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We investigate semileptonic sum rules in heavy-to-light charm decays, motivated by analogous relations
inb — cand b — u transitions. Focusing on the ¢ — dZv decays, D — nfv, D — pfv, and A, — nfv, we
examine a relation among their lepton-flavor universality ratios R%;. Although the charm sum rule is less
precise than the relations in bottom-hadron decays, current low-energy and high-p; constraints on new
physics restrict the actual deviation from the relation to below the percent level. The relation can therefore
provide a useful consistency check of charm semileptonic measurements. As an application, we derive a
prediction for the yet-unmeasured ratio R, in A, — nfv.
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I. INTRODUCTION

Quark and lepton flavor transitions in semileptonic
hadron decays provide important tests of the Standard
Model (SM) [1-3] and sensitive probes of new physics
(NP). While most flavor observables are well described by
the SM [4], several measurements show deviations from the
SM predictions. These tensions are being scrutinized at
ongoing experiments such as LHCb [5], Belle II [6], and
BESIII [7]. Future facilities such as FCC-ee [8] and STCF
[9] are also expected to improve the experimental reach.
These efforts motivate both studies of possible NP effects
and complementary tests based on relations among differ-
ent processes.

Such relations have recently been developed in studies of
bottom-hadron semileptonic decays [10-18]. In particular,
explicit sum rules have been found among processes such
as B—-DWw and A, > A.v. A key feature is
that certain combinations of the ratios Ry = BR(H, —
H.0)/BR(H, — H.¢D) for ¢ =e, p become almost
insensitive to NP contributions. The origin of these
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relations in b — ¢ transitions has been clarified in
Ref. [17] from the viewpoint of heavy-quark symmetry.'

This feature raises the question whether similar relations
can be constructed for other quark-flavor transitions. A
numerical study of b — u semitauonic transitions was
performed in Ref. [13].2 In contrast to the b — ¢ case,
this heavy-to-light relation is not known to follow from
heavy-quark symmetry. Nevertheless, the numerical study
found that the relation remains approximately satisfied. It is
therefore natural to ask whether a similar relation can
appear in charm decays.

In this work, we address this question by focusing on
¢ — dfv transitions. In particular, we examine whether a
predictive sum rule can be constructed for D — 7~ £u,
D — p~fv, and A, — nfv.

Experimentally, several branching fractions are already
available for the mesonic modes D — 7~Zv and
D — p~¢v. For the D — 7~ channel, branching fractions
have been reported for both the electron and muon modes
by Belle [27] and BESII [28,29], with additional

'Related sum rules have also been constructed for other b — ¢
hadron decays, including orbitally excited modes [19] and modes
related by flavor SU(3) symmetry [20].

“Such a study is interesting because BR(B — zzv) [21] and
BR(B — 70) show slight deviations [22-24]. Future Belle II data
are expected to test the relation [6]. In addition, heavy-to-light
sum rules in b — sy transitions have been discussed in
Refs. [25,26].

Published by the American Physical Society
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measurements of the electron mode from CLEO [30-32].
For the D — p~ channel, the electron mode has been
measured by CLEO [30,33] and BESHI [34,35],
while the muon mode is currently available only from
BESIII [36]. A direct estimate of the lepton-flavor univer-
sality ratio is currently available only for D — z~, where
R =BR(D® - 7 jiww)/BR(D° — z~év) shows a mild
deviation from the SM prediction at the 1.70 level
[29,37]. In contrast, no experimental result has yet been
reported for the baryonic process A, — nfv.

On the theoretical side, lattice QCD (LQCD) results are
available for D — # [38,39] and A, — n [40]. For D — p,
an early LQCD study treated the p meson as a stable
particle [41], while a light-cone sum-rule (LCSR) calcu-
lation is also available [42]. In this work, we use the LCSR
input for D — p.

With these experimental data and form factor inputs, the
sum rule studied here provides a consistency check
among the charm semileptonic ratios. This check will
become more useful as precision charm measurements
improve [7,9], and it directly relates the mesonic ratios to
the yet-unmeasured baryonic ratio in A, — nfw.

The rest of the paper is organized as follows. In Sec. I, we
introduce the operator basis to describe NP contributions
and review the decay rates. In Sec. III, we describe the sum
rule construction and define a cancellation measure. We also
compare the size of the sum rule violation with those in
b — clv and b — ulv decays for [ = e, u, 7. In Sec. IV, we
discuss phenomenological implications of the violation
under current constraints and present a sum rule prediction
for RY’. Section V is devoted to the summary and discussion.
|

dr(D — ) _ Gh|Veil? ¢

dq2 19273 m?)

II. SETUP
A. Operator basis

We assume that NP contributes to the ¢ — d#v transi-
tions. The final state contains Zv, rather than Zv as in
b — clv decays. The weak effective Lagrangian is written as

4GpV:,
V2

+ C§R0§R + CL0%].

Eeff = -

[(1+C)o5, + €5 05,
(2.1)
The effective operators are defined as

OéL = (ayﬂPLC)(ny,uPLf)y
0%, = (dPgc) (D, Pg?),

05, = (dPLc)(D,PR?),
0? = (aﬁ'uDPRC)(DKG”DPRf),
(2.2)

where P, = (1—ys5)/2, Pr=(1+ys)/2, and o* =
(i/2)[y*,y"] with the convention ¢**ys = —(i/2)e""c,,.
NP effects at high energy scales are encoded in the Wilson
coefficients Cy. The normalization factor 4G.V?,/ V2
corresponds to the SM contribution, which is obtained by
setting Cy = O for X = V, S; ¢, and 7. All light neutrinos
are assumed to be left-handed. Throughout this paper, the
Wilson coefficients are evaluated at u =2 GeV unless
otherwise stated.

