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We investigate semileptonic sum rules in heavy-to-light charm decays, motivated by analogous relations
in b → c and b → u transitions. Focusing on the c → dlν decays,D → πlν,D → ρlν, and Λc → nlν, we
examine a relation among their lepton-flavor universality ratios Rμe

H . Although the charm sum rule is less
precise than the relations in bottom-hadron decays, current low-energy and high-pT constraints on new
physics restrict the actual deviation from the relation to below the percent level. The relation can therefore
provide a useful consistency check of charm semileptonic measurements. As an application, we derive a
prediction for the yet-unmeasured ratio Rμe

n in Λc → nlν.
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I. INTRODUCTION

Quark and lepton flavor transitions in semileptonic
hadron decays provide important tests of the Standard
Model (SM) [1–3] and sensitive probes of new physics
(NP). While most flavor observables are well described by
the SM [4], several measurements show deviations from the
SM predictions. These tensions are being scrutinized at
ongoing experiments such as LHCb [5], Belle II [6], and
BESIII [7]. Future facilities such as FCC-ee [8] and STCF
[9] are also expected to improve the experimental reach.
These efforts motivate both studies of possible NP effects
and complementary tests based on relations among differ-
ent processes.
Such relations have recently been developed in studies of

bottom-hadron semileptonic decays [10–18]. In particular,
explicit sum rules have been found among processes such
as B → Dð�Þτν and Λb → Λcτν. A key feature is
that certain combinations of the ratios RHc

¼ BRðHb →
Hcτν̄Þ=BRðHb → Hclν̄Þ for l ¼ e, μ become almost
insensitive to NP contributions. The origin of these

relations in b → c transitions has been clarified in
Ref. [17] from the viewpoint of heavy-quark symmetry.1

This feature raises the question whether similar relations
can be constructed for other quark-flavor transitions. A
numerical study of b → u semitauonic transitions was
performed in Ref. [13].2 In contrast to the b → c case,
this heavy-to-light relation is not known to follow from
heavy-quark symmetry. Nevertheless, the numerical study
found that the relation remains approximately satisfied. It is
therefore natural to ask whether a similar relation can
appear in charm decays.
In this work, we address this question by focusing on

c → dl̄ν transitions. In particular, we examine whether a
predictive sum rule can be constructed for D → π−lν,
D → ρ−l̄ν, and Λc → nl̄ν.
Experimentally, several branching fractions are already

available for the mesonic modes D → π−l̄ν and
D → ρ−l̄ν. For the D → π− channel, branching fractions
have been reported for both the electron and muon modes
by Belle [27] and BESIII [28,29], with additional
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1Related sum rules have also been constructed for other b → c
hadron decays, including orbitally excited modes [19] and modes
related by flavor SU(3) symmetry [20].

2Such a study is interesting because BRðB → πτν̄Þ [21] and
BRðB → τν̄Þ show slight deviations [22–24]. Future Belle II data
are expected to test the relation [6]. In addition, heavy-to-light
sum rules in b → sνν̄ transitions have been discussed in
Refs. [25,26].

PHYSICAL REVIEW D 114, 095004 (2026)

2470-0010=2026=114(9)=095004(17) 095004-1 Published by the American Physical Society

https://orcid.org/0000-0002-8392-780X
https://orcid.org/0000-0002-8295-9623
https://orcid.org/0000-0003-1832-1825
https://orcid.org/0009-0004-3297-8115
https://orcid.org/0000-0001-9317-5843
https://ror.org/01g5y5k24
https://ror.org/0516ah480
https://ror.org/04chrp450
https://ror.org/0527w2g59
https://ror.org/04chrp450
https://ror.org/04zb31v77
https://ror.org/04chrp450
https://ror.org/03x1jna21
https://crossmark.crossref.org/dialog/?doi=10.1103/vdtw-k6fb&domain=pdf&date_stamp=2026-11-02
https://doi.org/10.1103/vdtw-k6fb
https://doi.org/10.1103/vdtw-k6fb
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


measurements of the electron mode from CLEO [30–32].
For the D → ρ− channel, the electron mode has been
measured by CLEO [30,33] and BESIII [34,35],
while the muon mode is currently available only from
BESIII [36]. A direct estimate of the lepton-flavor univer-
sality ratio is currently available only for D → π−, where
Rμe
π ¼ BRðD0 → π−μ̄νÞ=BRðD0 → π−ēνÞ shows a mild

deviation from the SM prediction at the 1.7σ level
[29,37]. In contrast, no experimental result has yet been
reported for the baryonic process Λc → nl̄ν.
On the theoretical side, lattice QCD (LQCD) results are

available for D → π [38,39] and Λc → n [40]. For D → ρ,
an early LQCD study treated the ρ meson as a stable
particle [41], while a light-cone sum-rule (LCSR) calcu-
lation is also available [42]. In this work, we use the LCSR
input for D → ρ.
With these experimental data and form factor inputs, the

sum rule studied here provides a consistency check
among the charm semileptonic ratios. This check will
become more useful as precision charm measurements
improve [7,9], and it directly relates the mesonic ratios to
the yet-unmeasured baryonic ratio in Λc → nl̄ν.
The rest of the paper is organized as follows. In Sec. II, we

introduce the operator basis to describe NP contributions
and review the decay rates. In Sec. III, we describe the sum
rule construction and define a cancellationmeasure.We also
compare the size of the sum rule violation with those in
b → clν̄ and b → ulν̄ decays for l ¼ e, μ, τ. In Sec. IV, we
discuss phenomenological implications of the violation
under current constraints and present a sum rule prediction
forRμe

n . SectionVis devoted to the summary and discussion.

II. SETUP

A. Operator basis

We assume that NP contributes to the c → dl̄ν transi-
tions. The final state contains l̄ν, rather than lν̄ as in
b → clν̄ decays. Theweak effective Lagrangian is written as

Leff ¼ −
4GFV�

cdffiffiffi
2

p �ð1þ Cl
VL
ÞOl

VL
þ Cl

SL
Ol

SL

þ Cl
SR
Ol

SR
þ Cl

TO
l
T

�
: ð2:1Þ

The effective operators are defined as

Ol
VL

¼ ðd̄γμPLcÞðν̄lγμPLlÞ; Ol
SL

¼ ðd̄PLcÞðν̄lPRlÞ;
Ol

SR
¼ ðd̄PRcÞðν̄lPRlÞ; Ol

T ¼ ðd̄σμνPRcÞðν̄lσμνPRlÞ;
ð2:2Þ

where PL ¼ ð1 − γ5Þ=2, PR ¼ ð1þ γ5Þ=2, and σμν ¼
ði=2Þ½γμ; γν� with the convention σμνγ5 ¼ −ði=2Þϵμνρσσρσ.
NP effects at high energy scales are encoded in the Wilson
coefficients CX. The normalization factor 4GFV�

cd=
ffiffiffi
2

p
corresponds to the SM contribution, which is obtained by
setting CX ¼ 0 for X ¼ VL, SL;R, and T. All light neutrinos
are assumed to be left-handed. Throughout this paper, the
Wilson coefficients are evaluated at μ ¼ 2 GeV unless
otherwise stated.

