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We introduce a density-level pivot construction for the Chevallier—Polarski-Linder parametrization by
defining the normalized dark energy density f, = f(a,) and the equation of state w, = w(a,) at an
optimized pivot scale factor a,. This reparametrization leaves the underlying cosmology unchanged and
allows the two models to be compared using parameters with a direct physical interpretation at the epoch
where the data are most sensitive. Accordingly, following the DESI DR2 results, we compare a newly
proposed f,f,CDM parametrization, based on a second-order Taylor expansion of the normalized dark
energy density, with the standard wqw,CDM model. In particular, we constrain the original and pivoted
parametrizations using the compressed cosmic microwave background, DESI DR2 baryon acoustic
oscillations, cosmic chronometers, and Pantheon + Type Ia supernovae data, with the SHOES prior
imposed on H(. We find that applying the same density-level pivot prescription to the wyw,CDM model
substantially reduces the correlation between its dark energy parameters and provides less correlated
constraints in the pivot variables. The statistical comparison shows that this model remains favored over the
Taylor expansion of the dark energy density, even when both models are analyzed in the optimized
parameter basis. Moreover, the pivoted Chevallier—Polarski—Linder parametrization accurately reproduces
the background evolution of quintessence models, providing a reliable phenomenological approximation to
the underlying dark energy dynamics, better than the f,f,CDM model. We conclude that changing the
parameter basis improves the performance of the wy@w,CDM model, which emerges as the most suitable
framework to describe the dark energy sector within the class of models considered here.

DOT: 10.1103/vrgg-2b2t

I. INTRODUCTION

The nature and fundamental properties of dark energy
have acquired renewed interest after the possible evidence
of its late time evolution [1-4]. The physical origin of the
cosmic speedup remains one of the open challenges of
modern cosmology, as it drives the Universe to accelerate
with a repulsive [5,6] negative pressure [7-9].
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Within the standard picture, the observed acceleration is
described by a cosmological constant, A, whose equation
of state is fixed to @ = —1 [10-15]. This minimal paradigm
has been considered for decades almost definitive since it
passed several cosmological tests [16-24], being successful
at the level of background expansion and large-scale
structure, providing the reference against any dark energy
sector, see, e.g., Refs. [25-35].

Conceptually, however, the physical origin of A remains
unclear, being jeopardized by fine-tuning and coincidence
issues [36—42], intimately related to the well-known cos-
mological constant problem [43—49] as well as recent
cosmological tensions [50-55].

The recent baryon acoustic oscillations (BAO) measure-
ments have provided unexpected evidence for evolving
dark energy, departing from the standard ACDM model
[56-60]. Even though Dark Energy Spectroscopic
Instrument (DESI) results establish a departure from the
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cosmological constant, the apparent preference for an evolv-
ing dark energy is not clearly robust under changes of
parameter basis, priors, and theoretical representation of
the same background dynamics, leaving open heated debates
about the best dark energy form and its physical interpre-
tation [61-68]. For example, criticisms have been raised
against the evidence of dark energy evolution [69-74] and
against the way the data have been analyzed [75-80].

To describe the effects of an evolving dark energy term, a
widely used phenomenological description has been used
under the form of the well-consolidated wyw,CDM model,
originally presented as the Chevallier—Polarski—Linder
(CPL) parametrization. There, dark energy’s equation of
state is written as a first order expansion in terms of the
scale factor around the present time.

The original CPL formulation showed an evident and
well-known correlation between the two parameters, @y
and w,, whose sum was supposed to be fixed to values
typically larger than —1. The strong correlation still persists
in the broader scenario offered by the wyw,CDM model,
where however the two parameters are free to vary, and
indeed, they have been bounded to behave phantom in
several redshift domains' [56-58,81-83].

In this respect, the use of pivot variables appears quite
interesting as a statistical landscape to reduce such a
correlation [84—89]. In the standard construction, one intro-
duces the value of the equation of state at a pivot scale factor,
w, = w(a,), where a, is chosen so that ,, is uncorrelated
with the time variation parameter. Accordingly, the pivot
parameter acquires a direct physical interpretation, i.e., the
equation of state evaluated at the epoch where the data are
most sensitive to dark energy dynamics. Thus, the pivot
method replaces a highly correlated coordinate system in
parameter space by a more suitable one, appearing as a sort of
“phase-space coordinate change.”

A direct application of the pivot method lies on using it
with different dark energy models, checking the statistical
most favored one. In this respect, a remarkable and recent
alternative to the wyw,CDM model has been proposed at
the level of the normalized dark energy density [88,90].
This consists of expanding the normalized dark energy
function, f(a), around the present epoch,” deriving a
faf»CDM model, in analogy to CPL [81,83].

Motivated by the above reasons and in view of alter-
native dark energy parametrizations, we here wonder
whether this apparent improvement, due to the pivot scale,

'Nevertheless, this correlation does not reflect a physical
degeneracy of the dark energy sector itself, implying that the
data constrain particular combinations of @, and @, more
accurately than the two original coefficients separately.

This form automatically satisfies the normalization condition
f(1) =1 and allows the background evolution to be described
directly in terms of the dark energy density. When combined with
a density-level pivot construction, it can lead to compact and
weakly correlated constraints in the parameter space.

