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A comprehensive study of the phase structure of the two-flavor quark-meson-diquark model is presented
within the nonperturbative functional renormalization group framework. The influence of mesonic
fluctuations beyond the mean-field approximation is investigated and two-point functions of the diquark
fields are computed at finite real-time frequencies. Renormalization group consistency of the effective
potential is ensured in order to avoid cutoff artifacts. Substantial modifications of the phase structure are
found once mesonic fluctuations are included, and for sufficiently strong diquark couplings the dynamics
become dominated by diquark condensation. These effects are elucidated through an analysis of the
diquark pole mass and the Silver-Blaze property.
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I. INTRODUCTION

The microscopic theory governing strong-interacting
matter is quantum chromodynamics (QCD), whose asymp-
totically free running coupling increases logarithmically
with decreasing momentum scale. This scale dependence
implies that at low energies the strong coupling becomes
large, leading to a rich spectrum of bound states and
the dynamical emergence of key nonperturbative phenom-
ena such as spontaneous chiral symmetry breaking and
confinement.
While at sufficiently high energy or baryon densities

QCD becomes amenable to perturbative methods for
weakly interacting quarks and gluons due to asymptotic
freedom, low-energy QCD requires nonperturbative tech-
niques to account for the dynamical changes of the relevant
degrees of freedom.
In the low-density and low-temperature region, hadronic

effective field theories incorporating chiral symmetry
and confinement provide a successful description of equi-
librium thermodynamics and the hadronic spectrum,
see the review [1]. As baryon density increases, several
qualitative changes in the ground state of QCD are expected

to occur: chiral symmetry is anticipated to be restored,
quark matter may exhibit various color-superconducting
phases, and more exotic possibilities such as crystalline or
inhomogeneous phases have been proposed [2–13].
Mapping out these regimes and determining the corre-
sponding equation of state (EoS) remains a major chal-
lenge, largely because the sign problem prevents lattice
QCD from providing first-principles results at finite chemi-
cal potential, see, e.g., Refs. [14–17].
At finite baryon density, functional nonperturbative

methods such as the functional renormalization group
(FRG) and Dyson-Schwinger equations (DSE) constitute
the only first-principles approaches capable of directly
accessing QCD thermodynamics. Nevertheless, lattice
results on the phase structure and on conserved-charge
fluctuations remain indispensable benchmarks for func-
tional QCD methods at μB ¼ 0, see the recent review [18].
Functional methods have now reached quantitative control
up to the regime μB=T ≲ 4.5, enabling studies of the QCD
EoS and phase diagram at moderate densities in a system-
atic manner; see, e.g., Refs. [13,19–22].
The FRG framework employed in this work builds upon

these advances by using a systematically improvable low-
energy truncation that incorporates key insights from first-
principles QCD at finite temperature and density [23–28].
A central result of these studies is that the gluonic sector of
QCD decouples efficiently at momenta around 1 GeV,
owing to the dynamical gluon mass gap. This decoupling
justifies the construction of quantitatively reliable low-
energy effective descriptions in which the dominant infra-
red physics is encoded in quark, meson, and diquark
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degrees of freedom [8]. At even lower energies, most
hadronic modes decouple as well, further supporting the
success of chiral effective field theories, such as quark-
meson models, in describing low-temperature and low-
density QCD.
Consequently, low-energy QCD can be accurately cap-

tured without explicitly resolving the full gluonic dynam-
ics, provided that the matching to QCD in the ultraviolet
is performed consistently and that renormalization-group
constraints are respected. This motivates the use of quark-
meson-diquark (QMD)-type models [29–33], which have
also been introduced in the context of two-color QCD
[34–37]. Supplemented by FRG evolution, these models
provide controlled low-energy frameworks for investigat-
ing thermodynamic properties and the equation of state at
finite temperature and density. Such models allow one to
incorporate chiral symmetry breaking, diquark pairing, and
potential color-superconducting phases while maintaining a
close connection to underlying QCD dynamics through
their renormalization group (RG) structure.
The FRG provides a particularly suitable framework to

investigate this decoupling and the emergence of hadronic
bound states from QCD, see Refs. [38,39] for early works.
Within this approach, composite fields can be incorporated
dynamically via dynamical hadronization [40], yielding
low-energy effective theories that remain consistently
embedded in the underlying quark-gluon dynamics. In
practice, this procedure leads to Polyakov-loop-extended
Nambu–Jona-Lasinio (NJL)- or quark-meson-type models,
with additional diquark channels emerging once quantum,
thermal and density fluctuations are taken into account
[28,41,42]. Recently, related FRG studies have explored
quark-diquark models as effective descriptions of baryonic
degrees of freedom, including an extrapolation to a QMD
model, thereby providing a complementary description
of bound-state formation in the low-energy regime of
QCD [31,43].
Motivated by these developments, we employ here an

effective low-energy truncation that explicitly includes
diquark degrees of freedom and is tailored to intermediate
and high quark densities. This construction is guided by
recent FRG results on QCD quark-gluon dynamics [44,45],
thereby providing a first step toward a QCD-constrained
FRG study of the QMD model at finite temperature and
density.
Specifically, we investigate a two-flavor QMD model

truncation as a low-energy realization of the two-flavor
color-superconducting (2SC) phase of QCD at moderate

baryon density. At asymptotically large densities, the QCD
ground state is expected to be in the color-flavor-locked
(CFL) phase [3,4,12]. At lower chemical potentials,
differences in the effective quark masses become more
pronounced, leading to mismatched Fermi momenta
and disfavoring CFL pairing. This, in turn, modifies the
conditions for Cooper pairing among quarks and can
change the preferred pairing patterns. In the density regime,
where strange quarks effectively decouple, phases such as
the 2SC phase, may therefore become favored [3].
Recent FRG analyses revealed that at low densities the

dynamics is mostly governed by the (pseudo)scalar
mesonic channel associated with chiral symmetry breaking,
while at higher densities attractive diquark correlations
become more dominant, cf. Refs. [46,47], in agreement
with weak-coupling results at asymptotically large densities
[48,49]. We present a detailed study of the QMD model at
finite temperature and density in order to clarify how
thermal and density fluctuations influence the competition
between chiral and diquark ordering and consequently, the
resulting phase structure.
This paper is organized as follows. In Sec. II we briefly

introduce the QMD model, with emphasis on some of its
symmetry properties. In Sec. III we present our FRG
approach for deriving the thermodynamic grand potential,
discuss its relation to the often employed mean-field
approximation (MFA), and explain how cutoff artifacts
are treated via RG consistency (RGC). In Sec. IV we
provide details on the computation of the two-point
functions of the diquark field in vacuum. Numerical results
are summarized in Sec. V. We conclude in Sec. VI with a
summary and outlook. Several technical details are col-
lected in Appendixes A–C.

II. LOW-ENERGY REALIZATION OF QCD

The two-flavor QMD model is an effective low-energy
description of QCD that captures the essential aspects of
chiral symmetry breaking and color superconductivity. We
begin with a brief analysis of its symmetries, emphasizing
the transformation properties of the diquark field under
color and flavor rotations.

A. The quark-meson-diquark model

The Euclidean classical action of the Nf ¼ 2 flavor and
Nc ¼ 3 color QMD model at finite temperature β ¼ 1=T
and quark chemical potential μ reads

S½q̄; q;ϕ;Δ;Δ�� ¼
Z

β

0

dx0

Z
d3x

�
q̄½=∂ − μγ4 þ gϕðσ þ iγ5π⃗ · τ⃗Þ�qþ 1

2
gΔðΔaq̄γ5τ2iϵaCq̄T − Δ�

aqTCγ5τ2iϵaqÞ

þ 1

2
ð∂μϕÞð∂μϕÞ þ ð∂μ þ 2μδμ4ÞΔ�

að∂μ − 2μδμ4ÞΔa þ Uðϕ2; jΔj2Þ − hσ

�
: ð1Þ
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It describes the interactions between quark fields, q and
q̄, and effective degrees of freedom associated with the
σ- and π⃗-mesons, as well as diquark fields Δ and Δ�.
The mesonic fields are grouped into theOð4Þ-symmetric

chiral field ϕ ¼ ðσ; π⃗Þ, which provides a convenient basis
for the chirally invariant quantity ϕ2 ¼ σ2 þ π⃗ 2. The
potential Uðϕ2; jΔj2Þ encodes the meson-meson, diquark-
meson as well as diquark-diquark interactions consistent
with the underlying chiral and color symmetries. The
diquark invariant is given by jΔj2 ¼Pa Δ�

aΔa, where a
runs over the Nc ¼ 3 antisymmetric color generators in the
fundamental representation.
In the present work, we restrict ourselves to the minimal

truncation

Uðϕ2; jΔj2Þ ¼ 1

2
m2

ϕϕ
2 þ 1

4
λϕϕ

4 þm2
ΔjΔj2; ð2Þ

which comprises quadratic mass terms for the mesonic and
diquark fields as well as a quartic self-interaction in the
mesonic sector. The quark fields q and q̄ are Dirac spinors
carrying color and flavor indices and transform in the
fundamental representation of the color group SUð3Þc. The
two Yukawa couplings gϕ and gΔ describe the flavor- and
color-blind quark-meson and quark-diquark couplings. The
explicit chiral symmetry breaking is implemented with a
linear term in the radial sigma direction with strength h,
generating finite current quark masses and, consequently,
nonvanishing pion masses. As a result, the chiral phase
transition at vanishing density becomes a smooth crossover
rather than a sharp second-order transition.
The charge-conjugated quark spinors qC ¼ Cq̄T and

q̄C ¼ qTC are defined using the charge-conjugation matrix
C ¼ γ2γ4 in Euclidean space, where the Dirac matrices γμ
are Hermitian, γ†μ ¼ γμ, and satisfy the normalization
fγμ; γνg ¼ 2δμν. The Pauli matrices τ⃗ ¼ ðτ1; τ2; τ3Þ act in
flavor space, while the totally antisymmetric tensor
ðϵaÞbc ¼ ϵabc acts in color space.
The composite, complex-valued scalar diquark fields Δa

andΔ�
a are treated as components of a vector in color space.

These fields carry the quantum numbers of scalar diquarks
with JP ¼ 0þ and are represented as

Δa ∼ qTCτ2iϵaγ5q: ð3Þ

In the following, Fraktur indices denote color, while flavor
indices are suppressed for clarity.
Owing to the nonvanishing baryon charge of the diquark

field, its kinetic term exhibits a qualitatively different
structure from that of the mesonic sector. The (composite)
diquarks carry baryon number B ¼ 2=3, and the quark
chemical potential couples to baryon number as the
temporal component of an external Uð1ÞB gauge field.
Accordingly, the ordinary derivative is promoted to a
covariant one

∂μ → ∂μ ∓ 2μδμ4; ð4Þ

which modifies only the temporal component and incor-
porates the finite-density background. The opposite signs
for Δa and Δ�

a ensure invariance under global Uð1ÞB
transformations and implement the coupling to the con-
served charge. In contrast, the mesonic fields carry zero
baryon number and therefore do not couple directly to the
chemical potential at the kinetic level. The resulting
diquark kinetic term thus provides the minimal realization
of finite-density effects for charged composite bosons,
leading to a μ-dependent dispersion relation.
In the present truncation, we neglect wave function

renormalization effects for all fields, in contrast to
Ref. [31], where the diquark wave function renormalization
was argued to play an important role in controlling
medium-induced divergences. Here, however, cutoff arti-
facts are treated by means of RG-consistent flows, as we
will discuss in Sec. III D. As demonstrated in Ref. [31], this
procedure can be used instead of a standard renormalization
scheme, such that the counterterms typically associated
with diquark wave function renormalization are generated
dynamically within the flow.

