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We consider nonlinear trident, e− → e−e−eþ, in various electric background fields. This process has so
far been studied for plane-wave backgrounds, using Volkov solutions. Here we first use WKB for trident in
time-dependent electric fields, and then for fields which vary slowly in space. Then we show how to use
worldline instantons for more general fields which depend on both time and space. For time-dependent
fields the WKB approach is at least as simple to use as the worldline approach, but already the relatively
modest step of including a slow spatial dependence makes the worldline approach much more efficient.
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I. INTRODUCTION

There continues to be growing progress in strong-field-
quantum electrodynamics (QED) processes, especially
those occurring when electrons or photons collide with
high-intensity laser fields [1–3]. One process is the non-
linear trident process, e− → e−e−eþ. Many particles can
be produced by a single electron, because factors of
α ¼ 1=137, which would otherwise suppress higher-order
processes, are compensated for by large factors due to the
high intensity or extended pulse length of the background
field. To theoretically model such higher-order processes,
one needs to employ various approximations. One approxi-
mation, in particular, is to treat higher-order processes as
incoherent products of first-order processes. One reason
that we are interested in studying trident is that it is the first
nontrivial step in the production of more particles while still
being sufficiently “simple” so that one can calculate and
check the corrections to the incoherent-product approxi-
mation. The calculations of these corrections are actually
quite nontrivial. In fact, while the simplest part of the
correction (the direct part) was calculated already in the
1970s by [4,5], it was not until [6,7] that the rest of
the correction (the exchange part) was calculated. It turned
out that this previously omitted exchange term is in fact on
the same order of magnitude as the simpler direct term.
Here we should mention that there have also been fully

numerical computations of the trident spectrum which did
not worry about separating the probability into an incoher-
ent product and corrections to it. A not complete list of
papers studying trident is [4–18].
All these previous studies of trident have in common

that they considered the background field to be a plane
wave, i.e., with a gauge field given by1 AμðkxÞ, where
kμ ¼ ωð1; 0; 0; 1Þ is the wave vector and kA ¼ 0. There are
good reasons for this. One is the fact that an electron
with sufficiently high energy tends to see a quite general
background as if it were a plane wave. However, if the
electron’s momentum is (approximately) parallel to an
electric field, then the electron will not see that field as
a plane wave. And if the field is sufficiently strong to
significantly bend the electron trajectory, then one can also
expect differences from the plane-wave approximation.
Then there are of course cases where the electron energy
is not high.
There is thus motivation for trying to go beyond plane

waves. However, doing so is challenging. For plane waves
the solution to the Dirac equation is the Volkov solution,
which is particularly simple. There are a couple of 1D fields
for which one can solve the Dirac equation exactly, e.g.,
a Sauter pulse, A3ðtÞ ¼ ðE=ωÞ tanhðωtÞ, but the solutions
for those fields are already much more complicated than
the Volkov solutions for plane waves. One can therefore
not expect to be able to find exact solutions for realistic
multidimensional fields, let alone use them to calculate the
probability exactly.
In this paper we will use weak-field approximations

to calculate the trident probability for nonplane-wave
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1We absorb the charge into the definition of the background
field, eFμν → Fμν, and set c ¼ ℏ ¼ m ¼ 1, where m is the
electron mass.
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backgrounds. We will start with a WKB treatment of trident
in purely time-dependent electric fields, EðtÞ ¼ A0

3ðtÞ. One
might argue about whether this can be seen as going
“beyond” plane waves. We are not saying that fields of the
form EðtÞ actually give a more accurate model of realistic
laser fields. For one thing, EðtÞ does not solve Maxwell’s
equation, while plane waves do. However, from an ana-
lytical point of view, there is a sense in which considering
EðtÞ is going beyond plane waves. The fact that the two
field invariants, E2 − B2 and E ·B, are both zero for plane
waves means that the probabilities have less structure.
For EðtÞ, on the other hand, one of the field invariants is
nonzero, so even before doing any calculations, one can
expect the result to have more structure. In fact, results for a
general plane wave can be obtained from the results for
EðtÞ by taking the limit where the transverse momentum of
the electron is very high. In other words, the plane-wave
results are contained in the results for EðtÞ, so in this sense
we are going beyond plane waves when studying EðtÞ.
ConsideringEðtÞ therefore allows us to get a sense of what is
neglected when approximating the background as a plane
wave, and when it is not possible to do so. We show, in
particular, that if we instead take the limit where the
momentum of the electron is large but parallel to the electric
field, then one does not recover the plane-wave result.
Then we show how to use worldline instantons to study

trident in general space-time dependent fields. Both the
WKB and the instanton approach calculate the same
leading order in a weak-field approximation. In the
WKB approach one first has to solve the Dirac equation,
i.e., one has to find an approximation of a field, ψðxμÞ,
which in general depends nontrivially on t, x, y, and z in
addition to the field and momentum parameters, and then
one has to plug that solution into the Feynman rules and
perform the integrals (which one can do with the saddle-
point approximation). Note that ψðxμÞ contains more
information than what is actually needed for any particular
process. In contrast, in the instanton approach one goes
directly for the amplitude of the particular process one
considers, i.e., without first calculating some intermediate
result. Moreover, the instantons are 1D trajectories which
permit a more intuitive understanding of these processes.
With this in mind, it is perhaps not so surprising that we
can calculate things with the instanton approach which,
although in principle possible, would be difficult to do with
a WKB approach. We will show how to apply the instanton
approach for fields which depend on both time and space
separately (i.e., not just on, e.g., t − z as in the plane-wave
case). This can be seen as going beyond plane waves both
in the analytical sense described above as well as in a more
direct sense of more accurately modeling realistic lasers.
Of course, both the WKB and the instanton approaches

are dealing with the leading-order in a weak-field approxi-
mation, while for plane waves it is possible to calculate the
probability exactly. In the plane-wave case the relevant

expansion parameter is the quantum nonlinearity parameter
χ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðFμνpνÞ2

p
. However, as demonstrated in [16],

the saddle-point approximation does in fact offer a good
qualitative estimate even when χ ∼ 0.5 is not very small.
Our main motivation and goals can be summarized as:
(i) We want to understand how and under what con-

ditions probabilities of higher-order processes
[Oðα2Þ in the case of trident] can be approximated
by incoherent products of OðαÞ processes. This
problem is by now well-studied for the case of
plane waves. However, while plane waves are well
motivated, they are also special, e.g., because the
field invariants vanish. So even by considering a
relatively simple class of fields such as EðtÞ one can
get insights or ideas for how this factorization
generalizes beyond plane waves.

(ii) We want to develop methods to be able to calculate
the probability of trident and similar processes for
fields which depend on more than one space-time
coordinate. Our open-worldline approach seems
promising for that.

II. TRIDENT IN EðtÞ USING WKB

We first consider time-dependent fields of the form
A3ð−tÞ ¼ −A3ðtÞ, A3ðtÞ ¼ fðωtÞ=γ, where f is a dimen-
sionless function and γ ¼ ω=E is the Keldysh parameter. In
the high-energy limit we will often express things in terms
of a0 ¼ 1=γ (the classical nonlinearity parameter) instead
of γ, because a0 is more common when dealing with plane-
wave backgrounds. We use the following notation for
the momentum, π⊥ ¼ q⊥ ¼ fq1; q2g, π3ðtÞ ¼ q3 − A3ðtÞ,
π0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2⊥ þ π23ðtÞ

p
, where m⊥ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ q2⊥

p
. A typical

example is a Sauter pulse,

fðvÞ ¼ tanhðvÞ: ð1Þ

The electron and positron wave functions are given by

Urðt;qÞ ¼ ðγ0π0 þ γiπi þ 1ÞGþðt;qÞRr

Vrðt;−qÞ ¼ ð−γ0π0 þ γiπi þ 1ÞG−ðt;qÞRr; ð2Þ

where the spinors are chosen as γ0γ3Rs ¼ Rs for r ¼ 1, 2,
and

G�ðt;qÞ ¼ ½2π0ðπ0 � π3Þ�−1
2 exp

�
∓ i

Z
t

tr

dt0π0ðt0Þ
�
; ð3Þ

where tr ∈R is arbitrary, but, since we are interested in
fields which are symmetric around t ¼ 0, it is natural to
choose tr ¼ 0.
We use p, p1, p2, and p3 for the momenta of the

initial electron, the two electrons in the final state, and the
positron, respectively. The amplitude for trident is given
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by M ¼ h0jar1ðp1Þar2ðp2Þar3ðp3ÞUa†rðpÞj0i ¼M12 −M21

(U is the time evolution operator), where

ð2πÞ3δ3ðp1 þ p2 þ p3 − pÞM12

¼ e2
Z

d4xd4yψ̄ðp2; yÞγμψ ð−Þðp3; yÞDμνðy − xÞ

× ψ̄ðp1; xÞγνψðp; xÞ ð4Þ

andM21 is obtained fromM12 by swapping place of the two
electrons in the final state. We use the Feynman gauge for
the photon propagator

Dμνðy − xÞ ¼ −i
Z

d4l
ð2πÞ4 gμν

e−ilðy−xÞ

l2 þ iϵ
: ð5Þ

The fermion wave functions ψ and ψ ð−Þ are approximated
by UðtÞ and VðtÞ in (2) times the trivial spatial parts e−ipjxj .
We start by performing the trivial integrals in M12.

We first have

Z
d3x → ð2πÞ3δ3ðl − ½p − p1�Þ; ð6Þ

which is used to perform the photon momentum l integrals.
Then the other spatial integrals give the overall momentum
conservation,

Z
d3y → ð2πÞ3δ3ðp1 þ p2 þ p3 − pÞ: ð7Þ

We use this delta function to perform the integral over the
positron momentum, i.e., p3 ¼ p − p1 − p2.
The initial state is described by a wave packet

jini ¼
Z

d3p
ð2πÞ3 fðpÞa

†
rðpÞj0i: ð8Þ

With the mode operators normalized as

farðpÞ; a†r0 ðp0Þg ¼ δrr0 ð2πÞ3δ3ðp − p0Þ; ð9Þ

hinjini ¼ 1 implies

Z
d3p
ð2πÞ3 jfðpÞj

2 ¼ 1: ð10Þ

The (spin-polarized) probability is given by

P ¼
Z

d3p1

ð2πÞ3
d3p2

ð2πÞ3
d3p3

ð2πÞ3

×

����
Z

d3p
ð2πÞ3 fðpÞð2πÞ

3δ3ðp1 þ p2 þ p3 − pÞM
����2

¼
Z

d3p1

ð2πÞ3
d3p2

ð2πÞ3
d3p
ð2πÞ3 jfðpÞj

2jMj2

→
Z

d3p1

ð2πÞ3
d3p2

ð2πÞ3 jMj2; ð11Þ

where in the last step we have assumed that the wave packet
is sharply peaked (and from now on we use p for the
position of the peak). Wewill also average and sum over the
initial- and final-state spins.
The remaining integrals are nontrivial. The exponential

part of the integrand is now given by

ei½l0ðt−t0Þ−Iðp;tÞþIðp1;tÞþIðp2;t0ÞþIð−p3;t0Þ�; ð12Þ

where t ¼ x0 and t0 ¼ y0, and

Iðp; tÞ ¼
Z

t
dt00

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2⊥ þ ðp3 − A3ðt00ÞÞ2

q
: ð13Þ

We change variable from the (off-shell) photon energy
l0 ¼ X þ jlj to X, where jlj ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðp − p1Þ · ðp − p1Þ

p
is the

on-shell energy.
The expansion parameter is E ≪ 1, with γ ¼ OðE0Þ. By

rescaling t → T=E and t0 → T 0=E, the exponential part of
the integrand goes like e…=E with no factors of E in the
ellipses. This justifies using the saddle-point method for
weak fields E ≪ 1. We will show that all the remaining
integrals can be performed by expanding the exponent
around the saddle point. This usually results in Gaussian
integrals, but for the photon-energy integral X we find
something more nontrivial due to the fact that 1=ðl2 þ iϵÞ
in the photon propagator has a pole (when ϵ → 0) at the
same point where the exponent has a saddle point.
We begin by performing the time-integrals on the

amplitude level. We have a saddle point at t ¼ t0 ¼ t̃,
where t̃ ¼ iũ=ω and ũ is given by

f̃ðũÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

p2
k

p2⊥

s
γ; ð14Þ

where fðiuÞ ¼ if̃ðuÞ. Equation (14) is the same equation as
in the Breit-Wheeler case [see Eq. (47) in [19] ]. So the time
saddle point is imaginary. Note that it cannot be real
because the exponential part of the integrand is a pure phase
for real integration variables but we know that the prob-
ability we are calculating has an exponential scaling,
P ∼ e−ðsomething realÞ=E. We change variables from t¼ t̃þδt
and t0 ¼ t̃þ δt0 to the fluctuations around the saddle points,
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δt and δt0, and then expand the exponent in (12) to
Oðδ2Þ using

Iðp; tÞ ≈ Iðp; t̃Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2⊥ þ ðp3 − Aðt̃ÞÞ2

q
δt

þ A0ðt̃ÞðAðt̃Þ − p3Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2⊥ þ ðp3 − Aðt̃ÞÞ2

p δt2

2
ð15Þ

and similarly for the other terms, which gives

i½l0ðt − t0Þ − Iðp; tÞ þ Iðp1; tÞ þ Iðp2; t0Þ þ Ið−p3; t0Þ�
≈ F0ðp1;p2Þ þ F1ðp1; l0Þδtþ F2ðp1Þδt2
þ F0

1ðp1;p2; l0Þδt0 þ F0
2ðp1;p2Þδt02: ð16Þ

This equation defines F and F0 and we have only written
out how they depend on the integration variables. We
refrain from writing out explicit expressions for the
intermediate steps in the calculation, because they are long
and not illuminating (the calculations have been done with
Mathematica). F1 and F0

1 are nonzero because t̃ is only the
saddle point for t and t0 when the other integration variables
are replaced by their saddle-point values.
By an educated guess or otherwise, we find a saddle

point for the momentum variables at

p1 ¼ p2 ¼ p3 ¼
p
3
≕p0; ð17Þ

so all three final-state particles have approximately the
same momentum, which is equal to one third of the initial
momentum. For the photon-momentum we have a saddle
point at X ¼ 0, so the intermediate photon is approximately
on shell.2 We change variables from p1 ¼ p0 þ δp1,
p2 ¼ p0 þ δp2, and X ¼ δX to δp1, δp2, and δX. All the
integration variables with names starting with δ are
Oð ffiffiffiffi

E
p Þ, because expð−h½xs þ δx�=EÞ ≈ expð−½hðxsÞ=E�−

½δx2=ð2EÞ�Þ. To simplify we will introduce the average and
difference of the electron momenta,

δp1 ¼ δP −
δp
2

δp2 ¼ δPþ δp
2
: ð18Þ

For the terms which are linear in δt and δt0 we have

F1ðp1; l0Þδt ≈ ½c · δp1 þ iδX�δt
F0
1ðp1;p2; l0Þ ≈ ½c10 · δp1 þ c20 · δp2 − iδX�δt0; ð19Þ

where the coefficients c, c01, and c02 are functions of p.
We also have

F2ðp1Þδt2 ≈ F2ðp0Þδt2
F2

0ðp1;p2Þδt02 ≈ F2ðp0;p0Þδt02: ð20Þ
In the preexponential part of the integrand we can set
δt → 0 and δt0 → 0. The δt and δt0 integrals are simple
Gaussians,Z

dδt exp½F1δtþ F2δt2� ¼
ffiffiffiffiffiffiffiffiffi
π

−F2

r
exp

�
−

F2
1

4F2

�
ð21Þ

and similarly for δt0.
From the denominator of the photon propagator we have

l2 þ iϵ ¼ XðX þ 2jljÞ þ iϵ ≈ 2jljðX þ iϵÞ: ð22Þ
Since F1 and F0

1 contain terms proportional to X, the
photon-momentum integral now takes the form

Z
dX
2π

exp½−aX2 þ ibX�
X þ iϵ

¼ −
i
2
erfc

�
b

2
ffiffiffi
a

p
�
; ð23Þ

where erfcðxÞ ¼ 1 − erfðxÞ is the complementary error
function, and

a¼−
A

p0
1A

0 ðp02
1 Aþp0

3Þ b¼ 1

p0
1A

0 ðp0
3δp1−p0

1δp3Þ; ð24Þ

where A and A0 are evaluated at t̃, so from (14)

