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Searching for axions with time resolved pulsar polarimetry
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Pulsars possess strong dipole magnetic fields that can source axion fields through the axion-photon
interaction. Pulsars may therefore be surrounded by axion field configurations oscillating with the pulsar’s
rotational period. These axions could be detected by observing their effect on the polarization of the pular’s
emission. In this paper, we use time resolved observations of the optical polarization of the Crab pulsar to
place bounds on the axion-photon coupling, demonstrating the potential of time resolved pulsar

birefringence in the search for axions.
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I. INTRODUCTION

Pseudoscalar axions arise in extensions of the Standard
Model (SM) that implement the Peccei-Quinn (PQ) mecha-
nism to solve the strong CP (charge conjugation-parity)
problem [1-4]. The QCD (quantum chromodynamics)
Lagrangian admits a C P-violating term which would induce
a neutron electric dipole moment far larger than experi-
mental limits unless the CP-violating parameter is unnatu-
rally small [5-9]. In the PQ framework, a global chiral
symmetry is spontaneously broken, giving rise to a massless
Goldstone boson. Nonperturbative QCD effects explicitly
break this symmetry through instantons, generating a
periodic potential that dynamically relaxes the effective
CP violating parameter to zero and endows the axion with a
small mass. As a result, the axion mass is directly related to
the PQ symmetry-breaking scale through QCD instanton
effects [10]. In contrast, many extensions of high-energy
theory, particularly string theory, generically predict a large
number of ultralight pseudoscalar fields originating from the
breaking of approximate global symmetries at very high
energy scales [11-15]. For these axionlike particles (ALPs),
the mass is generated by ultraviolet physics rather than
QCD, and therefore their masses and couplings are largely
independent, forming the so-called “string axiverse” [16].

Both the QCD axion and generic ALPs are well-
motivated dark matter (DM) candidates [17-21]. These
particles can also couple to SM fields, and in particular their
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interactions with photons and fermions may lead to
observable signatures [22]. Moreover, axions can mediate
macroscopic forces between objects composed of ordinary
matter [23]. In this work, we focus on axion couplings to
the electromagnetic (EM) field, and study how such
interactions modify photon emission from pulsars and
magnetized stars, leading to potentially observable distor-
tions in the photon spectrum and polarization.

A wide range of cosmological, astrophysical, and labo-
ratory searches have already placed significant constraints
on the axion-photon coupling over a broad region of axion
parameter space, with a summary provided in [24]. Around
a rotating, strongly magnetized compact star, the EM fields
generate a nonvanishing F WF”” x E - B density outside
the stellar surface, where F,, denotes the EM field strength
tensor, and E and B stand for the electric and magnetic
fields of the magnetized star, which acts as a source for a
pseudoscalar axion field. We compute the long-range axion
profile produced by the pulsar EM fields and study the
effect of the axion profile on propagating radiation.

As EM waves traverse this axion background, the
polarization of light can rotate due to axion-photon
interactions, leading to birefringence. The same interaction
modifies the photon dispersion relation and may induce
small frequency shifts or apparent redshift effects. Precision
measurements of the photon spectrum can therefore be used
to detect or constrain such couplings.

Broadband polarization observations of the Crab pulsar
and nebula, spanning optical to hard x-ray and soft y-ray
energies including optical polarimetry with the Hubble
Space Telescope [25], x-ray measurements by the Imaging
X-ray Polarimetry Explorer [26,27], and y-ray observations
from the INTEGRAL satellite [28] provide a sensitive
probe of photon propagation in a magnetized environment
and are therefore well suited to constrain axion-photon
mixing.
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Several studies have used polarization observations of
the Crab source to probe the axion-photon coupling. The
POLARBEAR experiment, a CMB polarization telescope,
monitored the polarization angle of the Crab at millimeter
wavelengths over multiple observing seasons and searched
for a sinusoidal time variation induced by an oscillating
axion DM background. The absence of any detectable
periodic modulation constrains the coupling to g,, <
2.16 x 10712 GeV~! x (m,/1072! eV) for axion masses
in the range 9.9 x 1073 eV <m, <7.7 x 107 eV [29].
Similar projected sensitivities based on pulsar polarimetry
have also been discussed in [30], considering the axion as
the DM.

