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Nonlinear trident using WKB and worldline instantons
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We consider nonlinear trident, e~ — e~ e~ e, in various electric background fields. This process has so
far been studied for plane-wave backgrounds, using Volkov solutions. Here we first use WKB for trident in
time-dependent electric fields, and then for fields which vary slowly in space. Then we show how to use
worldline instantons for more general fields which depend on both time and space. For time-dependent
fields the WKB approach is at least as simple to use as the worldline approach, but already the relatively
modest step of including a slow spatial dependence makes the worldline approach much more efficient.
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I. INTRODUCTION

There continues to be growing progress in strong-field-
quantum electrodynamics (QED) processes, especially
those occurring when electrons or photons collide with
high-intensity laser fields [1-3]. One process is the non-
linear trident process, e~ — e"e”et. Many particles can
be produced by a single electron, because factors of
a = 1/137, which would otherwise suppress higher-order
processes, are compensated for by large factors due to the
high intensity or extended pulse length of the background
field. To theoretically model such higher-order processes,
one needs to employ various approximations. One approxi-
mation, in particular, is to treat higher-order processes as
incoherent products of first-order processes. One reason
that we are interested in studying trident is that it is the first
nontrivial step in the production of more particles while still
being sufficiently “simple” so that one can calculate and
check the corrections to the incoherent-product approxi-
mation. The calculations of these corrections are actually
quite nontrivial. In fact, while the simplest part of the
correction (the direct part) was calculated already in the
1970s by [4,5], it was not until [6,7] that the rest of
the correction (the exchange part) was calculated. It turned
out that this previously omitted exchange term is in fact on
the same order of magnitude as the simpler direct term.
Here we should mention that there have also been fully
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numerical computations of the trident spectrum which did
not worry about separating the probability into an incoher-
ent product and corrections to it. A not complete list of
papers studying trident is [4—18].

All these previous studies of trident have in common
that they considered the background field to be a plane
wave, i.e., with a gauge field given by' A, (kx), where
k, = @(1,0,0,1) is the wave vector and kA = 0. There are
good reasons for this. One is the fact that an electron
with sufficiently high energy tends to see a quite general
background as if it were a plane wave. However, if the
electron’s momentum is (approximately) parallel to an
electric field, then the electron will not see that field as
a plane wave. And if the field is sufficiently strong to
significantly bend the electron trajectory, then one can also
expect differences from the plane-wave approximation.
Then there are of course cases where the electron energy
is not high.

There is thus motivation for trying to go beyond plane
waves. However, doing so is challenging. For plane waves
the solution to the Dirac equation is the Volkov solution,
which is particularly simple. There are a couple of 1D fields
for which one can solve the Dirac equation exactly, e.g.,
a Sauter pulse, A;(7) = (E/w) tanh(wt), but the solutions
for those fields are already much more complicated than
the Volkov solutions for plane waves. One can therefore
not expect to be able to find exact solutions for realistic
multidimensional fields, let alone use them to calculate the
probability exactly.

In this paper we will use weak-field approximations
to calculate the trident probability for nonplane-wave

'We absorb the charge into the definition of the background
field, eF* — F", and set ¢ = h = m = 1, where m is the
electron mass.
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backgrounds. We will start with a WKB treatment of trident
in purely time-dependent electric fields, E(r) = A(z). One
might argue about whether this can be seen as going
“beyond” plane waves. We are not saying that fields of the
form E(t) actually give a more accurate model of realistic
laser fields. For one thing, E(¢) does not solve Maxwell’s
equation, while plane waves do. However, from an ana-
Iytical point of view, there is a sense in which considering
E(¢) is going beyond plane waves. The fact that the two
field invariants, E> — B? and E - B, are both zero for plane
waves means that the probabilities have less structure.
For E(r), on the other hand, one of the field invariants is
nonzero, so even before doing any calculations, one can
expect the result to have more structure. In fact, results for a
general plane wave can be obtained from the results for
E(t) by taking the limit where the transverse momentum of
the electron is very high. In other words, the plane-wave
results are contained in the results for E(¢), so in this sense
we are going beyond plane waves when studying E(f).
Considering E(t) therefore allows us to get a sense of what is
neglected when approximating the background as a plane
wave, and when it is not possible to do so. We show, in
particular, that if we instead take the limit where the
momentum of the electron is large but parallel to the electric
field, then one does not recover the plane-wave result.
Then we show how to use worldline instantons to study
trident in general space-time dependent fields. Both the
WKB and the instanton approach calculate the same
leading order in a weak-field approximation. In the
WKB approach one first has to solve the Dirac equation,
i.e., one has to find an approximation of a field, w(x*),
which in general depends nontrivially on ¢, x, y, and z in
addition to the field and momentum parameters, and then
one has to plug that solution into the Feynman rules and
perform the integrals (which one can do with the saddle-
point approximation). Note that w(x*) contains more
information than what is actually needed for any particular
process. In contrast, in the instanton approach one goes
directly for the amplitude of the particular process one
considers, i.e., without first calculating some intermediate
result. Moreover, the instantons are 1D trajectories which
permit a more intuitive understanding of these processes.
With this in mind, it is perhaps not so surprising that we
can calculate things with the instanton approach which,
although in principle possible, would be difficult to do with
a WKB approach. We will show how to apply the instanton
approach for fields which depend on both time and space
separately (i.e., not just on, e.g., t — z as in the plane-wave
case). This can be seen as going beyond plane waves both
in the analytical sense described above as well as in a more
direct sense of more accurately modeling realistic lasers.
Of course, both the WKB and the instanton approaches
are dealing with the leading-order in a weak-field approxi-
mation, while for plane waves it is possible to calculate the
probability exactly. In the plane-wave case the relevant

expansion parameter is the quantum nonlinearity parameter

x =+\/—(F*p,)?. However, as demonstrated in [16],
the saddle-point approximation does in fact offer a good

qualitative estimate even when y ~ 0.5 is not very small.

Our main motivation and goals can be summarized as:

(i) We want to understand how and under what con-
ditions probabilities of higher-order processes
[O(a?) in the case of trident] can be approximated
by incoherent products of O(a) processes. This
problem is by now well-studied for the case of
plane waves. However, while plane waves are well
motivated, they are also special, e.g., because the
field invariants vanish. So even by considering a
relatively simple class of fields such as E(z) one can
get insights or ideas for how this factorization
generalizes beyond plane waves.

(i1)) We want to develop methods to be able to calculate
the probability of trident and similar processes for
fields which depend on more than one space-time
coordinate. Our open-worldline approach seems
promising for that.

II. TRIDENT IN E(¢) USING WKB

We first consider time-dependent fields of the form
Az(—1) = —As5(1), A3(t) = f(wt)/y, where f is a dimen-
sionless function and y = w/E is the Keldysh parameter. In
the high-energy limit we will often express things in terms
of ay = 1/y (the classical nonlinearity parameter) instead
of y, because a is more common when dealing with plane-
wave backgrounds. We use the following notation for
the momentum, 7, = ¢, = {q;. ¢}, 73(1) = g3 — A3(1),
my = \/m% + #3(t), where m, =+/1+¢5. A typical
example is a Sauter pulse,

f(v) = tanh(v). (1)
The electron and positron wave functions are given by

U,(t.q) = (°no + v'm; + 1)G* (1, q)R,
V. (t.-q) = (=/°m +7'm; + )G (t,q)R,, (2

where the spinors are chosen as y%7°R, = R, for r = 1, 2,
and

GH(1,q) = [2mo(mo % m3)]exp {q: 7 ’dr'm)(z/)} ()

1,

where ¢, €R is arbitrary, but, since we are interested in
fields which are symmetric around ¢ = 0, it is natural to
choose t, = 0.

We use p, p;, P2, and p3 for the momenta of the
initial electron, the two electrons in the final state, and the
positron, respectively. The amplitude for trident is given
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by M= (0la,, (p1)a,,(p)a, (p3)Ual(p)[0) = M'2 — M?*!
(U is the time evolution operator), where

(27)383(py + P2 + p3 — p)M"?
= 2 / d*xd*yw (py. y)7*w' ) (p3. y)D,u (v — x)

< p(p1, x)r'w(p. x) (4)

and M?! is obtained from M'? by swapping place of the two
electrons in the final state. We use the Feynman gauge for
the photon propagator

d4l e—il(y—x)
D — == - i .
=0 =i [ S )

The fermion wave functions y and (=) are approximated
by U(7) and V(¢) in (2) times the trivial spatial parts =7/ .

We start by performing the trivial integrals in M2,
We first have

/ Ex — 2281~ [p - p). (6)

which is used to perform the photon momentum I integrals.
Then the other spatial integrals give the overall momentum
conservation,

/d3y - (27)’8(p; +p2 +p3 — ). (7)

We use this delta function to perform the integral over the
positron momentum, i.e., p; = p — P; — P>-
The initial state is described by a wave packet

3
in) = [ 3 )l )]0 Q

With the mode operators normalized as
{a,(p).al.(p")} = 6,427’5 (p - p'), 9)

(in|in) = 1 implies

3
[ sl =1 (10)

The (spin-polarized) probability is given by

_ / d’p; &’p, d&’p;
(27)* (27)* (2z)?

‘ / &p - ?

x Wf(p)@ﬂ) &P +p2+ps—p)M

_ d’p; d°p, d’p
N / (2r)3 (27)% (2x)?

/d3P1 d3P2
- | =2
(27)* (27)°

£ (p)P|M[?

M, (11)

where in the last step we have assumed that the wave packet
is sharply peaked (and from now on we use p for the
position of the peak). We will also average and sum over the
initial- and final-state spins.

The remaining integrals are nontrivial. The exponential
part of the integrand is now given by

eillo (=) ~1(0.0) 1011+ (2. ) +1(~p3.1 )] (12)

where t = x* and ¢ = y°, and

1.0 = [(arfmt + (- ase)2. (13)

We change variable from the (off-shell) photon energy
lp =X+ 1] to X, where I = \/(p —p;) - (p — py) is the
on-shell energy.

The expansion parameter is E < 1, with y = O(E?). By
rescaling t — T/E and ¢ — T'/E, the exponential part of
the integrand goes like e~/% with no factors of E in the
ellipses. This justifies using the saddle-point method for
weak fields £ < 1. We will show that all the remaining
integrals can be performed by expanding the exponent
around the saddle point. This usually results in Gaussian
integrals, but for the photon-energy integral X we find
something more nontrivial due to the fact that 1/(I*> + ie)
in the photon propagator has a pole (when ¢ — 0) at the
same point where the exponent has a saddle point.

We begin by performing the time-integrals on the
amplitude level. We have a saddle point at t =7 =17,
where 7 = iii/w and @ is given by

2
@ = /1+Ly. (14)
Pl

where f(iu) = if(u). Equation (14) is the same equation as
in the Breit-Wheeler case [see Eq. (47) in [19] ]. So the time
saddle point is imaginary. Note that it cannot be real
because the exponential part of the integrand is a pure phase
for real integration variables but we know that the prob-
ability we are calculating has an exponential scaling,
P ~ ¢~ (something real) /E e change variables from r=7+ 6t
and ¢ = 7 + &7’ to the fluctuations around the saddle points,
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St and &7, and then expand the exponent in (12) to
O(8%) using

1(p.0) % 1(p3)+ \/m? + (ps = A7)or
ADAG) = py) 57

+ -~ (15)
vmi + (ps —A(D)? 2
and similarly for the other terms, which gives
l[lo(t - tl) - I(p’ t) + I(ph t) + I(p25 tl) + I(_p3’ t/)]
~ Fo(p1.p2) + Fi(p1. o)t + Fy(py)ot*
+ Fi (1. 2. lo)5t + Fy(py. pa)dt™. (16)

This equation defines F and F’ and we have only written
out how they depend on the integration variables. We
refrain from writing out explicit expressions for the
intermediate steps in the calculation, because they are long
and not illuminating (the calculations have been done with
Mathematica). F| and F'| are nonzero because 7 is only the
saddle point for ¢ and ' when the other integration variables
are replaced by their saddle-point values.

By an educated guess or otherwise, we find a saddle
point for the momentum variables at

P =pP2=p3 = =P, (17)

P
3
so all three final-state particles have approximately the
same momentum, which is equal to one third of the initial
momentum. For the photon-momentum we have a saddle
point at X = 0, so the intermediate photon is approximately
on shell? We change variables from p; =p’+ 6p;,
P> =p +p», and X = 65X to 5p;, 5p,, and 5X. All the
integration variables with names starting with § are
O(VE), because exp(—h|x, + 6x]/E) ~ exp(—[h(x,)/E] —
[6x2/(2E)]). To simplify we will introduce the average and
difference of the electron momenta,

op

5
op1 = 0P -2 5p2:5P+7p. (18)

For the terms which are linear in 6t and 6¢ we have

Fi(py,lo)ot = [c - 6p, + i6X]6t
Fy(p1, P2, o) = [e)" - 0p; + €' - 0p, — idX]or',  (19)

*Peaks in the probability associated with intermediate
particles which are on or almost on shell have been studied in,
e.g., [20-22].

where the coefficients ¢, ¢}, and ¢, are functions of p.
We also have

Fy(p1)8* = F,(p')1°
Fy'(p1.p2)81% = Fy(p', p')61>. (20)

In the preexponential part of the integrand we can set
6t —» 0 and 8¢ — 0. The &t and 6¢ integrals are simple
Gaussians,

FZ
F\8t + Fyot2] = | |——exp [ -1 21
/dét exp[F 6t + F,617] 7 exp ( 4F2> (21)

and similarly for ¢’
From the denominator of the photon propagator we have

P+ie=X(X+2/1|) +ie~21|(X +ie). (22)

Since F; and F| contain terms proportional to X, the
photon-momentum integral now takes the form

dX exp[—aX? + ibX] i b
— - =——erfc| —= .
2z X +ie 2 2\/a

where erfc(x) = 1 —erf(x) is the complementary error
function, and

(23)

1
4= (PPA+ph) b:m(p’ﬁpl —-piops), (24)

where A and A’ are evaluated at 7, so from (14)

A =iy 1423, (25)

These error functions (23) come from the photon propa-

gator and are hence a new feature which we did not

encounter for Schwinger or Breit-Wheeler pair production.
The probability (11) has one part

|M12|2 + |M21|2 (26)
which we call the direct part, and
—2ReM* 2 (27)

which we call the exchange part. We treat the direct
and exchange parts separately. We see from (18) that the
exponential and error-function parts of M?' are obtained
from the corresponding parts of M'? by changing the sign
of op — —dp.