B. Symmetries of the model

For two quark flavors and in the chiral limit, the QMD
model exhibits the global symmetry SUð3Þc × SUð2ÞL ×
SUð2ÞR ×Uð1ÞB, corresponding to color, chiral flavor, and
baryon number conservation.1 The meson fields form a
chiral multiplet under SUð2ÞL × SUð2ÞR, while the scalar
diquark fields transform as color antitriplets and carry
nonzero baryon charge. In the vacuum, a finite expectation
value of the sigma field spontaneously breaks chiral
symmetry according to SUð2ÞL × SUð2ÞR → SUð2ÞV , gen-
erating constituent quark masses and three (pseudo-)
Nambu-Goldstone pions.
At sufficiently large baryon chemical potential, the

formation of a diquark condensate becomes energetically
favored, leading to spontaneous breaking of baryon number
symmetry Uð1ÞB. Simultaneously, the global color sym-
metry is broken according to SUð3Þc → SUð2Þc, corre-
sponding to the 2SC phase. Due to the global color
symmetry breaking, the spontaneous breaking produces
(8 − 3) additional Goldstone modes, leaving one massive
radial diquark mode. In a local gauge theory these modes
would instead correspond to (8 − 3) massive gauge bosons
via the Anderson-Higgs mechanism. Thus, depending on
the model parameters, chiral and diquark condensates may
coexist over a range of densities, resulting in simultaneous
breaking of chiral, baryon, and color symmetries. The
QMD model captures the transition from a chirally broken

1The axial Uð1ÞA symmetry is assumed to be maximally
broken by the QCD axial anomaly, as expected from instanton-
induced interactions.
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hadronic phase to a color-superconducting phase driven by
diquark condensation.
The chiral (pseudo)scalar interaction sector is a color

singlet and therefore preserves the global color symmetry
of the model. Conversely, the diquark interaction channel is
invariant under chiral SUð2ÞL × SUð2ÞR transformations
and does not modify the chiral symmetry structure.
This separation becomes manifest upon inspecting the
transformation properties of the corresponding interaction
terms.
The diquark fields and their conjugates are invariant

under chiral transformations of the quark fields

q → Uχq; Uχ ∈ SUð2ÞL ⊗ SUð2ÞR ð5Þ

and thus transform as chiral singlets. To see this, introduce
the chiral projectors

PL=R ¼ ð1 ∓ γ5Þ=2; Uχ ¼ ULPL þ URPR; ð6Þ

with

qL=R → UL=RqL=R; UL=R ¼ exp ðiθ⃗L=R · τ⃗Þ; ð7Þ

then the diquark fields transform as

Δa → qTðUT
LPL þ UT

RPRÞCτ2iϵaγ5ðULPL þ URPRÞq
→ qTCðUT

Lτ2ULPL þ UT
Rτ2URPRÞiϵaγ5q

→ qTCτ2iϵaγ5q ¼ Δa: ð8Þ

Here the relation τ⃗ ¼ −τ2τ⃗ Tτ2, a direct consequence of
the pseudoreality of the Pauli matrices τ⃗ � ¼ −τ2τ⃗τ2, has
been used. Hence, a finite diquark condensate does not
break chiral symmetry.
In contrast, the diquark fields transform nontrivially

under color transformations as a color antitriplet. For a
color transformation of the quark fields

q → Uq; U∈ SUð3Þc; ð9Þ

the diquark fields transform as

Δa → qTCτ2iðUTϵaUÞγ5q: ð10Þ

Using for any M∈ SUð3Þ the identity

ϵabcMadMbeMcf ¼ ϵdef; ð11Þ

one finds

UTϵaU ¼ U�
abϵb: ð12Þ

Hence, the diquark fields transform according to the color
antitriplet representation

Δa → U�
abΔb; a ¼ 1; 2; 3: ð13Þ

Finally, let us comment on the baryon number symmetry.
Under a global Uð1ÞB rotation with angle θ, the diquark
field transforms as

Δa → e2=3iθΔa; ð14Þ

with baryon charge B ¼ 2=3. A finite diquark condensate
explicitly breaks the naive baryon number symmetry.
However, the condensate locks color and baryon trans-
formations such that a linear combination of the original
Uð1ÞB generator and a generator of the color group remains
unbroken. This residual symmetry can be interpreted as a
rotated (or shifted) baryon number [50], implying that no
independent global symmetry is actually broken and thus
no additional Goldstone mode arises.

III. FUNCTIONAL RENORMALIZATION GROUP

The FRG is a powerful method which allows one to
incorporate both bosonic and fermionic fluctuations in a
nonperturbative manner. In the past, the Euclidean formu-
lation of the FRG has been applied successfully to inves-
tigate the phase structure of quark-meson models and
variants thereof [36,37,51–58].
For our analysis at moderate and high densities including

low temperatures we employ a standard 1PI flow pioneered
by Wetterich [59]. It is a functional differential equation for
the quantum average effective action Γk which depends on
the infrared RG cutoff scale k

∂tΓk½Φ� ¼ 1

2
STr½ðΓð2Þ

k ½Φ� þ RkÞ−1∂tRk�; ð15Þ

and has a simple one-loop structure in terms of the full field-
and momentum-dependent propagator. The infrared cutoff
is introduced through the regulator function Rk, which
represents an infrared (IR) mass term that vanishes in the IR
as k → 0, see Appendix A for details. Quantum fluctuations
below the cutoff scale p2 ≲ k2 are suppressed and are
integrated out by lowering the scale k. The logarithmic
scale derivative t ¼ ln k=Λ implements the so-called RG-
time with the reference scale to be the ultraviolet (UV)
cutoff scale of the flow Λ and runs from 0 to −∞. The
physical theory is obtained in the infrared limit k → 0 with
the physical effective action Γ½Φ�≡ Γk¼0½Φ�.
The superfield Φ collects all fundamental fields of the

theory, and accordingly, the regulator function Rk is
understood as a matrix in this field space. The supertrace
STr comprises momentum integrations and sums over all
internal indices, such as Lorentz indices and field species,
including the appropriate minus signs for fermionic con-
tributions. The n-point field derivatives of the flow of the
average effective action are defined as

UGO MIRE and BERND-JOCHEN SCHAEFER PHYS. REV. D 114, 054036 (2026)

054036-4



ΓðnÞ
Φ1…Φn;k

ðp1;…; pn−1Þ ¼
Z
pn

δnΓk½Φ�
δΦ1ðp1Þ � � � δΦnðpnÞ

; ð16Þ

which leads to an infinite coupled tower of flows of its

nth moments. The momentum integration
R
pn
≡ R d4pn

ð2πÞ4
eliminates the overall factor ð2πÞ4δðp1 þ � � � þ pnÞ, which
enforces momentum conservation at each vertex.
Consequently, the momentum pn ¼ −ðp1 þ � � � þ pn−1Þ
is implicitly understood on the left-hand side of Eq. (16).
Numerical or analytical solutions of the flow equation

require a systematic truncation scheme for the effective
action. Awidely used scheme is the derivative expansion, in
which all correlation functions are retained while their
momentum dependence is expanded in powers of external
momenta. At leading order, corresponding to the zeroth-
order derivative expansion also known as local-potential
approximation (LPA), only pointlike interactions without
momentum dependence are included. These contributions
are encoded in a scale-dependent effective potential that
resums local interactions to all orders in the fields.

A. Quark-meson flows with diquarks

As the initial condition for the Wetterich flow equa-
tion (15) at k ¼ Λ, we take the QMD Lagrangian intro-
duced above. At leading order of the derivative expansion,
i.e., in LPA, the effective action at finite quark chemical
potential μ and inverse temperature β ¼ 1=T reads

Γk¼Λ½Φ� ¼
Z

β

0

dx0

Z
d3x

�
q̄½=∂ − μγ4 þ gϕðσ þ iγ5π⃗ · τ⃗Þ�q

þ 1

2
gΔðΔaq̄γ5τ2iϵaCq̄T − Δ�

aqTCγ5τ2iϵaqÞ

þ 1

2
ð∂μϕÞ2 þ Ukðϕ2; jΔj2Þ − hσ

�
; ð17Þ

with the superfield

Φ ¼ ðq; q̄;ϕ;Δ;Δ�Þ: ð18Þ

The quarks q̄ and q carry two flavor degrees of freedom
and are coupled via gϕ to the chiral scalar σ field and to the
pseudoscalar pion fields π⃗. At lower energy scales, emer-
gent bound-state degrees of freedom are accounted for
through a scale-dependent effective potential Ukðϕ2; jΔj2Þ
that resums mesonic and diquark (self-)interactions to all
orders in the fields. The scale dependence is encoded solely
in the effective potential Ukðϕ2; jΔj2Þ.
The omission of a diquark kinetic term in Eq. (17)

corresponds to neglecting the diquark fluctuations and can
be justified in the symmetry-broken phase. In a first-
principles treatment, the formation of a diquark condensate
induces gluonic masses via the Higgs mechanism. The
corresponding would-be Goldstone modes associated with

the diquark condensate are generally gauge dependent but
are completely removed from the spectrum in unitary
gauge. If, in addition, both the massive gluons and the
radial (non-Goldstone) diquark mode are assumed to be
heavy, they decouple from the low-energy dynamics and
the remaining description effectively reduces to a mean-
field treatment of the diquark sector. This reasoning,
however, does not extend to the symmetric phase, where
diquark fluctuations are expected to become dynamically
relevant, especially in the vicinity of a phase transition.
Under this assumption, the flow of the effective potential

is obtained by evaluating the Wetterich equation Eq. (15)
on homogeneous constant background fields. Exploiting
the global symmetries of the model (see Sec. II B), the
chiral field can be oriented without loss of generality in the
σ-direction,

ϕðxÞ ¼ ðσ; 0; 0; 0Þ with σ ∈R; ð19Þ

excluding a vacuum expectation value for the pseudoscalar
isotriplet components.
Similarly, the diquark field can be rotated into a fixed

color direction, which we choose as

ΔaðxÞ ¼ Δδa3 with Δ∈R: ð20Þ

Due to the SUð3Þc symmetry, only the modulus of the
complex-valued diquark condensate, jΔj ¼ ffiffiffiffiffiffiffiffiffi