In addition to pulsar observations, the polarization of the
CMB can also be affected by an oscillating axion DM
background, which induces a rotation of the polarization
angle. Measurements of the CMB polarization with the
South Pole Telescope have been used to search for such
time-dependent birefringence, leading to a constraint on
the axion-photon coupling, g,,, < 1.18 x 10712 GeV~! x
(mg,/1.0 x 10721 eV) [31].

In this present work, we show that the axion need not be
assumed to constitute DM but is instead generated as a
long-range field sourced by the EM fields of the pulsar. The
resulting rotation of the polarization angle of the emitted
radiation is largely independent of photon frequency,
allowing it to be distinguished from plasma-induced
Faraday rotation. Similar considerations motivate [32],
where relativistic axions produced instead via the axion-
nucleon interaction are considered, leading to a signal that
varies with the pulsar’s rotation, as we will also find below.

The remainder of the paper is organized as follows. In
Sec. I we derive the long-range axion field profile sourced
by the pulsar’s EM fields. In Sec. III we determine the
modified photon dispersion relation in this axion back-
ground, compute the resulting frequency shift between

|

emission and detection, and evaluate the axion-induced
birefringence angle. In Sec. III we obtain constraints on the
axion-photon coupling using polarization measurements of
pulsar emission and compare them with existing limits.
Finally, in Sec. V we summarize and discuss our results.

We use natural units with 7 =c =1 throughout the
paper unless stated otherwise.

II. AXION SOURCING BY PULSAR
ELECTROMAGNETIC FIELDS

The EM fields exterior to a neutron star (NS), modeled as
a rotating, magnetized sphere with a misaligned dipole
moment, were derived in [33]. While the exact vacuum
solutions involve spherical Bessel functions of the third
kind, the leading-order terms yield a considerably simpler
and widely adopted description of the magnetospheric
fields. Restricting to the lowest multipole order, the
magnetic-field components can be written as

ByR?
B, = 03 (cos acos @ + sin asin § cos(¢p — Q1)),

r

ByR?
By = 203 (cosasin® — sinacos O cos(¢p — Qt1)),

,

BR® .

B, = oy sina sin(¢p — Qt1), (1)

where r, 0, ¢ are the spherical polar coordinates in the
nonrotating frame of the observer, B, denotes the surface
magnetic field of the pulsar, R its radius, Q the angular
velocity, and a the misalignment angle between the rotation
axis and the magnetic dipole moment. We impose the
boundary conditions that the tangential component of the
electric field is continuous at » = R, whereas the normal
component may be discontinuous across the boundary to
obtain the corresponding electric field components as

BoQR> 3
E, =— 02 : [eos a(3cos’0 — 1) + Esinacos(qb — Qf) sin 29] ,
r
ByR*Q [R? R?
Ey=— 0 5 [zcos asin20 + sina<1 ——5¢os 29> cos(¢pp — QI)} )
2r r r
BoR’Q R?
Ey = 02 5—sina cos fsin(¢ — Qr) <1 ——2), (2)
r I

where a nonzero misalignment angle a leads to a precession of the magnetic dipole with respect to the rotation axis of the
pulsar, enabling the emission of pulsed radiation. In the aligned-rotator limit, @ — 0, the magnetic and electric fields become

ByR* ind ,
B(r,0) = - (cos&?—&—%&),

P

ByQRS

254

E(r,0) = —

[(3c0s20 — 1)# + sin 260). (3)
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The time-independent magnetic and electric field con-
figurations given in Eq. (3) can source a static axion field
outside the star (» 2 R). For a massless axion, the leading
contribution to the axion profile is dipolar and is approx-
imately given by

which is valid provided the axion mass satisfies m, < 1/R.
Such a dipolar axion configuration can in principle mediate
an additional interaction if the pulsar resides in a binary
system with another compact object, leading to a force that
scales at least as 1/r° and exhibits a characteristic angular
dependence. However, this interaction is significantly
weaker than the Newtonian gravitational force and there-
fore is unlikely to produce competitive constraints from
binary dynamics measurements. The detailed derivation of
the time-independent axion field profile is presented in the
Appendix.