The exponential terms we are left with after performing
the ¢, ¢, and X integrals are unchanged by &p — —dp,
so those terms are the same for both the direct and the
exchange parts. By expanding these terms around the
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saddle point for the momenta, squaring the amplitude and
summing over spins we find the momentum spectrum

(lerfe(c)[? + [erfe(=c)[?)

a*(1+3pP)exp (€ - w)

oo —

Pyir(6p1,0p2) =

et p )
P (8p1,0p,) = Zl‘Re[erfc(c)erfc(—c*)]
< (~1) 81 + 54p7 + 13p}
18(3 + p?)?
(14 3p?)2exp (€ -2) 29)

22 AP IR0 + pF)’

where ¢ = b/(2+/a), a and b are given by (24), c¢* is the
complex conjugate of ¢, the exponential part is given by

£==2B7(p) - Tolp) (30)

the widths of the momentum peaks are approximately
Gaussian and determined by

_ 5717% 2 2
0=J 5 +65P3 ) + (I, - Jz) +65P
+m?7, < + 65P2>

13}
+ 2p1/jA< p12p3 + 65P15P3>

Q (1
— e (2 [P33p1 = p18ps|* + 6[p36P) — p’15P3]2> ,
1
(31)
m/2p/2>—1 w
Q=(1+—3° =, (32)
( i) A

the argument of 7, 4 in Q is p’, where J, and [J 4 are a
set of imaginary-time integrals defined, as in the Breit-
Wheeler case [19], by

Tu(p) = ;/0:2 du([mi + (A3 — p3)?]F

+ [ + (A3 + ps ") (33)
and
N ; A3 —p3
Talr) = 2/0 ‘ ([mzi + (A3 — p3)?
At ) (34)
[m3 + (A3 + p3) 23

Note that here we have functions which depend nontrivially
on the longitudinal, p;, and the transverse momentum
component, p |, separately, while in the plane-wave case
we just have nontrivial dependence on the light-front
longitudinal momentum py, — p;. We will show in the
next subsection that these expressions simplify consider-
ably in the plane-wave limit.
We now turn to the integrated probability

P= / d*6p,d’8p, P(5py, 6pa). (35)

The momentum integrals over 6P and 6p, are standard
Gaussians. But from (31) and (24) we see that the p; and
Ops integrals are more complicated. To perform these
integrals we begin by changing variables from

U+v Uu-v
Sp1=—7—  Op3=—7— (36)
P3 P1

to U and V. The U integral is Gaussian and we can
make a shift U — U + const.V to remove the UV cross
term from the exponent, after which the U and V terms in Q
becomes

T, , 7,
L

where

T, —mj_(jl —P/sz)jz—Plzj% (38)

and

T = p2Ts+2p)Ta + “"jz »

7T, = —. 39
: o P

In contrast to the other momentum integrals, V appears in
the argument of the error functions, so even when expand-
ing around V’s saddle point, we have something more
nontrivial than a simple Gaussian integral. To perform the
V integral we need

1
E(cy,c,) = Z/dxerfc(clx)erfc(czx)e‘)‘2

1 C1Cy
=— - 40
2\/7_zarccos< (1 5 )7 ( )

+ci)(l+¢3)
which one can prove by differentiating both sides with
respect to ¢ or ¢,. To calculate the first row in (28) we have
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¢; = ¢; « ¢, and for (29) we have ¢,
direct part we have

= —c; « ¢, so for the

-Y
g erte(@P + ferte(-c)?) = I )
and for the exchange term
1 arccos(Y)
—Relerf rfc(—c* —_— 42
7 Referfe(c)erfe(=c*)] - N A (42)

(1 +3p2)? arccos(~Y) exp { - 2BTo(p') = To(p)] |

where

pIZ _1/2
4+ 7 T
u ! [ r_ 1} . (43)

where 7| and 7, are given by (38) and (39). The remaining
integrals over U, 6p,, and P are Gaussian.

Thus, for the direct part of the integrated probability we
find, assuming p, >0 and p| > 0,

P

and for the exchange term we find

81 +54p3 + 13p% arccos(Y)

Py = —
? 18(3+ p1)?

The general results (44) and (45) might look quite
complicated, but we can already see that in this £ < 1
regime the direct and exchange parts are on the same
order of magnitude, unless some of the other parameters
is very small or large. This is an important observation,
because the exchange term has historically been
neglected. It was calculated analytically for the first time
in [6,7] for plane waves.

A. High-energy/plane-wave limit

In the limit where either both p, and p| are large

or where only p, is large, the basic time integrals (33)
and (34) become

Tu~ (P + p’sz)%‘"{ﬁ

1—-2n - p3
+— o+ |2n—=
2(p + p¥) < [ Pt

-1 )} o

and

P3 ~
Tam- —{
(P/2+P )3/2

s (0 )} @

where the first and second rows give, respectively, the
leading and next-to-leading orders in 1/p, A is a Lorentz
invariant version of ag = E/w,

— (44)
192V/3[4'(7) ] PL(PL+P ymym? T (T, = Ts)
A=—LL g4 (48)
\VPL+rt
Py 45
arccos(—Y) (43)
and only one nontrivial time integral is left
Tpw = / dufz(u). (49)
0

We need the NLO terms because the LO terms cancel
in several places. For the exponential part of the spectrum
we have

8

where y = \/—(F*p,

nonlinearity parameter, and

i 5p3
On——ot ( + 65P2)
NCETAE
2(Aif - 1)
AP (7 + p3)Y?
L = Ag
22PNV PT + P
where f' = f'(ii), U, and V are given by (36) and U
and V by

=FEm | ~ Ep, is the quantum

(V24 12V2)

(U? 4+ 1207%),  (51)

i}
+
<t
i}
|
<t

036005-6



NONLINEAR TRIDENT USING WKB AND WORLDLINE ...

PHYS. REV. D 112, 036005 (2025)

For the argument of the error function we find

cx - { %(Aﬁf/_l) 2 v
2Aaf — 1) AT (PF + p5)?

(53)

Since c is real we have
lerfc(c)|? + lerfc(=c)|? = 2[1 +erf?(c)]  (54)
and
Relerfc(c)erfc(—c*)] = 1 — erf?(c). (55)

The error functions in (54) makes the direct part of the
width of V wider than it would have been if it had been
described by just the Gaussian factor (51), while (55)
makes the exchange term narrower.

For the total probability we find Y either by first
calculating

(= A Tpw)
1~ "prn — P\
(P?+p%)?

L i=ATpy
2~ ~ = .
AF'(B(PT + %)
and then plugging (56) into (43), or by comparing (51)

and (53) with (40) to see that ¢; = ¢, = 1/4/2(Aif —1).
In either case we find

(56)

1

2Auf — 1

Performing all the integrals gives the integrated probability

a’y arccos(—=Y) exp {— 874 (it — AZJPW)}

hm Pir: = =
pmnie T 192VEAT (1= A2 T (ARF 1)
(58)
and
lim P _ 13 arccos(Y) P (59)
pi~p>l & 18 arccos(—Y) dir-

This is very similar to the high-energy limit of Breit-
Wheeler. In particular, p only enters via A.

B. Comparison with plane-wave result

We will now show that one can obtain the results in
the previous section by starting with Volkov solutions for
plane-wave backgrounds. To determine what sort of plane
wave we should compare with, we begin by making a
Lorentz boost to the rest frame of the incoming electron,

Ayp = (1,0,0,0). (60)

The argument of a field transforms as f(wx) —
f(w[A;'x]#), where w is a frequency scale in the lab
frame, which we have included to make the arguments
dimensionless. For a field which only depends on time in
the lab frame, we have

t = pix+ psz+/pi+p3t+O(1/p).  (61)

To simplify we rotate (A,) around the y axis so that the

combination (A,A,)~" gives
wpw = \/ P} + p3o,  (62)
PW P1 T P3®@,

which shows that the frequency in the rest (or plane-wave)
frame is O(p) times higher than in the lab frame.

The field tensor F* transforms from an -electric
field E = Ee, in the lab frame to Epy = —p'Ee, and
Bpyw = plEey in the rest frame. Thus, in the rest frame we
have, to leading order in O(1/p), a plane wave which can
be described by the following gauge potential

fot) = flopw(t +2))

au = 5y1agwf(¢) ¢ = C()pw(t + Z)’ (63)

where

PW _ EPW _ plE _ .A, (64)

4 =, NN
PW p1 + p3w

where A is the same as in the previous section (48).
To facilitate comparison of the momentum widths in (51)
with the plane-wave results, we rewrite (51) as

3 3 1 op1 — p1o 2
gziﬁépg—i—z—(ftg_?)(w)
74

© 2% VANV TR

33 A 1/68 5p3) 2
+—(a—A25pw)—(ﬂ+ﬁ)
2 4\ p1  p3

+ 12(5p — &P). (65)

We can now transform this expression to the rest frame
using A, and A, again. Another approach, to obtain the
same transformation without explicitly using A, and A, is
to first rewrite (65) in a coordinate-independent way.
We present this approach as it might make some features
clearer. In the lab frame we have

000 -E 00 00
000 O 00 EO
P = G = (66)
000 O 0-E 00
E00 0 00 00

and the field depends on wnx = wt, where n* = (1,0,0,0).
Let ¢* ~ (4/ q% + q%, q'.0, ¢*) be the saddle-point value of
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the momentum of any of the three final-state particles.
Then (recall the saddle-point momenta are all parallel

pi =P, =p3=p/3)

S = (P15C]1 + P39q;

Vpi+p3

The basis vectors we have in the lab frame can be expressed
in a coordinate-independent way as

,561',5612,5613)- (67)

vy = (G*p)* = (0.-p'E?,0.0)
Vo = G*p, = (0.0,p'E.0)
2
v
oty = (F2p) =~ np = (0.0,0. pE?). (68)
v
@

Instead of this (), one might be tempted to use
(Fn)* = (0,0,0,E), as it might at first seem simpler.
However, using (Fn)* would make it harder to take the
plane-wave limit, since (Fn)* = 0 for plane waves. With

x = +/—(Fp)>~|p,|E we have
sz — (209 _ (pGéq)®
92 = 7 2
V4 V4

(p35p1 - p15p3)2 _ (pFéq)?

Vi + 3 ?

X

1 /o o 21 (vq)o
(l’n+m) :< o4
4\ p1  p3 4\ vqp

W)? (69)
vi)p

These coordinate-independent expressions can now be
evaluated in any frame.

Applying the Lorentz transformation A,A, gives to
leading order in 1/p

F/lil\/V = [ArAbF(ArAb)T]lw
0 p'lE 0 0
-p'E 0 0 p'E
~| 7 P (70)
0 0 0o 0
0 -p'E 0 O
and
0 0 —-p'E 0
. 0O O 0 0
Ghw ~ | | (71)
pE O 0 —-p'E
0 0 pE 0

In the following we use 6¢* for the momenta as measured
in the rest frame. We still have

(pGdq)*

2

p = 843, (72)

PW

since the Lorentz transformation does not act on the
component which is orthogonal to both p and E. For
the second term we have

(pFsq)?
2

= 543 (73)
X

PW

0q, and 8¢, are the momentum components in the direction
of the electric and magnetic components of the plane wave.
In the rest frame, and to leading order in 1/p, two of
the basis vectors in (68) become equal to the wave vector,
k* such that kx = wpw (¢ + z),

i
hlew = [V bw =1 —=x*(1,0,0,-1).  (74)

Wpw
kéq\2
= <—‘1) . (79)
PW kp
In the rest frame we have kdq/kp = 8¢°, but writing it as
kéq/kp makes the results more transparent and conforms
to our usual notation when dealing with plane waves.