appears as an intrinsic property of the density expansion or
whether it is mainly a coordinate effect. Rephrasing it
differently, if the CPL model is analyzed in the same
physical basis used for the density parametrization, does
the density expansion still retain a direct advantage, as
DESI claimed? Accordingly, posterior degeneracies, con-
tour shapes, and apparent parameter stability may depend
strongly on the chosen coordinates. Hence, a model may
look more constrained not because it is physically preferred
but because it has been represented in a parameter basis
more closely aligned with the directions actually measured
by the data. We therefore apply the pivot technique to check
whether the wyw,CDM parametrization appears favored or
not, compared to alternatives, by switching the coordinate
basis. To do so, we therefore apply a density-level pivot
construction directly to the CPL parametrization. We
define, for both CPL and f,f,CDM scenarios, the pivot
pair (w,.f,) = (w(a,), f(a,)), where a, is chosen by
minimizing the correlation between w(a,) and f(a,) over
the posterior distribution. For the wy@w,CDM model, the
normalized dark energy density is fixed by the conservation
equation once w and w, are speciﬁed.3 Consequently, we
raise at least two main consequences of our recipe: (1) the
first is to understand which kind of expansion is favored,
between expanding w(a) and f(a); (2) the second is the
choice of coordinates used to represent the same posterior
distribution. Indeed, by applying the same pivot logic to
both parametrizations, we show that a significant part of the
apparent advantage of the density-level expansion can be
traced to the parameter basis and, therefore, not to the
functional form itself. In particular, we find that once CPL
is expressed in the pivoted variables (w,,f,), its dark
energy parameters become substantially less correlated and
the corresponding constraints become more stable, being
favored with respect to the parametrization made on the
dark energy density. We then compare both parametriza-
tions with a combination of compressed cosmic microwave
background (CMB) information, DESI Data Release (DR2)
BAO measurements, cosmic chronometers (CC) data,
Pantheon + Type la supernovae, and the SHOES prior
on H,. We find that the (wy, ®,) parametrization remains
statistically competitive, being mildly preferred over the
density expansion in the dataset combination considered
here. For completeness, our findings represent an effective
phenomenological description of background expansion
and may open avenues toward alternatives to the standard
wow,CDM scenario that can, conversely, be represented
even in an alternative picture, namely, differently from the
(wg, w,) basis. In addition, we compare the two pivoted

The transformation from (wg,®,) to (w,,f,) is an exact
reparametrization of the same cosmological model. For the
density expansion, the same pivot variables can be constructed
from the set (f,, f;). This allows the two models to be compared
in a common physical coordinate system.
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parametrizations with a canonical quintessence model
driven by exponential and Ratra—Peebles inverse power-
law potentials. We find that both parametrizations repro-
duce the corresponding Hubble history with high accuracy
over the redshift range relevant for late time probes.
Nevertheless, for the cases considered here, the pivoted
CPL parametrization reaches a smaller maximum relative
deviation and recovers more closely the physical dark
energy quantities at the pivot epoch. This further supports
the conclusion that the standard CPL form remains a robust
and efficient approximation once the coordinate degen-
eracy of its original basis is removed and, at the same time,
as stated above, does not preclude the search for alternative
more suitable dark energy expansions.

The paper is structured as follows. In Sec. II, we review
the standard pivot construction for the CPL parametrization
and introduce the density-level pivot variables (@, f,). We
then derive the explicit transformations connecting these
variables to the original CPL parameters and to the
coefficients of the f,f,CDM density expansion. In
Sec. III, we describe the cosmological datasets and like-
lihoods used in the analysis, including compressed CMB
information, DESI DR2 BAO measurements, cosmic chro-
nometers, Pantheon + supernovae, and the SHOES prior.
We also present the Markov chain Monte Carlo (MCMC)
constraints in both the original and pivoted parameter
bases. In Sec. IV, we test the ability of the pivoted
parametrizations to reconstruct the background expansion
of exponential and Ratra—Peebles quintessence models and
quantify the maximum relative deviation in the Hubble rate.
Finally, in Sec. V, we summarize our results and discuss the
implications of the coordinate dependence of dark energy
constraints for future phenomenological analyses.

II. PIVOTING DARK ENERGY

The standard pivot procedure for the CPL parametrization,
w(a) = wy+ w,(1 —a), (1)

as discussed in Refs. [82,84,87], aims to remove the
correlation between the parameters w, and w,, by introducing
the pivot parameter,

w,=w(a,) =wy+w,(l-a,), (2)

where a,, denotes the pivot scale factor.
The latter is determined by requiring @,, to be uncorre-
lated with @,, namely,

(6w ,b0,) = 0, (3)

where the angular brackets denote statistical expectation
values over the parameter distribution and éw; = w; — (w;),
with i = p, a, so that (6w ,6w,) represents the covariance
between w, and w,.

Then, using the definition of w,, Eq. (3) yields
(6wod,) + (1 - a,)(5w2) = 0. 4)
from which the pivot scale factor follows as

- (6wybw,)

a, lowl) (5)

Although this standard pivot construction successfully
removes the correlation between the equation of state
parameters, it still relates a physically meaningful quantity,
namely, the equation of state evaluated at the pivot redshift,
w, to the purely geometrical parameter w,, which only
describes the variation of the equation of state around the
present epoch. Motivated by the search for a more
physically interpretable parameter basis, Ref. [88] intro-
duced an alternative pivot approach directly at the dark
energy density-level.

Instead of expanding the equation of state, the normal-
ized dark energy density is parametrized through a second
order Taylor expansion around the present epoch, named
faf,CDM, that is given by

f(a) E";‘jéj) 4 fl—a)+ fy(1—aR. (6)

where f, and f}, control the linear and quadratic terms of
the normalized dark energy density expansion around
a=1, with f, =—f'(1) and f, = f”(1)/2. This para-
metrization automatically satisfies the normalization con-
dition, i.e., f(1) = 1, and provides a direct description of
the background dynamics in terms of the energy density
itself.
Here, by applying the conservation equation,

dlnppg
dlna

3[1 + w(a)], (7)

we can reconstruct the corresponding equation of state as

alfa+2fp(1 - a)]
3f(a) '

In contrast to the previous pivot method, the density-
level expansion naturally leads to the definition of the pivot
pair (w,,f,), where f, = f(a,) and f(a) is defined in
Eq. (6). Both quantities have a direct physical interpreta-
tion, representing, respectively, the dark energy equation of
state and the normalized dark energy density evaluated at
the pivot epoch.

This construction substantially reduces parameter degen-
eracies while preserving a connection with the underlying
dark energy dynamics.

The method appears to favor the f,f,CDM over the
conventional wymw,CDM parametrization. This observation

w(a) =-1+

(8)

103515-3



CARLONI, LUONGO, and BIESIADA

PHYS. REV. D 114, 103515 (2026)

motivates a more detailed investigation of the origin of such
an improvement.