To study the time-dependent profile of a pseudoscalar
axion field sourced by the EM fields surrounding a pulsar,
we consider the axion-photon interaction described by the
Lagrangian

1 1 1 1 -
LD Edﬂaéﬂa — Emgaz - ZF””FW - ZgawaFWF””, (5)
where a is the axion field with mass m,, F,, is the EM
field-strength tensor, and g,,, denotes the effective axion-
photon coupling. Therefore, the equation of motion of the
axion field becomes

(D + mg)a = _gaWE : B7 (6)

where F WF’““ =4E -B, with B and E denoting the
magnetic [Eq. (1)] and electric [Eq. (2)] fields of the
rotating magnetized NS, respectively. Therefore, the axion-
induced charge density p, = g,,,E - B acts as a source in
the axion equation of motion

2 pb6

Q
%_Ssin 2asinfcos(p — Q1),  (7)
r

(O +mZ)a = gu,
where we use Eqgs. (1) and (2) for the EM fields of the
pulsar. We neglect time-independent contributions, as they
do not lead to axion radiation, and terms proportional to Qr,
which are suppressed in the regime QR <1 and yield
subdominant contributions compared to the time-depen-
dent source term on the right-hand side of Eq. (7). In the
limit @ — 0, the axionic source charge density becomes
zero and there would be no axion radiation. The axionic
source charge density is dipolar in nature and its time-
oscillating behavior results in time-dependent axion field
profile.

In the following, we obtain the time-dependent axion
field profile in the far zone (r > R). As we will consider
emission from the edge of the pulsar light cylinder,
this approximation is reasonable (as previously considered
in [34]). A more detailed discussion of the axion profile
around pulsars including the interior and near field zones
can be found in [35].

We start from Eq. (7) and decompose the axion field into
a monochromatic mode at the rotation frequency Q as

a(t,r) = Rlag(r)e ). (8)

The mode function ag satisfies

(V2+K)ag(r)==pq(r). k=,/Q-mg.  (9)

where pqo denotes the spatial part of the oscillating source.
Using cos(¢ — Qt) = R[e?e~¥], the complex source can
be written as

2 p6

Q
———sin2a. (10)

sin @ 5
8

pa(r) = 5076’”’5, S0 = Gayy
It is convenient to express the source in terms of the
spherical harmonics Y, as

c= —50\/832 (11)

Therefore, the axion-induced source is proportional to the
(I,m) = (1,1) dipole component.

We can write the multipole coefficients at frequency
w = Q as

Oun = / P pa() 7Y (7). (12)

which for our axion case takes the form Q,; = C/R.
In the far zone, the outgoing solution of axion field from
Eq. (9) can be written as

ikr . kf
r Zlf (2f ¥ 1)” Yl,m(n)QLm' (13)
Z.m o

e

ag(r) =

The dipole contribution (/ = 1) to the axion field profile
yields

ikS, ikr )
ao(r) = ’3—R°e7sin 0, (14)

where
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S .
Ql,lYI,l = ;Osinﬁe"ﬁ. (15)

Therefore, the physical axion field profile becomes

a(t.r) =MRag(r)e™]

2 p5
_ _Jary BoRRQ stianinZasin(¢—Qt+kr), (16)
24r
which is valid in the far zone for axion mass m, < Q.
This is the explicit time-dependent axion field profile,
which has a dipolar behavior with an angular pattern
sin @sin(¢p — Qt + kr) and the amplitude of the wave scales
as g,,,BfR°Qk/r. The back reaction of the axion field on
the pulsar’s magnetic field is second order in g,,, and so
may be neglected.

