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We provide a thorough study of the properties of the Boulware vacuum in the spacetime of a spherical,
static thin shell with a Minkowski interior. To this end, we calculate the renormalized vacuum polarization
and stress-energy tensor of massless scalar fields via the extended-coordinate prescription, paying
particular attention to their scaling as the shell approaches the black hole limit. Near the surface of
the thin shell, we obtain the expected leading-order singular behavior of both quantities via two
independent methods: a high-frequency approximation for the modes and a weak-field approximation.
At the center of the shell we find nonlocal, Casimir-like contributions that remain finite in the black hole
limit, and whose backreaction effects we compute via the semiclassical Einstein equations. Away from
these regions amenable to analytic treatment, we obtain numerical results for a wide range of shell
compactnesses and field couplings. In the black hole limit, we show that the vacuum polarization and
renormalized stress-energy tensor outside the shell quickly approach the ones generated by a Schwarzs-
child black hole, suggesting a possible universality in the vacuum outside highly compact horizonless
objects. This work addresses the conceptual and technical aspects necessary for computing renormalized
expectation values in matter configurations, laying the foundations for future explorations on the subject.
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I. INTRODUCTION

Quantum fields have profound implications on our
understanding of expanding universes [1] and black holes
[2]. Even in their vacuum states, quantum fields propagat-
ing on curved spacetimes exhibit zero-point energies that
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cannot be fully renormalized away. These zero-point
energies acquire the form of vacuum polarization clouds
and energy/particle fluxes [3-5], phenomena that have
been studied in detail in the last decades [6-8]. In eternal
spherical black holes, for example, three vacuum states—
Hartle-Hawking [9], Unruh [10], and Boulware [11]—are
usually considered. Each of them describes a different
physical situation, leading to distinct arrangements of
vacuum polarization and energy fluxes throughout the
spacetime, across the event horizon, and at infinity.

The Hartle-Hawking state is stationary and regular
across the event horizon, but it fills the spacetime with a
thermal bath that extends to infinity, requiring the black
hole to be enclosed within an isolating surface or box [12].
The Unruh state reproduces the late-time limit of a black
hole formed via gravitational collapse. It is thus regular
across the future event horizon and describes a thermal flux

Published by the American Physical Society
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of particles at future null infinity. The Boulware vacuum,
being the state consistent with asymptotic flatness (it
reduces to the Minkowski vacuum at infinity) and staticity,
becomes singular at the event horizon. For this reason, it is
identified as the natural vacuum state in horizonless
equilibrium configurations like stars [13,14] (see the recent
work [15]) and thin shells. Due to the greater complexities
introduced by classical matter, little attention has been
devoted to analyzing the properties of the Boulware
vacuum in its natural, self-consistent setting. In addition,
the Boulware vacuum violates all pointwise energy con-
ditions on the Schwarzschild exterior [16], which has led to
the study of horizonless alternatives to black holes sus-
tained by the repulsion induced by their own vacuum
polarization effects [17]. Recently, these were also seen to
contribute to the relaxation of general-relativistic compact-
ness bounds [18-20], allowing matter to withstand collapse
in situations that are classically forbidden. The present
work aims to set in motion investigations in this direction
by examining the simplest scenario in which matter can be
placed arbitrarily close to the black hole limit: a spherical
thin shell in equilibrium with an empty (Minkowski)
interior. To this end, we will apply the recently developed
extended-coordinate prescription [21,22] to calculate the
expectation value in the Boulware vacuum of the renor-
malized vacuum polarization and stress-energy tensor of
scalar fields.

Doing quantum field theory in spacetimes with thin-
layer boundaries immediately brings up problems. As was
shown in [23,24], the presence of sharp boundaries induces
divergences in expectation values that depend (to leading
order and in flat spacetime) on the intrinsic properties of the
boundary: its extrinsic curvature (tensor and scalar),
induced metric, normal vectors, and the boundary condition
satisfied by the field. Similarly, a distributional thin shell
separating two spacetime regions introduces an arbitrarily
small scale that coexists with the continuous medium that is
the quantum field. The sensitivity of the field to arbitrarily
small scales makes it so that all modes feel the presence of
the boundary. While sharp boundaries are perfectly well
defined in the classical theory, they generate contributions
to the quantum stress-energy that diverge as the boundary is
approached and that cannot be renormalized away, as they
are not the standard ultraviolet divergences to be subtracted
by covariant renormalization prescriptions [25]. While
local quantities such as the RSET diverge at the boundary,
globally integrated quantities such as the total free
energy can be consistently renormalized by introducing
boundary counterterms [26] (see also [27] for an applica-
tion). Sharp boundaries are ubiquitous in general relativistic
matter models like constant-density stars [28], the
Oppenheimer-Snyder dust collapse model [29], and
some black hole mimicker proposals like gravastars [30].
Thus, a complete understanding of the pathologies they
induce in quantum theory is necessary to postulate more

realistic extensions of these models, as attempted for
example in [31].

The renormalized stress-energy tensor (RSET) is the
central element of the semiclassical theory of gravity. This
theory considers the backreaction effects of the RSET on
the classical metric g, via the semiclassical Einstein
equations

1 2 cl A
G(lﬁ + Ag(lﬂ + alHSl/)’) + aszl/)’) = SH(TEJ/}) + <T(1/5>ren)’
(1)

where A is the cosmological constant, G, is the Einstein

tensor and <T(,ﬁ>ren is the RSET. The tensors H, gﬁ) , H((jj) are
geometrical and include terms that are quadratic in the
curvature; their inclusion arises through the point-splitting
regularization process that yields the RSET. This regulari-
zation process allows for the calculation of the finite
physical RSET alongside an infinite renormalization of
the constants A, a;, and a,. A divergence in the RSET
indicates the breakdown of semiclassical gravity as a valid
approximation. In the case of thin shells, we expect this
divergence to be halted by endowing the shell with a finite
thickness or by letting it fluctuate quantum mechani-
cally [32].

The RSET combines both local and nonlocal contribu-
tions, although this split is not easy to identify due to the
complex form that (Taﬁ>ren takes in most situations.
Roughly speaking, local contributions include, but are
not limited to, terms that depend on an arbitrary lengthscale
[33], being intrinsically ambiguous. Nonlocal contributions
encode the state dependence, can become relevant in
regions where local curvature invariants are small, and
their form is independent of any renormalization ambigu-
ities. The most robust predictions stemming from semi-
classical gravity will be obtained in situations where said
ambiguous contributions are either absent or negligible.
Fortunately, this is the case for the thin shell spacetimes
considered in this paper, since renormalization ambiguities
vanish in the Schwarzschild and Minkowski spacetimes
for massless fields. Furthermore, inside the shell, the
entirety of local RSET contributions vanish and only
purely nonlocal vacuum polarization effects remain.
Near the center of the shell, these effects are analogous
to the Casimir stress-energies produced inside spheres
[34-36], with the differences that (i) our thin shell is
transparent and (ii) it has a maximum compactness limit
given by the Schwarzschild radius. We will show how, as
the shell approaches its Schwarzschild radius, all RSET
components remain bounded at the center of the sphere.
Fortunately, this prevents observers from being decimated
by the backreaction of vacuum polarization effects caused
by arbitrarily distant matter. It also suggests that the
divergences characteristic of the Boulware state originate
at the exterior of the shell, rather than propagating toward
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the interior region, although a more thorough analysis of
the Boulware vacuum in the black hole limit would require
going beyond the thin shell models considered in this work.

This article is intended to be as self-contained as
possible, serving as a guideline for future extensions to
more realistic models. For readers interested in the tech-
nical framework required to calculate the RSET in thin shell
spacetimes, we point them to Secs. II-IV. Readers more
interested in results and physical lessons can focus on
Secs. V-VII instead. In particular, Sec. II presents the
extended coordinate prescription adapted to Boulware
states. Section III applies the thin shell formalism to the
case of a spherical shell matching a Minkowski interior and
a Schwarzschild exterior. Section IV details how we
calculate the Euclidean modes on this thin shell spacetime
and tests the convergence of the extended-coordinate
prescription. Section V deals with analytically appro-
ximating the near-surface divergences in the RSET and
renormalized vacuum polarization (RVP) through two
independent methods: a Wentzel-Kramers-Brillouin (WKB)
expansion of the Euclidean modes, and a weak-field
approximation. Section VI contains numerical results for
the RVP and RSET. We validate numerically the analytic
results from the previous section, and analyze these quan-
tities both inside and outside the shell, and in the black
hole limit. We conclude with some discussion and outlook
in Sec. VIL

II. THE EXTENDED COORDINATE
PRESCRIPTION

In this section, we summarize the key elements of the
extended coordinate method for computing the renormal-
ized vacuum polarization and the renormalized stress-
energy tensor for a quantum scalar field in the Boulware
vacuum state propagating on an arbitrary static, spherically
symmetric and asymptotically flat background. This
extended coordinate method is a mode-sum renormaliza-
tion prescription, first developed for renormalizing
quantum expectation values of field observables in the
Hartle-Hawking state [21,37,38] and then later adapted to
the case where the field is in the Boulware state [22]. The
computations are most conveniently performed using the
Wick-rotated line-element obtained by complexifying
the static time coordinate t — —iz, yielding a line element
with Riemannian signature usually referred to as the
Euclideanized metric. Moreover, the static nature of the
metric guarantees that the Euclidean two-point function for
the quantum scalar field satisfying appropriate boundary
conditions is equivalent to the Feynman propagator com-
puted on the Lorentzian line element [39].

In (z,7,0,¢) coordinates, we take the Euclidean line
element to be

ds* = f(r)dc® + h(r)dr* + r?dQ?, (2)

where f(r) and h(r) are arbitrary functions of r and dQ? =
d#* + sin? @d¢? is the line element for the two-sphere S2.
If the line element (2) describes the geometry of a static
black hole with event horizon located at r = r., then the
Euclidean geometry would possess a conical singularity at
r = r, unless the Euclidean time 7 was wrapped up and
identified modulo the inverse Hawking temperature
p = 1/Ty, that is, we would have to impose the further
condition 7 = 7 + f in order to have a regular geometry at
the event horizon. This periodicity in imaginary time is
inherited in the two-point function for the quantum scalar
field on the Euclidean geometry resulting in a discrete
frequency spectrum, which is a significant computational
advantage. The Green’s function which satisfies regularity
boundary conditions at the event horizon then corresponds
to the Hartle-Hawking state [9,40], which corresponds to
the quantum field in a thermal state at the Hawking
temperature of the black hole, in other words, the black
hole and the quantum field are in thermal equilibrium. This
is simply the Kubo—Martin—Schwinger (KMS) condition
[41,42] in a black hole context.

In this paper, we are instead interested in quantizing a
scalar field in the Boulware state. This is the state which
corresponds to a vacuum as seen by a static observer in the
asymptotically flat region of spacetime. Another viewpoint
for the Boulware state is that it is a zero temperature state.
This viewpoint is particularly useful since it again permits
the use of Euclidean techniques. The difference between
Boulware states and Hartle-Hawking states when defined
on the Euclidean section is that the Euclidean time 7 is not
wrapped up and identified for the Boulware state.
Moreover, this will mean that the frequency spectrum is
continuous rather than discrete.

For clarity of exposition, we focus here on the compu-
tation of the renormalized expectation of the vacuum
polarization for a quantized scalar field (} in the Boulware
state, which we write as (B|¢*[B),.,. For further details, see
Ref. [22]. On the Lorentzian line element, we can write the
vacuum polarization for the field ¢(x) in the state |B) as

(BJ¢*[B)yey = =ilim {Gg(x.x) = K(x.x)}  (3)

where Gg(x, x") is the Feynman Green’s function for the
scalar wave operator satisfying the Boulware boundary
conditions and C(x, x’) is a Hadamard parametrix for the
scalar wave operator which is required to renormalize the
Feynman Green’s function in the coincidence limit x' — x.
Expressing these in terms of the corresponding Euclidean
quantities gives

(B|¢*[B)yey = Lim {Gg(x,x) = K(x.x)}  (4)

where Gg(x, x’) is the Euclidean two-point function satisfy-
ing appropriate boundary conditions for the Boulware state
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and K(x,x) is a Hadamard parametrix for the Euclidean
wave operator. The Euclidean two-point function satisfies
the Euclidean wave equation

(O — u? — ER)Gy(x,x') = =6(x,x), (5)
where [ is the d’ Alembertian operator on the Euclidean line
element (2), u is the field mass, ¢ is the coupling strength of
the field to the background curvature, and R is the Ricci

scalar. The inhomogeneous term is the covariant Dirac delta
distribution. The solution admits a mode-sum representation

1 (s
Gg( :_ZZ (21 + 1)P(cosy)
=0

x/ dwe™ =g (r, 1), (6)

where cosy = cosfcosd + sinfsin & cos(¢’ —¢) and
P,(z) is the Legendre polynomial of the first kind. The
bidistribution g,,(r, 7’) is the one-dimensional radial Green’s
function satisfying

(4 (L) - g2 o] Yautrr

= =8(r=7), 9

with

Vi(r) =11+ 1)+ r?(4* + £R). (8)
The solution is constructed by an ordered normalized
product of homogeneous solutions

ng(i” I") pwl(rj\)Ile(’S) , (9)
wl

where p,;(r) is a homogeneous solution satisfying a
boundary condition on the left boundary of the radial domain
and ¢,,(r) is a homogeneous solution satisfying a boundary
condition on the right boundary of the radial domain (usually
infinity). We have adopted the ordering notation
ro =min{r, '}, r. = max{r, r'}. The normalization con-
stant N,,; is obtained by the Wronskian condition

AT
Nwl \/E W{pwl qwl}
o rZ\/f del dpa)l
- Pol — 9ol |- (10)
Vh \ dr dr

We discuss the details of the computation of the radial modes
Poi(r) and g, (r) and of their normalization constant N ,; in
the context of thin shells in Sec. IVA.