Indeed, the pivot procedure introduced in Ref. [88] was
specifically developed for the density-level expansion.
However, from a purely methodological perspective, there
is no fundamental reason preventing a similar construction
from being applied to the standard CPL parametrization.
Since the pivot technique is designed to provide a physi-
cally meaningful parameter basis with reduced correlations,
it is natural to explore whether an analogous density pivot
approach can be formulated directly within the wyw,CDM
framework.

For this reason, we generalize the density-level pivot
formalism to the CPL model and compare its performance
against the alternative f,f,CDM parametrization.

With this aim, we express both the models in terms of the
physically motivated pivot pair (w,,f,). For the CPL
parametrization, the normalized dark energy density is

f(a) _ a—3(l+w0+wa)€3w,,(a—l)’ (9)

then the original CPL parameters (wg, w,) can be recon-
structed from (w,,, f,) as

_Inf,+3(1+w,)na,

3[(a,—1)—a,na,] ’ (10)

a

and

wy=w,—(1-a,)o,. (11)

Instead, for the density-level parametrization given by
Eq. (6), the relation between (f,.f,) and (w,,f,) is
provided by

;2= 34wy (12)

l—ap a,
and

3 (Lt w,) =, ]

b (1 —ap)2

(13)

This allows us to disentangle the effect of the pivot
transformation itself from the specific choice of the dark
energy parametrization, providing a more direct assessment
of the origin of the observed reduction in parameter
degeneracies.

The pivot construction does not modify the underlying
cosmological model. Indeed, the expansion history, the
dark energy density evolution, the equation of state, and the
likelihood function remain unchanged. The procedure
introduces a new coordinate system in parameter space,
replacing the highly correlated expansion coefficients by
two quantities with a direct physical interpretation, i.e., the

dark energy density and equation of state evaluated at the
pivot epoch.

III. DATA ANALYSIS

We perform the MCMC analysis through MontePython” by
combining the following probes from early to late times.

A. Compressed CMB

We include CMB information through the compressed
likelihood adopted in Refs. [57,88], which contains the
geometrical early-Universe constraints relevant for the
present background-level analysis. Here, we consider
the parameter vector,

XcmB = (9*’(01770)1)0)’ (14)

where 6, denotes the angular size of the sound horizon at
photon decoupling, @, = Q,h* is the physical baryon
density, and

Wpe = (Qy + Qegm ) 1 (15)

is the total physical baryon plus cold-dark-matter density.
The physical matter densities primarily constrain the
prerecombination physics and calibrate the sound-horizon
scale, while @, also contains geometrical information
through the distance to last scattering.

The compressed CMB is then implemented through a
multivariate Gaussian prior with mean vector,

Xops = (0.0104110,0.02223,0.14208),  (16)

and covariance matrix,

0.006621 0.12444 —1.1929
C=10"| 0.12444 21344 —94.001 |. (17)
—1.1929 —94.001 1488.4

Finally, the compressed CMB log-likelihood, denoted as
QCMB, can be written as

1
IHEQCMB X —EAXTC_lAX, (18)

where AX = X — Xip-

In the present analysis, the CMB information is included
through the compressed likelihood defined above, which
retains the main geometrical constraints relevant for the
background evolution, namely, the physical matter den-
sities and the angular acoustic scale 6,.. This differs from a
full CMB likelihood, which uses the temperature and
polarization power spectra, together with CMB lensing,
and therefore contains additional information beyond the

4https ://github.com/brinckmann/montepython_public.
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TABLEI. The DESIDR2 BAO dataset adopted in this analysis.
The table reports the tracer sample, the corresponding effective
redshift z., and the measured BAO observables with their
associated lo errors. The tracers include the Bright Galaxy
Survey (BGS), luminous red galaxies (LRG), emission-line
galaxies (ELG), quasi-stellar objects (QSO), the Lyman-alpha
forest— quasar sample (Lyax QSO), and the combined LRG +
ELG sample.

Tracer Zeff Dy/ry Dy/ry Dy/rq
BGS 0.295 7.942 £+ 0.075
LRG1 0.510 13.588 +0.167 21.863 + 0.425
LRG2 0.706 17.351 & 0.177 19.455 4+ 0.330
LRG3+ 0.934 21.576 £0.152 17.641 £ 0.193

ELG1
ELG2 1.321 27.601 +0.318 14.176 + 0.221
QSO 1.484 30.512 +0.760 12.817 & 0.516

Lya QSO 2.330 38.988 £0.531 8.632 £0.101

purely geometrical constraints encoded in QCMB. The two
approaches are thus sensitive to partly different aspects of
the cosmological model, while the compressed likelihood is
particularly suited to the background-level comparison
performed here.

B. DESI DR2

The baryon acoustic oscillation measurements consid-
ered in this work are taken from the second DESI data
release [57]. This sample provides constraints on several
distance indicators, i.e., the transverse comoving distance,

Dy (z = d7
Du(z) < _ZI’ (19)
rq rao H(Z')
the line-of-sight distance,
D
ra  raH(z)
and the spherically averaged distance,
D D DZ 1/3
v(z) _ [Du(2)Dy(2)]"” 21)
rq Tq
These observations cover the redshift range

0.295 < 7 <£2.33, and we include the 13 correlated BAO
measurements summarized in Table .
At this point, the DESI log-likelihood can be written as

1
In ’CDESI X — E AYTC_IAY, (22)

where

AY - YObS - YT.h’ (23)

with Y, representing the DESI DR2 measurements, while
Y, contains the corresponding theoretical predictions,

Y€ {Dy(z)/r4: Dy(2)/ra, Dy(2)/ra}s (24)

evaluated at the effective redshifts of the survey. The
covariance matrix C associated with the DESI DR2
BAO data is publicly available through the MontePython
repository [91].

C. CC 2016

We consider the 32 CC 2016 measurements of the Hubble
parameter spanning the redshift range z€[0.07,1.965],
reported in Table II. Although these measurements are
affected by relatively large observational uncertainties, they
provide a direct and largely model-independent determina-
tion of the cosmic expansion rate [92].