B. Decay rate

For D → π−l̄ν, the differential decay rate is given by

dΓðD → πlνÞ
dq2

¼ G2
FjVcdj2
192π3

q2

m3
D

ffiffiffiffiffi
λπ

p
ð1 − ρ2lÞ2

�
j1þ Cl

VL
j2
��

1þ 1

2
ρ2l

�
ðHπ

V;0Þ2 þ
3

2
ρ2lðHπ

V;tÞ2
	

þ 3

2
jCl

SL
þ Cl

SR
j2ðHπ

SÞ2 þ 8jCl
T j2ð1þ 2ρ2lÞðHπ

TÞ2 − 3Re½ð1þ Cl
VL
ÞðCl

SL
þ Cl

SR
Þ��ρlHπ

SH
π
V;t

− 12Re½ð1þ Cl
VL
ÞCl�

T �ρlHπ
V;0H

π
T



; ð2:3Þ

where q2 is the invariant mass squared of the lepton system, λHd
¼ ððmHc

−mHd
Þ2 − q2ÞððmHc

þmHd
Þ2 − q2Þ, and

ρl ¼ ml=
ffiffiffiffiffi
q2

p
. The hadronic amplitudes Hπ are functions of the form factors given explicitly in Appendix A. Compared

with the formulas for b → clν̄ transitions [14,43], the CP-conjugate l̄ν final state leads to the opposite sign for the scalar-
vector interference terms. Similarly, the rate for D → ρ−l̄ν is given by

dΓðD → ρlνÞ
dq2

¼ G2
FjVcdj2
192π3

q2

m3
D

ffiffiffiffiffi
λρ

q
ð1 − ρ2lÞ2

�
j1þ Cl
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��
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þ 3Re½ð1þ Cl

VL
ÞðCl

SL
− Cl

SR
Þ��ρlHρ
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: ð2:4Þ
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Analogously, the differential decay rate for Λc → nl̄ν is obtained based on Refs. [44,45],

dΓðΛc → nlνÞ
dq2

¼ G2
FjVcdj2
384π3

q2

m3
Λc

ffiffiffiffiffi
λn

p
ð1 − ρ2lÞ2

�
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��
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2
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SR
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: ð2:5Þ

Using these formulas, we construct the charm sum rule and
evaluate its cancellation properties in the next section.

III. CHARM SUM RULE AND CANCELLATION

We now construct the sum rule for the c → d semi-
leptonic ratios and quantify its violation. Since decays with
a τ lepton in the final state are kinematically forbidden in
charm semileptonic decays, we consider lepton-flavor
universality ratios between the muon and electron modes.
In general, NP may contribute to the muon mode through
Cμ
X and/or to the electron mode through Ce

X. For the
electron mode, however, the interference terms with scalar
and tensor operators are strongly suppressed by the
charged-lepton mass. We focus on NP contributions to
the muon mode in the following analysis and comment on
other possibilities later.
Using the form factor inputs from LQCD for D → π

[38,39] and Λc → n [40], and those from LCSR for D → ρ

[42], we integrate the differential decay rates in the last
section over the phase space. We define

Rμe
Hd

¼ BRðHc → Hdμ̄νÞ
BRðHc → HdēνÞ

; ð3:1Þ

where Hc and Hd denote the charm and down hadrons,
respectively. Since NP contributions are assumed only in
the muon mode, the normalized ratios Rμe

Hd
=Rμe;SM

Hd
are

equivalent to the normalized muon-mode branching frac-
tions and can be written as

Rμe
X

Rμe;SM
X

¼
X
ij

aXijD
μ
iD

μ�
j ; ð3:2Þ

with X ¼ π, ρ, n and i; j ¼ VL; SL; SR; T. Here Dμ
VL

¼
1þ Cμ

VL
and Dμ

i ¼ Cμ
i for i ¼ SL; SR; T. We obtain the

numerical formulas

Rμe
π

Rμe;SM
π

¼ j1þ Cμ
VL
j2 − 0.39Re½ð1þ Cμ

VL
ÞCμ�

SR
� − 0.39Re½ð1þ Cμ

VL
ÞCμ�

SL
�

þ 3.94Re½Cμ
SL
Cμ�
SR
� þ 1.97ðjCμ

SL
j2 þ jCμ

SR
j2Þ

þ 0.47Re½ð1þ Cμ
VL
ÞCμ�

T � þ 1.16jCμ
T j2; ð3:3Þ

Rμe
ρ

Rμe;SM
ρ

¼ j1þ Cμ
VL
j2 − 0.075Re½ð1þ Cμ

VL
ÞCμ�

SR
� þ 0.075Re½ð1þ Cμ

VL
ÞCμ�

SL
�

− 0.21Re½Cμ
SL
Cμ�
SR
� þ 0.11ðjCμ

SL
j2 þ jCμ

SR
j2Þ

− 2.02Re½ð1þ Cμ
VL
ÞCμ�

T � þ 15.8jCμ
T j2; ð3:4Þ

Rμe
n

Rμe;SM
n

¼ j1þ Cμ
VL
j2 − 0.16Re½ð1þ Cμ

VL
ÞCμ�

SR
� − 0.043Re½ð1þ Cμ

VL
ÞCμ�

SL
�

þ 0.35Re½Cμ
SL
Cμ�
SR
� þ 0.46ðjCμ

SL
j2 þ jCμ

SR
j2Þ

− 0.38Re½ð1þ Cμ
VL
ÞCμ�

T � þ 7.82jCμ
T j2: ð3:5Þ
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Hereafter, the superscript “μe” is omitted unless needed.
Compared with the formulas for the b → c and b → u cases
in Appendix B, the numerical coefficients in the c → d case
are typically larger by a factor of ∼1.5–4. The overall
pattern, however, is similar to that in the bottom decays.
The interference terms betweenCVL

and the scalar or tensor
coefficients are relatively small because they are suppressed
by ρl ¼ ml=

ffiffiffiffiffi
q2

p
. In contrast, the jCT j2 terms tend to be

large, reflecting the factor of 8 multiplying the tensor
contribution in the differential decay rates in Eqs. (2.3)–
(2.5).
We construct a linear combination of the three normal-

ized ratios, which can be written as

δ ¼ Rn

RSM
n

− α
Rπ

RSM
π

− β
Rρ

RSM
ρ

¼
X
kl

δklD
μ
kD

μ�
l ; ð3:6Þ

where k; l ¼ VL; SL; SR; T. If an exact sum rule exists, one
can choose α and β independently of the Wilson coef-
ficients such that δ vanishes for arbitrary values of the
coefficients. Equivalently, all coefficients δkl vanish
simultaneously. We impose αþ β ¼ 1, so that the vector
contribution proportional to jDμ