@

We will denote the coordinate separation of the points x’
and x by Ax = x' — x. Now it is clear that in the coinci-
dence limit Ax — 0, or equivalently x' — x, the two-point
function Gg(x, x") diverges; it involves, by definition, the
square of an operator valued distribution q;ﬁ(x) evaluated at
the same spacetime point. This is mathematically ill defined
and this is precisely why it is necessary to renormalize the
two-point function by subtracting the Hadamard parametrix
K(x,x"). In terms of the mode sum (6), this divergence does
not manifest at the level of the individual modes but rather
in the fact that the sum over / and integral in @ do not
converge whenever x’ = x.

On the other hand, the divergence in the Hadamard
parametrix K (x,x’) is explicitly geometrical. For a general
Riemannian manifold in four dimensions, the Hadamard
parametrix for the wave equation will have the following
universal form [43]

o (S s viyog (52)),

K(x.x) = 872\ o(x,x')
(11)

where o(x, x') is Synge’s world function, while A'/?(x, x')
and V(x, x') are symmetric, regular biscalars. These quan-
tities only depend on the local geometry and the field
parameters, and do not carry any global information, such
as the details of the quantum state. The parameter ¢ is an
arbitrary length scale required to make the argument of the
logarithm dimensionless and is associated with part of the
renormalization ambiguity. The terms involving A'/?/c
and V log ¢ on the right-hand side of Eq. (11) are usually
referred to as, respectively, the direct and tail parts of the
Hadamard parametrix.
The biscalar o(x, x’) satisfies the differential equation

26 = 0,0, (12)

where throughout we use the notation ¢, = V,o. For
x' # x, the world function ¢ is positive definite on a
Riemannian manifold and zero only at coincidence. The
biscalar A'/?(x, x’) is the Van Vleck—Morette determinant,
defined by the transport equation

26V, A2 = (4 —Oo)AV2, (13)
with boundary condition
lmA(x,x') = 1. (14)

X' —=x

Finally, the biscalar V(x,x’) satisfies the homogeneous
wave equation
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(O—-u? = ER)V(x,x') = 0. (15)

Introducing the Hadamard Ansatz allows us to construct a
series solution of (15)

V(x,x') = Z V,(x.x')o?,

p=0

(16)

and substituting into (15), we obtain the recurrence
relations for V,,

(P+1D2p+4)V, +2(p+ 1)6°V,V 1y
—2(p + 1)V, A6V A

+(O=u2=ER)V, =0, (17a)

together with the boundary condition

2V + 269V, Vo — 2V A2V A2 + (0 — y® — ER)U = 0.
(17b)

The computational challenge of applying the Hadamard
renormalization in practice, that is to say taking the limit in
(4), is that the divergence encoded in the Hadamard
parametrix is purely geometrical: o(x,x’) = 0 as x’ — x,
whereas the divergence in the two-point function Gg(x, x’)
manifests in the nonconvergence of the modes. The
extended coordinate method addresses the problem of
subtracting the parametrix from the two-point function in
a way that this coincidence limit can be meaningfully
computed. Moreover, the resultant expression is rapidly
convergent making it a very efficient approach.

The principle of the method is to write the Hadamard
parametrix as a mode sum in the same form as that of the
two-point function and then perform the subtraction mode
by mode [21,22,37,38]. This renormalized mode sum will
converge in the coincidence limit. The details have been
presented and explained elsewhere so here we give only a
brief overview. The method necessitates the introduction of
a carefully chosen set of “extended coordinates” in which
to expand the parametrix, which in this case are simply
{s?, Az%, Ar}, where

s* = f(r)A7® +2r*(1 — cosy). (18)

Note that the dependence on the angles is contained in s>
through y. The choice of coordinates is adapted to the
symmetry of the background metric. Then if we expand the
Hadamard parametrix in these extended coordinates and
take the partial coincidence limit ' = r (or Ar = 0) for
simplicity, we get an expansion of the form

1 m a . A12a+2b
K(x,x’) — Q (ZO 2 ODEHB(F)W
+ Z DEB;) (r) Ag2a-2b $2b=2
a=1 b=1
m—1 a—1 . A12a+2b+2
+ TﬁZ(r ) 2
a=1 b=0
m—1 a S2
+ Z T%(r)sza—zz’ A7*’ log (ﬁ)
a=0 b=0
m—1 a
+ Tilz)(r)sza‘ZbATZb> + O(e*™loge).
a=1 b=0

(19)

The integer m here fixes the order of the expansion.
Higher-order expansions are necessary to produce rapidly
convergent mode-sum representations of the renormalized
expectation values. The minimum order of this expansion
to guarantee a regular vacuum polarization is m = 1. The
expansion of the parametrix has been divided into five
separate parts: two terms which are rational in the
extended coordinates, two terms that are polynomial in
the extended coordinates and terms involving log(s?).
The first few coefficients appearing here can be found in
the Appendix A. What we are trying to achieve is a
mode-sum representation of the terms appearing in this
expansion. Focusing on the rational terms, we adopt an
Ansatz of the form

Ag2at2s - .
22 2(21 + 1)P,(cos 7)/ dwe'™ ™, (a, b|r)
1=0 —o

(20)

for some yet to be determined functions ¥,,(a,b|r)
which we call regularization parameters. To determine
the regularization parameters we invert this relationship
using the completeness relations for the Legendre poly-
nomials and the Fourier modes. It turns out that these can
be obtained in closed form in terms of special functions.
Again the details of the derivation are given in
Refs. [21,22,37,38]. Similarly, we can take as an Ansatz
for the logarithmic terms

A,L.Zb S2a—2b IOg(Sz)

=) (21+1)P/(cosy) /oo dwe ™y, (a,blr), (21)
=0

1 —o0

where y,,(a, b|r) are the regularization parameters for the
logarithmic terms. As before, we can invert this relation-
ship using completeness relations and derive closed-form
representations for y,,(a,b|r). Explicit expressions for
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the regularization parameters are deferred to Appendix B.
The terms that are polynomial in the extended coordi-
nates are kept in closed form and do not require a mode-
sum representation; they cannot affect the high-/ or high-
 behavior of the renormalized mode sum.

Putting the details together, we obtain the following
mode-sum representation of the Hadamard parametrix (19)
expanded to order m = 1,

1 (6]
K(x.¥) = / dwe®>™ Y21+ 1)Py(cos )k (1)
7[

=0
i

og <%) - 2}/E> Tgl(;(r)} + O(é* loge).
(22)

where k( )

i (r) captures the large /, large @ behavior of the
modes g,,(r) = g, (r, r); the explicit form for kgl)(r) is
found in Appendix B. The parameter A appearing in the
expression above is an arbitrary inverse length scale
associated with an infrared cutoff in the frequency integrals.
The renormalized expectation values themselves are inde-
pendent of the particular choice [22]. For massive fields, it
is natural to take A = yu, the mass of the field.

The renormalized vacuum polarization is then computed
by subtracting mode-by-mode the Hadamard parametrix
from the Green’s function and then taking the coincidence
limit yielding

<B|$2|B>ren = l,lm (GB (x’ x/)

1 ©
= _2/ Z 21 +1 ga)l(r
=0

D D
10(r) L2 (r)

- K(x,x"))

1
~ 32 [D??(r) +

+ (log (%) - 27/E) :rggm} (23)

The modes kgull)(r) captures the leading and subleading
large [ and large @ behavior of the modes g, (r) = g,/(r, r)
so that the mode sum above converges, albeit slowly. We
can accelerate the convergence by taking higher-order
expansions in the parametrix. This has the overall effect
of introducing some additional analytical terms. The result
for general expansion order is

BB = s [ 1+ D) = K () do

=0 1=
\/7—1_ m—1 a " ((1 _ 1)!22afa—b
a2 2 Tl R
a=1 b=0 2
L [, Do), D)
___|pk 10 11
877:2 |: 11 (r) + f + f2

- (log (Z;EQ) - 27/15) T E)lo)(r)} ’ (24)

where kg’;) (r) now captures the large /, large @ behavior to
any desired order, so that any order of convergence in the
mode sums could be in principle achieved. In practice,
computing the regularization parameters for large m can be
computationally expensive and so there is a Goldilocks
zone which balances the rapidity of convergence and the
computational cost of the regularization parameters. The
explicit expression for ki)";) (r) is given in Appendix B.

This procedure is now straightforwardly extended to the
computation of the renormalized stress-energy tensor
(B|T%[B),en. If we start by defining

ren*

W(x,x') == Gg(x,x') — K(x,x), (25)

then the coincidence limit of W(x,x') is just the vacuum
polarization which we will now label as

w(r) = limW(x,x") =

X —x

(B|¢)’[B)yep- (26)

Let us further denote the coincidence limit of two covariant
derivatives of W(x,x') at the point x as

We(x) = Lim [W(x, x'). ). (27)

X' —=x

Then the components of the RSET can be written as [38]

A ., 1 "
<B|Taﬂ|B>ren = _Waﬂ - (5 - E) W5+ (é - Z) Lws p

1
+ERW — o5 015", (28)

where

720 720
1 1\2 1 1
=) RP+- 2 E—— |R+ -t 29
+8<f 6) + K (5 6) +gH (29)
is a local geometrical term necessary to include in the

expression (28) in order to ensure conservation of the
RSET [33,43].

1 1
01 = 535 RpysRP = - RyyRY — = (5 - —)
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It is clear from this expression that in order to compute
the components of the RSET, all that remains is to be able
to compute the components W,z. The time and angular
components W*, and w’, = w? » are most easily expressed
in terms of derivatives of w(r) and mixed derivatives of
W (x,x") using Synge’s rule [38]

_ %W;aﬂ(x) —im[W(x, ), (30)

Waﬂ ()C) )
X=X

where the mixed time and mixed angular derivatives are
obtained by appropriately differentiating the mode sum
expression (22) to obtain two additional mode sums:

1 < > (m)
[g W,ﬂ"] _%{/—m ;(2l+ l)a) (gml - kml )da)
a122afa -b
~VES ST )
Gz b=0
1 1
+oa |70+ D5 +;<TE‘? + DY)
oy oy o Ty
R S A
o, T
+ 1 Tho *7 (log(f/(£22%)) = 2ye +3)|.
(31)
[P W 4]
© O (m)
21 lll 1 —k dw
16ﬂ2r2{/m,§; DK G = ko)
m—1 a 2a fa—b—1
(a—2)122f
Vr ZT; )/12a ) }
a=2 b=0
(r) (r) (r)
L p® 70 Do ,Dor 3D
+@[ng +T10 _?_2?_ ?
T(r) T(l)

—7+7+ T (log(f/(£22%)) = 2y + 1)} . (32)

Finally, we need to be able to compute W”,. By using the
wave equation satisfied by W(x,x’) we can write W,
as [33]

3
Wrr = —WTT—WBQ—W¢¢+§RW+/,£2W—4—”2’01. (33)

Since we have mode-sum representations of all the terms on
the right-hand side, except for the »; term which is a trivial
geometrical expression, we have all the ingredients

required to efficiently and accurately compute the RSET
components.

III. THIN SHELLS IN EQUILIBRIUM

A. General formalism

The spacetime we will consider is that of a spherical and
static thin shell that connects a Minkowski interior with a
Schwarzschild exterior, though much of the essential
details can also be applied to nonvacuum interior space-
times such as stars. The Minkowski interior is of particular
interest as any curvature-dependent terms in the RVP and
RSET will vanish, isolating the purely nonlocal nature of
the contribution coming from the boundary conditions
defining the quantum state and contributions coming from
the matching across the shell.