Δ�Δ
p

, is
physically relevant, while its orientation in color space is
arbitrary.
The derivation of the flow, Eq. (15), requires the

regularized propagators of quarks, diquarks and mesons
in this background. The bosonic contribution from the
chiral sector follows standard lines and can be found in the
literature, see e.g. Ref. [52]. The fermionic contribution is
more involved due to the Yukawa coupling between quarks
and composite diquarks, which induces a nontrivial mixing
structure in the quark propagator.
The inverse regularized quark propagator is a (2 × 2)-

matrix in the field space Ψ ¼ ðq; q̄Þ

G−1
q;kðpÞ ¼ Γð2Þ

ΨTΨ;kðpÞ þ RkðpÞ: ð21Þ

In the infrared limit k → 0, the regularized propagator
becomes the full quark propagator Gq;k¼0, which is related
to the connected two-point correlation functions via 

hqTð−pÞqðlÞi hq̄ð−pÞqðlÞi
hqTð−pÞq̄TðlÞi hq̄ð−pÞq̄TðlÞi

!
¼ Gq;k¼0ðpÞ × ð2πÞ4δð4Þðpþ lÞ; ð22Þ

where we use a Fourier convention in which both q and q̄
are assigned incoming momenta.
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The four-dimensional Dirac δ-function ensures transla-
tional invariance, and h…i denote connected correlators.
In the present representation, the off-diagonal components
describe normal quark and antiquark propagation, whereas
the diagonal entries correspond to anomalous propagators
familiar from Bardeen-Cooper-Schrieffer (BCS) theory.
This assignment is opposite to the conventional Nambu-
Gor’kov basis, in which the anomalous contributions reside
in the off-diagonal elements [60,61].
The regulator function RkðpÞ depends only on spatial

momentum p⃗

Rq;kðpÞ ¼
�

0 i=⃗p TrqðxÞ
i=⃗prqðxÞ 0

�
; ð23Þ

where =⃗p ¼ piγi and rqðxÞ is a dimensionless shape
function of the momentum ratio x ¼ p⃗ 2=k2. In combina-

tion with the kinetic quark term in Γð2Þ
ΨTΨ;k, this choice

amounts to a multiplicative modification of the spatial
momentum, hereafter denoted the regularized momentum
p⃗reg;q ¼ p⃗ð1þ rqðxÞÞ. An analogous construction applies
in the bosonic sector, yielding p⃗ 2

reg;b ¼ p⃗ 2ð1þ rbðxÞÞ;
see Appendix A for details.
The explicit inversion of the quark propagator G−1

q;k in
Eq. (21), including its nontrivial color structure, is deferred
to Appendix B. There, we show that the resulting propa-
gator naturally decomposes into two sectors, which can be
expressed in terms of the color-space projectors

Prg ¼ diagð1; 1; 0Þ; and Pb ¼ diagð0; 0; 1Þ; ð24Þ

corresponding to the paired red-green and the spectator
blue sector, respectively. The full propagator then reads

Gq;kðpÞ ¼
�ΞþðpÞ GΔðpÞ
ḠT

ΔðpÞ Ξ−ðpÞ

�
Prgþ

�
0 G0ðpÞ

ḠT
0 ðpÞ 0

�
Pb:

ð25Þ

In the following, for notational simplicity, we denote the
regularized momenta p⃗reg;q by p in all propagators and
energy projectors.
One immediately recognizes that consistently with the

symmetry-breaking pattern SUð3Þc → SUð2Þc, the two
quark colors in the red-green sector remain degenerate,
while the blue quark propagates as an unpaired specta-
tor mode.
At finite temperature, we employ the standard imagi-

nary-time (Matsubara) formalism, in which the Euclidean
time direction is compactified and as a consequence, the
temporal momentum component becomes discrete [62].
For antisymmetric fields the components are replaced by
fermionic Matsubara frequencies νn ¼ ð2nþ 1ÞπT.

In the blue sector, at finite temperature and chemical
potential, the propagator matrix elements decompose into
contributions associated with positive- and negative-energy
modes and take the form

G0ðpÞ ¼
1

iνn − ϵ−q
Pþγ4 þ

1

iνn þ ϵþq
P−γ4: ð26Þ

The operators P� and P̄� denote the Dirac energy
projectors and are defined in Eqs. (B5) and (B6), respec-
tively. The charge-conjugate propagator satisfies

Ḡ0ðpÞ ¼ −G0ð−pÞ: ð27Þ

This representation of the propagator makes the pole
structure manifest and directly yields the finite-density
dispersion relations

ϵ�q ¼ ϵq � μ with ϵqðp⃗Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p⃗ 2 þm2

q

q
: ð28Þ

The quark mass mq ¼ gϕσ is dynamically generated by the
sigma field σ.
In the red-green sector, the propagator matrix elements

take a more involved form. They read

GΔðpÞ ¼
iνn þ ϵ−q

ðiνnÞ2 − E−2
q

Pþγ4 þ
iνn − ϵþq

ðiνnÞ2 − Eþ2
q

P−γ4; ð29Þ

with anomalous propagators

Ξ−ðpÞ ¼ −Δgapτ2iϵ3Cγ5

×

�
P̄þ

ðiνnÞ2 − Eþ2
q

þ P̄−

ðiνnÞ2 − E−2
q

�
; ð30Þ

related to Ξþ via ΞþðpÞ≡ γ4½Ξ−ðpÞ�†γ4. The charge-
conjugate propagator ḠΔ is related to GΔ analogously to
the blue sector and satisfies

ḠΔðpÞ ¼ −GΔð−pÞ: ð31Þ

The quasiparticle dispersion relations are given by

E�
q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵ�2
q þ Δ2

gap

q
with Δgap ¼ gΔΔ: ð32Þ

These relations show that, in the presence of a finite diquark
condensate, the red, and green quarks acquire a gap at the
Fermi-surface, characteristic of a superconducting phase.
The off-diagonal propagators GΔðpÞ and ḠT

ΔðpÞ describe
the propagation of gapped red and green quarks. By
contrast, the diagonal components ΞþðpÞ and Ξ−ðpÞ are
nonvanishing only for a finite diquark condensate and are
directly associated with the spontaneous breaking of the
Uð1ÞB symmetry.
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With the full propagator at hand, the Wetterich equation
can be employed to derive the flow of the effective potential
Uk. Performing the trace over color, flavor, and Dirac
indices and evaluating the Matsubara sums yields the
general flow equation2

∂tUkðσ;ΔÞ ¼
1

4

Z
p⃗
p⃗2ð∂trbÞ

�
3

ϵπ
coth

ϵπ
2T

þ 1

ϵσ
coth

ϵσ
2T

−
2Nf

ϵq

�
tanh

�
ϵþq
2T

�
þ tanh

�
ϵ−q
2T

�
þ 2

ϵþq
Eþ
q
tanh

�
Eþ
q

2T

�
þ 2

ϵ−q
E−
q
tanh

�
E−
q

2T

���
;

ð33Þ

where unified regulator shape functions have been
employed, see Eq. (A5).
Using the shorthand notation for derivatives with respect

to the squared fields

Uðn;mÞ
k ðσ;ΔÞ ¼ ∂

nþmUkðσ;ΔÞ
∂ðσ2Þn∂ðΔ2Þm ; ð34Þ

the (pseudo)scalar dispersion relations can be expressed as

ϵi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p⃗ 2

reg;b þm2
i

q
; i ¼ σ; π; ð35Þ

with meson masses

m2
π ¼ 2Uð1;0Þ

k ðσ;ΔÞ; ð36Þ

and m2
σ ¼ 2Uð1;0Þ

k ðσ;ΔÞ þ 4σ2Uð2;0Þ
k ðσ;ΔÞ; ð37Þ

which depend on the diquark gap Δ only through the
effective potential.
Using a flat regulator (Appendix A) and replacing the

regularized momenta by the RG scale k, p⃗ 2
reg;b=q → k2, the

flow equation for the effective potential reads

∂tUkðσ;ΔÞ ¼
k5

12π2

�
3

ϵπ
coth

ϵπ
2T

þ 1

ϵσ
coth

ϵσ
2T

−
2Nf

ϵq

�
tanh

ϵþq
2T

þ tanh
ϵ−q
2T

þ 2
ϵþq
Eþ
q
tanh

Eþ
q

2T
þ 2

ϵ−q
E−
q
tanh

E−
q

2T

��
: ð38Þ

This flow receives contributions from four distinct thresh-
old functions, which can be represented as loops with
regulator insertions (crosses), as illustrated in Fig. 1. The

doubled lines correspond to the σ and π⃗ meson loops, [first
line of Eq. (38)], while the second line with quark and
antiquark contributions accounts for the unpaired (“blue”)
quark loop with fermion sign, labeled qb in the figure.
Finally, the coupled red-green quark loop, qr;g, carries the
diquark gap Δ.
In the following, we refer to this as the mesonic local

potential approximation (mLPA), to distinguish it from the
full LPA including diquark fluctuations. The thermody-
namic (grand) potential is then given by the infrared
solution of the flow equation

Ωðσ;ΔÞ ¼ Uk¼0ðσ;ΔÞ − hσ: ð39Þ

For a given temperature T and chemical potential μ, the
thermodynamic phases are determined by the gap equations
(the equation of motion)

∂Ωðσ;ΔÞ
∂σ

				
σ̄;Δ̄

¼ ∂Ωðσ;ΔÞ
∂Δ

				
σ̄;Δ̄

¼ 0; ð40Þ

which minimize the grand potential at the spacetime-
independent condensates σ̄ and Δ̄. Generally, thermody-
namic quantities evaluated on the equation of motion are
denoted by a bar, as for the physical quark mass m̄q and
physical diquark gap Δ̄gap.
All thermodynamic quantities follow from standard

derivatives of Ωðσ;ΔÞ, e.g., the entropy density is

s ¼ −
∂Ωðσ̄; Δ̄Þ

∂T
: ð41Þ

It is instructive to consider certain limits of the flow
equation to gain insight into its structure.

1. Zero temperature flows

At zero temperature and finite chemical potential, the
flow equation (38) simplifies to

∂tUkðσ;ΔÞ ¼
k5

12π2

�
3

ϵπ
þ 1

ϵσ
−
4Nf

ϵq

�
θðϵ−q Þ þ

ϵþq
Eþ
q
þ ϵ−q
E−
q

��
:

ð42Þ

FIG. 1. Diagrammatic flow of the quark-meson-diquark model
in mLPA. Solid lines denote dressed quark propagators for the red
and green quarks qr;g (participating in the superconducting phase)
and the blue quark qb (nonparticipating). Double solid lines
indicate the dressed σ and π⃗ propagators. Crosses mark regulator
insertions.

2For brevity, temperature and chemical potential arguments are
omitted hereafter.
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For Δ ¼ 0, the fermionic energy ratios reduce to

ϵþq
Eþ
q
→ 1 and

ϵ−q
E−
q
→ 2θðϵ−q Þ − 1; ð43Þ

so that the fermionic flow Ncθðϵ−q Þ exhibits the Silver-
Blaze property at T ¼ 0: fermions and antifermions con-
tribute only when ϵ−q > 0, i.e., for ϵq > μ, see Sec. IVA.

