

Xa
b¼0

T ðlÞ
abðrÞ

ða − 1Þ!22afa−b
Γð−aþ 1

2
Þλ2a

−
1

8π2

�
DðpÞ

11 ðrÞ þ
DðrÞ

10 ðrÞ
f

þDðrÞ
11 ðrÞ
f2

þ
�
log

�
fðrÞ
l2λ2

�
− 2γE

�
T ðlÞ

00ðrÞ
�
; ð24Þ

where kðmÞ
ωl ðrÞ now captures the large l, large ω behavior to

any desired order, so that any order of convergence in the
mode sums could be in principle achieved. In practice,
computing the regularization parameters for large m can be
computationally expensive and so there is a Goldilocks
zone which balances the rapidity of convergence and the
computational cost of the regularization parameters. The

explicit expression for kðmÞ
ωl ðrÞ is given in Appendix B.

This procedure is now straightforwardly extended to the
computation of the renormalized stress-energy tensor
hBjT̂α

βjBiren. If we start by defining

Wðx; x0Þ ≔ GBðx; x0Þ − Kðx; x0Þ; ð25Þ

then the coincidence limit of Wðx; x0Þ is just the vacuum
polarization which we will now label as

wðrÞ ¼ lim
x0→x

Wðx; x0Þ ¼ hBjϕ̂2jBiren: ð26Þ

Let us further denote the coincidence limit of two covariant
derivatives of Wðx; x0Þ at the point x as

wαβðxÞ≡ lim
x0→x

½Wðx; x0Þ;αβ�: ð27Þ

Then the components of the RSET can be written as [38]

hBjT̂α
βjBiren ¼ −wα

β −
�
ξ −

1

2

�
w;α

;β þ
�
ξ −

1

4

�
□wδαβ

þ ξRα
βw −

1

8π2
v1δαβ; ð28Þ

where

v1 ¼
1

720
RαβγδRαβγδ −

1

720
RαβRαβ −

1

24

�
ξ −

1

5

�
□R

þ 1

8

�
ξ −

1

6

�
2

R2 þ 1

4
μ2
�
ξ −

1

6

�
Rþ 1

8
μ4 ð29Þ

is a local geometrical term necessary to include in the
expression (28) in order to ensure conservation of the
RSET [33,43].
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It is clear from this expression that in order to compute
the components of the RSET, all that remains is to be able
to compute the components wαβ. The time and angular
components wτ

τ and wθ
θ ¼ wϕ

ϕ are most easily expressed
in terms of derivatives of wðrÞ and mixed derivatives of
Wðx; x0Þ using Synge’s rule [38]

wαβðxÞ ¼
1

2
w;αβðxÞ − lim

x→x0
½Wðx; x0Þ;α0β�; ð30Þ

where the mixed time and mixed angular derivatives are
obtained by appropriately differentiating the mode sum
expression (22) to obtain two additional mode sums:

½gττ0W;ττ0 � ¼
1

8π2f

�Z
∞

−∞

X∞
l¼0

ð2lþ 1Þω2
	
gωl − kðmÞ

ωl



dω

−
ffiffiffi
π

p Xm−1

a¼0
a≠1

Xa
b¼0

T ðlÞ
abðrÞ

a!22afa−b

Γð1
2
− aÞða − 1Þλ2a−2

�

þ 1

4π2

"
T ðpÞ

10 þDðpÞ
22 þ 1

f
ðT ðpÞ

11 þDðpÞ
21 Þ

þDðrÞ
20

f2
þDðrÞ

21

f3
þDðrÞ

22

f4
þ T ðrÞ

10

f2

þ
 
T ðlÞ

10 þ
T ðlÞ

11

f

!
ðlogðf=ðl2λ2ÞÞ − 2γE þ 3Þ

#
;

ð31Þ

½gϕϕ0
W;ϕϕ0 �

¼ 1

16π2r2

�Z
∞

−∞

X∞
l¼0

ð2lþ 1Þlðlþ 1Þðgωl− kðmÞ
ωl Þdω

þ ffiffiffi
π

p Xm−1

a¼2

Xa
b¼0

T ðlÞ
ab
r2ða−bÞða− 2Þ!22afa−b−1

Γð3
2
−aÞλ2a−2

�

þ 1

4π2

�
DðpÞ

22 þT ðpÞ
10 −

DðrÞ
20

f2
− 2

DðrÞ
21

f3
− 3

DðrÞ
22

f4

−
T ðrÞ

10

f2
þT ðlÞ

11

f
þT ðlÞ

10ðlogðf=ðl2λ2ÞÞ− 2γEþ 1Þ
�
: ð32Þ

Finally, we need to be able to compute wr
r. By using the

wave equation satisfied by Wðx; x0Þ we can write wr
r

as [33]

wr
r ¼ −wτ

τ − wθ
θ − wϕ

ϕ þ ξRwþ μ2w −
3

4π2
v1: ð33Þ

Since we have mode-sum representations of all the terms on
the right-hand side, except for the v1 term which is a trivial
geometrical expression, we have all the ingredients

required to efficiently and accurately compute the RSET
components.

III. THIN SHELLS IN EQUILIBRIUM

A. General formalism

The spacetime we will consider is that of a spherical and
static thin shell that connects a Minkowski interior with a
Schwarzschild exterior, though much of the essential
details can also be applied to nonvacuum interior space-
times such as stars. The Minkowski interior is of particular
interest as any curvature-dependent terms in the RVP and
RSET will vanish, isolating the purely nonlocal nature of
the contribution coming from the boundary conditions
defining the quantum state and contributions coming from
the matching across the shell.
To make this article as self-contained as possible, we

briefly review here the thin shell formalism presented in
[44,45]. We will specialize for the case under consideration
at the end of this section. We start by considering two
spherically symmetric spacetimes

ds2− ¼−f−ðrÞdt2−þh−ðrÞdr2þ r2dΩ2; r < r0;

ds2þ ¼−fþðrÞdt2þ þhþðrÞdr2þ r2dΩ2; r > r0 ð34Þ

matched at the spherical timelike boundary r ¼ r0. In order
for this layer to be a solution to the Einstein equations, it
must satisfy Israel-Darmois junction conditions [44,46].
We introduce the geometrical quantities that allow us to
characterize the junction conditions. We define coordinates
intrinsic to our hypersurface, ζA ¼ fτ; θ;ϕg where τ here is
a proper time coordinate (not to be confused with Euclidean
time τ). The basis vectors tangent to the hypersurface of the
boundary are thus

eαð�Þ
A ¼ ∂xα�

∂ζA
: ð35Þ

Explicitly, we have

etð�Þ
A ¼

�
∂t�
∂τ

;0;0

�
¼
�

1ffiffiffiffiffiffiffiffiffiffiffiffi
f�ðrÞ

p ;0;0

�
; erð�Þ

A ¼ ð0;0;0Þ;

eθð�Þ
A ¼ ð0;1;0Þ;eϕð�Þ

A ¼ ð0;0;1Þ: ð36Þ

The unit spacelike vectors normal to this surface are

nð�Þ
α ¼ ð0;

ffiffiffiffiffiffiffiffiffiffiffiffi
h�ðrÞ

p
; 0; 0Þ: ð37Þ

Now the first Israel-Darmois junction condition demands

continuity of the induced metric hð�Þ
AB ¼ gαβe

ð�Þα
A eð�Þβ

B
across the boundary, i.e.,

⟦hAB⟧ ¼ hðþÞ
AB − hð−ÞAB ¼ 0 ð38Þ
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were here and throughout we have adopted the notation

⟦O⟧≡OðþÞ −Oð−Þ: ð39Þ

This condition translates into the following relation
between the interior and exterior time coordinates�

dt−
dτ

�
2

¼ fþðr0Þ
f−ðr0Þ

�
dtþ
dτ

�
2

; ð40Þ

making gtt continuous at r ¼ r0, but not differentiable. The
line element on the hypersurface is then

ds2 ¼ hABdζAdζB ¼ −dτ2 þ r20dΩ2: ð41Þ

Since the first junction condition is a constraint on the
induced metric, the function hðrÞ can still exhibit jumps.
Constraints on the jump in hðrÞ is specified by the second
junction condition. First we define the extrinsic curvature
of the hypersurface as

Kð�Þ
AB ¼ nα;βe

ð�Þα
A eð�Þβ

B ; Kð�Þ ¼ Kð�Þ
AB h

AB: ð42Þ

Explicitly, we have

Kð�Þ
ττ ¼ −

1

2

f0�ðr0Þ
f�ðr0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h�ðr0Þ

p ;

Kð�Þ
θθ ¼ r0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h�ðr0Þ
p ;

Kð�Þ
ϕϕ ¼ r0sin2θffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h�ðr0Þ
p ;

Kð�Þ ¼ 1

2

f0�ðr0Þ
f�ðr0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h�ðr0Þ

p þ 2

r0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h�ðr0Þ

p : ð43Þ

The discontinuity of the extrinsic curvature across the
boundary is

⟦Kτ
τ⟧ ¼ 1

2

f0þðr0Þ
fþðr0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hþðr0Þ

p −
1

2

f0−ðr0Þ
f−ðr0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
h−ðr0Þ

p ; ð44Þ

⟦Kθ
θ⟧ ¼ ⟦Kϕ

ϕ⟧ ¼ 1

r0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hþðr0Þ

p −
1

r0
ffiffiffiffiffiffiffiffiffiffiffiffiffi
h−ðr0Þ

p ; ð45Þ

⟦K⟧ ¼ 1

2

�
f0þðr0Þ

fþðr0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hþðr0Þ

p −
f0−ðr0Þ

f−ðr0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
h−ðr0Þ

p �

þ 2

r0

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hþðr0Þ
p −

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
h−ðr0Þ

p �
: ð46Þ

The second Israel-Darmois junction condition identifies the
behavior in the extrinsic curvature across the boundary with
the stress-energy associated to the boundary itself. In
particular, discontinuity of the extrinsic curvature across

the boundary indicates a thin shell with intrinsic stress-
energy given by the Lanczos equation [47,48]

8πSAB ¼ −ð⟦KAB⟧ − ⟦K⟧hABÞ: ð47Þ

To express the Ricci scalar in the four-dimensional space-
time in terms of the distributional stress-energy tensor on
the hypersurface, we work in coordinates where the
continuity of the metric is explicit across the shell
r ¼ r0, i.e., as well as the new time coordinate τ introduced
earlier, we would also introduce a proper radial coordinate z
by dz=dr ¼ ffiffiffiffiffiffiffiffiffiffiffiffi

h�ðrÞ
p

for r≷r0 where the metric is

ds2 ¼ −dτ2 þ dz2 þ r2ðzÞdΩ2 ð48Þ

where r here is given implicitly as a function of z. Then, it
is straightforwardly shown that

R ¼ −8πSδðz − z0Þ ¼ −8πS
δðr − r0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h�ðr0Þ

p ¼ R̄δðr − r0Þ;

ð49Þ

where S ¼ hABSAB and z0 ¼ zðr0Þ, and we have introduced
the relation

R̄ ¼ −
8πSffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h�ðr0Þ

p : ð50Þ

On the other hand, if fðrÞ is C1 and hðrÞ is C0 at the
boundary, as occurs, for example, at the surfaces of many
fluid stars [28,49], the jump in extrinsic curvature vanishes
and hence there is no stress-energy associated with the
boundary itself. Nevertheless, such boundaries are sharp
enough as to cause a jump in Ricci scalar across the surface,
which leaves an imprint in the propagation of field modes.
It is interesting to express the stress-energy tensor SAB as

that of a perfect fluid,

SAB ¼ ρuAuB þ PðhAB þ uAuBÞ; ð51Þ

where ρ and P represent the surface energy density and the
surface tangential pressure. Specifically, we have Sττ ¼ −ρ
and Sθθ ¼ Sϕϕ ¼ P where

ρ ¼ 1

4πr0

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

h−ðr0Þ
p −

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hþðr0Þ

p �
; ð52Þ

P ¼ 1

8πr0

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hþðr0Þ
p −

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
h−ðr0Þ

p �

þ 1

16π

�
f0þðr0Þ

fþðr0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hþðr0Þ

p −
f0−ðr0Þ

f−ðr0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
h−ðr0Þ

p �
: ð53Þ
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The complete stress-energy tensor of the surface layer is
then [44,45]

Tαβ ¼ SABeαAeβB
δðr− r0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h�ðr0Þ

p ¼ Sαβ
δðr− r0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h�ðr0Þ

p : ð54Þ

B. Matching Minkowski to Schwarzschild spacetimes

Now we specialize to the case where the interior
spacetime is Minkowski with line element

ds2− ¼ −dt2− þ dr2 þ r2dΩ2 ð55Þ

and the exterior spacetime is Schwarzschild with line
element

ds2þ ¼ −
�
1 −

2M
r

�
dt2þ þ

�
1 −

2M
r

�
−1
dr2 þ r2dΩ2:

ð56Þ

Now the continuity condition (40) implies dt2− ¼
ð1 − 2M=r0Þdt2þ so we express both metrics in terms of
the Schwarzschild time and drop the subscript þ for
typographical convenience,

ds2−¼−
�
1−

2M
r0

�
dt2þdr2þr2dΩ2;

ds2þ¼−
�
1−

2M
r

�
dt2þ

�
1−

2M
r

�
−1
dr2þr2dΩ2: ð57Þ

The Ricci scalar of the shell is given by Eq. (49), with

S ¼ SABhAB ¼ 1

4πr0

�
2 − 3M=r0ffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 2M
r0

q − 2

�
: ð58Þ

In terms of the surface energy density and tangential
pressure, we have

ρ¼ 1

4πr0

�
1−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

2M
r0

s �
;

P¼−
1

8πr0

�
1−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

2M
r0

s �−1

−
1

8πr20

Mffiffiffiffiffiffiffiffiffiffiffiffi
1− 2M

r0

q : ð59Þ

It is worth noting that the trace S has the following
asymptotic limits,

S ∼
1

8π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Mr0ð1 − 2M

r0
Þ

q ; r0 → 2M

S ∼ −
M
4πr20

; r0 → ∞; ð60Þ

i.e., it is positive (and divergent) in the black hole limit and
negative in the large-shell limit. Finally, we note that the
trace S can also be written as

S ¼

	
1 − 3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2M

r0

q 

ρ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2M

r0

q ; ð61Þ

showing that it vanishes exactly at the Buchdahl compact-
ness limit 2M=r0 ¼ 8=9 [50], the maximum compactness
for constant-density stars in general relativity.