III. PHOTON PROPAGATION AND AXION-
INDUCED BIREFRINGENCE

The photon propagation through the axion field back-
ground of Eq. (16) modifies Maxwell’s EM equations.
Starting from the axion-photon Lagrangian in Eq. (5), one
obtains

V.-E = —g,,Va- B,

JE da
VXB:E—FQG},},(VCIXE—FBE),

V-B =0,
oB
VXE =—-——, 17
ot (17)
in absence of background source plasma and current
densities. The axion-induced modified Maxwell’s equa-
tions yield wave equations for the B and E fields of the
photon as

OB = g,,V x [aB + Va x E], (18)
and
d..
OE+V(V-E)= ~arr 37 [aB +VaxE]. (19)

To study the photon propagation, following the procedure
employed in [36], we employ the geometric-optics (Eikonal)
approximation [37], valid when the photon wavelength is
much smaller than the characteristic axion-field variation
scale; equivalently, d,0,a/d,a < 9,B/B,d,E/E. In this
regime, the EM fields can be written as

B(x, ) = Be'S(), E(x,1) = €S0, (20)
where 18, and £ are the magnitudes of magnetic and electric
fields of the radiation, respectively, and S(x, ¢) denotes the

rapidly varying phase, with

oS

w=——,
ot

k= VS. (21)
Neglecting derivatives of w, k, B, and £ whose variations are

small, and discarding second derivatives of a, the wave
equations for B and E reduce to

OB - g4, [aV xB +Va(V-E) - (Va-V)E]| =0, (22)
and
OE - g,,[VB-Va—-aB-VaxE]=0. (23)
Combining Egs. (22) and (23), we obtain
M(w,x) - (E,B)T =0, (24)

where M is the matrix constructed from the modified
Maxwell’s equations. The photon dispersion relation fol-
lows from the condition that the eigenvalues of M vanish.
Diagonalizing the matrix, results in

Ay = 0* — K> £ g4y, (k- 0a), (25)

where ¥ = (w,k), d,a = (a,Va), and « - da = k*d,a =
wa + k - Va. The two signs in Eq. (25) correspond to right-
and left-handed circular polarizations.

Using the standard Hamiltonian equations for photon
trajectories, we write

dx 03k K F (94, Va/2)

dt 0w @=(gy,a/2)

dx _ 0A/ox oVa+ (k- V)Va

At odjow M 2wt g,a

dw 0A/ ot wi+ (k-V)a

—— / — :Fg(/l}/}’ 7( ) . (26)
dt 04/ 0w 2w * g4,

Integrating the above equations between the emission
point (x,, 7,) and the detection point (x,, ;) yields the net
variations in photon frequency and wave number as

gay}/

Ao = F =5 [a(xg 1) = alxe. 1)),

Ak = i% Va(xy 1)) = Va(x,1,),  (27)

respectively. Since the axion field falls off as 1/r in the far
zone, the contributions of frequency and wave-number
variations at the detector are negligible compared to their
contributions at the source. Thus the fractional frequency
shift of pulsar light due to the axion background can be
written as
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A 2 BRSO} 2\ 1/2

AW | JayyBoT34 1 =M sin2a
0] 48wr, Q?

x sin@, cos(¢p, — Qt, + kr,). (28)

Using the Crab pulsar as a benchmark, with surface
magnetic field B, = 8.5 x 10'? G [34], radius R = 14 km
[34], spin period P = 27/Q = 33 ms [38], and the emis-
sion point at the light cylinder radius r, = R; = 1/Q, we
estimate the sensitivity to the axion-photon coupling from
precision measurements of photon frequency shifts as

%2 10-12 Yayy 2 By 2
® 10712 GeV~! 85x 1012 G

“(awm) (@mg) (07) @

Thus, the axion-induced frequency shift is too small to
be observed. We therefore turn to study the birefringence of
the pulsar light due to propagation through an axion
background. Let the photon follow a trajectory

x = x(I), t=1(l), (30)
where [ is the path length or the affine parameter along the
ray and 7 is the unit vector along the propagation direction,
so that % = 1. For a photon in flat space, we choose / such

dt ~

Therefore, we can write,

da dadt dx

—=——+4+Va-—=a+1-Va. 31

dl " oral g eV G1)
Setting A, = 0 in Eq. (25) and for radial propagation, with
Val||k, we obtain