Thus, after the Lorentz transformation A,A,, the high-
energy limit of the widths can be expressed as

[v

which simplifies the last term

l <v(1)5q 1)<3)6q> 2

4\ vmp  vEPp

0 3A. 3 .1
3¥A 5 5 5

where we have introduced 6s = kép/kp and 6S = k6P /kp
to further facilitate comparison with the plane-wave results.
In general, for an intermediate particle (e.g., the photon
in trident) or a final state particle with momentum g¢*,
we refer to kg = w(qy — q3) as a light-front longitudinal
momentum, and we usually work with the ratio s = kq/kp
(or ¢ = kl/kp for photons).
The argument of the error function becomes

C = \/§6p] .
2Vxf

At this point we have taken the high-energy limit of our
results for E(¢) and expressed it in a way that looks like
what one might expect if one started with a plane wave
instead of E(t). To show that this high-energy limit is in fact
exactly equal to the corresponding plane-wave result, we
start with Eq. (11) in [6], which gives the amplitude for
trident in a plane wave. That equation has two light-front-
time (¢p = kx) integrals: ¢b; for the photon-emission vertex,
and ¢, for the pair-production vertex. (There is also a

(77)
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light-front-instantaneous term, with only one ¢ integral, but
it does not contribute to leading order in y < 1.) In [6] we
squared the amplitude and then performed the transverse
momentum integrals exactly/analytically, which is possible
since they are Gaussian. Then on the probability level there
are up to four ¢ integrals. We showed how to perform those
integrals with the saddle-point method. However, here we
would like to study not just the integrated probability or the
longitudinal momentum dependence, but also the depend-
ence on the transverse momenta. Since we will not perform
the integrals over the transverse momenta, there is no
reason to first square the amplitude before performing the ¢
integrals. Thus, we will perform the ¢ integrals directly on
the amplitude level starting with Eq. (11) in [6].

For a symmetric, linearly polarized plane wave with a
single peak, given by a potential a, = 6, ;. Af(kx), where
f(—u) = f(u), we have a saddle-point at

h=dr=in  J@)=. (78)
where f(iy)=:if(y), and for the momenta p; =p, =
p3; = p/3. Although we will not perform the momentum
integrals, we consider only the region close to the saddle-
point values of the momenta. This is not really a severe
restriction, since the spectrum is anyway exponentially
suppressed further away from the momentum saddle point.
If we did not make this restriction, then the saddle point for
the ¢ integrals would have been more complicated. One
hint that this would be the case can be seen in the following.

As before, we change variable from p; to dp; = p; —
P1.saddle €tc., afterward we use p; to denote py gqaq.. = P/3,
and similarly for the other variables. Because of the light-
front-time ordering step function, 8(¢, — ¢;), we change
from ¢, =0-0/2 and ¢, =06+6/2 to o and 6.
Expanding the exponential part of the integrand to quad-
ratic order around the saddle points gives e?o¢17¢2

44
Po = —7 (&t — Aszw)» (79)
12i.A?
@1 = ———TinbP, (80)
X
and
A%F 36P, 60\ 3 5p1>2}
= — 4( 66 - —L+ = = (s - -2
»= [(” 2Af’+4> +4< A7
@ 2 2 _ 1 2 2
- [5p2+125P2+(1 Aﬁf,)(ép]—i—lZéPl)
2
+ 9(1 —%) (65> + 12552)]
.12 .
+% (—%5&5;}1 + 25S5P1>, (81)

where dp and 6P are defined as in (18), 66 = 6 — 6 qqie =
o — lljl, 60 =0 — HSadd]e = 9, and

Tin = /0 duf (u). (82)

We can already see that squaring the amplitude gives
2¢, which agrees with (50), and from the second square
brackets in (81) we recover (76). Since ¢, is purely
imaginary, does not depend on the amplitude-level inte-
gration variables, and is invariant under swapping the two
final-state electrons (which changes the sign of 6p and 6s),
it is just an overall phase for both amplitude terms and
therefore drops out upon squaring the amplitude. The same
holds for the last term in (81).

The first row in (81) gives a hint that things would be
more complicated if we did not assume that op and 6P
are small. We would still be able to perform the ¢ integrals
with the saddle-point method, but the saddle points would
be nontrivial functions of the momenta, ¢(6p, 5P). The
saddle point in (78) is actually for ¢(0,0). By diagonal-
izing the first row in (81), we see that the corrections to
$4(0,0) are O(6p,5P). We have included this first-order
correction not in ogyqe and G ,qq. but instead by allowing
cross terms between 6o and 60 with 6p and 6P. To
obtain (81) we have assumed that all the 6... variables
are O(/x), which includes both the ones we always
integrate over, i.e., 0o and 66, and the free variables for
the spectrum, p and SP.

To leading order in the saddle-point expansion we can
just replace all the variables in the preexponential factors
with their saddle-point values. This gives a simple integral
for the average light-front time,

/mdaexp{—A;f/4(5a—...)2}—ﬁ ’% (83)

For the light-front-time difference € we have, because of
light-front-time ordering, a more nontrivial integral,

[ 27 2
/ dQexp{—Af§<59—6p~l/) }
0 x 4 Af
2 [ayl

= (1_0 3—?§edC(—C), (84)

where ¢ is the same as in (77).

One could of course calculate the spin-part of the
prefactor without choosing any particular representation
for the spinors and Dirac matrices. However, it is conven-
ient to use the basis described in [16]. We average over the
initial spin and sum over all the final spins.

We finally obtain the spectrum [note that the
normalization here is different from (35), since we prefer
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to use the ratio s = kg/kp when dealing directly with
plane waves]

pP= / d25p | d5sd25P | dSP(8p. AP, 5s.5S),  (85)

where the direct and exchange parts, P = Py, + Py, are
given by

Py = > <ﬂ){f>2 ! lerfc?(c) + erfc?(—c)]e?  (86)

and

1 5 21
P, = __33_6 @ erfc( Jerfc(—c)e?, (87)
182 ﬂ')(f

where ¢ is given by (77) and the exponential part of both
contributions is given by

¢ = (50) — (76). (88)

The results agree perfectly with the high-energy limit of the
E(t) results.

C. Locally constant-field limit

Another important limit is the locally constant-field
(LCF) limit, where the field varies slowly compared to
the field strength, in the sense y << 1. Here we begin by
solving (14) perturbatively in y < 1,

_ 1 p% 1/2 f/// P% 3/2
=g (145) e (148) e o)

where f' = f'(0) > 0 and f”" = f”(0) < 0. We need the
NLO because the LO terms cancel in some places. To
approximate the basic time integrals (33) and (34), we first
change integration variable from u = @iv to v and then
expand the integrand in y < 1 with v = O(1). We need to
perform one nontrivial time integral,

1d
I(a,b,c):/ 70(\/a+ibv—cv2+\/a—ibv—mﬂ).
0

(90)

The (analytical) result, which involves arccot and square
roots, is somewhat complicated when expressed in terms of
general a, b, and c. However, all the other » integrals can be
obtained by taking derivatives of / with respect to a, b, or c.
After taking the derivatives, the results simplify greatly for
the actual values of a, b, or ¢. We find for the basic time
integrals (with momentum argument p’)

Jo~ 2;, <2p3 > (91)

T~ arccotpl

f
f///},3 2p/2
Ya Loy

- 2p§2)arccotp1’] . (92)

A AL N SRV A
2T pi/m’? pit

" 3
_|_
+J;f’4 {piz <1 +—p1+mp ,2> —arccotpl’} (93)

and
/ 2.2\ -1
Tam-L2 (1420
A Pi
",,3 / 1 1
+f }’/4p3 {—, (1 7‘0 + P, >—arccotp1’}
f P1 2P1 J_p3

(94)
For the exponential part of the spectrum we thus find

1
&~ ———[3m'?arccot(p’, ) — m3 arccot(p,)].  (95)

Ef’

To approximate the momentum widths Q we expand in y
with 8p;, 6Py, 8p,, and 6P, as O(y?), while 5p; and 6P
are O(y~'). The inverse scaling means the spectrum
becomes wider as y — 0. For the coefficient in front of
Sp3 + 126P%, we need

mEJIQ\ILO _ QNLO’ (96)
where J,~yJ50 + P JN0 and Q= yQLO + p3QNO,
QNLO cancels the part of JY© which involves p}. We
find the LCF limit of the widths

1 Sp3
% ~ E—f/arccotpl’ (% + 65P%>
op3
f/ ,2( m'Zarccotp,’ —pﬂ)( 21 + 65P%>
_m 2 5 2
+ 2{5;’; (m'?arccotp,’ — py’) <% + 65P§>. (97)

From the first two rows we can see that the widths in
the plane transverse to the field indeed scales as O(y?),
while the third row shows that the longitudinal widths
scale as O(y™1).

The argument of the error function is ¢ = O(y™'), so

(lerfc(c)|* + |erfe(=c)?) = =, (98)

0| =—
N =
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while Relerfc(c)erfc(—c*)] ~ 0. Thus, to leading order we
can neglect the exchange term. This is not surprising,
because in the plane-wave case we know that the incoherent
product gives the leading-order in the LCF limit, but the
exchange term does not contribution to the incoherent
product and therefore not to the leading order.

For the integrated probability we calculate both the
leading [O(y~2)] and the NLO [O(y~!)] terms. In the
literature on trident in plane waves, the LO has been
referred to as a two-step process, because it is equal to
the incoherent product of the probabilities of nonlinear
Compton scattering followed by Breit-Wheeler pair pro-
duction. The NLO term is then referred to as a one-step
process. The reason that NLO is only y rather than y? times
smaller than LO is due to arccos(+Y), which came from the
error function in (40), which in turn came from the photon
propagator. We first find

T, 241 1 m’f 2 7NLO NLO
T—zl—l—}/fpl 1+ T (mljz -Q ), (99)
2 P

where we see the same combination of NLO terms as
in (96). From this we obtain

—f"p!
Yr1- f’3A2] (m'Zarccotp) — p). (100)

Then from

arccos[—(1—6%)|mx—+/28 arccos[l -2~ V25 (101)

we obtain terms which scale as y rather than y> with respect
to LO. We thus find

Pdir = tho + Pgilre Pex = P(e))r(lev (102)

where the two-step term (which only has a direct part) is
given by

B ra? A2Ef"*(1 + 3p'?)?
PlWO - \/_ _m !4 !
96v/3(—f")m m', p'farccot(p’,)

eficr

(103)

X 9
(m'Parccot(p',) = p',)?

the direct part of the one-step term by

dir _ _ P AEfP2(1+3ph)?
484/ —6f”’mlmlp'z/2arccot(p’l)

egLCF

one

x (104)
(m'Farccot(p'y ) = p',)*/?

and the exchange part of the one-step by
PGre = R(pJ_)Pg}'lrev (105)

where

R( )_81+54pi+13p1
PU=""18G+ p2)?

(106)

We note again that p| only appears via A (48). Thus, in
order to determine how important the correction to the
leading order (two-step) is, we need to consider both the
direct and the exchange parts of the one-step, because they
are both on the same order of magnitude, which we see
from the fact that the ratio R increases monotonically from
R(0) =1/2 to R(c0) = 13/18.

D. High energy and LCF

In the previous subsections we considered first the high-
energy (plane-wave) limit, and then the LCF (y < 1) limit.
Is the y < 1 limit of the py > 1 result equal to the py > 1
limit of the y < 1 limit? Consider the exact result for a
Sauter pulse, f(u) = tanh(u),

1 N2 .2 ”
jo—z—y\/(l‘ﬂ’m) + (14 pt)

X arccos

pE—rpd 1
VI+ PR+ 72107 + rps'T)

1 2 2 2
+2—y\/(1—yp3) +r(1+pt)

pE+rps
X arccos 2 21 .2 12
VI + D[+ 2+ rpiP)
1 1
—;arctanﬁ. (107)

The other integrals can be obtained by differentiating 7
as in Egs. (48)—-(50) in [19]. If we first make a y < 1
expansion then we would treat y p and yp} as small, but if
we first make a p, > 1 expansion we would instead treat
them as large. This suggests that the py, > 1 limit might not
commute with the y < 1 limit.

To investigate this, we consider the regime where
O(L) :==0O(p;) = O(p3) = O(1/y) and L > 1 is a book-
keeping parameter. Apart from the explicit appearance of
yp5 and yp) in (107), studying p ~ 1/y is also motivated by
cases where the acceleration of the fermions by the back-
ground field leads to changes in the momenta which are
on the same order of magnitude as, or larger than, the
incoming momentum.

We consider arbitrary field shapes, f(u). We can still
expand the turning point as in (89), and we again change
integration variable from u = iiv to v. In contrast to the
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previous section, though, now we can further expand the
integrands since p is large. We need at least the next-to-
leading order in 1/L, since the leading order cancels
in various places. We normalize the field strength E such
that f'(0) =1, and the frequency scale @ such that
f"(0) = —=2. The reason for choosing —2 is because we
want the Sauter pulse to be described by f(u) = tanh(u)
rather than, say, tanh(u/2!/3). For the leading and next-to-
leading orders [O(L°) and O(L~2)] we find

gy = VPLAPE {1+1 (*— ! )} +O(L).

A 3

PR A
(108)

Using this and similar results for the other integrals, we
find, with the spectrum normalized as in (35),

3 (3a\2
Pr Py~ —5 <a> ePoter (109)
po \8my
where pf ~ /P + P,
16 1 16 8 1
=4 —+— Ol — 110
NIy (15A2+9p’12> i <)(L4> (o)
and
. {3517% L L <p35p1 - p15p3>2 5_17?]
2 TEm e ) e

The factor of 1/pf} makes the result Lorentz invariant,
given the normalization in (35). Using (98) to simplify
the prefactor in the plane-wave result (86), and recalling
that we used a different normalization in the plane-
wave case (85), we immediately see that the prefactor
in (109) agrees with the LCF (y <« 1) limit of the plane-
wave result.

The leading order in ¢ agrees with the result for trident
in a constant-crossed field [5]. We have included the NLO
O(1/[yL?)) in ¢, since exp(—*“something small”/y) is not
necessarily ~1. But actually, if one considers a regime
where the 1/[yL?] term is necessary for good precision,
then y ~ 1/L? would likely be so small that the overall
exponential suppression, exp(—16/[3y]), would make the
process irrelevant for experiments.

