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We revisit the modelling of black hole ringdown beyond general relativity (GR), emphasizing the
limitations of approaches that rely solely on shifted quasinormal mode (QNM) frequencies. Starting from
modified Teukolsky equations in such scenarios, we classify the distinct types of deviations that can arise—
those shifting QNM frequencies, and those introducing additional frequencies associated with extra fields.
We then construct the most general ansatz for metric perturbations in this context and discuss its
implications for QNM modelling and theory-agnostic tests of GR using gravitational wave data.
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I. INTRODUCTION

The final oscillations of a black hole (BH) settling to its
quiescent state, known as the ringdown, can be modeled, at
least in part, by a sum of quasinormal modes (QNMs) [1—
3]. In general relativity (GR) the frequencies of the modes
depend on the mass and spin of the final BH. With the
advent of gravitational wave (GW) observations [4—6], new
tests of GR in the strong gravity regime can be performed,
and the ringdown phase following a binary merger is one
of them.

Deviations from GR in the ringdown signal could appear
if a new field that is part of the extension of GR or the
Standard Model affects the structure or dynamics of BHs.
Charges associated with such field are colloquially referred
to as hair. Although several no-hair theorems exist,
especially for scalar fields [7—12], there are also interesting
exceptions [13-25].

BH hair could conceivably affect the observed GWs,
providing a smoking gun for the presence (or absence) of
deviations from GR; this is a key objective of the black hole
spectroscopy program [26,27]. Indeed, in recent years,
significant progress has been made in the understanding of
BH perturbations beyond GR (bGR). Modified Teukolsky
equations for a wide class of theories have been derived
[28-31] and applied to compute quasinormal frequencies
[32-35].
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An alternative to studying BH perturbations for a
specific theory is to attempt to develop a theory-agnostic
parametrization that captures generic bGR features.
Attempts in this direction traditionally model deviations
from GR by constructing a sum of QNMs with a frequency
which is shifted with respect to the GR value, i.e.

WpGR = WGR 1 6w, (1)

where dw is a small shift in the frequency. The objective of
such analyses is then to search for evidence of nonzero dm
in GW data [36,37].

Here we draw attention to and seek to clarify an
important feature of bGR ringdowns: the presence of
additional fields (or degrees of freedom) nonminimally
coupled to gravity leads to a coupling of linear perturba-
tions of the metric and the new fields. This in turn implies
that it is insufficient to characterize the ringdown with a
single set of shifted frequencies. This linear coupling and
the existence of solutions that contain the frequencies of the
new field have both been noted in numerical studies of
QNMs of bGR BHs in specific scalar-tensor theories of
gravity, see for example [38,39]. In this study, we will first
argue that the coupling of linear perturbations around black
hole spacetime is a generic feature for extra fields non-
minimally coupled to gravity. We will then show analyti-
cally that the ringdown signal will include the characteristic
QNM frequencies of the extra fields, in addition to the
shifted QNM frequencies of the metric. We call this generic
feature frequency contamination.

Crucially, we show that under realistic conditions, the
correction to the GR ringdown waveform coming from
these contaminated gravitational modes is of the same order
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of magnitude as the correction due to QNM frequency
shifts.

We use the failure of the Wald identity [40] to hold in
algebraically general spacetimes as a starting point to lay
out the formal structure of a modified Teukolsky equation
(which indeed matches the structure of the Teukolsky
equation derived in detail in [28]), and discuss the various
contributions to it. Analyzing this equation, we derive the
most general form of the ansatz for metric perturbations
which should be employed in ringdown tests of GR. We
also show that our result agrees with the ansatz recently
proposed in [41] in the context of theory-agnostic QNM
searches. According to our analysis, the dynamics of the
bGR BH spacetime is captured by a hierarchical system,
provided that the extra field is weakly coupled to gravity.
The characteristic modes of the extra field get imprinted on
the gravitational radiation. From the perspective of spec-
troscopy, this amounts to a contamination of the ringdown
signal by the characteristic frequencies of the new field in
the background spacetime.

The paper is structured as follows. In Sec. II we describe
the classes of bGR theories that we are considering, before
discussing the master equations in such theories in Sec. III.
Finally, in Sec. IV we illustrate how to construct a general
ansatz for modelling bGR ringdown, before discussing the
physical implications of the ansatz in Sec. V.

II. SETUP

We consider theories that can be parametrized as
L= Ler + " Locr + Lield + Liatters (2)

where Lgg is the Einstein-Hilbert Lagrangian, Lygg con-
tains all bGR interactions, such as higher curvature terms or
nonminimal couplings with extra, dynamical fields, while
Lseq 18 the Lagrangian for these dynamical fields. Note that
in the case of higher derivative gravity, Lseq = 0. Working
in geometric units with ¢ = G =1, we take £ to have
dimensions of a length, while p is an integer determined by
the requirement that £” Lygr has the same dimensions as
Lgr. Finally, we neglect L .er» Which describes any
further matter fields.