VL
j2 cancels in δ. The

remaining nonzero coefficients δkl then quantify the
residual violation of the sum rule for each operator
combination.
In the sum rule for b → c semileptonic decays, the

coefficients α and β are fixed by heavy-quark symmetry in
the small-velocity limit [16]. In contrast, no analogous
symmetry argument is available for the heavy-to-light
transitions considered here. As a first diagnostic, we use
a reference choice in which one operator combination is
removed from δ, following a prescription developed in
Refs. [10–13]. For a chosen operator combination mn with
m; n ¼ VL; SL; SR; T, we fix α and β by requiring δmn ¼ 0.
This yields

αmn ¼
anmn − aρmn

aπmn − aρmn
; βmn ¼

aπmn − anmn

aπmn − aρmn
: ð3:7Þ

Several choices of mn are possible. Hereafter, the label mn
specifies the operator combination for which the corre-
sponding coefficient δmn is zero.
The coefficients δkl (for kl ≠ mn) measure the residual

violation in the sum rule. To quantify the efficiency of the
cancellation among the three terms in Eq. (3.6), we
introduce the cancellation measure [19]

ϵkl ¼
jδklj

max½janklj; jαaπklj; jβaρklj�
: ð3:8Þ

In the absence of a special relation among the three decay
ratios, one expects ϵkl to be of order unity. A value ϵkl ≪ 1
therefore indicates an efficient cancellation. If this occurs
for all operator combinations, the sum rule is well satisfied.

We evaluate δkl and ϵkl for the reference choice of α.
The results for the c → d transition are shown in the first
row of Tables I and II. They are compared with the results
for the b → c transitions in the second and third rows and
those for the b → u transitions in the fourth and fifth rows.
The comparison is visualized in Fig. 1.3 Following
Ref. [13], we take mn ¼ VLSL. With this convention,
δVLSL ¼ 0 by construction. For all transitions, the coef-
ficient αVLSL , denoted by α in Table I, clusters around 0.3.
Table II shows that the c → d sum rule still exhibits
nontrivial cancellations, with ϵkl < 1 for all operator
combinations. In the c → d case, however, several
residual violations are larger than those in the b → c
and b → u transitions, as shown in Tables I and II.
This is particularly visible for kl ¼ SRSL, VLT, and TT.
Although δTT is large, the corresponding value of ϵTT
remains below unity, indicating that a cancellation is still
present in the tensor contribution. The large residual δTT
mainly reflects the large tensor coefficients aXTT in
Eqs. (3.3)–(3.5).
The choice of α is not unique. To assess how this choice

affects the cancellation pattern, we now treat α as a free
parameter while keeping αþ β ¼ 1. This condition con-
tinues to remove the common jDμ

VL
j2 contribution, and the

residual coefficients δkl are then obtained from Eq. (3.6).
Figure 2 shows the α dependence of δkl and ϵkl for

TABLE I. Sum rule violation coefficients δkl for various
transitions, evaluated with α ¼ αVLSL such that δVLSL ¼ 0. The
last column shows the corresponding value of αVLSL .

δVLSR δSS δSRSL δVLT δTT α

c → dμ̄ν 3.2 × 10−4 −0.11 −0.48 1.01 −4.26 0.25
b → cμν̄ 4.7 × 10−3 −1.2 × 10−3 −5.9 × 10−3 0.028 0.35 0.27
b → cτν̄ −0.021 −6.3 × 10−3 −0.012 0.13 0.23 0.27
b → uμν̄ −7.9 × 10−3 −0.14 −0.33 0.030 −0.56 0.32
b → uτν̄ −0.067 −0.10 −0.20 0.20 −0.77 0.30

TABLE II. Cancellation measures ϵkl for various transitions,
evaluated with the same choice α ¼ αVLSL as in Table I.

ϵVLSR ϵSS ϵSRSL ϵVLT ϵTT

c → dμ̄ν 2.1 × 10−3 0.23 0.49 0.67 0.36
b → cμν̄ 0.014 0.031 0.12 0.082 0.030
b → cτν̄ 0.045 0.022 0.022 0.033 0.019
b → uμν̄ 0.16 0.24 0.31 0.24 0.06
b → uτν̄ 0.12 0.19 0.22 0.12 0.08

3The normalization in ϵkl removes the overall size of each
operator contribution. It is therefore better suited than δkl for
comparing the efficiency of the cancellation among different
transitions. This is useful in particular for the interference terms,
whose coefficients are affected by the lepton-mass suppression
through ρl ¼ ml=

ffiffiffiffiffi
q2

p
.

ENDO, IGURO, MISHIMA, UCHIYAMA, and WATANABE PHYS. REV. D 114, 095004 (2026)

095004-4



c → dμ̄ν.4 The dashed vertical lines indicate the values αmn
obtained from Eq. (3.7), where the corresponding δmn
vanishes. In the left panel, δTT becomes large in the large α
region, while the other residuals remain comparatively
small over the range shown. The right panel shows that the
scalar and tensor contributions prefer different regions,
with efficient scalar cancellations around α ≈ 0.2 and tensor
cancellations around α ≈ 0.5.5 All displayed ϵkl are below
unity in the range 0.1≲ α≲ 0.8, but no single value of α
realizes equally strong cancellations for all operator com-
binations. This behavior contrasts with the bottom

transitions, where the preferred values of α are more
closely aligned, as shown in Appendix C.
In summary, the analysis in this section shows that a

cancellation in the sum rule construction is present also in
the c → d case, although it is weaker than that in the bottom
transitions. This conclusion is supported both by the
reference choice δVLSL ¼ 0 and by the scan over α. In
particular, the values of α preferred by the scalar and tensor
contributions are more widely separated in the c → d case.
As a result, a single value of α cannot suppress all residual
violations as efficiently as in the b → c and b → u cases.
Further work is needed to determine whether this pattern
reflects a genuine theoretical structure or an accidental
numerical feature. In addition, we have not included form
factor uncertainties in this analysis. This limitation is
particularly relevant for D → ρ, where improved lattice

FIG. 1. Sum rule violation coefficients δkl (left) and cancellation measures ϵkl (right) for c → dμ̄ν (red), b → cμν̄ (orange), b → cτν̄
(green), b → uμν̄ (cyan), and b → uτν̄ (blue). The superscript of δ, VLSL, indicates that the sum rule coefficient α is determined such
that the VLSL term is eliminated.