B. Decay rate

For D — n~£v, the differential decay rate is given by

1 3
Lm0 =g p{ I+ P (14502 ) 7 + 527,

3
+51C5, + C§,P(H5)? + 8ICT (1 + 207) (HT)* = 3Re((1 + €7, )(C§, + C5,)"lp HFHY,,

~12Re[(1 + cégcgéﬂpfﬂaoﬂf;},

(2.3)

where ¢* is the invariant mass squared of the lepton system, iy, = ((my, —my,)* — ¢*)((my_+ my,)* — ¢*), and
ps = my/+/q*. The hadronic amplitudes H” are functions of the form factors given explicitly in Appendix A. Compared

with the formulas for b — clIb transitions [14,43], the CP-conjugate Zv final state leads to the opposite sign for the scalar-
vector interference terms. Similarly, the rate for D — p~¢v is given by

dr(D = pfv) _ GilVesl & ! ;3
= oy VAo P 1 COP| (104 308 IR 4 (24 () 432 G,

3
+351C5, = C§,P(HR)? +8ICT (1 + 202)[(H7 o) + (HY 1) + (HT _)?]
+3Re[(1 4 C7,)(C5, = C8,)lp HpHY,

~ 2Rel(1+ €, ) o (HY o+ HG L~ G115 .
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Analogously, the differential decay rate for A, — nZv is obtained based on Refs. [44,45],

dU(A, = ntv)  G2V.|* ¢* 1 ., . . ,
= aers VA= U+ C P (507 (Y 0,)7 + (Yo ) + (HY )7 + (Y, )

dq* 38473 mi(

2

3
32, + (H'&,,_V]} 3(ICY, + €4 (HR 1 1CG, — € ()

+ 8|CHP(1 +2p2) [(HY o )* + (HY 0 )* + (HY . )* + (HY )]
—3Re[(1+Cy )(C§, + C5 ) lpe(HY ., + HYy, )HY
—3Re[(1+Cy ) (C§, —C§ ) ps(HY,, — HY, ) Hp

+12Re[(1 4 €7, )CFlpo(HYy o Hi o + HY o Hi o+ Hy HE, + H'&,1—H’Tl.1—)}-

Using these formulas, we construct the charm sum rule and
evaluate its cancellation properties in the next section.

III. CHARM SUM RULE AND CANCELLATION

We now construct the sum rule for the ¢ - d semi-
leptonic ratios and quantify its violation. Since decays with
a 7 lepton in the final state are kinematically forbidden in
charm semileptonic decays, we consider lepton-flavor
universality ratios between the muon and electron modes.
In general, NP may contribute to the muon mode through
C and/or to the electron mode through C%. For the
electron mode, however, the interference terms with scalar
and tensor operators are strongly suppressed by the
charged-lepton mass. We focus on NP contributions to
the muon mode in the following analysis and comment on
other possibilities later.

Using the form factor inputs from LQCD for D —» =
[38,39] and A, — n [40], and those from LCSR for D — p

|

(2.5)

[42], we integrate the differential decay rates in the last
section over the phase space. We define

i BR(HC - Hd/_“/)
H: " BR(H. — Hyev)’

(3.1)

where H. and H, denote the charm and down hadrons,
respectively. Since NP contributions are assumed only in
the muon mode, the normalized ratios R} /R’;fd’SM are

equivalent to the normalized muon-mode branching frac-
tions and can be written as

RY
X ZaXDij’*, (3.2)
ij

SM ij
RY
with X =z, p, n and i,j=V,S;,Sg,T. Here Dy, =

1+ and D =/ for i = S;,Sg, T. We obtain the
numerical formulas

RI;FE * *
e SN = [1+Cy [P =0.39Re[(1 + C}, )C | = 0.39Re[(1 + C, )C]
+3.94Re[C§ O]+ 1.97(|C 1P + |C§ [?)
+0.47Re|(1 + C}, )C7] 4 1.16|CF %, (3.3)
R
R”‘fSM = |1+ CY, > = 0.075Re[(1 + CY, )C5'] +0.075Re[(1 + C}, ) CY]
P
—0.21Re[C§ C5 ] +0.11(|C | + |Cg, |*)
—2.02Re[(1 + C )] 4 15.8|Cr 2, (3.4)
Ry Ho2 H I H HE
R 1+ Cy,[> = 0.16Re[(1 4 C, )Cs'] = 0.043Re[(1 + CY, )C']
+0.35Re[C§, O] + 0.46(|C |* + |C [*)
—0.38Re[(1 + C}, )CF'] + 7.82|CF . (3.5)
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Hereafter, the superscript “ue” is omitted unless needed.
Compared with the formulas for the » — c and b — u cases
in Appendix B, the numerical coefficients in the ¢ — d case
are typically larger by a factor of ~1.5-4. The overall
pattern, however, is similar to that in the bottom decays.
The interference terms between Cy, and the scalar or tensor
coefficients are relatively small because they are suppressed

by p, = my/ \/? In contrast, the |Cr|* terms tend to be
large, reflecting the factor of 8 multiplying the tensor
contribution in the differential decay rates in Eqgs. (2.3)-
(2.5).