To make this article as self-contained as possible, we
briefly review here the thin shell formalism presented in
[44,45]. We will specialize for the case under consideration
at the end of this section. We start by considering two
spherically symmetric spacetimes

ds? = —f_(r)dt2 +h_(r)dr* + r*dQ?,
ds: =—f,(r)d% + h (r)dr* 4+ r?dQ?,

r<ry,

r>ry  (34)

matched at the spherical timelike boundary » = r(. In order
for this layer to be a solution to the Einstein equations, it
must satisfy Israel-Darmois junction conditions [44,46].
We introduce the geometrical quantities that allow us to
characterize the junction conditions. We define coordinates
intrinsic to our hypersurface, {* = {7, 0, ¢} where 7 here is
a proper time coordinate (not to be confused with Euclidean
time 7). The basis vectors tangent to the hypersurface of the
boundary are thus

a(+) _ 0xY
ey = o

(35)

Explicitly, we have

ot 1 r
e = (Z£0.0) = (———.0.0). & =(0.0.0).
or fe(r)

) =(0,1,0), %) = (0,0, 1). (36)
The unit spacelike vectors normal to this surface are

n$t = (0, /h.(r).0,0). (37)

Now the first Israel-Darmois junction condition demands
continuity of the induced metric hi\jl_;) = gaﬂeii)aegi)ﬁ

across the boundary, i.e.,

lhasll = sy —h) =0 (38)
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were here and throughout we have adopted the notation
0] =0 -0, (39)

This condition translates into the following relation
between the interior and exterior time coordinates

dt_\? dt,\?
“r— — f + (r()) =+ , ( 40)
dr f-(ro) \ dz
making g,, continuous at r = ry, but not differentiable. The
line element on the hypersurface is then

ds? = hypdlAdlP = —di® + r2dQ2. (41)

Since the first junction condition is a constraint on the
induced metric, the function A(r) can still exhibit jumps.
Constraints on the jump in A(r) is specified by the second
junction condition. First we define the extrinsic curvature
of the hypersurface as

(H)a (+)p

k) = Ngpen g . K@ = kHpas (42)

Explicitly, we have

kP oL filn)
2 £ (ro)y/helro)
#___ T
% hi("O),

K(i) _ rosin29
" vV hi(VO),
ko 1 filn) L2
2 fi(ro)y/he(ro)  Tor/hy(ro)

The discontinuity of the extrinsic curvature across the
boundary is

(43)

R TN N R TRV x
I = IK%1 = - m - Wl—m (45)

11 Qwﬁ % ) ﬂ(rg_ (J(f)z)T)>
M Vo v o

The second Israel-Darmois junction condition identifies the
behavior in the extrinsic curvature across the boundary with
the stress-energy associated to the boundary itself. In
particular, discontinuity of the extrinsic curvature across

the boundary indicates a thin shell with intrinsic stress-
energy given by the Lanczos equation [47,48]

BrSup = _(HKAB]] - HK]] hAB)- (47)

To express the Ricci scalar in the four-dimensional space-
time in terms of the distributional stress-energy tensor on
the hypersurface, we work in coordinates where the
continuity of the metric is explicit across the shell
r = ry, i.e., as well as the new time coordinate 7 introduced
earlier, we would also introduce a proper radial coordinate z

by dz/dr = \/h(r) for r=ry, where the metric is
ds®> = —dt® + dz? + r*(z)dQ? (48)

where r here is given implicitly as a function of z. Then, it
is straightforwardly shown that

S(r— _
R = —8286(z — 20) = ~gas 2= r0) RS(r —ry),

h(ro)
(49)

where § = h*8S,5 and zy = z(ry), and we have introduced
the relation

) 8
R 0T (50)

vV hi—(rO).

On the other hand, if f(r) is C! and h(r) is C° at the
boundary, as occurs, for example, at the surfaces of many
fluid stars [28,49], the jump in extrinsic curvature vanishes
and hence there is no stress-energy associated with the
boundary itself. Nevertheless, such boundaries are sharp
enough as to cause a jump in Ricci scalar across the surface,
which leaves an imprint in the propagation of field modes.

It is interesting to express the stress-energy tensor S,z as
that of a perfect fluid,

Sap = pugug + P(hap + usup), (51)
where p and P represent the surface energy density and the

surface tangential pressure. Specifically, we have S*, = —p
and $% = §?, = P where

P <\/hi(ro) } \/hi(ro)>’ 52

. 1[ 1 ]
8xro [\/hy(ro) /h_(ro)
b filro) — — fL(ro)
+16”<f+(”0)\/h+(”0) f—(Vo)\/h—(ro))' )
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The complete stress-energy tensor of the surface layer is
then [44,45]

B. Matching Minkowski to Schwarzschild spacetimes

Now we specialize to the case where the interior
spacetime is Minkowski with line element

ds* = —dr* + dr* + r*dQ? (55)

and the exterior spacetime is Schwarzschild with line
element

2M 2MN\ !
dst = —<1 ——)dl‘%L + <1 ——> dr? + r*dQ>.
r r

(56)
Now the continuity condition (40) implies df> =
(1 =2M/ry)d%. so we express both metrics in terms of

the Schwarzschild time and drop the subscript + for
typographical convenience,

2M
ds? =— (1 —> df* +dr* +r*dQ?,
o

2M 2MN 1
dsi:—<1——>dt2+ (1——) dr* +r2dQ*.  (57)
r r

The Ricci scalar of the shell is given by Eq. (49), with

S:SABhAB: 1 [2—3M/r0

_M
1 "

- 2] . (58)

477:]"0

In terms of the surface energy density and tangential
pressure, we have

(59)

U, [, _2m Tl M
8xry 7o 8nrd 1 _2M
o

It is worth noting that the trace S has the following
asymptotic limits,

1
SN R r0—>2M
871',/2Mr0( —Zr—l(l)/[)
M
S~—m, rog — 00, (60)

i.e., it is positive (and divergent) in the black hole limit and
negative in the large-shell limit. Finally, we note that the
trace S can also be written as

S:(1—3 1—%)/) o

showing that it vanishes exactly at the Buchdahl compact-
ness limit 2M/rq = 8/9 [50], the maximum compactness
for constant-density stars in general relativity.

IV. NUMERICAL APPROACH

A. Euclidean modes

One of the advantages of the extended coordinate
prescription described in Sec. II is that it makes use of
Euclidean techniques which simplify the calculation of the
field’s radial modes. In particular, the radial modes on the
Lorentzian spacetime are generally oscillatory solutions
(except for possible bound state modes) whereas on the
Euclidean geometry, the radial modes are generally expo-
nentially growing or decaying functions of r. Computing
the Euclidean modes is computationally easier.

The coincidence limit of the one-dimensional radial
Green’s function appearing in the calculation of the vacuum
polarization and the RSET is

o pwl(r>qa)l<r)

gwl(r) - N ; (62)

where p,,(r) and ¢, (r) are linearly independent solu-
tions to the homogeneous second-order linear differential
equation

d (r*/fdX,, w’r?
E(ﬁ dr>‘m<7”<””

+ i+ 5R))le =0

(63)

and the normalization constant N, is given by Eq. (10).

The Boulware quantum state can be defined as a zero
temperature Euclidean state and can be specified by
imposing appropriate boundary conditions on these modes.
The modes p,,(r) are obtained by imposing boundary
conditions on the left boundary of the region of interest and
integrating outward in r while ¢,,(r) are obtained by
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imposing boundary conditions on the right boundary of the
region of interest and integrating inward in r.

In our thin shell model, spacetime is separated into two
different patches, hence the solutions to (63) will have to be
suitably connected through the shell. We denote by
{pM.gM} a basis of Minkowski modes, i.., linearly
independent solutions of (63) with A(r) =1 and f(r) =
(1 —2M/ry) aconstant. Similarly, we denote by {p3 . ¢>,}
a basis of Schwarzschild modes, i.e., linearly independent
solutions of Eq. (63) with f(r) = [h(r)]™' = (1 =2M/r).
Once these bases of modes are obtained independently in
each region, the Euclidean modes associated to the thin
shell spacetime correspond to

M
shett _ ) Pob r<To (64)
Powi = S S
amlpwl +ﬂwlqw17 r>rn
and
M M
w + 6(1) b r < T
ghell = {yslpwl 1901 0 (65)
o r>r

and equivalently for their radial derivatives. The coeffi-
cients {Qy;, Bots Ywi» O} are found numerically by match-
ing the Schwarzschild and Minkowski modes bases at
r = ry. Finally, the Wronskian constant can be related to
the respective one in these mode bases via

M
Nyt = {5“”1\]’“” re (66)
2 S
AN, T > 1.

The next two subsections contain details about how these
two mode bases are calculated including the boundary
conditions and the matching conditions. As we will see, the
matching results in discontinuous radial derivatives for the
modes at r = r.

B. Schwarzschild modes

Outside the shell, the spacetime is Schwarzschild and the
homogeneous radial equation is

d d w’r?
{E(rz — 2Mr)$ — 1+ 1) —u?r? —@}sz =0.

(67)

This equation has a regular singular point at »r = 2M and an
irregular singular point at r = co. We take p3 (r) to be the
modes regular at » = 2M. This solution can be expressed in
terms of the regular confluent Heun function as

s e—2Mw+Qr r 2Mw
Pwl(’”) —W<m—1> H(ai, ay, a3, a4, as; z),

(68)

where we have labeled

a; =I(1+1)=2M{w + Q- 2M[i* + 20(w — Q)]},
ay = 4M[M(w — Q) — @,

as = 1 + 4M(1),
ag = 1,
as = —4MQ,

Q= \/u* + 0?

;
—1—-— 69

z M (69)
In our notation, the confluent Heun function

H(a,, a», a3, a4, as; z) is the function which satisfies

2(z=1DH"(2) + (a3(z = 1) + ayz + z(z = 1)as)H'(z)
+ (a2 —a;)H(z) =0 (70)

and is normalized to unity at z = 0. The advantage of
expressing our solution in terms of confluent Heun func-
tions is that an efficient routine, HeunC, for computing this
function is built into the software package Mathematica.

We take as our ¢>,(r) modes the solutions to (67) that are
regular at r = oco. While these solutions can still be
expressed in terms of confluent Heun functions, they
correspond to Heun functions of the logarithmic kind
which are not yet implemented in Mathematica. We instead
proceed by obtaining the ¢5,(r) mode through direct
integration of Eq. (67). To obtain these modes, most of
the difficulty lies in reliably generating the boundary
conditions at r = co. Since this is an irregular singular
point, the solution for large r is an asymptotic series
solution and therefore nonconverging. So care is needed
in truncating this series to obtain a sufficiently accurate
starting value for the numerical integration. We obtain this
asymptotic series solution by first factoring out the leading-
order exponential behavior from the g3 (r) modes. We
write

oy (r) = € G (1), (71)

where §,, satisfies

dzéa)l
r(r—2M)>? 7
del
+ 2(1’ - 2M)[2S2Mr -M - (1 - Qr)r] p
r

+ 2uPMr? = I(1 + 1)(r — 2M)
—2Q(2M?* = 3Mr + 1*) — 4Q*M(r — M)r]g,,; = 0.
(72)
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Assuming the series expansion

= - 2: J
ol ™~ T v = F ’ (73)
we obtain
2 2
wM 2Mo
=1+— 74
) + 0 + o (74)

and the following three-term recurrence relation for the b;
coefficients

b, ={4M>(v+j—3)%b; 4
+2M[I(I+1) = (204+2j=5)(v+j—2-2QM)]b;_,
+(o=14+j=-2)v+1+j-1)
+4QPM?* —2QM (40 +4j—T)]b;_ }

x {22Q°M — 1i*M — Qv —2Q(j — 1)]} 7, (75)
assuming the initial conditions b_, = b_; = 0 and by = 1.

We found it necessary to adapt the radial position of the
outer boundary of our integration domain for each mode
according to the specific values of / and w to ensure that the
wave equation is satisfied to our desired tolerance.
Specifically, the radius at which the outer boundary
conditions are imposed must be increased with both @
and [. Once this outer boundary is selected, we integrate
Eq. (73) towards the horizon and obtain the ‘13;1 mode
from (71).

With this setup, we proceed with our mode calculation
ensuring that the Wronskian condition (10) is satisfied
everywhere up to 30 decimal places. Maintaining this
degree of precision makes it very inefficient to obtain
modes in the frequency range @ 2 20/M. In most cases, the
contribution of such high-w modes to the RSET is
negligible, with the exception of the near-shell region.
Near the surface of the shell, we can employ the WKB
approximation to capture the high frequency asymptotics,
as we will show later.

C. Minkowski modes

The mode equation in the shell interior becomes
d(,d ~
— (P =+ 1)+ Q%) X, =0, (76
{5 (75)-tu+n+@rfx, -0 o9

where Q% = 4?4+ ?/(1 —2M/ry). Note that the fre-
quency appearing here is different to that appearing in
the usual treatment of a quantum field in Minkowski
spacetime since our time coordinate on the Minkowski
interior is scaled so that the metric is continuous across the
shell. Apart from this trivial rescaling of the time coordinate
(and hence the frequency), the linearly independent

solutions are the usual modified spherical Bessel functions.
We take pM(r) to be the solution regular at the origin
r=0 and ¢M(r) to be the solution regular at infinity.
Hence we have

pin =va(3) r (1+3) I”jg) ,

M B 1 9 ! QKH%(Q’”)
doilr) = 2(1-24) (2> \/: ri+3)"°

where we have normalized the solutions so that N™ = 1.

(77)

D. Matching conditions at the surface

Let Xiell(r) represent either pSiell(r) or ¢siell(r). Now
we impose that our modes are continuous across the

boundary which means

Hxshell =0.

wl (78)
In terms of the Minkowski and Schwarzschild modes, this
implies

pM(ro) = ap®(ry) + B> (ro).

q°(ro) = ypM(ro) + 84" (ro), (79)
where we are suppressing the dependence of the mode
numbers @ ad [ for convenience.