IV. NUMERICAL APPROACH

A. Euclidean modes

One of the advantages of the extended coordinate
prescription described in Sec. II is that it makes use of
Euclidean techniques which simplify the calculation of the
field’s radial modes. In particular, the radial modes on the
Lorentzian spacetime are generally oscillatory solutions
(except for possible bound state modes) whereas on the
Euclidean geometry, the radial modes are generally expo-
nentially growing or decaying functions of r. Computing
the Euclidean modes is computationally easier.
The coincidence limit of the one-dimensional radial

Green’s function appearing in the calculation of the vacuum
polarization and the RSET is

gωlðrÞ ¼
pωlðrÞqωlðrÞ

Nωl
ð62Þ

where pωlðrÞ and qωlðrÞ are linearly independent solu-
tions to the homogeneous second-order linear differential
equation

d
dr

�
r2

ffiffiffi
f

pffiffiffi
h

p dXωl

dr

�
−

ffiffiffiffiffiffi
hf

p �
ω2r2

f
þ lðlþ 1Þ

þ r2ðμ2 þ ξRÞ
�
Xωl ¼ 0 ð63Þ

and the normalization constant Nωl is given by Eq. (10).
The Boulware quantum state can be defined as a zero

temperature Euclidean state and can be specified by
imposing appropriate boundary conditions on these modes.
The modes pωlðrÞ are obtained by imposing boundary
conditions on the left boundary of the region of interest and
integrating outward in r while qωlðrÞ are obtained by
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imposing boundary conditions on the right boundary of the
region of interest and integrating inward in r.
In our thin shell model, spacetime is separated into two

different patches, hence the solutions to (63) will have to be
suitably connected through the shell. We denote by
fpM

ωl; q
M
ωlg a basis of Minkowski modes, i.e., linearly

independent solutions of (63) with hðrÞ ¼ 1 and fðrÞ ¼
ð1 − 2M=r0Þ a constant. Similarly, we denote by fpS

ωl; q
S
ωlg

a basis of Schwarzschild modes, i.e., linearly independent
solutions of Eq. (63) with fðrÞ ¼ ½hðrÞ�−1 ¼ ð1 − 2M=rÞ.
Once these bases of modes are obtained independently in
each region, the Euclidean modes associated to the thin
shell spacetime correspond to

pshell
ωl ¼

�
pM
ωl; r < r0

αωlpS
ωl þ βωlqSωl; r > r0

ð64Þ

and

qshellωl ¼
�
γωlpM

ωl þ δωlqMωl; r < r0
qSωl; r > r0

ð65Þ

and equivalently for their radial derivatives. The coeffi-
cients fαωl; βωl; γωl; δωlg are found numerically by match-
ing the Schwarzschild and Minkowski modes bases at
r ¼ r0. Finally, the Wronskian constant can be related to
the respective one in these mode bases via

Nshell
ωl ¼

�
δωlNM

ωl; r < r0
αωlNS

ωl; r > r0:
ð66Þ

The next two subsections contain details about how these
two mode bases are calculated including the boundary
conditions and the matching conditions. As we will see, the
matching results in discontinuous radial derivatives for the
modes at r ¼ r0.

B. Schwarzschild modes

Outside the shell, the spacetime is Schwarzschild and the
homogeneous radial equation is

�
d
dr

ðr2 − 2MrÞ d
dr

− lðlþ 1Þ − μ2r2 −
ω2r2

1 − 2M
r

�
Xωl ¼ 0:

ð67Þ

This equation has a regular singular point at r ¼ 2M and an
irregular singular point at r ¼ ∞. We take pS

ωlðrÞ to be the
modes regular at r ¼ 2M. This solution can be expressed in
terms of the regular confluent Heun function as

pS
ωlðrÞ ¼

e−2MωþΩr

ð2MÞ2Mω

�
r
2M

− 1

�
2Mω

Hða1; a2; a3; a4; a5; zÞ;

ð68Þ

where we have labeled

a1 ¼ lðlþ 1Þ − 2MfωþΩ − 2M½μ2 þ 2ωðω −ΩÞ�g;
a2 ¼ 4M½Mðω −ΩÞ2 − Ω�;
a3 ¼ 1þ 4Mω;

a4 ¼ 1;

a5 ¼ −4MΩ;

Ω ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2 þ ω2

q
;

z ¼ 1 −
r
2M

: ð69Þ

In our notation, the confluent Heun function
Hða1; a2; a3; a4; a5; zÞ is the function which satisfies

zðz − 1ÞH00ðzÞ þ ða3ðz − 1Þ þ a4zþ zðz − 1Þa5ÞH0ðzÞ
þ ða2z − a1ÞHðzÞ ¼ 0 ð70Þ

and is normalized to unity at z ¼ 0. The advantage of
expressing our solution in terms of confluent Heun func-
tions is that an efficient routine,HeunC, for computing this
function is built into the software package Mathematica.
We take as our qSωlðrÞmodes the solutions to (67) that are

regular at r ¼ ∞. While these solutions can still be
expressed in terms of confluent Heun functions, they
correspond to Heun functions of the logarithmic kind
which are not yet implemented inMathematica. We instead
proceed by obtaining the qSωlðrÞ mode through direct
integration of Eq. (67). To obtain these modes, most of
the difficulty lies in reliably generating the boundary
conditions at r ¼ ∞. Since this is an irregular singular
point, the solution for large r is an asymptotic series
solution and therefore nonconverging. So care is needed
in truncating this series to obtain a sufficiently accurate
starting value for the numerical integration. We obtain this
asymptotic series solution by first factoring out the leading-
order exponential behavior from the qSωlðrÞ modes. We
write

qSωlðrÞ ¼ e−Ωrq̃ωlðrÞ; ð71Þ

where q̃ωl satisfies

rðr − 2MÞ2 d
2q̃ωl
dr2

þ 2ðr − 2MÞ½2ΩMr −M − ð1 − ΩrÞr� dq̃ωl
dr

þ ½2μ2Mr2 − lðlþ 1Þðr − 2MÞ
− 2Ωð2M2 − 3Mrþ r2Þ − 4Ω2Mðr −MÞr�q̃ωl ¼ 0:

ð72Þ
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Assuming the series expansion

q̃ωl ∼ r−υ
X∞
j¼0

bj
rj
; ð73Þ

we obtain

υ ¼ 1þ μ2M
Ω

þ 2Mω2

Ω
; ð74Þ

and the following three-term recurrence relation for the bj
coefficients

bj ¼ f4M2ðυþ j− 3Þ2bj−3
þ 2M½lðlþ 1Þ− ð2υþ 2j− 5Þðυþ j− 2− 2ΩMÞ�bj−2
þ½ðυ− lþ j−2Þðυþ lþ j− 1Þ
þ4Ω2M2− 2ΩMð4υþ 4j− 7Þ�bj−1g
× f2½2Ω2M−μ2M−Ωυ− 2Ωðj− 1Þ�g−1; ð75Þ

assuming the initial conditions b−2 ¼ b−1 ¼ 0 and b0 ¼ 1.
We found it necessary to adapt the radial position of the

outer boundary of our integration domain for each mode
according to the specific values of l and ω to ensure that the
wave equation is satisfied to our desired tolerance.
Specifically, the radius at which the outer boundary
conditions are imposed must be increased with both ω
and l. Once this outer boundary is selected, we integrate
Eq. (73) towards the horizon and obtain the qSωl mode
from (71).
With this setup, we proceed with our mode calculation

ensuring that the Wronskian condition (10) is satisfied
everywhere up to 30 decimal places. Maintaining this
degree of precision makes it very inefficient to obtain
modes in the frequency rangeω≳ 20=M. In most cases, the
contribution of such high-ω modes to the RSET is
negligible, with the exception of the near-shell region.
Near the surface of the shell, we can employ the WKB
approximation to capture the high frequency asymptotics,
as we will show later.

C. Minkowski modes

The mode equation in the shell interior becomes�
d
dr

�
r2

d
dr

�
− ½lðlþ 1Þ þ Ω̃2r2�

�
Xωl ¼ 0; ð76Þ

where Ω̃2 ¼ μ2 þ ω2=ð1 − 2M=r0Þ. Note that the fre-
quency appearing here is different to that appearing in
the usual treatment of a quantum field in Minkowski
spacetime since our time coordinate on the Minkowski
interior is scaled so that the metric is continuous across the
shell. Apart from this trivial rescaling of the time coordinate
(and hence the frequency), the linearly independent

solutions are the usual modified spherical Bessel functions.
We take pM

ωlðrÞ to be the solution regular at the origin
r ¼ 0 and qMωlðrÞ to be the solution regular at infinity.
Hence we have

pM
ωlðrÞ ¼

ffiffiffi
2

p �
Ω̃
2

�−l
Γ
�
lþ 3

2

� Ilþ1
2
ðΩ̃rÞffiffiffiffiffiffi
Ω̃r

p ;

qMωlðrÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð1 − 2M
r0
Þ

q �
Ω̃
2

�l
ffiffiffiffi
Ω̃
r

s
Klþ1

2
ðΩ̃rÞ

Γðlþ 3
2
Þ ; ð77Þ

where we have normalized the solutions so that NM
ωl ¼ 1.

D. Matching conditions at the surface

Let Xshell
ωl ðrÞ represent either pshell

ωl ðrÞ or qshellωl ðrÞ. Now
we impose that our modes are continuous across the
boundary which means

⟦Xshell
ωl ⟧ ¼ 0: ð78Þ

In terms of the Minkowski and Schwarzschild modes, this
implies

pMðr0Þ ¼ αpSðr0Þ þ βqSðr0Þ;
qSðr0Þ ¼ γpMðr0Þ þ δqMðr0Þ; ð79Þ

where we are suppressing the dependence of the mode
numbers ω ad l for convenience.
Notice that condition (78) implies the shell is transparent

for the scalar field, i.e., that we do not force the field itself, its
radial derivative, or a combination both, to vanish at the
surface. Conducting shells can be modeled by imposing
Dirichlet, Neumann, or Robin boundary conditions to the
field, which affect the near-shell divergences of the RVP and
RSET [23].We leave aside such situations here, focusing on
the purely gravitational effect of the shell on the modes.
Now the derivatives of the modes across the shell are

more complicated because of the Ricci scalar term appear-
ing in Eq. (63). Integrating this equation over the interval
ðr0 − ϵ; r0 þ ϵÞ and then taking the limit ϵ → 0 gives

⟦ 1ffiffiffiffiffiffiffiffiffi
hðrÞp dXshell

ωl ðrÞ
dr

⟧ ¼ −8πξSXshell
ωl ðr0Þ: ð80Þ

So we see that the derivatives of the modes are not
continuous across the shell. In fact, even for the case of
minimal coupling ξ ¼ 0, it is X0

ωlðrÞ=
ffiffiffiffiffiffiffiffiffi
hðrÞp

that is
continuous and not the derivative of the modes themselves.
In terms of the Schwarzschild and Minkowski modes, this
condition implies
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

2M
r0

s
ðαpS0ðr0Þþ βqS0ðr0ÞÞ−pM0ðr0Þ ¼−8πξSpMðr0Þ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

2M
r0

s
qS0ðr0Þ− ðγpM0ðr0Þþ δqM0ðr0ÞÞ ¼−8πξSqSðr0Þ;

ð81Þ

where as before we are suppressing the dependence on the
mode numbers.
Now solving Eqs. (79) and (81) gives

αωl ¼
1

NS
ωl

�
r2

ffiffiffi
f

p �
qSωl

dpM
ωl

dr
− 8πξSpM

ωlq
S
ωl

�

− r2fpM
ωl
dqSωl
dr

�
r¼r0

;

βωl ¼ −
1

NS
ωl

�
r2

ffiffiffi
f

p �
pS
ωl
dpM

ωl

dr
− 8πξSpM

ωlp
S
ωl

�

− r2fpM
ωl
dpS

ωl

dr

�
r¼r0

;

γωl ¼
1

NM
ωl

�
r2

ffiffiffi
f

p
qMωl

dqSωl
dr

þ 8πξSr2qMωlq
S
ωl

− r2qSωl
dqMωl
dr

�
r¼r0

;

δωl ¼ −
1

NM
ωl

�
r2

ffiffiffi
f

p
pM
ωl
dqSωl
dr

þ 8πξSr2pM
ωlq

S
ωl

− r2qSωl
dpM

ωl

dr

�
r¼r0

: ð82Þ

The above coefficients were obtained numerically from
the Schwarzschild and Minkowski modes for a large range
of ω and l values. For fixed l and large ω, each of these
coefficients is an exponentially growing function of ω. This
of course presents a numerical issue especially when
computing ratios of these coefficients for large ω. It is
possible to approximate these coefficients for large ω using
the WKB approximation for the Schwarzschild modes.
This way, we obtain analytical large-frequency approxi-
mations for these matching coefficients. We will make use
of the WKB approximation in the next section to estimate
the rate of divergence of the RVP and the RSET near the
surface of the shell.

E. Tests of convergences

We now have all the ingredients required to calculate the
renormalized vacuum polarization and the renormalized
stress-energy tensor of thin shell spacetimes. As we will see
in this subsection, only approximate numerical results can
be attained as r → r0 due to a loss of convergence in the
integrals and mode sums appearing in the extended-

coordinate prescription. In this section, we numerically
analyze the rate of convergence of the renormalized mode
sums inside and outside the thin shell and in the limit in
which the surface of the shell is approached.