Aðt̃Þ ¼ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2

3

p2
1

s
: ð25Þ

These error functions (23) come from the photon propa-
gator and are hence a new feature which we did not
encounter for Schwinger or Breit-Wheeler pair production.
The probability (11) has one part

jM12j2 þ jM21j2 ð26Þ

which we call the direct part, and

−2ReM21M̄12 ð27Þ

which we call the exchange part. We treat the direct
and exchange parts separately. We see from (18) that the
exponential and error-function parts of M21 are obtained
from the corresponding parts of M12 by changing the sign
of δp → −δp.
The exponential terms we are left with after performing

the t, t0, and X integrals are unchanged by δp → −δp,
so those terms are the same for both the direct and the
exchange parts. By expanding these terms around the

2Peaks in the probability associated with intermediate
particles which are on or almost on shell have been studied in,
e.g., [20–22].
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saddle point for the momenta, squaring the amplitude and
summing over spins we find the momentum spectrum

Pdirðδp1; δp2Þ ¼
1

8
ðjerfcðcÞj2 þ jerfcð−cÞj2Þ

×
α2ð1þ 3p02

1 Þ2 exp ðE − Q
ωÞ

32π2A02ðt̃Þm⊥m03⊥p02
1 ðp02

1 þ p02
3 Þ

; ð28Þ

Pexðδp1; δp2Þ ¼
1

4
Re½erfcðcÞerfcð−c�Þ�

× ð−1Þ 81þ 54p2
1 þ 13p4

1

18ð3þ p2
1Þ2

×
α2ð1þ 3p02

1 Þ2 exp ðE − Q
ωÞ

32π2A02ðt̃Þm⊥m03⊥p02
1 ðp02

1 þ p02
3 Þ

; ð29Þ

where c ¼ b=ð2 ffiffiffi
a

p Þ, a and b are given by (24), c� is the
complex conjugate of c, the exponential part is given by

E ¼ −
2

ω
½3J 0ðp0Þ − J 0ðpÞ�; ð30Þ

the widths of the momentum peaks are approximately
Gaussian and determined by

Q ¼ J 1

�
δp2

2

2
þ 6δP2

2

�
þ ðJ 1 − p02

1 J 2Þ
�
δp2

1

2
þ 6δP2

1

�

þm02J 2

�
δp2

3

2
þ 6δP2

3

�

þ 2p1
0J A

�
δp1δp3

2
þ 6δP1δP3

�

−
Ω
p02
1

�
1

2
½p0

3δp1 − p0
1δp3�2 þ 6½p0

3δP1 − p0
1δP3�2

�
;

ð31Þ

Ω ¼
�
1þm02p02

3

p04
1

�−1 ω

p0
1A

0ðt̃Þ ; ð32Þ

the argument of J 1;2;A in Q is p0, where J n and J A are a
set of imaginary-time integrals defined, as in the Breit-
Wheeler case [19], by

J nðpÞ ¼
1

2

Z
ũ

0

du
�
½m2⊥ þ ðA3 − p3Þ2�12−n

þ ½m2⊥ þ ðA3 þ p3Þ2�12−n
	

ð33Þ

and

J AðpÞ ¼
1

2

Z
ũ

0

du

 
A3 − p3

½m2⊥ þ ðA3 − p3Þ2�32

−
A3 þ p3

½m2⊥ þ ðA3 þ p3Þ2�32

!
: ð34Þ

Note that here we have functions which depend nontrivially
on the longitudinal, p3, and the transverse momentum
component, p⊥, separately, while in the plane-wave case
we just have nontrivial dependence on the light-front
longitudinal momentum p0 − p3. We will show in the
next subsection that these expressions simplify consider-
ably in the plane-wave limit.
We now turn to the integrated probability

P ¼
Z

d3δp2d3δp1Pðδp1; δp2Þ: ð35Þ

The momentum integrals over δP and δp2 are standard
Gaussians. But from (31) and (24) we see that the δp1 and
δp3 integrals are more complicated. To perform these
integrals we begin by changing variables from

δp1 ¼
U þ V
p0
3

δp3 ¼
U − V
p0
1

ð36Þ

to U and V. The U integral is Gaussian and we can
make a shift U → U þ const:V to remove the UV cross
term from the exponent, after which theU and V terms inQ
becomes

T 2

2p02
3 Ω

U2 þ 2Ω
p02
1

�
T 1

T 2

− 1

�
V2; ð37Þ

where

T 1 ¼ m02⊥ðJ 1 − p02⊥J 2ÞJ 2 − p02⊥J 2
A ð38Þ

and

T 2 ¼
J 1 − p02⊥J 2 þ 2p0

kJ A þ m02⊥p02
k

p02⊥
J 2

1þ m02⊥p02
k

p04⊥

ω

p0⊥A0ðt̃Þ : ð39Þ

In contrast to the other momentum integrals, V appears in
the argument of the error functions, so even when expand-
ing around V’s saddle point, we have something more
nontrivial than a simple Gaussian integral. To perform the
V integral we need

Eðc1; c2Þ ¼
1

4

Z
dx erfcðc1xÞerfcðc2xÞe−x2

¼ 1

2
ffiffiffi
π

p arccos

�
−

c1c2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ c21Þð1þ c22Þ

p �
; ð40Þ

which one can prove by differentiating both sides with
respect to c1 or c2. To calculate the first row in (28) we have
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c1 ¼ c�2 ∝ c, and for (29) we have c1 ¼ −c�2 ∝ c, so for the
direct part we have

1

8
ðjerfcðcÞj2 þ jerfcð−cÞj2Þ → arccosð−YÞ

2
ffiffiffi
π

p ð41Þ

and for the exchange term

1

4
Re½erfcðcÞerfcð−c�Þ� → arccosðYÞ

2
ffiffiffi
π

p ; ð42Þ

where

Y ¼

0
B@1þ

4
h
1þ p02

k
p02⊥

i
1þ m02⊥p02

k
p04⊥

T 1

T 2

�
T 1

T 2

− 1

�1CA
−1=2

; ð43Þ

where T 1 and T 2 are given by (38) and (39). The remaining
integrals over U, δp2, and δP are Gaussian.
Thus, for the direct part of the integrated probability we

find, assuming p⊥ > 0 and pk > 0,

Pdir ¼
α2ωð1þ 3p02⊥Þ2 arccosð−YÞ exp

n
− 2

ω ½3J 0ðp0Þ − J 0ðpÞ�
o

192
ffiffiffi
3

p ½A0ðt̃Þ=ω�2p02⊥ðp02⊥ þ p02
k Þm⊥m03⊥J 1ðT 1 − T 2Þ

ð44Þ

and for the exchange term we find

Pex ¼ −
81þ 54p2⊥ þ 13p4⊥

18ð3þ p2⊥Þ2
arccosðYÞ
arccosð−YÞPdir: ð45Þ

The general results (44) and (45) might look quite
complicated, but we can already see that in this E ≪ 1
regime the direct and exchange parts are on the same
order of magnitude, unless some of the other parameters
is very small or large. This is an important observation,
because the exchange term has historically been
neglected. It was calculated analytically for the first time
in [6,7] for plane waves.

A. High-energy/plane-wave limit

In the limit where either both p⊥ and pk are large
or where only p⊥ is large, the basic time integrals (33)
and (34) become

J n ≈ ðp02
1 þ p02

3 Þ
1
2
−n


ũ

þ 1 − 2n
2ðp02

1 þ p02
3 Þ
�
ũþ

�
2n

p02
3

p02
1

− 1

�
A2J PW

��
ð46Þ

and

J A ≈ −
p0
3

ðp02
1 þ p02

3 Þ3=2


ũ

−
3

2ðp02
1 þ p02

3 Þ
�
ũþ

�
2
p02
3

p02
1

− 3

�
A2J PW

��
; ð47Þ

where the first and second rows give, respectively, the
leading and next-to-leading orders in 1=p, A is a Lorentz
invariant version of a0 ¼ E=ω,

A ¼ p⊥ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2⊥ þ p2

k
q a0; ð48Þ

and only one nontrivial time integral is left

J PW ¼
Z

ũ

0

duf̃2ðuÞ: ð49Þ

We need the NLO terms because the LO terms cancel
in several places. For the exponential part of the spectrum
we have

E ≈ −
8A
χ

ðũ −A2J PWÞ; ð50Þ

where χ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðFμνpνÞ2

p
¼ Em⊥ ≈ Ep⊥ is the quantum

nonlinearity parameter, and

Q ≈
ũffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p02
1 þ p02

3

p �
δp2

2

2
þ 6δP2

2

�

þ 2ðAũf̃0 − 1Þ
Af̃0ðp02

1 þ p02
3 Þ3=2

ðV2 þ 12Ṽ2Þ

þ ũ −A2J

2p02
1 p

02
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p02
1 þ p02

3

p ðU2 þ 12Ũ2Þ; ð51Þ

where f̃0 ¼ f̃0ðũÞ, U, and V are given by (36) and Ũ
and Ṽ by

δP1 ¼
Ũ þ Ṽ
p0
3

δP3 ¼
Ũ − Ṽ
p0
1

: ð52Þ
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For the argument of the error function we find

c ≈
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðAũf̃0 − 1Þ
q �

2ðAũf̃0 − 1Þ
ωAf̃0ðp02

1 þ p02
3 Þ3=2

V2

�
1=2

: ð53Þ

Since c is real we have

jerfcðcÞj2 þ jerfcð−cÞj2 ¼ 2½1þ erf2ðcÞ� ð54Þ

and

Re½erfcðcÞerfcð−c�Þ� ¼ 1 − erf2ðcÞ: ð55Þ

The error functions in (54) makes the direct part of the
width of V wider than it would have been if it had been
described by just the Gaussian factor (51), while (55)
makes the exchange term narrower.
For the total probability we find Y either by first

calculating

T 1 ≈
ũðũ −A2J PWÞ
ðp02

1 þ p02
3 Þ2

T 2 ≈
ũ −A2J PW

Af̃0ðt̃Þðp02
1 þ p02

3 Þ2
: ð56Þ

and then plugging (56) into (43), or by comparing (51)

and (53) with (40) to see that c1 ¼ c2 ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðAũf̃0 − 1Þ

q
.

In either case we find

Y ≈
1

2Aũf̃0 − 1
: ð57Þ

Performing all the integrals gives the integrated probability

lim
p⊥∼pk≫1

Pdir ¼
α2χ arccosð−YÞ exp

n
− 8A

χ ðũ −A2J PWÞ
o

192
ffiffiffi
3

p
A2ũf̃0ðũ −A2J PWÞðAũf̃0 − 1Þ

ð58Þ

and

lim
p⊥∼pk≫1

Pex ¼ −
13

18

arccosðYÞ
arccosð−YÞPdir: ð59Þ

This is very similar to the high-energy limit of Breit-
Wheeler. In particular, pk only enters via A.

B. Comparison with plane-wave result

We will now show that one can obtain the results in
the previous section by starting with Volkov solutions for
plane-wave backgrounds. To determine what sort of plane
wave we should compare with, we begin by making a
Lorentz boost to the rest frame of the incoming electron,

Λbp ¼ ð1; 0; 0; 0Þ: ð60Þ

The argument of a field transforms as fðωxμÞ →
fðω½Λ−1

b x�μÞ, where ω is a frequency scale in the lab
frame, which we have included to make the arguments
dimensionless. For a field which only depends on time in
the lab frame, we have

t → p1xþ p3zþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
1 þ p2

3

q
tþOð1=pÞ: ð61Þ

To simplify we rotate (Λr) around the y axis so that the
combination ðΛrΛbÞ−1 gives

fðωtÞ → fðωPWðtþ zÞÞ ωPW ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
1 þ p2

3

q
ω; ð62Þ

which shows that the frequency in the rest (or plane-wave)
frame is OðpÞ times higher than in the lab frame.
The field tensor Fμν transforms from an electric

field E ¼ Eez in the lab frame to EPW ¼ −p1Eex and
BPW ¼ p1Eey in the rest frame. Thus, in the rest frame we
have, to leading order in Oð1=pÞ, a plane wave which can
be described by the following gauge potential

aμ ¼ δμ1aPW0 fðϕÞ ϕ ¼ ωPWðtþ zÞ; ð63Þ

where

aPW0 ¼ EPW

ωPW
¼ p1Effiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2
1 þ p2

3

p
ω
¼ A; ð64Þ

where A is the same as in the previous section (48).
To facilitate comparison of the momentum widths in (51)

with the plane-wave results, we rewrite (51) as

Q
ω
≈
3A
2χ

ũδp2
2 þ

3

2χ

�
Aũ −

1

f̃0

��
p3δp1 − p1δp3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2
1 þ p2

3

p �
2

þ 33A
2χ

ðũ −A2J PWÞ
1

4

�
δp1

p1

þ δp3

p3

�
2

þ 12ðδp → δPÞ: ð65Þ

We can now transform this expression to the rest frame
using Λb and Λr again. Another approach, to obtain the
same transformation without explicitly using Λb and Λr, is
to first rewrite (65) in a coordinate-independent way.
We present this approach as it might make some features
clearer. In the lab frame we have

Fμν¼

0
BBB@

0 0 0 −E
0 0 0 0

0 0 0 0

E 0 0 0

1
CCCA Gμν¼

0
BBB@
0 0 0 0

0 0 E 0

0 −E 0 0

0 0 0 0

1
CCCA ð66Þ

and the field depends on ωnx ¼ ωt, where nμ¼ð1;0;0;0Þ.
Let qμ ≈ ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q21 þ q23

p
; q1; 0; q3Þ be the saddle-point value of
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the momentum of any of the three final-state particles.
Then (recall the saddle-point momenta are all parallel
p1 ¼ p2 ¼ p3 ¼ p=3)

δqμ ¼
�
p1δq1 þ p3δq3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2
1 þ p2

3

p ; δq1; δq2; δq3
�
: ð67Þ

The basis vectors we have in the lab frame can be expressed
in a coordinate-independent way as

vμð1Þ ¼ ðG2pÞμ ¼ ð0;−p1E2; 0; 0Þ
vμð2Þ ¼ Gμνpν ¼ ð0; 0; p1E; 0Þ

vμð3Þ ¼ ðF2pÞμ − nμ
v2ð1Þ
v2ð2Þ

np ¼ ð0; 0; 0; p3E2Þ: ð68Þ

Instead of this vð3Þ, one might be tempted to use
ðFnÞμ ¼ ð0; 0; 0; EÞ, as it might at first seem simpler.
However, using ðFnÞμ would make it harder to take the
plane-wave limit, since ðFnÞμ ¼ 0 for plane waves. With
χ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðFpÞ2

p
≈ jp1jE we have

δq22 ¼
ðvð2ÞδqÞ2

χ2
¼ ðpGδqÞ2

χ2�
p3δp1 − p1δp3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2
1 þ p2

3

p �
2

¼ ðpFδqÞ2
χ2

1

4

�
δp1

p1

þ δp3

p3

�
2

¼ 1

4

�
vð1Þδq
vð1Þp

þ vð3Þδq
vð3Þp

�
2

: ð69Þ

These coordinate-independent expressions can now be
evaluated in any frame.
Applying the Lorentz transformation ΛrΛb gives to

leading order in 1=p

Fμν
PW ¼ ½ΛrΛbFðΛrΛbÞT �μν

≈

0
BBB@

0 p1E 0 0

−p1E 0 0 p1E

0 0 0 0

0 −p1E 0 0

1
CCCA ð70Þ

and

Gμν
PW ≈

0
BBB@

0 0 −p1E 0

0 0 0 0

p1E 0 0 −p1E

0 0 p1E 0

1
CCCA: ð71Þ

In the following we use δqμ for the momenta as measured
in the rest frame. We still have

ðpGδqÞ2
χ2

����
PW

¼ δq22; ð72Þ

since the Lorentz transformation does not act on the
component which is orthogonal to both p and E. For
the second term we have

ðpFδqÞ2
χ2

����
PW

¼ δq21: ð73Þ

δq1 and δq2 are the momentum components in the direction
of the electric and magnetic components of the plane wave.
In the rest frame, and to leading order in 1=p, two of
the basis vectors in (68) become equal to the wave vector,
kμ such that kx ¼ ωPWðtþ zÞ,