Notice that condition (78) implies the shell is transparent
for the scalar field, i.e., that we do not force the field itself, its
radial derivative, or a combination both, to vanish at the
surface. Conducting shells can be modeled by imposing
Dirichlet, Neumann, or Robin boundary conditions to the
field, which affect the near-shell divergences of the RVP and
RSET [23]. We leave aside such situations here, focusing on
the purely gravitational effect of the shell on the modes.

Now the derivatives of the modes across the shell are
more complicated because of the Ricci scalar term appear-
ing in Eq. (63). Integrating this equation over the interval
(ro — €, 79+ €) and then taking the limit ¢ — 0 gives

1 dXshell r
H ax,rt(r) H = —8aESXIN(ry).  (80)

h(r) dr

So we see that the derivatives of the modes are not
continuous across the shell. In fact, even for the case of
minimal coupling £ =0, it is X, ,(r)//h(r) that is
continuous and not the derivative of the modes themselves.
In terms of the Schwarzschild and Minkowski modes, this
condition implies
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\/1“%2?(0P5%r0)4‘ﬂq5%r0»
1/1—2—Mq '(ro) — (yp™

M (1)) = —81£Sq°(ry),
(81)
where as before we are suppressing the dependence on the

mode numbers.
Now solving Egs. (79) and (81) gives

M
= - [P /F (95, 222~ 8respig
0] Ns wl dr wlTwl

'(ro) +6q

dg;
—rf|

< Sﬂgspwlpwl>

d
— erpM pwl:| ,
r=ry

Pt = |:

o dr

1 dq’
Yol = NM;[ 2V d“’l+87r€Sr2q3,“,q§,1
(0]

qu

2.S wl

— Gy ’
r=ry

dr
qa)
St = — [2\f o=+ BrESr iy,
wl
dp,
2‘121 d l:| (82)

The above coefficients were obtained numerically from
the Schwarzschild and Minkowski modes for a large range
of @ and [ values. For fixed [/ and large w, each of these
coefficients is an exponentially growing function of . This
of course presents a numerical issue especially when
computing ratios of these coefficients for large w. It is
possible to approximate these coefficients for large @ using
the WKB approximation for the Schwarzschild modes.
This way, we obtain analytical large-frequency approxi-
mations for these matching coefficients. We will make use
of the WKB approximation in the next section to estimate
the rate of divergence of the RVP and the RSET near the
surface of the shell.

E. Tests of convergences

We now have all the ingredients required to calculate the
renormalized vacuum polarization and the renormalized
stress-energy tensor of thin shell spacetimes. As we will see
in this subsection, only approximate numerical results can
be attained as r — ry due to a loss of convergence in the
integrals and mode sums appearing in the extended-

— pM(ro) = —8xESpM(ry).

coordinate prescription. In this section, we numerically
analyze the rate of convergence of the renormalized mode
sums inside and outside the thin shell and in the limit in
which the surface of the shell is approached.

The renormalized integrand g,; — kg;’)(r) can be
expressed in terms of the pure Minkowski and
Schwarzschild modes using expressions (65) and (64),
and the Wronskian relation (66). We find

MM 2
shell ,shell % (J;wl (I;V'I\I/I) , r<n
shell __ M _ wl ol V) ( 8 3)
Jol Nl Y pS s (g5
wl w9l ol ol r>r
Ny e NGO o

The first terms on the right-hand side of these expressions
are the Green’s functions in Minkowski and Schwarzschild
spacetime g and ¢>,, respectively, whose large-w and [

behavior is exactly cancelled by the regularization param-

eters k{(:']). The second terms, however, are a consequence of

the discontinuity in the derivative of the modes induced by
the shell. These boundary terms are exponentially con-
vergent in both @ and [ everywhere for r # r,. However, the
rate of convergence is not uniform in r, and indeed becomes
very slow as r — rg, so that an unreasonable amount of
modes could be required to compute the renormalized
quantities. Exactly at r = r(, these terms do not converge.
In the following, we show numerical evidence for this
statement.

In the extended coordinate prescription, the rate of
convergence of the mode sums is directly related to the
order m of the expansion of the Hadamard parametrix. In
general, the convergence of the mode sums can be
improved by subtracting higher-order terms of the
Hadamard parametrix. The behavior of the renormalized

integrand g,,,(r) — k((:;l) (r) at large w and large [ depends on
the order of the expansion m as follows:

” Na)—Zm—3 ,
gMﬂ—&Mm={

~l_2m_3 ,

large w, fixed !,
(84)
large /, fixed @.

Let us consider, at first, a radial point on the exterior region
and far enough from the shell. Figure 1 reports the large-

frequency behavior of g,,(r) — kiol)( ) for a fixed / mode,
while Fig. 2 presents its large-/ behavior at fixed . The
logarithmic scale in the figures is introduced for visuali-

zation purposes. Since the quantities log, |(wM)>"+3

M(ga)l -
the large frequency regime, it follows that M (g, — k<m)) ~

wl
(wM)~>m=3 at large frequency, where the M factors are
introduced to render all the quantities dimensionless. To
simplify the notation, we omit them in the remainder of the
discussion. Similarly, by inspecting the curves in Fig. 2,

one can verify that the behavior at large [ for fixed o is

k((l,";>)| in Fig. 1 asymptote to horizontal lines in
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. L . ! . . — wM
i 2 4 6 8 10 12 14
S
- %ﬁ - logy |(wM)' Mg.|

logyg |(WM)* M (gur — k)]
-15} =+ logyo | (M)’ M (gus = k)|
o logyo |(WM)M(gu — k2]

FIG. 1. Analysis of the convergence of g,,(r) — ki?;)(r) for a

massless scalar field on the exterior of the thin shell for r > r, at
different orders of expansion m for fixed / and large w. Results
obtained with the set of parameters: ry =2.001M, r =5M
and [ = 1.

l
10 20 30 40 50 60

-1 1 )
- logyo [I' Mg - logo [I°M (g — k5]

-2 1og1 [FM(gur = kS| - logyg |17 M (g1 — £2)|

-3t

-4

FIG. 2. Analysis of the convergence of g,,(r) — kg;’)(r) for a
massless scalar field on the exterior of the thin shell for r > r, at
different orders of expansion m for fixed @ and large /. Results
obtained with the set of parameters: ro = 2.001M, r = 5M,

and wM = 0.01.

M(g,, —kg;')) ~ [7?"=3_ These convergence rates are in
agreement with those expected from Eq. (84).

The interior of the shell (in case of a massless field)
represents an exception to the convergence pattern in
(84). In particular, the higher-order terms in the expan-
sion of the Hadamard parametrix, which involve deriv-
atives of the radial functions f(r) and h(r), vanish in
Minkowski spacetime for a massless field. Thus, in this
particular case, the Hadamard parametrix is fully encoded
in the expansion up to order m = 0. Therefore, the
Minkowski interior with a massless field provides a
useful scenario for studying the convergence as the
surface is approached, allowing us to isolate any loss
of convergence due to the boundary. To this end, Figs. 3
and 4 show that the behavior of the renormalized
integrand in the interior region for a massless scalar
field at large frequency and large / strongly depends on
the radial distance from the shell. As r — r,, the decay

logyg \(wﬂfdﬁ\i(w ~ KOy,

5 WM~ r =01

1 2 3 4

-5 . A

r=0.80
— r=1.20
- r = 1.60
—~ r =175
—~- r =190
— 1 =2.00

FIG. 3. Analysis of the convergence of g,,(r) — k((l?z)(”) for a
massless scalar field on the Minkowski interior of the thin shell at
different radial points for fixed / and large w. Results obtained
with the set of parameters: ry = 2.001M and / = 1. The figure
shows how the order of convergence decreases as r — r(. On the
(0)

ol (ro) scales as w2 at large o.

surface, the function g,,(ry) — k

logq [1* M (g — k)]

10 20 30 40 50 60 - -0

ol S r=0.80
=120

_4f =160
- r =175

=61 - =190
_8l — 1 =2.00

r=rg
_10 L

FIG. 4. Analysis of the convergence of g,,(r) — k((l?l)(r) for a
massless scalar field on the Minkowski interior of the thin shell at
different radial points for fixed @ and large /. Results obtained
with the set of parameters: ro = 2.001M and oM = 0.01. The
figure shows how the order of convergence decreases as r — r.
On the surface, the function g,,(ry) — kg)l)(ro) scales as [~! at
large /.

rate in @ and [/ of the renormalized integrand decreases
rapidly as the shell surface is approached. In Figs. 3 and
4, lines with a negative slope indicate a convergence rate
that is faster than =2 and [~!, respectively. Clearly, as

r — ry, the convergence rate decreases. On the surface,

Ju1(10) —k((,?l)(ro) scales as w2 for fixed [ at large w

(as shown in Fig. 3), but as /7! for fixed o at large [
(see Fig. 4). As a result, the w integral converges, but the
[ sum diverges on the shell surface, thus making the
mode sum divergent there. Furthermore, radial points
near the surface require truncating the @ integral and the
[ sum at increasingly large @ and [ values to obtain
accurate results, making the numerical method challeng-
ing to apply.

In Sec. V, to study more effectively the region near the
shell surface, we investigate the properties of the renor-
malized vacuum polarization and RSET using analytic
methods.
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V. ANALYTICAL APPROXIMATIONS

A. Vacuum polarization and renormalized stress-
energy tensor near the surface

In this section we will employ the WKB approximation
in order to calculate the leading-order divergence in the
RSET components as the surface is approached.

From inspection of g in Eq. (83) we see that the
presence of the shell is encoded in the terms

Yol (PN Bt (40(r))?
5ol NMT g, NS

wl

(85)

Therefore, these terms must be the source of the near shell
divergence that is evident in our numerical calculations. In
order to calculate these divergences we take the following
WKB approximation to the mode functions in the interior
and exterior:

r} (86)

70~ e | it

Ywl (paA;[l(r))z ~

ro(x + @*) = ro\/f (ro) (167ErySx + x + @?)

ol @

qu(r) “W [ \/—

45,(0) wﬁmp el o
pS,(r) ~ NPT { / e Sdr] (89)

where we have taken

W2,(r) = 22f(ry)/7* + @?, Wi(r) = 22f(r)/r* + &,
with A =1+ 1/2.

We will outline the calculation in the interior and simply
present the exterior results, as the method is very similar for
both. Inserting the WKB approximation and introducing a
new variable x = 22f(ry)/r3 + @, we obtain

- M(x +3w?)

0wt N

M - ro\/m(mﬂfron +x+ @) + M(x + 30?) — ro(x + @*) — 4r%x3/2

S ke { NGO (/ Walr)d

/ Wy(F)dr,_ )] (90)

The final term in the denominator will dominate for both large w and A (large x), so we ignore the other terms in the
denominator. We then expand the r-dependent terms in the near surface limit to obtain

Yo (PM(r rov/ f(ro) (162érgSx + x + @?) + M(x + 3w?) — ro(x + @?)
Sl Ngfl 4rgx?
e(x+ o?) 2¢/x X [w?
- 1 ——1)é&*), 91
: (w e )2 [ T O 1)e) o

where ¢ is the proper radial distance from the shell (rq — r in
interior). The leading-order terms in e are sufficient to
calculate the leading-order divergence in the RVP; however,
we require the higher-order terms to correctly capture the
divergence in the RSET. In order to calculate these diver-
gences we must evaluate the following double mode sums:

pwl( ))2 do

E (21 )
/ ! a)l NM
2 ywl (pwl( ))

a)l wl
/MZ(21+ 1)
0 =0

L+ 1) 701 (Pai(r)*
60)] NM

wl

o, (92)

|
which is achieved by employing our approximate expression
in Eq. (91). We will focus on the first mode sum; the
procedure for the others is very similar. To evaluate the sum
over [, we use the Watson Sommerfield formula to convert
the sum into two integrals, with the leading-order behavior
coming from

/ Z 20+ 1 sz(PaI,\zlgw)) do

a)l
NM @
(M Wl

Using the approximate expression in Eq. (91), this integral
can be computed in closed form in terms of the exponential

085016-14



VACUUM POLARIZATION AND RENORMALIZED ...

PHYS. REV. D 114, 085016 (2026)

integral function. Hence, we can write down the leading-
order divergence for the RVP in the interior:

@)= o),

2re

(94)

Similarly, we are able to calculate the leading-order behavior
to the other modes sums in Eq. (92), yielding the following
expressions for the leading-order divergence for the RSET
components in the interior:

. 3[KZ) —4xS  (E-1)2S

Tl - _ T 6 0 -2 ,

(Te) 144072 e TOE)

. 3[KY| —4xS  (E-1)%S

FON- 0 6 O(72),
< 9> 144072&3 + ned + (8 )

. 3[KY] —4zS  (£—3)2S

7 = o(e™), 95
{I7) 14407% ry€? rome’ +0() (95)

where [K7]] and [KY] are defined in Eq. (44). We note that
(f”‘ ,)~ is a conserved quantity, relative to the interior metric,
to leading order in &.