Action (2) is general enough to describe any extra field
that is nonminimally coupled to gravity. For illustrative
purposes, and to provide a concrete example, we will take
this extra field to be a scalar, ®. We stress that our results
are valid for fields of different helicities as well, and hence
® should be seen as a placeholder for any field. Examples
of theories with an extra (pseudo)scalar which exhibit BH
hair are dynamical-Chern-Simons (dCS) [14,42] and sca-
lar-Gauss-Bonnet (sGB) gravity [13,14,16,17,19-25]. In
our parametrization of bGR theories, the latter can be
written as £58 = Laop + agp LS8 + L£558, with aygp =
£%p and

R

EGR = E s (3)
. f(@)G
L3R = on (4)
1

where G = R#*R,,, —4R*R,, +R* is the Gauss-
Bonnet invariant, ® is a scalar field and f(®) describes
the interaction between the scalar and the Gauss-Bonnet.

The field equation for a scalar field ® with a canonical
kinetic term and a potential V(®) is,

O, @ = =27 (Zalg. @] + Zplg]) = V'(®).  (6)

16z 5£bGR
V=g 0D

Note that source terms such as Xz[g] with no dependence
on ® can arise in theories in which ® only appears linearly
in the coupling to gravity. A relevant example is linear
Gauss-Bonnet gravity [16,17]. By separating this source
term explicitly, we have that X,[g, ®] depends at least
linearly on @. In the rest of the paper we set V(®) = 0.

The equations for the metric can be viewed as Einstein’s
equations with additional source terms,

=2 [g, @] + Zg[g]. (7)

Gulg) = TiMg. @] + £P TSR g, @). (8)

Note that, if one allows for the presence of higher derivative
gravity terms in scalar-tensor theories of gravity, then
ThGR[g, @] will in general feature a scalar-independent

term T5GR[g]."

A. Perturbative formalism

In the context of modeling BHs in bGR theories, it is
common to work perturbatively in the dimensionless
quantity £7/MP, where M is the mass of the BH, under
the assumption that corrections to GR are small. Indeed,
our approach and action (2) are inspired by applications of
this perturbative treatment to extreme mass ratio inspirals
[43-47] and massive BHs [48], as well as in the context of
the derivation of the modified Teukolsky equation [28].
Here we adopt the convention of [28], where the dimen-
sionless parameter

"It is worth clarifying that modifications of GR arising from
higher order curvature invariants generically introduce additional
degrees of freedom and can be brought in a form compatible with
action (2) after field redefinitions. In cases where such degrees of
freedom are considered spurious and removed in some way (e.g.,
perturbative expansions in the context of effective field theories),
they would clearly not affect ringdowns.
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(i) o)

is defined such that at first order it captures the leading
order bGR corrections to the metric (rather than the leading
order correction to the scalar). To illustrate this, we
consider the scalar field equation (6): without the source
terms, this equation is covered by a no-hair theorem [9],
which implies that, to leading order in £/M, ® ~ £P /MP.
Hence the leading order corrections to the metric, due to the
backreaction of the scalar, enter at order (£7/MP)>.

With this consideration in mind, we can rewrite (8) as,

Gul9(O)] = T [9(£). @I, (10)

where for convenience we have collected the stress-energy
tensor of the scalar, T%¢!Y, with the contributions from the
bGR couplings of the scalar to curvature into a single

source, T, as, to leading order, they both appear at O(¢).
This is because T,ﬂ‘,‘j'd is quadratic in @ ~ ¢'/2, and, likewise,
SV2TOR [g(¢), @] ~ £. Likewise, we can also rewrite (6) as,

Oy ® = =C"2(Z4[9(0). @] + Zg[g()]). (1)

where, for convenience, we use again X, 5 even though
their dimensions are rescaled with respect to (6).

In the above we have assumed that p > 0, which implies
that bGR corrections are suppressed by some characteristic
mass scale (the inverse of £) in particle physics units. The
p = 0 case is somewhat special for scalars, as it corre-
sponds to a coupling (without derivatives) to R. This can be
removed by a conformal transformation and is also known
to not lead to BH hair [7,9]. More broadly however, and for
any new field, if p =0, the { can be identified as the
dimensionless coupling that appears in the action. The
perturbative treatment we lay out below will continue to
apply provided that this coupling is sufficiently small and
the background solution is continuously connected to GR
as { — 0.

A spacetime described by Eq. (10) will in general not
feature all the symmetries of a Kerr spacetime. In particular,
it may not be of Petrov type D [49], key to the derivation of
a Teukolsky equation [50] that greatly simplifies the study
of gravitational radiation propagating in said spacetime.
Indeed, in many modified theories of gravity, such as sGB
or dCS, the spacetime is said to be algebraically general, or
Petrov type I [51].