TABLE II. Compilation of the CC data employed in this work,
including the redshift measurements, the corresponding Hubble
parameter determinations H(z) with uncertainties, and the
relevant bibliographic references.

z H(z) (kms™' Mpc!) References
0.07 69.0 £19.6 [93]
0.09 69.0 + 12.0 [92]
0.12 68.6 +26.2 [93]
0.17 83.0 £8.0 [94]
0.179 75.0 £4.0 [95]
0.199 75.0£5.0 [95]
0.20 72.9 £29.6 [93]
0.27 77.0£14.0 [94]
0.28 88.8 £36.6 [93]
0.352 83.0 £ 14.0 [96]
0.38 83.0 £ 13.5 [96]
0.4 95.0£17.0 [94]
0.4004 77.0£10.2 [96]
0.425 87.1+11.2 [96]
0.445 92.8 £12.9 [96]
0.47 89.0 £23.0 [97]
0.4783 80.9 £9.0 [96]
0.48 97.0 £ 62.0 [98]
0.593 104.0 £13.0 [95]
0.68 92.0£8.0 [95]
0.75 98.8 £33.6 [99]
0.781 105.0 £ 12.0 [95]
0.875 125.0 £ 17.0 [95]
0.88 90.0 £40.0 [98]
0.9 117.0 £23.0 [94]
1.037 154.0 £20.0 [95]
1.3 168.0 £ 17.0 [94]
1.363 160.0 +33.6 [100]
1.43 177.0 £ 18.0 [94]
1.53 140.0 £ 14.0 [94]
1.75 202.0 £40.0 [94]
1.965 186.5 +50.4 [100]
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The CC technique is based on passively evolving
galaxies, whose differential age evolution can be used to
estimate the Hubble parameter through

1 Az

Assuming independent Gaussian measurements, the
corresponding log-likelihood is given by

infoc -3 3 [PEHEE )

i OH;
where H; denotes the observed Hubble parameter at redshift
Z;, H(z;) is the theoretical prediction of the cosmological
model, and oy, represents the associated observational
uncertainty.

D. Pantheon+ and SHOES prior

We employ the Pantheon + compilation [31], consisting
of 1701 light curves from 1550 distinct Type Ia supernovae
spanning the redshift range 0.001 < z < 2.26. Following
the adopted Pantheon + likelihood implementation, only
supernovae with z > 0.01 are included in the likelihood.

The corresponding theoretical distance modulus is

h(2) = SIogm(’f\;Iﬂ?) 125, @7)
where
Dy(3) = (1 +2) 0% (28)

denotes the luminosity distance predicted by the cosmo-
logical model assuming a flat Universe.
The Pantheon+ log-likelihood then can be written as

1
In EPP X — E AﬂTC_l Aﬂ, (29)
where

Ap = Plobs = Han- (30)

Here, p.,s and pg, denote the observed and theoretical
distance moduli, respectively, while C is the full covariance
matrix supplied by the Pantheon + Collaboration.

We also consider the SHOES determination [101],

Hy = 73.04 4 1.04 kms~! Mpc~!, (31)
as an independent Gaussian prior.

Thus, combining the information provided by the
QCMB likelihood, DESI DR2 BAO measurements, CC

data, the Pantheon 4 sample, and the SHOES prior on the
Hubble constant, the total log-likelihood adopted in this
work is given by

In E =In ﬁQCMB + In EDESI + In ‘CCC —+ In ﬁpp -+ In ‘CSHOES'
(32)

Then, the resulting posterior distributions are explored
through a MCMC analysis, from which the cosmological
constraints and confidence intervals are derived.

E. Numerical results

We first perform separate MCMC analyses for the
@y@,CDM and f,f,CDM models in order to assess their
relative statistical performance. The resulting posterior
distributions are then used to determine the pivot scale
factor associated with each parametrization.

To construct a physically motivated pivot representation
of the dark energy density, we evaluate the quantities @,
and f, for each sample of the posterior distributions
obtained in the original parameter bases.

We define the pivot scale factor as the epoch at which @),
and f, are least correlated. Accordingly, a, is determined
by the condition

[corr[w(ay,). f(a,)]| = mincorrfw(a), f(a)]], (33)

where correlation is computed from the MCMC chains
using the corresponding statistical weights and is defined as

(o3f)
(6w)){(3/)?)

If the correlation crosses zero, this procedure yields an
exactly decorrelated parameter basis; otherwise, it identi-
fies the scale factor at which the residual correlation is
minimized.

The flat priors adopted for the CPL model are w, € 3, 1]
and w, € [-3, 1] while for the f, f,, CDM parametrization we
consider f, € [—1, 1] and f;, € [-1,2]. In the latter case, the
parameter space is restricted by requiring the positivity of the
normalized dark energy density, see Fig. 1, whereas no such
restriction is needed for the CPL parametrization.

The numerical results are summarized in Table III, while
the marginalized posterior distributions are shown in
Figs. 2 and 3.

In this analysis, even after including the SHOES prior on
H,, the Hubble tension persists, since the dark energy
parametrizations considered in this work do not provide a
viable late time solution to the tension [102-105].