2. Quark-meson flows

For Δ ¼ 0 and finite temperature, the quasiparticle
energies reduce to

Eþ
q → ϵþq and E−

q → jϵ−q j: ð44Þ

Consequently, the flow converges to that of a quark-meson
flow with Nc ¼ 3 degenerate colors

∂tUkðσ;Δ ¼ 0Þ ¼ k5

12π2

�
−
2NfNc

ϵq

�
tanh

ϵþq
2T

þ tanh
ϵ−q
2T

�
þ 3

ϵπ
coth

ϵπ
2T

þ 1

ϵσ
coth

ϵσ
2T

�
: ð45Þ

B. Parameter fixing

To solve the flow equation Eq. (38) numerically, the
required parameters are fixed from vacuum physics.
While the σ-field acquires a nonvanishing vacuum expect-
ation value due to the spontaneous chiral symmetry break-
ing, the diquark fields are expected to develop nonzero
mean values only in dense matter. Accordingly, all cou-
plings and masses in the scalar-pseudoscalar interaction
channel of Eq. (38) can be fixed in the standard way from
vacuum observables, in contrast to the diquark sector. We
adopt k ¼ Λ ¼ 600 MeV3 as a typical UV scale, in line
with recent QCD-motivated low-energy model calculations
see e.g. Refs. [41,63].
The two parameters a1 and a2 of the UV potential,

cf. Eq. (2),

Uk¼Λ0 ðσ;ΔÞ ¼ a1σ2 þ a2σ4 þ b1Δ2; ð46Þ

are fixed to the chiral condensate σ̄ ¼ fπ ¼ 92.4 MeV and
the IR sigma mass mσ ¼ 560 MeV in the vacuum.4

The scalar-pseudoscalar Yukawa coupling is set to
gϕ ¼ 3.25 which corresponds to a vacuum quark mass
mq ¼ 300 MeV. Finally, we adjust the explicit chiral

symmetry breaking parameter h such that the IR pion
mass mπ ¼ 137 MeV is reproduced.
The medium contribution proportional to μ2Δ2, origi-

nating from the diquark kinetic term in the classical action
Eq. (1), can be neglected at the UV scale. This corresponds
to a vanishing diquark wave function renormalization at
that scale, consistent with the interpretation of the diquark
as a composite field introduced via a Hubbard-Stratonovich
transformation without an associated kinetic term.
The remaining diquark Yukawa coupling gΔ is treated as

a free parameter. Rather than performing an extensive
parameter scan, we choose a few representative values to
illustrate the generic physical behavior. The squared
diquark mass parameter b1 is fixed at the UV scale such
that the resulting infrared curvature mass

m2
Δ;curv ≡Ωð0;1Þðσ;ΔÞjgap; ð47Þ

evaluated on the equation of motion, Eq. (40), is of the
order of the expected physical scale. Consistent with the
MFA and mLPA approximations, we neglect the diquark
wave function renormalization in the definition of the
curvature mass. We return to this approximation at the
end of Sec. V B. Corresponding estimates for the diquark
pole mass are given in Refs. [64–66]. Specifically, we set
the curvature mass to twice the constituent quark mass,
mΔ;curv ¼ 600 MeV. This choice is motivated by the
assumption that, in vacuum, the diquark curvature mass
approximately coincides with the corresponding pole mass,
although this relation is not guaranteed to hold; see
Sec. V B. A detailed analysis of the relation between
diquark pole and curvature masses in vacuum QCD can
be found in Ref. [67]. Since the present work focuses on
qualitative features of the phase structure, the results are
insensitive to the precise parameter values. A summary of
all parameters is given in Appendix C.

C. Recovering mean-field flows

It is instructive to consider the mean-field approximation
as a reference limit, which allows us to isolate and quantify
the impact of bosonic fluctuation effects included in the
functional approach. In the MFA, quantum and thermal
fluctuations of the bosonic fields are neglected in the path
integral representation of the grand potential. The mesonic
quantum fields are replaced by their classical expectation
values, and only the fermionic (quark) determinant is
retained, corresponding to the integration over the quark
loop. The standard MFA can also be recovered directly
from our quark-meson flow equation including diquarks,
Eq. (38), by neglecting the bosonic contributions. For an
arbitrary regulator, this corresponds to discarding the
pion and sigma terms in Eq. (33). This MFA flow can
be rewritten in the compact form

∂tUMFA
k ðσ;ΔÞ ¼ ∂tfkðσ;ΔÞ; ð48Þ

3Later, in the context of RGC, see Sec. III D, we denote this
UV scale at which the initial conditions for the effective action are
specified by Λ0.

4For numerical convenience, we work at small but finite
temperature, T ¼ 1 MeV, rather than at strictly zero temperature.
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with the auxiliary function

fkðσ;ΔÞ ¼ −2Nf

Z
p⃗

�
1

2
ðjϵ−q j þ 2E−

q Þ þ
1

2
ðjϵþq j þ 2Eþ

q Þ

þ T ln ð1þ e−βjϵ−q jÞ þ 2T ln ð1þ e−βE
−
q Þ

þ T ln ð1þ e−βjϵ
þ
q jÞ þ 2T ln ð1þ e−βE

þ
q Þ
�
:

ð49Þ

Here, we have used the relations

∂tϵq ¼
p⃗ 2ð∂trbÞ

2ϵq
; ∂tE�

q ¼ ϵ�q
E�
q
∂tϵq; ð50Þ

in conjunction with Eq. (A5), as well as the identity

ð∂tfÞ tanh
f
2T

¼ ∂t½f þ 2T ln ð1þ e−βfÞ�; ð51Þ

which holds for an arbitrary function fðtÞ. In Eq. (49) one
can clearly see how the contributions from fermions and
antifermions combine to account for all three color degrees
of freedom.
Since the mean-field flow equation (48) is both IR and

UV finite, the integration over the RG scale can be carried
out analyticallyZ

0

Λ
dk∂kUMFA

k ðσ;ΔÞ ¼ f0ðσ;ΔÞ − fΛðσ;ΔÞ: ð52Þ

The grand potential in MFA, ΩMFA, is obtained by
supplementing the chirally symmetric effective potential
in the infrared UMFA

k¼0 with the explicit chiral symmetry
breaking term

ΩMFAðσ;ΔÞ ¼ UMFA
k¼0 − hσ

¼ UMFA
Λ ðσ;ΔÞ − hσ þ f0ðσ;ΔÞ − fΛðσ;ΔÞ:

ð53Þ

Due to the finiteness of the flow equation, the function fk¼Λ
effectively controls the divergent momentum integral
appearing in fk¼0. Different choices of shape functions
rqðxÞ correspond to different regularization schemes in the
standard mean-field formulation. For instance, selecting the
sharp shape function

ð1þ rqðxÞÞ2 ¼
1

θðx − 1Þ ; ð54Þ

amounts to imposing a conventional three-momentum
cutoff jp⃗j ¼ Λ. In this case, the resulting mean-field
potential coincides with the standard expressions com-
monly used in QM-model studies, see, e.g., Ref. [68].

Note that the MFA of the grand potential can also be
obtained by standard regularization and renormalization
of the UV-divergent5 contribution from the one-loop
quark determinant to the effective potential, see e.g.
Refs. [30,31,69]. Performing the MFA within the FRG
framework, however, ensures that the same nonperturbative
regularization and renormalization schemes are used when
comparing with the mLPA results.

D. Renormalization group consistency

In order to remove cutoff artifacts in our low-energy
effective theory, we employ the concept of renormaliza-
tion-group consistency (RGC), see Refs. [29,70,71].
Here, we only briefly review the general concept of
RGC and its treatment of medium divergences. For a
more comprehensive discussion in the context of the
QMD model, we refer the reader to Ref. [31]. RGC
requires a consistent regularization and renormalization
procedure such that the explicit cutoff dependence of the
bare action ΓΛ in the UV compensates the cutoff depend-
ence generated along the flow toward the infrared. As a
consequence, the full quantum effective action becomes
cutoff independent,

Λ
dΓ
dΛ

¼ 0: ð55Þ

In particular, it has been applied to the computation
of the EoS at finite temperature [72] and shown to
remove cutoff artifacts in the presence of a diquark
condensate [29,73].
However, in practice, additional external scales of the

theory, such as the temperature T or the quark chemical
potential μ, can violate this independence, so that the bare
action ΓΛ must vary with changes in these external scales to
ensure RGC. In the following, we outline how cutoff
artefacts can be consistently removed in our QMD model
by enforcing RGC.
The idea is to formally integrate the vacuum flow upward

to some higher scale k ¼ Λ > Λ0, assuming that the initial
conditions are originally specified by the effective action at
a fixed scale Λ0

ΓΛ½Φ� ¼ ΓΛ0 ½Φ� þ
Z

Λ

Λ0

dk0

k0
F k0 ½Φ�; ð56Þ

with the flow ∂tΓk½Φ� ¼ F k½Φ�. In this way, a modified
initial condition for the effective action at the higher scaleΛ
is obtained which yields the same effective action Γ½Φ� in
the limit k → 0. For any intermediate scale k ≠ Λ, RGC
then follows directly:

5Including diquark degrees of freedom introduce additional
μ-dependent divergences.
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∂ΛΓk½Φ� ¼ ∂Λ

Z
Λ

Λ0

dk0

k0
F k0 ½Φ� þ ∂Λ

Z
k

Λ

dk0

k0
F k0 ½Φ�

¼ ∂ΛΓΛ½Φ� − FΛ½Φ� ¼ 0; ð57Þ

demonstrating that the resulting effective action is inde-
pendent of the choice of Λ.

1. RG consistency in the mean-field flow

The implementation of RGC at the mean-field level of a
QMD model is straightforward. In principle, the corre-
sponding RGC initial condition follows directly from the
definition of the scale-dependent mean-field potential
in Eq. (48).
However, one important difference is that the initial

potential at the UV scale, denoted henceforth by the scale
Λ0, contains an explicit UV-divergent term proportional to
μ2 in Eq. (49). This medium divergence grows without
bound as Λ → ∞, see also Ref. [31] for details.6 To handle
this divergence without introducing an explicit diquark
wave function renormalization, we perform a Taylor
expansion of the upward flow in powers of μ and add
the resulting contributions to the right-hand side of
Eq. (56). The first term, linear in μ, vanishes due to the
symmetry of the effective potential under μ → −μ, corre-
sponding to particle-antiparticle interchange. The second
term in the RGC construction, however, consistently
captures the medium divergence.
The μ-dependent RGC-improved mean-field condition

at k ¼ Λ then reads, reinstating the explicit T and μ
dependence,

UMFA
Λ ðσ;Δ; μÞ ¼ UMFA

Λ0 ðσ;Δ; 0; 0Þ þ FΛ0→Λðσ;Δ; 0; 0Þ

þ μ2

2
∂
2
μjμ¼0

FΛ0→Λðσ;Δ; 0; μÞ; ð58Þ

with the abbreviation for the integrated mean-field flow,
see Eq. (48),

F k1→k2ðσ;Δ;T; μÞ ¼
Z

k2

k1

dk0

k0
∂tfk0 ðσ;Δ;T; μÞ

¼ fk2ðσ;Δ;T; μÞ − fk1ðσ;Δ;T; μÞ:
ð59Þ

At the higher scale Λ, no temperature-dependent
medium divergences arise within the MFA, such that the
mean-field potential UMFA

Λ is temperature independent.
This contrasts with the initial potential at the lower scale
Λ0, which is obtained by integrating the fermionic flow
from k ¼ Λ to Λ0,

UMFA
init;Λ0 ðσ;Δ;T; μÞ ¼ UMFA

Λ ðσ;Δ; μÞ þ FΛ→Λ0 ðσ;Δ;T; μÞ:
ð60Þ

Eventually, the scale-dependent mean-field potential fol-
lows by integrating the fermionic flow from k ¼ Λ0 with
the modified initial condition Eq. (60):

UMFA
k ðσ;Δ;T; μÞ ¼ UMFA

init;Λ0 ðσ;Δ; μÞ þ FΛ0→kðσ;Δ;T; μÞ:
ð61Þ

Reference [31] demonstrated that the subtraction of
the medium divergence as in Eq. (58) is not unique. In
particular, the RGC scheme employed here (the σΔ scheme
in Ref. [31]) yields larger diquark gaps compared to the
other schemes and does not satisfy the BCS relation for
large chemical potentials. Nevertheless, the qualitative
behavior of the QMD model was found to be largely
insensitive to the choice of the RGC scheme, which suffices
for the present analysis.