The analysis for the exterior proceeds in a similar manner
and yields the following expressions:

1
()" == —+o),
. 3K —4xS (£-1)%S _
T = diomes * g PO
. 3[KY| —4xS  (E—1)S _
<Tz>+ - 1449‘-071'26‘3 7[53 +O(€ 2)’

(Fry = (3rof'(ro) —4)(360(E—¢)* = 1)S
' 1440710/ f (ro)€>
(3rof'(ro) IKE + f(ro) [KG])

- +0(e™"),
192072 rg\/ f (ro)€? (™)

(96)

where ¢ is now the proper spatial distance outside the
surface defined as

e= [ 507 = )= ) + O((r = o)
7

Once more <T",,>+ is a conserved quantity to leading order
in &, relative to the exterior Schwarzschild metric.

Finally, comparing the expressions in (96) with
Egs. (95) and (94) we observe the following relationships
between the leading-order interior and exterior near shell
divergences,

A A A A

(@) = ()7

where, for example, ((252)?[ denotes the coefficient of ¢~! in

(¢*)*. We also note that the RSET has the correct trace in
both the interior and exterior; however, this is guaranteed
from the construction of the RSET in Eq. (28).

When expressed in terms of the extrinsic curvature of the
thin shell, as in Egs. (95) and (96), the divergence structure
of the RSET is found to be in agreement with the
divergence obtained for a spacetime with a boundary, as
studied by Deutsch and Candelas in Ref. [23], where they
derived the leading-order divergences of the components of
the RSET and their coefficients as the boundary is
approached using a Green’s function approach and con-
servation arguments. In principle, a stronger divergence
proportional to e~* could be present, as is found in [23].
Such a term appears if the shell enforces Dirichlet,
Neumann, or Robin boundary conditions to the field. In
our case, the shell is transparent, hence the singularities
appearing in the RSET are weaker and due to gravitational
effects only.

B. Vacuum polarization and renormalized
stress-energy tensor at the center

Here we present a calculation of the vacuum polarization
and the RSET components at » = 0. The starting point for
this calculation is to point-split the Euclidean Green’s
function in the radial direction only and place the inner-
most point at r = 0. The reason for this choice is apparent
from consideration of the Frobenius series for the pshel
mode about the regular singular point r = 0:

pell = aorl + O(r™ ), (99)
where ay is an arbitrary constant which we choose to set to
unity. Hence, placing the innermost radial point (the
argument of pel) at r =0, we observe that the only
contribution to the Green’s function comes from the / = 0
mode. Explicitly,

1 © e 1
{Wx,x)} = —/_ Clu?on(r)da)—m’

100
872 J_o (100)
where the notation {} denotes that the partial coincidence

limit 7 —» 7/,0 — @', ¢ — ¢’ has been taken and we have
defined

shell
_shell _ Yol
ol 7 pgshell *
N wl

Similarly, by taking the required derivatives of the point
separated Green’s function, letting 7 — 7,0 - ¢, ¢ — ¢’
and finally placing the innermost radial point at r = 0, we
obtain
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1 dqshell( ) 1
0 N —
VoV W X)) = /_ e
{(V.V'W(xx)} = —{VTVTW(LX’)}
1 1
:@ : 0) qg]e“( )da)—m, (101)

where we have used the connection coefficients I',, = 0
and I'y, = r. For the remaining derivatives taken at both
points, we require the / = 1 modes. To see this, we note that

W(xx)} = #%/_“’ i(zz LGS

(Y + O((7))
1
TGP

{Vov?

(102)

where we have used Eq. (99) and the bivector of parallel
transport

, 1
I o=—
rr

In limit ¥ — 0, we see that only the / = 1 contributes to the
sum over /, giving

, 3 1
VW) = [l do— g (103
Similarly, we obtain

, 3 dqshell( ) 3

V.V W, x)} =-— Yot \10) gon 2
v (e, x)} 872 /_oo dr @+ 272
(104)

To perform these integrals, we require expressions for the
gl and gt modes valid in the vicinity of r = 0. To
obtain these, we exploit the fact that, for r <r
pshell () = pM(r), given by Eq. (77). We may then
integrate the Wronksian condition to obtain an expression
for ! valid for r < ry:

wl

—shell qhell
9wl ( = Pul

</ \/prl
*fo r’zf(r’)(;i‘f“( >>2‘”'>'

We are able to perform the first integral exactly and noting
the second integral is a constant in r, we obtain the result:

(105)

g (r) = gy (r) + @upa(r) (106)

with

IH%(&)r) M

M
~ qm (VO)'
Il+%(w’”0) :

Go(1) = qoy(r) = (107)

Since ¢,,(ry) = 0 by definition, we must have that

5,(r0) shell ()

) = d) + (109
ol wl p]u\j[l(ro) wl
where we have made use of pSl(ry) = pM(r),

ot (r0) = @5y(ro)-

For [ = 0, we are able to perform the required integrals
over w of g, ,. For example, inserting Eq. (108) into
Eq. (100) yields

{W(x,x/)}:%_L_FL/Om

ZIS;O(’"O) d
8xrry 47212 47>

Plxo(ro)

(109)

Expanding about r = 0, we see that the divergent terms
cancel yielding the following result for the RVP at r = 0:

5 1 1 [g5(ro)
(D )een = — o —dw.  (110)
48”0 7 Jo PZIO(”O)

As g*"!'(ry) must be computed numerically, the second
integral in the above expression can only be calculated
numerically. Similarly, we obtain the results at r = O:

Wl — — 7’ + ! /w&)zqzo(”o)d
0 144078 " 1222 o M (ro)

/
— — 0
W= —W', = 3w,

(111)

where the square brackets indicate that the full coincidence
limit has been taken and we have made use of

1
r=0 B 3f(r0) ’

which follows from the r = 0 expansion of pM,. For the
integrals involving the / = 1 modes, we are unable to carry
out the required integrals over omega of ¢_,. However, we
note from Eq. (107) that the r — 0 divergence in ¢, comes
entirely from g™ . Hence we can extract the divergent parts
of the required integrals through the results:

dpi‘fo(ro)
dr

3 0 1

8721 . qwl( )da)iz 2,4° (112)
3 © dqy, (r) 3

@ do = — . 113

872r /_oo dr @ 272t (113)

Inserting these results into Eqgs. (103) and (104) and taking
the r = 0 limit, yields
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I3 [og5(r) J

9/ r/
wWy=w,=—+-—
4 2 M
ro  A4m* Jo pai(ro)

w, (114)

where .# is given by

e x3(x+1)

1 0
I =— dx ~ —0.03955.
1272 [) x cosh(x) — sinh(x) *

(115)

The final required derivative of the Green’s function is
obtained via the wave equation satisfied by W(x,x’) for a
massless field:

W, = —w?, — 2wl = w’,. (116)
Hence, we see that for massless fields, the RSET at r = 0
depends only on [V,V’Gg(x,x')] and [V,V?Gg(x,x')].
Drawing together our results above, we arrive at the

following expression for the RSET components at r = 0
for a massless field:

(17) = (1) = s (3-86) + 52386 )+ 1
[ g,

(1) = =5 (18 + 35 (4 )+ 1
[ s

The above expressions and the equivalent expression for
(%), in Eq. (110) are in excellent agreement with the
numerical » > 0 results.

In the black hole limit ry —» 2M, we observe that the
numerical integrals present in the r = 0 expressions for the
vacuum polarization and the RSET components tend to 0
for all parameter values considered. To examine this
further, we first note that the integrand at @ = 0 diverges
logarithmically as rq — 2M. Therefore, in order to mean-
ingfully consider the r, — 2M limit, we consider instead

© (g5,(r0)  Qulz—1) » © 03 —1) »
A (py,(ro) P (ro) )d T MG

(118)

Here we have made use of the fact that for @ = 0, the radial
equation in Schwarzschild reduces to the Legendre equa-
tion, here Q;(x) denotes the Legendre function of the
second kind that has been appropriately normalized to
ensure agreement with g3,(ro). pM(ry) is a strictly positive

and an increasing function of w, hence the first integral is
uniformly convergent in r, (at least in the neighborhood of
2M) and we may take the ry — 2M limit inside the integral.
For [ =0 and / =1 we are able to carry out the second
integral before taking the ry — 2M limit. In both cases this
second integral is O(v/ro — 2M log(ry —2M)) and hence
vanishes in the black hole limit.

Returning to the first integral, for fixed /, @ and as
ro — 2M:

2m)3/20
p%(ro) ~ N/ Fyg—2MeVroM

35,(ro) ~ (ro — 2M)=2M.

Hence, for fixed [, w, the integrand tends to 0 as r, — 2M.
For large w the integrand decays exponentially in @ for
ro > 2M. Therefore we arrive at the, somewhat surprising,
result that the vacuum polarization and the RSET at r = 0
all remain finite in the black hole limit and are given by the
expressions

o1
<¢ >ren 192M2°
A Y - 7T2 _ _
(T",) = (T%) = 16080M° (3-8&) + LIV (8&-1),
A 2 3.7
(Tz>——m(l—8§)+m(4§—l)- (119)

We will exploit these results in Sec. VIC to calculate
backreaction effects near » = 0 in the black hole limit.

C. Weak field approximation

In this section, under the assumption of small shell
compactness (M/ry < 1), we employ a weak-field
approximation to analyze the behavior of the renormalized
vacuum polarization and RSET in the near-shell limit.
Indeed, there exist closed-form analytical expressions for
renormalized expectation values on the weak-field approxi-
mated spacetime [51-53]. So, in what follows, we start
simply deriving the weak-field approximation before con-
sidering a quantum field on the spacetime.

In the weak-field approximation, one assumes that the
metric g,;, which in this context satisfies the Einstein
equations sourced by the stress-energy tensor of a static,
spherical thin shell,

1 shell
Raﬂ —EgaﬂR = 877,'T£:ﬂe >,

(120)
can be expressed as a linear perturbation around
Minkowski spacetime (see, for instance, [52]) gup~

1
N + €9
simply a bookkeeping parameter. This approximation is

, where 7, is the Minkowski metric and e is

valid under the assumption that |g((1},)| < 1, which holds for

085016-17



JULIO ARRECHEA et al.

PHYS. REV. D 114, 085016 (2026)

small values of shell compactness: M/ry < 1. We employ
similar expansions for

0 1
Raﬂ ~ Rilﬂ) + €R£¢ﬁ)’

R~ RO 4 ¢R(M),

Top~To) + €Ty

- (121)

where fo%) =0, RY =0, and Tg;j) = 0. We employ an
expansion in € to formally derive the zeroth- and linear-
order Einstein equations. In addition, whenever explicit

expressions for the quantities at first order in the €
expansion are required, namely g((l;) T((l;) R((l},) , and RU,
a further expansion in the compactness M/ ry is performed
for consistency. Hence, the first-order terms in the €
expansion are linear in M/r, [53]. For instance, Tfll,)

obtained as a linear-order expansion in M/r, of the
distributional stress-energy tensor of the shell in (54)

is

77 (1) — _£
! 4nr}

7,0 = 79,0 = 79,0 = 0.

5(r—ry),
(122)

At linear order in ¢ we obtain for the Einstein equations

1 n 1 1
Gy =Rl - EnaﬁR“) = 8T} (123)
where the Einstein tensor at linear order is
mw_li=m,. g9 70 _vv
Gy = 3 [—Dgaﬁ + 2Vyv(ag;) - Vavﬂg(l)
—1ap(V, Vg7 — OgM)], (124)

and g\V) = n“ﬁgsﬁ) is the trace of the linear-order metric.

Within this section, we adopt the notation [J and V to
highlight that the covariant derivatives are with respect to

the flat background spacetime. To compute the perturbation
(1)

to the metric at linear order g,

, W€ assume

gby = diag(A(r), B(r).,0,0), (125)
which is justified by staticity and spherical symmetry.
Introducing this Ansatz and the stress-energy tensor of the
shell at linear order [see Eq. (122)] into Eqgs. (123) and
(124) yields for the 7z and rr components of the Einstein
equations

0,(rB(r)) 2M

T:r—%é(r—ro), (126)
_ @ n A/r(r) ~0. (127)

Integrating the first equation gives

2M C
g = B(r) ==~ 8(r—ro) + =
r r
2M
=—0(r—ry), (128)
.

where we have set the integration constant C; = 0, so that
the interior spacetime remains Minkowski and the exterior
metric retrieves the expected Schwarzschild metric at linear
order. Similarly, integrating the second equation, we obtain

2M  2M
g = A(r) = (——I—)@(r— ro) +C,
r ro
2M  2M 2M
= (—— —)@(r—ro)——. (129)
r ro ro
We have set the integration constant C, = —=2M/r, to

reflect asymptotic flatness as » — oo. Note also that the 7z
component of the metric receives a shift of —2M/r,
[as expected from (57)] in the interior, ensuring that gg)
is continuous across the shell. Effectively, the perturbation
on the metric generates a spacetime that is Schwarzschild
(at linear order in M/r) for r> ry and that remains
Minkowksi in the interior r < ry. Note that integrating
the linearized Einstein equations yields a metric that indeed
satisfies the assumption ggﬂ) < 1 (if M/ry < 1), thereby
making the perturbation theory consistent despite the
presence of delta distributions in the shell’s stress-energy
tensor.