½vμð1Þ�PW ¼ ½vμð3Þ�PW ¼ χ2
kμ

ωPW
¼ χ2ð1; 0; 0;−1Þ; ð74Þ

which simplifies the last term

1

4

�
vð1Þδq
vð1Þp

þ vð3Þδq
vð3Þp

�
2
����
PW

¼
�
kδq
kp

�
2

: ð75Þ

In the rest frame we have kδq=kp ¼ δq3, but writing it as
kδq=kp makes the results more transparent and conforms
to our usual notation when dealing with plane waves.
Thus, after the Lorentz transformation ΛrΛb, the high-

energy limit of the widths can be expressed as

Q
ω
≈
3A
2χ

ũ½δp2
2 þ 12δP2

2� þ
3

2χ

�
Aũ −

1

f̃0

�
½δp2

1 þ 12δP2
1�

þ 33A
2χ

ðũ −A2J PWÞ½δs2 þ 12δS2�; ð76Þ

where we have introduced δs ¼ kδp=kp and δS ¼ kδP=kp
to further facilitate comparison with the plane-wave results.
In general, for an intermediate particle (e.g., the photon
in trident) or a final state particle with momentum qμ,
we refer to kq ¼ ωðq0 − q3Þ as a light-front longitudinal
momentum, and we usually work with the ratio s ¼ kq=kp
(or q ¼ kl=kp for photons).
The argument of the error function becomes

c ¼
ffiffiffi
3

p
δp1

2
ffiffiffiffiffiffiffi
χf̃0

p : ð77Þ

At this point we have taken the high-energy limit of our
results for EðtÞ and expressed it in a way that looks like
what one might expect if one started with a plane wave
instead of EðtÞ. To show that this high-energy limit is in fact
exactly equal to the corresponding plane-wave result, we
start with Eq. (11) in [6], which gives the amplitude for
trident in a plane wave. That equation has two light-front-
time (ϕ ¼ kx) integrals: ϕ1 for the photon-emission vertex,
and ϕ2 for the pair-production vertex. (There is also a
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light-front-instantaneous term, with only one ϕ integral, but
it does not contribute to leading order in χ ≪ 1.) In [6] we
squared the amplitude and then performed the transverse
momentum integrals exactly/analytically, which is possible
since they are Gaussian. Then on the probability level there
are up to four ϕ integrals. We showed how to perform those
integrals with the saddle-point method. However, here we
would like to study not just the integrated probability or the
longitudinal momentum dependence, but also the depend-
ence on the transverse momenta. Since we will not perform
the integrals over the transverse momenta, there is no
reason to first square the amplitude before performing the ϕ
integrals. Thus, we will perform the ϕ integrals directly on
the amplitude level starting with Eq. (11) in [6].
For a symmetric, linearly polarized plane wave with a

single peak, given by a potential aμ ¼ δμ;1AfðkxÞ, where
fð−uÞ ¼ fðuÞ, we have a saddle-point at

ϕ1 ¼ ϕ2 ¼ iũ f̃ðũÞ ¼ 1

A
; ð78Þ

where fðiyÞ≕ if̃ðyÞ, and for the momenta p1 ¼ p2 ¼
p3 ¼ p=3. Although we will not perform the momentum
integrals, we consider only the region close to the saddle-
point values of the momenta. This is not really a severe
restriction, since the spectrum is anyway exponentially
suppressed further away from the momentum saddle point.
If we did not make this restriction, then the saddle point for
the ϕ integrals would have been more complicated. One
hint that this would be the case can be seen in the following.
As before, we change variable from p1 to δp1 ¼ p1 −

p1;saddle etc., afterward we use p1 to denote p1;saddle ¼ p=3,
and similarly for the other variables. Because of the light-
front-time ordering step function, θðϕ2 − ϕ1Þ, we change
from ϕ1 ¼ σ − θ=2 and ϕ2 ¼ σ þ θ=2 to σ and θ.
Expanding the exponential part of the integrand to quad-
ratic order around the saddle points gives eφ0þφ1þφ2

φ0 ¼ −
4A
χ

ðũ −A2J PWÞ; ð79Þ

φ1 ¼
12iA2

χ
J linδP1 ð80Þ

and

φ2 ¼ −
A2f̃0

χ

�
4

�
δσ −

3δP1

2Af̃0
þ δθ

4

�
2

þ 3

4

�
δθ −

δp1

Af̃0

�
2
�

−
3Aũ
4χ

�
δp2

2 þ 12δP2
2 þ

�
1 −

1

Aũf̃0

�
ðδp2

1 þ 12δP2
1Þ

þ 9

�
1 −

A2J PW

ũ

�
ðδs2 þ 12δS2Þ

�

þ 9iA2J lin

χ

�
−
1

2
δsδp1 þ 2δSδP1

�
; ð81Þ

where δp and δP are defined as in (18), δσ ¼ σ − σsaddle ¼
σ − iũ, δθ ¼ θ − θsaddle ¼ θ, and

J lin ¼
Z

ũ

0

duf̃ðuÞ: ð82Þ

We can already see that squaring the amplitude gives
2φ0 which agrees with (50), and from the second square
brackets in (81) we recover (76). Since φ1 is purely
imaginary, does not depend on the amplitude-level inte-
gration variables, and is invariant under swapping the two
final-state electrons (which changes the sign of δp and δs),
it is just an overall phase for both amplitude terms and
therefore drops out upon squaring the amplitude. The same
holds for the last term in (81).
The first row in (81) gives a hint that things would be

more complicated if we did not assume that δp and δP
are small. We would still be able to perform the ϕ integrals
with the saddle-point method, but the saddle points would
be nontrivial functions of the momenta, ϕsðδp; δPÞ. The
saddle point in (78) is actually for ϕsð0; 0Þ. By diagonal-
izing the first row in (81), we see that the corrections to
ϕsð0; 0Þ are Oðδp; δPÞ. We have included this first-order
correction not in σsaddle and θsaddle but instead by allowing
cross terms between δσ and δθ with δp and δP. To
obtain (81) we have assumed that all the δ… variables
are Oð ffiffiffi

χ
p Þ, which includes both the ones we always

integrate over, i.e., δσ and δθ, and the free variables for
the spectrum, δp and δP.
To leading order in the saddle-point expansion we can

just replace all the variables in the preexponential factors
with their saddle-point values. This gives a simple integral
for the average light-front time,

Z
∞

−∞
dσ exp



−
A2f̃0

χ
4ðδσ −…Þ2

�
¼ 1

2A

ffiffiffiffiffi
πχ

f̃0

r
: ð83Þ

For the light-front-time difference θ we have, because of
light-front-time ordering, a more nontrivial integral,

Z
∞

0

dθ exp



−
A2f̃0

χ

3

4

�
δθ −

δp1

Af̃0

�
2
�

¼ 2

a0

ffiffiffiffiffiffiffi
πχ

3f̃0

r
1

2
erfcð−cÞ; ð84Þ

where c is the same as in (77).
One could of course calculate the spin-part of the

prefactor without choosing any particular representation
for the spinors and Dirac matrices. However, it is conven-
ient to use the basis described in [16]. We average over the
initial spin and sum over all the final spins.
We finally obtain the spectrum [note that the

normalization here is different from (35), since we prefer
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to use the ratio s ¼ kq=kp when dealing directly with
plane waves]

P ¼
Z

d2δp⊥dδsd2δP⊥dSPðδp;ΔP; δs; δSÞ; ð85Þ

where the direct and exchange parts, P ¼ Pdir þ Pex, are
given by

Pdir ¼
35

26

�
α

πχf̃0

�
2 1

4
½erfc2ðcÞ þ erfc2ð−cÞ�eφ ð86Þ

and

Pex ¼ −
13

18

35

26

�
α

πχf̃0

�
2 1

2
erfcðcÞerfcð−cÞeφ; ð87Þ

where c is given by (77) and the exponential part of both
contributions is given by

φ ¼ ð50Þ − ð76Þ: ð88Þ
The results agree perfectly with the high-energy limit of the
EðtÞ results.

C. Locally constant-field limit

Another important limit is the locally constant-field
(LCF) limit, where the field varies slowly compared to
the field strength, in the sense γ ≪ 1. Here we begin by
solving (14) perturbatively in γ ≪ 1,

ũ ≈
1

f0

�
1þ p2

3

p2
1

�
1=2

γ þ f000

6f04

�
1þ p2

3

p2
1

�
3=2

γ3; ð89Þ

where f0 ¼ f0ð0Þ > 0 and f000 ¼ f000ð0Þ < 0. We need the
NLO because the LO terms cancel in some places. To
approximate the basic time integrals (33) and (34), we first
change integration variable from u ¼ ũv to v and then
expand the integrand in γ ≪ 1 with v ¼ Oð1Þ. We need to
perform one nontrivial time integral,

Iða; b; cÞ ¼
Z

1

0

dv
2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ ibv− cv2

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a− ibv− cv2

p 	
:

ð90Þ

The (analytical) result, which involves arccot and square
roots, is somewhat complicated when expressed in terms of
general a, b, and c. However, all the other v integrals can be
obtained by taking derivatives of I with respect to a, b, or c.
After taking the derivatives, the results simplify greatly for
the actual values of a, b, or c. We find for the basic time
integrals (with momentum argument p0)

J 0 ≈
γ

2f0

�
2p02

3

p0
1

þ p0
1 þm02⊥arccotp0

1

�
; ð91Þ

J 1 ≈
γ

f0
arccotp1

0

þ f000γ3

4f04

�
2p02

3

p1
0 −p1

0 þ ðm02⊥ − 2p02
3 Þarccotp1

0
�
; ð92Þ

J 2 ≈
γ

f0
1

p1
0m02⊥

�
1þm02⊥p02

3

p04
1

�−1

þ f000γ3

2f04

�
p1

0

m02⊥

�
1þ p02

1 þp02
3

p04
1 þm02⊥p02

3

�
− arccotp1

0
�

ð93Þ

and

J A ≈ −
γ

f0
p3

0

p03
1

�
1þm02⊥p02

3

p04
1

�−1

þ f000γ3p3
0

f04

�
1

p1
0

�
1 −

1

2

p02
1 þ p02

3

p04
1 þm02⊥p02

3

�
− arccotp1

0
�
:

ð94Þ

For the exponential part of the spectrum we thus find

E ≈ −
1

Ef0
½3m02⊥arccotðp0⊥Þ −m2⊥arccotðp⊥Þ�: ð95Þ

To approximate the momentum widths Q we expand in γ
with δp1, δP1, δp2, and δP2 as Oðγ0Þ, while δp3 and δP3

are Oðγ−1Þ. The inverse scaling means the spectrum
becomes wider as γ → 0. For the coefficient in front of
δp2

3 þ 12δP2
3, we need

m02⊥J NLO
2 −ΩNLO; ð96Þ

where J 2 ≈ γJ LO
2 þ γ3J NLO

2 and Ω ≈ γΩLO þ γ3ΩNLO.
ΩNLO cancels the part of J NLO

2 which involves p0
3. We

find the LCF limit of the widths

Q
ω
≈

1

Ef0
arccotp1

0
�
δp2

2

2
þ 6δP2

2

�

þ 1

Ef0m02⊥
ðm02⊥arccotp1

0 − p1
0Þ
�
δp2

1

2
þ 6δP2

1

�

þ −f000γ2

2Ef04
ðm02⊥arccotp1

0 − p1
0Þ
�
δp2

3

2
þ 6δP2

3

�
: ð97Þ

From the first two rows we can see that the widths in
the plane transverse to the field indeed scales as Oðγ0Þ,
while the third row shows that the longitudinal widths
scale as Oðγ−1Þ.
The argument of the error function is c ¼ Oðγ−1Þ, so

1

8
ðjerfcðcÞj2 þ jerfcð−cÞj2Þ ≈ 1

2
; ð98Þ
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while Re½erfcðcÞerfcð−c�Þ� ≈ 0. Thus, to leading order we
can neglect the exchange term. This is not surprising,
because in the plane-wave case we know that the incoherent
product gives the leading-order in the LCF limit, but the
exchange term does not contribution to the incoherent
product and therefore not to the leading order.
For the integrated probability we calculate both the

leading [Oðγ−2Þ] and the NLO [Oðγ−1Þ] terms. In the
literature on trident in plane waves, the LO has been
referred to as a two-step process, because it is equal to
the incoherent product of the probabilities of nonlinear
Compton scattering followed by Breit-Wheeler pair pro-
duction. The NLO term is then referred to as a one-step
process. The reason that NLO is only γ rather than γ2 times
smaller than LO is due to arccosð�YÞ, which came from the
error function in (40), which in turn came from the photon
propagator. We first find

T 1

T 2

≈ 1þ γ2f0p0
1

�
1þm02⊥

p04
1

�
ðm02⊥J NLO

2 −ΩNLOÞ; ð99Þ

where we see the same combination of NLO terms as
in (96). From this we obtain

Y ≈ 1 −
−f000p0

1

f03A2
ðm02⊥arccotp0

1 − p0
1Þ: ð100Þ

Then from

arccos½−ð1−δ2Þ�≈π−
ffiffiffi
2

p
δ arccos½1−δ2�≈

ffiffiffi
2

p
δ ð101Þ

we obtain terms which scale as γ rather than γ2 with respect
to LO. We thus find

Pdir ¼ Ptwo þ Pdir
one Pex ¼ Pex

one; ð102Þ

where the two-step term (which only has a direct part) is
given by

Ptwo ¼
πα2A2Ef04ð1þ 3p02⊥Þ2

96
ffiffiffi
3

p ð−f000Þm⊥m0⊥p04⊥arccotðp0⊥Þ

×
eELCF

ðm02⊥arccotðp0⊥Þ − p0⊥Þ2
; ð103Þ

the direct part of the one-step term by

Pdir
one ¼ −

α2AEf05=2ð1þ 3p02⊥Þ2
48

ffiffiffiffiffiffiffiffiffiffiffiffi
−6f000

p
m⊥m0⊥p

07=2
⊥ arccotðp0⊥Þ

×
eELCF

ðm02⊥arccotðp0⊥Þ − p0⊥Þ3=2
ð104Þ

and the exchange part of the one-step by

Pex
one ¼ Rðp⊥ÞPdir

one; ð105Þ

where

Rðp⊥Þ ¼
81þ 54p2⊥ þ 13p4⊥

18ð3þ p2⊥Þ2
: ð106Þ

We note again that pk only appears via A (48). Thus, in
order to determine how important the correction to the
leading order (two-step) is, we need to consider both the
direct and the exchange parts of the one-step, because they
are both on the same order of magnitude, which we see
from the fact that the ratio R increases monotonically from
Rð0Þ ¼ 1=2 to Rð∞Þ ¼ 13=18.

D. High energy and LCF

In the previous subsections we considered first the high-
energy (plane-wave) limit, and then the LCF (γ ≪ 1) limit.
Is the γ ≪ 1 limit of the p0 ≫ 1 result equal to the p0 ≫ 1
limit of the γ ≪ 1 limit? Consider the exact result for a
Sauter pulse, fðuÞ ¼ tanhðuÞ,

J 0 ¼
1

2γ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ γp3

0Þ2 þ γ2ð1þ p02
1 Þ

q

× arccos

"
p02
1 − γp3

0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ p02

1 Þð½1þ γ2�p02
1 þ ½γp3

0�2Þ
p

#

þ 1

2γ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − γp3

0Þ2 þ γ2ð1þ p02
1 Þ

q

× arccos

"
p02
1 þ γp3

0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ p02

1 Þð½1þ γ2�p02
1 þ ½γp3

0�2Þ
p

#

−
1

γ
arctan

1

p1
0 : ð107Þ

The other integrals can be obtained by differentiating J 0

as in Eqs. (48)–(50) in [19]. If we first make a γ ≪ 1
expansion then we would treat γp0

3 and γp0
1 as small, but if

we first make a p0 ≫ 1 expansion we would instead treat
them as large. This suggests that the p0 ≫ 1 limit might not
commute with the γ ≪ 1 limit.
To investigate this, we consider the regime where

OðLÞ ≔ Oðp1Þ ¼ Oðp3Þ ¼ Oð1=γÞ and L ≫ 1 is a book-
keeping parameter. Apart from the explicit appearance of
γp0

3 and γp
0
1 in (107), studying p ∼ 1=γ is also motivated by

cases where the acceleration of the fermions by the back-
ground field leads to changes in the momenta which are
on the same order of magnitude as, or larger than, the
incoming momentum.
We consider arbitrary field shapes, fðuÞ. We can still

expand the turning point as in (89), and we again change
integration variable from u ¼ ũv to v. In contrast to the
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previous section, though, now we can further expand the
integrands since p is large. We need at least the next-to-
leading order in 1=L, since the leading order cancels
in various places. We normalize the field strength E such
that f0ð0Þ ¼ 1, and the frequency scale ω such that
f000ð0Þ ¼ −2. The reason for choosing −2 is because we
want the Sauter pulse to be described by fðuÞ ¼ tanhðuÞ
rather than, say, tanhðu=21=3Þ. For the leading and next-to-
leading orders [OðL0Þ and OðL−2Þ] we find

J 0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p02
1 þ p02

3

p
A

�
1þ 1

3

�
1

p02
1 þ p02

3

−
1

A2

��
þOðL−4Þ:

ð108Þ

Using this and similar results for the other integrals, we
find, with the spectrum normalized as in (35),

P ≈ Pdir ≈
3

p02
0

�
3α

8πχ

�
2

eφ0þφ2 ; ð109Þ

where p0
0 ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p02
1 þ p02

3

p
,

φ0 ¼ −
16

3χ
þ 1

χ

�
16

15A2
þ 8

9p02
1

�
þO

�
1

χL4

�
ð110Þ

and

φ2 ¼ −
1

χ

�
3δp2

2

2
þ 1

A2

�
p3δp1 − p1δp3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2
1 þ p2

3

p �
2

þ δp2
1

p02
1

�

þ 12ðδpj → δPjÞ: ð111Þ

The factor of 1=p02
0 makes the result Lorentz invariant,

given the normalization in (35). Using (98) to simplify
the prefactor in the plane-wave result (86), and recalling
that we used a different normalization in the plane-
wave case (85), we immediately see that the prefactor
in (109) agrees with the LCF (γ ≪ 1) limit of the plane-
wave result.
The leading order in φ0 agrees with the result for trident

in a constant-crossed field [5]. We have included the NLO
Oð1=½χL2�Þ in φ0 since expð−“something small”=χÞ is not
necessarily ≈1. But actually, if one considers a regime
where the 1=½χL2� term is necessary for good precision,
then χ ∼ 1=L2 would likely be so small that the overall
exponential suppression, expð−16=½3χ�Þ, would make the
process irrelevant for experiments.
From φ2 we see that the width of the spectrum in the

plane spanned by the electric field and the fermion
momenta scales as Oðδp1Þ ¼ Oðδp3Þ ¼ Oð ffiffiffi

χ
p

LÞ, while
in the perpendicular direction we have Oðδp2Þ ¼ Oð ffiffiffi

χ
p Þ.