2. RG consistency in the mesonic LPA flow

Implementing RGC within the LPA is in general more
subtle than in the MFA. Mathematically, RG flows form a
semigroup rather than a group: the coarse graining from the
UV to the IR is irreversible and no inverse transformation
exists. While this limitation is less severe in the MFA,
enforcing RGC in LPA (or beyond) requires particular care.
Technically, this originates from the diffusive character

of the bosonic sector. From a fluid-dynamical perspective,
the flow equation (38) can be recast as a nonlinear
advection-diffusion equation. In this interpretation, the
fermionic sector acts as a source term, while the pion
contribution induces a nonlinear advective term and the
sigma contribution generates diffusion, see Refs. [74,75]
for details. As in standard diffusion processes in fluid
dynamics, such equations define an irreversible evolution.
Consequently, upward integration cannot be employed to
reconstruct RGC initial conditions, since diffusion pro-
ceeds independently of the direction in which the flow is
integrated.
To proceed, we note that in the UV the flow is dominated

by fermionic contributions, while bosonic contributions are
strongly suppressed due to the increasing meson masses in
the threshold functions. At asymptotically large k, the
bosonic contributions vanish and thus become irrelevant in
this regime. We therefore can proceed similarly to the
mean-field procedure described above and integrate only
the fermionic flow upward to obtain the RGC condition,
and include the bosonic flow once the parameter-fixing
scale Λ0 is reached. This procedure has also been proposed
in Ref. [29].
Thus, in mLPA the T- and μ-dependent RGC initial

condition at the scale k ¼ Λ0 is given by

6Due to the presence of a Landau pole, the limitΛ → ∞ cannot
be taken. Accordingly, RGC ensures UV-cutoff independence
only below the cutoff scale set by the Landau pole.
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Uinit;Λ0 ðσ;Δ;T; μÞ ¼ UΛ0 ðσ;Δ; 0; 0Þ þ FΛ0→Λðσ;Δ; 0; 0Þ

þ μ2

2
∂
2
μjμ¼0

FΛ0→Λðσ;Δ; 0; μÞ
þ FΛ→Λ0 ðσ;Δ;T; μÞ; ð62Þ

with the integrated mean-field flow F k1→k2ðσ;Δ;T; μÞ,
Eq. (59).
In summary, we integrate the flow upward from Λ0 to Λ

and perform the expansion in μ including only the
fermionic contributions. Subsequently, the flow is inte-
grated back in medium, i.e., at finite T and μ, again
retaining only the fermionic contributions from Λ to Λ0.
This yields the RGC initial conditions at the scale k ¼ Λ0,
from which the mesonic fluctuations are subsequently
included.

IV. DIQUARK TWO-POINT FUNCTION

Before presenting our numerical results, we investigate
the diquark two-point function. Its pole structure encodes
the existence and masses of diquark excitations, thereby
offering direct insight into bound-state formation and the
onset of diquark condensation as implied by the Silver-
Blaze property.

A. Silver-Blaze property

The Silver-Blaze property [76] imposes nontrivial con-
straints on the 1PI n-point functions and thereby provides
valuable guidance for understanding the phase structure
of a theory, in particular at finite density. For a general
discussion of the Silver-Blaze property, see Refs. [37,77];
for its phenomenological and field-theoretical implications,
see Refs. [78,79].
At vanishing temperature, it states that the generating

functional (or equivalently the partition function) remains
independent of the chemical potential μ below the Silver-
Blaze threshold μc. For a general 1PI n-point function,
cf. Eq. (16), this implies that for μ < μc

ΓðnÞ
Φ1…Φn

ðp1;…; pn−1; μÞ ¼ ΓðnÞ
Φ1…Φn

ðp̃1;…; p̃n−1; 0Þ; ð63Þ

with shifted momenta

p̃φ ¼ ðp0 þ iqφμ; p⃗Þ; ð64Þ

where qφ ∈Z denotes the fermion number (or qφ=3 the
baryon number) of the field φ. The critical chemical
potential μc is determined by the smallest pole mass and
the fermion number qφ of those fields that couple to the
chemical potential.
For (anti)diquark fields, the fermion numbers are

qΔ ¼ þ2 and qΔ� ¼ −2; ð65Þ

since (anti)diquarks consist of two fermions or two anti-
fermions, respectively. Applied to the diquark and anti-
diquark two-point functions, the Silver-Blaze property
yields

Γð2Þ
Δ�

aΔa
ðp; μÞ ¼ Γð2Þ

Δ�
aΔa

ðp̃; 0Þ; ð66Þ

with the shifted momenta p̃ ¼ ðp0 � 2iμ; p⃗Þ.
This relation can be used to infer the chemical-potential

dependence of the (anti)diquark pole masses. In general,
the pole mass of a (complex scalar) particle ϕ is defined
as the zero of its inverse propagator at vanishing three-
momentum, p⃗ ¼ 0,

Γð2Þ
ϕ�ϕðp0 ¼ imϕ; 0; μÞ ¼ 0: ð67Þ

For a diquark with fermion number qΔ ¼ þ2, a pole mass
at μ ¼ 0 satisfies p̃0 ¼ imΔ;pole which translates at finite μ
to p0 ¼ iðmΔ;pole − 2μÞ. Similarly, for an antidiquark, a
pole mass at negative real-time momenta p̃0 ¼ −imΔ�;pole
leads to p0 ¼ iðmΔ�;pole þ 2μÞ. Hence, the diquark pole
mass decreases linearly with μ,

mΔ;poleðμÞ ¼ mΔ;poleð0Þ − 2μ; ð68Þ

while the antidiquark pole mass increases with μ,

mΔ�;poleðμÞ ¼ mΔ�;poleð0Þ þ 2μ: ð69Þ

As a further consequence of the Silver-Blaze property for
n-point functions, one can directly infer the chemical-
potential dependence of the diquark curvature mass defined
in Eq. (47). The dependence of the curvature mass on the
chemical potential, defined through the diquark two-point
function at vanishing external momentum, is via Silver-
Blaze entirely determined by the frequency dependence of
the vacuum diquark two-point function

m2
Δ;curvðμÞ≡ Γð2Þ

Δ�Δð0; 0; μÞ ¼ Γð2Þ
Δ�Δð2iμ; 0; 0Þ: ð70Þ

Consequently, a finite vacuum diquark pole mass at
ω ¼ mΔ;poleð0Þ corresponds to a vanishing diquark curva-
ture mass at the Silver-Blaze threshold μc ¼ mΔ;poleð0Þ=2
and the onset of diquark condensation, provided that no
first-order transition occurs at chemical potentials below
the threshold.
A similar conclusion also holds for arbitrary mesonic

pole and curvature masses carrying vanishing baryon
number. However, both masses remain constant throughout
the Silver-Blaze region below the threshold, for example

m2
σ=π;curvðμÞ ¼ m2

σ=π;curvð0Þ; ð71Þ
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and

m2
σ=π;poleðμÞ ¼ m2

σ=π;poleð0Þ: ð72Þ

B. Diquark two-point functions in RPA

We first analyze the two-point functions of the (anti)
diquarks at finite real-time frequencies within the random-
phase approximation (RPA). In this framework, collective
excitations arise from fermionic particle-hole scattering,
while fluctuations of the composite bosonic fields are
neglected. In the context of the FRG, the RPA two-point
functions are obtained by computing the two-point func-
tions within LPA (or mLPA) and neglecting all bosonic
contributions. In this sense, the construction is analogous to
deriving the MFA from the LPA flow equation for the
effective potential, as discussed in Sec. III C. The RPA
permits an analytical solution and guarantees a consistent
regularization of the two-point functions with the under-
lying mean-field potential. We then improve upon this
approximation by computing the diquark two-point func-
tion in mLPA, thereby including mesonic fluctuations.
The flow of the two-point correlation functions for the

diquark field in RPA is given by

∂tΓ
ð2Þ
Δ�

aΔa;k
ðpÞ ¼ 1

2
e∂tΠΔ�

aΔa;kðpÞ; ð73Þ

where no summation over the index a is implied. The
polarization loop reads

ΠΔ�
aΔa;kðpÞ ¼

Z
l
Tr
h
Γð3Þ
Δ�

aΨTΨGq;kðlÞΓð3Þ
ΔaΨTΨGq;kðpþ lÞ

i
;

ð74Þ

where Ψ ¼ ðq; q̄Þ. No four-point vertex Γð4Þ appears, since
bosonic fluctuations are neglected within the RPA (cf.
Fig. 2). The trace runs over bispinor space as well as color,
flavor, and Dirac indices. The required three-point vertices
are

Γð3Þ
ΔaΨTΨ ¼

�
gΔCγ5τ2iϵa 0

0 0

�
; ð75Þ

Γð3Þ
Δ�

aΨTΨ ¼
�
0 0

0 −gΔCγ5τ2iϵa

�
: ð76Þ

The RG-time derivative on the right-hand side of
Eq. (73) is defined as

e∂t ¼ Z dx½−2xr0qðxÞ�
δ

δrqðxÞ
; ð77Þ

and acts only on the shape function rqðxÞ with x ¼ p⃗2=k2,

cf. Appendix A. Both RG-scale derivatives ∂t and e∂t are
equivalent since the shape function is the only scale-
dependent quantity within the MFA or the RPA.
The flow equation (73) can be integrated from the UV

scaleΛ0 down to k, yielding a regularized expression for the
diquark two-point function

Γð2Þ
Δ�

aΔa;k
ðpÞ ¼ Γð2Þ

Δ�
aΔa;Λ0 ðpÞ þ 1

2
ΠΔ�

aΔa;kðpÞ −
1

2
ΠΔ�

aΔa;Λ0 ðpÞ:
ð78Þ

The initial conditions at the UV scale Λ0 are chosen
consistently in terms of the momentum-independent
mean-field potential Uk¼Λ0 , given in Eq. (46), as

Γð2Þ
Δ�

aΔa;Λ0 ðpÞ ¼ b1: ð79Þ

This choice corresponds implicitly to a vanishing diquark
wave function renormalization at the scale k ¼ Λ0 consis-
tent with a composite field introduced via a Hubbard-
Stratonovich transformation without a kinetic term at the
UV scale.

C. Analytical continuation

To determine the diquark pole mass, we perform an
analytic continuation to real time. At vanishing temper-
ature, however, the identification of the pole mass does not
strictly require a full analytic continuation with an iϵ
prescription. In practice, it is sufficient to evaluate the
two-point function at purely imaginary frequencies,
p0 ¼ −iω, to extract the vacuum pole mass, while the iϵ
prescription becomes relevant only when accessing real-
time properties beyond decay thresholds. In the present

FIG. 2. Vacuum flow of the diquark two-point function including bosonic (sigma and pion) fluctuations. The flow of the two-point
function in RPA is just the first diagram.
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case, the analytic continuation is nevertheless straightfor-
ward and is employed for convenience.
The analytical continuation of the temporal component

of the external momentum in the finite-temperature flow

equation for the two-point function, Γð2Þ
Δ�

aΔa
ðp0; p⃗Þ, is

implemented in two steps. After performing the
Matsubara frequency sum in the flow equation, the perio-
dicity of the thermal occupation numbers along the
imaginary axis of the complex energy plane is employed7

nFðϵþ ip0Þ → nFðϵÞ; ð80Þ

where the external Euclidean Matsubara frequencies are
discretized as p0 ¼ 2πnT as they originate from the
diquark field. With this prescription, the polarization loop

Eq. (74) takes with ϵq ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
⃗l 2reg þm2

q

q
the simple form

ΠΔ�
aΔa;kðp0; 0Þ ¼ 16Nfg2Δ

Z
⃗l

ϵ2q
4ϵ2q − ðip0Þ2

−1þ 2nFðϵqÞ
ϵq

;

ð81Þ

where we have assumed μ ¼ 0.
In the second step, the discrete external Matsubara

frequency is analytically continued to the real energy
domain according to ip0 → ωþ i0þ, which yields the
retarded two-point function for vanishing spatial external
momentum components, p⃗ ¼ 0

Γð2Þ;R
Δ�

aΔa
ðωÞ ¼ −lim

ϵ→0
Γð2Þ;E
Δ�

aΔa
ðp0 ¼ −iðωþ iϵÞ; 0Þ; ð82Þ

where ω is the continuous real frequency. In practice, the
limit ϵ → 0 is not taken analytically but a small imaginary
part, ϵ ¼ 10−8 MeV, is retained. We have explicitly veri-
fied that the location of the pole masses and the qualitative
features of the spectral function are insensitive to the choice
of ϵ for ϵ≲ 0.1 MeV, see also Ref. [80].
From the two-point function at finite real-time momenta,

the pole mass is immediately accessible, as mentioned in
Sec. IVA. The diquark pole mass mΔ;pole is given by the
root of the real part of the retarded two-point function

ReΓð2Þ;R
Δ�Δ ðω ¼ mΔ;poleÞ ¼ 0: ð83Þ

D. Diquark correlations beyond RPA

The diquark two-point function can also be computed in
LPA. In the absence of a diquark condensate, the flow
equation of the two-point function simplifies considerably,
which motivates our focus on this case.