We construct a linear combination of the three normal-
ized ratios, which can be written as

R, R, R .
0=~ %oem — P sfl)v[ = E :5k1Ele ) (3.6)
R, Rz R, Xl

where k,l = V;, S, Sg, T. If an exact sum rule exists, one
can choose a and f independently of the Wilson coef-
ficients such that & vanishes for arbitrary values of the
coefficients. Equivalently, all coefficients &;; vanish
simultaneously. We impose a + f# = 1, so that the vector
contribution proportional to |Dy, |* cancels in 6. The
remaining nonzero coefficients §;; then quantify the
residual violation of the sum rule for each operator
combination.

In the sum rule for b — ¢ semileptonic decays, the
coefficients @ and f are fixed by heavy-quark symmetry in
the small-velocity limit [16]. In contrast, no analogous
symmetry argument is available for the heavy-to-light
transitions considered here. As a first diagnostic, we use
a reference choice in which one operator combination is
removed from 6, following a prescription developed in
Refs. [10-13]. For a chosen operator combination mn with
m,n=1V;,S;,Sg, T, we fix a and f by requiring J,,, = 0.
This yields

a' — aﬂ at —a
mn mn mn mn

= D ﬁmn = D
n — Amn mn — Amn

(3.7)

amn

Several choices of mn are possible. Hereafter, the label mn
specifies the operator combination for which the corre-
sponding coefficient J,,, is zero.

The coefficients o;; (for kI # mn) measure the residual
violation in the sum rule. To quantify the efficiency of the
cancellation among the three terms in Eq. (3.6), we
introduce the cancellation measure [19]

B 54
max||aj,|, |aaf|, |ﬂaizﬂ

€rl (38)

In the absence of a special relation among the three decay
ratios, one expects €, to be of order unity. A value ¢;; < 1
therefore indicates an efficient cancellation. If this occurs
for all operator combinations, the sum rule is well satisfied.

TABLE I. Sum rule violation coefficients o;; for various
transitions, evaluated with @ = ay, s, such that 6y, 5, = 0. The
last column shows the corresponding value of ay g, .

5vLsR Oss 5sRsL 5vLT orr a
c—dpy  32x10™* —0.11 —0.48 1.01 —-426 0.25
b—=cup  47x1073 -12x107 -59x 103 0.028 035 027
b — ctv —0.021 —6.3x 1073 —-0.012 0.13 023  0.27
b= upp —7.9 x 1073 -0.14 -0.33 0.030 -0.56 0.32
b — uto —0.067 —0.10 -0.20 0.20 -0.77  0.30
TABLE 1II. Cancellation measures ¢;; for various transitions,

evaluated with the same choice a = ay, 5, as in Table L

€V, Sk €ss €5pS, €y, T €rr
¢ — dpv 2.1x 1073 0.23 0.49 0.67 0.36
b — cuv 0.014 0.031 0.12 0.082 0.030
b — ctv 0.045 0.022 0.022 0.033 0.019
b — uuv 0.16 0.24 0.31 0.24 0.06
b = utv 0.12 0.19 0.22 0.12 0.08

We evaluate §;; and ¢y, for the reference choice of a.
The results for the ¢ — d transition are shown in the first
row of Tables I and II. They are compared with the results
for the b — ¢ transitions in the second and third rows and
those for the b — u transitions in the fourth and fifth rows.
The comparison is visualized in Fig. 1.2 Following
Ref. [13], we take mn =V §;. With this convention,
dy,s, = 0 by construction. For all transitions, the coef-
ficient ay g, , denoted by a in Table I, clusters around 0.3.
Table IT shows that the ¢ — d sum rule still exhibits
nontrivial cancellations, with €;; <1 for all operator
combinations. In the ¢ — d case, however, several
residual violations are larger than those in the b — ¢
and b — u transitions, as shown in Tables I and II.
This is particularly visible for kl = SpS;, VT, and TT.
Although 677 is large, the corresponding value of epp
remains below unity, indicating that a cancellation is still
present in the tensor contribution. The large residual 677
mainly reflects the large tensor coefficients af; in
Egs. (3.3)-(3.5).

The choice of « is not unique. To assess how this choice
affects the cancellation pattern, we now treat a as a free
parameter while keeping a + f = 1. This condition con-
tinues to remove the common |DY, |* contribution, and the

residual coefficients J; are then obtained from Eq. (3.6).
Figure 2 shows the a dependence of o;; and ¢, for

The normalization in € removes the overall size of each
operator contribution. It is therefore better suited than J;; for
comparing the efficiency of the cancellation among different
transitions. This is useful in particular for the interference terms,
whose coefficients are affected by the lepton-mass suppression

through p, = m,/+/q>.
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1 V.S
6le L I
O —— = = um I_F
-1k
Wc-odav
-2t B b-cuv
M b-octv
=-3r b > uuv
Bbourv
_4[
_5_'vLsR' "'8S " 'SgS, VT T TT ]

FIG. 1.
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0.0

Vi Sk SS SrS. viT TT

Sum rule violation coefficients dy; (left) and cancellation measures €, (right) for ¢ — dpuv (red), b — cuv (orange), b — ctv

(green), b — upv (cyan), and b — uzv (blue). The superscript of §, VS, indicates that the sum rule coefficient « is determined such

that the VS, term is eliminated.

c—-dpv
-10 i, | L L | | L 1

-0.2 0.0 0.2 04 0.6 0.8 1.0 1.2

€kl

FIG. 2. The a dependence of d;; (left) and ¢, (right) for ¢ — duv with f# = 1 — a. The vertical dashed lines show the values a,,,

obtained from Eq. (3.7), where the corresponding §,,, vanishes.

c— dﬁu.4 The dashed vertical lines indicate the values «,,,,
obtained from Eq. (3.7), where the corresponding 6,,,
vanishes. In the left panel, 677 becomes large in the large o
region, while the other residuals remain comparatively
small over the range shown. The right panel shows that the
scalar and tensor contributions prefer different regions,
with efficient scalar cancellations around a = 0.2 and tensor
cancellations around a ~ 0.5.” All displayed €y, are below
unity in the range 0.1 < a < 0.8, but no single value of a
realizes equally strong cancellations for all operator com-
binations. This behavior contrasts with the bottom

*The analogous plots for b — ¢lv and b — ulb are given
in Appendix C.