To compare the statistical performance of the CPL and
faf,CDM parametrizations, we employ the Akaike Infor-
mation Criterion (AIC) and the Deviance Information
Criterion (DIC) [106—-110]. These criteria, accounting for

(34)

corr(w, f) =

103515-6
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=25

—303% . I . -1.0

Ja

FIG. 1. Positivity regions in the (f,, f,) parameter space for the
normalized dark energy density. The red region identifies
parameter combinations for which f(a) <0 for at least one
value of the scale factor a €0, 1], whereas the blue region
indicates where the f,f,CDM model satisfies f(a) > 0 over the
entire interval. The solid black curve marks the boundary
min, o, f(a) =0 separating the physical and nonphysical
regions.

both the quality of the fit and the complexity of the model,
are defined as

AIC = —21n L,y + 2k, (352)

DIC = —2In L, + 2pp, (35b)
where L. is the maximum likelihood, £ denotes the
number of free parameters, and

TABLE III. Mean values of the cosmological parameters with
their 1o (20) uncertainties for the wyw,CDM and f,f,CDM
parametrizations. For f, the constraint indicates the upper bound
at 95% confidence level, since the posterior extends to the lower
prior boundary. The minimum chi-square values are computed as
y2 =-2InL

min ‘max

Parameter wyw,CDM fafpCDM
Hollms Mp) egs I osol o
Q, 02995 Gommoi00058) 0296702600005
o ossepan

@, ~0.604%3170 450,

fa : 020175 5630021)
2 . <—-0.24
2 1464.98 1467.30

0.0r :

-0.5F :

Wa

-0.8 -1 0
Wo Wa

1.0

FIG. 2. Posterior for the ®wyw,CDM model obtained by
combining compressed CMB, DESI DR2, CC, and Pantheon +
data with the SHOES prior on H,.

P = (=2In L) 4 21n Lopa (36)

is the Bayesian complexity, namely, the effective number of
parameters constrained by the data. While the AIC penal-
izes a model according to its total number of free param-
eters, the DIC replaces this quantity with pp and therefore

0.0

-0.2
w2 —0.4

-0.6

-0.8

0.0 02 08 —04 0.0
fa fb

FIG. 3. Posterior for the f,f,CDM model obtained by com-

bining compressed CMB, DESI DR2, CC, and Pantheon + data
with the SHOES prior on H,.
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accounts for the extent to which the parameters are
effectively constrained by the posterior distribution.

Since the absolute values of these estimators do not carry
a direct statistical interpretation, model comparison is
performed through

AX; = X;,—X,y, Xe€{AIC,DIC}, (37

where X,; denotes the value obtained for the reference
model. In the following, we take the wyw,CDM model as
the reference, so that positive values of AX favor the
reference model and negative values favor the model under
consideration.

Using the above definitions, we can evaluate the
differences AAIC and ADIC with respect to the reference
scenario. These quantities provide a criterion to assess
whether the improvement in the fit justifies the introduction
of additional free parameters.

For positive values of AAIC or ADIC, the usual
qualitative interpretation is as follows:

0 < AAIC(ADIC) < 2 corresponds to weak evidence in
favor of the reference scenario, so that no firm
statistical preference can be assigned to either model;

2 < AAIC(ADIC) < 6 indicates moderate evidence
against the model under consideration;

AAIC(ADIC) > 6 provides strong evidence against the
model under consideration, suggesting that it is
disfavored with respect to the reference scenario.

Hence, for the wyw,CDM and f,f,CDM parametriza-
tions, we obtain respectively,

AIC = 1468.99,

DIC = 147499,  (38a)

AIC = 1471.30, DIC = 1477.74. (38b)
Taking CPL as the reference model, these values corre-

spond to

AAICfabeDM = 231, ADICfabeDM = 275, (39)

indicating a  modest CPL
parametrization.

Then, we use the MCMC chains obtained from these
analyses to determine the optimal pivot scale for both
models.

For the density-level pivot representation of the CPL
model, the condition corr(w,, f,) =0 admits two solu-
tions within the investigated range of scale factors. We
select the solution closest to the standard CPL pivot with
CMB, DESI and Pantheon Plus data reported in Ref. [87],

7, = 0.26, obtaining

preference for the

a,~076,  z,~03l, (40)

values apparently very close to the matter-dark energy
equivalence [111-113] and not far from the transition time
[114-117].

At this scale, the residual correlation is numerically
consistent with zero,

corr(w,, f,) =0, (41)

showing that the transformation provides an effectively
decorrelated parameter basis.

Applying the same minimization procedure to the
fafCDM parametrization, we find

a,=~0.71, 7, =042, (42)

with
corr(w,,, f,) ~0.13. (43)

In this case, the correlation does not cross zero over the
explored interval, and the deduced pivot therefore corre-
sponds to the global minimum of |corr(w,. f,)|. Although
an exactly decorrelated basis cannot be obtained, the pivot
transformation substantially reduces the degeneracy rela-
tive to the original (f,, f;,) basis, for which

corr(fy, fi) =~ —0.93. (44)

The absolute correlation is therefore reduced by approxi-
mately a factor of 7.3. The density-level pivot construction is
thus more effective for the CPL model, where an exactly
decorrelated basis can be identified, whereas in the
fof»CDM case a nonvanishing residual correlation remains.

After fixing the pivot scale factors from the weighted
chains in the original parameter bases, we perform new
MCMC analyses in which (@, f,) are sampled directly with
flat priors. These pivoted chains are therefore not obtained by
transforming or reweighting the original chains.

Here, the MCMC results are summarized in Table IV,
while the contour plots for both models obtained after the
application of the pivot method are presented in Fig. 4.

TABLE IV. Mean values of the cosmological parameters with
their 16 (20) uncertainties for the pivoted wyw,CDM and
SfafCDM parametrizations. The quantities w, and f, denote
the dark energy equation of state and normalized dark energy
density evaluated at the corresponding pivot scale, respectively.
The minimum chi-square values are the same as in Table IIL

Parameter wy0,CDM

TV +0.19(0.39)
Hy(kms™ Mpc™) 68.51_50(0.38)

o £0.0029(0.0057)
. 0.2995_, 0028(0.0057)

JafCDM

+0.19(0.38)
68'57—0419(0.38)

+0.0028(0.0054)
0.297 8_0,0026(0.0054)

40.012(0.024) 40.013(0.037)
@p L0314, (0.024) _1'064—0.022(0.032)
+0.018(0.038) +0.016(0.030)
I 1'033’—0.019(0.037) 1'008—0.015(0.03 1)
e 1464.98 1467.30
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B wow,CDM
f.f,CDM
1.08+
1.04+
W
1.00+
0.96 1
-1.10 -1.05 1.00 1.05
Wp fo

FIG. 4. Posteriors for the wyw,CDM and f,f,CDM models
after applying the pivot method. Contours are derived from the
combination of compressed CMB, DESI DR2, CC, and
Pantheon + data, together with the SHOES prior on H,.