X, =+ g“—zﬂ (@ + d,a). (32)

Therefore, the phase shift between the left and right
circularly polarized modes can be written as

La da
A¢ = (kj_ - kr_)dr = [ gayywdl = ga}/y<a0 - ae)

(33)

path

where a,(a,) denotes the axion field values at the observer
(emission) point. Since the axion field falls off as 1/r, the
field value at the emission point is much larger than the
detection point.

Therefore, the birefringent angle, which is the half of the
phase shift A¢, is obtained as

R, BIRQ? 1 m2\ 1/2
TS %
x sin2asin @, sin(¢p, — Qt, + kr,),  (34)

Ay

where (r,,0,, ¢,) are the coordinates of the emission point.
In practice, we view the pulsar as a point source, and so
must integrate the birefringence signal over the entire
hemisphere of the pulsar facing the Earth, as discussed
in Sec. IV.

Axion-photon interactions thereby induce an oscillatory
birefringence signal in pulsar radiation, leading to a rotation
of the polarization plane that is independent of the photon
frequency and oscillates at the pulsar’s rotation frequency.
This birefringent angle can be directly probed through
precision polarimetric measurements of pulsar emission.
The effect operates for axion masses m, < €, set by the
stellar rotation frequency, and does not require the axion to
constitute the DM.

IV. CONSTRAINTS ON AXION-PHOTON
COUPLING FROM CRAB PULSAR
POLARIZATION

We consider the Crab pulsar as a benchmark source for
probing the axion-photon coupling. It constitutes an excel-
lent testbed owing to the availability of high-precision
polarization measurements [25,39]. The optical linear
polarization of the Crab pulsar has been measured with
high time resolution in [39] and is well described by the
combination of an unpulsed component of fixed polariza-
tion angle and a pulsed component. The pulsed component
displays sharp features at the main pulse and interpulse with
a qualitatively different time dependence than the axion
contribution given in Eq. (34). The unpulsed component is
constant over the pulsar’s rotation and is believed to be
associated with the continuous direct current emission,
whose source is unknown but is generally considered to
originate in the magnetosphere or pulsar wind zone. We
may therefore place bounds on the axion-photon coupling
based on the nonobservation of the linear polarization angle
modulation in the unpulsed component.

To illustrate this effect, we will assume that the unpulsed
emission occurs uniformly at the radius of the light cylinder
R; = 1/Q. To obtain the observed axion induced birefrin-
gence, we must integrate the Stokes parameters
(I,Q,U,V) including the birefringence angle in Eq. (34)
over the hemisphere of the pulsar facing the Earth.
Assuming the linear polarizatation degree and angle, in
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Earth

FIG. 1. Schematic geometry of the pulsar as seen from Earth.
The rotation axis of the pulsar is denoted by €, the magnetic
dipole moment by u and 8, denotes the viewing angle, defined as
the angle between the pulsar rotation axis and the observer’s line
of sight.

the absence of axion effects, uniform over the sphere at
radius R;, the Stokes vector angular density is

dS(0. ¢, Q1) = dQ

27

< T ~

1

1 | IpcosQy +2Aw (0, ¢, Qt)
2r | Ipsin(Qy + 2Aw (6, ¢, Qt))
0

s

(35)

where p is the linear polarization degree in the absence of
axions, y is the linear polarization angle in the absence of
axions, d€ is the differential area element on the unit
sphere, and we have neglected any intrinsic circular
polarization as this is not relevant to the effect considered
here (V =0). To obtain the linear polarization angle
(depending on U and Q) and degree (depending on
U, O, and I, where I measures the intensity) in the
presence of an axion field sourced by the pulsar’s magnetic
field, we must integrate the Stokes parameter density over
the hemisphere of the pulsar facing the Earth,

= 9, 0=0, +7r/2
S() / / (36)
=0 9=

where 6, is the viewing angle of the pulsar with respect to
its rotation axis, defined to be in the range 0 < 0, < x/2.
The limits on the integral over ¢ are derived by considering
the surface area of the hemisphere. The geometry is shown
in Fig. 1.