The renormalized integrand gωl − kðmÞ
ωl ðrÞ can be

expressed in terms of the pure Minkowski and
Schwarzschild modes using expressions (65) and (64),
and the Wronskian relation (66). We find

gshellωl ¼ pshell
ωl qshellωl

Nshell
ωl

¼

8><
>:

pM
ωlq

M
ωl

NM
ωl

þ γωl
δωl

ðpM
ωlÞ2
NM

ωl
; r < r0

pS
ωlq

S
ωl

NS
ωl

þ βωl
αωl

ðqSωlÞ2
NS

ωl
; r > r0:

ð83Þ

The first terms on the right-hand side of these expressions
are the Green’s functions in Minkowski and Schwarzschild
spacetime gMωl and gSωl, respectively, whose large-ω and l
behavior is exactly cancelled by the regularization param-

eters kðmÞ
ωl . The second terms, however, are a consequence of

the discontinuity in the derivative of the modes induced by
the shell. These boundary terms are exponentially con-
vergent in bothω and l everywhere for r ≠ r0. However, the
rate of convergence is not uniform in r, and indeed becomes
very slow as r → r0, so that an unreasonable amount of
modes could be required to compute the renormalized
quantities. Exactly at r ¼ r0, these terms do not converge.
In the following, we show numerical evidence for this
statement.
In the extended coordinate prescription, the rate of

convergence of the mode sums is directly related to the
order m of the expansion of the Hadamard parametrix. In
general, the convergence of the mode sums can be
improved by subtracting higher-order terms of the
Hadamard parametrix. The behavior of the renormalized

integrand gωlðrÞ − kðmÞ
ωl ðrÞ at large ω and large l depends on

the order of the expansion m as follows:

gωlðrÞ − kðmÞ
ωl ðrÞ ¼

�
∼ω−2m−3; largeω; fixed l;

∼l−2m−3; large l; fixedω:
ð84Þ

Let us consider, at first, a radial point on the exterior region
and far enough from the shell. Figure 1 reports the large-

frequency behavior of gωlðrÞ − kðmÞ
ωl ðrÞ for a fixed l mode,

while Fig. 2 presents its large-l behavior at fixed ω. The
logarithmic scale in the figures is introduced for visuali-
zation purposes. Since the quantities log10 jðωMÞ2mþ3

Mðgωl − kðmÞ
ωl Þj in Fig. 1 asymptote to horizontal lines in

the large frequency regime, it follows thatMðgωl − kðmÞ
ωl Þ ∼

ðωMÞ−2m−3 at large frequency, where the M factors are
introduced to render all the quantities dimensionless. To
simplify the notation, we omit them in the remainder of the
discussion. Similarly, by inspecting the curves in Fig. 2,
one can verify that the behavior at large l for fixed ω is
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Mðgωl − kðmÞ
ωl Þ ∼ l−2m−3. These convergence rates are in

agreement with those expected from Eq. (84).
The interior of the shell (in case of a massless field)

represents an exception to the convergence pattern in
(84). In particular, the higher-order terms in the expan-
sion of the Hadamard parametrix, which involve deriv-
atives of the radial functions fðrÞ and hðrÞ, vanish in
Minkowski spacetime for a massless field. Thus, in this
particular case, the Hadamard parametrix is fully encoded
in the expansion up to order m ¼ 0. Therefore, the
Minkowski interior with a massless field provides a
useful scenario for studying the convergence as the
surface is approached, allowing us to isolate any loss
of convergence due to the boundary. To this end, Figs. 3
and 4 show that the behavior of the renormalized
integrand in the interior region for a massless scalar
field at large frequency and large l strongly depends on
the radial distance from the shell. As r → r0, the decay

rate in ω and l of the renormalized integrand decreases
rapidly as the shell surface is approached. In Figs. 3 and
4, lines with a negative slope indicate a convergence rate
that is faster than ω−2 and l−1, respectively. Clearly, as
r → r0, the convergence rate decreases. On the surface,

gωlðr0Þ − kð0Þωl ðr0Þ scales as ω−2 for fixed l at large ω
(as shown in Fig. 3), but as l−1 for fixed ω at large l
(see Fig. 4). As a result, the ω integral converges, but the
l sum diverges on the shell surface, thus making the
mode sum divergent there. Furthermore, radial points
near the surface require truncating the ω integral and the
l sum at increasingly large ω and l values to obtain
accurate results, making the numerical method challeng-
ing to apply.
In Sec. V, to study more effectively the region near the

shell surface, we investigate the properties of the renor-
malized vacuum polarization and RSET using analytic
methods.

FIG. 1. Analysis of the convergence of gωlðrÞ − kðmÞ
ωl ðrÞ for a

massless scalar field on the exterior of the thin shell for r ≫ r0 at
different orders of expansion m for fixed l and large ω. Results
obtained with the set of parameters: r0 ¼ 2.001M, r ¼ 5M
and l ¼ 1.

FIG. 2. Analysis of the convergence of gωlðrÞ − kðmÞ
ωl ðrÞ for a

massless scalar field on the exterior of the thin shell for r ≫ r0 at
different orders of expansion m for fixed ω and large l. Results
obtained with the set of parameters: r0 ¼ 2.001M, r ¼ 5M,
and ωM ¼ 0.01.

FIG. 3. Analysis of the convergence of gωlðrÞ − kð0Þωl ðrÞ for a
massless scalar field on the Minkowski interior of the thin shell at
different radial points for fixed l and large ω. Results obtained
with the set of parameters: r0 ¼ 2.001M and l ¼ 1. The figure
shows how the order of convergence decreases as r → r0. On the

surface, the function gωlðr0Þ − kð0Þωl ðr0Þ scales as ω−2 at large ω.

FIG. 4. Analysis of the convergence of gωlðrÞ − kð0Þωl ðrÞ for a
massless scalar field on the Minkowski interior of the thin shell at
different radial points for fixed ω and large l. Results obtained
with the set of parameters: r0 ¼ 2.001M and ωM ¼ 0.01. The
figure shows how the order of convergence decreases as r → r0.

On the surface, the function gωlðr0Þ − kð0Þωl ðr0Þ scales as l−1 at
large l.
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V. ANALYTICAL APPROXIMATIONS

A. Vacuum polarization and renormalized stress-
energy tensor near the surface

In this section we will employ the WKB approximation
in order to calculate the leading-order divergence in the
RSET components as the surface is approached.
From inspection of gshellωl in Eq. (83) we see that the

presence of the shell is encoded in the terms

γωl
δωl

ðpM
ωlðrÞÞ2
NM

ωl
;

βωl
αωl

ðqSωlðrÞÞ2
NS

ωl

: ð85Þ

Therefore, these terms must be the source of the near shell
divergence that is evident in our numerical calculations. In
order to calculate these divergences we take the following
WKB approximation to the mode functions in the interior
and exterior:

pM
ωlðrÞ ≈

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2r2WMðrÞ

p exp

�Z
WMffiffiffiffiffiffiffiffiffiffiffi
fðr0Þ

p dr

�
; ð86Þ

qMωlðrÞ ≈
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2r2WMðrÞ
p exp

�Z
−

WMffiffiffiffiffiffiffiffiffiffiffi
fðr0Þ

p dr

�
; ð87Þ

qSωlðrÞ ≈
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2r2WSðrÞ
p exp

�
−
Z

WS

fðrÞ dr
�
; ð88Þ

pS
ωlðrÞ ≈

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2r2WSðrÞ

p exp

�Z
WS

fðrÞ dr
�
; ð89Þ

where we have taken

W2
MðrÞ ¼ λ2fðr0Þ=r2 þ ω2; W2

SðrÞ ¼ λ2fðrÞ=r2 þ ω2;

with λ ¼ lþ 1=2.
We will outline the calculation in the interior and simply

present the exterior results, as the method is very similar for
both. Inserting the WKB approximation and introducing a
new variable x ¼ λ2fðr0Þ=r20 þ ω2, we obtain

γωl
δωl

ðpM
ωlðrÞÞ2
NM

ωl
≈

r0ðxþ ω2Þ − r0
ffiffiffiffiffiffiffiffiffiffiffi
fðr0Þ

p ð16πξr0Sxþ xþ ω2Þ −Mðxþ 3ω2Þ
r0

ffiffiffiffiffiffiffiffiffiffiffi
fðr0Þ

p ð16πξr0Sxþ xþ ω2Þ þMðxþ 3ω2Þ − r0ðxþ ω2Þ − 4r20x
3=2

×
1

2r2WMðrÞ
exp

�
2ffiffiffiffiffiffiffiffiffiffiffi
fðr0Þ

p �Z
WMðrÞdr −

Z
WMðrÞdrjr¼r0

��
: ð90Þ

The final term in the denominator will dominate for both large ω and λ (large x), so we ignore the other terms in the
denominator. We then expand the r-dependent terms in the near surface limit to obtain

γωl
δωl

ðpM
ωlðrÞÞ2
NM

ωl
≈
r0

ffiffiffiffiffiffiffiffiffiffiffi
fðr0Þ

p ð16πξr0Sxþ xþ ω2Þ þMðxþ 3ω2Þ − r0ðxþ ω2Þ
4r20x

3=2

×

�
1

2r20
ffiffiffi
x

p þ εðxþ ω2Þ
2r30x

3=2

�
exp

�
−

2
ffiffiffi
x

pffiffiffiffiffiffiffiffiffiffiffi
fðr0Þ

p ε

��
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x

r20fðrÞ
r �

ω2

x
− 1

�
ε2
�
; ð91Þ

where ε is the proper radial distance from the shell (r0 − r in
interior). The leading-order terms in ε are sufficient to
calculate the leading-order divergence in the RVP; however,
we require the higher-order terms to correctly capture the
divergence in the RSET. In order to calculate these diver-
gences we must evaluate the following double mode sums:

Z
∞

0

X∞
l¼0

ð2lþ 1Þ γωl
δωl

ðpM
ωlðrÞÞ2
NM

ωl
dω;

Z
∞

0

X∞
l¼0

ð2lþ 1Þω2
γωl
δωl

ðpM
ωlðrÞÞ2
NM

ωl
dω;

Z
∞

0

X∞
l¼0

ð2lþ 1Þ lðlþ 1Þ
2

γωl
δωl

ðpM
ωlðrÞÞ2
NM

ωl
dω; ð92Þ

which is achieved by employing our approximate expression
in Eq. (91). We will focus on the first mode sum; the
procedure for the others is very similar. To evaluate the sum
over l, we use the Watson Sommerfield formula to convert
the sum into two integrals, with the leading-order behavior
coming from

Z
∞

0

X∞
l¼0

ð2lþ 1Þ γωl
δωl

ðpM
ωlðrÞÞ2
NM

ωl
dω

≈
Z

∞

0

Z
∞

0

2λ
γωλ
δωλ

ðpM
ωλðrÞÞ2
NM

ωλ

dλdω: ð93Þ

Using the approximate expression in Eq. (91), this integral
can be computed in closed form in terms of the exponential
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integral function. Hence, we can write down the leading-
order divergence for the RVP in the interior:

hϕ̂2i− ¼ ðξ − 1
6
ÞS

2πε
þOð1Þ: ð94Þ

Similarly, we are able to calculate the leading-order behavior
to the other modes sums in Eq. (92), yielding the following
expressions for the leading-order divergence for the RSET
components in the interior:

hT̂t
ti− ¼ 3⟦Kτ

τ⟧ − 4πS
1440π2ε3

þ ðξ − 1
6
Þ2S

πε3
þOðε−2Þ;

hT̂θ
θi− ¼ 3⟦Kθ

θ⟧ − 4πS
1440π2ε3

þ ðξ − 1
6
Þ2S

πε3
þOðε−2Þ;

hT̂r
ri− ¼ 3⟦Kθ

θ⟧ − 4πS
1440π2r0ε2

þ ðξ − 1
6
Þ2S

r0πε2
þOðε−1Þ; ð95Þ

where ⟦Kτ
τ⟧ and ⟦Kθ

θ⟧ are defined in Eq. (44). We note that
hT̂μ

νi− is a conserved quantity, relative to the interior metric,
to leading order in ε.
The analysis for the exterior proceeds in a similar manner

and yields the following expressions:

hϕ̂2iþ ¼ ðξ− 1
6
ÞS

2πε
þOð1Þ;

hT̂t
tiþ ¼ 3⟦Kτ

τ⟧− 4πS
1440π2ε3

þðξ− 1
6
Þ2S

πε3
þOðε−2Þ;

hT̂θ
θiþ ¼ 3⟦Kθ

θ⟧− 4πS
1440π2ε3

þðξ− 1
6
Þ2S

πε3
þOðε−2Þ;

hT̂r
riþ ¼ ð3r0f0ðr0Þ− 4Þð360ðξ− 1

6
Þ2− 1ÞS

1440πr0
ffiffiffiffiffiffiffiffiffiffiffi
fðr0Þ

p
ε2

−
ð3r0f0ðr0Þ⟦Kτ

τ⟧þfðr0Þ⟦Kθ
θ⟧Þ

1920π2r0
ffiffiffiffiffiffiffiffiffiffiffi
fðr0Þ

p
ε2

þOðε−1Þ; ð96Þ

where ε is now the proper spatial distance outside the
surface defined as

ε ¼
Z

r

r0

fðr0Þ−1=2 ¼ fðr0Þ−1=2ðr − r0Þ þOððr − r0Þ2Þ:

ð97Þ

Once more hT̂μ
νiþ is a conserved quantity to leading order

in ε, relative to the exterior Schwarzschild metric.
Finally, comparing the expressions in (96) with

Eqs. (95) and (94) we observe the following relationships
between the leading-order interior and exterior near shell
divergences,

hϕ̂2iþ1 ¼ hϕ̂2i−1 ; hT̂t
tiþ3 ¼ hT̂t

ti−3 ; hT̂θ
θiþ3 ¼ hT̂θ

θi−3
ð98Þ

where, for example, hϕ̂2i�1 denotes the coefficient of ε−1 in
hϕ̂2i�. We also note that the RSET has the correct trace in
both the interior and exterior; however, this is guaranteed
from the construction of the RSET in Eq. (28).
When expressed in terms of the extrinsic curvature of the

thin shell, as in Eqs. (95) and (96), the divergence structure
of the RSET is found to be in agreement with the
divergence obtained for a spacetime with a boundary, as
studied by Deutsch and Candelas in Ref. [23], where they
derived the leading-order divergences of the components of
the RSET and their coefficients as the boundary is
approached using a Green’s function approach and con-
servation arguments. In principle, a stronger divergence
proportional to ε−4 could be present, as is found in [23].
Such a term appears if the shell enforces Dirichlet,
Neumann, or Robin boundary conditions to the field. In
our case, the shell is transparent, hence the singularities
appearing in the RSET are weaker and due to gravitational
effects only.