Thus, the spectrum is relatively narrow in the perpendicular
direction.

Next we compare (111) with the γ ≪ 1 (or A ≫ 1) limit
of the p0 ≫ 1 (plane-wave) result (65),

lim
γ≪1

lim
p0≫1

Q
ω
¼ lim

γ≪1
ð65Þ

¼1

χ

�
3δp2

2

2
þ 1

A2

�
p3δp1−p1δp3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2
1þp2

3

p �
2

þ1

4

�
δp1

0

p1

þδp3

p3
0

�
2
�
þ12ðδp→ δPÞ: ð112Þ

The last term in the square brackets does not look like the
corresponding term in (111). This is related to the question
of whether the γ ≪ 1 and p0 ≫ 1 limits commute. But in
this case we can actually get agreement, although it is
somewhat subtle. If the dependence of the spectrum on a
single momentum variable δq scales as e−δq

2=ϵ, then a
natural interval, e.g., for plotting the spectrum, would be
something like −

ffiffiffiffiffi
5ϵ

p ≲ δq ≲ ffiffiffiffiffi
5ϵ

p
. In the present case we

have ϵ ∝ χ for all momentum variables. However, the
scaling of ϵ with respect to p is not the same for the
two round brackets in (65) for δ1 and δp3. To see how this
can be used, we first define

x ≔
p3δp1 − p1δp3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2
1 þ p2

3

p y ≔
1

2

�
δp1

p1

þ δp3

p3

�
; ð113Þ

so that the natural range is independent of p for both x and
y. One of the two δp1;3 terms in (111) is already x2. For the
other we have

�
δp1

p0
1

�
2

¼
�
yþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p02
1 þ p02

3

p
p0
1p

0
3

x
2

�2

¼ y2 þOðp−1Þ: ð114Þ

This result can also be seen immediately by noticing that x
scales as p0, while y scales as 1=p, so the x term is more
exponentially suppressed for generic values of δp1 and δp3,
which means that the x term basically serves as a delta
function for the y term, i.e. one can set p3δp1 − p1δp3 ¼ 0
in y. Since (65) has been obtained by expanding to leading
order in 1=p only, one can replace y2 in (65) with
ðδp1=p0

1Þ2, since the difference is higher order in 1=p in
the natural range of δp1 and δp3. But if one only looks
at (65) then one might not see any obvious reason for
making that replacement. And in (112) one definitely does
not see any reason for the replacement, because both x2=A2

and y2 scale as 1=L2 for A ∼ p ∼ L, so the x term does not
serve as a delta function for the y term. Thus, it is possible
to make a replacement in the p0 ≫ 1 limit (65) such that the
γ ≪ 1 limit of that “improved” p0 ≫ 1 limit agrees with
the correct p0 ∼ 1=γ ≫ 1 limit (111). However, if we did
not already know (111), then there would not have been
any obvious reason for making that replacement. And if
one does not make that replacement, then one would be
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led to (112) instead of (111). This raises some questions
about how much one can rely on plane-wave results if one
is interested in the p0 ∼ 1=γ ≫ 1 regime.
If we take the limits in the opposite order we find

lim
p0≫1

lim
γ≪1

Q
ω
¼ lim

p0≫1
ð97Þ

¼ 1

χ

�
3

2
δp2

2 þ γ2δp2
3 þ

δp2
1

p02
1

�
þ 12ðδp → δPÞ;

ð115Þ

which is also different from p0 ∼ 1=γ ≫ 1 limit (111). It is
again possible to “fix” (97) so that the p0 ≫ 1 limit agrees
with (111). Since (97) is only the leading order in γ ≪ 1 we
can replace

γ2δp2
3 ¼

1

A2

�
p1δp3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
1 þ p2

3

p �
2

≈
1

A2

�
p3δp1 − p1δp3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2
1 þ p2

3

p �
2

;

ð116Þ

where the approximate sign is justified because the natural
range for δp1 scales as γ0, which is much shorter than
the natural range for δp3, which scales as γ−1. Making this
replacement in (97) and then taking the p0 ≫ 1 limit gives
agreement with the p0 ∼ 1=γ ≫ 1 limit (111). But, again, if
we did not already have (111), it would not have been
obvious that (97) “should” be improved like that.
Thus, naively taking the high-energy p0 ≫ 1 limit of the

LCF γ ≪ 1 limit, or the LCF limit of the high-energy limit,
does not agree with the p0 ∼ 1=γ ≫ 1 limit.

E. Two-step term

We can confirm our claim that Ptwo in (102) comes from
a two-step process as follows. The Feynman propagator (5)
for the intermediate photon can be expressed as

Dμνðy− xÞ ¼ −gμν
Z

d3l
ð2πÞ32l0

e−iljðy−xÞj

×
h
θðy0 − x0Þe−il0ðy−xÞ0 þ θðx0 − y0Þeil0ðy−xÞ0

i
;

ð117Þ

where l0 ¼ þjlj is the on-shell momentum and θð:Þ is the
step function. The term with θðx0 − y0Þ corresponds to a
process where the pair-production vertex happens earlier
than the Compton vertex, i.e., an electron, a positron and a
photon are first produced and then the intermediate photon
is later absorbed by the incoming electron. This gives a
nonzero contribution, but from semiclassical reasoning we
expect it to be subdominant compared to the contribution
coming from the θðy0 − x0Þ term, where the intermediate
photon is emitted by the initial electron and later decays
into a pair. In fact, by redoing the calculation with

Dμνðy − xÞ ≈ −gμνθðy0 − x0Þ
Z

d3l
ð2πÞ32l0

e−ilðy−xÞ ð118Þ

and using

� ffiffiffi
π

a

r �−1 Z ∞

0

dτe−aðτ−τsÞ2 ¼ 1

2
erfcð− ffiffiffi

a
p

τsÞ ð119Þ

to perform the integral over τ ¼ t0 − t, we recover exactly
the full results in (28) and (29). This shows clearly that the
dominant contribution in this semiclassical regime comes
from an on-shell intermediate photon which is emitted
by the incoming electron and later decays into an electron
positron pair. However, the full results still contain coherent
contributions, so we want to know if or how these
contributions can be neglected, which should be useful
for finding more general incoherent-product approxima-
tions for more complicated higher-order processes. We
will now show that the dominant contribution in the LCF
regime can be written as an incoherent product of the
probabilities of Compton scattering and Breit-Wheeler
pair production. We will follow the ideas in [6] for the
construction of a two-step in plane-wave backgrounds. So,
we square the amplitude before we perform the t ¼ x0 and
t0 ¼ y0 integrals. We use t and t0 for the time integrals
coming from the amplitude M, and t̄ and t̄0 for the time
integrals coming from the complex conjugateM�. Our first
step in constructing a two-step term is to drop the θðt − t0Þ
term from (117). The other step function gives on the
probability level

θðt0 − tÞθðt̄0 − t̄Þ: ð120Þ

Following [6] we expect that we can still obtain the leading
order even if we replace (120) with a single step function

ð120Þ → θðσ0 − σÞ; ð121Þ

where σ ¼ ðtþ t̄Þ=2 and σ0 ¼ ðt0 þ t̄0Þ=2. This simplifies
the calculations because now there is no step function for
the integrals over θ ¼ t − t̄ and θ0 ¼ t0 − t̄0. We define P̃two
as what one gets by first dropping the θðt − t0Þ term on
the amplitude level, and then replacing the step-function
combination in (120) with (121).
We can still perform the time integrals by expanding the

exponent around the same saddle point as before. Because
of the step function (121) we find that, relative to the result
without any step functions, we have

�
πffiffiffiffiffiffiffi
a0a

p
�
−1 Z

dσ0dσθðσ0 − σÞe−aðσ−σsÞ2−a0ðσ0−σ0sÞ2

¼ 1

2

�
1þ erf

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
a0a

a0 þ a

r
ðσ0s − σsÞ

��
; ð122Þ
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where a, a0, σ0s, and σs are obtained by expanding around
the same saddle point as before. What is important here is
that σ0s − σs ∝ p0

1δp3 − p0
3δp1 is linear in δp. The two-step

term should be constructed so that it is an approximation of
jM12j2 þ jM21j2, rather than, e.g., just jM12j2. If we denote
P̃12=21
two as a two-step of only jM12=21j2, then the true/full

result is obtained from P̃two ¼ ðP̃12
two þ P̃21

twoÞ=2. We sum
over spins, and then the only part of P̃12

two which is not
already symmetric comes from (122). Since δp → −δp
when swapping the two final-state electrons, we have

1

2



1

2
½1þ erfðxÞ� þ 1

2
½1þ erfð−xÞ�

�
¼ 1

2
: ð123Þ

Thus, we find the same result as if we had replaced from the
start the step-function in (121) as θðσ0 − σÞ → 1=2. Thus,
the time integrals factorizes so that we can perform the
time integrals for the Compton step independently of the
time integrals for the Breit-Wheeler step, except there is a
factor of 1=2 because the pair is produced after and not
before the photon emission. We will next look for a way
to write P̃twoðp;p1;p2Þ as a product of the spectrum for
Compton scattering PCðp; lÞ and the spectrum for Breit-
Wheeler PBWðl;p3Þ.
PCðp; lÞ can be large (or diverge) for soft photons,

but the probability that a soft photon produces a pair is
exponentially suppressed. In fact, we already know from
the calculation above that the dominant contribution to
trident comes from a region around l ∼ ð2=3Þp, i.e., the
photon takes away two thirds of the initial electron’s
momentum, so it is definitely a hard photon. We will
therefore calculate an approximation of PCðp; lÞ for
l ¼ ð2=3Þpþ δl with small δl. In the preexponential
factors we can set δl → 0.
Another lesson from the plane-wave case is that the

incoherent-product can in general be obtained by treating
spin and polarization of intermediate particles using Stokes
vectors and Mueller matrices. Here we only have a photon
as intermediate particle, so we only need to consider photon
polarization. A general polarization state can be written as

ϵμ ¼ cos

�
ρ

2

�
ϵðkÞμ þ sin

�
ρ

2

�
eiλϵðkÞμ ; ð124Þ

where the two basis vectors are given by

ϵðkÞμ ¼ 1

k0
f0;−k3; 0; k1g ϵð⊥Þ

μ ¼ f0; 0; 1; 0g; ð125Þ

which corresponds to parallel and perpendicular polariza-
tion for a photon with kμ ¼ fk0; k1; 0; k3g. For arbitrary
constants ρ and λ, we can write the spectrum as (cf., [16])

PCðp; lÞ ¼ N ·MCðp; lÞ; ð126Þ

where N is a Stokes vector,

N ¼ f1; cos λ sin ρ; sin λ sin ρ; cos ρg; ð127Þ

and we refer to MC as a Mueller vector. (It would be a
4 × 4 × 4 Mueller matrix if we also considered the spin of
the fermions.) Note thatMC does not depend on the photon
polarization. The calculation is very similar to the trident
case. We find, for small δl,

MC ¼
α exp

h
EC − QC

ω þ 2LC
ω

i
8πA0ðt̃Þl0p0

1m⊥m0⊥
f1þ 7p02

1 ; 0; 0; 1þ 3p02
1 g;

ð128Þ

where the exponential scaling of the probability is given by

EC ¼ −
2

ω
½l0 þ J ðp0Þ − J ðpÞ�; ð129Þ

the quadratic terms by

QC ¼ J 1δl22 þ ðJ 1 − p02
1 J 2Þδl21 þm02⊥J 2δl23

þ 2p1
0J Aδl1δl3 þ

δl22
l0

þ
�
4

l30
−
�
3

2
þ 2p02

3

l20p
02
1

�
Ω
p02
1

�
ðp3

0δl1 − p1
0δl3Þ2 ð130Þ

and linear terms (which we did not have before)

LC ¼ J 1p0
1δl1 − J 1

Aδl3 −
p0
1δl1 þ p0

3δl3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p02
1 þ p02

3

p ; ð131Þ

where, in addition to the previous time integrals in (33)
and (34), we now also have

J 1
Aðp0Þ ¼ 1

2

Z
ũ

0

du

 
A − p0

3

½m02⊥ þ ðA − p0
3Þ2�

1
2

−
Aþ p0

3

½m02⊥ þ ðAþ p0
3Þ2�

1
2

!
; ð132Þ

l0 ¼ ð2=3Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
1 þ p2

3

p
and p0 ¼ p=3 as before. The linear

terms, LC, are nonzero because l ¼ ð2=3Þp is not a saddle
point for PC alone. It is only a saddle point when PC is
combined with PBW. We will now show that there is a
corresponding linear term in PBW which cancels the linear
term in PC.
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For the Breit-Wheeler step we find

MBW¼
αexp

�
EBW−QBW

ω þ 2LBW
ω

	
4πA0l0p1

0m02⊥
f1þ3p02

1 ;0;0;1−p02
1 g;

ð133Þ

where LBW ¼ −LC,

EBW ¼ −
2

ω
½−l0 þ 2J 0ðp0Þ�; ð134Þ

and

QBW ¼ J 1ðδp2
22 þ δp2

32Þ þ ðJ 1 − p02
1 J 2Þðδp2

21 þ δp2
31Þ þm02⊥J 2ðδp2

23 þ δp2
33Þ þ 2p1

0J Aðδp21δp23 þ δp31δp33Þ

−
δl22
l0

−
�
4

l30
−
�
3

2
þ 2p02

3

l20p
02
1

�
Ω
p02
1

�
ðp3

0δl1 − p1
0δl3Þ2 −

Ω
p02
1

�
1

2
ðp3

0δp1 − p1
0δp3Þ2 þ 6ðp3

0δP1 − p1
0δP3Þ2

�
; ð135Þ

where δpij ¼ ej · δpi, δl ¼ −δp ¼ δp2 þ δp3.
From the two Mueller vectors, MC and MBW, we now

construct a two-step approximation as (cf., [16])

P̃twoðp1;p2Þ ¼
2

2
MC ·MBW; ð136Þ

where the factor of 1=2 comes from (123), and the factor of
2 is part of how in two Mueller vectors (or matrices in
general) are glued together. For the particular form of (128)
and (133), it is possible to obtain the two-step as

P̃two ¼ P̃twoðϵðkÞμ Þ þ P̃twoðϵð⊥Þ
μ Þ; ð137Þ

where P̃twoðϵðkÞμ Þ is obtained by only considering an
intermediate photon with parallel polarization, and sim-

ilarly for P̃twoðϵð⊥Þ
μ Þ. Parallel and perpendicular polarization

corresponds to N ¼ f1; 0; 0;�1g. We have

ðMC · f1; 0; 0;−1gÞðMBW · f1; 0; 0;−1gÞ
þ ðMC · f1; 0; 0; 1gÞðMBW · f1; 0; 0;1gÞ ¼ 2MC ·MBW:

ð138Þ

This helps to explain why there is a factor of 2. Note that,
while on the amplitude level one can use any basis, it is not
possible to obtain the two step if one sums the incoherent
product of probabilities if one chooses some other basis.
For example, if one tried to sum the incoherent product over
the two circular polarization states, i.e., N ¼ f1; 0;�1; 0g,
one would find

ðMC · f1; 0;−1;0gÞðMBW · f1; 0;−1;0gÞ
þ ðMC · f1; 0; 1; 0gÞðMBW · f1; 0; 1;0gÞ ≠ 2MC ·MBW:

ð139Þ

Using 2MC ·MBW directly is more convenient and means
we do not have to figure out a special polarization basis.
Moreover, 2MC ·MBW works in general, while it is not
always possible to find two spin/polarization states such

that one can obtain the entire two-step by summing as
in (137).
In any case, we find

P̃two ¼
�
1

4
ðjerfcðcÞj2 þ jerfcð−cÞj2Þ

�
−1
Pdir; ð140Þ

where Pdir is given by (28). Thanks to (98) we have
P̃two ≈ Pdir in the LCF limit. This confirms that we have
correctly constructed the two-step.