The observed linear polarization degree
Q%+ U?/I and angle 2y =

calculated from S,.

Piin =
tan~!(U/Q) can then be

120.0F ‘ g
i — 6,=57
119.5} — 6 =10
?
2 i
9 L
g 119.0} ]
s i /
1185} 1
118.0F . . ‘ . R
0 2 4 6 8 10

Qt

FIG. 2. Oscillating linear polarization angle of the crab pulsar
(blue) due to the axion field sourced by the pulsar’s magnetic field
Gayy = 1.5 x 10719 GeV~!. The yellow curve shows the linear

polarization angle of an identical pulsar with viewing angle
6, =10°

When 6, =0, we find that there is no axion-induced
change to the observed linear polarization angle, as
birefringence contributions from different ¢, exactly cancel
out for all 7,. However, for other viewing angles the full
range of ¢ is not in view and so the sinusoidal oscillations
in linear polarization degree and angle may be observed.

For the Crab pulsar, @ ~45°—75° and 0, ~ 57° [40].
The observed linear polarization angle of the unpulsed
emission is y = 119° [39]. The resulting observed oscil-
lating linear polarization angle for g,,, = 1.5 x 10710 GeV
derived from Eq. (36) is shown in Fig. 2. For comparison,
we also show the observed oscillating linear polarization
angle for an identical pulsar viewed at an angle 8, = 10° to
its rotation axis. The linear polarization degree would also
oscillate with frequency €, but the amplitude of these
oscillations is negligible compared to the oscillations in .

Based on the fact that the unpulsed’s component’s linear
polarization angle is constant to within ~1° [39], we can
constrain the axion-photon coupling to

Gayy S 1.5x 10710 GV, (37)

where the sensitivity applies to axion masses
m, < Q=12x10"1 eV. The time dependence of the
polarization angle for this value of g,,, is shown in Fig. 2.
The exact amplitude depends on the distribution of polari-
zation and intensity of the unpulsed emission across
the surface of the pulsar. However, the key features
of the axion-induced birefringence signal are independent
of the pulsar emission structure. First, the induced bire-
fringent rotation angle is independent of the photon
frequency. Thus, the axion-induced birefringent effect
can be disentangled from the plasma-induced dispersion
measure effect, which varies as 1/w”. The axion-induced
birefringence is periodically modulated in time and phase
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locked to the stellar rotation frequency Q. Furthermore, as
discussed above, a generic feature of birefringence induced
by the pulsar sourced axion field is that the effect is greater
for larger pulsar viewing angles, as well as for larger
magnetic fields. This effect does not rely on the axion
constituting the DM.

The constraint on g, derived from the Crab pulsar is
weaker than existing bounds on g,,,. Future polarization
measurements with improved precision, as well as obser-
vations of millisecond pulsars and compact stars with larger
magnetic fields, such as magnetars, can further strengthen
these bounds.

The leading astrophysical bounds on g, for ultralight
axions not comprising DM arise from nonobservation of
spectral modulations in x-ray point sources shining through
the magnetic fields of galaxy clusters, yielding g,,, < 6.3 x
10713 GeV~! for m, <1072 eV [41]. For polarimetry
observations of the Crab pulsar to become competitive with
these bounds using the method presented above, the polari-
zation angle measurement precision would need to improve
by a factor of 10*. This is of course rather unfeasible. The
Crab pulsar was chosen for this proof of principle study due
to the availability of time resolved polarimetry measurements
and estimates of key parameters. However, millisecond
magnetars, hosting much higher magnetic fields, are the
ideal laboratories for this effect. For example, observations of
magnetars with magnetic fields B ~ 10'® G and rotational
periods P ~ 1 s are discussed in [42]. If the time resolved
polarization angle of these magnetars could be measured to a
precision of ~1°, the bound on g,,, could be improved to

Gayy S 1071 GeVv~.