>The curves are not always smooth because the dominant term
in the denominator changes.

transitions, where the preferred values of a are more
closely aligned, as shown in Appendix C.

In summary, the analysis in this section shows that a
cancellation in the sum rule construction is present also in
the ¢ — d case, although it is weaker than that in the bottom
transitions. This conclusion is supported both by the
reference choice 6y, 5, =0 and by the scan over a. In
particular, the values of « preferred by the scalar and tensor
contributions are more widely separated in the ¢ — d case.
As a result, a single value of a cannot suppress all residual
violations as efficiently as in the b — ¢ and b — u cases.
Further work is needed to determine whether this pattern
reflects a genuine theoretical structure or an accidental
numerical feature. In addition, we have not included form
factor uncertainties in this analysis. This limitation is
particularly relevant for D — p, where improved lattice

095004-5
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determinations would be useful for a more quantitative
assessment.

IV. PHENOMENOLOGICAL IMPLICATIONS

We now discuss the phenomenological implications of
the charm sum rule. Although the cancellation at the
coefficient level in the previous section is weaker than
that in the bottom transitions, the actual violation of the
sum rule also depends on the allowed size of the Wilson
coefficients. We therefore combine the a scan described
above with the current constraints on the Wilson coeffi-
cients. As in the previous section, we assume NP con-
tributions only in the muon mode.

A. Experimental constraint

To estimate the phenomenological size of the residual
sum rule violation, we first summarize the current con-
straints on the Wilson coefficients relevant to ¢ — duv
transitions.

The leptonic decay D~ — uv gives a stringent low-
energy constraint especially on the scalar contributions.
This sensitivity comes from the helicity enhancement of the
pseudoscalar matrix element relative to the SM vector-
current contribution. Using the experimental value of
BR(D™ — ub) [4], together with |V .| ~0.225(4) and
fp =0.212(1) GeV [46-49], we obtain the 20 allowed
range

—0.0035 < C5, — Cg, <0.00081. (4.1)
The same observable gives a weaker constraint on Cy, than
the high-p; bound discussed below, and we do not use it in
the following estimates.

Complementary constraints are obtained from collider
experiments. At the LHC, events with a high-p; lepton
impose stringent bounds on the NP contributing to semi-
leptonic decays. Reference [50] reinterpreted ATLAS and
CMS results with an integrated luminosity up to 139 fb~!
[51,52] and derived the following bounds on the Wilson
coefficients at u = 2 GeV including renormalization group
effects:

|C7| <0.0052.
(4.2)

~0.0085<Cy, <0.012, |Cs, ,[<0.023,

These bounds apply to single-operator NP scenarios, in
which a single operator describing NP contributions in
Eq. (2.1) is assumed to be nonzero while all others vanish.
For scalar operators, the high-p; bounds are weaker than
the D™ — pv constraint on the combination Cg, — Csg, .
However, the direction C5, = Cg, = Cg is not constrained
by the decay. For this aligned direction, the high-p,
constraint gives

|Cs| <0.016. (4.3)
This follows from the fact that interference effects among
different NP operators are negligible in the high-p region.
Within the allowed ranges of the Wilson coefficients,
R /R can shift by about +2% when only Cy, is
varied, and by about +1% when one of the scalar or tensor
coefficients is varied. The residual violation ¢ in the sum
rule is reduced compared with these individual shifts
because NP contributions cancel among the three decay
modes. In particular, the contribution proportional to
Dy, |? vanishes once a + f = 1 is imposed. In the follow-
ing analysis, we take these constraints into account when
estimating the possible size of the sum rule violation.

B. Phenomenology

We investigate the actual size of violations in the sum
rule. Even though several §;; are numerically large, the
physical impact of the violation ¢ depends on the size of the
accompanying Wilson coefficients. If ¢ is small, the sum
rule becomes insensitive to the NP effects. We estimate the
possible range of § by varying the Wilson coefficients
within the bounds discussed in Sec. IVA. In this estimate
we consider the single-operator NP scenarios of S;, Sg, and
T, together with the aligned scalar direction C5, = Cyg, . As
in Sec. III, we scan a while imposing a + f = 1.

Figure 3 shows the resulting envelope of § as a function
of a. For each value of a, the envelope is obtained by
maximizing and minimizing 6 over the NP scenarios
described above. The gray region denotes the range where
at least one of the cancellation measures becomes ¢;; > 1.