Introducing the metric components (128) and (129) into
the equation for the Ricci tensor at linear order

1 1 = (1 = = 1 — —
Ry = 3 -0gty +2V,Viugy " = VaVsg™].  (130)

we find

M
R = 22 6(r = ro) = BT, 05(r = ry).

>
o

M
R,V ==6(r—ry) =R, W5(r = ry),

o
RO = r—(2)5(r— ro) = R%M&(r = ro), (131)
and
2M _
R(l) = Raa(l) = r—(z)é(r— ro) = R<1)5(V - ro)
= —8zSWs(r — ry), (132)

where we have defined for later convenience
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R0 R0 = e =M
r T 2
o
_ M
R = 87801 = (133)
o

The linearized expressions for the Ricci scalar and tensor
satisfy the contracted Bianchi identities with respect to a
flat background.

The RVP and the RSET of a massless scalar field in the
Boulware state can be obtained from the one-loop effec-
tive action computed using covariant perturbation theory
[54-56]. In the weak-field regime and at linear order in

(1), these quantities can be expressed as [51-53]

R 1 1 -O0
D o=— (=2 ) log(— |RD 134
Fhen =gz (6= ) e (5 )R (39
and
T (5_1)2 a7 o
<T ﬁ)ren = - 16”62 (v v -0 ﬂD 10g
1 -O0
- | (2V*V, + 6*,00) 1 —
576072 {( p+3%0) °g<u ) V()

— 601log ( F) Re(0 (x)} , (135)

where the nonlocal operator log(—[J) acting on a time-
independent scalar function can be expressed as [53]

-0\ - 1 L o)
log( =5 o) = —— [ &% ,
‘E(u2)¢“) ) T E-T

with ¢ denoting either R()) or R”ﬂ(l) and assumed to vanish
at infinity. In this section, we consider massless scalar
fields, so p here is simply an arbitrary parameter. Note that
the local terms dependent on log(x?) have been dropped

(136)

since RV (x) =0 and R;(U(x) =0 at spacetime points
away from the shell.
What we need for deriving the RVP and the RSET is

to compute the terms of the form log(;—zﬁ)R“) and

log ()R,

to Appendlx C, and just present the results here.
Introducing the expression (C11) into (134) yields the
expression for the renormalized vacuum polarization

)(x). We leave the details of this computation

1 1 R(l)ro
N _W(é:_g) (ro—r)(r+ro)’ r<To,
U S (137)
0
T8 (5 - 6) r(r=ro)(r+ro) r>ry

Thus, taking the near-surface limit gives on the interior

o (E-DRY

<¢2>ren = —ﬁ%—@(l), (138)
and on the exterior

o (E-DRY

Fhin= -2 —+0(),  (139)

where we adopt a notation consistent with Sec. V.
Taking the relevant derivatives of the expressions for

log (;—?)R(U and log (;—ZE)R“/,(I)
substituting in (135) yields the components of the RSET. In
the near-surface limit, the weak-field approximation gives

the following predictions for the leading-order divergences.
On the interior,

derived in Appendix C and

. —6R*. (D 4 RM) 1\2 RW
<Ttl>r_en = - —zi_3 - 5 -7 23 (8_2)5
2880x°¢ 6) 8¢
.o —6R7,(1 +R< ) 1\2 RM ~
<T90>ren = 28807[ - (5 - 8) —87[283 + 0(8 2)7
. —6R", (D 4 R 1\2 RW
<Trr>r_en = v 2+ 5 =l e ) 0(8_1),
28807z~ rye 6) 8n-rye
(140)
and on the exterior
. —6R7. () + R 12 RM _
(Ten = —gg0e  ~ < _6> se T O
A _6RY(1) 4+ RO 12 RO
0 _ [ _
<T 9>1j;n - 288071'283 - < _6> 87 83 + O({;‘ 2)’
. 6R",() — R() N\2 RW
T" ) n = oo ~ O(e™),
< r>ren 288077:27'082 ( 6) 8ﬂ2r082+ (6 )
(141)

where the quantities R, R7.(V, R",(V and R%(") are
defined in (133). Both the interior and exterior components
satisfy, at leading order in &, the conservation equation with
respect to flat spacetime.

To compare these weak-field approximations to the
WKB approximations of the previous section, we must
expand the WKB expressions in (94)—(96) in the small
compactness parameter M /r,, assuming this to be small.
This ensures we are evaluating the WKB approximation
in the same domain of validity as the weak-field approxi-
mation. When we do this, we find agreement between
the two approximations for both the RVP and the RSET
components.
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VI. RESULTS

We have been able to calculate the exact values of (¢?),.,
and <T“ﬁ>ren at r = 0 and their leading-order divergences as
the surface of the shell is approached. In this section we
apply the extended-coordinate prescription to numerically
compute the RVP and the RSET in the bulk of the
spacetime. We will first validate numerically the near-shell
expansions obtained in Sec. V. After this, we will obtain,
for a minimally coupled field, the RVP and RSET gen-
erated by the thin shell as its surface approaches its own
Schwarzschild radius. Finally, we consider a shell very
close to the black hole limit and analyze how (¢?),., and
(T° ) ren COMpare to the values of the Boulware vacuum of a
Schwarzschild black hole for minimally and nonminimally
coupled fields as we move away from the shell.

In all the numerical results shown in what follows, we
have obtained the Euclidean modes guaranteeing a constant
Wronskian up to 25 decimal places. This accuracy is enough
to obtain reliable numerical results. We considered the wide
range of  values wM € [107'°,20] and summed up to [ =
30 unless specified otherwise. The accuracy of the obtained
RSETs was verified through conservation, which we checked
to be approximately 3—6 orders of magnitude smaller than the
individual RSET components up to close to the thin shell,
where our numerical results poorly estimate the divergence
—as expected—since it depends exclusively on the high-w
and high-/ behavior that is being truncated away.

A. Numerical verification of surface divergences

Figures 5 and 6 show the RVP and RSET of a massless
and minimally coupled scalar field on both sides of a
spherical thin shell of radius r, = 3M. We have rescaled
these quantities to subtract their respective divergent
behaviors, and compared them with the analytic coeffi-
cients (95) and (96) obtained in Sec. VA. As we incorpo-
rate more [ modes to our / sums, we observe that the
contribution from higher multipoles becomes increasingly
negligible far from the surface. This makes it difficult to
verify that numerical results reproduce the correct divergent
behavior, as this would require computing tremendous
amounts of modes. Nonetheless, we take the results in
Figs. 5 and 6 as strong numerical indications in favor of the
divergent behavior identified in Eqgs. (95) and (96). We
chose to show results for a shell of R = 3M because bigger
shells require less / modes to observe the surface diver-
gences approximated clearly. We have checked that more
compact shells show a similar agreement between numeri-
cal results and analytic expressions.

B. Varying the compactness

Figures 7 and 8 show the RVP and RSET of a massless
and minimally coupled scalar field as the shell is made
increasingly more compact. We have fixed M =1 and
considered shells of radii R = {2.30, 2.25,2.20,2.15, 2.10,
2.05,2.01,2.001,2.0001}. Our results are not to be trusted

. y
(ro—1){¢7) (ro—r)* (T%)
0.00020 - 086 088 090 092
-5x1078 ¢
0.00015}
-0.000010 -
0.00010
0.00005]- -0.000015r gl .
‘ ‘ ‘ ‘ ‘ o ~0.000020 F
086 088 090 092 094
. SN
(ro—r)*(T") (ro= 1) (T%)
L L L L L L L o r/r : ! !
086 085 000 092 004 096 oo Ao " 086 088 090
3
-5x10 -0.00002
-0.000010
-0.000015 F ~0.00004}
~0.000020 ~0.00006
~0.000025
-0.00008 -
—0.000030 =T T T T T T T e e e R T T T T et e e e e e -
-0.000035F ~0.00010F
FIG. 5. Renormalized vacuum polarization and renormalized stress-energy tensor of a massless, minimally coupled scalar field inside a

spherical thin shell of radius ry = 3M. The colored curves are purely numerical results obtained by summing up to increasing £ values and
integrating up to wM = 20. The black dashed lines correspond to the coefficient of the leading-order analytic divergence estimated through
the WKB approximation. A tendency to approximate these values is visible for the vacuum polarization and all RSET components.
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22
r=r A
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FIG. 6. Renormalized vacuum polarization and renormalized stress-energy tensor of a massless, minimally coupled scalar field outside
a spherical thin shell of radius r, = 3M. The colored curves are purely numerical results obtained by summing up to increasing / values
and integrating up to wM = 20. The black dashed lines correspond to the coefficient of the leading-order analytic divergence estimated
through the WKB approximation. A tendency to approximate these values is visible for the vacuum polarization and all RSET
components.
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FIG. 7. Renormalized vacuum polarization and renormalized stress-energy tensor of a massless, minimally coupled scalar field inside
spherical thin shells of different radius Ar = ry —2M. These are purely numerical results obtained by summing up to / = 30 and
integrating up to @M = 20. Results near the surface of the shell are missing divergent high-frequency contributions that would make
them agree with our analytic results.
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FIG. 8.

Renormalized vacuum polarization and renormalized stress-energy tensor of a massless, minimally coupled scalar field outside

spherical thin shells of different radius Ar = ry — 2M. These are purely numerical results obtained by summing up to / = 30 and
integrating up to wM = 20. Results near the surface of the shell are missing divergent high-frequency contributions that would make

them agree with our analytic results.

close to the surface (essentially, where the curves display
near-surface turning points), since the numerics are missing
relevant high-/ and high-@ contributions. On the other
hand, our results are completely reliable in the bulk region
of the spacetime.

From the interior (Fig. 7), we find that the central
magnitude of the RVP and RSET increases with the
compactness of the shell, reproducing exactly the r =0
values calculated from Eqgs. (110) and (117) in the black
hole limit. For a minimally coupled field, the RVP changes
sign from positive to negative as the shell is made more
compact. The opposite happens for the radial and angular
pressures. The interior energy density is negative always.
An observer sitting at the center of the shell will thus
perceive some stress-energy contributions coming exclu-
sively from quantum vacuum polarization effects. These are
exclusively nonlocal, and arise due to the fact that the
spacetime is not globally Minkowski. Any contribution that
depends on radial derivatives of the metric will vanish
inside the shell, but contributions to the RVP and RSET that
are generated due to the presence of an external
Schwarzschild region give a nonzero contribution that
cannot be renormalized away. Naturally, the presence of
these contributions will curve the (classically)
Minkowskian background and generate subsequent, cur-
vature-dependent vacuum polarization effects, although
these would contribute only as an O(#?) effect. We will
look more closely at this point in Sec. VIC.

In the exterior region, represented in Fig. 8, we observe
that the vacuum polarization and the energy density are
always negative, whereas the pressures have sign changes
depending on the compactness. Recall that, near the shell,
our numerical results are to be discarded in favor of the
analytic approximations. Together with the results for the
thin shell, we have plotted the resulting values for the RVP
and RSET of a Schwarzschild black hole in the Boulware
state (for £ = 0). We observe that these values are very
close to the vacuum polarization generated by a thin shell
with ry = 2.001M. Both curves are nearly undistinguish-
able for the range of the r coordinate plotted in Fig. 8. We
will extensively discuss this aspect in Sec. VID.

C. Backreaction effects inside the shell

In this subsection, we will compute the backreaction
effects produced by the RSET in the region interior to the
shell. The analysis can be extended to the exterior in a
straightforward way, but the simplicity of the interior
region already allows us to calculate the backreacted metric
analytically near the surface and at the center of the shell.
The backreacted metric is computed via the semiclassical
Einstein equations (1), which we recall here (in a slightly
modified notation) for convenience,

GGy + Ay + aHYY) + aHY) = 82(TS) + e(T,)),
(142)
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where ¢ on the right-hand side is to keep track of the
quantum corrections so O(e) ~ O(#). Different renormal-
izations of the quantum stress-energy tensor are degenerate
with different renormalizations of the constants a;, a,, A,

and G~! [57]. The terms HEIQ and H{(;; are the geometrical

tensors defined by

2 1 1
HY) = —200R,; + 3 VaVsR +39,0R - gga,,Fz2
4
+ g RR{I/) + (Rﬂ/) RA/))gaﬂ - 4Raﬂ/3p Rﬂ,ﬂ’

1
H) =2V, V,R - 2g,,0R + SR8y —2RRy.  (143)

It is clear that H((llﬁ) = Hfﬁ) =0 in Ricci-flat spacetimes
(R, = R=0). Hence, they do not contribute to the
equations at linear order in ¢ both inside and outside the
shell, notably simplifying the analysis.