In the mLPA, the flow of the diquark two-point function
at finite temperature includes bosonic fluctuations and is
shown diagrammatically in Fig. 2. It is given by

∂tΓ
ð2Þ
Δ�

aΔa;k
ðpÞ ¼ 1

2
e∂tΠΔ�

aΔa;kðpÞ þ
1

2
e∂tT Δ�

aΔa;k; ð84Þ

where T Δ�
aΔa;k denotes a sum of momentum-independent

tadpole diagrams of the form

T Δ�
aΔa;k ¼

X
ϕ¼σ;π⃗

Γð4Þ
Δ�

aΔaϕϕ;k
1

β

X
n

Z
p⃗
Gϕϕ;kðωn; p⃗Þ; ð85Þ

with bosonic propagators Gϕϕ;k for ϕ ¼ fσ; π⃗g

Gϕϕ;kðωn; p⃗Þ ¼
1

ω2
n þ p⃗ 2

reg;b þm2
ϕ;k

: ð86Þ

The summation in Eq. (85) runs over three pions and one
sigma meson and the scale-dependent four-point vertices

Γð4Þ
Δ�

aΔaϕϕ;k
are related to derivatives of the meson potential

Γð4Þ
Δ�

aΔaσσ;k
¼ Uð1;1Þ

k þ σ2Uð1;2Þ
k ; ð87Þ

Γð4Þ
Δ�

aΔaππ;k
¼ Uð1;1Þ

k : ð88Þ

This identification is valid only in the absence of a diquark
condensate. In this case, all three-point vertices of the form

Γð3Þ
Δaϕϕ

and Γð3Þ
Δ�

aϕϕ
vanish, such that bosonic fluctuations

contribute to the diquark two-point flow exclusively via
tadpole diagrams.
Performing the e∂t derivative, Matsubara summation, and

momentum integration for the Litim shape function rbðxÞ
(see Appendix A), the tadpole contribution reduces to

1

2
e∂tT Δ�

aΔa;k ¼
k5

6π2
X
ϕ¼σ;π

∂m2
ϕ;k

∂Δ2

×
1

ϵ2ϕ

�
n0BðϵϕÞ −

1þ 2nBðϵϕÞ
2ϵϕ

�
: ð89Þ

The bosonic dispersion relations are given in Eq. (35) and

evaluate to ϵϕ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

ϕ

q
.

Numerically, an additional flow equation for ∂Δ2Uk

is solved and used to determine ∂Δ2m2
ϕ;k for all k. This

allows for a direct integration of the flow equation for
the diquark two-point function at external momentum
p ¼ ð−iðωþ iϵÞ; 0⃗Þ, yielding the retarded two-point func-
tion, analogous to the RPA.7In this work, only fermionic distributions are needed.
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V. NUMERICAL RESULTS

We begin by analyzing the phase structure of the QMD
model in the mean-field approximation, and compare it to
results from the FRG. The impact of diquark pairing on the
chiral phase structure is studied by varying the diquark
coupling and examining its connection to the pole and
curvature masses. Unless explicitly stated otherwise, all
results are obtained within the RG-consistent framework.

A. Phase structure

The phase structure of the QMD model in the T-μ plane,
obtained in MFA (left) and in mLPA (right) for diquark
couplings gΔ ¼ 3–6 is shown in Fig. 3. The chiral phases
are indicated in blue (chirally broken) and orange (chirally
restored) colors. The chiral crossover appears as a white
band, while solid red lines denote the first-order (chiral)
transition terminating in a critical end point (red dot). The
onset of the second-order diquark condensation is indicated
by dashed black lines. Additionally, dotted lines in the right
FRG results denote the boundary below which the entropy
density becomes negative.
In both MFA and mLPA results, the overall topology

of the phase diagram remains robust, showing three
characteristic regions: (i) a chirally broken and nonsuper-
conducting phase at low T and μ, (ii) a chirally restored and
superconducting phase at low T and high μ, and (iii) a
nonsuperconducting phase at high T. Quantitatively, the
mLPA shifts the chiral transition lines to lower chemical
potentials, exhibiting a characteristic backbending at low
temperatures, which reflects the influence of mesonic and
diquark fluctuations. By contrast, in mLPA the onset of
diquark condensation is shifted to higher chemical poten-
tials, most prominently at smaller gΔ, and is accompanied

by a forward bending of the condensation line. In addition,
a first-order transition terminating at a critical end point
appears at lower diquark couplings and disappears for
larger couplings.
The MFA phase diagrams (Fig. 3, left panels) show that

increasing the diquark coupling raises the critical temper-
ature Tc at fixed μ, at which diquark pairing is lost (dashed
lines). This is in line with the BCS relation [81]

Tc ¼
eγ

π
Δ̄gapðT ¼ 0Þ; ð90Þ

which links the critical temperature to the zero-temperature
diquark gap, see Fig. 4. Despite deviations from the BCS
relation at large chemical potentials in the present RGC
scheme (see Ref. [31]), the critical temperature remains an
increasing function of the zero-temperature diquark gap.
Thus, Eq. (90) implies a corresponding rise in Tc with
increasing diquark couplings.
This trend persists in the mLPA when mesonic fluctua-

tions are included, but only at higher chemical potentials.
Close to the first-order chiral transition, however, mesonic
fluctuations significantly modify the phase structure in a
manner absent in MFA. Interestingly, for larger diquark
couplings (gΔ ¼ 6 in our case) the first-order transition
and its associated end point disappear in both MFA and
mLPA calculations.

1. Backbending of the chiral transition line in mLPA

The characteristic backbending of the chiral transition
line at decreasing T (Fig. 3, right panels) has also been
observed in other low-energy effective model studies
beyond MFA [82–87], as well as in mean-field studies
of effective Polyakov-loop theories on the lattice [88].

FIG. 3. Phase diagrams for the quark-meson-diquark model for different diquark couplings gΔ in MFA (left) and mLPA (right). The
color coding represents the strength of the chiral condensate. Red solid lines indicate first-order chiral phase transitions terminating in a
critical end point (red dots). In the right panel, dotted lines mark the boundary below which the entropy density becomes negative. The
black dashed line denotes the onset of the diquark condensation.

UGO MIRE and BERND-JOCHEN SCHAEFER PHYS. REV. D 114, 054036 (2026)

054036-14



Due to the Clausius-Clapeyron relation, this backbending is
related to the appearance of a negative entropy density in
this region of the phase diagram. In [86], the regulator-
scheme dependence of the backbending was investigated in
LPA, revealing a sensitivity to the choice of the shape
function. In particular, no negative entropy density was
found for momentum-independent Callan-Symanzik-type
regulators, in contrast to optimized flat regulators. Since
the backbending is induced at scales around the Fermi
surface and appears as a discontinuity in the fermion
flow [86], it has been conjectured that a Cooper insta-
bility of the Fermi surface driven by attractive pion and
sigma exchange may cause the negative entropy [84].
This conjecture can now be tested directly by examining
whether the negative-entropy region exhibits color-
superconducting gaps and by assessing the role of
diquark condensation in the backbending.
As can be seen in Fig. 3, the backbending also affects the

diquark onset, which turns into a first-order transition at
low temperature and does not intersect the μ-axis perpen-
dicularly. The dotted lines in the figure mark the onset
below which the entropy density becomes negative.
Increasing the diquark coupling reduces the region of
negative entropy, which becomes significantly suppressed
for gΔ ¼ 6. Nevertheless, a finite domain of negative
entropy persists even at large chemical potentials μ.
Figure 5 shows the entropy density s, evaluated in

mLPA for different diquark couplings along the chemical
potential axis for (almost) vanishing temperature. Below
the chiral phase transition in the broken phase
(μ ≲ 279 MeV), s vanishes, consistent with the transition
location in the corresponding phase diagram Fig. 3
(right panels). In the chirally restored phase, the entropy
density becomes negative, as previously observed in a
pure quark-meson model analysis [84] (lower lines with
gΔ ¼ 0 in Fig. 5).

Once diquark condensation sets in, the entropy density is
significantly reduced by nearly an order of magnitude and
remains approximately constant throughout the 2SC phase.
As the diquark coupling increases, the onset of condensa-
tion shifts to lower chemical potentials, causing the dis-
continuities in the entropy associated with the first-order
transition to decrease. For gΔ ¼ 6, these discontinuities
disappear altogether.
We conclude that the inclusion of the diquark con-

densate at the mean-field level mitigates the backbending
of the chiral transition line, leading to a reduced negative
entropy density. In particular for gΔ ¼ 6, this is consistent
with Refs. [86,89], where the backbending behavior
diminishes once the chiral transition changes from first
to second order. Furthermore, the contributions of gapped

FIG. 4. Quark mass m̄q ¼ gϕσ̄ and the diquark gap Δ̄gap ¼ gΔΔ̄ for various diquark couplings gΔ as functions of the quark chemical
potential in MFA (left) and mLPA (right).

FIG. 5. Entropy density s as a function of the chemical potential
μ for different diquark couplings gΔ in the mLPA, compared with
a pure quark-meson FRG calculation.
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fermions to thermodynamic quantities with explicit tem-
perature dependence, such as the entropy density, are
exponentially suppressed [90]. This suppression may
account for the observed improvements, as the back-
bending originates from the feedback of bosonic fluctua-
tions on the fermionic flow [86].
An open question is whether this trend persists once

diquark fluctuations are included. Clarifying this would
help to identify the origin of the observed improve-
ments. At high densities, the thermodynamics is
expected to be dominated by the diquark sector, as
illustrated in a MFA setting in Ref. [31]. Since the
diquark channel is handled at the mean-field level, no
negative entropy is expected to arise, leaving it unclear
whether the improvement stems from the diquark chan-
nel itself or from its mean-field treatment. For com-
parison, we also examined the impact of the ω-meson on
the backbending and found no significant modification,
consistent with Ref. [91].

2. Diquark onset and chiral transition

In MFA, the onset of diquark condensation coincides
with the chiral transition at low temperature for gΔ ¼ 3, 4.
For larger couplings (gΔ ¼ 5, 6), the diquark onset slightly
precedes the chiral transition, which changes from first
order to a sharp crossover at gΔ ¼ 6. This behavior can be
seen in Fig. 4, where the quark mass and diquark gap are
shown as functions of the chemical potential at (almost)
vanishing temperatures. A similar pattern is observed in
mLPA, at least for sufficiently large diquark couplings.
Whenever the diquark onset precedes chiral restoration, it
occurs as a second-order transition at μ < mq ¼ 300 MeV
for our parameters. This is consistent with the Silver-
Blaze property, which implies a diquark pole mass smaller

than twice the quark mass, mΔ;pole < 600 MeV, as con-
firmed below.