0015
0.010 |

0.005

‘o 0.000 |
-0.005 |

-0.010 f

-0015F . . .. !
-02 00 0.2 04 0.6 0.8 1.0 1.2

FIG. 3. Allowed range of the residual sum rule violation § as a
function of a, taking into account the constraints on Cy. The
vertical dashed lines show the values a,,, obtained from Eq. (3.7).
The gray region corresponds to the range where at least one of the
cancellation measures satisfies €;; > 1, indicating that the can-
cellation is not efficient for all operator combinations.
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For values of a for which €;; < 1 holds for all operator
combinations considered here, the allowed violation
remains below the percent level. The narrowest envelope
occurs around a =~ 0.45 yielding |5| ~ 0.003, close to the
value of a7y obtained from Eq. (3.7). Thus, although some
of o, are sizable, the current bounds on the Wilson
coefficients strongly limit the actual violation of the sum
rule in the region where the cancellation is supported.
The preceding analysis shows that the residual violation
allowed by the current bounds on the Wilson coefficients is
at most at the percent level. As will be seen below, this
effect is smaller than the present experimental uncertainties
in the mesonic inputs entering the sum-rule prediction. We
can therefore use the relation to predict the yet-unmeasured
baryonic ratio R},° from the available mesonic inputs,

M Rye,ex Jle ,ex

He __ ppe. z 4

R =R, aR”e’SM + ﬁRpe,SM +4|, (4.4
n P

where R} is the experimental value of the corresponding

ratio. In addition, we obtained the SM value R“*M —

0.977 using the form factor inputs collected in Appendix A.

Its theoretical uncertainty is neglected, since it is expected

to be smaller than the current experimental uncertainties.
The BESIII measurement of R;® yields [29]

BR(D® - 7~ jw)
BR(D® - n~év)

R = =09224+0.037.  (4.5)

At present, the statistical uncertainty is slightly larger than
the systematic uncertainty, and a more precise measurement
is expected in the future. The SM prediction is given in
Ref. [37] as

RECSM = 0.985 + 0.002. (4.6)
This corresponds to a mild deviation of about 1.7¢ between
the experimental result and the SM prediction.

For RY¢, BESIII [36] and PDG [4] report the branching
fractions for D° — p~fiv and D° — p~év separately.
However, to our knowledge, no up-to-date direct determi-
nation of R,“* is currently available. BESIII [36] also
provided an estimate of R,“*, which is consistent with the
value obtained by combining the experimental branching
fractions available at that time, without taking correlations
among the uncertainties into account. Combining the latest
results [4] without accounting for those correlations, we
obtain

BR(D® — p~jiv)

Rﬂe,ex _
! BR(D° — p~év)

=0.925 £0.102. (4.7)
For the SM prediction, we are not aware of any study that

directly evaluates RA“SM including its uncertainty. We

110F "~ T T T

1.05F

1.00f
Se i
0.95
& _
0.90f
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-0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2

FIG. 4. Sum rule prediction for R, as a function of a. The blue
shaded band shows the lo range from the experimental un-
certainties in R7° and R}‘, including the allowed residual
violation 6. The dotted contours correspond to the same range
with 6 = 0, and the dashed line is obtained from the central
experimental inputs with 6 = 0. The gray region corresponds to
the range where at least one of the cancellation measures satisfies
€r > 1.

obtain the central value as

RESM = 0.956. (4.8)

As can be seen in R““M the theoretical uncertainty in the

ratio R’ is expected to be suppressed. We therefore neglect
the SM uncertainties in the present analysis.

Figure 4 shows the sum-rule prediction for R}y as a
function of a. The blue shaded region represents the lo
uncertainty band obtained from the experimental uncer-
tainties in R%° and R.°, with the allowed shift due to §
included. The blue dotted contours show the corresponding
1o band with § = 0. In the gray region, at least one of the
cancellation measures ¢;; exceeds unity, and the cancella-
tion is therefore not efficient. The small difference between
the blue shaded region and the blue dotted contours shows
that the residual sum rule violation is currently much
smaller than the experimental uncertainties. Thus, within
the present experimental accuracy, the sum-rule prediction
remains useful after including the residual violation, and its
uncertainty is dominated by the mesonic input data. For
representative values of «a, Table III summarizes the
predicted values of R,’, the allowed ranges of the residual
violation 6, and the largest cancellation measure. At
a = 0.8, the two largest cancellation measures €g,5, and
ey, are nearly degenerate.

Although the actual violation & is minimized around
a = 0.4-0.45, the smallest uncertainty in the estimate of
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e

TABLE 1III. Predictions of R;" evaluated at 6 = 0 for repre-
sentative values of «. Here, the uncertainties are from the
propagated 1o experimental uncertainties in R7° and R,°. The
third column shows the allowed range of the residual sum rule
violation 6. The last column shows the largest cancellation
measure €;; and the corresponding operator combination.

a Ry Allowed range of & max |ey]

0.25 0.937 £0.079 [—0.0054,0.0052] ey, r = 0.67
0.45 0.931 £ 0.060 [-0.0032,0.0027] €s,s, = 0.74
0.80 0.920 £ 0.036 [-0.0084,0.0057] €s,s, = 0.88

R}’ is obtained at a larger value of a, around @ = 0.8. This
behavior is driven by the current experimental inputs. Since
the uncertainty in R/,° is much larger than that in R%’,
increasing a suppresses the contribution of R, in Eq. (4.4)
and narrows the uncertainty band. However, this region lies
close to the gray region in Fig. 4, where the cancellation is
not efficient. Thus, the choice of a involves a tradeoff
between reducing the propagated experimental uncertainty
and maintaining an efficient cancellation in the sum rule.
With the present inputs, the resulting prediction has an
uncertainty of about 4%, which provides a useful target for
future measurements and consistency tests. The prediction
can be systematically updated as more precise measure-
ments of R7* and R/,° become available.

V. SUMMARY AND DISCUSSION

Motivated by the sum rules in bottom semileptonic
decays, we investigated whether an analogous relation
can be constructed in charm hadron decays. We focused
on the ¢ — dfv transitions involving D — zfv, D — ptv,
and A, — nfv. For these modes, we constructed a relation
among the lepton-flavor universality ratios RY; and quan-
tified its residual violation. We found that the charm case
exhibits a nontrivial cancellation of the residual violation.
Although this cancellation is less efficient compared with
the b — c and b — u transitions, the scan over o shows that
the charm relation remains useful over a broad range of a.