B. Vacuum polarization and renormalized
stress-energy tensor at the center

Here we present a calculation of the vacuum polarization
and the RSET components at r ¼ 0. The starting point for
this calculation is to point-split the Euclidean Green’s
function in the radial direction only and place the inner-
most point at r ¼ 0. The reason for this choice is apparent
from consideration of the Frobenius series for the pshell

ωl
mode about the regular singular point r ¼ 0:

pshell
ωl ¼ a0rl þOðrlþ1Þ; ð99Þ

where a0 is an arbitrary constant which we choose to set to
unity. Hence, placing the innermost radial point (the
argument of pshell

ωl ) at r ¼ 0, we observe that the only
contribution to the Green’s function comes from the l ¼ 0
mode. Explicitly,

fWðx; x0Þg ¼ 1

8π2

Z
∞

−∞
q̄shellω0 ðrÞdω −

1

4π2r2
; ð100Þ

where the notation fg denotes that the partial coincidence
limit τ → τ0; θ → θ0;ϕ → ϕ0 has been taken and we have
defined

q̄shellωl ¼ qshellωl

Nshell
ωl

:

Similarly, by taking the required derivatives of the point
separated Green’s function, letting τ → τ0; θ → θ0;ϕ → ϕ0
and finally placing the innermost radial point at r ¼ 0, we
obtain
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f∇θ∇θWðx;x0Þg¼ 1

8π2r

Z
∞

−∞

dq̄shellω0 ðrÞ
dr

dωþ 1

2π2r4
;

f∇τ∇τ0Wðx;x0Þg¼−f∇τ∇τWðx;x0Þg

¼ 1

8π2

Z
∞

−∞
ω̃2q̄shellω0 ðrÞdω−

1

2π2r4
; ð101Þ

where we have used the connection coefficients Γr
ττ ¼ 0

and Γr
θθ ¼ r. For the remaining derivatives taken at both

points, we require the l ¼ 1modes. To see this, we note that

f∇θ∇θ0Wðx; x0Þg ¼ 1

8π2
1

rr0

Z
∞

−∞

X∞
l¼0

ð2lþ 1Þ lðlþ 1Þ
2

× ðr0Þlq̄shellωl ðrÞdωþOððr0Þlþ1Þ

−
1

2π2ðr − r0Þ4 ; ð102Þ

where we have used Eq. (99) and the bivector of parallel
transport

gθ
0
θ ¼

1

rr0
:

In limit r0 → 0, we see that only the l ¼ 1 contributes to the
sum over l, giving

f∇θ∇θ0Wðx;x0Þg ¼ 3

8π2r

Z
∞

−∞
q̄shellω1 ðrÞdω−

1

2π2r4
: ð103Þ

Similarly, we obtain

f∇r∇r0Wðx; x0Þg ¼ 3

8π2

Z
∞

−∞

dq̄shellω1 ðr0Þ
dr

dωþ 3

2π2r4
:

ð104Þ

To perform these integrals, we require expressions for the
q̄shellω0 and q̄shellω1 modes valid in the vicinity of r ¼ 0. To
obtain these, we exploit the fact that, for r ≤ r0
pshell
ωl ðrÞ ¼ pM

ωlðrÞ, given by Eq. (77). We may then
integrate the Wronksian condition to obtain an expression
for q̄shellωl valid for r ≤ r0:

q̄shellωl ðrÞ ¼ pshell
ωl ðrÞ

�Z
r0

r

1

r02
ffiffiffiffiffiffiffiffiffiffiffi
fðr0Þ

p ðpM
ωlðr0ÞÞ2

dr0

þ
Z

∞

r0

1

r02fðr0Þðpshell
ωl ðr0ÞÞ2 dr

0
�
: ð105Þ

We are able to perform the first integral exactly and noting
the second integral is a constant in r, we obtain the result:

q̄shellωl ðrÞ ¼ q−ωlðrÞ þ αωlpωlðrÞ; ð106Þ

with

q−ωlðrÞ ¼ qMωlðrÞ −
Ilþ1

2
ðω̃rÞ

Ilþ1
2
ðω̃r0Þ

qMωlðr0Þ: ð107Þ

Since q−ωlðr0Þ ¼ 0 by definition, we must have that

q̄shellωl ðrÞ ¼ q−ωlðrÞ þ
q̄Sωlðr0Þ
pM
ωlðr0Þ

pshell
ωl ðrÞ; ð108Þ

where we have made use of pshell
ωl ðr0Þ ¼ pM

ωlðr0Þ,
qshellωl ðr0Þ ¼ qSωlðr0Þ.
For l ¼ 0, we are able to perform the required integrals

over ω of q−ω0. For example, inserting Eq. (108) into
Eq. (100) yields

fWðx; x0Þg ¼
cotð πr

2r0
Þ

8πrr0
−

1

4π2r2
þ 1

4π2

Z
∞

0

q̄Sω0ðr0Þ
pM
ω0ðr0Þ

dω:

ð109Þ

Expanding about r ¼ 0, we see that the divergent terms
cancel yielding the following result for the RVP at r ¼ 0:

hϕ̂2iren ¼ −
1

48r20
þ 1

4π2

Z
∞

0

q̄Sω0ðr0Þ
pM
ω0ðr0Þ

dω: ð110Þ

As q̄shellωl ðr0Þ must be computed numerically, the second
integral in the above expression can only be calculated
numerically. Similarly, we obtain the results at r ¼ 0:

wθ
θ ¼ −

π2

1440r40
þ 1

12π2

Z
∞

0

ω̃2
q̄Sω0ðr0Þ
pM
ω0ðr0Þ

dω;

wτ0
τ ¼ −wτ

τ ¼ 3wθ
θ; ð111Þ

where the square brackets indicate that the full coincidence
limit has been taken and we have made use of

dpM
ω0ðr0Þ
dr

����
r¼0

¼ 1

3fðr0Þ
;

which follows from the r ¼ 0 expansion of pM
ω0. For the

integrals involving the l ¼ 1 modes, we are unable to carry
out the required integrals over omega of q−ω1. However, we
note from Eq. (107) that the r → 0 divergence in q−ω1 comes
entirely from qMω1. Hence we can extract the divergent parts
of the required integrals through the results:

3

8π2r

Z
∞

−∞
qMω1ðrÞdω ¼ 1

2π2r4
; ð112Þ

3

8π2r

Z
∞

−∞

dqMω1ðrÞ
dr

dω ¼ −
3

2π2r4
: ð113Þ

Inserting these results into Eqs. (103) and (104) and taking
the r ¼ 0 limit, yields
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wθ0
θ ¼ wr0

r ¼
I

r40
þ 3

4π2

Z
∞

0

q̄Sω1ðr0Þ
pM
ω1ðr0Þ

dω; ð114Þ

where I is given by

I ¼ −
1

12π2

Z
∞

0

e−xx3ðxþ 1Þ
x coshðxÞ − sinhðxÞ dx ≈ −0.03955:

ð115Þ

The final required derivative of the Green’s function is
obtained via the wave equation satisfied by Wðx; x0Þ for a
massless field:

wr
r ¼ −wτ

τ − 2wθ
θ ¼ wθ

θ: ð116Þ

Hence, we see that for massless fields, the RSET at r ¼ 0

depends only on ½∇θ∇θGBðx; x0Þ� and ½∇θ∇θ0GBðx; x0Þ�.
Drawing together our results above, we arrive at the
following expression for the RSET components at r ¼ 0
for a massless field:

hT̂r
ri ¼ hT̂θ

θi ¼
π2

2880r40
ð3− 8ξÞþ I

2r40
ð8ξ− 1Þþ 1

4π2

×
Z

∞

0

�ð8ξ− 3Þω̃2

6

q̄Sω0ðr0Þ
pM
ω0ðr0Þ

þ 3ð8ξ− 1Þ
2

q̄Sω1ðr0Þ
pM
ω1ðr0Þ

�
dω;

hT̂t
ti ¼−

π2

960r40
ð1− 8ξÞþ 3I

2r40
ð4ξ− 1Þþ 1

4π2

×
Z

∞

0

�ð1þ 4ξÞω̃2

2

q̄Sω0ðr0Þ
pM
ω0ðr0Þ

þ 9ð4ξ− 1Þ
2

q̄Sω1ðr0Þ
pM
ω1ðr0Þ

�
dω:

ð117Þ

The above expressions and the equivalent expression for
hϕ̂2iren in Eq. (110) are in excellent agreement with the
numerical r > 0 results.
In the black hole limit r0 → 2M, we observe that the

numerical integrals present in the r ¼ 0 expressions for the
vacuum polarization and the RSET components tend to 0
for all parameter values considered. To examine this
further, we first note that the integrand at ω ¼ 0 diverges
logarithmically as r0 → 2M. Therefore, in order to mean-
ingfully consider the r0 → 2M limit, we consider instead

Z
∞

0

�
q̄Sωlðr0Þ
pM
ωlðr0Þ

−
Q̄lðr0M − 1Þ
pM
ωlðr0Þ

�
dωþ

Z
∞

0

Q̄lðr0M − 1Þ
pM
ωlðr0Þ

dω:

ð118Þ

Here we have made use of the fact that for ω ¼ 0, the radial
equation in Schwarzschild reduces to the Legendre equa-
tion, here Q̄lðxÞ denotes the Legendre function of the
second kind that has been appropriately normalized to
ensure agreement with q̄S0lðr0Þ. pM

ωlðr0Þ is a strictly positive

and an increasing function of ω, hence the first integral is
uniformly convergent in r0 (at least in the neighborhood of
2M) and we may take the r0 → 2M limit inside the integral.
For l ¼ 0 and l ¼ 1 we are able to carry out the second
integral before taking the r0 → 2M limit. In both cases this
second integral is Oð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r0 − 2M
p

logðr0 − 2MÞÞ and hence
vanishes in the black hole limit.
Returning to the first integral, for fixed l, ω and as

r0 → 2M:

pM
ωlðr0Þ ∼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r0 − 2M

p
e
ð2MÞ3=2ωffiffiffiffiffiffiffiffi

r0−2M
p

;

q̄Sωlðr0Þ ∼ ðr0 − 2MÞ−2Mω:

Hence, for fixed l, ω, the integrand tends to 0 as r0 → 2M.
For large ω the integrand decays exponentially in ω for
r0 > 2M. Therefore we arrive at the, somewhat surprising,
result that the vacuum polarization and the RSET at r ¼ 0
all remain finite in the black hole limit and are given by the
expressions

hϕ̂2iren ¼ −
1

192M2
;

hT̂r
ri ¼ hT̂θ

θi ¼
π2

46080M4
ð3 − 8ξÞ þ I

32M4
ð8ξ − 1Þ;

hT̂t
ti ¼ −

π2

15360M4
ð1 − 8ξÞ þ 3I

32M4
ð4ξ − 1Þ: ð119Þ

We will exploit these results in Sec. VI C to calculate
backreaction effects near r ¼ 0 in the black hole limit.

C. Weak field approximation

In this section, under the assumption of small shell
compactness (M=r0 ≪ 1), we employ a weak-field
approximation to analyze the behavior of the renormalized
vacuum polarization and RSET in the near-shell limit.
Indeed, there exist closed-form analytical expressions for
renormalized expectation values on the weak-field approxi-
mated spacetime [51–53]. So, in what follows, we start
simply deriving the weak-field approximation before con-
sidering a quantum field on the spacetime.
In the weak-field approximation, one assumes that the

metric gαβ, which in this context satisfies the Einstein
equations sourced by the stress-energy tensor of a static,
spherical thin shell,

Rαβ −
1

2
gαβR ¼ 8πTðshellÞ

αβ ; ð120Þ

can be expressed as a linear perturbation around
Minkowski spacetime (see, for instance, [52]) gαβ∼
ηαβ þ ϵgð1Þαβ , where ηαβ is the Minkowski metric and ϵ is
simply a bookkeeping parameter. This approximation is

valid under the assumption that jgð1Þαβ j ≪ 1, which holds for
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small values of shell compactness: M=r0 ≪ 1. We employ
similar expansions for

Rαβ ∼ Rð0Þ
αβ þ ϵRð1Þ

αβ ;

R ∼ Rð0Þ þ ϵRð1Þ;

Tαβ ∼ Tð0Þ
αβ þ ϵTð1Þ

αβ ; ð121Þ

where Rð0Þ
αβ ¼ 0, Rð0Þ ¼ 0, and Tð0Þ

αβ ¼ 0. We employ an
expansion in ϵ to formally derive the zeroth- and linear-
order Einstein equations. In addition, whenever explicit
expressions for the quantities at first order in the ϵ

expansion are required, namely gð1Þαβ , T
ð1Þ
αβ , R

ð1Þ
αβ , and Rð1Þ,

a further expansion in the compactness M=r0 is performed
for consistency. Hence, the first-order terms in the ϵ

expansion are linear in M=r0 [53]. For instance, Tð1Þ
αβ is

obtained as a linear-order expansion in M=r0 of the
distributional stress-energy tensor of the shell in (54)

Tτ
τ
ð1Þ ¼ −

M
4πr20

δðr − r0Þ;

Tr
r
ð1Þ ¼ Tθ

θ
ð1Þ ¼ Tϕ

ϕ
ð1Þ ¼ 0: ð122Þ

At linear order in ϵ we obtain for the Einstein equations

Gð1Þ
αβ ¼ Rð1Þ

αβ −
1

2
ηαβRð1Þ ¼ 8πTð1Þ

αβ ð123Þ

where the Einstein tensor at linear order is

Gð1Þ
αβ ¼ 1

2
½−□gð1Þαβ þ 2∇γ∇ðαg

γ ð1Þ
βÞ −∇α∇βgð1Þ

− ηαβð∇γ∇δgγδ ð1Þ −□gð1ÞÞ�; ð124Þ

and gð1Þ ¼ ηαβgð1Þαβ is the trace of the linear-order metric.