F. Longitudinal limit

In this section we will consider a limit which is not
usually considered. It was considered in [19] when con-
sidering backreaction on the field in Schwinger pair
production, and in [23] when considering the trajectories
of particles produced by Schwinger pair production in 4D
e-dipole fields. In such cases, the electron can have a large
momentum because it has been accelerated by an electric
field. But, if the electron trajectory is parallel to the electric
field and if the magnetic field vanishes along this trajectory,
then regardless of how high the energy is, the electron will
not see the field as a plane wave. Instead it will see a field of
the form E3ðtþ zÞ, which is very different from a plane
wave even though they both depend on tþ z. See [24,25]
for Schwinger pair production in such fields.
If the energy of the electron mainly comes from the

acceleration by the field, then we expect the longitudinal
momentum to be on the order of p3 ∼ ðE=ωÞ ¼ a0. We will
refer to p3 ∼ a0 ≫ 1 as the longitudinal limit. For the
integrated probability we find

lim
pk∼a0≫1

Pdir ¼
α2Eð1þ 3p02⊥Þ2JdireElong

96
ffiffiffi
3

p
f̃02m⊥m03⊥p02⊥p̂02

k S1ðT̂ 1 − T̂ 2Þ
; ð141Þ

where p̂0
k ¼ p0

k=a0 is considered as Oð1Þ,

Elong ¼ −
1

E
½3m02⊥S1ðp0Þ −m2⊥S1ðpÞ�; ð142Þ
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T̂ 1 ¼ m02⊥S1S2 − p02⊥S2
A ð143Þ

and

T̂ 2 ¼
�
S2 þ

p02⊥
m02⊥p̂02

k
½S1 þ 2p̂0

kSA�
�
p0⊥
f̃0

; ð144Þ

where the time integrals S1;2;A ¼ S1;2;Aðp0Þ are given by
[Eqs. (145)–(147) are the same function as in the Breit-
Wheeler case [19] ]

S1 ¼
Z

ũ

0

du
p̂k

p̂2
k þ f̃2ðuÞ ; ð145Þ

S2 ¼
Z

ũ

0

du
p̂kðp̂2

k − 3f̃2ðuÞÞ
ðp̂2

k þ f̃2ðuÞÞ3 ; ð146Þ

and

SA ¼
Z

ũ

0

du
f̃2ðuÞ − p̂2

k
ðp̂2

k þ f̃2ðuÞÞ2 ; ð147Þ

and

Y ≈
�
1þ 4p02⊥

m02⊥
T̂ 1

T̂ 2

�
T̂ 1

T̂ 2

− 1

��−1=2

: ð148Þ

We see that, just as in the Breit-Wheeler case, the
probability approaches a constant in this limit, i.e., it is
independent of the large expansion parameter a0 (with
p̂0
k ∼ 1 as independent of a0). Thus, we have the same

conclusion: in this limit there is no large parameter to
compensate for α2 ≪ 1.
The probability would still be enhanced by a volume/

pulse length factor due to the number of field maxima
(here we have only considered the contribution from a
single field maximum), but such a factor also contributes to
the Schwinger pair production probability, so the trident
process should still be suppressed relative to Schwinger
pair production. However, this argument assumes that the
field is not very weak and that we actually do not have
much exponential suppression. Strictly, the saddle-point
approximations are only precise for sufficiently low field
strengths. If we actually consider a regime where the field is
sufficiently weak then the trident probability can be much
larger than the Schwinger probability, because the expo-
nential part of Ptrident is much larger and the exponential
enhancement can be more than enough to compensate for
α2 ≪ 1, i.e., the initial electron assists the pair-production
process. However, the structure of these saddle-point
approximations also gives us some insights into what
parameters are important even beyond the saddle-point

regime. They confirm the conclusions based on the Lorentz
boost arguments presented in [19]. So, if we are in a regime
where the probability for Schwinger pair production is
not exponentially suppressed, then it does seem like the
trident probability can to a first approximation be neglected
because of the suppression with respect to α.

III. SPACE-TIME DEPENDENT FIELDS
WITH WKB

So far we have considered fields which only depend on
time. Now we will consider fields which also depend on z,
but as a perturbation

A3ðt; zÞ ¼ A3ðtÞ þ δA3ðt; zÞ: ð149Þ

To clearly see the justification for the semiclassical/WKB
approximation, which is valid for weak fields, we rescale
xμ → xμ=E. We will calculate the preexponential factors to
LO, so most of them will be exactly the same as what we
have already calculated. In particular, the correction we are
interested in is the same for both spinor and scalar particles.
It therefore suffices to consider the Klein-Gordon equation,

ðD2 þm2Þϕ ¼ 0 Dμ ¼ ∂μ þ iAμðt; zÞ: ð150Þ

For a double Sauter pulse we would have

A3ðt; zÞ ¼
E
γt
tanhðγttÞsech2ðγzzÞ: ð151Þ

We can solve this approximately with a WKB ansatz
ϕ ¼ ρe−iS, where (cf., [26])

ð∂μS − Aμðt; zÞÞ2 ¼ m2: ð152Þ

To LO we have

SLO ¼ pjxj þ
Z

t

0

π0; ð153Þ

so, writing S ¼ SLO þ δS with δS on the same order of
magnitude as δA, we have to first order

πμðtÞ∂μδSðt; zÞ ¼ πμδAμ: ð154Þ

To solve (154) we change variables from t and z to t and

ζ ¼ zþ
Z

t

0

dt0
π3
π0

: ð155Þ

If the LO field is constant, A3ðtÞ ¼ t, then the integral is a
total derivative, π3=π0 ¼ −∂tπ0, so

ζ ¼ z − π0ðtÞ: ð156Þ
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In terms of the new variables (154) becomes

∂tδSðt; ζÞ ¼
1

π0
πδA

�
t; z ¼ ζ −

Z
t

0

π3
π0

�
: ð157Þ

We choose a gauge where δAμ ¼ δ3μδA3. A general solution
is given by the sum of a homogeneous and a particular
solution,

δSðt; zÞ ¼ δShðζÞ −
Z

t

0

dt0
π3ðt0Þ
π0ðt0Þ

δA3

�
t0; ζ −

Z
t0

0

π3
π0

�
:

ð158Þ

To interpret the homogeneous solution δShðζ½t; z�Þ,
we consider the momentum

Πμ≔∂μS−Aμ¼πμþδΠμ δΠμ¼∂μδS−δAμ: ð159Þ

We have

π0
π3

δΠ0 ¼ δΠz

¼
�
δS0h − δA3ð0; ζÞ −

Z
t

0

dt0δE
�
t0; ζ −

Z
t0

0

π3
π0

��
;

ð160Þ

where δEðt; zÞ ¼ ∂0δA3ðt; zÞ. We choose a gauge where
δA3ð0; zÞ ¼ 0, so the second term in (160) vanishes.
We can compare (160) with the solution to the Lorentz-

force equation,

dΠz

dt
¼ Eðt; zÞ ≈ EðtÞ þ δEðt; zÞ; ð161Þ

where Πz ¼ dz=du and dt=du ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2⊥ þ Π2

z

p
. With z≈

z0 þ δz, we have to leading order Πz
0 ¼ −π3 ¼ −½p3 −

AðtÞ� and to NLO

δΠz ¼ cþ
Z

t

0

dt0δEðt; z0Þ; ð162Þ

where c is a constant and (using dt=du ≈ π0)

z0 ≈ b −
Z

t

0

π3
π0

; ð163Þ

where b is another constant, which we can think of as an
impact parameter. Comparing this with (155) shows that, if
we evaluate the wave function ϕðxμ½u�Þ on the solution to
the Lorentz-force equation, then ζ corresponds to b, so ζ
would be approximately constant on a classical trajectory,
and different values of ζ correspond to different impact
parameters. With ζ as a constant of motion, we find
agreement between (160) and (162) if we identify the

derivative of the homogeneous solution δS0hðζÞ with the
constant −c which appears in the momentum.
We determine δS0hðζÞ by demanding that the zeroth

order already gives the correct asymptotic momentum,
which gives

δSðt; zÞ ¼ −
Z

t

ta

dt0
π3ðt0Þ
π0ðt0Þ

δA3

�
t0; zþ

Z
t

t0

π3
π0

�
; ð164Þ

where ta → ∞ (ta → −∞) for an outgoing (incoming)
electron. By comparing this with the zeroth order (2),
we see that the positron state is obtained by replacing
π3 ¼ p3 − A → −p3 − A and π0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2⊥ þ ðp3 − AÞ2

p
→

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2⊥ þ ðp3 þ AÞ2

p
.

If we take t → −ta and z to infinity with ζ kept finite,
then

δSðt; zÞ → −
Z

−ta

ta

dt0
π3ðt0Þ
π0ðt0Þ

δA3

�
t0; ζ −

Z
t0

0

π3
π0

�
; ð165Þ

which is still a nontrivial function of ζ. For a gauge field
such as (151), which always vanishes if jzj → ∞ regardless
of whether ζ is kept fixed, one might naively have expected
that δS → 0 in this limit. However, δS is nonzero because
of a memory effect, which we can see from the classical
momentum (162). We already have a memory effect at
zeroth order, since π3ð−∞Þ ≠ π3ðþ∞Þ for A3ðþ∞Þ ≠
A3ð−∞Þ, so it is not strange that δA3ðt; zÞ gives an
additional change to the asymptotic momentum. But in
order to find agreement between this classical prediction
and ∂μδS, the asymptotic δS cannot vanish or be constant.
While the asymptotic δS has to solve (154) with δA → 0, as
we showed in (158), this still allows δS to be a nontrivial
function of ζ. Moreover, it is not surprising that the
classical asymptotic momentum depends nontrivially on
the impact parameter, but, for such a nontrivial dependence
to emerge from the wave function, and since ζ corresponds
to the impact parameter, δS must have a nontrivial
dependence on ζ.
A simple check of the above results is to consider the

trivial case where δA3ðtÞ does not depend on z, for which
we can just use (2) directly. Expanding the integrand in the
exponent in (2) gives

π0 →
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2⊥ þ ðp3 − A3 − δA3Þ2

q
≈ π0 −

π3
π3

δA3; ð166Þ

which agrees with (164). We turn now to a nontrivial
application.

A. γz ≪ 1 correction

For a purely time dependent field, A3ðtÞ, the exponential
part of the trident probability is given by (30). We will now
calculate the leading order correction due to a spatial
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inhomogeneity, A3ðtÞ → A3ðtÞ þ δA3ðt; zÞ. We consider a
field which is slowly varying in z. Then it makes sense to
expand around the maximum, which we choose to be at
z ¼ 0. We further assume that the field is a product of a
temporal and a spatial function, A3ðt; zÞ ¼ AðtÞFðzÞ, where
Fð0Þ ¼ 1, F0ð0Þ ¼ 0 and we normalize γz such that
F00ð0Þ ¼ −2γ2z . We then have

δA3ðt; zÞ ¼ −ðγzzÞ2A3ðtÞ: ð167Þ

However, after making this expansion, we no longer
have δA3ðt; zÞ → 0 as jzj → ∞. So, before we expand,
we perform a partial integration in (164),

δSðt; zÞ ¼ −
Z

t

ta

dt0Eðt0Þf
�
zþ

Z
t

t0

π3
π0

�
; ð168Þ

where EðtÞ ¼ A0
3ðtÞ and f0ðzÞ ¼ FðzÞ − 1. This is also

what we would have obtained if we had started in a gauge
with δA0 ≠ 0 rather than δA3 ≠ 0. Now we can expand,

δS ¼ γ2z
3

Z
t

ta

dt0Eðt0Þ
�
zþ

Z
t

t0

π3
π0

�
3

: ð169Þ

The exponential part on the amplitude level can therefore
be written as

exp



i
E
½φ0 þ γ2zφ1�

�
; ð170Þ

where φ0 is the part we considered previously

φ0 ¼ zðl3 þ p13 − p3Þ þ z0ðp23 þ p33 − l3Þ
þ l0ðt − t0Þ − Iðp; tÞ þ Iðp1; tÞ
þ Iðp2; t0Þ þ Ið−p3; t0Þ; ð171Þ

I is given by (13) except that a factor of 1=E has been
factored out, and φ1 comes from δS. When we perform the
time integrals with the saddle-point method, the saddle
points will change due to φ1, ts ≈ t0 þ γ2zt1. However, since
φ0
0ðt0Þ ¼ 0, the correction t1 drops out,

ðφ0 þ γ2zφ1Þðt0 þ γ2zt1Þ ¼ φ0ðt0Þ þ γ2zφ1ðt0Þ þOðγ4zÞ:
ð172Þ

Thus, the time integrals are the same as before. The z
integrals, on the other hand, change significantly, because
the φ1 term means that we no longer obtain delta functions
for the z component of the momenta. Instead, we will
perform these integrals with the saddle-point method. We
begin by changing variables as

z → z −
r
2

z0 → zþ r
2

ð173Þ

and then from

r ¼ u −
v
2

l3 ¼
1

2
ðp3 − p13 þ p23 þ p33Þ þ uþ v

2

ð174Þ

to u and v. The first line in (171) then becomes

−u2 þ v2

4
þ Σz; ð175Þ

where

Σ ¼ p13 þ p23 þ p33 − p3: ð176Þ

Although u and v also appear in φ1, we can perform these
integrals in the sameway as the time integrals, so the saddle
point is simply u ¼ v ¼ 0.
If we had started with γz ¼ 0, then we would have found

δðΣÞ, so we expect that performing the z integral for γz > 0
will force Σ to be small for γz ≪ 1. Now the dependence on
z is still simple,

exp



1

E
½iΣz − γ2zðaz2 þ bzÞ�

�
; ð177Þ

where a and b are obtained from the coefficients in

− iδSðpÞ þ iδSðp1Þ þ iδSðp2Þ − iδSð−p3; π0 → −π0Þ

¼ −
γ2z
E
ðaz2 þ bzþ cÞ; ð178Þ

and therefore depend on Σ but not on z. We have a saddle
point at

zs ¼ −
b
2a

þ iΣ
2aγ2z

; ð179Þ

and performing the z integral and squaring the amplitude
gives

exp



−
γ2z
E

�
2cr −

b2r
2ar

þ ar
2jaj2

�
Σ
γ2z

−
arbi − aibr

ar

�
2
��

;

ð180Þ

where ar ¼ Rea and ai ¼ Im a etc.
As γz → 0, (180) gives a regularized delta function

which implies an approximate conservation of the longi-
tudinal momentum, δregðp13 þ p23 þ p33 − p3Þ. We also
see that for γz ≠ 0, the saddle point is nonzero,

Σs ¼ γ2z
arbi − aibr

ar
: ð181Þ
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Plugging (181) into (179) gives a real saddle point for zs,

zsðΣsÞ ¼ −
br
2ar

: ð182Þ

Note that zs is nonzero and does not depend on γz. Since we
consider symmetric fields, one might naively have expected
the process to be centered in the middle of the field, i.e.,
with a saddle point at zs ¼ 0. However, the initial state
contains a single electron which is accelerated by the field
in the z direction, so the process is inherently nonsym-
metric. But it is only now when we consider z dependent
fields that we can fully see this nonsymmetry.
For γz ¼ 0we have a saddle point at p1¼p2¼p3¼p=3.

But for γz > 0, this symmetry is broken. For the longi-
tudinal component, we see this from (181). For the x
component, it follows because if we expand (180) around
what would have been a saddle point for γz ¼ 0, then we
find a linear term,

exp



−
Y
ω
δP2

1 þ
2γ2z
E

p11

m1

br
ar

∂br
∂m1

δP1

�
; ð183Þ

where Y is the coefficient of δP2
1 in the first row of (31).

This linear term implies that the saddle point is shifted from
δPs

1 ¼ 0 to δPs
1 ≠ 0. Since there is no linear term in δp1, we

still have δps
1 ¼ 0, so the saddle points for the two final-

state electrons are still equal, ps
11 ¼ ps

21, but they are no
longer equal to the positron momentum, ps

11 ¼ ps
21 ≠ ps

31.
We find

ps
11 ¼ ps

21 ¼
p1

3
þ δPs

1 ps
31 ¼

p1

3
− δPs

1; ð184Þ

where p0
1 ¼ p1=3 is the saddle point to zeroth order, and

δPs
1 ¼

p0
1

m0
br
ar

∂br
∂m0

γtγ
2
z

Y
: ð185Þ

We will compare the Oðγ2zÞ results in this section with
the results obtained in the next section with the worldline
instanton formalism, in which we do not have to
expand in γz.