FIG. 2. The α dependence of δkl (left) and ϵkl (right) for c → dμ̄ν with β ¼ 1 − α. The vertical dashed lines show the values αmn
obtained from Eq. (3.7), where the corresponding δmn vanishes.

4The analogous plots for b → clν̄ and b → ulν̄ are given
in Appendix C.

5The curves are not always smooth because the dominant term
in the denominator changes.
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determinations would be useful for a more quantitative
assessment.

IV. PHENOMENOLOGICAL IMPLICATIONS

We now discuss the phenomenological implications of
the charm sum rule. Although the cancellation at the
coefficient level in the previous section is weaker than
that in the bottom transitions, the actual violation of the
sum rule also depends on the allowed size of the Wilson
coefficients. We therefore combine the α scan described
above with the current constraints on the Wilson coeffi-
cients. As in the previous section, we assume NP con-
tributions only in the muon mode.

A. Experimental constraint

To estimate the phenomenological size of the residual
sum rule violation, we first summarize the current con-
straints on the Wilson coefficients relevant to c → dμ̄ν
transitions.
The leptonic decay D− → μν̄ gives a stringent low-

energy constraint especially on the scalar contributions.
This sensitivity comes from the helicity enhancement of the
pseudoscalar matrix element relative to the SM vector-
current contribution. Using the experimental value of
BRðD− → μν̄Þ [4], together with jVcdj ≃ 0.225ð4Þ and
fD ¼ 0.212ð1Þ GeV [46–49], we obtain the 2σ allowed
range

−0.0035 ≤ CSR − CSL ≤ 0.00081: ð4:1Þ

The same observable gives a weaker constraint on CVL
than

the high-pT bound discussed below, and we do not use it in
the following estimates.
Complementary constraints are obtained from collider

experiments. At the LHC, events with a high-pT lepton
impose stringent bounds on the NP contributing to semi-
leptonic decays. Reference [50] reinterpreted ATLAS and
CMS results with an integrated luminosity up to 139 fb−1

[51,52] and derived the following bounds on the Wilson
coefficients at μ ¼ 2 GeV including renormalization group
effects:

−0.0085≤CVL
≤0.012; jCSL;R j≤0.023; jCT j≤0.0052:

ð4:2Þ

These bounds apply to single-operator NP scenarios, in
which a single operator describing NP contributions in
Eq. (2.1) is assumed to be nonzero while all others vanish.
For scalar operators, the high-pT bounds are weaker than
the D− → μν̄ constraint on the combination CSR − CSL .
However, the direction CSR ¼ CSL ≡ CS is not constrained
by the decay. For this aligned direction, the high-pT
constraint gives

jCSj ≤ 0.016: ð4:3Þ

This follows from the fact that interference effects among
different NP operators are negligible in the high-pT region.
Within the allowed ranges of the Wilson coefficients,

Rμe
X =Rμe;SM

X can shift by about �2% when only CVL
is

varied, and by about �1% when one of the scalar or tensor
coefficients is varied. The residual violation δ in the sum
rule is reduced compared with these individual shifts
because NP contributions cancel among the three decay
modes. In particular, the contribution proportional to
jDμ

VL
j2 vanishes once αþ β ¼ 1 is imposed. In the follow-

ing analysis, we take these constraints into account when
estimating the possible size of the sum rule violation.

B. Phenomenology

We investigate the actual size of violations in the sum
rule. Even though several δkl are numerically large, the
physical impact of the violation δ depends on the size of the
accompanying Wilson coefficients. If δ is small, the sum
rule becomes insensitive to the NP effects. We estimate the
possible range of δ by varying the Wilson coefficients
within the bounds discussed in Sec. IVA. In this estimate
we consider the single-operator NP scenarios of SL, SR, and
T, together with the aligned scalar direction CSL ¼ CSR . As
in Sec. III, we scan α while imposing αþ β ¼ 1.
Figure 3 shows the resulting envelope of δ as a function

of α. For each value of α, the envelope is obtained by
maximizing and minimizing δ over the NP scenarios
described above. The gray region denotes the range where
at least one of the cancellation measures becomes ϵkl > 1.

FIG. 3. Allowed range of the residual sum rule violation δ as a
function of α, taking into account the constraints on CX . The
vertical dashed lines show the values αmn obtained from Eq. (3.7).
The gray region corresponds to the range where at least one of the
cancellation measures satisfies ϵkl > 1, indicating that the can-
cellation is not efficient for all operator combinations.
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For values of α for which ϵkl < 1 holds for all operator
combinations considered here, the allowed violation
remains below the percent level. The narrowest envelope
occurs around α ≃ 0.45 yielding jδj ≈ 0.003, close to the
value of αTT obtained from Eq. (3.7). Thus, although some
of δkl are sizable, the current bounds on the Wilson
coefficients strongly limit the actual violation of the sum
rule in the region where the cancellation is supported.
The preceding analysis shows that the residual violation

allowed by the current bounds on the Wilson coefficients is
at most at the percent level. As will be seen below, this
effect is smaller than the present experimental uncertainties
in the mesonic inputs entering the sum-rule prediction. We
can therefore use the relation to predict the yet-unmeasured
baryonic ratio Rμe

n from the available mesonic inputs,

Rμe
n ¼ Rμe;SM

n

�
α
Rμe;ex
π

Rμe;SM
π

þ β
Rμe;ex
ρ

Rμe;SM
ρ

þ δ

	
; ð4:4Þ

where Rμe;ex
X is the experimental value of the corresponding

ratio. In addition, we obtained the SM value Rμe;SM
n ¼

0.977 using the form factor inputs collected in Appendix A.
Its theoretical uncertainty is neglected, since it is expected
to be smaller than the current experimental uncertainties.
The BESIII measurement of Rμe

π yields [29]

Rμe;ex
π ¼ BRðD0 → π−μ̄νÞ

BRðD0 → π−ēνÞ ¼ 0.922� 0.037: ð4:5Þ

At present, the statistical uncertainty is slightly larger than
the systematic uncertainty, and a more precise measurement
is expected in the future. The SM prediction is given in
Ref. [37] as

Rμe;SM
π ¼ 0.985� 0.002: ð4:6Þ

This corresponds to a mild deviation of about 1.7σ between
the experimental result and the SM prediction.
For Rμe

ρ , BESIII [36] and PDG [4] report the branching
fractions for D0 → ρ−μ̄ν and D0 → ρ−ēν separately.
However, to our knowledge, no up-to-date direct determi-
nation of Rμe;ex