From ¢, we see that the width of the spectrum in the
plane spanned by the electric field and the fermion
momenta scales as O(6p;) = O(6p;) = O(,/xL), while
in the perpendicular direction we have O(6p,) = O(\/7).
Thus, the spectrum is relatively narrow in the perpendicular
direction.

Next we compare (111) with the y << 1 (or A > 1) limit
of the py > 1 (plane-wave) result (65),

lim lim Qo_ lim(65)
r<lpe>lw <l

1 {3517% 1 <p35p1 —p15p3>2

xL 2 A\ /piipl
1(6p) 5p3>1

+——F +12(6p —6P). (112
3 (242 (5p—oP). (112)

The last term in the square brackets does not look like the
corresponding term in (111). This is related to the question
of whether the y < 1 and py > 1 limits commute. But in
this case we can actually get agreement, although it is
somewhat subtle. If the dependence of the spectrum on a
single momentum variable dg scales as e/ then a
natural interval, e.g., for plotting the spectrum, would be
something like —v/5¢ < 8¢ < v/3e. In the present case we
have ¢ « y for all momentum variables. However, the
scaling of e with respect to p is not the same for the
two round brackets in (65) for §; and dp5. To see how this
can be used, we first define

opy — pi6 1/6 1)
.)C::—p3 plz p]2p3 y::—(ﬂ—f—ﬂ), (113)
/P + p3 2\p1 p3

so that the natural range is independent of p for both x and
y. One of the two 6p, 5 terms in (111) is already x2. For the
other we have

Sp 2 p/2+p/2x 2 ~
( ,1> :(y+7v ) =y 0. (114)
1

P1 P3

This result can also be seen immediately by noticing that x
scales as p°, while y scales as 1/p, so the x term is more
exponentially suppressed for generic values of dp; and 6p3,
which means that the x term basically serves as a delta
function for the y term, i.e. one can set p36p; — p1op3; =0
in y. Since (65) has been obtained by expanding to leading
order in 1/p only, one can replace y* in (65) with
(8p1/p})?, since the difference is higher order in 1/p in
the natural range of dp; and dp;. But if one only looks
at (65) then one might not see any obvious reason for
making that replacement. And in (112) one definitely does
not see any reason for the replacement, because both x? /.42
and y? scale as l/L2 for A~ p ~ L, so the x term does not
serve as a delta function for the y term. Thus, it is possible
to make a replacement in the po > 1 limit (65) such that the
y < 1 limit of that “improved” p, > 1 limit agrees with
the correct pg~ 1/y > 1 limit (111). However, if we did
not already know (111), then there would not have been
any obvious reason for making that replacement. And if
one does not make that replacement, then one would be
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led to (112) instead of (111). This raises some questions
about how much one can rely on plane-wave results if one
is interested in the py ~ 1/y > 1 regime.

If we take the limits in the opposite order we find

tim 1im 2 = Tim (97)
po>ly<l @ po>1

1[3 sp?
——— _52 252 1
2O TTOP e

+12(5p — &P),
(115)

which is also different from py ~ 1/y > 1 limit (111). Itis
again possible to “fix” (97) so that the p, > 1 limit agrees
with (111). Since (97) is only the leading order in y < 1 we
can replace

Pop2 = 1 < P16p3 >2N 1 <P35P1—P15P3>2
s=al—7/——=| * |7 F/— ) -
AN\pt+p3) A P} + p3

(116)

where the approximate sign is justified because the natural
range for dp; scales as y°, which is much shorter than
the natural range for 5p5, which scales as y~!'. Making this
replacement in (97) and then taking the py > 1 limit gives
agreement with the pg ~ 1/y > 1 limit (111). But, again, if
we did not already have (111), it would not have been
obvious that (97) “should” be improved like that.

Thus, naively taking the high-energy po > 1 limit of the
LCF y < 1 limit, or the LCF limit of the high-energy limit,
does not agree with the py~ 1/y > 1 limit.

E. Two-step term

We can confirm our claim that P, in (102) comes from
a two-step process as follows. The Feynman propagator (5)
for the intermediate photon can be expressed as

D, (y—x)=— ie—ilj(y'—x)f
w\Y I | (2m)3214

[0 = )01 4 a0 -y

(117)

where [y = +/1] is the on-shell momentum and 6(.) is the
step function. The term with 8(x° — y°) corresponds to a
process where the pair-production vertex happens earlier
than the Compton vertex, i.e., an electron, a positron and a
photon are first produced and then the intermediate photon
is later absorbed by the incoming electron. This gives a
nonzero contribution, but from semiclassical reasoning we
expect it to be subdominant compared to the contribution
coming from the 8(y° — x°) term, where the intermediate
photon is emitted by the initial electron and later decays
into a pair. In fact, by redoing the calculation with

e=illy=x)

Daly =3) = =,000 =) |- ¢’ (118)

27)321,

and using

1 o , 1
( f) / dre=(7)" = Eerfc(—\/ars) (119)
0

a

to perform the integral over = = ¢ — f, we recover exactly
the full results in (28) and (29). This shows clearly that the
dominant contribution in this semiclassical regime comes
from an on-shell intermediate photon which is emitted
by the incoming electron and later decays into an electron
positron pair. However, the full results still contain coherent
contributions, so we want to know if or how these
contributions can be neglected, which should be useful
for finding more general incoherent-product approxima-
tions for more complicated higher-order processes. We
will now show that the dominant contribution in the LCF
regime can be written as an incoherent product of the
probabilities of Compton scattering and Breit-Wheeler
pair production. We will follow the ideas in [6] for the
construction of a two-step in plane-wave backgrounds. So,
we square the amplitude before we perform the t = x° and
¢ =y° integrals. We use ¢ and ¢ for the time integrals
coming from the amplitude M, and 7 and 7 for the time
integrals coming from the complex conjugate M*. Our first
step in constructing a two-step term is to drop the 8(z — 1)
term from (117). The other step function gives on the
probability level

o(f —no(¥ —1). (120)
Following [6] we expect that we can still obtain the leading
order even if we replace (120) with a single step function

(120) - 0(6’ — o), (121)
where 0 = (1 +17)/2 and ¢’ = (¢ +7)/2. This simplifies
the calculations because now there is no step function for
the integrals over @ = t —7and @ = ¢ — 7. We define P,
as what one gets by first dropping the 6(z — ') term on
the amplitude level, and then replacing the step-function
combination in (120) with (121).

We can still perform the time integrals by expanding the
exponent around the same saddle point as before. Because
of the step function (121) we find that, relative to the result
without any step functions, we have

7 B 2 I T)\2
dd’d(ia(a/ — o')e_a<0—0.g) —d'(6'-d)
Vv a/a} /

(122)
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where a, d', ¢}, and o, are obtained by expanding around
the same saddle point as before. What is important here is
that 6 — o, « p|6p; — p46p, is linear in 6p. The two-step
term should be constructed so that it is an approximation of
|M 5| + |M», |?, rather than, e.g., just |M,|*. If we denote

PE@{)Z‘ as a two-step of only [Myy|% then the true/full

result is obtained from Py, = (P2, + P2),)/2. We sum
over spins, and then the only part of P2, which is not
already symmetric comes from (122). Since op — —dp

when swapping the two final-state electrons, we have

1

! {1 (1 + erf(x)] + % 1+ erf(—x)]} - % (123)

212

Thus, we find the same result as if we had replaced from the
start the step-function in (121) as 6(¢' — 6) — 1/2. Thus,
the time integrals factorizes so that we can perform the
time integrals for the Compton step independently of the
time integrals for the Breit-Wheeler step, except there is a
factor of 1/2 because the pair is produced after and not
before the photon emission. We will next look for a way
to write Py, (P; P1.P2) as a product of the spectrum for
Compton scattering Pc(p;1) and the spectrum for Breit-
Wheeler Pgw (1;p3).

Pc(p;1) can be large (or diverge) for soft photons,
but the probability that a soft photon produces a pair is
exponentially suppressed. In fact, we already know from
the calculation above that the dominant contribution to
trident comes from a region around 1~ (2/3)p, i.e., the
photon takes away two thirds of the initial electron’s
momentum, so it is definitely a hard photon. We will
therefore calculate an approximation of Pc(p;l) for
1=(2/3)p+6l with small 6l. In the preexponential
factors we can set ol — 0.

Another lesson from the plane-wave case is that the
incoherent-product can in general be obtained by treating
spin and polarization of intermediate particles using Stokes
vectors and Mueller matrices. Here we only have a photon
as intermediate particle, so we only need to consider photon
polarization. A general polarization state can be written as

€, = cos <’[2)> ell) + sin <’;> eitell

where the two basis vectors are given by

(124)

1
o — k_o{o’ —ky. 0.k} €Y =1{0,0,1,0}, (125)

which corresponds to parallel and perpendicular polariza-
tion for a photon with k, = {ko.k,0,k;}. For arbitrary
constants p and A, we can write the spectrum as (cf., [16])

Pc(p:1) = N- Mc(p:)). (126)

where N is a Stokes vector,

N = {1,cosAsinp,sinAsinp, cosp}, (127)

and we refer to M as a Mueller vector. (It would be a
4 x 4 x 4 Mueller matrix if we also considered the spin of
the fermions.) Note that M does not depend on the photon
polarization. The calculation is very similar to the trident
case. We find, for small dl,

M. = —{1+7p7,0,0,143pF},

87A(1)lopymom',
(128)

where the exponential scaling of the probability is given by

21l + T() - T (P

w

&c (129)

the quadratic terms by

Oc = J165 + (T — pT2)S1 + m'E T 803
52

+ 2p1/jA611513 +T
0

4 (3 22\ Q]
=— |3 — 81, — py'8l3)* (130
+ |:l(3) <2 + l(2)p/12 p/lz (p3 1 P1 3) ( )

and linear terms (which we did not have before)

Pl phdly

VP p?

where, in addition to the previous time integrals in (33)
and (34), we now also have

Lc = J1pydl —5}4513 (131)

1 /—l/ﬁd A_pg
T=2 ke M\ @

B A+ ph
w2+ (4 )

(132)

lo = (2/3)\/p? + p3 and p’ = p/3 as before. The linear
terms, L, are nonzero because 1 = (2/3)p is not a saddle
point for Pc alone. It is only a saddle point when Pc is
combined with Pgyw. We will now show that there is a
corresponding linear term in Pgyw which cancels the linear
term in Pc.
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For the Breit-Wheeler step we find

where Lgw = —Lc,

QBW 2LBW
acxp (SBW__+—) 2 ’
. ® w Epw = ——[=lp+2 , 134
Mew = e lop {1+3p7,0,0,1-p}, sw = =5 7o+ 270(p)] (134)
(133)  and
|
Opw = J1 (517%2 + 51’%2) +(J1 - Pﬁzjz)(5pg1 + 51’%1) + mEJZ(‘sP% + 517,%3) +2p1' T 4(6p216p23 + 6p316p33)
8B 4 /3 2p2\ Q Q1
-2 {—— < + 5 ) —,2} (p3/6ly — py'8l5)? ~7 ~(p3'8p1 — p1'6p3)* + 6(ps'6Py — pi/6P3)* |, (135)
1

2 1%17,12 D

where 5plj = ej . 5pi’ ol = —5p = 5p2 + 5p3
From the two Mueller vectors, M- and Mgy, we now
construct a two-step approximation as (cf., [16])

- 2
Pio(P15P2) = 5 Mc - My, (136)

2
where the factor of 1/2 comes from (123), and the factor of
2 is part of how in two Mueller vectors (or matrices in
general) are glued together. For the particular form of (128)
and (133), it is possible to obtain the two-step as

Puso = Pro (64 + Pryolei), (137)

(I

where Py, (e,”) is obtained by only considering an
intermediate photon with parallel polarization, and sim-

ilarly for Py, (e,(lL> ). Parallel and perpendicular polarization
corresponds to N = {1,0,0,+1}. We have

(Mc - {1,0.0,-1})(Mgy - {1,0,0,-1})
+ (Mc-{1,0,0,1})(Mgyw - {1,0,0,1}) = 2M¢ - Mgy.
(138)

This helps to explain why there is a factor of 2. Note that,
while on the amplitude level one can use any basis, it is not
possible to obtain the two step if one sums the incoherent
product of probabilities if one chooses some other basis.
For example, if one tried to sum the incoherent product over
the two circular polarization states, i.e., N = {1,0, £1,0},
one would find

(Mc - {1.0,~1,0})(Mpgy - {1,0,1,0})
+ (Mc-{1,0,1,0})(Mpw - {1,0,1,0}) # 2M¢ - Mpy.
(139)
Using 2M¢ - Mgy directly is more convenient and means
we do not have to figure out a special polarization basis.

Moreover, 2M¢ - Mgy works in general, while it is not
always possible to find two spin/polarization states such

2

[
that one can obtain the entire two-step by summing as
in (137).

In any case, we find

- 1 -1
Poo = |5 (erfe(e)? + lerfe(=c)[?) | P, (140)

where Py, is given by (28). Thanks to (98) we have

Pwo = Pgi; in the LCF limit. This confirms that we have
correctly constructed the two-step.