IV. WORLDLINE INSTANTON APPROACH

We have developed an instanton approach based on open
worldlines, which has allowed us to calculate the momen-
tum spectrum of Schwinger pair production in space-time
dependent fields [23,27], nonlinear Compton scattering and
Breit-Wheeler pair production [28,29]. In all these cases
there has been a single worldline. In the pair-production
case we have a worldline that starts in the future as a
positron, goes backward in time, turns and goes to the
future again as an electron. In the Compton case we have a
worldline that starts in the past, as the incoming electron,

and ends in the future as the outgoing electron. For trident
we will have one worldline for the photon-emission step
and another worldline for the pair-production step. Several
steps are similar to the Breit-Wheeler case, so more details
about those steps can be found in [29].
Both instantons solve the Lorentz-force equation,

t00 ¼ Eðt; zÞz0 z00 ¼ Eðt; zÞt0; ð186Þ

where t0 ¼ dt=du and u is proper time, except at u ¼ 0
where the photon is emitted or absorbed. When necessary
in order to distinguish the two solutions, we use qμC for the
photon-emission worldline, and qμB for the pair-production
worldline. The trajectories are continuous at u ¼ 0, but the
velocities are not. The discontinuities are given by

t0Cð0þÞ − t0Cð0−Þ ¼ −l0 z0Cð0þÞ − z0Cð0−Þ ¼ l3

t0Bð0þÞ − t0Bð0−Þ ¼ l0 z0Bð0þÞ − z0Bð0−Þ ¼ −l3: ð187Þ

These conditions tell us that the energy of the initial electron
drops discontinuously when emitting a photon with energy
l0, which is then given to the electron-positron pair.
As explained in [28], it is possible to choose different

complex einbeins, i.e., different contours in the complex
u plane. One einbein that we found to be especially
useful [23] starts (for the electron half of the B worldline)
at u ¼ 0 and initially follows the imaginary axis until
uc ¼ −ijucj, and afterward goes parallel to the real axis
toward −ijucj þ∞. To make the corner at uc smooth, we
use the following einbein [27],

du
dr

¼ 1 − ðϵiþ 1ÞψðrÞ; ð188Þ

where ψðrÞ is a bump function,

ψðrÞ ¼ 1

2 tanhðL=WÞ
�
tanh

�
rþ L
W

�
− tanh

�
r − L
W

��
;

ð189Þ

where L is approximately the length of the interval in which
ψ ≈ 1, andW is the width of the regions where ψ goes from
0 to 1 or from 1 to 0:ϵ ¼ 1 for the final state particles, and
ϵ ¼ −1 for the initial electron. We choose W to be some-
what small, e.g., W ¼ 0.1. This is essentially just a choice
of the shape of the bump function. L, on the other hand, is
chosen such that the instanton becomes real asymptotically,
so determining L then requires a nontrivial computation.
This choice of L is not necessary. We would obtain the
same probability and the same, real asymptotic momenta
for other values of L, in particular for values which are held
fixed even when we vary γ or some other parameter, or even
for different einbeins all together. But the asymptotic qμ

would not be real for general einbeins. This is not actually a
problem, because we are only interested in the probability

NONLINEAR TRIDENT USING WKB AND WORLDLINE … PHYS. REV. D 112, 036005 (2025)

036005-19



that the particles are produced with a certain (real)
momenta, not that the particles appear at some position
at some asymptotic time (though that could be an interest-
ing problem for future studies). It can in fact be numerically
convenient to choose such “nonphysical” einbeins [27].
However, choosing L such that qμ is real asymptotically
is not just conceptually appealing, it can also be useful for
the calculations, e.g., to find approximations [23]. We will
therefore choose such a “physical” einbein here, even
though there is some extra numerical work to determine
the values of L, which change when we change various
parameters, such as γ.
u ¼ 0 corresponds to the middle of the instanton, where

the emission or absorption happens. u0 has a large and
negative real part and corresponds to the incoming electron
in the asymptotic past, or the outgoing positron in the
asymptotic future. u1 has a large and positive real part and
corresponds to the outgoing electrons. The instantons are
specified by asymptotic conditions at u0 and u1, which say
that z0ð�∞Þ should be the momenta we measure and
(for the physical einbein) qμ should be real. We can find
instantons for some arbitrary values of the momenta by
imposing the asymptotic conditions,

z0Cð∞Þ¼−p13 z0Bð∞Þ¼−p23 z0Bð−∞Þ¼p33: ð190Þ

However, since we do not have a good reason to choose
otherwise, we will consider the saddle-point values of the
final-state momenta, and calculate the Hessian matrix to
determine the widths of the spectrum around the saddle
point. As shown in [27], the corresponding instantons
have the following four conditions on the asymptotic
velocities,

Im z0C;Bðu0;1Þ ¼ 0: ð191Þ

To obtain the dependence on the initial momentum, we
would replace Im z0Cðu0Þ ¼ 0 with z0Cðu0Þ ¼ −p3. The
asymptotic energy, t0ðu0;1Þ, is automatically real since the
instantons are on shell.
To numerically integrate (186) it is easier to impose

initial conditions at u ¼ 0. As we showed in [29], it is
possible to find analytical conditions for q0μð0�Þ. Here
we find

z0Cð0−Þ ¼ ði; p1Þ ·
ðl0;−l3Þ

l1

z0Cð0þÞ ¼ ði; p11Þ ·
ðl0;−l3Þ

l1

z0Bð0−Þ ¼ ði;−p31Þ ·
ðl0;−l3Þ

l1

z0Bð0þÞ ¼ ði; p21Þ ·
ðl0;−l3Þ

l1
ð192Þ

and

t0Cð0−Þ ¼ ðp1; iÞ ·
ðl0;−l3Þ

l1

t0Cð0þÞ ¼ ðp11; iÞ ·
ðl0;−l3Þ

l1

t0Bð0−Þ ¼ ð−p31; iÞ ·
ðl0;−l3Þ

l1

t0Bð0þÞ ¼ ðp21; iÞ ·
ðl0;−l3Þ

l1
: ð193Þ

From the photon propagator we have

exp f−il3½zBð0Þ − zCð0Þ� − il0½tBð0Þ − tCð0Þ�g; ð194Þ

so the saddle-point equation for l3 implies

zBð0Þ − zCð0Þ ¼ −
l3
l0
½tBð0Þ − tCð0Þ�: ð195Þ

After imposing (192), (193), and (195), we have 12 real
unknowns: zCð0Þ, tCð0Þ, tBð0Þ, and l3 (all of which can be
complex), and L−

C, L
þ
C , L

−
B, and Lþ

B , where L
−
C is L for the

u < 0 part of the C instanton etc. We have four real
conditions in (191), which means we need 8 additional real
conditions. These are the physical-einbein conditions,

Im zC;Bðu0;1Þ ¼ Im tC;Bðu0;1Þ ¼ 0: ð196Þ

Thus, we vary zCð0Þ, tCð0Þ, tBð0Þ, k3, L−
C, L

þ
C , L

−
B, and

Lþ
B until we find instantons satisfying (191) and (196).

We want to find the dependence on γz, so we need to find
instantons for each value between γz ¼ 0 and some
maximum γz. To speed up the process, we use a numerical
continuation similar to [30], so we first find the instantons
at γz ¼ 0, use that as starting point for finding the
instantons at γz ¼ δγz, where δγz is small, and so on.
Fortunately, for γz ¼ 0 we can actually find the instan-

tons analytically for a Sauter pulse. We find [28]

tC ¼ θð−uÞtðu; p1Þ þ θðuÞtðu; p11Þ
zC ¼ θð−uÞzðu; p1Þ þ θðuÞzðu; p11Þ
tB ¼ θð−uÞtð−u; p31Þ þ θðuÞtðu; p21Þ
zB ¼ −θð−uÞzð−u; p31Þ þ θðuÞzðu; p21Þ: ð197Þ

where θð:Þ is a step function for u, but u follows a complex
contour, so by this we mean θð−uÞ ¼ 1 before the photon is
emitted (for C) or absorbed (for B) and θð−uÞ ¼ 0 after-
ward, and vice versa for θðuÞ, and
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t ¼ 1

γ
arcsinh

(
γm⊥ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ðγm⊥Þ2
p sinh

" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðγm⊥Þ2

q
u

þ i arcsin

 
1

m⊥

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðγm⊥Þ2

1þ γ2

s !#)
ð198Þ

and

z ¼ 1

γ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðγm⊥Þ2

p arcsinh

(
γm⊥ cosh

" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðγm⊥Þ2

q
u

þ i arcsin

 
1

m⊥

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðγm⊥Þ2

1þ γ2

s !#)
: ð199Þ

To compare with [28], note that we have here rescaled
qμ → qμ=E and u → u=E.
In [28] we chose an integration constant such that

zð0Þ ¼ 0. This constant is irrelevant for a purely time-
dependent field. We found in the previous section that in
the WKB approach we have a saddle point at a nonzero z,
so we actually expect that zð0Þ will be nonzero for any
nonzero value of γz. So starting with exactly γz ¼ 0 does
not give any idea of what zð0Þ will be for γz > 0. This is
actually not a problem, because the above analytical results
do give us good starting points for the other constants, and
root-finding with zð0Þ ¼ 0 arbitrarily chosen as starting
point does in fact give the correct result.
On the other hand, (198) does give us a starting point

for tð0Þ,

tð0Þ ¼ i
γ
arctanðγÞ; ð200Þ

which will be close to tð0Þ for γz > 0 if γz is small enough.
The solutions (198) and (199) are analytic functions of u

and can be evaluated at different contours in the complex u
plane. As mentioned, here we are especially interested in
the physical contour, for which the second half of the
contour (the part after photon emission or absorption) starts
at u ¼ 0 and first follows the imaginary axis until uc,
defined as the point where t becomes real. From (198) we
see that this happens at

uc¼−
iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þðγm⊥Þ2
p arcsin

 
1

m⊥

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þðγm⊥Þ2

1þγ2

s !
: ð201Þ

To find the corresponding length L of the bump of the
einbein, we first integrate (188),

uðrÞ ¼ r − ðϵiþ 1ÞW
2
coth

�
L
W

�
ln

�
cosh

�
Lþr
W



cosh

�
L−r
W


�; ð202Þ

where r is real. For moderately smallW, the corner of the u
contour at ∼uc is smooth and u does not actually become

exactly equal to uc there. But Im u does converge to Im uc
for asymptotic r. For jrj ≫ 1 we have

Im uðrÞ ¼ −signðϵrÞL coth

�
L
W

�
: ð203Þ

For the initial electron, L is determined by

L coth

�
L
W

�
¼ − Im ucðp1Þ; ð204Þ

where ucðp1Þ is given by (201), and, considering
p1 ¼ p2 ¼ p3, L for the other particles is determined by

L coth

�
L
W

�
¼ − Im ucðp11Þ: ð205Þ

For sufficiently small W, the transcendental equation
reduces to L ¼ − Im uc. But for W ¼ 0.1 and for the
values of γ and p1 that we have considered, it is better
to use the exact solutions of (204) and (205).
Thus, to find the integration constants at the first nonzero

value of γz, say γz ¼ 0.1, we use as starting points:
zð0Þ ¼ 0, tð0Þ given by (200), l3¼0, L−

C given by (204)
and Lþ

C ¼ L−
B ¼ Lþ

B given by (205).
The exponential part of the integrated probability,

P ∝ e−A=E, is given by a sum of the contributions from
the qμC and qμB worldlines,A¼ACþAB, where (see [28,29])

AC ¼ 2 Im
Z

duqμC∂μAνðqCÞ
dqνC
du

ð206Þ

and similarly for AB.
As an example, we consider γt ¼ 2 and p1 ¼ 2. The

results are shown in Fig. 1.
The instantons are shown in Fig. 2. We see that zC starts

at zC ¼ þ∞, moves toward the field, passes through the
peak at z ¼ 0, then turns and passes over the peak again,
and goes to zC ¼ þ∞. Although zC is real over the whole
trajectory, the velocity z0CðuÞ is real asymptotically but
imaginary in a region around the turning point. This is
consistent because the proper time u follows a contour in
the complex plane. z0CðuÞ is discontinuous at u ¼ 0, but it is
difficult to see that in Fig. 2 because the discontinuity is
relatively small. tC starts in the asymptotic past, becomes
imaginary around the turning point, and goes to the
asymptotic future. The energy t0CðuÞ is real over the whole
trajectory and drops discontinuously at u ¼ 0, where some
of the electron energy is given to the intermediate photon.
This discontinuity is larger because we have chosen the
transverse momentum p1 ¼ 2, so l1 ¼ ð2=3Þ2, which is
significantly larger than the (imaginary) l3 component,
so l0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
l21 þ l23

p
∼ l1.

For r > 0 we have zCðuÞ ¼ zBðuÞ and tCðuÞ ¼ tBðuÞ,
so the two final-state electrons follow the same path, even
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FIG. 2. Instantons for γt ¼ 2, p1 ¼ 2, γz ¼ 0.1 for the thin lines and γz ¼ 3 for the other lines. The velocities are q0μ ¼ dqμ=du, not
dqμ=dr. The imaginary part of z0 is discontinuous at r ¼ 0, but, as we can see from (187) and the first plot in Fig. 1, the discontinuity is
relatively small.

FIG. 1. Instanton quantities for γt ¼ 2 and p1 ¼ 2 as a function of the spatial inhomogeneity γz. tC½0; γz ¼ 0� ¼ tB½0; γz ¼ 0� is given
by (200), so tCðu ¼ 0Þ ¼ tBðu ¼ 0Þ is purely imaginary. The momentum of the intermediate photon is also purely imaginary, Rel3 ¼ 0.
z½0; γz ¼ 0� is the WKB result (179) (Σ ¼ 0). In this particular case we have a ≈ 0.30 and b ≈ 0.014, so zs ≈ −0.023, so zC½u ¼ 0; γz� is
purely real. From (204) and (205) we find L−

Cðγz ¼ 0Þ ≈ 0.25 and Lþ
Cðγz ¼ 0Þ ¼ L�

B ðγz ¼ 0Þ ≈ 0.51. A is the exponential part of the
probability, P ∝ e−A=E, obtained from (206). c1 is given by the WKB result (180).
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though one of them is connected via a complex worldline
to the initial electron while the other is connected to the
positron.
The r < 0 part of qμB describes a positron. If we start at

r ¼ −∞ and go to r ¼ 0, then the positron starts in the
future and goes backward in time. If we instead start at
r ¼ 0 and go to r ¼ −∞, then zB and tB describe the actual
trajectory of the positron, which goes forward in time. We
see that the positron moves toward z ¼ −∞, i.e. in the
opposite direction compared to the electrons.
By comparing the results for γz ¼ 0.1 and γz ¼ 3, we see

that the instanton is quite insensitive to γz. Indeed, for the
time component it is actually difficult to see the difference.
But for the asymptotic velocities, z0ð�∞Þ, there is a
significant, albeit not huge, difference.