We then included the current constraints on the NP
contributions from D~ — uv and high-p; searches.
Although some of the violations are sizable at the coef-
ficient level, the allowed Wilson coefficients strongly
restrict the actual residual violation 6. As a result, the
actual violation is at most at the percent level and remains
smaller than the present experimental uncertainties in the
mesonic inputs. Thus, the sum rule can still be used as a
phenomenological consistency relation.

As an application, we used the relation to predict the yet-
unmeasured ratio R}°. The present uncertainty is driven
primarily by the experimental uncertainty in the mesonic
inputs, especially in R}, and effects from the residual sum
rule violation are negligible. A larger value of a reduces the

propagated uncertainty by suppressing the contribution from
RL’. However, this region is close to where the cancellation
becomes less efficient for some operator combinations. The
choice of a therefore involves a tradeoff between reducing the
experimental uncertainty and maintaining the quality of the
sum-rule cancellation. With the current data, the resulting
prediction has an uncertainty of about 4%, providing a useful
target for future measurements of A, — nzv.

In this paper, we assumed NP contributions only in the
muon mode. NP contributions to the electron mode could
be analyzed in the same framework. Since stringent high-
pr constraints are also available [50], one may expect a
similarly predictive relation, although a dedicated analysis
is needed to quantify this statement. If NP effects are
present simultaneously in the electron and muon modes, the
lepton-flavor universality ratios may remain close to their
SM values. In such a case, sum rules relating branching
fractions themselves could become more appropriate.

We also did not include form factor uncertainties in the
main numerical analysis. This limitation is especially
relevant for D — p transitions, where the form factors
enter the coefficients afj and can potentially affect the
cancellation pattern. As a compact check, we repeated the
analysis by changing only the D — p form factors, while
keeping all the other inputs fixed. Using the form factors
including higher-twist contributions in Ref. [42] instead of
the leading-twist input used in the main analysis, we found

that R4*S™ changes only slightly, from 0.956 to 0.953. This
small change is expected because most of the form factor
dependence cancels in the ratio of the muon and electron
modes. By contrast, some individual coefficients aﬁ’j,
especially the scalar coefficient dfg, can differ by up to
about 25%. Nevertheless, the values of a at which ¢
becomes minimal change by at most about 5%, and the
region satisfying ¢;; < 1 remains almost unchanged. We
also found that the cancellation quality is somewhat more
sensitive to the D — p input in the large-a region. However,
the prediction for Ry’ is not significantly affected because
the allowed NP Wilson coefficients are small. This com-
parison should be regarded as a case study rather than a full
form factor uncertainty analysis, and a more precise
determination of the D — p form factors would be useful
for a more quantitative assessment.

The present study gives a numerical first step toward
semileptonic sum rules in heavy-to-light charm decays. A
fundamental understanding would be required to clarify
whether the observed cancellations reflect an underlying
structure or an accidental numerical pattern. Future mea-
surements of R%°, R,°, and eventually R},° will provide
direct tests of this relation.
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APPENDIX A: FORM FACTOR AND HADRONIC
AMPLITUDE

New Standards Program for the Next Generation This appendix summarizes the form factors and helicity
Researchers.” amplitudes used in the analysis. We follow the form factor
definition in Ref. [40] as
by n lu mA(: + mn / 2 2 qﬂ
(n(k)|dy,c|Ac(p)) = U, A= M) 2+F+Q—+ q, — (m3x —mn)?
2m
+F, (y,, Ac kﬂ>]u,\c, (A1)
0.
q m n q
(Oldr,rsclA(p)) = ~Tiurs [Go ) % 6, (g =) %)
q o q
2m/\,
+ GJ_ (y/l Q_( /4):| MAC7 (A2)
- m
dc|A, Fr—e g . A3
() el A(p) = Fy 2 (43)
_ +m,
dysc|A — Gy A T My, , A4
(n(I0fdrsel A (p) = Go "0t sy, (A4)
— P ku -k Pv . mA +m 1 1
(00l p) = |20 P i (M =0 2 )k )
2i
+ H+ <6ﬂv + Z (mAC(kyyu - yyku) - mn(p;ﬂ/u - Yypu) + pyku - kypzz))
Lo A, — My
- lHngT <(m3\ —my = ¢*)(YuDy — Pu?y)
- (mic - m%l + qz)(yMky - kyyv) + (mA(, - mn)(pﬂkv - kﬂpv)>:| Up (AS)
with g = p—k, ¢ = p+k, and O, = (my +m,)* - ¢*.
For the D — x transition, we use the form factor definitions [43]
- m2 — m?2 2 _ m}zr
(0l elD(p) = Py (=050, ) 4+ RS, (A6)
- m%) — m2
k)|dc|D =Fr 2 T A7
(x(1)de|D(p) = Fg > (A7)
- . 2F
<7L’(k)|dGMVC|D(p)> =~ ! (puky - kupv)’ (AS)

and the D — p transition as

mp + m,
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(p(k.€)|dy,c|D(p)) = —i
(p(k.e)ldy,rscID(p)) = Ai(mp +m, e = A,
(p(k.€)ldysc|D(p)) = —Ay

2
— m
(p(k.)| o c|D(p)) = ,,mﬁ{—ne*aq'wrl )"

with the convention of do*ysc = —(i/2)e"*do,pc and
€913 = —€%123 = 1. We also define
mp +m mp—m
Ay =A —2 P _p, =2 7 (A13)
2m,, 2m,,