Within this section, we adopt the notation □ and ∇ to
highlight that the covariant derivatives are with respect to
the flat background spacetime. To compute the perturbation

to the metric at linear order gð1Þαβ , we assume

gð1Þαβ ¼ diagðAðrÞ;BðrÞ; 0; 0Þ; ð125Þ

which is justified by staticity and spherical symmetry.
Introducing this Ansatz and the stress-energy tensor of the
shell at linear order [see Eq. (122)] into Eqs. (123) and
(124) yields for the ττ and rr components of the Einstein
equations

∂rðrBðrÞÞ
r2

¼ 2M
r20

δðr − r0Þ; ð126Þ

−
BðrÞ
r2

þA0ðrÞ
r

¼ 0: ð127Þ

Integrating the first equation gives

gð1Þrr ¼ BðrÞ ¼ 2M
r

Θðr − r0Þ þ
C1

r

¼ 2M
r

Θðr − r0Þ; ð128Þ

where we have set the integration constant C1 ¼ 0, so that
the interior spacetime remains Minkowski and the exterior
metric retrieves the expected Schwarzschild metric at linear
order. Similarly, integrating the second equation, we obtain

gð1Þττ ¼ AðrÞ ¼
�
−
2M
r

þ 2M
r0

�
Θðr − r0Þ þ C2

¼
�
−
2M
r

þ 2M
r0

�
Θðr − r0Þ −

2M
r0

: ð129Þ

We have set the integration constant C2 ¼ −2M=r0 to
reflect asymptotic flatness as r → ∞. Note also that the ττ
component of the metric receives a shift of −2M=r0
[as expected from (57)] in the interior, ensuring that gð1Þττ

is continuous across the shell. Effectively, the perturbation
on the metric generates a spacetime that is Schwarzschild
(at linear order in M=r) for r > r0 and that remains
Minkowksi in the interior r < r0. Note that integrating
the linearized Einstein equations yields a metric that indeed

satisfies the assumption gð1Þαβ ≪ 1 (if M=r0 ≪ 1), thereby
making the perturbation theory consistent despite the
presence of delta distributions in the shell’s stress-energy
tensor.
Introducing the metric components (128) and (129) into

the equation for the Ricci tensor at linear order

Rð1Þ
αβ ¼ 1

2
½−□gð1Þαβ þ 2∇γ∇ðαg

γ ð1Þ
βÞ −∇α∇βgð1Þ�; ð130Þ

we find

Rτ
τ
ð1Þ ¼ −

M
r20

δðr − r0Þ ¼ R̄τ
τ
ð1Þδðr − r0Þ;

Rr
r
ð1Þ ¼ M

r20
δðr − r0Þ ¼ R̄r

r
ð1Þδðr − r0Þ;

Rθ
θ
ð1Þ ¼ M

r20
δðr − r0Þ ¼ R̄θ

θ
ð1Þδðr − r0Þ; ð131Þ

and

Rð1Þ ¼ Rα
α
ð1Þ ¼ 2M

r20
δðr − r0Þ ¼ R̄ð1Þδðr − r0Þ

¼ −8πSð1Þδðr − r0Þ; ð132Þ

where we have defined for later convenience
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R̄r
r
ð1Þ ¼ R̄θ

θ
ð1Þ ¼ −R̄τ

τ
ð1Þ ¼ M

r20
;

R̄ð1Þ ¼ −8πSð1Þ ¼ 2M
r20

: ð133Þ

The linearized expressions for the Ricci scalar and tensor
satisfy the contracted Bianchi identities with respect to a
flat background.
The RVP and the RSET of a massless scalar field in the

Boulware state can be obtained from the one-loop effec-
tive action computed using covariant perturbation theory
[54–56]. In the weak-field regime and at linear order in
Rð1Þ, these quantities can be expressed as [51–53]

hϕ̂2iren ¼
1

16π2

�
ξ −

1

6

�
log

�
−□
μ2

�
Rð1Þ ð134Þ

and

hT̂α
βiren ¼ −

ðξ − 1
6
Þ2

16π2
ð∇α∇β − δαβ□Þ log

�
−□
μ2

�
Rð1ÞðxÞ

−
1

5760π2

�
ð2∇α∇β þ δαβ□Þ log

�
−□
μ2

�
Rð1ÞðxÞ

− 6□ log

�
−□
μ2

�
Rα

β
ð1ÞðxÞ

�
; ð135Þ

where the nonlocal operator logð−□Þ acting on a time-
independent scalar function can be expressed as [53]

log

�
−□
μ2

�
φðx⃗Þ ¼ −

1

2π

Z
d3x⃗0

φðx⃗0Þ
jx⃗ − x⃗0j3 ; ð136Þ

with φ denoting either Rð1Þ or Rα
β
ð1Þ and assumed to vanish

at infinity. In this section, we consider massless scalar
fields, so μ here is simply an arbitrary parameter. Note that
the local terms dependent on logðμ2Þ have been dropped

since Rð1ÞðxÞ ¼ 0 and Rα ð1Þ
β ðxÞ ¼ 0 at spacetime points

away from the shell.
What we need for deriving the RVP and the RSET is

to compute the terms of the form logð−□
μ2
ÞRð1Þ and

log ð−□
μ2
ÞRα

β
ð1ÞðxÞ. We leave the details of this computation

to Appendix C, and just present the results here.
Introducing the expression (C11) into (134) yields the

expression for the renormalized vacuum polarization

hϕ̂2iren ¼
8<
:

− 1
8π2

�
ξ − 1

6


 R̄ð1Þr0
ðr0−rÞðrþr0Þ ; r < r0;

− 1
8π2

�
ξ − 1

6


 R̄ð1Þr2
0

rðr−r0Þðrþr0Þ ; r > r0:
ð137Þ

Thus, taking the near-surface limit gives on the interior

hϕ̂2i−ren ¼ −
ðξ − 1

6
ÞR̄ð1Þ

16π2ε
þOð1Þ; ð138Þ

and on the exterior

hϕ̂2iþren ¼ −
ðξ − 1

6
ÞR̄ð1Þ

16π2ε
þOð1Þ; ð139Þ

where we adopt a notation consistent with Sec. V.
Taking the relevant derivatives of the expressions for

log
�−□
μ2



Rð1Þ and log

�−□
μ2



Rα

β
ð1Þ derived in Appendix C and

substituting in (135) yields the components of the RSET. In
the near-surface limit, the weak-field approximation gives
the following predictions for the leading-order divergences.
On the interior,

hT̂t
ti−ren ¼

−6R̄τ
τ
ð1Þ þ R̄ð1Þ

2880π2ε3
−
�
ξ −

1

6

�
2 R̄ð1Þ

8π2ε3
þOðε−2Þ;

hT̂θ
θi−ren ¼

−6R̄θ
θ
ð1Þ þ R̄ð1Þ

2880π2ε3
−
�
ξ −

1

6

�
2 R̄ð1Þ

8π2ε3
þOðε−2Þ;

hT̂r
ri−ren ¼

−6R̄r
r
ð1Þ þ R̄ð1Þ

2880π2r0ε2
−
�
ξ −

1

6

�
2 R̄ð1Þ

8π2r0ε2
þOðε−1Þ;

ð140Þ

and on the exterior

hT̂t
tiþren ¼

−6R̄τ
τ
ð1Þ þ R̄ð1Þ

2880π2ε3
−
�
ξ −

1

6

�
2 R̄ð1Þ

8π2ε3
þOðε−2Þ;

hT̂θ
θiþren ¼

−6R̄θ
θ
ð1Þ þ R̄ð1Þ

2880π2ε3
−
�
ξ −

1

6

�
2 R̄ð1Þ

8π2ε3
þOðε−2Þ;

hT̂r
riþren ¼

6R̄r
r
ð1Þ − R̄ð1Þ

2880π2r0ε2
þ
�
ξ −

1

6

�
2 R̄ð1Þ

8π2r0ε2
þOðε−1Þ;

ð141Þ

where the quantities R̄ð1Þ, R̄τ
τ
ð1Þ, R̄r

r
ð1Þ, and R̄θ

θ
ð1Þ are

defined in (133). Both the interior and exterior components
satisfy, at leading order in ε, the conservation equation with
respect to flat spacetime.
To compare these weak-field approximations to the

WKB approximations of the previous section, we must
expand the WKB expressions in (94)–(96) in the small
compactness parameter M=r0, assuming this to be small.
This ensures we are evaluating the WKB approximation
in the same domain of validity as the weak-field approxi-
mation. When we do this, we find agreement between
the two approximations for both the RVP and the RSET
components.
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VI. RESULTS

We have been able to calculate the exact values of hϕ̂2iren
and hT̂α

βiren at r ¼ 0 and their leading-order divergences as
the surface of the shell is approached. In this section we
apply the extended-coordinate prescription to numerically
compute the RVP and the RSET in the bulk of the
spacetime. We will first validate numerically the near-shell
expansions obtained in Sec. V. After this, we will obtain,
for a minimally coupled field, the RVP and RSET gen-
erated by the thin shell as its surface approaches its own
Schwarzschild radius. Finally, we consider a shell very
close to the black hole limit and analyze how hϕ̂2iren and
hT̂α

βiren compare to the values of the Boulware vacuum of a
Schwarzschild black hole for minimally and nonminimally
coupled fields as we move away from the shell.
In all the numerical results shown in what follows, we

have obtained the Euclidean modes guaranteeing a constant
Wronskian up to 25 decimal places. This accuracy is enough
to obtain reliable numerical results. We considered the wide
range of ω values ωM∈ ½10−10; 20� and summed up to l ¼
30 unless specified otherwise. The accuracy of the obtained
RSETswas verified through conservation, which we checked
to be approximately 3–6 orders of magnitude smaller than the
individual RSET components up to close to the thin shell,
where our numerical results poorly estimate the divergence
—as expected—since it depends exclusively on the high-ω
and high-l behavior that is being truncated away.

A. Numerical verification of surface divergences

Figures 5 and 6 show the RVP and RSET of a massless
and minimally coupled scalar field on both sides of a
spherical thin shell of radius r0 ¼ 3M. We have rescaled
these quantities to subtract their respective divergent
behaviors, and compared them with the analytic coeffi-
cients (95) and (96) obtained in Sec. VA. As we incorpo-
rate more l modes to our l sums, we observe that the
contribution from higher multipoles becomes increasingly
negligible far from the surface. This makes it difficult to
verify that numerical results reproduce the correct divergent
behavior, as this would require computing tremendous
amounts of modes. Nonetheless, we take the results in
Figs. 5 and 6 as strong numerical indications in favor of the
divergent behavior identified in Eqs. (95) and (96). We
chose to show results for a shell of R ¼ 3M because bigger
shells require less l modes to observe the surface diver-
gences approximated clearly. We have checked that more
compact shells show a similar agreement between numeri-
cal results and analytic expressions.

B. Varying the compactness

Figures 7 and 8 show the RVP and RSET of a massless
and minimally coupled scalar field as the shell is made
increasingly more compact. We have fixed M ¼ 1 and
considered shells of radii R ¼ f2.30; 2.25; 2.20; 2.15; 2.10;
2.05; 2.01; 2.001; 2.0001g. Our results are not to be trusted

FIG. 5. Renormalized vacuum polarization and renormalized stress-energy tensor of a massless, minimally coupled scalar field inside a
spherical thin shell of radius r0 ¼ 3M. The colored curves are purely numerical results obtained by summing up to increasing l values and
integrating up toωM ¼ 20. The black dashed lines correspond to the coefficient of the leading-order analytic divergence estimated through
the WKB approximation. A tendency to approximate these values is visible for the vacuum polarization and all RSET components.
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FIG. 6. Renormalized vacuum polarization and renormalized stress-energy tensor of a massless, minimally coupled scalar field outside
a spherical thin shell of radius r0 ¼ 3M. The colored curves are purely numerical results obtained by summing up to increasing l values
and integrating up to ωM ¼ 20. The black dashed lines correspond to the coefficient of the leading-order analytic divergence estimated
through the WKB approximation. A tendency to approximate these values is visible for the vacuum polarization and all RSET
components.

FIG. 7. Renormalized vacuum polarization and renormalized stress-energy tensor of a massless, minimally coupled scalar field inside
spherical thin shells of different radius Δr ¼ r0 − 2M. These are purely numerical results obtained by summing up to l ¼ 30 and
integrating up to ωM ¼ 20. Results near the surface of the shell are missing divergent high-frequency contributions that would make
them agree with our analytic results.