B. Pole and curvature masses

In Fig. 6, we show the curvature masses of mesons and
diquarks as functions of the chemical potential in MFA and
mLPA. At low μ, chiral symmetry breaking yields a heavy
sigma meson and three light pions, while the three complex
diquark fields remain degenerate in the absence of a
diquark condensate. As μ increases within the Silver-
Blaze region, μ < μc, the sigma and pion curvature masses
remain constant, whereas the diquark curvature mass
decreases. Both features are fully consistent with the
Silver-Blaze property, see Sec. IVA.
At larger μ, the system enters the chirally restored and

color-superconducting phase, where the Uð1ÞB symmetry
is broken. This induces a mixing between the blue diquarks
Δ3, Δ�

3 and the sigma meson, requiring a diagonalization
of the mass matrix to obtain the in-medium collective
modes, denoted by Δ̃3, Δ̃�

3 and σ̃. As expected from chiral
symmetry restoration, the pion mass becomes degenerate
with one of the collective modes, σ̃. According to the
symmetry-breaking pattern SUð3Þc → SUð2Þc, we find
five Goldstone modes (Δ1, Δ�

1, Δ2, Δ�
2, Δ̃3) and one

massive mode (Δ̃�
3), both in MFA and mLPA. The real-

time properties of these excitations at finite density will be
addressed in a forthcoming publication [92].
The behavior of the curvature masses at finite densities

shown in Fig. 6 has important consequences for the
successive decoupling of the different fields. In the present
effective description, where the gluonic degrees of freedom
have been integrated out, the UV flow is primarily driven
by quark fluctuations, while bosonic contributions are
comparatively suppressed due to their larger masses.

FIG. 6. Curvature diquark and meson masses as a function of the quark chemical potential μ for different diquark couplings gΔ in MFA
(left) and mLPA (right). The degeneracy of Δ1;2 and Δ̃3 leads to overlapping, indistinguishable curves.
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In vacuum, dynamical chiral symmetry breaking sets in
as one flows toward the IR, leading to an increasing
constituent quark mass and, consequently, to a threshold
suppression of quark fluctuations. At the same time, sigma-
and pion-field fluctuations become increasingly important,
while diquark fluctuations remain subleading; see Ref. [67]
for a detailed discussion within QCD FRG with dynamical
hadronization. At finite density, and in particular in the 2SC
phase, the situation changes qualitatively. As shown in
Fig. 6, the mesonic masses remain comparatively large in
the IR once chiral condensate is strongly reduced, leading
to a suppression of their fluctuations throughout the flow.
In contrast, the Goldstone diquarks become massless and
thereby replace the pions as the relevant low-energy
degrees of freedom. Moreover, the emergence of a finite
diquark gap is expected to suppress IR quark fluctuations.
Hence, the nature of the low-energy effective descrip-

tion changes qualitatively: while the vacuum is governed
by pion fluctuations associated with spontaneous chiral
symmetry breaking, the finite-density regime is increas-
ingly dominated by the Goldstone modes of diquark
condensation.
In mLPA, however, the backbending region leaves

distinct imprints: at intermediate chemical potentials
around the chiral transition, a nonsuperconducting phase
with partial chiral symmetry restoration emerges, charac-
terized by a decreasing sigma mass, an increasing pion
mass, and rising (degenerate) diquark masses.
As noted in Sec. VA 2, a second-order onset of diquark

condensation at μ < mq;vac ¼ 300 MeV requires a vacuum
diquark pole mass below 600 MeV. This is not reflected in
the curvature masses shown in Fig. 6, since our parameter
fixing enforces a vacuum diquark curvature mass of
600 MeV (see Sec. III B). To resolve this, we extract the
pole mass from the diquark two-point function evaluated at
real-time external frequencies, cf. Eq. (83).

In Fig. 7, we show the vacuum diquark retarded two-

point function Γð2Þ;R
Δ�Δ ðωÞ for different diquark couplings

in RPA and mLPA, cf. Sec. IV B. At vanishing frequency,
the retarded two-point function defines the diquark curva-
ture mass

Γð2Þ;R
Δ�Δ ðω ¼ 0Þ ¼ m2

Δ;curv ¼ ð600 MeVÞ2; ð91Þ

and hence all computations agree at this point as a
consequence of the parameter-fixing procedure, see
Sec. III B.
Going to higher external frequencies ω, the real part of

the retarded two-point function starts to decrease. For the
largest diquark couplings (gΔ ≥ 4 in RPA and gΔ ≥ 5 in
mLPA), the two-point function vanishes already for
ω < 2mq ¼ 600 MeV, corresponding to a finite diquark
pole mass. Increasing the diquark coupling results in a
decreasing pole mass in both approaches and the imaginary
part remains zero up to the threshold at twice the vacuum
quark mass, ω ¼ 2mq ¼ 600 MeV, which marks the onset
of the first available decay channel of the diquark field
within the present approximation.
We find for gΔ > 4 that the diquark pole mass in Fig. 7 is

consistent with twice the onset chemical potential of
diquark condensation. In this regime, diquark condensation
occurs prior to the chiral transition and is realized as a
second-order transition, as shown in Figs. 3 and 4. This
behavior is consistent with the Silver-Blaze property (see
Sec. IVA), which implies the existence of a diquark pole
mass below 2mq;vac ¼ 600 MeV as soon as the chemical
potential of a second-order diquark onset is less thanmq;vac.
In particular, we attribute the reduced backbending behav-
ior observed in mLPA (cf. Sec. VA 1) for large diquark
couplings (gΔ ¼ 6) to the finite diquark pole mass found in
Fig. 7 (right).

FIG. 7. Real (solid lines) and imaginary (dashed lines) parts of the vacuum diquark two-point function as a function of the real-time
external frequency ω for various diquark couplings gΔ in RPA (left) and mLPA (right). The black stars mark the locations of the diquark
pole masses.
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Since the diquark curvature mass defined in Eq. (47) is
not an RG-invariant quantity, a proper comparison between
pole and curvature mass must also account for the diquark
wave function renormalization ZΔ. The diquark wave
function renormalization and curvature mass are defined
through the diquark two-point function as [93]

Γð2Þ
Δ�ΔðpÞ ≈ ZΔðm2

Δ;curv þ p2Þ þOðp4Þ; ð92Þ

which reduces to Eq. (47) for ZΔ ¼ 1 and p ¼ 0. Using our
results for the two-point function, cf. Fig. 7, we extract the
corresponding values of ZΔ for different couplings, as
summarized in Table I.
As the diquark coupling decreases, the fermionic con-

tribution to the diquark wave function renormalization
becomes less pronounced, and ZΔ approaches its bare,
initial UV value ZΔ;k¼Λ ¼ 0, see Eq. (79). This implies that
including a wave function renormalization typically enhan-
ces the curvature mass relative to the case without such a
correction, provided that ZΔ is not treated self-consistently
in the flow. This suggests that quantitatively relevant
corrections may arise from a fully self-consistent inclusion
of the diquark wave function renormalization, e.g., within
an LPA0 truncation. Such an extension could improve the
agreement between the diquark pole and curvature masses,
analogous to the behavior observed for the pion field [93].

C. Consequence of RG consistency

To conclude the discussion of our numerical findings,
we assess the impact of RGC on the phase structure.
Figure 8 shows the dependence on the UV cutoff Λ at a
fixed diquark coupling gΔ ¼ 4, in analogy to the previous
phase diagrams. In the range Λ ¼ Λ0 to Λ ¼ 1.5Λ0, cutoff
artifacts are most pronounced in both transition lines. The
chiral transition at lower chemical potentials bends
toward lower temperatures, while the diquark condensa-
tion line at higher chemical potentials shifts to higher
temperatures as the cutoff is increased. Increasing the UV
cutoff further (to 2Λ0 or 4Λ0 in our case) leads to no
significant changes, highlighting the convergence of the
RGC scheme as the UV cutoff Λ grows well above any
external scale.
This nicely demonstrates that cutoff artifacts, which are

present when external parameters such as T and μ are near
the scale Λ, are reduced as Λ increases, consistent with
previous studies Refs. [29,31,73]. Similarly, in the mLPA
truncation, we observe analogous improvements compared
to the mean-field case, but no significant modification of
the backbending behavior at low temperatures. This sug-
gests that the backbending is not driven by cutoff artifacts,
in agreement with Ref. [87].

VI. SUMMARY AND CONCLUSIONS

In this work, we present a comprehensive analysis of the
phase structure of the QMD model and explore its relation
to diquark two-point functions in the context of the Silver-
Blaze property. Our study is based on a FRG approach with
two main objectives. First, it incorporates bosonic fluctua-
tions beyond the standard MFA, which we implemented in
the (pseudo)scalar mesonic channel. Second, by employing
the RG consistency, it enables a systematic removal of

TABLE I. Diquark wave function renormalization for different
diquark couplings. The values obtained in RPA and mLPA differ
only by a few percent.

gΔ 3 4 5 6

ZΔ 0.14 0.25 0.39 0.57

FIG. 8. Impact of RG consistency on the phase structure of the quark-meson-diquark model at fixed diquark coupling gΔ ¼ 4 in MFA
(left) and mLPA (right). Color coding and line conventions are as in Fig. 3. With increasing UV scale Λ (at fixedΛ0 ¼ 600 MeV), cutoff
artifacts are reduced in both MFA and mLPA, while the backbending of the transition lines remains unaffected.
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cutoff artifacts, which is important in color-superconduct-
ing models due to medium-induced divergences.
In agreement with previous quark-meson model stud-

ies, we find that the inclusion of the (pseudo)scalar
mesonic fluctuations leads to significant modifications
of the phase structure. The characteristic backbending
behavior of the chiral transition is still present but is
strongly affected by the onset of diquark condensation.
For sufficiently large diquark coupling, diquark conden-
sation dominates the phase structure in both MFA and
mLPA. In the latter, this is accompanied by a noticeable
reduction of the backbending, although it is not com-
pletely removed, as reflected, for example, in regions of
negative entropy density.
For large diquark couplings, diquark condensation sets

in below both the vacuum quark mass and the chiral
transition in both MFA and mLPA. Since the diquark onset
is of second order, the Silver-Blaze property implies a
diquark pole mass below twice the vacuum quark mass.
This is confirmed by an explicit calculation of the vacuum
diquark two-point function in both MFA and mLPA. We
therefore conclude that the observed reduction of the
backbending at large couplings is closely linked to
the emergence of a finite diquark pole mass. Notably,
while the diquark curvature mass is fixed to twice the
vacuum quark mass by construction, the pole mass can
deviate significantly from the curvature mass.
The present mean-field treatment of the diquark sector

constitutes a first step toward an FRG description of the
QMDmodel. A natural extension is the consistent inclusion
of diquark fluctuations, which is expected to provide
further insight into the origin of the reduced backbending
of the chiral transition line. At present, it remains unclear
whether this reduction is primarily driven by diquark
condensation or reflects an artefact of the present diquark
truncation. Furthermore, it will be essential to include
the wave function renormalization of both mesons and
diquarks in a fully self-consistent manner. By now, sub-
stantial evidence has accumulated that the pion wave
function renormalization plays a crucial role in determining
the properties of low-energy excitations [31]. In the chiral
limit, the pion velocity vanishes at the chiral transition
[94,95], while for physical pion masses a pronounced
suppression persists at finite temperature and density,
see, e.g., Refs. [96–98]. Such modifications of the
dispersion relation can significantly enhance the contribu-
tion of soft fluctuations. Closely related phenomena include
the emergence of moat regimes, observed both in quark-
meson type truncations embedded in QCD [8,58] and in
low-energy effective models [99–101]. It will be particu-
larly interesting to investigate how the presence of diquark
degrees of freedom affects this nontrivial behavior, and
whether analogous effects arise in the diquark sector itself.
In conclusion, our study highlights the relevance of the

vacuum diquark pole mass in understanding the phase

structure of dense quark matter. Its value relative to the
vacuum constituent quark mass can constrain the location
of the diquark onset and the interplay between chiral
symmetry breaking and color superconductivity. Since the
Silver-Blaze property is exact in QCD, this connection
between the diquark pole mass and the onset of color
superconductivity is expected to remain robust in more
complete FRG truncations and ultimately in full QCD.
This motivates a first-principles determination of the
scalar diquark vacuum properties, for instance within
lattice QCD, more advanced FRG truncations, or DSE
approaches.
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APPENDIX A: REGULATOR FUNCTIONS