V. CONCLUSIONS AND DISCUSSIONS

Neutron stars provide powerful laboratories for probing
fundamental physics in extreme environments. The increas-
ing sensitivity of modern telescopes in the gamma-ray,
x-ray, and optical bands opens new opportunities to test
beyond SM scenarios that cannot be probed in terrestrial
experiments. In this work, we have used the Crab pulsar as
a test bed to investigate photon interactions with ultralight
axions through the axion-photon coupling.

We computed the axion-induced rotation of the polari-
zation angle of pulsar emission and use time-resolved
polarimetric observations of the Crab pulsar to place
bounds on the axion-photon coupling. This birefringence
effect does not rely on axions comprising the DM and
shows distinctive features such as frequency independence
and dependence on the viewing angle of the pulsar.
Future high-precision polarimetric and spectroscopic
observations of pulsars and magnetars therefore have the
potential to improve these constraints by several orders of
magnitude. Such observations would also motivate a more
sophisticated analysis, for example, using a Fourier space
analysis to search for the characteristic oscillations of the

polarization angle, or searching for the expected correla-
tions between the magnitude of this effect and the pulsar
viewing angle. In this way, NSs may be established as
sensitive probes of ultralight axions and other light new
degrees of freedom.
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APPENDIX: TIME-INDEPENDENT AXION
FIELD PROFILE

To calculate the time-independent massless axion field
profile, we write the axion equation of motion
VZa(r,0) = —g,,E - B, (A1)

where the static axion-induced source-charge density for
r > R is obtained as

BZQRS

C
———cos’ § = ——cos’ 6,
;

J(r, 9) = gany ‘B = ~Yayy 7

(A2)

where C = g,,,B}QR®, and Eq. (3) is used for B and E.

We use the boundary conditions that the axion field is
regular at r - 0 and a — 0 as r — co. Additionally, we
consider that the axion field profile and its derivative are
continuous at the surface r = R. The axion-induced source
charge density exists only outside the star and J(r,8) = 0
for r < R.

In deriving the axion field profile, we start with the
Green’s function

1

GOX) =~ G =]

. V2G(x,x') = &(x —x),

(A3)

which results the axion field profile
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3./ J(X,)

1
=—-—[d .
477/ x|x—x’|

The above axion field can be expressed in terms of
Legendre polynomials by using the expansion

a(x) = /d3x’G(x,x’)J(x’)

(A4)

1 @7

-
= Zrl—;P,(cosy),

=0 ">

(AS)

[x = x|

where r_ =min(r,7), r. =max(r,7), and y is the
angle between x and x’ with cosy = cosfcos@ +
sin @sin @' cos(p — ¢').

Therefore, we can write the axion field in terms of mode
expansion as

a(r.0) = a)(r)P(cos0). (A6)
=0
with radial modes
()__ 1 L rd//l+2J(/)
G E T T Y
+r /oo dr'r’l_lJ,(r')] , (A7)

where the Legendre coefficients of the source are

L2041 [

Ji(r) duP(u)J(r.p),  p=cosf. (A8)

-1

Using the identity > = cos® 0 = (3/5)P; (1) + (2/5)P5(u),
we write Eq. (A2) as

3 2

Co--C [ (A9)

J(”’ﬂ):—ﬁﬂ - gPl(/”)‘l'gPZ(ﬂ) .

Therefore, [ = 1, 3 modes will contribute to the axion field
profile and J,(r) = 0 for [ # 1, 3. However, the dominant
contribution would come from the / = 1 mode and we
obtain the radial mode from Eq. (A7) to the leading order as

a(r) =

~— A10
15R372 (A10)

Thus, using Eq. (A6), we obtain the axion field profile
outside the star to the leading order as

B2RQ
a(r,0) ~ Garr Do 22

5,72 cosd,
;

(A1)

which shows a dipolar behavior.
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