VACUUM POLARIZATION AND RENORMALIZED … PHYS. REV. D 114, 085016 (2026)

085016-21



close to the surface (essentially, where the curves display
near-surface turning points), since the numerics are missing
relevant high-l and high-ω contributions. On the other
hand, our results are completely reliable in the bulk region
of the spacetime.
From the interior (Fig. 7), we find that the central

magnitude of the RVP and RSET increases with the
compactness of the shell, reproducing exactly the r ¼ 0
values calculated from Eqs. (110) and (117) in the black
hole limit. For a minimally coupled field, the RVP changes
sign from positive to negative as the shell is made more
compact. The opposite happens for the radial and angular
pressures. The interior energy density is negative always.
An observer sitting at the center of the shell will thus
perceive some stress-energy contributions coming exclu-
sively from quantum vacuum polarization effects. These are
exclusively nonlocal, and arise due to the fact that the
spacetime is not globally Minkowski. Any contribution that
depends on radial derivatives of the metric will vanish
inside the shell, but contributions to the RVP and RSET that
are generated due to the presence of an external
Schwarzschild region give a nonzero contribution that
cannot be renormalized away. Naturally, the presence of
these contributions will curve the (classically)
Minkowskian background and generate subsequent, cur-
vature-dependent vacuum polarization effects, although
these would contribute only as an Oðℏ2Þ effect. We will
look more closely at this point in Sec. VI C.

In the exterior region, represented in Fig. 8, we observe
that the vacuum polarization and the energy density are
always negative, whereas the pressures have sign changes
depending on the compactness. Recall that, near the shell,
our numerical results are to be discarded in favor of the
analytic approximations. Together with the results for the
thin shell, we have plotted the resulting values for the RVP
and RSET of a Schwarzschild black hole in the Boulware
state (for ξ ¼ 0). We observe that these values are very
close to the vacuum polarization generated by a thin shell
with r0 ¼ 2.001M. Both curves are nearly undistinguish-
able for the range of the r coordinate plotted in Fig. 8. We
will extensively discuss this aspect in Sec. VI D.

C. Backreaction effects inside the shell

In this subsection, we will compute the backreaction
effects produced by the RSET in the region interior to the
shell. The analysis can be extended to the exterior in a
straightforward way, but the simplicity of the interior
region already allows us to calculate the backreacted metric
analytically near the surface and at the center of the shell.
The backreacted metric is computed via the semiclassical
Einstein equations (1), which we recall here (in a slightly
modified notation) for convenience,

G−1Gαβ þ Λgαβ þ α1H
ð1Þ
αβ þ α2H

ð2Þ
αβ ¼ 8πðTðclÞ

αβ þ ϵhT̂αβiÞ;
ð142Þ

FIG. 8. Renormalized vacuum polarization and renormalized stress-energy tensor of a massless, minimally coupled scalar field outside
spherical thin shells of different radius Δr ¼ r0 − 2M. These are purely numerical results obtained by summing up to l ¼ 30 and
integrating up to ωM ¼ 20. Results near the surface of the shell are missing divergent high-frequency contributions that would make
them agree with our analytic results.
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where ϵ on the right-hand side is to keep track of the
quantum corrections so OðϵÞ ∼OðℏÞ. Different renormal-
izations of the quantum stress-energy tensor are degenerate
with different renormalizations of the constants α1, α2, Λ,
and G−1 [57]. The terms Hð1Þ

αβ and Hð2Þ
αβ are the geometrical

tensors defined by

Hð1Þ
αβ ¼ −2□Rαβ þ

2

3
∇α∇βRþ 1

3
gαβ□R −

1

3
gαβR2

þ 4

3
RRαβ þ ðRλρRλρÞgαβ − 4RαλβρRλρ;

Hð2Þ
αβ ¼ 2∇α∇βR − 2gαβ□Rþ 1

2
R2gαβ − 2RRαβ: ð143Þ

It is clear that Hð1Þ
αβ ¼ Hð2Þ

αβ ¼ 0 in Ricci-flat spacetimes
(Rαβ ¼ R ¼ 0). Hence, they do not contribute to the
equations at linear order in ϵ both inside and outside the
shell, notably simplifying the analysis.
We now expand the metric as gαβ ¼ gαβ þ ϵhαβ. At first

order in ϵ, we have

δGαβ þ δG−1Gαβ þ δΛgαβ ¼ 8πhT̂αβiren; ð144Þ

where we have written the renormalized constants in the
form Λþ ϵδΛ (with the background value Λ ¼ 0) and
Gþ ϵδG. There is an additional ambiguity in the form of a
renormalization length scale entering the RSET [7], but it
can also be checked to vanish in the case under consid-
eration. The perturbation of the Einstein tensor is given
explicitly by

−2δGαβ ¼ □h̄αβ þ gαβ∇λ∇ρh̄λρ − 2∇λ∇ðαh̄βÞλ

− gαβRλρh̄λρ þ Rh̄αβ ð145Þ

and where h̄αβ ¼ hαβ − 1
2
gαβgλρhλρ is the trace-reversed

metric perturbation. The derivatives in (145) are with
respect to the background metric gαβ. Inside the shell,
where the metric gαβ is Minkowski, we have Gαβ ¼ 0,
hence the second term in (144) is absent. We further assume
δΛ ¼ 0 for simplicity. The resulting OðϵÞ equations inside
the shell are

δGαβ ¼ 8πhT̂αβiren: ð146Þ

Following [12,22], we write the full metric coefficients
as

gtt ¼ −e2ψðrÞð1 − 2mðrÞ=rÞ; grr ¼ ð1 − 2mðrÞ=rÞ−1;
ð147Þ

where mðrÞ denotes the Misner-Sharp mass, and then we
expand these metric functions as

ψðrÞ ¼ 1

2
log

�
1 −

2M
r0

�
ð1þ ϵRðrÞÞ; mðrÞ ¼ ϵMðrÞ:

ð148Þ

We obtain the following tt and rr components of the
linearized semiclassical Einstein equations

−
2ϵM0

r2
¼ 8πϵhT̂t

ti þOðϵ2Þ;
ϵð−2M0 þ rR0Þ

r2
¼ 8πϵhT̂r

ri þOðϵ2Þ: ð149Þ

These can be combined to produce a differential equation
for R,

ϵR0

r
¼ 8πϵðhT̂r

ri − hT̂t
tiÞ þOðϵ2Þ: ð150Þ

We are going to solve these equations in various limits: near
the surface of the shell r → r0, for shells of any compact-
ness, and at the center of the shell r ¼ 0 when its surface
approaches the black hole limit r0 → 2M.
The tt component of the RSET obeys the near-shell

expansion

hT̂t
ti ¼

hT̂t
ti−3

ðr0 − rÞ3 þOðr0 − rÞ−2; ð151Þ

where hT̂t
ti−3 is the coefficient of the leading-order diver-

gence in (95). Recall the divergence in the hT̂r
ri−3 compo-

nent is subleading. Replacing (151) in (149), we find

RðrÞ ¼ −
4πr0

ðr0 − rÞ2 hT̂
t
ti−3 þOðr0 − rÞ−1;

MðrÞ ¼ −
2πr20

ðr0 − rÞ2 hT̂
t
ti−3 þOðr0 − rÞ−1: ð152Þ

When inserted in the Ricci scalar, these functions yield a
behavior R ∝ ðr0 − rÞ−4, indicating the presence of a
curvature singularity at r ¼ r0 generated by the back-
reaction of the RSET. Of course, since the RSET is infinite,
the validity of truncating the semiclassical equations to
linear order in ℏ is put into question. Hence, the metric
functions (152) should be interpreted as the proof that static
thin shells break down the perturbative character of the
semiclassical expansion.
Next, we turn our attention to r ¼ 0, where backreaction

effects are perturbative and under control. To obtain simple,
analytic results, and to maximize semiclassical effects, we
further assume the shell is approaching the black hole limit
r0 → 2M so that we can neglect the mode integrals in the
r ¼ 0 RSET expressions (117). Inserting these expressions
in (149), we find the following leading-order solutions near
r ¼ 0,
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RðrÞ ≃ πr2

45r40

�
π2 þ 2880I

24
− 2ðπ2 þ 180I Þ

�
ξ −

1

6

��
;

MðrÞ ≃ −
πr3

90r40

�
π2 − 1440I

24
þ ðπ2 þ 720I Þ

�
ξ −

1

6

��
;

ð153Þ

where we have neglected higher-order terms in r. The Ricci
scalar of this metric is

R ¼ −
π3ϵ

60r40
−
144πI

r40

�
ξ −

1

6

�
ϵþOðrÞ2; ð154Þ

which is finite at r ¼ 0, and whose sign depends on the
field coupling ξ. Notice that the resulting metric has
gttgrr ≠ const: near r ¼ 0, which means that the metric
cannot be described locally by a static slicing of de Sitter
or anti de Sitter spacetimes. These results indicate that
the vacuum polarization generated inside the shell
behaves like an anisotropic and inhomogeneous cloud
whose stress-energy contribution diverges as the surface
is approached.

D. Exterior of the shell and universality
of the Boulware vacuum

At the classical level the exterior to any spherical mass is
described by the Schwarzschild metric [58]. This is no
longer true in semiclassical gravity where, even though the
exterior to a Schwarzschild black hole and a spherical thin
shell are identical at the classical level, the Boulware
vacuum gets polarized differently by both backgrounds.
This is a consequence of the nonlocal character of vacuum
polarization, which is sensitive to global aspects of the
solution such as the presence of a horizon or a thin shell.
The nonuniqueness of the exterior region has been denoted
as quantum hair [59,60]. Measuring how the vacuum
polarization exterior to a compact object deviates from
the one exterior to a black hole allows us to test directly
whether the exterior to spherical black hole mimickers has
universal characteristics in the semiclassical theory, or
depends on the characteristics of matter instead. With
the tools developed in this work, we can test this hypothesis
directly. A thorough exploration would extend beyond the
scope of this paper, thus we will present two example cases
for different field couplings and discuss their features.
Figure 9 compares the individual components (in log-

arithmic scale) of the RVP and RSET of a massless,

FIG. 9. Renormalized vacuum polarization and renormalized stress-tensor of a massless, minimally coupled scalar field outside a shell
of r0 ¼ 2.001M (in green) and outside the event horizon of the Schwarzschild black hole (in red). Their difference decays quickly
(notice the logarithmic scale of the horizontal axis) as one moves away from the shell, consistent with the far-field universality of the
Boulware vacuum for minimally coupled fields found in [61]. These results have been produced integrating up to ωM ¼ 20, summing
up to l ¼ 60, and subtracting third-order regularization parameters.
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minimally coupled field of a shell of radius r0 ¼ 2.001M
and those of a Schwarzschild black hole. We can clearly
observe that both quantities approach each other quickly as
one moves away from the surface of the shell. For the RVP,
both curves are visibly indistinguishable already at
log ðr=r0 − 1Þ ≈ −6, whereas for the RSET this happens
at around log ðr=r0 − 1Þ ≈ −3. The presence of the thin
shell with a Minkowski interior thus leaves a subtle trace on
the vacuum polarization at intermediate distances from the
shell when ξ ¼ 0. As the shell is approached, however, its
characteristic divergence dominates the behavior of quan-
tum observables, which deviate from their values in
Schwarzschild. These results can be compared with the
case of a field with ξ ¼ 1=8, shown in Fig. 10. In that case,
the values of the RVP also coincide far from the shell, but
the individual components of the RSET decay differently,
showing a tendency for the shell RSET to decay slower
with r.
The far-field limit of the Boulware vacuum outside

spherical masses has been previously analyzed in
[52,61–63], indicating that quantum hair vanishes asymp-
totically for minimally coupled fields, but stays for non-
minimally coupled fields, something consistent with our
numerical results.

We have explored a moderate range of the space of
parameters of thin shell configurations. In the last section of
this paper, we suggest directions that might be worth
exploring in the future.

VII. DISCUSSION AND CONCLUSIONS

In this article, we presented a detailed analysis of the
features of the renormalized vacuum polarization and
renormalized stress-energy tensor for a quantum scalar
field in the Boulware vacuum, propagating in a spacetime
with a static, spherical thin shell matching a Minkowski
interior to a Schwarzschild exterior. We treated the
Boulware state as a zero temperature state, defined on
the Wick-rotated Riemannian manifold. Such treatment,
which we detailed at the beginning of this paper, is
convenient because the Euclidean Green’s function pos-
sesses a simpler singularity structure, being singular only in
the coincident limit, and thereby simplifying the develop-
ment of a renormalization procedure for computing the
RVP and the RSET. This prescription, which was gener-
alized to Boulware states in Ref. [22], enables us to express
the geometrical short-distance divergence encoded in the
Hadamard parametrix as a mode sum in the same form as

FIG. 10. Renormalized vacuum polarization and renormalized stress-tensor of a massless scalar field with ξ ¼ 1=8 outside a shell of
r0 ¼ 2.001M (in green) and outside the event horizon of the Schwarzschild black hole (in red). Contrary to the ξ ¼ 0 case, the RSET
differences of nonminimally coupled fields do not decay rapidly, showing discrepancies comparable, in magnitude, to the RSET
components themselves at intermediate radii. The difference in the vacuum polarization is negligible instead. These results have been
produced integrating up to ωM ¼ 20, summing up to l ¼ 60, and subtracting third-order regularization parameters.
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the Euclidean Green’s function, thus allowing a mode-by-
mode renormalization that can be efficiently implemented
in situations involving self-gravitating matter fluids.
Having outlined the renormalization approach, we then

presented Israel’s thin shell formalism and applied it to a
spherical thin shell joining Minkowski and Schwarzschild
spacetimes. Then, we showed how the Euclidean modes,
necessary for the computation of the Euclidean Green’s
function of the shell, are most efficiently obtained as a
linear combination of the Minkowski and Schwarzschild
modes, with the coefficients computed by matching con-
ditions at the shell. This formulation also explicitly isolates
the boundary terms, which encode the presence of the shell
and hence possible resulting divergences, in the Green’s
function. The methodology we have introduced in this
work can be generalized, in a straightforward way, to other
static material configurations with Schwarzschild exteriors.
To estimate how renormalized expectation values diverge

at the shell, we adopted a WKB approximation for the
Euclidean modes. We found the power and sign of these
divergences to be in agreement with flat spacetime calcu-
lations [23]. As an independent consistency check, we also
implemented a weak-field approximation [52] valid in the
regime of small shell compactness, M=r0 ≪ 1. The
obtained results were in agreement with the WKB ones
at leading order in M=r0.
We also analyzed the RVP and RSET at the center of the

shell. Through a radial point-splitting of the Euclidean
Green’s function, we derived semianalytical expressions for
these quantities at r ¼ 0, which only require the numerical
computation of the l ¼ 0, 1 shell modes at the surface
pshell
ωl ðr0Þ and qshellωl ðr0Þ. Moreover, these representations

become fully analytical in the black hole limit, and describe
bounded semiclassical effects.
Having determined the analytical properties of the