We now expand the metric as g,5 = gop + €hgp. At first
order in €, we have

8Gop + 6G™' Gy + 6MGyp = 87 (T yp)rens  (144)

where we have written the renormalized constants in the
form A + eSA (with the background value A =0) and
G + €0G. There is an additional ambiguity in the form of a
renormalization length scale entering the RSET [7], but it
can also be checked to vanish in the case under consid-
eration. The perturbation of the Einstein tensor is given
explicitly by

_25Ga/5 = Dizaﬁ + .g(z/}v}L % il/l/) - 2vlv(aljl/)’)ﬂ

- g(lﬁRﬂ/)]jlip + Ril(z/} (145)
and where hu5 = hyy — 19,59 h,, is the trace-reversed
metric perturbation. The derivatives in (145) are with
respect to the background metric g,z. Inside the shell,
where the metric g,z is Minkowski, we have G,z =0,
hence the second term in (144) is absent. We further assume
SA = 0 for simplicity. The resulting O(¢) equations inside
the shell are
8G o5 = 87(T ) ren- (146)
Following [12,22], we write the full metric coefficients
as
9 = =¥V (1 =2m(r)/r), Gy =(1=2m(r)/r)7",
(147)

where m(r) denotes the Misner-Sharp mass, and then we
expand these metric functions as

w(r) = %log <1 —2”—1:1> (1 +€R(r)), m(r) = eM(r).

(148)

We obtain the following ¢ and rr components of the
linearized semiclassical Einstein equations

!
2R el +0(),
_ ’ / R
G(L;m = 8ne(T",) + O(€?). (149)

r

These can be combined to produce a differential equation
for R,

R $e((7,) — (1)) + O().

(150)

We are going to solve these equations in various limits: near
the surface of the shell » — r, for shells of any compact-
ness, and at the center of the shell » = 0 when its surface
approaches the black hole limit ry — 2M.

The tt component of the RSET obeys the near-shell
expansion

()= AT oG-, (151)
(ro—r)

where (77,)3 is the coefficient of the leading-order diver-

gence in (95). Recall the divergence in the (77,); compo-
nent is subleading. Replacing (151) in (149), we find

R(r) = = 2 (115 + Ol = 1)
(”o r)
M) = =220 (3105 4 O =) (152)

(ro—r)

When inserted in the Ricci scalar, these functions yield a
behavior R o (ry —r)™, indicating the presence of a
curvature singularity at r = r, generated by the back-
reaction of the RSET. Of course, since the RSET is infinite,
the validity of truncating the semiclassical equations to
linear order in 7 is put into question. Hence, the metric
functions (152) should be interpreted as the proof that static
thin shells break down the perturbative character of the
semiclassical expansion.

Next, we turn our attention to r = 0, where backreaction
effects are perturbative and under control. To obtain simple,
analytic results, and to maximize semiclassical effects, we
further assume the shell is approaching the black hole limit
ro — 2M so that we can neglect the mode integrals in the
r = 0 RSET expressions (117). Inserting these expressions
in (149), we find the following leading-order solutions near
r=20,
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ar? [n? + 28807 1
~ — 27?2+ 1 __
R(r) 2578 [ o (z* + 180.%) (é 6)}’
o [ —14409 1
~— 2 —-—
M(r) 907 [ 2 + (7% +7 0%)(5 6>}

(153)

where we have neglected higher-order terms in . The Ricci
scalar of this metric is

e  144n9 1 )
_re T (e o 154
60y 7l (5 6>€+O(r) - (154

which is finite at » = 0, and whose sign depends on the
field coupling £. Notice that the resulting metric has
0:/9,, # const. near r = 0, which means that the metric
cannot be described locally by a static slicing of de Sitter
or anti de Sitter spacetimes. These results indicate that
the vacuum polarization generated inside the shell
behaves like an anisotropic and inhomogeneous cloud
whose stress-energy contribution diverges as the surface
is approached.

log;o |A<¢32>‘

10810 | (6*)shell 1081 {6 sch|

=5

log; |<Trr>Shell| log; |<Trr>Schw| log; |A<Trr>‘

ok

8

r
logy, (70 — 1)

D. Exterior of the shell and universality
of the Boulware vacuum

At the classical level the exterior to any spherical mass is
described by the Schwarzschild metric [58]. This is no
longer true in semiclassical gravity where, even though the
exterior to a Schwarzschild black hole and a spherical thin
shell are identical at the classical level, the Boulware
vacuum gets polarized differently by both backgrounds.
This is a consequence of the nonlocal character of vacuum
polarization, which is sensitive to global aspects of the
solution such as the presence of a horizon or a thin shell.
The nonuniqueness of the exterior region has been denoted
as quantum hair [59,60]. Measuring how the vacuum
polarization exterior to a compact object deviates from
the one exterior to a black hole allows us to test directly
whether the exterior to spherical black hole mimickers has
universal characteristics in the semiclassical theory, or
depends on the characteristics of matter instead. With
the tools developed in this work, we can test this hypothesis
directly. A thorough exploration would extend beyond the
scope of this paper, thus we will present two example cases
for different field couplings and discuss their features.

Figure 9 compares the individual components (in log-
arithmic scale) of the RVP and RSET of a massless,

logy, ‘(Ttt>Shell‘ logy, ‘<Ttt>schw| logyo ‘A<Ttt>|

r
log,, (% — 1)

-3.0 -25"==20 -15 -10 -05

~>
>
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)|

s
log, (70 - 1)

,
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FIG.9. Renormalized vacuum polarization and renormalized stress-tensor of a massless, minimally coupled scalar field outside a shell
of ry =2.001M (in green) and outside the event horizon of the Schwarzschild black hole (in red). Their difference decays quickly
(notice the logarithmic scale of the horizontal axis) as one moves away from the shell, consistent with the far-field universality of the
Boulware vacuum for minimally coupled fields found in [61]. These results have been produced integrating up to @M = 20, summing
up to [ = 60, and subtracting third-order regularization parameters.
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minimally coupled field of a shell of radius ry = 2.001M
and those of a Schwarzschild black hole. We can clearly
observe that both quantities approach each other quickly as
one moves away from the surface of the shell. For the RVP,
both curves are visibly indistinguishable already at
log (r/rqg — 1) & —6, whereas for the RSET this happens
at around log (r/ry — 1) ~ —=3. The presence of the thin
shell with a Minkowski interior thus leaves a subtle trace on
the vacuum polarization at intermediate distances from the
shell when & = 0. As the shell is approached, however, its
characteristic divergence dominates the behavior of quan-
tum observables, which deviate from their values in
Schwarzschild. These results can be compared with the
case of a field with £ = 1/8, shown in Fig. 10. In that case,
the values of the RVP also coincide far from the shell, but
the individual components of the RSET decay differently,
showing a tendency for the shell RSET to decay slower
with r.

The far-field limit of the Boulware vacuum outside
spherical masses has been previously analyzed in
[52,61-63], indicating that quantum hair vanishes asymp-
totically for minimally coupled fields, but stays for non-
minimally coupled fields, something consistent with our
numerical results.

log;o |A<<ZA52>|

r
log, (% — 1)

10810 [(3*)shell 1081 [{6)sch|

=30.._-25 -20

logyo (17, )snen| logyo [(1",)schw] logy, ‘A<TTT>|
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-2+
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We have explored a moderate range of the space of
parameters of thin shell configurations. In the last section of
this paper, we suggest directions that might be worth
exploring in the future.

VII. DISCUSSION AND CONCLUSIONS

In this article, we presented a detailed analysis of the
features of the renormalized vacuum polarization and
renormalized stress-energy tensor for a quantum scalar
field in the Boulware vacuum, propagating in a spacetime
with a static, spherical thin shell matching a Minkowski
interior to a Schwarzschild exterior. We treated the
Boulware state as a zero temperature state, defined on
the Wick-rotated Riemannian manifold. Such treatment,
which we detailed at the beginning of this paper, is
convenient because the Euclidean Green’s function pos-
sesses a simpler singularity structure, being singular only in
the coincident limit, and thereby simplifying the develop-
ment of a renormalization procedure for computing the
RVP and the RSET. This prescription, which was gener-
alized to Boulware states in Ref. [22], enables us to express
the geometrical short-distance divergence encoded in the
Hadamard parametrix as a mode sum in the same form as

10810 (7", )shen| 10g1o [(T",)sehw| logyo |A(TY)]

r
I — =1
0810 (To )

-10t

logyg [A(
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>
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FIG. 10. Renormalized vacuum polarization and renormalized stress-tensor of a massless scalar field with £ = 1/8 outside a shell of
ro = 2.001M (in green) and outside the event horizon of the Schwarzschild black hole (in red). Contrary to the & = 0 case, the RSET
differences of nonminimally coupled fields do not decay rapidly, showing discrepancies comparable, in magnitude, to the RSET
components themselves at intermediate radii. The difference in the vacuum polarization is negligible instead. These results have been
produced integrating up to @M = 20, summing up to / = 60, and subtracting third-order regularization parameters.
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the Euclidean Green’s function, thus allowing a mode-by-
mode renormalization that can be efficiently implemented
in situations involving self-gravitating matter fluids.

Having outlined the renormalization approach, we then
presented Israel’s thin shell formalism and applied it to a
spherical thin shell joining Minkowski and Schwarzschild
spacetimes. Then, we showed how the Euclidean modes,
necessary for the computation of the Euclidean Green’s
function of the shell, are most efficiently obtained as a
linear combination of the Minkowski and Schwarzschild
modes, with the coefficients computed by matching con-
ditions at the shell. This formulation also explicitly isolates
the boundary terms, which encode the presence of the shell
and hence possible resulting divergences, in the Green’s
function. The methodology we have introduced in this
work can be generalized, in a straightforward way, to other
static material configurations with Schwarzschild exteriors.

To estimate how renormalized expectation values diverge
at the shell, we adopted a WKB approximation for the
Euclidean modes. We found the power and sign of these
divergences to be in agreement with flat spacetime calcu-
lations [23]. As an independent consistency check, we also
implemented a weak-field approximation [52] valid in the
regime of small shell compactness, M/ry < 1. The
obtained results were in agreement with the WKB ones
at leading order in M/ ry.

We also analyzed the RVP and RSET at the center of the
shell. Through a radial point-splitting of the Euclidean
Green’s function, we derived semianalytical expressions for
these quantities at » = 0, which only require the numerical
computation of the [ =0, 1 shell modes at the surface
piell(ry) and ¢*"''(ry). Moreover, these representations
become fully analytical in the black hole limit, and describe
bounded semiclassical effects.

Having determined the analytical properties of the
Boulware vacuum at the boundaries of the spacetime,
we then carried out an extensive numerical analysis,
evaluating the RVP and RSET throughout the spacetime
over a wide range of parameters. We first provided a
numerical verification of the divergent behavior obtained
with the analytic methods, evaluated the RVP and RSET for
thin shells of different compactness, and showed how the
RSET components decay differently at large distances
depending on the Ricci coupling of the field. We also
performed backreaction calculations near » = ry and r = 0
to estimate the quantum corrections to the background
metric.

The above analyses not only set the grounds for future
explorations of the properties of Boulware states, but also
hint at relevant properties of the quantum vacuum in
situations of extreme compactness.

Several clear and valuable extensions can be considered
at this point. In order to better disentangle the black
hole limit from the thin shell limit, it would be beneficial
to consider shells with finite thickness. Unfortunately,

deriving smooth thick shell models having the right
distributional stress-energy tensor in the thin shell limit
is a sophisticated problem, but some directions are being
explored by the authors at this moment. What could be
gained from such models is a clearer examination of the
universality of the Boulware state near the black hole limit.

Of course, given the generality of our treatment, a
straightforward extension would be to consider different
shell interiors and evaluate their respective black hole
limits. Spherical shells enclosing a static de Sitter
(gravastars [30]) or anti de Sitter (AdS-stars [64]) interior
have been proposed as black hole mimickers supported by
vacuum polarization effects. If the effective stress-energy
tensors of these models (or some modified version of them
that replaces the thin surface layer by a smooth region [65])
could be obtained, even if just qualitatively, from the
Boulware RSET of a scalar field, that alone would reinforce
such proposals.

The extension of this analysis to charged static shells
would enable one to analyze vacuum polarization effects in
situations near extremality. If the charge-to-mass ratio of
the shell is such that its surface can approach the
Schwarzschild radius of the extremal Reissner-Nordstrom
black hole, a presumably regular black hole limit could be
attained. The regularity of this limit stems from the
numerical evidence of the regularity of the Boulware state
in extremal Reissner-Nordstrom black holes [22,66].

The simplicity of the interior geometry of the shell
causes every curvature-dependent vacuum polarization
effect to vanish altogether. However, this situation is not
generic, which leads us to the last interesting scenario that
we would like to mention: compact stars in equilibrium. In
general relativity, compact stars composed of standard
matter satisfy upper compactness limits, all of them
bounded by the Buchdahl limit [50]. These limits are
reached when the pressures of the fluid diverge at their
center. We expect that as this limit is approached there will
be strong vacuum polarization effects that will react back
on the background [19,20,67], either taming this growth of
the pressure (relaxing the compactness bound), or stimu-
lating it (making the bound more stringent). This direction
is currently being explored by the authors and we expect to
report on it soon.