The helicity amplitudes are given for the mesonic decays as

|2
HI‘T/’O - ?Fl, (A14)
m2 — m2
H},, = —Po="F, (A15)
t qz
2 2
Hr =0 "% pr (A16)
me—mgy
7
HE = __ VA - (A17)
mp + m,
\//1/)
HV:!: = (mD —|—m,,)A1 F WV, (AIS)
14
HY =20 { (= = 2)A, + A
- - - 1 21>
V0 2m,\/q* b (mp+m,)?
(A19)
4 ’10
HV,t — ?Ao, (AZO)
H) = ——Y i A (A21)
P m,+my
, 1
H., = v [j:(mD —m2)T, + /IpTl], (A22)

m
pe*“qﬂ + (Tl - T2 - T3

2V
U* ak/)” A9
mp +m/; elw(lﬁe p ( )
€-q Zm,,e* -q

—q, - (As —Ay) ———¢q,, Al10
mp +m, m (A3 0) P du ( )

2 .
M€ -4 (A1)

m.+my’

2

2 2e* -
Tt @

2
mp—m, q

A
H/YJ",O = — [—(m% + 3m§ - qz)Tz + n’lzisz’j} .

2m,, DM
(A23)

For the baryonic decay, the helicity amplitudes are given by

Hyy . =—/20_F, £/20,G,,

0 |O- Y
Hy e = ?(m/\(, +m,)F, F q_;(m’\c —m,)G,

(A24)

(A25)
n Q n Q_
Hy . = \/q—;(m/\f - m,)F§ ¥ g/?(m/\c + m,)Go,
(A26)
my, —my,

H!=——— F? A27
S e —my, V Q. Fy, (A27)
="M 56 (A28)

P m, +my -

" 2
Hp, =- ?[(m,\c +m,)\/Q_H,

+ (my —my) /O, 0 4, (A29)
Hyo =VQO-H v Q+I:I+' (A30)

We next summarize the form factor parametrizations and
numerical inputs used in this work. For the D — 7 form
factors, we use the result of LQCD [38,39]. Form factors
are expressed as
Fo(0) + (" = 2) (1 + =57)

F.(q%) =
(a7 1P

. (A31)
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where F, = {F}.F\,Fr}, with ¢" ={cg,c;,cr} and
P, = {Pg, Py, Pr}, respectively. Here, we define z” as

Vie—¢' =i~ 1y
Vie— ¢+ i =1

with L= (mD + mﬂ)z’ lp = (mD + mlr)(\/ mp =/ mﬂ)z’
and z§ = z"(0). The numerical values are

(q*) =

(A32)

(Fr.F\. Fy} = {0.6117.0.6117,0.5063),  (A33)
{co,c1,cr} = {-1.188,—-1.985, —-1.10}, (A34)
(P, Py, Py} = {0.0342,0.1314,0.1461} GeV-2. (A35)

For the D — p form factors, we adopt the LCSR results
of Ref. [42]. The vector-current form factors can be written
as

2 2.0
l-a, ’Z—% + b, (,Z—%))

F,(q*) = (A36)

where F, ={V,A, A, A5}, with a, = {ay,a,,ay, a3}
and b, = {by. by, by, by}, respectively. Here, A;(q?) is
obtained from Eq. (A13), while Ay(g?) is determined from

q2

Ag=Ay——— T
0 } 2m,(mp +m,)

AL, (A37)

. 6
The numerical values of the parameters used are

{v(0).4,(0),A,(0), A5(0)}
= {0.735,0.590,0.528,-0.528},  (A38)
{ay.a,.as, a3} = {0.48,0.44,091,091},  (A39)
{by.by. by, by} = {2.25,0.20,—1.01,=1.01}.  (A40)

For the tensor form factors, no direct LCSR or lattice
determination is available. We therefore follow Ref. [42]
and use relations based on heavy-quark symmetry,

|

pole

The variable z

pole pole pole pole pole pole pole pole pole pole
My = {mfo Mg My Mgy Mg, s Mg, s Mty T :

Ac is defined as in Eq. (A32), with £, replaced by (m,

2

2 2
Ty == DT Ty MDY a4y
sz(mD + m,,) 2mD
2 mp—y)(mp+m mp(y? —m?
Ty=— 5 (mp—y)(mp /))A1+ p(y )V,
mp—m, 2 mp+m
(A42)
mp +m, mp —m,
Ty =— A A, — A
3 2 1+ 2y (A — AY)
m? + 3m2 — ¢*
D—qu, (A43)

2mp(mp + mp)

where y = (m}, + m% — ¢*)/(2mp). This treatment relies
on the relations under the heavy-quark symmetry for the
tensor contribution. A direct determination of the D — p
form factors, including the tensor form factors, would be
needed for a more quantitative test of the charm sum rule.”
A lattice calculation treating the vector meson as a
resonance has recently been demonstrated for B — p [55],
and a corresponding calculation for charm decays would be
particularly valuable.