A. Momentum dependence

For Eðt; zÞ we can take Πa ¼ fp11; p21; p13; p23; p33g to
be the independent momentum variables. To find their
saddle points we need ∂ψ=∂Πa, and for the widths of
the spectrum around those saddle points we need
∂
2ψ=∂Πa∂Πb. The easiest way to calculate these derivatives
is to first express the exponent on the amplitude level as

ψ ¼ −ipqCðu0Þ þ ip1qCðu1Þ þ ip2qBðu1Þ þ ip3qBðu0Þ
− ik½qBð0Þ − qCð0Þ� þ… ð207Þ

where the ellipses represent terms that only depend on the
momentum variables implicitly via the saddle-point values
of the other integration variables. To simplify notation, we
write qCðuC1 Þ as qCðu1Þ etc. We will eventually evaluate k3
on its saddle point, which depends on the external
momenta, k3ðΠÞ. But for now we will treat it as an
independent variable. Since the field depends on z, there
is no delta function for the longitudinal momenta, so p13,
p23, p33, and k3 are all treated as independent, and for the
first derivative we find

∂ψ

∂k3
¼ −i

�
zBð0Þ − zCð0Þ þ

k3
k0

ðtBð0Þ − tCð0ÞÞ
�

ð208Þ

∂ψ

∂p13

¼ i
�
zCðu1Þ þ

p13

p10

tCðu1Þ
�

ð209Þ

∂ψ

∂p23

¼ i

�
zBðu1Þ þ

p23

p20

tBðu1Þ
�

ð210Þ

∂ψ

∂p33

¼ i

�
zBðu0Þ þ

p33

p30

tBðu0Þ
�
: ð211Þ

To obtain the transverse derivatives we have to remember
that

p3⊥ ¼ p⊥ − p1⊥ − p2⊥ k⊥ ¼ p⊥ − p1⊥: ð212Þ

We also use, e.g.,

xCðu1Þ − xCð0Þ ¼ −p11uC1 ; ð213Þ

which can be obtained from the fact that the transverse
components of the instantons are straight lines before and
after the kink at u ¼ 0. We find

∂ψ

∂p1j
¼ i
�
p1j

�
tCðu1Þ
p10

− uC1

�
− p3j

�
tBðu0Þ
p30

þ uB0

�

þ kj
k0

ðtBð0Þ − tCð0ÞÞ
�

ð214Þ

and

∂ψ

∂p2j
¼ i

�
p2j

�
tBðu1Þ
p20

−uB1

�
−p3j

�
tBðu0Þ
p30

þuB0

��
; ð215Þ

where j ¼ 1, 2.
The above first-order derivatives determine the

momentum saddle points. Setting (208) to zero gives (195).
For the external momenta, squaring the amplitude gives
Re∂ψ=∂Π ¼ 0 as the condition for the saddle points of Π.
The real part of (209)–(211) already vanish for the physical
einbein (196). From (214) and (215) we find

Re
∂ψ

∂p1j
¼ − Im ðp1juC1 þ p3juB0 Þ

Re
∂ψ

∂p2j
¼ − Im ðp2juB1 þ p3juB0 Þ: ð216Þ

Since p2 ¼ 0, (216) vanishes trivially for p12 ¼ p22 ¼
p32 ¼ 0. So for the y and z components we find nothing
new. But for the x component we have an additional,
nontrivial condition on the instanton,

p11¼
ImuB0 ImuB1

ImuB0 ImuB1 þ ImuB0 ImuC1 − ImuB1 ImuC1
p1

p21¼
ImuB0 ImuC1

ImuB0 ImuB1 þ ImuB0 ImuC1 − ImuB1 ImuC1
p1. ð217Þ

From (203) we have, ImðuB1 Þ ≈ −Lþ
B , ImðuB0 Þ ≈ L−

B, and
ImðuC1 Þ ≈ −Lþ

C , so this relation can also be expressed as

p11L
þ
C ¼ p31L−

B; p21L
þ
B ¼ p31L−

B: ð218Þ

For a time-dependent field, where the saddle point
momenta are all equal (17), p11 ¼ p21 ¼ p31, (218) sim-
plifies to Lþ

C ¼ Lþ
B ¼ L−

B. However, for a spacetime
field, the momenta and the L’s are in general different.
Either (217) or (218) reduce the number of unknown
parameters to determine from the six parameters p11,
p21, L�

C , and L�
B to four of them.
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By calculating the second-order derivatives, i.e., the
Hessian matrix, and evaluating it at the saddle point, we
obtain the widths of the momentum spectrum. This is trivial
for all the y components of the Hessian, because, for j ¼ 2,
all the terms in (214) and (215) are proportional to p12

or p22, which both vanish at the saddle point, so we find
(the −2 superscript is just part of the name)

d−212;12 ≔ −Re
∂
2ψ

∂p2
12

¼ Im

�
tCðu1Þ
p10

þ tBðu0Þ
p30

− uC1 þ uB0

�

d−212;22 ≔ −Re
∂
2ψ

∂p12∂p22

¼ Im

�
tBðu0Þ
p30

þ uB0

�

d−222;22 ≔ −Re
∂
2ψ

∂p2
22

¼ Im

�
tBðu1Þ
p20

þ tBðu0Þ
p30

− uB1 þ uB0

�
:

ð219Þ
Note that there is no mixing with the x and z momentum
components. For the physical einbein this simplifies
further,

d−212;12 ¼ d−222;22 ¼ ImðuB0 − uC1 Þ d−212;22 ¼ Im uB0 : ð220Þ
To obtain the other second-order derivatives, we have to

calculate the derivative of the instanton with respect to Π
and k3. We do this as in [29]. We first note that we do not
need the full Π dependence of ∂ΠqC;BðΠÞ, only ∂ΠqC;BðΠsÞ
evaluated at the saddle point Π ¼ Πs. This can be obtained
from qðΠÞ ¼ qðΠsÞ þ δqδΠ, where δΠ ¼ Π − Πs and
δq ¼ ∂ΠqðΠsÞ. In particular,

qμ → qμ þ δk3δkqμðuÞ
qμ → qμ þ δΠαδαqμðuÞ ð221Þ

(no sum over α) with Πα denoting any of the momentum
variables fp11; p21; p13; p23; p33g, and similarly for k3. In
other words, δαq denotes the derivative of the instanton
with respect to the variable Πα evaluated at all the saddle
points fΠα;s; k3;sg.
All variations are solutions to the following equation,

which is obtained by making a linear perturbation of the
Lorentz-force equation,

δt00 ¼ Eδz0 þ∇E · fδt; δzgz0
δz00 ¼ Eδt0 þ∇E · fδt; δzgt0; ð222Þ

where ∇E ¼ f∂tE; ∂zEg. Some of the conditions which
distinguish the different δq’s are asymptotic conditions at
u ¼ �∞. But that does not mean that we have to use a
shooting method to find the δq’s, because (222) is linear, so
we can first solve (222) with four different initial con-
ditions, where the only nonzero conditions are

δt½1�ð0Þ ¼ δz½2�ð0Þ ¼ δt0½3�ð0Þ ¼ δz0½4�ð0Þ ¼ 1: ð223Þ

and then an arbitrary solution can be expressed as a
superposition of these four basis solutions,

δqðuÞ ¼
X4
j¼1

ajδq½j�ðuÞ; ð224Þ

where the coefficients aj are determined algebraically.
a3 and a4 in (224) are determined directly by simply

matching δt0ð0�Þ and δz0ð0�Þ with the derivative of (192)
and (193) with respect to k3 for δkq orΠα for δαq. Note that,
due to the discontinuity of q0μ at u ¼ 0 in (192) and (193),
we have a3 ¼ a−3 and a4 ¼ a−4 for u < 0 and a3 ¼ aþ3 ≠ a−3
and a4 ¼ aþ4 ≠ a−4 for u > 0. a1 and a2, on the other hand,
must be the same for both u < 0 and u > 0, because qμ is
continuous at u. We therefore only need two conditions to
determine a1 and a2, which we have by differentiating the
asymptotic conditions (190) for z0ð�∞Þ.
Having obtained the variations, δkq and δαq, we can now

obtain the Hessian and hence the momentum widths from

Xαβ¼
∂
2ψ

∂Πα∂Πβ
Xkα¼

∂
2ψ

∂k3∂Πα
Xkk¼

∂
2ψ

∂k23
: ð225Þ

Differentiating (208) with respect to k3 gives

Xkk ¼ −i
�
δkzBð0Þ − δkzCð0Þ þ

k3
k0

ðδktBð0Þ − δktCð0ÞÞ
�
:

ð226Þ

We can obtain Xkp13
by either differentiating (209) with

respect to k3, or by differentiating (208) with respect to p13.
In the latter case, the result simplifies since δ13qB ¼ 0,
which follows from the fact that none of the conditions for
qB in (192), (193), or (190) depends on p13. We find

Xkp13
¼ i

�
δkzCðu1Þ þ

p13

p10

δktCðu1Þ
�

¼ −i
�
−δ13zCð0Þ −

k3
k0

δ13tCð0Þ
�
; ð227Þ

The fact that partial derivatives commute has given us
two different representations of Xkp13

and hence a highly
nontrivial relation between δkq and δ13q. Computing both
representations and comparing them allows one to estimate
the precision of the numerical results.
Similarly, using δ23qC ¼ δ33qC ¼ δ21qC ¼ 0 and

tCð0Þ ¼ tBð0Þ we find

Xkp23
¼ i

�
δkzBðu1Þ þ

p23

p20

δktBðu1Þ
�

¼ −i
�
δ23zBð0Þ þ

k3
k0

δ23tBð0Þ
�

ð228Þ
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Xkp33
¼ i

�
δkzBðu0Þ þ

p33

p30

δktBðu0Þ
�

¼ −i
�
δ33zBð0Þ þ

k3
k0

δ33tBð0Þ
�

ð229Þ

Xkp11
¼ i

�
p11

p10

δktCðu1Þ −
p31

p30

δktBðu0Þ

þ k1
k0

ðδktBð0Þ − δktCð0ÞÞ
�

¼ −i
�
δ11zBð0Þ − δ11zCð0Þ

þ k3
k0

ðδ11tBð0Þ − δ11tCð0ÞÞ
�

ð230Þ

Xkp21
¼ i

�
p21

p20

δktBðu1Þ −
p31

p30

δktBðu0Þ
�

¼ −i
�
δ21zBð0Þ þ

k3
k0

δ21tBð0Þ
�
: ð231Þ

As mentioned, there is no mixing with the y component,
so Xkp12

¼ Xkp22
¼ 0.

For the x components we find

Xp11p11
¼ i

�
tCðu1Þ
p10

− uC1 −
p2
11

p3
10

tCðu1Þ þ
p11

p10

δ11tCðu1Þ

þ tBðu0Þ
p30

þ uB0 −
p2
31

p3
30

tBðu0Þ −
p31

p30

δ11tBðu0Þ

þ δ11tBð0Þ − δ11tCð0Þ
k0

k1

�
ð232Þ

Xp21p21
¼ i

�
tBðu1Þ
p20

− uB1 −
p2
21

p3
20

tBðu1Þ þ
p21

p20

δ21tBðu1Þ

þ tBðu0Þ
p30

þ uB0 −
p2
31

p3
30

tBðu0Þ −
p31

p30

δ21tBðu0Þ
�
ð233Þ

Xp11p21
¼ i

�
tBðu0Þ
p30

þ uB0 −
p2
31

p3
30

tBðu0Þ

−
p31

p30

δ21tBðu0Þ þ
k1
k0

δ21tBð0Þ
�

¼ i

�
tBðu0Þ
p30

þ uB0 −
p2
31

p3
30

tBðu0Þ

−
p31

p30

δ11tBðu0Þ þ
p21

p20

δ11tBðu1Þ
�
: ð234Þ

For the cross terms between the x and z components we
find

Xp11p13
¼ i

�
p11

p10

δ13tCðu1Þ −
k1
k0

δ13tCð0Þ −
p11p13

p3
10

tCðu1Þ
�

¼ i

�
δ11zCðu1Þ þ

p13

p10

δ11tCðu1Þ −
p11p13

p3
10

tCðu1Þ
�

ð235Þ

Xp11p23
¼ i

�
δ11zBðu1Þ þ

p23

p20

δ11tBðu1Þ
�

¼ i

�
k1
k0

δ23tBð0Þ −
p31

p30

δ23tBðu0Þ
�

ð236Þ

Xp11p33
¼ i

�
δ11zBðu0Þ þ

p33

p30

δ11tBðu0Þ þ
p33p31

p3
30

tBðu0Þ
�

¼ i

�
k1
k0

δ33tBð0Þ −
p31

p30

δ33tBðu0Þ þ
p33p31

p3
30

tBðu0Þ
�

ð237Þ

Xp21p23
¼ i
�
δ21zBðu1Þ þ

p23

p20

δ21tBðu1Þ−
p21p23

p3
20

tBðu1Þ
�

¼ i

�
p21

p20

δ23tBðu1Þ−
p31

p30

δ23tBðu0Þ−
p21p23

p3
20

tBðu1Þ
�

ð238Þ

Xp21p33
¼ i

�
p21

p20

δ33tBðu1Þ−
p31

p30

δ33tBðu0Þ þ
p31p33

p3
30

tBðu0Þ
�

¼ i

�
δ21zBðu0Þ þ

p33

p30

δ21tBðu0Þ þ
p31p33

p3
30

tBðu0Þ
�
ð239Þ

while Xp21p13
¼ 0.

For the z components we find

Xp13p13
¼ i

�
δ13zCðu1Þ þ

p13

p10

δ13tCðu1Þ

þ tCðu1Þ
p10

−
p2
13

p3
10

tCðu1Þ
�

ð240Þ

Xp23p23
¼ i

�
δ23zBðu1Þ þ

p23

p20

δ23tBðu1Þ

þ tBðu1Þ
p20

−
p2
23

p3
20

tBðu1Þ
�

ð241Þ

Xp33p33
¼ i
�
δ33zBðu0Þ þ

p33

p30

δ33tBðu0Þ

þ tBðu0Þ
p30

−
p2
33

p3
30

tBðu0Þ
�

ð242Þ
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Xp23p33
¼ i

�
δ33zBðu1Þ þ

p23

p20

δ33tBðu1Þ
�

¼ i

�
δ23zBðu0Þ þ

p33

p30

δ23tBðu0Þ
�

ð243Þ

while Xp13p23
¼ Xp13p33

¼ 0 due to the vanishing variations
δ13qB ¼ 0 etc. mentioned above.
In matrix form we have

X¼

2
6666664

Xp11p11
Xp11p21

Xp11p13
Xp11p23

Xp11p33

Xp11p21
Xp21p21

0 Xp21p23
Xp21p33

Xp11p13
0 Xp13p13

0 0

Xp11p23
Xp21p23

0 Xp23p23
Xp23p33

Xp11p33
Xp21p33

0 Xp23p33
Xp33p33

3
7777775

ð244Þ

where we have highlighted a transverse block with ele-
ments Xp11p11

, etc., a longitudinal block with elements
Xp13p13

, etc., and mixed blocks.
To compute the widths themselves, we need to take into

account the nontrivial k3 integral. As in [29], since the k3
saddle point depends on the momentum, ksðΠÞ, we obtain

ψ jquad:part ¼ δΠα

�
Xαβ −

XkαXkβ

Xkk

�
δΠβ: ð245Þ

While the intermediate steps have not been symmetric
under the exchange of the momenta of the two final-state
electrons, p1 ↔ p2, (245) is actually symmetric. This
makes the next step much simpler, because the two terms
in the trident amplitude, M ¼ M12 −M21, both have the
same exponential, so jM12j2, jM21j2 and 2ReM12M̄21 all
have the same exponential. Thus, only the real part of (245)
contributes, so the width matrix is given by

d−2αβ ¼ −Re
�
Xαβ −

XkαXkβ

Xkk

�
ð246Þ

where α; β∈ fp11; p21; p13; p23; p33g. The spectrum is
proportional to

PðΠÞ ∝ exp ð−½Π − Πs�αd−2αβ ½Π − Πs�βÞ: ð247Þ

Figure 3 shows all the components of d2 for γt ¼ 3=4
and p1 ¼ 3=2. For γz ¼ 1 we have

d−2αβ ¼

0
BBBBBB@

1.43 0.563 0.138 −0.246 0.0775

0.563 1.43 −0.246 0.138 0.0775

0.138 −0.246 0.923 −0.174 −0.140
−0.246 0.138 −0.174 0.923 −0.140
0.0775 0.0775 −0.140 −0.140 0.793

1
CCCCCCA
:

ð248Þ

We see that it is symmetric, ðd−2ÞT ¼ d−2, which is a
nontrivial check of the implementation of the above for-
mulas, since we have used both versions for the mixed
derivatives. It is less immediately obvious that it is sym-
metric under exchange of the final-state electrons, but with

S ¼

0
BBBBBB@

0 1 0 0 0

1 0 0 0 0

0 0 0 1 0

0 0 1 0 0

0 0 0 0 1

1
CCCCCCA

ð249Þ

as the matrix that exchanges the electrons, i.e.,

ðδp21; δp11; δp23; δp13; δp33Þ
¼ Sðδp11; δp21; δp13; δp23; δp33Þ; ð250Þ

we can check that (248) is indeed symmetric,

STd−2S ¼ d−2: ð251Þ

For γz ¼ 0.01 we find

d−2

¼

0
BBBBBB@

1.224 0.6122 0.009202 0.009168 0.009204

0.6122 1.224 0.009168 0.009202 0.009204

0.009201 0.009168 249.0 248.7 248.7

0.009169 0.009201 248.7 249.0 248.7

0.009204 0.009203 248.7 248.7 249.0

1
CCCCCCA
:

ð252Þ

If we were to truncate the elements of this matrix to two
digits, then it would be singular, det d−2 → 0. As this
suggests, it can become harder to maintain a high precision
as γz becomes smaller. However, we can use our γz ≪ 1
approximations to check the precision. To do this we first
change variable from δp33 to δΣ ¼ δp13 þ δp23 þ δp33,
which we can do with