ρ is currently available. BESIII [36] also
provided an estimate of Rμe;ex

ρ , which is consistent with the
value obtained by combining the experimental branching
fractions available at that time, without taking correlations
among the uncertainties into account. Combining the latest
results [4] without accounting for those correlations, we
obtain

Rμe;ex
ρ ¼ BRðD0 → ρ−μ̄νÞ

BRðD0 → ρ−ēνÞ ¼ 0.925� 0.102: ð4:7Þ

For the SM prediction, we are not aware of any study that
directly evaluates Rμe;SM

ρ including its uncertainty. We

obtain the central value as

Rμe;SM
ρ ¼ 0.956: ð4:8Þ

As can be seen in Rμe;SM
π , the theoretical uncertainty in the

ratio Rμe
H is expected to be suppressed. We therefore neglect

the SM uncertainties in the present analysis.
Figure 4 shows the sum-rule prediction for Rμe

n as a
function of α. The blue shaded region represents the 1σ
uncertainty band obtained from the experimental uncer-
tainties in Rμe

π and Rμe
ρ , with the allowed shift due to δ

included. The blue dotted contours show the corresponding
1σ band with δ ¼ 0. In the gray region, at least one of the
cancellation measures ϵkl exceeds unity, and the cancella-
tion is therefore not efficient. The small difference between
the blue shaded region and the blue dotted contours shows
that the residual sum rule violation is currently much
smaller than the experimental uncertainties. Thus, within
the present experimental accuracy, the sum-rule prediction
remains useful after including the residual violation, and its
uncertainty is dominated by the mesonic input data. For
representative values of α, Table III summarizes the
predicted values of Rμe

n , the allowed ranges of the residual
violation δ, and the largest cancellation measure. At
α ¼ 0.8, the two largest cancellation measures ϵSRSL and
ϵVLT are nearly degenerate.
Although the actual violation δ is minimized around

α ¼ 0.4–0.45, the smallest uncertainty in the estimate of

0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2
0.80

0.85

0.90

0.95

1.00

1.05

1.10

FIG. 4. Sum rule prediction for Rμe
n as a function of α. The blue

shaded band shows the 1σ range from the experimental un-
certainties in Rμe

π and Rμe
ρ , including the allowed residual

violation δ. The dotted contours correspond to the same range
with δ ¼ 0, and the dashed line is obtained from the central
experimental inputs with δ ¼ 0. The gray region corresponds to
the range where at least one of the cancellation measures satisfies
ϵkl > 1.
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Rμe
n is obtained at a larger value of α, around α ¼ 0.8. This

behavior is driven by the current experimental inputs. Since
the uncertainty in Rμe

ρ is much larger than that in Rμe
π ,

increasing α suppresses the contribution of Rμe
ρ in Eq. (4.4)

and narrows the uncertainty band. However, this region lies
close to the gray region in Fig. 4, where the cancellation is
not efficient. Thus, the choice of α involves a tradeoff
between reducing the propagated experimental uncertainty
and maintaining an efficient cancellation in the sum rule.
With the present inputs, the resulting prediction has an
uncertainty of about 4%, which provides a useful target for
future measurements and consistency tests. The prediction
can be systematically updated as more precise measure-
ments of Rμe

π and Rμe
ρ become available.

V. SUMMARY AND DISCUSSION

Motivated by the sum rules in bottom semileptonic
decays, we investigated whether an analogous relation
can be constructed in charm hadron decays. We focused
on the c → dl̄ν transitions involving D → πl̄ν, D → ρl̄ν,
and Λc → nl̄ν. For these modes, we constructed a relation
among the lepton-flavor universality ratios Rμe

H and quan-
tified its residual violation. We found that the charm case
exhibits a nontrivial cancellation of the residual violation.
Although this cancellation is less efficient compared with
the b → c and b → u transitions, the scan over α shows that
the charm relation remains useful over a broad range of α.
We then included the current constraints on the NP

contributions from D− → μν̄ and high-pT searches.
Although some of the violations are sizable at the coef-
ficient level, the allowed Wilson coefficients strongly
restrict the actual residual violation δ. As a result, the
actual violation is at most at the percent level and remains
smaller than the present experimental uncertainties in the
mesonic inputs. Thus, the sum rule can still be used as a
phenomenological consistency relation.
As an application, we used the relation to predict the yet-

unmeasured ratio Rμe
n . The present uncertainty is driven

primarily by the experimental uncertainty in the mesonic
inputs, especially in Rμe

ρ , and effects from the residual sum
rule violation are negligible. A larger value of α reduces the

propagated uncertainty by suppressing the contribution from
Rμe
ρ . However, this region is close to where the cancellation

becomes less efficient for some operator combinations. The
choice ofα therefore involves a tradeoff between reducing the
experimental uncertainty and maintaining the quality of the
sum-rule cancellation. With the current data, the resulting
prediction has an uncertainty of about 4%, providing a useful
target for future measurements of Λc → nl̄ν.
In this paper, we assumed NP contributions only in the

muon mode. NP contributions to the electron mode could
be analyzed in the same framework. Since stringent high-
pT constraints are also available [50], one may expect a
similarly predictive relation, although a dedicated analysis
is needed to quantify this statement. If NP effects are
present simultaneously in the electron and muon modes, the
lepton-flavor universality ratios may remain close to their
SM values. In such a case, sum rules relating branching
fractions themselves could become more appropriate.
We also did not include form factor uncertainties in the

main numerical analysis. This limitation is especially
relevant for D → ρ transitions, where the form factors
enter the coefficients aρij and can potentially affect the
cancellation pattern. As a compact check, we repeated the
analysis by changing only the D → ρ form factors, while
keeping all the other inputs fixed. Using the form factors
including higher-twist contributions in Ref. [42] instead of
the leading-twist input used in the main analysis, we found
that Rμe;SM

ρ changes only slightly, from 0.956 to 0.953. This
small change is expected because most of the form factor
dependence cancels in the ratio of the muon and electron
modes. By contrast, some individual coefficients aρij,
especially the scalar coefficient aρSS, can differ by up to
about 25%. Nevertheless, the values of α at which ϵkl
becomes minimal change by at most about 5%, and the
region satisfying ϵkl < 1 remains almost unchanged. We
also found that the cancellation quality is somewhat more
sensitive to theD → ρ input in the large-α region. However,
the prediction for Rμe

n is not significantly affected because
the allowed NP Wilson coefficients are small. This com-
parison should be regarded as a case study rather than a full
form factor uncertainty analysis, and a more precise
determination of the D → ρ form factors would be useful
for a more quantitative assessment.
The present study gives a numerical first step toward

semileptonic sum rules in heavy-to-light charm decays. A
fundamental understanding would be required to clarify
whether the observed cancellations reflect an underlying
structure or an accidental numerical pattern. Future mea-
surements of Rμe