As we are interested in dynamical perturbations to BHs
within a bGR setting, we can define a perturbative
formalism with two expansion parameters, the first of
which is {. We introduce a second parameter € to indicate
GW/dynamical perturbations. As we only consider
dynamical perturbations to order ¢ (i.e. we are not con-
sidering nonlinear dynamical perturbations, such as quad-
ratic QNMs [52]), we use a single superscript () to denote

unperturbed (n = 0) and perturbed (n = 1) quantities in £,
and employ separate letters to indicate dynamical O(e) and
nondynamical O(e°) perturbations. For example, a metric
and a scalar field can be expanded respectively as,

G = 9 + €l +Lglw) + Cehls) + ..., (12)
® = 0O 4 ¢ + 1200 4 126 4 ... (13)

As stated above, @ ~ ¢'/2, which is equivalent to assum-
ing (D(()) — (p(o) = 0.

B. Linearized field equations

Consider the field equation for @, (11). To derive an
equation for the leading term @), we expand (11) in ¢,
neglecting O(¢) and higher terms. The O(¢'/?) equation
reads

S Ura (14)

The operator Dgw), which is defined in the Kerr back-

ground, coincides with the spin-0 Teukolsky operator, O
hence,

A

OV — _21(90)[9(0)]_ (15)

Henceforth, we employ hats to denote operators, frequen-
cies, and functions associated to the scalar field ®. As we
are assuming that the background is the Kerr metric, the
right-hand side of (15) is stationary, and therefore @)
represents a stationary correction, which is consistent with
our perturbative formalism. Indeed, the homogeneous
solution to this equation, which will be nonstationary, will
be part of the dynamical perturbation (). To see this, we
now perturb the original scalar equation (11) in €. At O(e),
we find

D)@ + Oy = =2 (0anlh(E). @] + 04,,[9(0). @]
+ o[h({))). (16)

Here o5[h({)] arises from the linearization in € of Xz[g({)].
The e-linearization of X, [g({), ®] is more subtle; as both
9(¢) and @ can be expanded in ¢, at O(e) we find two
contributions that we call 64 ,[h({), @] and 6,4 ,[9({). @].

We then perturb (16) in ¢; at O(¢'/%€), we obtain

D0 @V + 000" = 6} [1©), @]

+ o) 199,90 + oy ). (17)

The first two source terms vanish as ®© = ¢© =0, and
o4 1s at least linear in @, as was the case for X,, by
construction. Hence, this equation becomes
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OO = _[0, 0 &) + 60 (0] = —6O [, 4O, (18)

We therefore see that the homogeneous solution of the
spin-0 Teukolsky equation is included in ¢("). In our
notation, o[g] is only nonzero for theories including a
linear coupling of the scalar to gravity, such as sGB
with f(®) =® + ---.

We note that to compute (') we need both ®(!) that can
be computed via (15), but also h) the gravitational

perturbation of the Kerr background. As usual, 7 satisfies
the linearized Einstein equation on the Kerr background,
namely,

£V =0, (19)

where S,(,(,),> is the linearized Einstein tensor on a Kerr
background, and reads,

E W) =3 [=VV, ) =V, Y, (g hid)

1
2
+ 29V, A + g (V7Y 0 = VeV n)),

(20)

where the covariant derivative is defined using the back-

ground metric g,(,(,),).

We now proceed to derive the linearized bGR Einstein
equation at order O(e), starting from (10)

Glg(0)] = Tlg(¢). @I, (21)

where we have suppressed the spacetime indices for
convenience. Note that, according to our notation, a

bGR BH solution of this equation reads g,(,?,) +¢ gﬁ,), up
to first order in . Expanding (21) in €, we find at O(e),

ERQ] = 7,[9(0). @] + 74 [h(£). @], (22)

where we have employed the same linearization notation
for z, and 7;, as we did with 64 , and 64 ;,. Subsequently, we
can expand in ¢,

O[] + EM[RO) = 70 [g® D] 4+ D41 0]
+ 75199, 9O + 2V [nO, d)
+ 2910, @] + 7V [rO 0],
(23)

By construction, T[g({), ®] always depends at least linearly
on ®. This dependence on the scalar field is inherited by z,,

and 7,. Hence: 7' [g), 0] = 2 [g©), O] = £V [n(1),
@) = 7\ [n® ®O] = 0. We are therefore left with

EORD] + EVRO) = 2V [gO (0] 4+ D [rO) D],
(24)

which is the O({) term of the bGR linearized Einstein
equation.