Recently, the case of a collapsing null shell has been
analysed in Ref. [68]. Interestingly, in contrast to the case
of a timelike shell analysed in our work, which exhibits
Casimir-type divergences in the VP and RSET, the VP and
the outgoing flux component of the RSET are found to be
finite on the null shell. We note, however, that other RSET
components could potentially exhibit singular behavior
at the null shell, notwithstanding the fact that timelike
and null shells are qualitatively different. Applying the
extended coordinate method in a dynamical context, such
as the collapsing null shell model, would require general-
izing the prescription to time-dependent spacetimes. This
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involves obtaining new mode-sum expressions for the
regularization counterterms by adopting a new set of
extended coordinates adapted to the symmetries of the
spacetime under consideration. Indeed, the prescription
described in Sec. Il relies on the assumption that the metric
is static and spherically symmetric. Both the WKB and
weak-field approximations employed in this work should
also be adapted to the dynamical scenario. In the weak-field
approximation, for instance, one should account for time-
dependent curvature terms.
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APPENDIX A: HADAMARD COEFFICIENTS

Below we list the coefficients Dgg, Di%), ’T(all),, TSZ, and

T 557) to second order. In the Supplemental Material [69], we
provide a Wolfram Mathematica notebook containing these
expressions.

D =2,
D) _ PR+ rf (rf W+ 2h(f' = rf")) + f2(=2rH + 4h* — 4h)
0 24r7 fh? ’
0 _ 7 —Arff —4f2(h - 1)
Dy = 2 ’
24rh
0 _ !
Dyy = (15307 27 [A7r4 2 f* — 81 fhf(h(14rf" +5f') = Trf')
—4rf3 (572 f'h"? — 6rh(9rf"h' + f'(4rh" = 131')) 4+ 2003 (rf” = 3f") + h*(f'(72 — 10rk') + 8r(3rf®) — 4f")))
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0 (PP Arff 47 (h = 1))
Dy = 1712 )
1152r%h
W = hf
,Dgl[;) = 2
12rfh
1
D(P) —
2L 288077 204

[5P2R2F53 + 2rfhf! (Trf'l + LLh(f = rf")) = 2f3(10R2H + 5Trh + 2h(TH' — 12rh"))

ST 4+ 2003 f = 4R2(Sf — 6r2FB)) = 2rh(2Trf" I — 4f' (5K — 3rk"))],

1
fD(P) —
2288004 20

(—9P2R2f2 + Arfh(=Trf'l — SKAf' + h(3rf" + 2f"))

+ 257212 + 4R (5rh' = 3) = 8rh(3rh” + ) + 12h%)],

o_ 1
TOO - 24F2f2h2

[(66 = 1)P2hf™ + (66 = 1)rf (rf' = 2h(rf" +2f"))

+4f2((6E — 1)rh' + h*(6& + 3ur? — 1) + (1 — 6&)h)],
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+ 413 (f1 (=152 0 4 60& — 4) + 9r((6 — 40&)f" + r(rf® + (7 —20&)f3)))))

+2£4(1267°h3 + 4R3 (15rk (6& + 121> — 1) + 4208 — 76) + r>hh' (199 — 13208 — 117rh")

+ 6rh?((4 — 60E) ' + 3r(rh® + (40& — 6)h")) + 81 (30& + 154 r% — 2) — 40h*(48& + 3u*r* — 8))],

[2(4(135r%u* + 6072 (98 — 1) + 54082 — 1208 + 2)h5 — 80(3r2(9& — 1)p? + 5482 — 21& + 2)i*

[10(33& = 16)r* 1> f* — 20 FR>f2(2(44 — T5E)rf ' + h(4(75& — 44)rf” + 21(30¢ = 7)f"))

T = Sisga (P + A0+ 4720 = D)((66= Drhf™ + (66 = Drf(rf'H = 2h(rf" +21")
+4f2((6E = 1)rh + h?(6& + 3ur? — 1) + (1 — 6&)h)),

iy = zggifzhg [(h = 1)((65 = 1)PPhf™ + (65 = )rf (rf' = 2h(rf" +2f"))

+4f2((66 — 1)rh' + h?(6& + 3u*r* — 1) + (1 = 6£)h))],

s 0+ 2= 1)((65 = 1) + (6= Vrf (o W = 2h(rf"+21')

+4f2((6E = 1)rh 4 R2(6E + 3p2r? — 1) + (1 — 6£)h))].

B
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APPENDIX B: REGULARIZATION PARAMETERS

In this appendix, we present the expressions for the regularization parameters ¥, (a, b|r) and y,,,(a, b|r) appearing in the
mode-sum Ansdtze for the direct and tail parts of the Hadamard parametrix, respectively, and obtained by inverting Egs. (20)
and (21). These regularization parameters are distributions and not ordinary integrable functions. Their explicit
representation factors into terms that involve delta distributions and terms that involve hypergeometric functions. In

particular, we obtain

@) (=DM 27P(a=p)la=p+b)! [ f\Popa
You(a.blr) =1,(a.blr) - farbET ) pl(a—p+z+1)!(a—p—1)z<ﬁ> 2 @), (B1)
Xo(@.blr) = T y(a,blr) + Va(2r’p?)*=" (a — b)12**(-1)’
“kl(a— k)16 (@) fw(a—b+ 1) —wla—b—k+1) +wla—k+ 1) +y(k—a+1)+2log(*)]
) ,; (a—k—b)!(za—2k)!r(k—a+l)(k+l+1)!(k—l)!(2 )k
a (Cl—k)'k' 12]7 2a+2k
TP kT k—at Dk 1+ DIk = kZ zp 2a—|—2k)} (B2)

p;éa k

where Z,(a, b|r) and J ,,(a, b|r) are given by

2/ a—1/22a—2\/2_” —1)atl 1 1\ . {a+l,a+b+l} ?r?
le(a b‘ ) ( a+27+1/2 ( ) F<a+—)r<a+b+—>2F3 23 21 1
7 T(b+1) 2 2 {a+i+3a-1+11}] f

)

lw|r {a+1l,a+b+1}
—D(a+ (@ +b+1)—=,F;

NG latl+2a-1+1}
a—b 2 2k—2a-1
—A*)(a - k)'k!|w|
,b — 222a—b y22a w
Toila. blr) = Va(2r?p*)*(a ~ { Zi(a—k—b)T(k—a+h)(k+ 1+ 1)l(k—1)1(2p%)F

{a+2,b+1}
3.a-1+2,a+1+3}

@
2p?
(=1)b 3 1 - {a+3b+3} | ?
+——  rla+2)0(b+=),F 53] ¢ B4
a2 art \ 4Ty 2)* P\ fLa—143,a+1+3} |20 Y

and ,F; is the regularized general hypergeometric function [70]. The functions Z,,(a,b|r) and 7, (a.b|r) can be
equivalently expressed in terms of the generalized incomplete gamma function I'(c, z,z;) = f;ol t°le7'dt as

() (1Y) e (1)

2(—k+j+1)! oxb=k

_1\b
—ﬁwwl) bm(

2[ -1 a+b 2 2\a—
7, (a.blr) = lim =)
x——1 Zb!fa-‘rb"ri

Mw
MN

>~

I\ (Yk+1-1 .
_bk!<k)<2( l )>(—1)‘2b+k‘f b 52\ 22kl 2o
< )<|| ) F<2a+2k—2j+1,0, > ,
; J

v

(BS)
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jwl(a’b‘r)

—b
Z z+2 ak(a_b)
iy 4 e k

0 2|m’|r)

|w’|—>\(u\

a2a -2k

a|w/|2a —2k

2k—j+n9(/12 _ 0)2

= ()C)0)

ZZ

nO]O

(B6)

5 (2_,,2>k T2(k—j+n+1),0, oL
f (%)%k—mm
7

In the Supplemental Material [69], we include a Wolfram
Mathematica notebook containing these expressions.
Using these expressions, a mode-sum representation of
the vacuum polarization is given by Eq. (24) with
m
=2

a=0 b=0
a—

a

D wlab‘)

,_.
._.

m—

+ TN (a+1.b|r)

i
S
Il
o

3

|
LI
2

T (N T ila, br).
0

+ (B7)

a=

o
S8
Il

APPENDIX C: WEAK-FIELD APPROXIMATION

In this appendix, following the procedure outlined in
Ref. [53], we derive the terms log(‘y—ZD)R“) and log (‘V—ZD)
R%;((x), necessary to compute the VP and RSET in the
context of the weak-field approximation. Hereafter, we drop
the (V) superscript for notational simplicity; all quantities are
understood to be linear in M/ ry.

The terms involving the Ricci tensor are most easily

obtained by considering the Cartesian components of R,
|

k—j+n+1

>>,

which are derived through the tensor transformation law,

ox' ox*
PRty 4 (C1)
ox" ox'P
where the Cartesian coordinates are x'* = {r,x,y,z}. We

then express the Cartesian components in terms of spherical
coordinates x* = {z,r,0, ¢},

R’} = sin?0cos’pR", + cos*Gcos’ R’y + sin*pR? 4,
R = sin20sinpR”, + cos?Osin? pR?y + cos?pR?,,
R’ = R’ + cos’0(R", — R%y),
R’} = sin’*@sin ¢ cos R’ + cos*dsin ¢ cos pR?
— singcos pR?,
R'Y = sin@cosOcos p(R", — R%),
R', = sin@cos@sinp(R", — RY,). (€2)

Introducing the Ricci scalar and tensor into Eq. (136) and
expressing the integrals in spherical coordinates yields
representations of the nonlocal operators for which the
integrations can be carried out straightforwardly,

O 1 R(¥.,0,¢")
1 R=—-—— dr'r? [ dé'sin@ d¢’ — , C3
og( 2 ) 27 / sin A ¢ (r? + 1> = 2rr cos 0')3/? (C3)
i 1 R’”}’(r’, 9/’ ¢/)
1 R/a - 7 /2 del 9// dd’ / . C4
0g< ) 2n / sin ¢ (r* + 1> = 2rr cos 9 )3/? (C4)
Computing the ¢’ integral yields for the Ricci scalar
1 2
—/ d¢'R(r'. 6. ¢') = 2R, (C5)
T.Jo
and for the diagonal components of the Ricci tensor
1 (2=
/ d¢'R'L(F,0',¢') = 2R",,
7 Jo
1 27 1 2n ,
—/ d¢'R(F,0,¢') = —/ d¢/R(r.60.¢') =R, + R?y + (R’ — R",)cos*@ ,
T Jo 7 Jo
1 2r
—/ d¢'R'3(r,0',¢') = 2R% — 2(R%) — R",)cos*0) . (C6)
7.Jo
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All the off-diagonal components of the Ricci tensor vanish
upon integration in ¢, because of spherical symmetry. To
compute the @’ integral we change the integration variable
to u = cos @ and obtain

1
g1(r) = / du(r? +r? = 2rr'u)=3?
1

2 ifr<r
r(r=r")(r+r") 1 )
B { 2 . (C7)
e >
1
92(r) = / W2du(r® 4+ 12 = 2rr'u) /2
-1
% if ' <r,
- 220477 e (C8)
P LT >
Putting together Egs. (C3)—(C8), we obtain
10g <—2> = _/00 dr/},JZRgl,
0
lOg (Z)R/; — _/°° dr/r/ZRr 1.
0
-0 | [
log (—2>R/§ — _EA dr' (R, + R%)g,
+ (Reg - Rrr)QZ],
= 'z 'W21R 0 .
logﬂ—zRZ:_O dr'r?[R%g, — (R% — R",) 3]
(c9)

Introducing Egs. (131) and (132) into the previous ex-
pressions, the radial integrals are easily computed using the
properties of the delta distribution. For instance, for the
Ricci scalar, using Eq. (C7), we can write

-0 _ [ 2 -

1 ——|R=-R drr*s(r = r))———— —R
o8 (7 Jr=R [ aratr =)

0 2

dr /25 ) _ .
X/ rre =) T TN )

(C10)

In the interior of the shell, where r < r, the first integral

vanishes. Conversely, in the exterior, where r > r(, the
second integral vanishes. Hence, we find

o 2Rry
—0 T TS0
log<ﬂ—2>R: ! R ! (C11)
T r=ro)(rtro) r>ry.

A similar approach can be used to perform the radial
integrals of the Ricci tensor components. The resulting
tensor is spherically symmetric and diagonal in Cartesian

coordinates, log( )R’g:diag(a,c,c,b). In spherical

coordinates, it simply transforms to log( )R“ =

diag(a, b, ¢, ¢). The components in spherical coordlnates
are then

— RT 2
-0 —roR s, r<To,
1og(—2)Rf,_{ 2_;(“ ) (C12)
,u —rOR Tm, r>r0,
- 4p0 1 _27% 22413
k%<_D>Rr__ —3Ron SR ey TS
2 r =9 12 = 2r +r?
4 po 2
g ~3R% 3= 3R Bny T > o
(C13)
_ 290 272412 _2pr 1
log( 2\ & R or e T3R5 T <o,
0g 2 o 2 50 r(z) 2+2r2 2 Hr r(z)
—5R% 30 ro)(r+r0)_§R ry3s =T
(C14)
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