IV. COMPARISON WITH QUINTESSENCE
AFTER PIVOTING

In this section, we perform a reconstruction test that is
conceptually distinct from the observational MCMC analy-
sis of Sec. IIl. We examine how accurately the two
parametrizations reproduce the background evolution of
canonical quintessence models, while keeping the obser-
vationally determined pivot epochs fixed.

We consider a minimally coupled scalar field ¢ evolving
in a spatially flat Friedmann-Lemaitre—Robertson—Walker
(FLRW) background, with energy density and pressure,

1.
Py =59+ V(@) (45)

1.
Py = Efﬁz - V(¢)- (46)
Its equation of state is therefore

¢*/2-V($)
Wy =5 ——— . (47)
$°/2+ V(9)
To test the two phenomenological parametrizations
against different scalar field evolutions, we consider two
well-known quintessence potentials,

Vesp(9p) = Voe'?/Mr, (48a)

Vo) = Vo (i)

48b
M, (48b)
where Mp = (82G)~'/? is the reduced Planck mass, and
V, fixes the overall energy scale of each potential.

For the exponential potential, we select initial conditions
corresponding to a thawing evolution [118,119]. At early
times, the large Hubble friction keeps the field nearly
frozen, so that its kinetic energy is negligible and wj ~ —1.
As the expansion rate decreases, the field begins to roll, and
its equation of state moves away from —1. With the sign
convention adopted in Eq. (48) and A > 0, the potential
increases with ¢, and the field rolls toward smaller values
of ¢p. The exponential form can also admit other dynamical
solutions for different slopes and initial conditions.
Therefore, the thawing behavior refers here to the particular
branch selected in our numerical implementation rather
than to the potential alone [120,121].

We study the exponential potential behavior over the set

2=1{03,05,07,09,1.1,1.3,1.4,15}.  (49)

The lower part of this interval probes slowly evolving
models close to the constant-potential limit 4 = 0, while
larger values correspond to a steeper potential and lead to
a more rapid evolution of the scalar field at late times.
For the scalar field dominated exponential attractor,
accelerated expansion requires A% <2 [120]. The upper
part of our grid covers this characteristic scale. Indeed,

A= 14 lies close to v/2, while 1 = 1.5 tests a slightly
steeper potential. This asymptotic condition does not
exclude transient acceleration in the thawing solutions
studied here, whose present evolution also depends on
the initial conditions.

As a representative exponential example, we choose
A =0.7. This value is sufficiently far from the constant-
potential limit to produce a visible but moderate thawing

evolution, while remaining well below 1 = \/5 It also
coincides with the benchmark used in Refs. [88,122],
allowing a direct comparison with previous quintessence
reconstructions.

Then, we consider the inverse power-law potential
introduced by Ratra and Peebles [123].

The form used in Eq. (48b) is equivalent to the conven-
tional expression

M4+n
VRP(¢) = 77 (50)
provided that
M4+n
VO — n e (51)
My,
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FIG. 5. Contours of the maximum relative Hubble rate error Ey, defined in Eq. (55), for the exponential quintessence potential

V(¢) = Vye’?/Mn with A = 0.7. The left panel shows the reconstruction obtained with the pivoted wyw,CDM parametrization, whereas
the right panel shows the corresponding result for f, f,CDM. The contours correspond to Ey; = 0.5%, 1%, 5%, and 10%, as indicated in
the legend. The black diamonds mark the continuously optimized minima Ey; ,;,, while the dashed gray lines indicate the exact values of
w,(a,) and f,(a,) obtained from the scalar field solution at the pivot epoch of each parametrization. The insets show an enlarged view
of the minimum error regions. In the f,f,CDM panel, the gray dot-dashed line marks the boundary of the globally physical domain

satisfying f(a) > 0 for every 0 <a < 1.

Thus, the two expressions differ only in the definition of
the normalization scale, and we use Eq. (48b) throughout
the analysis.

For n > 0, the Ratra—Peebles potential decreases and
becomes progressively flatter as ¢ increases. It admits
attractorlike tracker solutions whose late time evolution is
commonly associated with the freezing class of quintes-
sence [118,124]. Along this type of trajectory, the scalar
field evolves during the radiation- and matter-dominated
eras with reduced sensitivity to its initial conditions. When
the scalar field becomes dynamically significant, its equa-
tion of state evolves toward wy = —1.

For an inverse power-law potential, the tracker equation
of state during an epoch dominated by a background fluid
with equation of state wp is given by [38,123,124],

nwg — 2

n+2 (52)

WDy ir =

During matter domination, wg = 0, and this expression
reduces to

, (53)

a)(/).tr -

n—+2

showing that larger values of n correspond to a larger
departure from w, = —1 [124]. Here, we explore the set

n=1{03,05,07,09,1.1,13,15,1.7},  (54)

which spans shallow to moderately steep inverse power-law
potentials. The lower end remains close to the constant
potential limit n = 0, whereas the upper end probes more
pronounced tracker dynamics without extending to very
steep inverse power laws.

We display n = 0.9 since it lies near the center of the
sampled interval and close to the commonly studied case
n=1. It yields a clear yet moderate departure from
ACDM, making it a useful representative model for
comparing the two reconstruction schemes.

The scalar field backgrounds are computed using the
Cosmic Linear Anisotropy Solving System (CLASS)
Boltzmann code.’

The representative cases 4 = 0.7 and n = 0.9 are shown
in Figs. 5 and 6, while the dependence of the minimum
reconstruction error on the full set of potential parameters is
presented in Fig. 7.

3 https://github.com/lesgourg/class_public.
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FIG. 6. Same as Fig. 5, but for the Ratra—Peebles inverse power-law potential V(¢) = V(¢p/Mp)™ with n = 0.9. The left panel
shows the pivoted wy@w,CDM reconstruction and the right panel the f,f,CDM reconstruction. The black diamonds identify the
continuously optimized minima of £, while the dashed gray lines indicate the exact scalar field quantities w,(a,) and f;(a,) at the
corresponding pivot epochs. The gray dot-dashed line in the f,f;,CDM panel delimits the globally physical region satisfying f(a) > 0

forevery 0 <a < 1.