III. STRUCTURE OF THE MODIFIED
TEUKOLSKY EQUATION

In the following, {/#, n*, m*, m**} is the standard tetrad
of the Kerr spacetime. The derivation of the (modified)
Teukolsky equation relies on the Newman-Penrose (NP) or
Geroch-Held-Penrose (GHP) formalisms [53,54]; we
review both formalisms in Appendix A. Of particular

importance are the Weyl scalars ‘1‘8?1)234, which can be

obtained by projecting the Weyl tensor Cg;')yﬁ onto combi-

nations of the tetrad components. The Weyl scalars

p) = —Cé%al“mﬂl}’mé, ) = —Cél%)yén”’m*ﬂlﬂm*‘s are
especially relevant, as they correspond to fields of spin
weight s = 2 and s — 2 respectively and contain all of the
information about gravitational perturbations of the Kerr
metric. Here, we have focused on the Weyl scalars of the
Kerr solution; however, they can be defined analogously in
a generic spacetime.

Following our notation for perturbations in { and €, we
can define the dynamical perturbations y of ¥ as

Wy =P 4 ey® 4 0¥ 4 ey 4 (25)

It is well known that to study linear perturbations of a Kerr
background (or, more generally, vacuum Petrov type D),
the equation to study is the Teukolsky equation: (’)ﬁo) y/§0> =
0 [50], where s = +2 is the spin weight of the field v, and

(0)

yO=yY,  §O=y2 (26)

00 =0, = §Omw (@, +4B,)(®, + 4B,)
169, (27)

00 = 0_(;0:)_2 = g<0)ﬂy(®u - 4Bﬂ>(®l/ - 4Bu)
— 169, (28)

Here, O is the GHP covariant derivative (see Appendix A),
defined with respect to the background Kerr metric, and
Bt = —(pn* — tm**), with p, 7 spin coefficients of the Kerr
spacetime. As explained in Appendix A, Og():)_z is the
formal adjoint of O(*), and hence is defined as OF(0),

The derivation of decoupled equations for y(©), (©) is
central to the existence of the Wald identity [40], an
operatorial identity relating the linearized Einstein tensor
with the Teukolsky operator O©), OT(©), The Wald identity
in the Kerr spacetime reads,
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SO0 — OO0, (29)

which holds generally for vacuum Petrov type D space-
times. Here, £ is the linearized Einstein tensor, defined
in (20), O is the Teukolsky operator (27), and S, 7
are linear differential operators defined by [55],

SOy = 70(@, + 4B,)0,u,,, (30)
1
TO) ) — — Eszcﬂ@ﬂ@yy/)w (31)

with z#weo = zmzee | ziv = 21hm!l | and u, v are generic
twice covariant tensor fields. Specifically, 7() is the
differential operator such that: y(© = 7Ox©)  which
can be obtained by linearizing \P(()o) in €.

If the Wald identity holds, the Teukolsky equation can be
derived in a straightforward manner. Consider a solution
h© to the linearized Einstein equation £©[r()] = 0.
Using the Wald identity one has: 0= SO£O[R0)] =
OOTORO) " Then, using y® =TOxO) the s=2
Teukolsky equation Oy () = 0 follows.

In this section, by generalizing this procedure, we show
that it is possible to recover the same formal structure of the
modified Teukolsky equation introduced in [28], required
to compute bGR corrections at order { to the e-perturbed
s =2 Weyl scalar y(©). The description of the modified
Teukolsky equation in the s = —2 case follows the same
steps and is briefly discussed at the end of the section.

Consider now a spacetime with metric g(¢). By linear-
izing the Einstein tensor G({) and the Weyl scalar ¥ ({), one
finds the differential operators £({) and 7({). By con-
struction, w(¢) = 7 ({)h({). Furthermore, we can general-
ize the tensor S to a spacetime with metric g(¢) which is
different from the Kerr metric by simply replacing ¢ with
g(¢), giving S(¢). Finally, the Teukolsky operator O
becomes O({); while the latter does reduce to O) as ¢ — 0,
it is not obtained simply by promoting g(*©) — ¢(¢). Indeed,
while there are corrections to O¥) coming from the fact that
the metric is no longer of the Kerr type, and not even type D
more broadly, there are also corrections that can come from
derivative couplings of the metric with the extra field, if the
latter’s configuration is nontrivial in the background.

Evidently, in general S({)E(¢) # O({)7(¢), and one
recovers the Wald identity in the limit { — 0, assuming
that the metric ¢g({) is continuously connected to the
Kerr spacetime. We can rewrite this statement as
S()EK) - 0T () = X({), where X({) captures the
deviation from the Wald identity and is such that, by
definition, X(© = 0.