π , Rμe
ρ , and eventually Rμe

n will provide
direct tests of this relation.
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APPENDIX A: FORM FACTOR AND HADRONIC
AMPLITUDE

This appendix summarizes the form factors and helicity
amplitudes used in the analysis. We follow the form factor
definition in Ref. [40] as

hnðkÞjd̄γμcjΛcðpÞi ¼ ūn

�
Fn
0ðmΛc

−mnÞ
qμ
q2

þ Fþ
mΛc

þmn

Qþ

�
q0μ − ðm2

Λc
−m2

nÞ
qμ
q2

�

þ F⊥
�
γμ −

2mn

Qþ
pμ −

2mΛc

Qþ
kμ

�	
uΛc

; ðA1Þ

hnðkÞjd̄γμγ5cjΛcðpÞi ¼ −ūnγ5
�
G0ðmΛc

þmnÞ
qμ
q2

þGþ
mΛc

−mn

Q−

�
q0μ − ðm2

Λc
−m2

nÞ
qμ
q2

�

þG⊥
�
γμ þ

2mn

Q−
pμ −

2mΛc

Q−
kμ

�	
uΛc

; ðA2Þ

hnðkÞjd̄cjΛcðpÞi ¼ Fn
0

mΛc
−mn

mc −md
ūnuΛc

; ðA3Þ

hnðkÞjd̄γ5cjΛcðpÞi ¼ G0

mΛc
þmn

mc þmd
ūnγ5uΛc

; ðA4Þ

hnðkÞjd̄σμνcjΛcðpÞi ¼ ūn

�
−2iHþ

pμkν − kμpν

Qþ
− iH⊥

�
mΛc

þmn

q2
ðqμγν − γμqνÞ − 2

�
1

q2
þ 1

Qþ

�
ðpμkν − kμpνÞ

�

þ H̃þ

�
σμν þ

2i
Q−

ðmΛc
ðkμγν − γμkνÞ −mnðpμγν − γμpνÞ þ pμkν − kμpνÞ

�

− iH̃⊥
mΛc

−mn

q2Q−

�
ðm2

Λc
−m2

n − q2Þðγμpν − pμγνÞ

− ðm2
Λc

−m2
n þ q2Þðγμkν − kμγνÞ þ ðmΛc

−mnÞðpμkν − kμpνÞ
�	

uΛc
; ðA5Þ

with q ¼ p − k, q0 ¼ pþ k, and Q� ¼ ðmΛc
�mnÞ2 − q2.

For the D → π transition, we use the form factor definitions [43]

hπðkÞjd̄γμcjDðpÞi ¼ F1

�
q0μ −

m2
D −m2

π

q2
qμ

�
þ Fπ

0

m2
D −m2

π

q2
qμ; ðA6Þ

hπðkÞjd̄cjDðpÞi ¼ Fπ
0

m2
D −m2

π

mc −md
; ðA7Þ

hπðkÞjd̄σμνcjDðpÞi ¼ −i
2FT

mD þmπ
ðpμkν − kμpνÞ; ðA8Þ

and the D → ρ transition as
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hρðk; ϵÞjd̄γμcjDðpÞi ¼ −i
2V

mD þmρ
ϵμναβϵ

ν�pαkβ; ðA9Þ

hρðk; ϵÞjd̄γμγ5cjDðpÞi ¼ A1ðmD þmρÞϵ�μ − A2

ϵ� · q
mD þmρ

q0μ − ðA3 − A0Þ
2mρϵ

� · q
q2

qμ; ðA10Þ

hρðk; ϵÞjd̄γ5cjDðpÞi ¼ −A0

2mρϵ
� · q

mc þmd
; ðA11Þ

hρðk;ϵÞjd̄σμνcjDðpÞi¼ ϵμναβ

�
−T1ϵ

�αq0βþðT1−T2Þ
m2

D−m2
ρ

q2
ϵ�αqβþ

�
T1−T2−T3

q2

m2
D−m2

ρ

�
2ϵ� ·q
q2

pαkβ


; ðA12Þ

with the convention of d̄σμνγ5c ¼ −ði=2Þϵμναβd̄σαβc and
ϵ0123 ¼ −ϵ0123 ¼ 1. We also define

A3 ¼ A1

mD þmρ

2mρ
− A2

mD −mρ

2mρ
: ðA13Þ

The helicity amplitudes are given for themesonic decays as

Hπ
V;0 ¼

ffiffiffiffiffi
λπ
q2

s
F1; ðA14Þ

Hπ
V;t ¼

m2
D −m2

πffiffiffiffiffi
q2

p Fπ
0; ðA15Þ

Hπ
S ¼

m2
D −m2

π

mc −md
Fπ
0; ðA16Þ

Hπ
T ¼ −

ffiffiffiffiffi
λπ

p
mD þmπ

FT; ðA17Þ

Hρ
V;� ¼ ðmD þmρÞA1 ∓

ffiffiffiffiffi
λρ

p
mD þmρ

V; ðA18Þ

Hρ
V;0¼

mDþmρ

2mρ

ffiffiffiffiffi
q2

p �
−ðm2

D−m2
ρ−q2ÞA1þ

λρ
ðmDþmρÞ2

A2

	
;

ðA19Þ

Hρ
V;t ¼ −

ffiffiffiffiffi
λρ
q2

s
A0; ðA20Þ

Hρ
P ¼ −

ffiffiffiffiffi
λρ

p
mc þmd

A0; ðA21Þ

Hρ
T;� ¼ 1ffiffiffiffiffi

q2
p h

�ðm2
D −m2

ρÞT2 þ
ffiffiffiffiffi
λρ

q
T1

i
; ðA22Þ

Hρ
T;0 ¼

1

2mρ

h
−ðm2

D þ 3m2
ρ − q2ÞT2 þ

λρ
m2

D −m2
ρ
T3

i
:

ðA23Þ

For the baryonic decay, the helicity amplitudes are given by

Hn
V;1� ¼ −

ffiffiffiffiffiffiffiffiffi
2Q−

p
F⊥ � ffiffiffiffiffiffiffiffiffi

2Qþ
p

G⊥; ðA24Þ

Hn
V;0� ¼

ffiffiffiffiffiffiffi
Q−

q2

s
ðmΛc

þmnÞFþ ∓
ffiffiffiffiffiffiffi
Qþ
q2

s
ðmΛc

−mnÞGþ;

ðA25Þ

Hn
V;t� ¼

ffiffiffiffiffiffiffi
Qþ
q2

s
ðmΛc

−mnÞFn
0 ∓

ffiffiffiffiffiffiffi
Q−

q2

s
ðmΛc

þmnÞG0;