For each scalar field background, whose Hubble rate
is denoted by H(z), we compare its expansion history
with those reconstructed using the pivoted wyw,CDM
and f,f,CDM parametrizations. The contours shown in
Figs. 5 and 6 describe the accuracy of the reconstructed
expansion history and do not correspond to MCMC
confidence regions. The MCMC analysis enters only
through the determination of the corresponding pivot
scale factors a,, as described in Sec. IIL

The reconstruction accuracy for each pair (w,,. f,) is
quantified through the maximum relative deviation,

B He(z) — Hy(2)
EH(a),,,fp) = max —H¢(Z)

z€(0.4]

, (55)

where Hy(z) denotes the Hubble rate predicted by the
parametrization under consideration. Here, the quantity
Ey(w,. f,) is evaluated across the (@, f,,) plane, and the
contours in Figs. 5 and 6 correspond to the fixed values
Ey = 0.5%, 1%, 5%, and 10%. The black diamonds mark
the parameter values for which the reconstruction error
reaches its minimum.

The upper limit z = 4 approximately covers the redshift
interval over which current BAO and supernovae observa-
tions constrain the late time expansion history.

The pivot epochs are not chosen arbitrarily. For each
parametrization, they are inferred from the corresponding

weighted MCMC posterior, as discussed in Sec. III. Both
parametrizations are then expressed in terms of the physical
quantities (w,.f,) evaluated at their respective pivot
epochs.

For the exponential model with 4 = (.7, the continu-
ously optimized minimum errors are

Ep2e ™M~ 13 %1074, (56a)
EJ/rPM 1.8 % 1074, (56b)

These values correspond to maximum relative differences
in the Hubble rate of approximately 0.013% and 0.018%,
respectively. Both parametrizations reproduce the scalar
field background well below the 0.1% level, although the
pivoted wyw,CDM reconstruction reaches the smaller
minimum for this benchmark.

The contour areas provide information complementary
to the absolute minimum. We compare them within the
common domain,

-3<w,<1, 10°<f,<2, (57)
using the coordinate measure dw,df ,. For f,f,CDM, the
area is restricted to the globally physical region satisfying
f(a) >0 for every 0 <a < 1.
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FIG. 7. Continuously optimized minimum Hubble rate reconstruction error for the exponential and Ratra—Peebles quintessence
families. The left panel shows Ey i, as a function of the exponential slope 4, while the right panel shows the corresponding result as a
function of the inverse power-law exponent n. The vertical axis shows Ey i, in percent. Both panels use the same logarithmic scale. For
fof»CDM, the optimization is restricted to the globally physical domain satisfying f(a) > 0 for every 0 <a < 1. The pivoted
wow,CDM reconstruction reaches the lower minimum for almost all the backgrounds considered. The only exception is the exponential
potential with 4 = 0.3, for which the difference between the two minimum errors is numerically small.

For the exponential benchmark, the ratios between the
faf,CDM and pivoted CPL areas are

A
Tlalb ~ (2.04,2.02,1.43,1.08),
CPL

(58)

for the 0.5%, 1%, 5%, and 10% thresholds, respectively.
Thus, in the adopted pivot coordinates and prior domain,
the pivoted CPL reconstruction selects a more localized
region of parameter space.

We next consider the Ratra—Peebles potential with
n = 0.9, displayed in Fig. 6. In this case, the minimum
errors are

The contour area comparison should be interpreted
within the specific coordinates and prior domain adopted
here. In particular, an area measured using dw,df, is not
invariant under a nonlinear redefinition of the parameters.
The ratios in Egs. (58) and (60) should therefore not be
regarded as absolute parameter volume measures. They
quantify the relative extension of the accuracy regions only
after both models have been placed in the same pivot
coordinates.

This comparison differs from the usual one between the
original (wy,w,) CPL basis and a pivoted density-level
parametrization [88]. The elongated structures commonly
associated with CPL are strongly influenced by the
correlation between w, and ®,. Expressing CPL instead

E‘;’]U;‘;'i‘fDM ~ 1.6 x 1074, (59a)  through (®,, f,,) substantially reduces this degeneracy and
produces compact accuracy contours. Consequently, the
E{;QSDM ~35x 1074 (59b)  compactness found for a density-level parametrization

The corresponding maximum deviations are approximately
0.016% and 0.035%. Both reconstructions again remain
below the 0.1% level, but the minimum obtained with
pivoted CPL is smaller by a factor of approximately 2.22.

For this inverse power-law benchmark, the correspond-
ing contour area ratios are

Afafb

~(2.13,2.07,1.50, 1.12),
ACPL

(60)
again for the 0.5%, 1%, 5%, and 10% thresholds. The

pivoted CPL contours are therefore more compact for this
representative Ratra—Peebles model as well.

cannot be interpreted independently of the parameter basis
used in the comparison.

The dashed lines in Figs. 5 and 6 mark the exact values
of wy(a,) and fy(a,) obtained from the numerical scalar
field solution. Their intersection provides a direct reference
for comparing the effective parameters that minimize Ey
with the physical dark energy properties at the correspond-
ing pivot epoch. This is a separate requirement from
minimizing the discrepancy in H(z); i.e., because the
Hubble rate depends on the expansion history, the param-
eters yielding the smallest £y need not coincide exactly
with the instantaneous scalar field quantities at a,,.

The complete set of continuously optimized minimum
errors is summarized in Fig. 7.
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The pivoted wyw,CDM model gives the smaller Ej i,
among all the scalar field backgrounds, with the only
exception of 1 = 0.3 in the exponential potential, for which

Ep2e ™M~ 2.6 %1073, (61a)
EpliPM ~ 2.5 % 1075, (61b)

The absolute difference between the two minima is only
approximately 1.0 x 107 in E,.

Therefore, this isolated case does not indicate a sub-
stantial difference in reconstruction accuracy.