Boulware vacuum at the boundaries of the spacetime,
we then carried out an extensive numerical analysis,
evaluating the RVP and RSET throughout the spacetime
over a wide range of parameters. We first provided a
numerical verification of the divergent behavior obtained
with the analytic methods, evaluated the RVP and RSET for
thin shells of different compactness, and showed how the
RSET components decay differently at large distances
depending on the Ricci coupling of the field. We also
performed backreaction calculations near r ¼ r0 and r ¼ 0
to estimate the quantum corrections to the background
metric.
The above analyses not only set the grounds for future

explorations of the properties of Boulware states, but also
hint at relevant properties of the quantum vacuum in
situations of extreme compactness.
Several clear and valuable extensions can be considered

at this point. In order to better disentangle the black
hole limit from the thin shell limit, it would be beneficial
to consider shells with finite thickness. Unfortunately,

deriving smooth thick shell models having the right
distributional stress-energy tensor in the thin shell limit
is a sophisticated problem, but some directions are being
explored by the authors at this moment. What could be
gained from such models is a clearer examination of the
universality of the Boulware state near the black hole limit.
Of course, given the generality of our treatment, a

straightforward extension would be to consider different
shell interiors and evaluate their respective black hole
limits. Spherical shells enclosing a static de Sitter
(gravastars [30]) or anti de Sitter (AdS-stars [64]) interior
have been proposed as black hole mimickers supported by
vacuum polarization effects. If the effective stress-energy
tensors of these models (or some modified version of them
that replaces the thin surface layer by a smooth region [65])
could be obtained, even if just qualitatively, from the
Boulware RSETof a scalar field, that alone would reinforce
such proposals.
The extension of this analysis to charged static shells

would enable one to analyze vacuum polarization effects in
situations near extremality. If the charge-to-mass ratio of
the shell is such that its surface can approach the
Schwarzschild radius of the extremal Reissner-Nordström
black hole, a presumably regular black hole limit could be
attained. The regularity of this limit stems from the
numerical evidence of the regularity of the Boulware state
in extremal Reissner-Nordström black holes [22,66].
The simplicity of the interior geometry of the shell

causes every curvature-dependent vacuum polarization
effect to vanish altogether. However, this situation is not
generic, which leads us to the last interesting scenario that
we would like to mention: compact stars in equilibrium. In
general relativity, compact stars composed of standard
matter satisfy upper compactness limits, all of them
bounded by the Buchdahl limit [50]. These limits are
reached when the pressures of the fluid diverge at their
center. We expect that as this limit is approached there will
be strong vacuum polarization effects that will react back
on the background [19,20,67], either taming this growth of
the pressure (relaxing the compactness bound), or stimu-
lating it (making the bound more stringent). This direction
is currently being explored by the authors and we expect to
report on it soon.
Recently, the case of a collapsing null shell has been

analysed in Ref. [68]. Interestingly, in contrast to the case
of a timelike shell analysed in our work, which exhibits
Casimir-type divergences in the VP and RSET, the VP and
the outgoing flux component of the RSET are found to be
finite on the null shell. We note, however, that other RSET
components could potentially exhibit singular behavior
at the null shell, notwithstanding the fact that timelike
and null shells are qualitatively different. Applying the
extended coordinate method in a dynamical context, such
as the collapsing null shell model, would require general-
izing the prescription to time-dependent spacetimes. This
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involves obtaining new mode-sum expressions for the
regularization counterterms by adopting a new set of
extended coordinates adapted to the symmetries of the
spacetime under consideration. Indeed, the prescription
described in Sec. II relies on the assumption that the metric
is static and spherically symmetric. Both the WKB and
weak-field approximations employed in this work should
also be adapted to the dynamical scenario. In the weak-field
approximation, for instance, one should account for time-
dependent curvature terms.
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APPENDIX A: HADAMARD COEFFICIENTS

Below we list the coefficients DðrÞ
ab, D

ðpÞ
ab , T

ðlÞ
ab, T

ðrÞ
ab, and

T ðpÞ
ab to second order. In the Supplemental Material [69], we

provide a WolframMathematica notebook containing these
expressions.

DðrÞ
00 ¼ 2;

DðrÞ
10 ¼ r2hf02 þ rfðrf0h0 þ 2hðf0 − rf00ÞÞ þ f2ð−2rh0 þ 4h2 − 4hÞ

24r2fh2
;

DðrÞ
11 ¼ r2f02 − 4rff0 − 4f2ðh − 1Þ

24r2h
;

DðrÞ
20 ¼ 1

11520r4f2h4
½47r4h2f04 − 8r3fhf02ðhð14rf00 þ 5f0Þ − 7rf0h0Þ

− 4rf3ð57r2f0h02 − 6rhð9rf00h0 þ f0ð4rh00 − 13h0ÞÞ þ 20h3ðrf00 − 3f0Þ þ h2ðf0ð72 − 10rh0Þ þ 8rð3rfð3Þ − 4f00ÞÞÞ
þ r2f2ð57r2f02h02 − 12rhf0ð9rf00h0 þ f0ð2rh00 þ 3h0ÞÞ þ h2ð36r2f002 − 4f02 þ 8rf0ð6rfð3Þ þ 11f00ÞÞÞ
þ 4f4ð57r2h02 þ h2ð76 − 20rh0Þ þ 8rhð10h0 − 3rh00Þ þ 4h4 − 80h3Þ�;

DðrÞ
21 ¼ 1

5760r4fh3
½9r4hf04 þ r3ff02ð11rf0h0 − 2hð11rf00 þ 3f0ÞÞ þ 2r2f2f0ð−33rf0h0 þ 20h2f0 þ hð44rf00 − 68f0ÞÞ

þ 4rf3ð33rf0h0 þ hðf0ð82 − 5rh0Þ − 22rf00Þ þ 10h2ðrf00 − 7f0ÞÞ − 8f4ðhð26 − 5rh0Þ þ 11rh0 þ 14h3 − 40h2Þ�;

DðrÞ
22 ¼ ð−r2f02 þ 4rff0 þ 4f2ðh − 1ÞÞ2

1152r4h2
;

DðpÞ
11 ¼ fh0 − hf0

12rfh2
;

DðpÞ
21 ¼ 1

2880r3f2h4
½5r2h2f03 þ 2rfhf0ð7rf0h0 þ 11hðf0 − rf00ÞÞ − 2f3ð10h2h0 þ 57rh02 þ 2hð7h0 − 12rh00ÞÞ

þ f2ð57r2f0h02 þ 20h3f0 − 4h2ð5f0 − 6r2fð3ÞÞ − 2rhð27rf00h0 − 4f0ð5h0 − 3rh00ÞÞ�;

DðpÞ
22 ¼ 1

2880r4f2h4
½−9r2h2f02 þ 4rfhð−7rf0h0 − 5h2f0 þ hð3rf00 þ 2f0ÞÞ

þ f2ð57r2h02 þ 4h2ð5rh0 − 3Þ − 8rhð3rh00 þ h0Þ þ 12h4Þ�;

T ðlÞ
00 ¼

1

24r2f2h2
½ð6ξ − 1Þr2hf02 þ ð6ξ − 1Þrfðrf0h0 − 2hðrf00 þ 2f0ÞÞ

þ 4f2ðð6ξ − 1Þrh0 þ h2ð6ξþ 3μ2r2 − 1Þ þ ð1 − 6ξÞhÞ�;
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T ðlÞ
10 ¼

1

17280r4f4h5
½2ð4ð135r4μ4 þ 60r2ð9ξ − 1Þμ2 þ 540ξ2 − 120ξþ 2Þh5 − 80ð3r2ð9ξ − 1Þμ2 þ 54ξ2 − 21ξþ 2Þh4

þ 4ð540ξ2 − 300ξþ 5rð9r2ð12ξ − 1Þμ2 þ 216ξ2 − 60ξþ 4Þh0 þ 38Þh3
− 2rðð2160ξ2 − 960ξþ 94Þh0 þ 9rð10ð6ξ − 1Þh00 þ rð20ξ − 3Þhð3ÞÞÞh2
þ 9r2h0ð40ð6ξ2 þ 5ξ − 1Þh0 þ 13rð20ξ − 3Þh00Þhþ 126r3ð3 − 20ξÞh03Þf4
− 2rð20ðð9r2ð12ξ − 1Þμ2 þ 216ξ2 − 60ξþ 4Þf0 þ 3rðr2ð18ξ − 1Þμ2 þ 6ξð6ξ − 1ÞÞf00Þh4
− 2ðf0ð2160ξ2 − 960ξþ 15rðr2ð18ξ − 1Þμ2 þ 6ξð6ξ − 1ÞÞh0 þ 94Þ
þ 9rð2ð60ξ2 þ 10ξ − 3Þf00 þ rðð60ξ − 11Þfð3Þ þ 2rð5ξ − 1Þfð4ÞÞÞÞh3
þ rðrð72rð5ξ − 1Þf00h00 þ h0ðð2160ξ2 þ 1680ξ − 373Þf00 þ 108rð5ξ − 1Þfð3ÞÞÞ
þ 9f0ð8ð75ξ2 − 5ξ − 1Þh0 þ rðð100ξ − 17Þh00 þ 2rð5ξ − 1Þhð3ÞÞÞÞh2
þ r2h0ð171rð1 − 5ξÞh0f00 þ f0ð117rð1 − 5ξÞh00 − 2ð540ξ2 þ 915ξ − 172Þh0ÞÞhþ 126r3ð5ξ − 1Þf0h03Þf3
þ r2hð60ðr2ð18ξ − 1Þμ2 þ 6ξð6ξ − 1ÞÞf02h3 þ 5r2ð54ξ2 − 222ξþ 43Þf02h02
þ 2ð72ð15ξ2 − 15ξþ 2Þf02 þ rðð2160ξ2 − 2640ξþ 401Þf00 þ 90rð1 − 5ξÞfð3ÞÞf0 þ 10r2ð54ξ2 − 42ξþ 7Þf002Þh2
þ 2rf0ð9f0ð4ð40ξ − 7Þh0 þ 5rð5ξ − 1Þh00Þ − 5rð108ξ2 − 219ξþ 41Þh0f00ÞhÞf2
− 2r3h2f02ðrð−270ξ2 þ 570ξ − 107Þf0h0 þ 2hðð540ξ2 − 705ξþ 107Þf0 þ rð270ξ2 − 570ξþ 107Þf00ÞÞf
þ r4ð270ξ2 − 930ξþ 179Þh3f04�;

T ðlÞ
11 ¼

1

17280r4f3h5
½10ð33ξ − 16Þr4h3f04 − 2r3fh2f02ð2ð44 − 75ξÞrf0h0 þ hð4ð75ξ − 44Þrf00 þ 21ð30ξ − 7Þf0ÞÞ

− r2f2hð2ð89 − 165ξÞr2f02h02 þ 60μ2r2h3f02 þ rhf0ðð420ξ − 307Þrf00h0 þ f0ð9ð20ξ − 9Þrh00 þ 4ð330ξ − 79Þh0ÞÞ
þ h2ð8ð15ξþ 8Þr2f002 þ ð38 − 480ξÞf02 − 6rf0ð3ð20ξ − 9Þrfð3Þ þ ð300ξ − 83Þf00ÞÞÞ
þ rf3ð−126r3f0h03 þ r2hh0ð171rf00h0 þ f0ð117rh00 þ 2ð330ξ − 7Þh0ÞÞ þ 40h4ð3μ2r3f00 þ f0ð30ξþ 3μ2r2 − 5ÞÞ
− 2rh2ðrð36rf00h00 þ h0ð54rfð3Þ þ ð211 − 600ξÞf00ÞÞ − 9f0ðð80ξ − 8Þh0 þ rðð1 − 20ξÞh00 − rhð3ÞÞÞÞ
þ 4h3ðf0ð−15μ2r3h0 þ 60ξ − 4Þ þ 9rðð6 − 40ξÞf00 þ rðrfð4Þ þ ð7 − 20ξÞfð3ÞÞÞÞÞ
þ 2f4ð126r3h03 þ 4h3ð15rh0ð6ξþ μ2r2 − 1Þ þ 420ξ − 76Þ þ r2hh0ðð199 − 1320ξÞh0 − 117rh00Þ
þ 6rh2ðð4 − 60ξÞh0 þ 3rðrhð3Þ þ ð40ξ − 6Þh00ÞÞ þ 8h5ð30ξþ 15μ2r2 − 2Þ − 40h4ð48ξþ 3μ2r2 − 8ÞÞ�;

T ðrÞ
10 ¼ 1

1152r4f2h3
ð−r2f02 þ 4rff0 þ 4f2ðh − 1ÞÞðð6ξ − 1Þr2hf02 þ ð6ξ − 1Þrfðrf0h0 − 2hðrf00 þ 2f0ÞÞ

þ 4f2ðð6ξ − 1Þrh0 þ h2ð6ξþ 3μ2r2 − 1Þ þ ð1 − 6ξÞhÞÞ;

T ðpÞ
10 ¼ 1

288r4f2h3
½ðh − 1Þðð6ξ − 1Þr2hf02 þ ð6ξ − 1Þrfðrf0h0 − 2hðrf00 þ 2f0ÞÞ

þ 4f2ðð6ξ − 1Þrh0 þ h2ð6ξþ 3μ2r2 − 1Þ þ ð1 − 6ξÞhÞÞ�;

T ðpÞ
11 ¼ −

1

288r4f2h3
½ðrf0 þ 2fðh − 1ÞÞðð6ξ − 1Þr2hf02 þ ð6ξ − 1Þrfðrf0h0 − 2hðrf00 þ 2f0ÞÞ

þ 4f2ðð6ξ − 1Þrh0 þ h2ð6ξþ 3μ2r2 − 1Þ þ ð1 − 6ξÞhÞÞ�:
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APPENDIX B: REGULARIZATION PARAMETERS

In this appendix, we present the expressions for the regularization parametersΨωlða; bjrÞ and χωlða; bjrÞ appearing in the
mode-sum Ansätze for the direct and tail parts of the Hadamard parametrix, respectively, and obtained by inverting Eqs. (20)
and (21). These regularization parameters are distributions and not ordinary integrable functions. Their explicit
representation factors into terms that involve delta distributions and terms that involve hypergeometric functions. In
particular, we obtain

Ψωlða; bjrÞ ¼ Iωlða; bjrÞ −
ð2r2Þa
faþbþ1

ð−1Þaþl

b!