Let’s now assume that X({) is known, and consider,

S(OEQR(E) = 0T (0)h(S) = X(DA(Q).  (32)

By definition, 7 ({)h({) = w({), and hence we get,

S(OEQR(E) - 0w () = X(Oh().  (33)

Expanding in ¢, neglecting O(¢?) terms, and using that
SO0 — 0,

OOy () = —OWy O + SO (O[N] 4 D [RO)])

- XWpO), (34)
Exploiting the O({) term of the linearized Einstein equa-
tion (24), we arrive at the following modified Teukolsky

equation

OOy 1) = —OMyO) — xORO 4 (O] 4 1[0

(35)
where,
1P [pM] = SO [pM), g7, (36)
1[0 = SO () @), hO)). (37)

In absence of an extra field, (35) becomes formally
identical to O©y(©) = 0 provided that the limit to GR as
¢ — 0is continuous. Indeed, 1, Iz would vanish due to the
properties of 7,,7,, while the background spacetime
reduces to the Kerr metric. As a consequence, X(!) and
OW) would vanish as well. All contributions on the right-
hand side of (35), except of I,, relate to changes in the
background configuration of the metric, or the extra field.
I, instead depends on the dynamical perturbation of the
extra field. This is our main focus and an important fea-
ture of the modified Teukolsky equation, which we want
to highlight. As explained in detail in Appendix A, the
operator S is a GHP covariant quantity with GHP
weights p =4, ¢ =0, corresponding to a spin weight
s = (p—q)/2 = 2. Hence, since the GHP weight of the

extra field contributions 1,(,,0) [, 0] is p=0, g =0,

IXD [9()] has spin weight s = 2. This makes clear how a
wave of an extra scalar field can be directly imprinted onto
gravitational radiation.

It is worth stressing that our approach provides an
intuitive understanding of the structure and various terms
of (35), but it does not lend itself to directly computing
these terms, except for Iﬁf” [pV]. A complete and explicit
derivation has been given in [28]. In Appendix B, we show
explicitly that in the class of bGR theories we are consid-
ering as an example here, namely theories with extra scalar

fields, 120) [))] matches the source terms depending on the
dynamical perturbation of the extra field that were obtained
in [28], assuming ®© = ¢(© = 0. Hence, these source
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terms depending on the dynamical perturbation of the
scalar field can be simply obtained by acting with the

operator S on the linearized (in both ¢ and {) stress-

energy tensor T,(/,O) [p1), g9 appearing in (24).

Finally, concerning the modified Teukolsky equation for
s = —2, it reads,

OGN = _otMWF0) — y(Hp0) 4 Lgo) D] + LE;)[h(O)].

(38)

Here, Y!) comes from Y(¢) = P(0)E(C) — OT(£)Q(0),
where Q({) is the operator such that ({) = Q(¢)h(C),
and P(¢) reduces to P for { = 0, the latter being the
operator that allows one to find a decoupled equation for
%) in Petrov type-D and is therefore the equivalent of S(©.
Moreover, O'(¢) is defined analogously to O(¢). Finally,
similarly to the s = 2 case,

LY [pM] = PO () [p), gO)]), (39)
Ly [h0] = PO () @), hO)). (40)

A. Dynamics of coupled fields in scalar-tensor theories

To fully determine the source of (35) we need
O ®M o) The solutions for @) and ¢ can be
obtained from (15) and (18). Note also that the source term
in the equation for ¢(!) depends on 4(?), which needs to be
computed separately. To do so, we can solve the back-
ground Teukolsky equation for s =2, Oy =0, and
for s = =2, OO =0, and reconstruct the metric
perturbation 4© from w© F© using metric recon-
struction techniques [56,57]. Consequently, the equations
for w©, 5@ ®M oM () form a hierarchical system,

00y ) =0, OOTEO) =0, (41)
OVl = —x[¢) (42)
OV = _6O @M AO)], (43)

OOy () = — Oy ) — xR 4 ,g» D] + 15 [nO)].
(44)

We can rewrite the equations in a way that better captures
the dynamical sources,

Oy 0) = 0, (45)
OV = —yM[pO)], (46)
OOy = 1 (O] + 1) V), (47)

where

IV[RO) = oW [y @] = xWpO 4 1V[RO].  (49)

IV. RINGDOWN ANSATZ IN BGR THEORIES
A. Top-down approach

Consider a BH ringing down to an equilibrium configu-
ration in one of the bGR theories introduced in Sec. II
Then, a far-away observer will measure a gravitational
perturbation that in a time window some time after the
merger can be expressed as,

w(&) ~ > e @wa(0), (50)

where we employ the shorthand notation n to denote the
angular momentum number [, the azimuthal number m,
and the overtone number n, the ¢, are constant coefficients,
known as excitation coefficients, that depend on the initial
data, and y,, are the characteristic QNMs of the final bGR
spacetime. They quantify the excitations of the character-
istic quasinormal modes y,({) of the final bGR BH.

As we are considering bGR theories whose BH solutions
are continuously connected to the Kerr spacetime as { — 0,
and further assuming that the initial data can be expanded
as a power series in the coupling parameter ¢, we can write,

w0~ e + > (e + eyl) + 0(?).
n n

(51)

The first term, of order O(¢), captures the pure GR

contribution to the signal: 1//5,0) are Kerr QNMs and the

. . . . 0
excitation coefficients cr(,)

computed at = 0.