ðA26Þ

Hn
S ¼

mΛc
−mn

mc −md

ffiffiffiffiffiffiffi
Qþ

p
Fn
0; ðA27Þ

Hn
P ¼ mΛc

þmn

mc þmd

ffiffiffiffiffiffiffi
Q−

p
G0; ðA28Þ

Hn
T;1� ¼ −

ffiffiffiffiffi
2

q2

s h
ðmΛc

þmnÞ
ffiffiffiffiffiffiffi
Q−

p
H⊥

� ðmΛc
−mnÞ

ffiffiffiffiffiffiffi
Qþ

p
H̃⊥

i
; ðA29Þ

Hn
T;0� ¼

ffiffiffiffiffiffiffi
Q−

p
Hþ � ffiffiffiffiffiffiffi

Qþ
p

H̃þ: ðA30Þ

We next summarize the form factor parametrizations and
numerical inputs used in this work. For the D → π form
factors, we use the result of LQCD [38,39]. Form factors
are expressed as

Fπðq2Þ ¼
Fπð0Þ þ cπðzπ − zπ0Þð1þ zπþzπ

0

2
Þ

1 − Pπq2
; ðA31Þ
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where Fπ ¼ fFπ
0; F1; FTg, with cπ ¼ fc0; c1; cTg and

Pπ ¼ fPS; PV; PTg, respectively. Here, we define zπ as

zπðq2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − q2

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − t0

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − q2

p
þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tþ − t0
p ; ðA32Þ

with tþ ¼ ðmD þmπÞ2, t0 ¼ ðmD þmπÞð ffiffiffiffiffiffiffi
mD

p − ffiffiffiffiffiffi
mπ

p Þ2,
and zπ0 ¼ zπð0Þ. The numerical values are

fFπ
0; F1; FTg ¼ f0.6117; 0.6117; 0.5063g; ðA33Þ

fc0; c1; cTg ¼ f−1.188;−1.985;−1.10g; ðA34Þ

fPS; PV; PTg ¼ f0.0342; 0.1314; 0.1461gGeV−2: ðA35Þ

For the D → ρ form factors, we adopt the LCSR results
of Ref. [42]. The vector-current form factors can be written
as

Fρðq2Þ ¼
Fρð0Þ

1 − aρ
q2

m2
D
þ bρð q

2

m2
D
Þ2
; ðA36Þ

where Fρ ¼ fV; A1; A2; A0
3g, with aρ ¼ faV; a1; a2; a3g

and bρ ¼ fbV; b1; b2; b3g, respectively. Here, A3ðq2Þ is
obtained from Eq. (A13), while A0ðq2Þ is determined from

A0 ¼ A3 −
q2

2mρðmD þmρÞ
A0
3: ðA37Þ

The numerical values of the parameters used are6

fVð0Þ; A1ð0Þ; A2ð0Þ; A0
3ð0Þg

¼ f0.735; 0.590; 0.528;−0.528g; ðA38Þ

faV; a1; a2; a3g ¼ f0.48; 0.44; 0.91; 0.91g; ðA39Þ

fbV; b1; b2; b3g ¼ f2.25; 0.20;−1.01;−1.01g: ðA40Þ

For the tensor form factors, no direct LCSR or lattice
determination is available. We therefore follow Ref. [42]
and use relations based on heavy-quark symmetry,

T1 ¼ −
m2

D −m2
ρ þ q2

2mDðmD þmρÞ
V −

mD þmρ

2mD
A1; ðA41Þ

T2¼
2

m2
D−m2

ρ

�ðmD−yÞðmDþmρÞ
2

A1þ
mDðy2−m2

ρÞ
mDþmρ

V

	
;

ðA42Þ

T3 ¼ −
mD þmρ

2mD
A1 þ

mD −mρ

2mD
ðA2 − A0

3Þ

þ m2
D þ 3m2

ρ − q2

2mDðmD þmρÞ
V; ðA43Þ

where y ¼ ðm2
D þm2

ρ − q2Þ=ð2mDÞ. This treatment relies
on the relations under the heavy-quark symmetry for the
tensor contribution. A direct determination of the D → ρ
form factors, including the tensor form factors, would be
needed for a more quantitative test of the charm sum rule.7

A lattice calculation treating the vector meson as a
resonance has recently been demonstrated for B → ρ [55],
and a corresponding calculation for charm decays would be
particularly valuable.
For the Λc → n form factors, we use the LQCD

result [40]. They can be written as

Fnðq2Þ ¼
1

1 − q2

ðmpole
f Þ2

X2
n¼0

afn½zΛcðq2Þ�n; ðA44Þ

where the form factors Fn, the coefficients a
f
n, and the pole

masses mpole
f are

Fn ¼ fFn
0; Fþ; F⊥; G0; Gþ; G⊥; H⊥; H̃⊥; Hþ; H̃þg;

ðA45Þ

afn ¼ faf0n ; afþn ; af⊥n ; ag0n ; a
gþ
n ; ag⊥n ; ah⊥n ; ah̃⊥n ; ahþn ; ah̃þn g;

ðA46Þ

mpole
f ¼

n
mpole

f0
; mpole

fþ ; mpole
f⊥ ; mpole

g0 ; mpole
gþ ; mpole

g⊥ ; mpole
h⊥ ; mpole

h̃⊥
; mpole

hþ ; mpole
h̃þ

o
: ðA47Þ

The variable zΛc is defined as in Eq. (A32), with t0 replaced by ðmΛc
−mnÞ2 and tþ remains unchanged accounting for the

Dπ threshold. The numerical values of these parameters are

6This corresponds to the leading-twist scenario in Ref. [42]. The higher-twist scenario was found to receive larger higher-order
corrections in the heavy-quark expansion, and we therefore use the leading-twist case.

7Recent LCSR studies indicate that finite-width and nonresonant-background effects may be relevant for precision studies [53,54].
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faf00 ; af01 ; af02 ; afþ0 ; afþ1 ; afþ2 g ¼ f0.84;−2.57; 9.87; 0.83;−2.33; 8.41g; ðA48Þ

faf⊥0 ; af⊥1 ; af⊥2 ; ag00 ; a
g0
1 ; a

g0
2 g ¼ f1.36;−1.70; 0.71; 0.73;−0.97; 0.83g; ðA49Þ

fagþ0 ; agþ1 ; agþ2 ; ag⊥0 ; ag⊥1 ; ag⊥2 g ¼ f0.69;−0.90; 2.25; 0.69;−0.68; 0.70g; ðA50Þ

fah⊥0 ; ah⊥1 ; ah⊥2 ; ah̃⊥0 ; ah̃⊥1 ; ah̃⊥2 g ¼ f0.63;−1.04; 1.42; 0.63;−1.39; 4.22g; ðA51Þ

fahþ0 ; ahþ1 ; ahþ2 ; ah̃þ0 ; ah̃þ1 ; ah̃þ2 g ¼ f1.11;−0.69;−2.84; 0.63;−1.19; 3.73g; ðA52Þ

mpole
f0

¼ 2.351GeV; mpole
fþ ¼ mpole

f⊥ ¼ mpole
h⊥ ¼ mpole

hþ ¼ 2.010GeV; ðA53Þ

mpole
g0 ¼ 1.870GeV; mpole

gþ ¼ mpole
g⊥ ¼ mpole

h̃⊥
¼ mpole

h̃þ
¼ 2.423GeV: ðA54Þ

From Eq. (A44), one finds that form factors develop a pole for q2max > ðmpole
f Þ2.