F. Longitudinal limit

In this section we will consider a limit which is not
usually considered. It was considered in [19] when con-
sidering backreaction on the field in Schwinger pair
production, and in [23] when considering the trajectories
of particles produced by Schwinger pair production in 4D
e-dipole fields. In such cases, the electron can have a large
momentum because it has been accelerated by an electric
field. But, if the electron trajectory is parallel to the electric
field and if the magnetic field vanishes along this trajectory,
then regardless of how high the energy is, the electron will
not see the field as a plane wave. Instead it will see a field of
the form E;(t + z), which is very different from a plane
wave even though they both depend on 7 + z. See [24,25]
for Schwinger pair production in such fields.

If the energy of the electron mainly comes from the
acceleration by the field, then we expect the longitudinal
momentum to be on the order of p; ~ (E/w) = ay. We will
refer to p3 ~ag> 1 as the longitudinal limit. For the
integrated probability we find

a?E(1 + 3pf)21dir65m"g

lim P, ir — = < ~ N 141
pr~ap>1 96\/§f/2mlm’fp’ff9h281 (T,-1T,) (141)
where fah = pil/ ag is considered as O(1),

1
Elong = E [3m/¢251 (r') - misl (p)], (142)
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A

T\ = m?S,8, - p?S} (143)

and

/2
P

where the time integrals Sy, 4 = S1,.4(p’) are given by
[Egs. (145)—(147) are the same function as in the Breit-
Wheeler case [19] ]

_ [ P
_a (P =377 (w)

S ) a9

and
i 2 (u) — p

Sy=/ d S 147

=), BT+ ) 1
and

-1)2
Yz<1+‘i5§?[? 1D L (148)
2

We see that, just as in the Breit-Wheeler case, the
probability approaches a constant in this limit, i.e., it is
independent of the large expansion parameter a, (with
f)h ~ 1 as independent of a;). Thus, we have the same

conclusion: in this limit there is no large parameter to
compensate for o < 1.

The probability would still be enhanced by a volume/
pulse length factor due to the number of field maxima
(here we have only considered the contribution from a
single field maximum), but such a factor also contributes to
the Schwinger pair production probability, so the trident
process should still be suppressed relative to Schwinger
pair production. However, this argument assumes that the
field is not very weak and that we actually do not have
much exponential suppression. Strictly, the saddle-point
approximations are only precise for sufficiently low field
strengths. If we actually consider a regime where the field is
sufficiently weak then the trident probability can be much
larger than the Schwinger probability, because the expo-
nential part of Pigen 1S much larger and the exponential
enhancement can be more than enough to compensate for
a? < 1, i.e., the initial electron assists the pair-production
process. However, the structure of these saddle-point
approximations also gives us some insights into what
parameters are important even beyond the saddle-point

regime. They confirm the conclusions based on the Lorentz
boost arguments presented in [19]. So, if we are in a regime
where the probability for Schwinger pair production is
not exponentially suppressed, then it does seem like the
trident probability can to a first approximation be neglected
because of the suppression with respect to a.

III. SPACE-TIME DEPENDENT FIELDS
WITH WKB

So far we have considered fields which only depend on
time. Now we will consider fields which also depend on z,
but as a perturbation

As(t,z)

To clearly see the justification for the semiclassical/ WKB
approximation, which is valid for weak fields, we rescale
x* — x*/E. We will calculate the preexponential factors to
LO, so most of them will be exactly the same as what we
have already calculated. In particular, the correction we are
interested in is the same for both spinor and scalar particles.
It therefore suffices to consider the Klein-Gordon equation,

= A3(1) + 8A5(1, 2). (149)

(D* +m*)p =0 D, =0,+iA,(t.z). (150)
For a double Sauter pulse we would have
L 2
As(t,z) = y—tanh(y,t)sech (7.2)- (151)
t

We can solve this approximately with a WKB ansatz
¢ = pe™S, where (cf., [26])

(0,S—A,(t.2))* = m*. (152)

To LO we have

) t
SLo = px/ +/ o, (153)
0

so, writing S = S; o + oS with 65 on the same order of
magnitude as A, we have to first order
7 (1)0,6S(t,z) = n'6A,. (154)

To solve (154) we change variables from ¢ and z to ¢ and

t
C=z+/ .
0 o

If the LO field is constant, A3(¢) = ¢, then the integral is a
total derivative, 73/7y = —0,7, SO

(155)

§=z—m(1). (156)
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In terms of the new variables (154) becomes

0,68(1,¢) = ﬂiOmSA (t,z =¢- AIZ—Z) (157)

We choose a gauge where 64, = 625A3. A general solution
is given by the sum of a homogeneous and a particular
solution,

55(1,2) zéSh(C)—/tdt’ﬂ3([/)5A3 <t’,¢—fﬁ>.

0 mo(t') Ty

(158)

To interpret the homogeneous solution &S,({[z,z]),
we consider the momentum

HM = aﬂS—AM =, —|—6HM 5Hﬂ = 0!,55—5AM. (159)
We have
70 511, = o11,
3
t t 71'3
= 6S’h—5A3(O,C) —/ dt’éE(t’,C—/ —ﬂ
0 0 7o
(160)

where SE(t,z) = 0y6A3(t,z). We choose a gauge where
6A3(0,z) = 0, so the second term in (160) vanishes.

We can compare (160) with the solution to the Lorentz-
force equation,

dIT*
dr

= E(t,z) ~ E(t) + SE(1, 2), (161)
where I = dz/du and dt/du = \/m3 +112. With z~
2o + 6z, we have to leading order ITj = —73 = —[p3 —
A(1)] and to NLO

t
ST = ¢ + / drSE(t, 29), (162)
0
where ¢ is a constant and (using df/du ~ )
l”’i
ZoRb— | —, (163)
0 7o

where b is another constant, which we can think of as an
impact parameter. Comparing this with (155) shows that, if
we evaluate the wave function ¢(x*[u]) on the solution to
the Lorentz-force equation, then { corresponds to b, so §
would be approximately constant on a classical trajectory,
and different values of { correspond to different impact
parameters. With { as a constant of motion, we find
agreement between (160) and (162) if we identify the

derivative of the homogeneous solution 85),({) with the
constant —c¢ which appears in the momentum.
We determine 6S),({) by demanding that the zeroth
order already gives the correct asymptotic momentum,
()
/

which gives
lﬂ3
0A t’,z+/—>, 164
() 3( ¢ 7o (164

where 7, —» oo (t, > —o0) for an outgoing (incoming)
electron. By comparing this with the zeroth order (2),
we see that the positron state is obtained by replacing

mi +(p3 —A)2 -

t
88(t,z) = —/ dr
ta

3
Ty

m3=p3—A—>—-p3—A and 7, =
—Vmi + (ps +A)%

If we take + - —¢, and z to infinity with ¢ kept finite,
then

58(1.2) —>—/_’” ar ) 54, (z/,g—/ﬂ@) (165)
o (1) 0 7o

which is still a nontrivial function of . For a gauge field
such as (151), which always vanishes if |z| — oo regardless
of whether ¢ is kept fixed, one might naively have expected
that 6§ — 0 in this limit. However, 6S is nonzero because
of a memory effect, which we can see from the classical
momentum (162). We already have a memory effect at
zeroth order, since 73(—o0) # m3(+00) for Az(+o0) #
Az(—00), so it is not strange that S6A3(z,z) gives an
additional change to the asymptotic momentum. But in
order to find agreement between this classical prediction
and 0,65, the asymptotic S cannot vanish or be constant.
While the asymptotic 65 has to solve (154) with 6A — 0, as
we showed in (158), this still allows &S to be a nontrivial
function of {. Moreover, it is not surprising that the
classical asymptotic momentum depends nontrivially on
the impact parameter, but, for such a nontrivial dependence
to emerge from the wave function, and since { corresponds
to the impact parameter, S must have a nontrivial
dependence on (.

A simple check of the above results is to consider the
trivial case where 6A3(¢) does not depend on z, for which
we can just use (2) directly. Expanding the integrand in the
exponent in (2) gives

7o — \/mi ¥ (ps— Ay — 6A3)2 % 7, —z—j%, (166)

which agrees with (164). We turn now to a nontrivial
application.

A. 7, <1 correction

For a purely time dependent field, A5(7), the exponential
part of the trident probability is given by (30). We will now
calculate the leading order correction due to a spatial
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inhomogeneity, A3 (1) — A3(t) + 6A5(r, z). We consider a
field which is slowly varying in z. Then it makes sense to
expand around the maximum, which we choose to be at
z = 0. We further assume that the field is a product of a
temporal and a spatial function, A;(¢, z) = A(7)F(z), where
F(0)=1, F'(0) =0 and we normalize y, such that
F"(0) = —2y2. We then have

8A;(1.2) = —(r.2)*As (). (167)
However, after making this expansion, we no longer

have §A;5(t,z) = 0 as |z| — oo. So, before we expand,
we perform a partial integration in (164),

88(1,7) :—/t:dz'E(ﬂ)f<z+[Z—Z>, (168)

where E(r) = A4(t) and f'(z) = F(z) — 1. This is also
what we would have obtained if we had started in a gauge
with 6Ay # O rather than 0A; # 0. Now we can expand,

2 3
7z ! ! ! ( /[”3>
oS== | df'E(!)({z+ | —=| .
3 1y ( ) ¢ o

The exponential part on the amplitude level can therefore
be written as

(169)

i
exp {E [po + 7?4’1}}7 (170)
where ¢, is the part we considered previously
@0 =z(l3+pi3—p3) + 2 (P + Pz — I3)
+ho(t=1) = 1(p.t) +1(p1. 1)
+I(p2’t/)+l(_p3vt/)v (171)

I is given by (13) except that a factor of 1/E has been
factored out, and ¢; comes from 4S. When we perform the
time integrals with the saddle-point method, the saddle
points will change due to @, t, ~ t, + y*t;. However, since
¢(to) = 0, the correction ¢, drops out,

(@0 + 7201) (10 + 7211) = @o(t0) + r2ep1(10) + O(r?).
(172)

Thus, the time integrals are the same as before. The z
integrals, on the other hand, change significantly, because
the ¢, term means that we no longer obtain delta functions
for the z component of the momenta. Instead, we will
perform these integrals with the saddle-point method. We
begin by changing variables as

r

-
i=z-; z’—>z+§ (173)

and then from

v 1 v
r=u-3 13:§(P3—1713+P23+P33)+M+5
(174)
to u and v. The first line in (171) then becomes
2
—u? +Z+ZZ’ (175)
where
X =pi3+ Py +p—Pps (176)

Although u and v also appear in ¢;, we can perform these
integrals in the same way as the time integrals, so the saddle
point is simply u = v = 0.

If we had started with y, = 0, then we would have found
5(X), so we expect that performing the z integral for y, > 0
will force X to be small for y, << 1. Now the dependence on
z is still simple,

exp {115 iXz - y2(az” + bz)]}, (177)

where a and b are obtained from the coefficients in

—i6S(p) + i6S(py) + i6S(py) — i8S(—p3, mg = —7)

7

= E(azz—i—bz—f—c), (178)

and therefore depend on X but not on z. We have a saddle
point at

b iZ

—+—, 179
2" 2ay? (179)

g = —

and performing the z integral and squaring the amplitude
gives

7% 2 b% + a, ) arbi_aibr 2
expq——|2¢, —— — - ,
PUE "20, 2P 27 4

(180)

where a, = Rea and a; = Ima etc.

As y, = 0, (180) gives a regularized delta function
which implies an approximate conservation of the longi-
tudinal momentum, J,(p13 + P23 + P33 — p3). We also
see that for y, # 0, the saddle point is nonzero,

) Clrbi — a,-b,

I =7z (181)

r
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Plugging (181) into (179) gives a real saddle point for z,

z5(%5) = — (182)

Note that z; is nonzero and does not depend on y,. Since we
consider symmetric fields, one might naively have expected
the process to be centered in the middle of the field, i.e.,
with a saddle point at z; = 0. However, the initial state
contains a single electron which is accelerated by the field
in the z direction, so the process is inherently nonsym-
metric. But it is only now when we consider z dependent
fields that we can fully see this nonsymmetry.

For y, = 0 we have a saddle pointat p; =p, =p3 =p/3.
But for y, > 0, this symmetry is broken. For the longi-
tudinal component, we see this from (181). For the x
component, it follows because if we expand (180) around
what would have been a saddle point for y, = 0, then we
find a linear term,

Y 272]71117 ab
_spr e Tr T
exp{ 0] rt E my a,om

5P,}, (183)

where Y is the coefficient of 5P? in the first row of (31).
This linear term implies that the saddle point is shifted from
0P} = 0to 6P] # 0. Since there is no linear term in 6p |, we
still have op} = 0, so the saddle points for the two final-
state electrons are still equal, p{, = p3,, but they are no
longer equal to the positron momentum, pi, = p3;, # pj;.
We find

Pi
3

P1
Py =73—

+ 6P} 3

Pl =Dy = oPy, (184)

where p| = p;/3 is the saddle point to zeroth order, and

SPS — Py b, b, vir:
"mla,om' Y

(185)

We will compare the O(y?) results in this section with
the results obtained in the next section with the worldline
instanton formalism, in which we do not have to
expand in y,.