Assuming that we are considering times after some time
to from which linear perturbation theory is valid, and also
assuming that for { <« 1 the bGR ringdown produces a
waveform that is slightly deformed with respect to the one
that would have been produced in a GR ringdown, we can
expand the initial data as follows:

depend on the initial data

w(C.10) = w(1) + CyV(19) + O(L?). (52)

The coefficients cfll) in (51) depend on the initial data

(1)([ ).
v o (1) .

Finally, yy’ captures the correction to the set of Kerr
QNMs. In principle, we have to allow for three different
kinds of corrections. First, a frequency shift, due to the fact
that the spectrum of the final spacetime {w(M,a,()}

064070-6
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depends on the bGR nature of the BH. This produces the
shift,

e‘i“’r(lmtu(o)(xi) N e—i(wflo)JerE,l))tu(O)(xi), (53)

where u(%)(x") is the spatial part of a Kerr QNM. The
second correction is the shift to the spatial mode function
u®(x"), namely

(0) (0)

e~ i®n tu(U)(xi) — e lon t(u(o)(xi) + gu(])(xi)). (54)

The third possible correction is the least obvious one,
coming from the consideration that the spectrum of the final
spacetime could also feature a new set of frequencies {&®, }.
This picture is not in contrast with the assumption of the
final BH being continuously connected to the Kerr metric,
assuming that the new set of QNNMs associated to @, vanish
as { — 0. Hence, at order O(¢), this third correction has the
form ~Ce~i@ntyl) (x1), with v (x') = 0.

In the next subsection we show constructively how all
these different terms emerge from the study of the modified
Teukolsky equation introduced in Sec. III. Moreover, we
also shed light on the physical meaning of @, and why this
new set of frequencies naturally arises in the context of the
modified Teukolsky equation.

B. Constructive approach

As discussed in Sec. III, the relevant set of equations
governing the linear ringdown in a plethora of bGR theories
can be brought in the form,

OO0 = 0, (55)
OV = —yM[pO)], (56)
OOy =1 WO+ 1l (57)

Note that this is not a set of coupled equations but rather a
hierarchical system: GR gravitational perturbations 4(©) are
the dynamical source of scalar waves ¢(!), which in turn
source (1.

We stress here that all the source terms have to be linear
in the relevant dynamical field [2(©) or @] and its
derivatives, by construction of our perturbative forma-
lism. For this reason, we can always rewrite a source
term y that has a dynamical dependence of the form
2If(xH)e ! + g(xt)e "‘”2’] for some spatial functions f,
g as y(x', w))e ™ + y(x!, w,) e, where y(x', w, ,) are
spatial functions resulting from the separation of the time
dependence.

) . (0)

This set of equations comes with initial data: y; ", yr;;

for the Teukolsky equation in the Kerr spacetime, q0£0 ), (ﬂ£0>

for the scalar equation, and 1//501 ), y/ﬁ(} ) for the O(¢) modified

gravitational Teukolsky equation. The solution to (55) is
given by the convolution of the initial data with the Green’s
function. Writing the Green’s function as a sum of the free
propagation term, branch cut contribution and QNM
contribution [58], we have,

ch vy, (58)

y©@ =y + oy

where 1;/510) ~emion't Let us study how a single GR QNM
propagates through the hierarchical system. In this scenario
(56) reads,

OO ) = _J<1)[h§l°>], (59)

in which hl(lo) is obtained from 1;/510), l//:;(o) by metric

reconstruction. The homogeneous solution is, exploiting
the same arguments leading to (58),

1 1 1 1, i\ (0
Phom = Phomr + Phomp + Zdﬁ '), (60)
n

where (pf,o) are scalar QNMs, representing the characteristic

oscillations of the scalar degree of freedom of the bGR BH:

o) = ¢~i@w"130) (x). The particular solution to (59) is the

one sourced by the selected GR QNM hl(,o). As the driving
frequency is not a characteristic frequency of the QNM

spectrum of O(O), no resonances arise, and a good ansatz for

the solution is simply (p(l) F <1)[h(o)] where F does not
(1)

alter the time dependence of h [1mp1y1ng that @g

maintains the same time dependence as h ] Here the

subscript gc stands for gravitationally contaminated, indi-

cating the presence of the driving term with frequency a)flo).

(1) (1)

If we now plug o) = @, )+ @y into (57), and exploit

that I&O) [qo<1)] is linear in its argument, we have,

I(l)[h( )] —I—I( )[ (1) ). (61)

Phom

Here, I0[nY] = I(C)[hf,o)] + 120) [pt)]. First, we focus on

the solution driven by hﬁ,o), hence called 1//5,1). Note that, in
this instance, the driving frequency is a characteristic
frequency of the QNM spectrum of O*), A good ansatz s,

l//r<1]> = —ia)l(:)tl//g)) + u(1>(xi)e‘i“"(10)’, (62)

where the frequency shift wﬁ,” can be computed without
solving the equation by following a perturbative approach
described in [29,30]. A detailed study of this particular
solution has been carried out in [30]; (62) is consistent with
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their approach, in the limit of small { |a)£11) |z. We will return
to this condition in Sec. V.