APPENDIX B: NUMERICAL FORMULAS FOR BOTTOM-HADRON DECAYS

This appendix collects the normalized branching fractions for the bottom transitions used for comparison in Sec. III. We
define

BRqμ
X ¼ BRðHb → Xμν̄Þ: ðB1Þ

TheWilson coefficientsCqμ
i are defined analogously to those in Eq. (2.1) with the final state μν̄. For b → cμν̄ transitions, we

obtain

BRbμ
D

BRbμ;SM
D

¼ j1þ Ccμ
VL
j2 þ 0.15Re½ð1þ Ccμ

VL
ÞCcμ�

SR
� þ 0.15Re½ð1þ Ccμ

VL
ÞCcμ�

SL
�

þ 2.11Re½Ccμ
SL
Ccμ�
SR

� þ 1.05ðjCcμ
SL
j2 þ jCcμ

SR
j2Þ

þ 0.18Re½ð1þ Ccμ
VL
ÞCcμ�

T � þ 0.64jCcμ
T j2; ðB2Þ

BRbμ
D�

BRbμ;SM
D�

¼ j1þ Ccμ
VL
j2 þ 0.020Re½ð1þ Ccμ

VL
ÞCcμ�

SR
� − 0.020Re½ð1þ Ccμ

VL
ÞCcμ�

SL
�

− 0.12Re½Ccμ
SL
Ccμ�
SR

� þ 0.060ðjCcμ
SL
j2 þ jCcμ

SR
j2Þ

− 0.47Re½ð1þ Ccμ
VL
ÞCcμ�

T � þ 15.2jCcμ
T j2; ðB3Þ

BRbμ
Λc

BRbμ;SM
Λc

¼ j1þ Ccμ
VL
j2 þ 0.050Re½ð1þ Ccμ

VL
ÞCcμ�

SR
� þ 0.024Re½ð1þ Ccμ

VL
ÞCcμ�

SL
�

þ 0.48Re½Ccμ
SL
Ccμ�
SR

� þ 0.33ðjCcμ
SL
j2 þ jCcμ

SR
j2Þ

− 0.27Re½ð1þ Ccμ
VL
ÞCcμ�

T � þ 11.6jCcμ
T j2: ðB4Þ

For b → uμν̄ transitions, we obtain

BRbμ
π

BRbμ;SM
π

¼ j1þ Cuμ
VL
j2 þ 0.10Re½ð1þ Cuμ

VL
ÞCuμ�

SR
� þ 0.10Re½ð1þ Cuμ

VL
ÞCuμ�

SL
�

þ 3.32Re½Cuμ
SL
Cuμ�
SR

� þ 1.66ðjCuμ
SL
j2 þ jCuμ

SR
j2Þ

þ 0.24Re½ð1þ Cuμ
VL
ÞCuμ�

T � þ 3.35jCuμ
T j2; ðB5Þ
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BRbμ
ρ

BRbμ;SM
ρ

¼ j1þ Cuμ
VL
j2 þ 0.036Re½ð1þ Cuμ

VL
ÞCuμ�

SR
� − 0.036Re½ð1þ Cuμ

VL
ÞCuμ�

SL
�

− 0.64Re½Cuμ
SL
Cuμ�
SR

� þ 0.32ðjCuμ
SL
j2 þ jCuμ

SR
j2Þ

− 0.19Re½ð1þ Cuμ
VL
ÞCuμ�

T � þ 12.0jCuμ
T j2; ðB6Þ

BRbμ
p

BRbμ;SM
p

¼ j1þ Cuμ
VL
j2 þ 0.048Re½ð1þ Cuμ

VL
ÞCuμ�

SR
� þ 0.0082Re½ð1þ Cuμ

VL
ÞCuμ�

SL
�

þ 0.31Re½Cuμ
SL
Cuμ�
SR

� þ 0.61ðjCuμ
SL
j2 þ jCuμ

SR
j2Þ

− 0.019Re½ð1þ Cuμ
VL
ÞCuμ�

T � þ 8.62jCuμ
T j2: ðB7Þ

APPENDIX C: δkl AND ϵkl FOR
BOTTOM-HADRON DECAYS

Figure 5 shows the α dependence of δkl and ϵkl for
b → cμν̄ and b → uμν̄. The values of αmn obtained from
Eq. (3.7), where each corresponding δmn vanishes, are also
indicated. Compared with the c → d case shown in Fig. 2,
the values of αmn are more closely aligned in the bottom-
hadron decays. The spread is about 0.1 for b → cμν̄ and
about 0.2 for b → uμν̄. This alignment allows several
operator combinations to be suppressed simultaneously
for a common value of α. In particular, the b → c case
exhibits efficient suppression around α ≃ 1=4, as expected
from the small-velocity limit. The phenomenological
implications of the residual violation also depend on the
experimentally allowed ranges of the Wilson coefficients,

which are constrained by B-meson decays and by high-pT
searches at the LHC (see, for instance, Refs. [56–58]).
Figure 6 shows the corresponding results for the tauonic

bottom-hadron decays. The values of αmn are more closely
aligned than in the corresponding muonic modes. For b → c
transitions, this behavior can be understood from the small-
velocity limit, where the sum-rule coefficient approaches
α ¼ 1=4 [16]. Deviations from this value arise from higher-
order corrections in the heavy-quark expansion and from
departures from zero recoil. The latter effect is more pro-
nounced for light leptons, since the kinematically allowed
recoil range is larger than that in the tauonic mode.
Equivalently, with w ¼ ðm2

Hb
þm2

Hc
− q2Þ=ð2mHb

mHc
Þ,

one has wτ
max < wμ

max. A related discussion is given
in Ref. [18].
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FIG. 5. The α dependence of δkl and ϵkl for b → cμν̄ (upper) and b → uμν̄ (lower). The left and right panels show δkl and ϵkl,
respectively. The vertical dashed lines indicate the values of αmn.
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