IV. WORLDLINE INSTANTON APPROACH

We have developed an instanton approach based on open
worldlines, which has allowed us to calculate the momen-
tum spectrum of Schwinger pair production in space-time
dependent fields [23,27], nonlinear Compton scattering and
Breit-Wheeler pair production [28,29]. In all these cases
there has been a single worldline. In the pair-production
case we have a worldline that starts in the future as a
positron, goes backward in time, turns and goes to the
future again as an electron. In the Compton case we have a
worldline that starts in the past, as the incoming electron,

and ends in the future as the outgoing electron. For trident
we will have one worldline for the photon-emission step
and another worldline for the pair-production step. Several
steps are similar to the Breit-Wheeler case, so more details
about those steps can be found in [29].
Both instantons solve the Lorentz-force equation,

" =E(t,2)7 7" = E(t,2)7, (186)
where ¢ = dt/du and u is proper time, except at u = 0
where the photon is emitted or absorbed. When necessary
in order to distinguish the two solutions, we use q’é for the
photon-emission worldline, and ¢’ for the pair-production
worldline. The trajectories are continuous at u = 0, but the
velocities are not. The discontinuities are given by

1c(0+) = 1c(0-) = =y
13(0+) — 13(0-) = o

2c(0+4) = 26(0-) = 5

2(0+) = 24(0-) = 1. (187)
These conditions tell us that the energy of the initial electron
drops discontinuously when emitting a photon with energy
Iy, which is then given to the electron-positron pair.

As explained in [28], it is possible to choose different
complex einbeins, i.e., different contours in the complex
u plane. One einbein that we found to be especially
useful [23] starts (for the electron half of the B worldline)
at u =0 and initially follows the imaginary axis until
u. = —ilu.|, and afterward goes parallel to the real axis
toward —i|u,| + oo. To make the corner at u, smooth, we
use the following einbein [27],

%:1—@+nmm (188)
where y(r) is a bump function,
1 r+L r—1L
)= i (| )
(189)

where L is approximately the length of the interval in which
v =~ 1, and W is the width of the regions where y goes from
Oto 1 or from 1 to 0. = 1 for the final state particles, and
€ = —1 for the initial electron. We choose W to be some-
what small, e.g., W = 0.1. This is essentially just a choice
of the shape of the bump function. L, on the other hand, is
chosen such that the instanton becomes real asymptotically,
so determining L then requires a nontrivial computation.
This choice of L is not necessary. We would obtain the
same probability and the same, real asymptotic momenta
for other values of L, in particular for values which are held
fixed even when we vary y or some other parameter, or even
for different einbeins all together. But the asymptotic g*
would not be real for general einbeins. This is not actually a
problem, because we are only interested in the probability
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that the particles are produced with a certain (real)
momenta, not that the particles appear at some position
at some asymptotic time (though that could be an interest-
ing problem for future studies). It can in fact be numerically
convenient to choose such “nonphysical” einbeins [27].
However, choosing L such that ¢g* is real asymptotically
is not just conceptually appealing, it can also be useful for
the calculations, e.g., to find approximations [23]. We will
therefore choose such a “physical” einbein here, even
though there is some extra numerical work to determine
the values of L, which change when we change various
parameters, such as y.

u = 0 corresponds to the middle of the instanton, where
the emission or absorption happens. u, has a large and
negative real part and corresponds to the incoming electron
in the asymptotic past, or the outgoing positron in the
asymptotic future. u; has a large and positive real part and
corresponds to the outgoing electrons. The instantons are
specified by asymptotic conditions at 1, and u;, which say
that z/(+o0) should be the momenta we measure and
(for the physical einbein) ¢# should be real. We can find
instantons for some arbitrary values of the momenta by
imposing the asymptotic conditions,

ze(o0)==pi3 zp(0)==py3 zp(—o0)=p3;.  (190)
However, since we do not have a good reason to choose
otherwise, we will consider the saddle-point values of the
final-state momenta, and calculate the Hessian matrix to
determine the widths of the spectrum around the saddle
point. As shown in [27], the corresponding instantons
have the following four conditions on the asymptotic
velocities,

Imz’C’B(uo,l) =0. (191)
To obtain the dependence on the initial momentum, we
would replace Imz,(up) =0 with z-(uy) = —p3. The
asymptotic energy, 7 (i ), is automatically real since the
instantons are on shell.

To numerically integrate (186) it is easier to impose
initial conditions at # = 0. As we showed in [29], it is
possible to find analytical conditions for g (04). Here
we find

zam»_umokh;m

Z(04) = (i, p1y) - (10511—13)

2(0-) = (i.—p3) - (10711—13)

4(04) = (i) - 27 (192)

l

and
o (L, =1
te(0-) = (proi)- (o)
~ (L, =1
(e(04) = (puy.i) - )
1
~ (o, —1
10-) = (opy.) -
~ (=1
(04 = (pa.i)- L7, (199)
1
From the photon propagator we have
exp {—il3[z5(0) — 2¢(0)] — ilo[tp(0) — 1c(0)]}.  (194)
so the saddle-point equation for /; implies
l
25(0) = 2¢(0) = = 2 [13(0) = 1c(0))-  (195)

After imposing (192), (193), and (195), we have 12 real
unknowns: z¢(0), 7¢(0), 73(0), and /3 (all of which can be
complex), and Lz, L, Ly, and Lj;, where L¢ is L for the
u <0 part of the C instanton etc. We have four real
conditions in (191), which means we need 8 additional real
conditions. These are the physical-einbein conditions,

Imze g(ug ) = Imtcp(ug;) = 0. (196)

Thus, we vary z¢(0), #¢(0), 15(0), k3, Lg, L, Ly, and
Lg until we find instantons satisfying (191) and (196).
We want to find the dependence on y,, so we need to find
instantons for each value between y, =0 and some
maximum y,. To speed up the process, we use a numerical
continuation similar to [30], so we first find the instantons
at y, =0, use that as starting point for finding the
instantons at y, = dy,, where dy, is small, and so on.

Fortunately, for y, = 0 we can actually find the instan-
tons analytically for a Sauter pulse. We find [28]

te = 0(=u)t(u, py) + 0(u)t(u, p;)
= 0(—u)z(u, py) + O(u)z(u, p1)
g —9( u)t(—u, p3;) + 0(u)t(u, py)
s = —0(-u)z(—u, p3;) + O(u)z(u, py1).  (197)

where 6(.) is a step function for u, but u follows a complex
contour, so by this we mean 6(—u) = 1 before the photon is
emitted (for C) or absorbed (for B) and 8(—u) = 0 after-
ward, and vice versa for 6(u), and
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ym,

1
t = —arcsinh{ ———=———
Y {\/ 1+ (ym,)?

sinh|y/1+ (ym)*u

1 1 2
+ iarcsin | — St rmy) (ym;) (198)
my I+y
and
1 _ ;
7 = ——————arcsinh} ym cosh|1/1 + (ym )*u
rV 1+ (ymy)?
1 1 2
+ iarcsin [ — Lm;) . (199)
m, I1+y

To compare with [28], note that we have here rescaled
g" = ¢*/E and u - u/E.

In [28] we chose an integration constant such that
z(0) = 0. This constant is irrelevant for a purely time-
dependent field. We found in the previous section that in
the WKB approach we have a saddle point at a nonzero z,
so we actually expect that z(0) will be nonzero for any
nonzero value of y,. So starting with exactly y, = 0 does
not give any idea of what z(0) will be for y, > 0. This is
actually not a problem, because the above analytical results
do give us good starting points for the other constants, and
root-finding with z(0) = 0 arbitrarily chosen as starting
point does in fact give the correct result.

On the other hand, (198) does give us a starting point
for #(0),

1(0) = i..alr(:tan(;/),

. (200)

which will be close to #(0) for y, > 0 if y, is small enough.

The solutions (198) and (199) are analytic functions of u
and can be evaluated at different contours in the complex u
plane. As mentioned, here we are especially interested in
the physical contour, for which the second half of the
contour (the part after photon emission or absorption) starts
at u =0 and first follows the imaginary axis until u,,
defined as the point where ¢ becomes real. From (198) we
see that this happens at

u.=

L M) (201)

—%arcsin 5
V1+(ym,)? my I+y

To find the corresponding length L of the bump of the
einbein, we first integrate (188),

u(r) = r— (ei + 1)¥c0th {VLV} In (‘m) (202)

where r is real. For moderately small W, the corner of the u
contour at ~u,. is smooth and u# does not actually become

exactly equal to u, there. But Im u does converge to Im u,
for asymptotic r. For |r| > 1 we have

L
Im u(r) = —sign(er)L coth [W] . (203)
For the initial electron, L is determined by
L
L coth [W] =—Imu.(p,), (204)

where u.(p;) is given by (201), and, considering
P: = P2 = P3. L for the other particles is determined by

L coth [%} =—Imu.(py). (205)

For sufficiently small W, the transcendental equation
reduces to L = —Imu,.. But for W =0.1 and for the
values of y and p,; that we have considered, it is better
to use the exact solutions of (204) and (205).

Thus, to find the integration constants at the first nonzero
value of y,, say y,=0.1, we use as starting points:
z(0) = 0, #(0) given by (200), [3=0, L, given by (204)
and LE = Ly = L} given by (205).

The exponential part of the integrated probability,
P « e*E is given by a sum of the contributions from
the ¢~ and ¢’y worldlines, A= A+ Ag, where (see [28,29])

v
Ac = 2Im/duq’é6,,Ay(qc)cZ]uC (206)
and similarly for Ap.

As an example, we consider y, =2 and p; = 2. The
results are shown in Fig. 1.

The instantons are shown in Fig. 2. We see that 7. starts
at zc = +oo0, moves toward the field, passes through the
peak at z = 0, then turns and passes over the peak again,
and goes to zo = +o0. Although z is real over the whole
trajectory, the velocity z-(u) is real asymptotically but
imaginary in a region around the turning point. This is
consistent because the proper time u follows a contour in
the complex plane. zi-(u) is discontinuous at u = 0, but it is
difficult to see that in Fig. 2 because the discontinuity is
relatively small. #. starts in the asymptotic past, becomes
imaginary around the turning point, and goes to the
asymptotic future. The energy -(u) is real over the whole
trajectory and drops discontinuously at u = 0, where some
of the electron energy is given to the intermediate photon.
This discontinuity is larger because we have chosen the
transverse momentum p; = 2, so [; = (2/3)2, which is
significantly larger than the (imaginary) /3 component,
so Iy = \/m ~ 1.

For r > 0 we have z¢(u) = zg(u) and tc(u) = tg(u),
so the two final-state electrons follow the same path, even
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— .
tcl0:vz=0] 2
.
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FIG. 1. Instanton quantities for y, = 2 and p; = 2 as a function of the spatial inhomogeneity y.. t-[0;y. = 0] = 73[0;7. = 0] is given
by (200), so t¢(u = 0) = tz(u = 0) is purely imaginary. The momentum of the intermediate photon is also purely imaginary, Rel; = 0.
z[0; 7. = 0] is the WKB result (179) (£ = 0). In this particular case we have a ~ 0.30 and b ~ 0.014, so z; ~# —0.023, s0 zc[u = 0;7.] is
purely real. From (204) and (205) we find Lz (y. = 0) 2 0.25 and LE(y, = 0) = LE(y. = 0) ~# 0.51. A is the exponential part of the
probability, P « e~*/F, obtained from (206). c, is given by the WKB result (180).

FIG. 2. Instantons for y, = 2, p; = 2, y, = 0.1 for the thin lines and y, = 3 for the other lines. The velocities are g, = dq,/du, not
dg,/dr. The imaginary part of 7’ is discontinuous at r = 0, but, as we can see from (187) and the first plot in Fig. 1, the discontinuity is
relatively small.
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though one of them is connected via a complex worldline
to the initial electron while the other is connected to the
positron.

The r < 0 part of ¢’ describes a positron. If we start at
r = —oo and go to r = 0, then the positron starts in the
future and goes backward in time. If we instead start at
r = 0and go to r = —o0, then zz and ¢ describe the actual
trajectory of the positron, which goes forward in time. We
see that the positron moves toward z = —oo, i.e. in the
opposite direction compared to the electrons.

By comparing the results fory, = 0.1 and y, = 3, we see
that the instanton is quite insensitive to y,. Indeed, for the
time component it is actually difficult to see the difference.
But for the asymptotic velocities, z'(£o0), there is a
significant, albeit not huge, difference.

A. Momentum dependence

For E(t, z) we can take I1, = {p1, pa1, P13, P23, P33} 10
be the independent momentum variables. To find their
saddle points we need dy/0Il,, and for the widths of
the spectrum around those saddle points we need
0y /011,011, The easiest way to calculate these derivatives
is to first express the exponent on the amplitude level as

w = —ipqc(ug) + ip1qc(uy) + iprgp(uy) +ip3qp(ug)
— ik[g5(0) = gc(0)] + ... (207)

where the ellipses represent terms that only depend on the
momentum variables implicitly via the saddle-point values
of the other integration variables. To simplify notation, we
write gc(uf) as go(u;) etc. We will eventually evaluate k3
on its saddle point, which depends on the external
momenta, k3(IT). But for now we will treat it as an
independent variable. Since the field depends on z, there
is no delta function for the longitudinal momenta, so ps,
P23 P33, and ks are all treated as independent, and for the
first derivative we find

7

5%—4@@—@@+%m@—%@ﬂ<m&

% = i[ZC(ul) + %fc(ul)} (209)
i)+ )| (210)
oy . P33

%—Z[ZB(M0)+I)—SOZ‘B(M0):|. (211)

To obtain the transverse derivatives we have to remember
that
(212)

P3L =P1—P1L— P21 ki =pL—pi..