Actual computation of the average action Γk requires
the explicit specification of the generic regulator Rkðp; qÞ.
A momentum-space representation of the flow allows to
evaluate the functional traces for constant field configura-
tions. The regulator should be chosen such that the analytic
properties and symmetries of the underlying theory are
respected, as emphasized in studies of regulator-scheme
dependence and RG consistency [79,86,103]. This is
achieved by choosing the same matrix structure as the
kinetic term which respects the Lorentz, Dirac, color and
flavor structure of the theory. The regulator function is
matrix valued and, depending on the field space, has
diagonal entries for bosonic fields and symplectic ones
for fermions.
We employ spatial three-dimensional flat regulators

[104]. This choice of regulator does not affect the frequency
component of the 4-momentum and enables the internal
frequency integration, or Matsubara summation at finite
temperature, of the flow equations explicitly. This is crucial
for the analytic continuation of the two-point flow equa-
tions from imaginary to real frequencies, which is neces-
sary for the analysis of the diquark pole mass. It is
furthermore consistent with the Silver-Blaze property [79].
The breaking of Lorentz symmetry induced by
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three-dimensional regulator functions is small, well under-
stood, and does not significantly affect the phase structure
or two-point functions.
For bosonic fields, the regulators read in terms of the

dimensionless momentum ratio x ¼ p⃗ 2=k2

Rk;bðp⃗ 2Þ ¼ p⃗ 2rbðxÞ; ðA1Þ
with the dimensionless bosonic shape function

rbðxÞ ¼ ð1=x − 1Þθð1 − xÞ: ðA2Þ

For fermionic fields

Rk;qðp⃗Þ ¼ i=⃗prqðxÞ; ðA3Þ

the dimensionless fermionic shape function is given by

rqðxÞ ¼ ð1= ffiffiffi
x

p
− 1Þθð1 − xÞ: ðA4Þ

Both shape functions rbðxÞ and rqðxÞ are related by

ð1þ rqðxÞÞ2 ¼ ð1þ rbðxÞÞ; ðA5Þ

which has been used in the flow Eq. (33). In field space,
fermionic regulators always have a symplectic structure.
For example, for our choice of the superfield, Eq. (18), the
regulator matrix reads

Rk¼

0BBBBBB@

0 i=⃗pTrqðxÞ 0 0 0

i=⃗prqðxÞ 0 0 0 0

0 0 p⃗2rbðxÞ 0 0

0 0 0 0 p⃗2rbðxÞ
0 0 0 p⃗2rbðxÞ 0

1CCCCCCA:

ðA6Þ

APPENDIX B: QUARK PROPAGATOR

In this appendix, we detail the inversion of the quark
propagator G−1

q;k defined in Eq. (21), including its nontrivial
color structure. Rather than employing the Nambu-Gor’kov
formalism to invert the quark propagator, see e.g.
Ref. [105], we adopt a more straightforward approach.
The regularized inverse propagator at finite temperature
and chemical potential in the field space ΨðpÞ ¼
ðqðpÞ; q̄ðpÞÞ can be expressed in block-matrix form as

G−1
q;kðpÞ ¼

�
Δ G−1;T

0

Ḡ−1
0 Δ†

�
: ðB1Þ

The inverse free quark propagator with mq ¼ gϕσ reads

G−1
0 ¼ ðiνn − μÞγ4 þ i=⃗preg;q þmq ðB2Þ

and the gap matrices are defined as

Δ ¼ iΔgapCγ5τ2ϵ3; and Δ† ¼ −iΔgapCγ5τ2ϵ3; ðB3Þ

where Δgap ¼ gΔΔ. The charged-conjugate inverse propa-
gator follows from

Ḡ−1
0 ðpÞ ¼ −G−1

0 ð−pÞ: ðB4Þ

For notational simplicity, color indices are suppressed
in the propagator, and we use the shorthand
ϵ3 ≡ ðϵ3Þab ¼ ϵ3ab.
This matrix can be inverted by means of the two sets

of energy projection operators P� and P̄� on positive and
negative energy states of the free Dirac equation for
massive quarks

P�ðp⃗Þ ¼
1

2

�
γ4 �

i=⃗pþmq

ϵqðp⃗Þ
�
γ4; ðB5Þ

and correspondingly for massive charge-conjugated anti-
quarks

P̄�ðp⃗Þ ¼
1

2

�
γ4 �

i=⃗p −mq

ϵqðp⃗Þ
�
γ4; ðB6Þ

with ϵqðp⃗Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p⃗ 2 þm2

q

q
.

Both sets of operators are Hermitian, i.e., P†
� ¼ P�, and

they fulfill the usual projection properties P�P� ¼ P�,
P�P∓ ¼ 0, and Pþ þ P− ¼ 1 for the quark sector and
similarly for the charge-conjugated antiquark sector P̄�.
Since trP� ¼ trP̄� ¼ 2, each energy projector corresponds
to two spin orientations of the quark and of the charge-
conjugated antiquark. The relations γ4P�γ4 ¼ P̄∓ and
γ5P�γ5 ¼ P̄� determine the action of the Dirac matrices
on the energy projectors, with γ4 exchanging and γ5
preserving the energy sectors. This guarantees that the
pairing propagator couples the appropriate particle-hole
components without inducing spurious mixing.
One then finds

G−1
0 ¼ ðiνn þ ϵ−q ÞPþγ4 þ ðiνn − ϵþq ÞP−γ4; ðB7Þ

with ϵ�q ¼ ϵq � μ. Note that the inverse propagators, G−1
0

and Ḡ−1
0 , depend on the regularized momenta p⃗reg;q rather

than on p⃗.
The full inverse quark propagator can be written as

G−1
q;k ¼ TG−1

q;k with T ¼
�
0 1

1 0

�
; ðB8Þ

where the matrix T provides a convenient rearrangement
of the basis; the same results can be obtained without
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introducing T. The propagator can then be inverted
straightforwardly [106], yielding

Gq;k ¼
�
Gþ Fþ

F− G−T

�
; ðB9Þ

with

½Gþ�−1 ¼ Ḡ−1
0 − Δ†GT

0Δ; ðB10Þ

½G−�−1;T ¼ G−1;T
0 − ΔḠ0Δ†; ðB11Þ

F− ¼ −GT
0ΔGþ; ðB12Þ

Fþ ¼ −Ḡ0Δ†G−T: ðB13Þ

The evaluation of Eqs. (B10)–(B13) relies on the color-
space relation

ðϵ3Þ2 ¼ −Prg ¼ −diagð1; 1; 0Þ; ðB14Þ

which gives rise to the characteristic 2SC pairing
structure. The transposed expressions in Dirac space can
be simplified using Cγ5ðP�γ4ÞTCγ5 ¼ P�γ4 and
Cγ5ðP̄�γ4ÞTCγ5 ¼ P̄�γ4.
One then finds

Gþ ¼ GΔPrg þ G0Pb; ðB15Þ

G− ¼ ḠΔPrg þ Ḡ0Pb; ðB16Þ

F� ¼ Ξ�Prg; ðB17Þ

with the propagator in the blue sector, Pb ¼ diagð0; 0; 1Þ,
given by

G0 ¼
1

iνn − ϵ−q
Pþγ4 þ

1

iνn þ ϵþq
P−γ4; ðB18Þ

and in the red-green sector by

GΔ ¼ iνn þ ϵ−q
ðiνnÞ2 − E−2

q
Pþγ4 þ

iνn − ϵþq
ðiνnÞ2 − Eþ2

q
P−γ4: ðB19Þ

Similar to the inverse propagators in Eq. (B1), the corre-
sponding charge-conjugate propagators Ḡ0 and ḠΔ are
related to G0 and GΔ via

Ḡ0ðpÞ ¼ −G0ð−pÞ; and ḠΔðpÞ ¼ −GΔð−pÞ: ðB20Þ

Finally, the full inverted quark propagator Gq;k, as intro-
duced in Eq. (25), can be obtained via the basis reordering

transformation

Gq;k ¼ Gq;kT: ðB21Þ

APPENDIX C: INITIAL UV PARAMETERS AND
NUMERICAL DETAILS

Here, we summarize the numerical input parameters
used throughout this work. Within the RGC setup two
ultraviolet cutoffs are employed. The standard UV cutoff is
denoted by Λ0, while the RGC UV cutoff is taken as
Λ ¼ 10Λ0 ¼ 6 GeV, unless stated otherwise.
The initial flow parameters at the UV scale Λ0 ¼

600 MeV are listed in Table II. As discussed in
Sec. III B, the parameters in the (pseudo)scalar interaction
channel, a1, a2, gϕ, and h, are fixed from vacuum
phenomenology and are taken from Ref. [107]. The diquark
mass parameter b1 is adjusted for each value of the diquark
coupling gΔ such that the diquark curvature mass in the
infrared satisfies m2

Δ;curv ¼ ð600 MeVÞ2.
With the input parameters specified above, the numerical

determination of the chiral and diquark condensates is
performed by solving the flow equation Eq. (38), on a one-
dimensional σ grid using the finite-difference upwind
scheme described in Ref. [108], for fixed values of Δ.
The minimum in the σ direction

min
σ
fUk¼0ðσ;ΔÞ − hσg

is then minimized with respect to Δ.
The numerical calculations presented in this work

were performed using the SciML ecosystem [109–111]
within the Julia programming language [112], supplemented
by selected algorithms from the SUNDIALS suite [113,114].
All figures are produced using Makie.jl [115] and TikZ-

Feynman [116].

TABLE II. Initial UV parameters used in the FRG and MFA
analyses.

b1
[MeV2] gΔ

a1
[MeV2] a2 gϕ

h
[MeV3]

Λ0
[MeV]

MFA ð755.65Þ2 6 ð270.76Þ2 1.70 3.25 ð120.70Þ3 600
ð712.16Þ2 5 ð270.76Þ2 1.70 3.25 ð120.70Þ3 600
ð673.92Þ2 4 ð270.76Þ2 1.70 3.25 ð120.70Þ3 600
ð642.65Þ2 3 ð270.76Þ2 1.70 3.25 ð120.70Þ3 600

LPA ð746.32Þ2 6 −ð109.34Þ2 4.60 3.25 ð120.70Þ3 600
ð704.27Þ2 5 −ð109.34Þ2 4.60 3.25 ð120.70Þ3 600
ð669.40Þ2 4 −ð109.34Þ2 4.60 3.25 ð120.70Þ3 600
ð640.31Þ2 3 −ð109.34Þ2 4.60 3.25 ð120.70Þ3 600
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