Let us now turn our attention to the solution to (61)
driven by I&O) [(p}%)m] In particular, we take for ¢E(11)>m a single
scalar QNM out of all the possible contributions in (60).
The equation then becomes,

OOy (1) = 7511)()61"@510))6—@“ ' (63)

with solution

pille = q(x)emian’t, (64)

for some spatial function g(x'). As this solution arises from

the driving scalar QNM, we call wl(,lzc scalar-contaminated

gravitational perturbations. Clearly, (57) also has a homo-
geneous solution, of the form,

Whom = Ve hom T Whtom + O _cn (¥)y. (65)

We now summarize the main results obtained. A GR
QNM gets shifted as 1;/5,0) - 1/15,0) + é’y/f,l), and features a
frequency shift term wr(,l) and a shifted spatial wavefunction
e (x"). On the other hand, the excitation of a scalar QNM
during the ringdown process leads to a scalar-contaminated
order O({) correction, of the form z//f,],ic ~ ei0nt , to the
gravitational perturbation. The gravitational initial data fix
the coefficients ¢\ (x7), ci (x') of the QNM driven evo-
lution. Finally, we can write the QNM contribution to the
bGR ringdown waveform as,

vowm(©) =Y ey + 0> (el + ey
n

n

+ eyl + 0. (66)

C. Ringdown ansatz

Having derived the QNM contribution to the bGR
ringdown waveform, we analyze it near future null infinity
at a fixed spatial coordinate. In this regime, (66) becomes,

—_io® _io®
wonm() =D _Ane ™ 40 "(Byeion !
n n
_ l-Ana)Ell)te—iwLO)t + Cne—irbi,o)t) + O(Cz) (67)

The linear growth in time can be understood as the first
order expansion in ¢ of emilon) +on)i, Moreover, by only
introducing an error at O(¢?) and defining A, = A, + {B,,
it is possible to rewrite (67) as,

~ 20 (0) (1) . (0)
WQNM(Z.:) — ZAne—z(u)n +ay ')t + CZCne—m)n r 0(4'2)
(68)

The two bGR corrections appear to be different in nature:
the one featuring the frequency shift is a phase correction to
the GR waveform, whereas the scalar-contaminated one
looks more like an amplitude correction. We will return to
this subtle point shortly. The expression that we have
derived here from first principles has the same structure as
the ringdown ansatz recently proposed in [41] in the
context of a theory-agnostic search.

V. DISCUSSIONS

Our analysis is perturbative in £, which is its major
limitation. However, since bGR deviations have not been
observed, it is reasonable to expect that { will indeed be
small. For example, in sGB theories, recent constraints on
the coupling constant for dilatonic (f(®) = e®) theories
are /agp < 0.31 km [59]. This implies a dimensionless
coupling {gg < O(1073) for BH masses M > 1M . On the
other hand, using the METRICS formalism [60-63],
prospective constraints on dCS gravity were obtained in
[64] by studying the frequency shift of the ringdown signal.
These suggest that {4cg < 0.1 for M ~10M, and spin
paramemeter ~0.7. Note, however, that by increasing the
mass of the targeted remnant, one will inevitably find lower
values of {ycg. These are obviously theory-dependent
estimates and there could be theories which fall within
the parametrization (2) and are only weakly constrained, so
that ¢ takes high enough values that the ansatz (68) is not
sufficient. We stress however that, although we resorted to
perturbative treatment in { to demonstrate the frequency
contamination in the ringdown, its physical origin is the
coupling between the linear perturbations of the metric and
the extra field, which is present irrespective of the size of
and indeed gets stronger (and more nuanced) as ¢ increases.
We therefore consider it a generic feature.

Assuming that { is indeed small, one can further simplify
the ansatz (68). Usually, the ringdown of a BH lasts 3-5
damping times [65] 7 ~ 1/ Im(a)g%), which translates to a
ringdown time ¢z ~ (30-80)M. In what follows, we con-
servatively assume fz ~ O(10?). As Re(a)g%) ~0(107h),
Im(wg%) < O0(107"), a conservative estimate is that
the first order corrections to the frequencies are
Re(wglz)o) ~ 0(10‘1),Im(w<212)0) ~0(107"), if the spectra
of bGR theories are expected to be stable. Indeed, such
an estimate is valid in the context of dCS and sGB, where

a)glz)o has been computed [35,63,64]. The above remarks

imply that ¢[w\y|ix < 1 if ¢ < 0(1072). Hence, consid-
ering the entire ringdown observation window, one has that
for the first few dominant modes: ¢ |a)§11) |t < 1. Whenever
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that is the case, the ansatz (68) can be expanded as,