We also use, e.g.,

xe(uy) = xc(0) = —Pu“lc, (213)

which can be obtained from the fact that the transverse
components of the instantons are straight lines before and
after the kink at u = 0. We find

oy [ <tc(“1) c> (ZB(MO) B)
—=i|\pj|\———uy | —p3j|l —+tu
opi; Y\ pio ! "\ P30 0

k.
+ 100) = 1c0) (214)
and
oy [ (fB(ul) B) (fB(uo) B)]
—=1i|ps; —uf | —ps; +u . (215
aij P2 P20 ! P P30 0 ( )
where j =1, 2.

The above first-order derivatives determine the
momentum saddle points. Setting (208) to zero gives (195).
For the external momenta, squaring the amplitude gives
Redy /a1 = 0 as the condition for the saddle points of II.
The real part of (209)—(211) already vanish for the physical
einbein (196). From (214) and (215) we find

dy
Re—— = —-Im (P11”1C + ngMOB)
aplj
dy
Re—— = —Im (pzju? + pgjl/lg) (216)
aij

Since p, =0, (216) vanishes trivially for pj, = py» =
P32 = 0. So for the y and z components we find nothing
new. But for the x component we have an additional,
nontrivial condition on the instanton,

Imuf Imu?
Pui=1 "B B B c B cPt
muy Imu? +Imuy Imup —Imu) Imug
Imu® Imu€
P21 . l cPi- (217)

Imuf Imu? +Imuf Imu§ —Imu? Imu

From (203) we have, Im(u?) ~ —L}, Im(uf) ~ L3, and
Im(u§) ~ —L{, so this relation can also be expressed as

pul¢ = pyiLy. puls = psils.  (218)
For a time-dependent field, where the saddle point
momenta are all equal (17), p;; = p2; = p3p, (218) sim-
plifies to L. =L} =Ly However, for a spacetime
field, the momenta and the L’s are in general different.
Either (217) or (218) reduce the number of unknown
parameters to determine from the six parameters p;,
pa1, LE, and L to four of them.
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By calculating the second-order derivatives, i.e., the
Hessian matrix, and evaluating it at the saddle point, we
obtain the widths of the momentum spectrum. This is trivial
for all the y components of the Hessian, because, for j = 2,
all the terms in (214) and (215) are proportional to p,
or p,,, which both vanish at the saddle point, so we find
(the —2 superscript is just part of the name)

0? t t
-2 = —Re Zf :Im[C(ul)—f— B(“O)_ulc+ug]
’ op1s P1o P30
& t
di3,, = Re— "V —m { (o) + ug]
’ 0p120p2 P30
o t t
d52,, == —Re ‘é/ —Im [ (1) 4 5(uo) —ub + ug}.
’ op3, P20 P30

(219)

Note that there is no mixing with the x and z momentum
components. For the physical einbein this simplifies
further,

- g2 B c
1 =dyyn = Im(ug — uf)

df§22 =1Imuf. (220)

To obtain the other second-order derivatives, we have to
calculate the derivative of the instanton with respect to I1
and k3. We do this as in [29]. We first note that we do not
need the full IT dependence of dp;qc 3(IT), only o g 5(I15)
evaluated at the saddle point IT = II;. This can be obtained
from ¢q(I1) = g(I1) + 8¢S, where SIT=TII-1TI; and
6q = dpq(Ily). In particular,

q" = q" + k36, q" (u)

q" = ¢" + 811,8,q" (u) (221)
(no sum over a) with I1, denoting any of the momentum
variables {pi1, pa1, P13, P23» P33 }» and similarly for k3. In
other words, d,q denotes the derivative of the instanton
with respect to the variable I1, evaluated at all the saddle
points {1, k3}.

All variations are solutions to the following equation,
which is obtained by making a linear perturbation of the
Lorentz-force equation,

61" = Eé7 + VE - {6t,62}7

67" = Est + VE - {6t, 6z}, (222)
where VE = {0,E,0.E}. Some of the conditions which
distinguish the different dq’s are asymptotic conditions at
u = +oo. But that does not mean that we have to use a
shooting method to find the 6¢’s, because (222) is linear, so
we can first solve (222) with four different initial con-
ditions, where the only nonzero conditions are

5t[1] (0) = 52[2] (0) = 51‘/3](0) = 5Z/[4] (O) =1.

[ (223)

and then an arbitrary solution can be expressed as a
superposition of these four basis solutions,

4
Sq(u) =Y a;dqp(u), (224)
j=1

where the coefficients a; are determined algebraically.

a; and a4 in (224) are determined directly by simply
matching 67 (0+) and 6z'(0+) with the derivative of (192)
and (193) with respect to k5 for o, ¢ or I1,, for 6,¢g. Note that,
due to the discontinuity of q;’l at u = 01in (192) and (193),
we have a; = a5 and ay = aj foru < Oand a3 = aj # a3
and a, = a; # aj for u > 0. a; and a,, on the other hand,
must be the same for both # < 0 and u > 0, because ¢* is
continuous at u. We therefore only need two conditions to
determine a; and a,, which we have by differentiating the
asymptotic conditions (190) for z/(+e0).

Having obtained the variations, d;¢q and d,g, we can now
obtain the Hessian and hence the momentum widths from

Py Py Py
POM0M, M dksall, T 0k (225)
Differentiating (208) with respect to k3 gives

Xk = —i|0kzp(0) — xz¢(0) +]]:_;(5le(0) — 8;tc(0))].
(226)

We can obtain X;, = by either differentiating (209) with
respect to ks, or by differentiating (208) with respect to p5.
In the latter case, the result simplifies since 535 = O,
which follows from the fact that none of the conditions for
gp in (192), (193), or (190) depends on py3. We find

. P13
Xipys = l|:5kZC(ul) +p—:)5ktc(u1)]

=i [—513zc(0) - 2—2513&:(0)} . (227)

The fact that partial derivatives commute has given us
two different representations of X;, . and hence a highly
nontrivial relation between ;¢ and d,3¢. Computing both
representations and comparing them allows one to estimate
the precision of the numerical results.

Similarly, using 0y3gc = 033gc = d19c =0 and
tc(0) = 15(0) we find

. P
Xipy, = 1{51{@(”1) +p—§(3)5kt8(”l):|

— i [623ZB<0> T i—;amB(oﬂ (228)
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+335kf3(uo)]

Xipyy =1 [51&3(”0)
P30

=—i {533@(0) + E533119(0)} (229)

ko

\P D3
Xip,, = l|:p_i(l)5ktc(ul) - p_3(1)5kt3(u0)

89 6,4(0) - @%wﬂ
0

[51123 51120(0)

(511t13(0) - 511fc(0))} (230)

Tk

P31
- —5k13(u0)]
P20 P30

=i [521@(0) + ﬁézl[B(O)] -

L (231)

As mentioned, there is no mixing with the y component,
SO ka12 = kazz =0.
For the x components we find

[te(uy) P P
XP11P11 _l|: _u?_%tC(ul)_Fp—b‘lltC(ul)

P1o Pio 10
+ 'altto) + uf pg]f (o) P S11tp(uo)
S ——3 Ip - B
P30 0 P%o P30
611t5(0) = 611-(0
n 115(0) ntc( )k1 (232)
ko
[tp(uy) p3 21
XP21P21 :l|: _ullg_%tB(ul)"i__(SthB(”l)
P20 P2 20
P30 0 P%o P30
(233)
(5 (uo) p3
PPzt :l|: P30 +ug_p_z(l)t3( )
P ki
L —= 0y tp(ug) + ko 521¢B(0)]
P30
. tB(”O) B p%l
=1 +uy =~ tp(uo)
{ P30 0 P%o ?
- P tala) + P2 Snaa) | (234
P30 P20

For the cross terms between the x and z components we
find

|p k P p
XP11P13 = l|:i513tC(u1) __1513tC<0) e C( ):|
P1o ko Plo

)P

. P13
= 1{51120(”1) +p—1511tc(’41

10 P]()
(235)
_ P23
Xpipy = 1{51123(”1) "‘—51113(”1)]
P20
|k p
=1 |:k_l 623tB(0) - l52313(140):| (236)
0 P30

; P33 P33P31
Xpipn = ’{51123(”0) +%511f3(u0) + o tB(”O):|

k
= l{kl 633t5(0) — @533%(”0) + p33531 tB(”O)]
0 P30 P30

(237)

; P2 4 p
Xpoips :’[52123(141) + 22515 () = 25 1 (u )}
P20 P30

= l:p]523tB( 1) =L 65st5(up) — pﬂpBiB(”l)}
P20 30 on

(238)

.| P2 P3 P31DP33
Xpypy =1 {—1 Systp(ur) —=833tp(up) +—13 tB(“O):|
P20 P30 P30

)+P31P33 ta(u )}

. P33
=i {521@9(”0) +p—521f3(uo

30 P30
(239)
while X, , =0.
For the z components we find
XP13P13 =1 |:513ZC(M1) + _1(3)513IC(”1)
t
_;_M th( )} (240)
P1o P1o
. P
XP23P23 =1 |:523Z3(u1> + %5231‘8(”1)
t
-] 241)
P20 pzo
: P3:
XP331733 =1 |:633ZB(MO) + p_:)533t3(u0)
tg(u z
L tplno) _ @zB(uo)] (242)
P30 P30
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. P23
XP23P33 = l|:533ZB(ul) + _533t3(u1):|
P20

. P
=1 {52323(%) + ﬁ52313(u0)}
P30

(243)

while X, ., - = X, .,.. = 0 due to the vanishing variations
01395 = 0 etc. mentioned above.
In matrix form we have

XPIIPII XPanl XP11P13 XP||P23 XP11P33
XP11P21 XP21P21 0 XP21P23 XI’21I733
X= XP11P13 0 XP13P13 0 0 (244)
XP11P23 XP2|P23 0 XP23P23 XP23P33
_XP11P33 XP21P33 0 XP23P33 XI’33I733 ]

where we have highlighted a transverse block with ele-
ments X, , , etc., a longitudinal block with elements
X)p,sps» €tC., and mixed blocks.

To compute the widths themselves, we need to take into
account the nontrivial k5 integral. As in [29], since the k3
saddle point depends on the momentum, k(IT), we obtain

XiaXip

l//lquad.pan = oll, |:Xa/;’ - :|5H/3. (245)

ek
While the intermediate steps have not been symmetric
under the exchange of the momenta of the two final-state
electrons, p; <> p2, (245) is actually symmetric. This
makes the next step much simpler, because the two terms
in the trident amplitude, M = M, — M5, both have the
same exponential, so |M,|?, [M,;|* and 2ReM ,M,, all
have the same exponential. Thus, only the real part of (245)
contributes, so the width matrix is given by

(246)

[¢]

d72 = —Re [Xaﬂ _ Zhamip

where a,f €{pi1, P21» P13, P23, P33}- The spectrum is
proportional to

P(IT) o exp (—[IT = 1] ,d; 2 (I = IL,] ).

a“ap

(247)

Figure 3 shows all the components of d? for y, = 3/4
and p; = 3/2. For y, = 1 we have

1.43 0.563  0.138 —-0.246 0.0775
0.563 143  —-0.246 0.138 0.0775
d;/% =| 0.138 -0.246 0923 -0.174 -0.140
-0.246 0.138 -0.174 0.923 -0.140
0.0775 0.0775 -0.140 -0.140 0.793
(248)

We see that it is symmetric, (d=2)" = d~2, which is a
nontrivial check of the implementation of the above for-
mulas, since we have used both versions for the mixed
derivatives. It is less immediately obvious that it is sym-
metric under exchange of the final-state electrons, but with

(249)

”
I

o o o~ o

©c o o o =

o - o o o

o o = o o

- o © © ©

as the matrix that exchanges the electrons, i.e.,

(6p21,6P11.6p23, 6P 13.6p33)

= S(6p11,0P21,0p13, 9P23, 6p33), (250)
we can check that (248) is indeed symmetric,
STd=28 = d=. (251)

For y, = 0.01 we find

d—Z
1224 0.6122 0.009202 0.009168 0.009204
0.6122  1.224 0.009168 0.009202 0.009204
= [ 0.009201 0.009168 249.0 2487 2487
0.009169 0.009201 248.7  249.0 2487
0.009204 0.009203 248.7  248.7  249.0
(252)

If we were to truncate the elements of this matrix to two
digits, then it would be singular, detd=> — 0. As this
suggests, it can become harder to maintain a high precision
as y, becomes smaller. However, we can use our y, < 1
approximations to check the precision. To do this we first
change variable from Jps3 to 0X = Opi3 + 6pas + Ops3,
which we can do with

1 0 O 0O O

01 O 0O O
T=loo 1 0o o], (253)

0O 0 O 1 0

00 -1 -1 7.

so that

(6p11,6P21,6P13.6P23, 6P33)

=T(6p11,6p21.6p13,6p23.6Z/y.),  (254)
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FIG. 3. The widths (246), or rather d in (255) and without the trivial factor of 1/E, for y, = 3/4 and p; = 3/2, with 6% =
Op13 + 0pa3 + Ops; instead of dps3. The gray, straight lines in the first three plots show the y, = 0 results from (31). The gray, straight
line in the fourth plot shows the £ coefficient in (180), and the gray (lower) line in the last plot shows (185).

where we have included a factor of y, since 6X ~y, is a B.y,x1

natural scale for 5Z. What we plot in Fig. 3 is In Sec. III, we obtained O(y?) corrections to the purely

d2 — TT 42T (255) time-dependent case using WKB. We can obtain the same
x ’ results with much less effort using the worldline approach.