Xa
p¼1

2a−pða − pÞ!ða − pþ bÞ!
ða − pþ lþ 1Þ!ða − p − lÞ!

�
f
2r2

�
p
δð2p−2ÞðωÞ; ðB1Þ

χωlða; bjrÞ ¼ J ωlða; bjrÞ þ
ffiffiffi
π

p ð2r2ρ2Þa−bða − bÞ!22að−1Þl

×

(Xa
k¼0

k!ða − kÞ!δð2a−2kÞðωÞ½ψða − bþ 1Þ − ψða − b − kþ 1Þ þ ψða − kþ 1Þ þ ψðk − aþ 1
2
Þ þ 2 logð2ρλ Þ�

ða − k − bÞ!ð2a − 2kÞ!Γðk − aþ 1
2
Þðkþ lþ 1Þ!ðk − lÞ!ð2ρ2Þk

− 2
Xa
k¼0

ða − kÞ!k!
ða − k − bÞ!Γðk − aþ 1

2
Þðkþ lþ 1Þ!ðk − lÞ!ð2ρ2Þk

X∞
p¼0

p≠a−k

δð2pÞðωÞλ2p−2aþ2k

ð2pÞ!ð2p − 2aþ 2kÞ
�
; ðB2Þ

where Iωlða; bjrÞ and J ωlða; bjrÞ are given by

Iωlða; bjrÞ ¼
ð2r2Þa−1=2
faþbþ1=2

2a−2
ffiffiffiffiffiffi
2π

p ð−1Þaþl

Γðbþ 1Þ

(
Γ
�
aþ 1

2

�
Γ
�
aþ bþ 1

2

�
2F̂3

 �
aþ 1

2
; aþ bþ 1

2

�
�
aþ lþ 3

2
; a − lþ 1

2
; 1
2

�
�����ω

2r2

f

!

− Γðaþ 1ÞΓðaþ bþ 1Þ jωjrffiffiffi
f

p 2F̂3

 
faþ 1; aþ bþ 1g�

3
2
; aþ lþ 2; a − lþ 1

�
�����ω

2r2

f

!)
; ðB3Þ

J ωlða; bjrÞ ¼
ffiffiffi
π

p ð2r2ρ2Þa−bða − bÞ!22að−1Þl
(
−
Xa−b
k¼0

θðω2 − λ2Þða − kÞ!k!jωj2k−2a−1
ða − k − bÞ!Γðk − aþ 1

2
Þðkþ lþ 1Þ!ðk − lÞ!ð2ρ2Þk

−
ð−1Þb

ð2ρ2Þaþ1
jωjðaþ 1Þ!b!2F̂3

 
faþ 2; bþ 1g�

3
2
; a − lþ 2; aþ lþ 3

�
����� ω

2

2ρ2

!

þ ð−1Þb
2aþ1=2ρ2aþ1

Γ
�
aþ 3

2

�
Γ
�
bþ 1

2

�
2F̂3

 �
aþ 3

2
; bþ 1

2

�
�
1
2
; a − lþ 3

2
; aþ lþ 5

2

�
����� ω

2

2ρ2

!)
; ðB4Þ

and 2F̂3 is the regularized general hypergeometric function [70]. The functions Iωlða; bjrÞ and J ωlða; bjrÞ can be
equivalently expressed in terms of the generalized incomplete gamma function Γðc; z0; z1Þ ¼

R
z1
z0
tc−1e−tdt as

Iωlða;bjrÞ¼ lim
x→−1

2lð−1Þaþbð2r2Þa−1
2

2b!faþbþ1
2

8>>><
>>>:
Xb
k¼1

Xl
j¼0

ð−1Þjþ1j!

�
l

j

��1
2
ðlþj−1Þ

l

�
2ð−kþjþ1Þ!

∂
b−k

∂xb−k

  
1−xÞaþb−1

2e
−jωj

ffiffiffiffiffiffiffiffiffiffi
2ð1−xÞr2

f

q !

þ
Xl
k¼b

Xk−b
j¼0

k!

�
l

k

��1
2
ðkþ l−1Þ

l

�
ð−1Þ−2bþk−j

ðk−bÞ!
�
k−b

j

� 
jωj

ffiffiffiffiffiffiffi
2r2

f

s !−2a−2kþ2j−1

Γ
�
2aþ2k−2jþ1;0;

2rjωjffiffiffi
f

p
�
9>>>=
>>>;
;

ðB5Þ
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J ωlða; bjrÞ ¼ − lim
jω0j→jωj

fa−b

4π

Xa−b
k¼0

2lþ2ð−1Þa−k
�
a − b

k

�
∂
2a−2k

∂jω0j2a−2k
Xl
n¼0

Xn
j¼0

π

jω0j ð−1Þ
n−j
�

l

n

�� 1
2
ðlþ n − 1Þ

l

��
n

j

�

×

�
2r2

f

�
k
 Γð2ðk − jþ nþ 1Þ; 0; 2jω0jrffiffi

f
p Þ

ð
ffiffi
2

p jω0jrffiffi
f

p Þ2ðk−jþnþ1Þ −
2k−jþnθðλ2 − ω2Þ
k − jþ nþ 1

!
: ðB6Þ

In the Supplemental Material [69], we include a Wolfram
Mathematica notebook containing these expressions.
Using these expressions, a mode-sum representation of
the vacuum polarization is given by Eq. (24) with

kðmÞ
ωl ðrÞ ¼

Xm
a¼0

Xa
b¼0

DðrÞ
abðrÞIωlða; bjrÞ

þ
Xm−1

a¼1

Xa−1
b¼0

T ðrÞ
abðrÞIωlðaþ 1; bjrÞ

þ
Xm−1

a¼0

Xa
b¼0

T ðlÞ
abðrÞJ ωlða; bjrÞ: ðB7Þ

APPENDIX C: WEAK-FIELD APPROXIMATION

In this appendix, following the procedure outlined in

Ref. [53], we derive the terms logð−□
ν2
ÞRð1Þ and log ð−□

ν2
Þ

Rα
β
ð1ÞðxÞ, necessary to compute the VP and RSET in the

context of the weak-field approximation. Hereafter, we drop
the ð1Þ superscript for notational simplicity; all quantities are
understood to be linear in M=r0.
The terms involving the Ricci tensor are most easily

obtained by considering the Cartesian components of Rαβ,

which are derived through the tensor transformation law,

R0α
β ¼

∂x0α

∂xρ
∂xλ

∂x0β
Rρ
λ ; ðC1Þ

where the Cartesian coordinates are x0α ¼ fτ; x; y; zg. We
then express the Cartesian components in terms of spherical
coordinates xα ¼ fτ; r; θ;ϕg,

R0x
x ¼ sin2θcos2ϕRr

r þ cos2θcos2ϕRθ
θ þ sin2ϕRϕ

ϕ;

R0y
y ¼ sin2θsin2ϕRr

r þ cos2θsin2ϕRθ
θ þ cos2ϕRϕ

ϕ;

R0z
z ¼ Rθ

θ þ cos2θðRr
r − Rθ

θÞ;
R0x

y ¼ sin2θ sinϕ cosϕRr
r þ cos2θ sinϕ cosϕRθ

θ

− sinϕ cosϕRϕ
ϕ;

R0x
z ¼ sin θ cos θ cosϕðRr

r − Rθ
θÞ;

R0y
z ¼ sin θ cos θ sinϕðRr

r − Rθ
θÞ: ðC2Þ

Introducing the Ricci scalar and tensor into Eq. (136) and
expressing the integrals in spherical coordinates yields
representations of the nonlocal operators for which the
integrations can be carried out straightforwardly,

log

�
−□
μ2

�
R ¼ −

1

2π

Z
∞

0

dr0r02
Z

π

0

dθ0 sin θ0
Z

2π

0

dϕ0 Rðr0; θ0;ϕ0Þ
ðr2 þ r02 − 2rr0 cos θ0Þ3=2 ; ðC3Þ

log

�
−□
μ2

�
R0α

β ¼ −
1

2π

Z
∞

0

dr0r02
Z

π

0

dθ0 sin θ0
Z

2π

0

dϕ0 R0α
βðr0; θ0;ϕ0Þ

ðr2 þ r02 − 2rr0 cos θ0Þ3=2 : ðC4Þ

Computing the ϕ0 integral yields for the Ricci scalar

1

π

Z
2π

0

dϕ0Rðr0; θ0;ϕ0Þ ¼ 2R; ðC5Þ

and for the diagonal components of the Ricci tensor

1

π

Z
2π

0

dϕ0R0τ
τðr0; θ0;ϕ0Þ ¼ 2Rτ

τ;

1

π

Z
2π

0

dϕ0R0x
xðr0; θ0;ϕ0Þ ¼ 1

π

Z
2π

0

dϕ0R0y
yðr0; θ0;ϕ0Þ ¼ Rr

r þ Rϕ
ϕ þ ðRθ

θ − Rr
rÞcos2θ0;

1

π

Z
2π

0

dϕ0R0z
zðr0; θ0;ϕ0Þ ¼ 2Rθ

θ − 2ðRθ
θ − Rr

rÞcos2θ0: ðC6Þ
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All the off-diagonal components of the Ricci tensor vanish
upon integration in ϕ0, because of spherical symmetry. To
compute the θ0 integral we change the integration variable
to u ¼ cos θ0 and obtain

g1ðrÞ ≔
Z

1

−1
duðr2 þ r02 − 2rr0uÞ−3=2

¼
(

2
rðr−r0Þðrþr0Þ if r0 < r;

2
r0ðr0−rÞðrþr0Þ if r0 > r;

ðC7Þ

g2ðrÞ ≔
Z

1

−1
u2duðr2 þ r02 − 2rr0uÞ−3=2

¼
8<
:

2ðr2þ2r02Þ
3r3ðr−r0Þðrþr0Þ if r0 < r;

2ð2r2þr02Þ
3r03ðr0−rÞðrþr0Þ if r0 > r:

ðC8Þ

Putting together Eqs. (C3)–(C8), we obtain

log

�
−□
μ2

�
R ¼ −

Z
∞

0

dr0r02Rg1;

log

�
−□
μ2

�
R0τ

τ ¼ −
Z

∞

0

dr0r02Rτ
τg1;

log

�
−□
μ2

�
R0x

x ¼ −
1

2

Z
∞

0

dr0r02½ðRr
r þ Rϕ

ϕÞg1
þ ðRθ

θ − Rr
rÞg2�;

log

�
−□
μ2

�
R0z

z ¼ −
Z

∞

0

dr0r02½Rθ
θg1 − ðRθ

θ − Rr
rÞg2�:

ðC9Þ

Introducing Eqs. (131) and (132) into the previous ex-
pressions, the radial integrals are easily computed using the
properties of the delta distribution. For instance, for the
Ricci scalar, using Eq. (C7), we can write

log

�
−□
μ2

�
R¼−R̄

Z
r

0

dr0r02δðr0 − r0Þ
2

rðr− r0Þðrþ r0Þ− R̄

×
Z

∞

r
dr0r02δðr0− r0Þ

2

r0ðr0 − rÞðrþ r0Þ :

ðC10Þ

In the interior of the shell, where r < r0, the first integral
vanishes. Conversely, in the exterior, where r > r0, the
second integral vanishes. Hence, we find

log

�
−□
μ2

�
R ¼

8<
:

− 2R̄r0
ðr0−rÞðrþr0Þ ; r < r0;

− 2R̄r2
0

rðr−r0Þðrþr0Þ ; r > r0:
ðC11Þ

A similar approach can be used to perform the radial
integrals of the Ricci tensor components. The resulting
tensor is spherically symmetric and diagonal in Cartesian

coordinates, log
�−□
μ2



R0α

β ¼ diagða; c; c; bÞ. In spherical

coordinates, it simply transforms to log
�−□
μ2



Rα
β ¼

diagða; b; c; cÞ. The components in spherical coordinates
are then

log

�
−□̄
μ2

�
Rτ

τ ¼
(
−r0R̄τ

τ
2

ðr0−rÞðrþr0Þ ; r < r0;

−r20R̄τ
τ

2
rðr−r0Þðrþr0Þ ; r > r0;

ðC12Þ

log

�
−□̄
μ2

�
Rr

r ¼
8<
:

− 4
3
R̄θ

θ
1
r0
− 2

3
R̄r

r
2r2þr2

0

r0ðr0−rÞðrþr0Þ ; r < r0;

− 4
3
R̄θ

θ
r2
0

r3 −
2
3
R̄r

r
r2
0

r3
2r2

0
þr2

ðr−r0Þðrþr0Þ ; r > r0;

ðC13Þ

log

�
−□̄
μ2

�
Rθ

θ ¼
8<
:

− 2
3
R̄θ

θ
2r2

0
þr2

r0ðr0−rÞðrþr0Þ−
2
3
R̄r

r
1
r0
; r < r0;

− 2
3
R̄θ

θ
r2
0

r3
r2
0
þ2r2

ðr−r0Þðrþr0Þ−
2
3
R̄r

r
r2
0

r3 ; r > r0:

ðC14Þ
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