T ¼

0
BBBBBB@

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 −1 −1 γz

1
CCCCCCA
; ð253Þ

so that

ðδp11; δp21; δp13; δp23; δp33Þ
¼ Tðδp11; δp21; δp13; δp23; δΣ=γzÞ; ð254Þ
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where we have included a factor of γz since δΣ ∼ γz is a
natural scale for δΣ. What we plot in Fig. 3 is

d−2ðΣÞ ¼ TTd−2T: ð255Þ

The plots show convergence toward the WKB results in (31)
(for the two blocks) and (180) (for the ΣΣ component),

d−2ðΣÞ ¼

0
BBBBBB@

1.2 0.61 0 0 0

0.61 1.2 0 0 0

0 0 0.55 0.28 0

0 0 0.28 0.55 0

0 0 0 0 0.023

1
CCCCCCA
: ð256Þ

B. γz ≪ 1

In Sec. III, we obtained Oðγ2zÞ corrections to the purely
time-dependent case using WKB. We can obtain the same
results with much less effort using the worldline approach.
The trick [23,29] is similar to how we obtained the first-
order momentum derivatives in the previous section, i.e.
we express the exponential part of the amplitude by its
original form, but with all the integration variables replaced
by their saddle points. Then when we differentiate with
respect to γz, we have

d
dγ2z

fðxs½γz�; γzÞ ¼ x0sðγzÞ∂xf þ ∂γ2z
f ¼ ∂γ2z

f; ð257Þ

FIG. 3. The widths (246), or rather d−2ðΣÞ in (255) and without the trivial factor of 1=E, for γt ¼ 3=4 and p1 ¼ 3=2, with δΣ ¼
δp13 þ δp23 þ δp33 instead of δp33. The gray, straight lines in the first three plots show the γz ¼ 0 results from (31). The gray, straight
line in the fourth plot shows the Σ2 coefficient in (180), and the gray (lower) line in the last plot shows (185).
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so we only have to consider the explicit dependence on γ2z ,
which comes fromZ

duA3ðt; zÞz0 ≈
Z

duA3ðtÞ½1 − ðγzzÞ2�: ð258Þ

Since A3 does not vanish for large u, and jzj → ∞, we
should actually make a partial integration before we make
this expansion, so the Oðγ2zÞ correction to the instanton
action is given by

−i
γ2z
3

Z
duz3EðtÞt0; ð259Þ

where z and t are now the instantons for the time-dependent
case (197); we have one (259) term for qC and one for qB.
Recall that zð0Þ is arbitrary (a zero mode) for γz ¼ 0.
But (259) fixes this zero mode. To make this dependence
explicit, we redefine zðuÞ → z0 þ zðuÞ, where now
zð0Þ ¼ 0 and z0 is the constant we will determine. For
γz ¼ 0, we have dz=dt ¼ −π3=π0, so we can change
integration variable in (259) from proper time u to t,
and then we do not actually have to find the instanton, i.e.,
we do not need to use (198) and (199). We immediately
recover the WKB expression (169). The rest of the
calculation is the same as in the WKB approach.

V. GAMOW-SOMMERFELD SUPPRESSION

We saw in the previous section that, at the saddle-point
values of the momenta, the two final-state electrons follow
the sameworldline. It is therefore natural to ask whether the
Coulomb repulsion between these particles is important.
In the absence of a background field, it is well known that
the Coulomb repulsion is important when the relative
velocity of two charged particles is small, which means
that one can treat the Coulomb interaction nonrelativisti-
cally [31,32]. The result, which can be found in, e.g., the
textbooks [33–36], is that the scattering cross section/
probability with and without the Coulomb interaction are
related by a simple multiplicative factor,

Pðwith CoulombÞ ¼ C2Pðwithout CoulombÞ ð260Þ

where C2 is the Gamow-Sommerfeld factor,

C2 ¼ 2πμ

e2πμ − 1
μ ¼ q1q2

4πv
; ð261Þ

where q1 and q2 are the charges of the two particles, and v
is their relative velocity.
Our focus in this section will be on the repulsive case,

q1q1 > 0, but we first mention that the attractive case,
q1q2 < 0, has an interesting v → 0 limit. Consider the
annihilation of an eþe− pair into μþμ−, τþτ−, pp̄ or some
other pair of particles. At the threshold, v → 0 in the final

state and

Pðwithout CoulombÞ ∝ v → 0; ð262Þ

but the Sommerfeld factor diverges,

C2 → 2πjμj ∝ 1

v
; ð263Þ

so Pðwith CoulombÞ remains nonzero as v → 0, i.e., as a
function of the initial energy the cross section has a
discontinuous step at threshold [37–40]. Such steps have
been observed in experiments [41–43] (see also Ref. [43],
e.g., for discussions about the existence of steps even for
neutral baryon pairs). Sommerfeld enhancement has also
been important in studies of dark matter, see [44] for a
pedagogical explanation and for further references.
In the repulsive case, the Sommerfeld factor gives, for

v ≪ 1, an exponential suppression rather than an enhance-
ment,

C2 ≈ C2
exp

�
2πα

v

�
C2
expðxÞ ¼ xe−x; ð264Þ

where we have assumed that the two particles are electrons.
This approximation is valid for v ≪ 2πα ≈ 0.046.
If one forgets for a moment where the function C2

exp

comes from, one sees a function which can be expanded
in a Taylor series in α, xe−x ¼ x − x2 þ � � � for x ≪ 1.
However, that expansion is not relevant since C2

exp is
only valid as a x ≫ 1 approximation of C2, so there is
no reason to expect that the Taylor expansion of C2

exp

should agree with the Taylor expansion of C2. In this case it
is easy to see that the true expansion is indeed differ-
ent, C2ðxÞ ¼ 1 − ðx=2Þ þ � � �.
The Sommerfeld factor (261) is usually derived by

solving the nonrelativistic Schrödinger equation. Here
we will derive it using worldline instantons. After integrat-
ing out the (quantum) photon field, one finds a nonlocal
term in the action

Sint ¼ −
ie2

8π2

Z
1

0

dτ1dτ2
q̇1ðτ1Þq̇2ðτ2Þ

ðq1ðτ1Þ − q2ðτ2ÞÞ2 − iϵ
: ð265Þ

For qμ1 ≠ qμ2, Sint describes interaction between two
different worldlines, e.g., the two final-state electrons
in trident.
As an aside, if one instead considers a closed loop and

qμ1 ¼ qμ2, then Sint gives after renormalization the AAMLR
result [45–49] for the imaginary part of the effective action
in a constant electric field

ImΓ ∼ E2 exp

�
−
πm2

E
þ απ

�
: ð266Þ
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We present a derivation of (266) in the Appendix. For
electrons and positrons, the α term in (266) is of course
negligible, but it is important for magnetic monopoles [50].
In [45,47], the result (266) was obtained by first calculating
the OðαÞ correction to Oðα0Þ and then guessing that higher
orders in α would sum to eπα. In [46], (266) was instead
obtained by including (265) in a saddle-point approxima-
tion of the worldline path integral, i.e., without making a
perturbative expansion in α.
We will now derive the Sommerfeld factor from (265).

We assume that two electrons are produced at r ∼ 0 in some
process whose formation length is short compared to the
subsequent Coulomb repulsion dynamics. This is the
standard assumption for the Sommerfeld factor, and we
will explain below why this is also relevant in the trident
case. Given that this effect is only significant when the
relative velocity of the particles is small, we can go to the
center-of-mass frame where the dynamics is nonrelativistic.
We begin by changing integration variables in (265)
from proper time τj to coordinate time tj, and then to
t ¼ ðt1 þ t2Þ=2 and Δt ¼ t2 − t1. In the numerator we
have 1 − v1 · v2 ≈ 1 for nonrelativistic velocities. In the
denominator we have ðq2 − q1Þ2 ≈ Δt2 − ½r2ðtÞ − r1ðtÞ�2.
Performing the integral over Δt gives (including an
overall factor of 2 since q1 ↔ q2 both describe the same
process)

Sint ≈
Z

dtVðjr2 − r1jÞ V ¼ α

jr2 − r1j
; ð267Þ

which is the instantaneous Coulomb potential.
The noninteracting parts of the action, e−iðS1þS2Þ, are

given by

Sj ¼
Tj

2
mþ

Z
1

0

dτm
q̇2j
2Tj

: ð268Þ

Substituting the saddle points for T and t gives

Sj ¼
Z

dtm
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2j

q
≈
Z

dt

�
−
mv2j
2

�
þ const: ð269Þ

With r1 ¼ R − ð1=2Þr and r2 ¼ Rþ ð1=2Þr we have

S1 þ S2 þ Sint ¼
Z

dt

�
−
μṙ2

2
−
MṘ2

2
þ VðrÞ

�
; ð270Þ

where μ ¼ m=2 is the reduced mass and M ¼ 2m. Since
we are outside any background field, the center-of-mass
dynamics is trivial, Ṙ ¼ 0. The saddle-point equation for
the relative motion is

μ̈r ¼ −∇V: ð271Þ

Multiplying by ṙ and integrating gives

ṙ2 ¼ 2

μ
ðE − VÞ; ð272Þ

where E ¼ μv2=2 is the asymptotic energy. Equation (272)
is an implicit solution, since V depends on r, but we do not
need to find an explicit solution. Substituting into (270)
gives

S ¼ Eðtout − tinÞ þ 2

Z
dtðV − EÞ: ð273Þ

The terms outside the integral cancel against similar terms
from the asymptotic states. Changing integration variable
from t to r and squaring the amplitude gives,

C2 ∝ exp

�
−2

ffiffiffiffiffi
2μ

p Z
r1

0

dr
ffiffiffiffiffiffiffiffiffiffiffiffi
V − E

p �
; ð274Þ

which is the well-known exponent for nonrelativistic
tunneling through a barrier. The integration limit for a
Coulomb potential is

r1 ¼
α

E
: ð275Þ

Performing the integral gives

C2 ∝ exp

�
−
2πα

v

�
; ð276Þ

in agreement with (264).
From (275) we see that the Coulomb repulsion works on

a scale of rC ∼ α=v2 ≳ 1=α ≫ 1, cf. [35], which also means
tC ∼ α=v3 ≳ 1=α2. Compare this with the scale of the
background field. In the lab frame we have tE ∼ 1=ω,
which means tE ∼ 1=ðp0ωÞ in the center-of-mass frame,
where p0 is the asymptotic energy of the particles in the lab
frame. Comparing these two scales,

tC
tE

∼
α

v
γ
p0

m
E
v2

≫ 1; ð277Þ

which is large because v ∼ α so E=v2 ≫ 1 for any relevant
value of E (we need E ≪ 1 to use the saddle-point method,
but for E ∼ α2 the probability would be extremely small
due to the exponential suppression, so there is no motiva-
tion to study such regimes). For a wide field, γ ≪ 1, but
then the typical energy of the electrons will be p0=m ∼ 1=γ
(p0 can also be large due to large momentum of the initial
particle), so γp0=m ∼ 1 and the ratio is still large. Thus, the
Coulomb repulsion happens on a much longer timescale
compared to the formation process in the background field.
One finds a similar conclusion for zC=zE, though somewhat
less favorable.
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VI. CONCLUSIONS

We have shown how to use WKB and worldline-
instanton methods to study nonlinear trident in fields which
are not plane waves. We studied both the exponential and
the preexponential parts of the spectrum in detail for time-
dependent electric fields EðtÞ. At first this might not seem
like a step beyond plane waves, but the results for EðtÞ have
a richer analytical dependence. Indeed, it is possible to
obtain the plane-wave results by taking the high-energy
limit of the results for EðtÞ, but it is not possible do the
reverse. Studying EðtÞ therefore allows us to explicitly see
how and under what conditions the spectrum converges to
the plane-wave results in the high-energy limit. As a rule of
thumb, one expects that plane-wave results should be
applicable for sufficiently high energies, but, in studying
these WKB approximations, one can see explicitly that the
plane-wave approximation may break down if the particles
have high energy but along the electric field direction or if
the background field is simultaneously very strong,
a0 ≫ 1. Both of these cases can be relevant when particles
have high energies as a result of being accelerated by a
strong field.
We have shown how to generalize the incoherent-

product approximation, where the trident probability is
approximated by the incoherent product of the probabilities
of nonlinear Compton scattering and Breit-Wheeler pair
production. The incoherent-product approximation is very
useful and often the only method available in cases where
higher orders in α are important. This provides motivation
for further studies of how to construct an incoherent-
product approximation for nonplane-wave fields.
WKBmethods are often convenient for 1D fields, but for

fields which depend on more than one coordinate, we have
shown that a worldline-instanton approach based on open
worldlines allows one to study in principle arbitrary
multidimensional fields, and also to take into account
higher orders in α, e.g., for the Coulomb interaction of
the two final-state electrons in trident.
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APPENDIX: AAMLR

In Sec. V we studied the Coulomb repulsion between
two final-state electrons. The resulting Sommerfeld factor
is all-orders in α, and the reason that all orders are
important is because the effective parameter is α=v, which

is not small if the relative velocity is nonrelativistic. That
Sommerfeld factor is an interaction between two different
worldlines. In this section we will consider the self-
interaction of a single worldline with itself. So in this
section we consider Schwinger [51,52] rather than trident
pair production. The goal is to rederive (266). For electron-
positron pairs, α ≪ 1 and one should for consistency not
include that term, because it is smaller than other correc-
tions, e.g., NLO terms in the E ≪ 1 expansion. Indeed, for
the NLO correction in the E expansion to be negligible
compared to the α terms, one would need E ≪ α, but the
probability is so extremely small for such weak fields that
there is no point in considering it. One would therefore
consider the regime α < E ≪ 1, where the α term should
be neglected. So instead of electrons and positrons, one
can consider magnetic monopoles [46,50], for which the
corresponding α is large. Dirac’s quantization condition
says that the charge qM of a monopole is related to the
electron/positron charge by qM ¼ 2πn=e, where n is an
integer (cf., [53]), so

αM ¼ q2M
4π

¼ n2

4α
≈ 34n2; ðA1Þ

and παM ≈ 108n2. In the following we will not assume that
we are dealing specifically with monopoles, so we will
keep the same notation as in previous sections.
The self-interaction leads to a UV divergence, which will

be absorbed into a renormalization of the mass. In the
quenched approximation (only one fermion line/loop), the
mass renormalization is the only renormalization needed.
We usem0 to denote the bare mass. The exponential part of
the path integral is given by e−iS−iSint, where

S ¼ m0T
2

þ
Z

1

0

dτ

�
m0q̇2

2T
þ Aq̇

�
ðA2Þ

and

Sint¼−
iα
2π

Z
1

0

dτ1dτ2q̇ðτ1Þq̇ðτ1ÞRð½qðτ1Þ−qðτ2Þ�2Þ; ðA3Þ

where RðxÞ is a UV-regularized version of 1=ðx2 − iϵÞ, for
example

Ra ¼
1

½qðτ1Þ − qðτ2Þ�2 − a2 − iϵ
; ðA4Þ

where a → 0 after renormalization of the mass.
For a constant field, the instanton is a circle in the

ImðtÞ − z plane for α ¼ 0. Because of symmetry, one
expects [46] that the instanton will still be a circle for
α > 0. We therefore take the following as an ansatz,

t ¼ iρ cosð2πτÞ z ¼ ρ sinð2πτÞ; ðA5Þ
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where ρ is a constant to be determined. T does not appear
in Sint. Inserting the saddle-point value T ¼ −2πiρ
into S gives

−iS ¼ π

E
ð−2m0ρþ ρ2Þ: ðA6Þ

For the regularized interaction term we find

−iSint ¼ πα

�
1 −

2ρ2 þ ðEaÞ2
Ea

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ρ2 þ ðEaÞ2

p �

¼ πα −
π

E
αρ

a
þOðaÞ: ðA7Þ

The saddle-point value of ρ is

ρ ¼ m0 þ
α

2a
ðA8Þ

and the exponent becomes

exp

�
−
π

E

�
m0 þ

α

2a

�
2

þ πα

�
: ðA9Þ

By writing this in terms of the physical, renormalized mass,

m ¼ m0 þ
α

2a
; ðA10Þ

we recover (266).
By reinstating c and ℏ in (A10),

m0 ¼ m −
1

2

e2

4πℏc
ℏ
ca

¼ m

�
1 −

re
2a

�
; ðA11Þ

we see that the mass renormalization does not depend on ℏ.
In fact, it is exactly the same as the mass renormalization in
the derivation of the Lorentz-Abraham-Dirac (LAD) equa-
tion, see [54]. In the case of LAD, (A10) is exact, i.e., it is
not just the first term in some expansion in α.
While our final result (266) agrees with Eq. (2.29)

in [46], we cannot make a concrete comparison with their
implicit regularization or their indirect discussion about
renormalization. However, from the perturbative treatment
in the Appendix of [46], it seems that they might have had a
more traditional perturbative renormalization in mind.
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