The plots show convergence toward the WKB results in (31) The trick [23,29] is similar to how we obtained the first-

(for the two blocks) and (180) (for the X component) order momentum derivatives in the previous section, i.e.
’ we express the exponential part of the amplitude by its

original form, but with all the integration variables replaced
by their saddle points. Then when we differentiate with
respect to y,, we have

12 061 0 0 0

061 12 0 0 0
dd=| 0 0 05 028 0 [. (256)

0 0 028 055 0

02

d
0 0 0 0 0 —zf(xs [J/z]’ 72) - xls (7z)axf + a;,zf = ay?fs (257)

3 dy?
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so we only have to consider the explicit dependence on 2,
which comes from

/duA3(t,z)z’z/duA3(t)[1 - (r.2)%.  (258)

Since A3 does not vanish for large u, and |z| — o0, we
should actually make a partial integration before we make
this expansion, so the O(y2) correction to the instanton
action is given by

2
G

3 duz’E(1),

(259)

where z and ¢ are now the instantons for the time-dependent
case (197); we have one (259) term for g, and one for gp.
Recall that z(0) is arbitrary (a zero mode) for y, = 0.
But (259) fixes this zero mode. To make this dependence
explicit, we redefine z(u) — zo + z(u), where now
z(0) =0 and z, is the constant we will determine. For
v. =0, we have dz/dr = —m3/7y, so we can change
integration variable in (259) from proper time u to f,
and then we do not actually have to find the instanton, i.e.,
we do not need to use (198) and (199). We immediately
recover the WKB expression (169). The rest of the
calculation is the same as in the WKB approach.

V. GAMOW-SOMMERFELD SUPPRESSION

We saw in the previous section that, at the saddle-point
values of the momenta, the two final-state electrons follow
the same worldline. It is therefore natural to ask whether the
Coulomb repulsion between these particles is important.
In the absence of a background field, it is well known that
the Coulomb repulsion is important when the relative
velocity of two charged particles is small, which means
that one can treat the Coulomb interaction nonrelativisti-
cally [31,32]. The result, which can be found in, e.g., the
textbooks [33-36], is that the scattering cross section/
probability with and without the Coulomb interaction are
related by a simple multiplicative factor,

P(with Coulomb) = C?P(without Coulomb)  (260)
where C? is the Gamow-Sommerfeld factor,
22 =N (261)
X — | dnv’

where ¢, and ¢, are the charges of the two particles, and v
is their relative velocity.

Our focus in this section will be on the repulsive case,
q19; > 0, but we first mention that the attractive case,
q19>» < 0, has an interesting » — 0 limit. Consider the
annihilation of an e*e™ pair into u*u~, t77~, pp or some
other pair of particles. At the threshold, v — 0 in the final

state and
P(without Coulomb) & v — 0, (262)
but the Sommerfeld factor diverges,
C? - 27fu| %, (263)

so P(with Coulomb) remains nonzero as v — 0, i.e., as a
function of the initial energy the cross section has a
discontinuous step at threshold [37—40]. Such steps have
been observed in experiments [41-43] (see also Ref. [43],
e.g., for discussions about the existence of steps even for
neutral baryon pairs). Sommerfeld enhancement has also
been important in studies of dark matter, see [44] for a
pedagogical explanation and for further references.

In the repulsive case, the Sommerfeld factor gives, for
v < 1, an exponential suppression rather than an enhance-
ment,

2
Cr (ﬂ’) Chplx) =xe™,  (264)

where we have assumed that the two particles are electrons.
This approximation is valid for v < 2za = 0.046.

If one forgets for a moment where the function ngp
comes from, one sees a function which can be expanded
in a Taylor series in a, xe™ = x—x>+--- for x < 1.
However, that expansion is not relevant since ngp is
only valid as a x > 1 approximation of C?, so there is
no reason to expect that the Taylor expansion of CezXp
should agree with the Taylor expansion of C2. In this case it
is easy to see that the true expansion is indeed differ-
ent, C?(x) =1 — (x/2) +---.

The Sommerfeld factor (261) is usually derived by
solving the nonrelativistic Schrodinger equation. Here
we will derive it using worldline instantons. After integrat-
ing out the (quantum) photon field, one finds a nonlocal
term in the action

2

iew [1 41(71)q(7>)
Sint = ——/ dr,dz .
n 82 Jo 7 (q1(71) — qa(72))* — i€

(265)

For ¢ # ¢5. Sy describes interaction between two
different worldlines, e.g., the two final-state electrons
in trident.

As an aside, if one instead considers a closed loop and
¢\ = ¢, then S, gives after renormalization the AAMLR
result [45—49] for the imaginary part of the effective action
in a constant electric field

2
ImI" ~ E? exp <— % + an) ) (266)
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We present a derivation of (266) in the Appendix. For
electrons and positrons, the a term in (266) is of course
negligible, but it is important for magnetic monopoles [50].
In [45,47], the result (266) was obtained by first calculating
the O(a) correction to O(a”) and then guessing that higher
orders in a would sum to ¢"*. In [46], (266) was instead
obtained by including (265) in a saddle-point approxima-
tion of the worldline path integral, i.e., without making a
perturbative expansion in a.

We will now derive the Sommerfeld factor from (265).
We assume that two electrons are produced at r ~ 0 in some
process whose formation length is short compared to the
subsequent Coulomb repulsion dynamics. This is the
standard assumption for the Sommerfeld factor, and we
will explain below why this is also relevant in the trident
case. Given that this effect is only significant when the
relative velocity of the particles is small, we can go to the
center-of-mass frame where the dynamics is nonrelativistic.
We begin by changing integration variables in (265)
from proper time z; to coordinate time ¢;, and then to
t=(t; +1)/2 and At =1, —t;. In the numerator we
have 1 —v;-v, =1 for nonrelativistic velocities. In the
denominator we have (g, — q)* ® Af? — [r5(t) — ri(2)]*.
Performing the integral over At gives (including an
overall factor of 2 since ¢; <> g, both describe the same
process)

a

Sux [l -r) V- 67

ry =1y

which is the instantaneous Coulomb potential.
The noninteracting parts of the action, e~(5152)  are
given by

T. 1 ;2
sz—jm—l—/ drmq—]
0

. 2
2 2T, (268)

Substituting the saddle points for 7" and ¢ gives

mv?
S; = /dtm, [1 -0 z/dt <— T’) +const.  (269)

With r; = R — (1/2)r and r, = R + (1/2)r we have

) MR2
Sl+52+5im:/dz<—’%—7+ V(r)), (270)

where y = m/2 is the reduced mass and M = 2m. Since
we are outside any background field, the center-of-mass
dynamics is trivial, R = 0. The saddle-point equation for
the relative motion is

it = V'V, (271)

Multiplying by r and integrating gives

i = % E-V), (272)

where £ = pv?/2 is the asymptotic energy. Equation (272)
is an implicit solution, since V depends on r, but we do not
need to find an explicit solution. Substituting into (270)
gives

S = E(tou — tin) + 2/ de(v=¢£). (273)

The terms outside the integral cancel against similar terms
from the asymptotic states. Changing integration variable
from ¢ to r and squaring the amplitude gives,

C? « exp <—2\/ﬂ A ! dr\/V——é’>, (274)

which is the well-known exponent for nonrelativistic
tunneling through a barrier. The integration limit for a
Coulomb potential is

a
=—. 275
ry g ( )
Performing the integral gives
2
C? x exp <— ”“), (276)
v

in agreement with (264).

From (275) we see that the Coulomb repulsion works on
ascale of rc ~ a/v? = 1/a > 1, cf. [35], which also means
tc ~a/v® 2 1/a*. Compare this with the scale of the
background field. In the lab frame we have tz ~ 1/w,
which means ¢z ~ 1/(pow) in the center-of-mass frame,
where p is the asymptotic energy of the particles in the lab
frame. Comparing these two scales,

(277)

which is large because v ~ a so E/v? >> 1 for any relevant
value of E (we need E < 1 to use the saddle-point method,
but for E ~ o’ the probability would be extremely small
due to the exponential suppression, so there is no motiva-
tion to study such regimes). For a wide field, y < 1, but
then the typical energy of the electrons will be po/m ~ 1/y
(po can also be large due to large momentum of the initial
particle), so ypo/m ~ 1 and the ratio is still large. Thus, the
Coulomb repulsion happens on a much longer timescale
compared to the formation process in the background field.
One finds a similar conclusion for 7/ zg, though somewhat
less favorable.
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VI. CONCLUSIONS

We have shown how to use WKB and worldline-
instanton methods to study nonlinear trident in fields which
are not plane waves. We studied both the exponential and
the preexponential parts of the spectrum in detail for time-
dependent electric fields E(7). At first this might not seem
like a step beyond plane waves, but the results for E() have
a richer analytical dependence. Indeed, it is possible to
obtain the plane-wave results by taking the high-energy
limit of the results for E(¢), but it is not possible do the
reverse. Studying E(t) therefore allows us to explicitly see
how and under what conditions the spectrum converges to
the plane-wave results in the high-energy limit. As a rule of
thumb, one expects that plane-wave results should be
applicable for sufficiently high energies, but, in studying
these WKB approximations, one can see explicitly that the
plane-wave approximation may break down if the particles
have high energy but along the electric field direction or if
the background field is simultaneously very strong,
ay > 1. Both of these cases can be relevant when particles
have high energies as a result of being accelerated by a
strong field.

We have shown how to generalize the incoherent-
product approximation, where the trident probability is
approximated by the incoherent product of the probabilities
of nonlinear Compton scattering and Breit-Wheeler pair
production. The incoherent-product approximation is very
useful and often the only method available in cases where
higher orders in « are important. This provides motivation
for further studies of how to construct an incoherent-
product approximation for nonplane-wave fields.

WKB methods are often convenient for 1D fields, but for
fields which depend on more than one coordinate, we have
shown that a worldline-instanton approach based on open
worldlines allows one to study in principle arbitrary
multidimensional fields, and also to take into account
higher orders in a, e.g., for the Coulomb interaction of
the two final-state electrons in trident.
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APPENDIX: AAMLR

In Sec. V we studied the Coulomb repulsion between
two final-state electrons. The resulting Sommerfeld factor
is all-orders in a, and the reason that all orders are
important is because the effective parameter is /v, which

is not small if the relative velocity is nonrelativistic. That
Sommerfeld factor is an interaction between two different
worldlines. In this section we will consider the self-
interaction of a single worldline with itself. So in this
section we consider Schwinger [51,52] rather than trident
pair production. The goal is to rederive (266). For electron-
positron pairs, @ < 1 and one should for consistency not
include that term, because it is smaller than other correc-
tions, e.g., NLO terms in the £ < 1 expansion. Indeed, for
the NLO correction in the E expansion to be negligible
compared to the a terms, one would need E < «a, but the
probability is so extremely small for such weak fields that
there is no point in considering it. One would therefore
consider the regime a < E < 1, where the a term should
be neglected. So instead of electrons and positrons, one
can consider magnetic monopoles [46,50], for which the
corresponding « is large. Dirac’s quantization condition
says that the charge g, of a monopole is related to the
electron/positron charge by ¢, = 2zn/e, where n is an
integer (cf., [53]), so

_du 7

= ~ 34n?
M= 4r ™ 4a 34,

(A1)
and 7a,, ~ 108n?. In the following we will not assume that
we are dealing specifically with monopoles, so we will
keep the same notation as in previous sections.

The self-interaction leads to a UV divergence, which will
be absorbed into a renormalization of the mass. In the
quenched approximation (only one fermion line/loop), the
mass renormalization is the only renormalization needed.
We use my to denote the bare mass. The exponential part of
the path integral is given by e~ where

moT 1 mog* .
S = d A
2 +A T( or q)

(A2)

and

Sm=-5 | dndead(m)a)R (aln) —a(m)P). (A3

where R(x) is a UV-regularized version of 1/(x? — ie), for
example

1
R e —d@mP - e

(A4)

where a — 0 after renormalization of the mass.

For a constant field, the instanton is a circle in the
Im(¢) — z plane for @ = 0. Because of symmetry, one
expects [46] that the instanton will still be a circle for
a > 0. We therefore take the following as an ansatz,
(AS)

t = ip cos(2x7) z = psin(2z7),
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where p is a constant to be determined. 7 does not appear
in S, Inserting the saddle-point value T = —2zip
into S gives

7
For the regularized interaction term we find
2p* + (Ea)?
=S = 71'0{(1 - P+ (Ea) )
Eav/4p* + (Ea)?
T op
=0 ——=—+ O(a). A7
=~ + O(a) (A7)
The saddle-point value of p is
a
= — A8
p=my+ 2a (A8)
and the exponent becomes
ex ﬂ + 2 ’ + (A9)
Pl—f|mots, za |.

By writing this in terms of the physical, renormalized mass,

+a
m=my+—,
2a

(A10)
we recover (260).
By reinstating ¢ and 7 in (A10),

1 & n r
—— = 1--% All
" T 24nhc ca m( Za)’ (All)

we see that the mass renormalization does not depend on 7.
In fact, it is exactly the same as the mass renormalization in
the derivation of the Lorentz-Abraham-Dirac (LAD) equa-
tion, see [54]. In the case of LAD, (A10) is exact, i.e., it is
not just the first term in some expansion in a.

While our final result (266) agrees with Eq. (2.29)
in [46], we cannot make a concrete comparison with their
implicit regularization or their indirect discussion about
renormalization. However, from the perturbative treatment
in the Appendix of [46], it seems that they might have had a
more traditional perturbative renormalization in mind.
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