Nevertheless, all the reconstructed backgrounds remain
accurate over 0 < z < 4.

The relative advantage of pivoted CPL is most evident
for intermediate and larger values of the exponential slope,
while for the inverse power-law family the difference
gradually decreases again toward the largest sampled
values of n.

Overall, the two parametrizations both provide accurate
effective descriptions of the scalar field expansion histories.
Within the adopted error measure, prior domain, and pivot
coordinates, the pivoted @wyw,CDM parametrization
reaches the smaller optimized error in nearly all the cases
and also produces more compact fixed accuracy regions for
the two displayed benchmarks. These results show that the
performance of a dark energy parametrization depends not
only on whether it is constructed from w(a) or from the
density evolution but also on the variables used to express it
and on the underlying scalar field dynamics.

V. FINAL OUTLOOKS AND PERSPECTIVES

In this work, we investigated the role of parameter
coordinates in describing dark energy evolution.
Motivated by the recent DESI results and by the renewed
interest in possible departures from the cosmological
constant, we compared the standard wow,CDM model
with a generic f,f,CDM parametrization, where normal-
ized dark energy density is described through a second
order Taylor expansion around the present epoch.

This scenario emulates the wyw,CDM model changing
the expansion directly on dark energy density, with the
purpose of understanding whether this choice may turn into
an advantage in the dark energy reconstruction. We thus
checked if choosing a different Taylor expansion arose
from the parameter basis used to represent the same
background information.

To do so, we first reviewed the standard pivot con-
struction for the wy@w,CDM model and then extended the
pivot technique to a density-level pair, defined by the
equation of state and the normalized dark energy density
evaluated at an optimized pivot epoch. For CPL, the
transformation represented an alternative setup of the
well-known expansion that did not alter the expansion

history, the likelihood, or the physical content of the
cosmology. In particular, the same pivot variables were
then reconstructed for the f,f;,CDM model, allowing the
two parametrizations to be compared in a common physical
coordinate system.

This procedure allowed us to separate two mixed effects
in optimizing dark energy reconstructions. Precisely, the
first lies on the actual choice of the model, namely, whether
one expands the equation of state or the dark energy
density, whereas the second is the choice of coordinates
used to display and constrain the posterior. We showed that
the parametrization may appear more stable or less degen-
erate simply because it is written in a better basis, namely,
when the choice of Taylor expansion matches the directions
selected by the data, minimizing the correlation between
parameters.

We constrained both models using a combination of
CMB compressed data, DEST DR2 BAO measurements,
cosmic chronometer data, Pantheon + Type la supernovae,
and the SHOES prior on H,. In the original parameter bases,
the CPL model gave a slightly lower minimum chi-square
than the f,f,CDM model for the dataset combination
adopted in this work. The inferred values of H, and Q,
were very close in the two parametrizations, showing that
the main differences appeared in the dark energy sector
rather than in the standard background parameters.

The pivot analysis then showed that the density-level
pivot construction worked particularly well for CPL. In the
CPL case, the optimized pivot epoch led to an effectively
decorrelated pair of physical dark energy variables.
Conversely, in the f,f,CDM case the same procedure
reduced the original strong degeneracy between the density
expansion coefficients, without removing the residual
correlation completely. The original f, and f;, parameters
were highly anticorrelated, while the pivoted variables
displayed a much milder correlation. Nevertheless, the
decorrelation was more complete in the pivoted CPL basis.

The pivoted constraints also showed that both para-
metrizations selected a mildly phantom value of the dark
energy equation of state at the pivot epoch, while the
normalized dark energy density remained close to unity.
This indicated that the deviation from the cosmological
constant appeared mainly through the local slope of the
reconstructed dark energy evolution. Accordingly, the CPL
result tends to be closer to the ACDM model, reopening the
debate toward the validity of DESI results. Nevertheless,
the density expansion showed a somewhat stronger phan-
tom tendency in the pivoted variables.

We further tested the two pivoted parametrizations
against canonical quintessence models described by an
exponential potential and by a Ratra—Peebles inverse
power-law potential. This comparison was introduced as
an independent validation of the ability of the two phe-
nomenological forms to reproduce a smooth scalar field
background that was not generated by either ansatz.
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The scalar field evolution was computed numerically with
CLASS, and the reconstructed Hubble histories were
compared over the redshift range relevant for late time
probes.

Both parametrizations reproduced the quintessence
background with high accuracy. However, for the bench-
mark model considered here, the pivoted CPL parametri-
zation reached the smallest maximum relative deviation in
the Hubble rate. It also selected a more compact region of
the physical parameter plane for fixed reconstruction
accuracy and recovered more closely the exact scalar field
values of the equation of state and normalized density at the
corresponding pivot epoch. The f,f,CDM model showed
minimum error regions that appear broader and more
displaced from the exact quintessence values.

Hence, we conclude that a significant part of the
improvement associated with the f,f,CDM basis was
traced to the use of a more favorable coordinate system.
Once the same density-level pivot logic was applied to the
wow,CDM model, the physical pivot variables became
effectively uncorrelated, while the reconstructed scalar
field backgrounds were reproduced more accurately in
nearly all the cases considered than with the density Taylor
expansion.

Consequently, the strength of departures from the stan-
dard cosmological model depends on the coordinates
used to describe the posterior. For this reason, claims of
dynamical dark energy should be tested also against
physically motivated reparametrizations of the same model.

As future works, several extensions of the analysis
appear natural. The comparison with scalar field dynamics
should be repeated for a wider set of quintessence poten-
tials, including additional thawing and freezing models,

other tracker solutions, and dark energy histories with
sharper transitions. The stability of the pivot epoch should
also be tested under different dataset combinations, espe-
cially by comparing analyses with and without the SHOES
prior and by replacing compressed CMB information with
full temperature, polarization, and lensing likelihoods. A
consistent treatment of dark energy perturbations will also
be included in this extension. Finally, the role of priors
under nonlinear changes of variables should be studied
more systematically, since the likelihood remains
unchanged under reparametrization whereas the posterior
may depend on the chosen prior measure.
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