For the A, - n form factors,
result [40]. They can be written as

2
E (1 A{ n’

T poleyo
( 506)2 n=

we use the LQCD

F,(q%) (A44)

1

where the form factors F,, the coefficients a}, and the pole

pole
masses m ¥ are

F, = {FSfF+,FL,Go,G+7GL,HLH¢,H+’H+}7
(A45)
9o 9+ 91 K
{an ,an 7an 7an0’an+’anLyanl,an aan 7an }

(A46)

Ly, my (A47)

hy B,

—m,)? and ¢, remains unchanged accounting for the

D threshold. The numerical values of these parameters are

5This corresponds to the leading-twist scenario in Ref. [42]. The higher-twist scenario was found to receive larger higher-order
corrections in the heavy-quark expansion, and we therefore use the leading-twist case.
"Recent LCSR studies indicate that finite-width and nonresonant-background effects may be relevant for precision studies [53,54].
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{al0,al*, ] ,a{;*,al .al'} ={0.84,-2.57,9.87,0.83,-2.33,8.41}, (A48)
{al*.al* al* a®, a? a®} = {1.36,-1.70,0.71,0.73, -0.97,0.83}, (A49)
{alr,al",adr, ad, a%*, ad*} = {0.69,-0.90,2.25,0.69, —0.68,0.70}, (A50)
{ah a a al a dh) = {0.63,-1.04,1.42,0.63,-1.39,4.22}, (A51)
{ale. al a alt d iy = {1.11,-0.69, -2.84,0.63. -1.19,3.73}, (A52)
mi =2351GeV,  m = m = mp** = ml"* =2.010GeV. (A53)
mi, =1870GeV,  mi = mi" = mP*® = mg‘fe = 2423 GeV. (A54)

From Eq. (A44), one finds that form factors develop a pole for g2, > (m?‘)le)z.

APPENDIX B: NUMERICAL FORMULAS FOR BOTTOM-HADRON DECAYS

This appendix collects the normalized branching fractions for the bottom transitions used for comparison in Sec. I1I. We
define

BR¥ = BR(H,, —» Xub). (B1)

The Wilson coefficients C{ are defined analogously to those in Eq. (2.1) with the final state u. For b — cub transitions, we
obtain

BRY/ | ps cpr
7BRZ’” s = |1+ CV P+ 0.15Re[(1 + CF )C{] 4 0.15Re[(1 + CF )]
D
+2.11Re[C¢ C7] + 1.05(|CS > + | C: [?)
+0.18Re[(1 + C} )CH] + 0.64/CF|? (B2)
BRZ«‘ Ci |2 Ccu Cp* CU Cp*
e = |1 CY. P+ 0.020Rel(1 + Y )C52'] ~ 0020 Re[(1 + €Y1
e
— 0.12Re[C{/ C{"] 4 0.060(|CY [ + |CY:[?)
—0.47Re[(1 + C)CH"] + 15.2|CF %, (B3)
bﬂ
BR"” i = |1+ CV. 2+ 0.050Re[(1 + C )CY] 4 0.024 Re[(1 + CY ) S
+ 0.48 Re[C{ CY™] + 0.33(|C > + [C{[?)
—0.27Re[(1 + C{)CH*] + 11.6|CF'2. (B4)
For b — uuv transitions, we obtain
BRb# up |2 U, Up* U, Up*
BRI = [1+Cy > +0.10Re[(1 + Cy )C¢ "] + 0.10Re[(1 + CY ) Cs']
+3.32Re[C{ C"] + 1.66(|CY'[* + |C:[?)
+0.24Re[(1 + CY ) CH"] + 3.35|C? (B5)
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BRIiﬂ U, U, Up* U, Up*
W =1+ CY[* +0.036 Re[(1 + CV/)C§"] — 0.036 Re[(1 4 CY! ) C]
P
— 0.64Re[C¢' C¢] 4 0.32(|C¢ > + |CE: )
—0.19Re[(1 + C} ) O] + 12.0|Cy 2, (B6)
BR[;,ﬂ up |2 u upx u Up*
BRI 1+ CY > +0.048 Re[(1 + CV)CY"] + 0.0082 Re[(1 + Cy! ) C]
+0.31Re[CY/C T+ 0.61(|CY]* + |CE1?)
—0.019Re[(1 + CV)C7"] + 8.62|C7|. (B7)

APPENDIX C: §,; AND ¢, FOR
BOTTOM-HADRON DECAYS

Figure 5 shows the a dependence of o;; and ¢;; for
b — cuv and b — uuv. The values of a,,, obtained from
Eq. (3.7), where each corresponding §,,, vanishes, are also
indicated. Compared with the ¢ — d case shown in Fig. 2,
the values of «,,, are more closely aligned in the bottom-
hadron decays. The spread is about 0.1 for b — cuv and
about 0.2 for b — upv. This alignment allows several
operator combinations to be suppressed simultaneously
for a common value of a. In particular, the b — ¢ case
exhibits efficient suppression around a ~ 1/4, as expected
from the small-velocity limit. The phenomenological
implications of the residual violation also depend on the
experimentally allowed ranges of the Wilson coefficients,

which are constrained by B-meson decays and by high-py
searches at the LHC (see, for instance, Refs. [56-58]).

Figure 6 shows the corresponding results for the tauonic
bottom-hadron decays. The values of «,,, are more closely
aligned than in the corresponding muonic modes. For b — ¢
transitions, this behavior can be understood from the small-
velocity limit, where the sum-rule coefficient approaches
a = 1/4 [16]. Deviations from this value arise from higher-
order corrections in the heavy-quark expansion and from
departures from zero recoil. The latter effect is more pro-
nounced for light leptons, since the kinematically allowed
recoil range is larger than that in the tauonic mode.
Equivalently, with w = (mj, + mj; —q*)/(2my,my),
one has wi, < wha. A related discussion is given
in Ref. [18].
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b - cuv |

€kl

€kl

FIG. 5. The a dependence of §; and €; for b — cuv (upper) and b — uuv (lower). The left and right panels show J;; and €y,
respectively. The vertical dashed lines indicate the values of a,,,.
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FIG. 6. Same as Fig. 5, but for b — czv (upper) and b — uzv (lower).
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