~ G Cn _ing® .
vonm(() = Y Ape ’(1 +C<A—e o ’—zwﬁ”t)
n

T 0<¢2>), (69)

where Awﬁo) = d)s,o) - m£,°>. Note that in this instance, the

frequency shift and the modes sourced by extra fields are
actually both O({) time-dependent amplitude corrections

to the GR waveform Ane‘i”’r(lo)’ . Conversely, one could
treat the two bGR corrections as modifications to the phase
of the QNM. Indeed, starting from (68), one could reabsorb
the modes with frequencies &)510) into a second, time-
dependent phase shift of the zeroth order QNM. To first
order in {, this is equivalent to (69). This is interesting to

note, as phases are commonly considered to be easier to
detect than amplitudes; if the condition that ¢ |(co§,1) It <1
holds, these two pictures are actually interchangeable.
We now compare the frequency shift correction and the
scalar-contaminated one, starting from (69), and we show
that, in general, the latter cannot be neglected. As a proof of
principle, consider the following argument. If ¢ ~ O(1073),

Im(wiyy) g ~ O(10),
Re(wy))ig ~ 0(10) we have ¢Im(wih)tg ~O0(1072),
CRe(a)glz)O)tR ~ 0(1072), a value that justifies an expansion
(wn +Coy )t

and assuming conservatively

of e”!
values of the frequencies of the (220) Kerr QNM (a)g?o) and
of a scalar (220) QNM for a Kerr background (&)g%), we
have that Im(cbé% - a)g%) -tg ~O(1), and therefore

(@050~ 1 for 1€ [0, 1],

up to first order in . Using the known

G oo . €20 o(1073).  (70)
220 A220

Comparing the real parts of the two bGR corrections, we
now highlight the main implications of these remarks:

(i) In the above, we have been very conservative in

assuming tz ~ O(10%). Comparing the two terms in

the window (20-30)M, and assuming %N o(1),

(0)

one finds Im(a)gz)o)t/elm(’;’é%_“’zzo)’e(2.3,3.8) for

Im(a)glz)o) = 0.1/M. Hence the two corrections have
comparable size.

(i) Assuming that %N O(1), the frequency shift
term dominates in the late ringdown, near fg.
Conversely, in the early ringdown, where the
amplitudes are large and hence the signal is stronger,
the frequency shift correction is comparable [as
seen in (i)] with the term causing the frequency

contamination. However, the ratio of the amplitudes
depends on the physics of the merger and could in
principle become much larger than O(1) if non-
linearities source the new field during the merger
(see [48] for a discussion). In such scenarios, the
frequency contamination term would be the domi-
nant contribution at all times.

Overall, it is clear that neglecting the scalar-contaminated

correction to the bGR waveform could lead to potential

biases in ringdown tests of GR.

As a final comment, we note that if p > 0 in (2), the
dimensionless parameter { decreases as the BH mass M
increases. As the size of bGR corrections to the waveform
is controlled by ¢, waveforms produced by Laser
Interferometer Space Antenna’s (LISA) ringdown targets
are likely to exhibit negligible deviations from GR, con-
sidering that such deviations have not already been detected
in LIGO-Virgo-KAGRA sources (see also [48]). This
suggests that extreme mass ratio inspirals will be a more
promising avenue for testing GR with LISA, compared to
massive BH ringdown [43—47]. On the other hand, this
could make massive BH ringdowns a perfect laboratory for
studying the nonlinear ringdown in GR.

VI. CONCLUSIONS

In this work, we revisited the modeling of BH ringdown
bGR, going beyond the standard paradigm in which
deviations are captured solely through shifts in QNM
frequencies. We systematically analyzed the structure of
the ringdown signal as derived from modified Teukolsky
equations in generic extensions of GR, with particular
focus on theories that introduce additional degrees of
freedom such as scalar fields.

After analyzing the structure of the modified Teukolsky
equation [28], we constructed a generalized ansatz for the
ringdown waveform (68), valid in the small bGR coupling
regime. This waveform incorporates two qualitatively
distinct classes of deviations: (i) frequency shifts of the
GR QNMs, and (ii) new gravitational modes that are
sourced by the QNMs of extra fields. While both correc-
tions appear at first order in the dimensionless coupling
parameter £, they differ in their origin and in their behavior
over time. Importantly, we showed that under realistic
assumptions for the duration of the ringdown window and
current constraints on £, the second class of corrections—
whose effect we referred to as frequency contamination—
are comparable to the frequency shift deviations.

This behavior has clear implications for GW data
analysis, suggesting that a search pipeline sensitive only
to frequency shifts may overlook or mischaracterize
important bGR effects. Our results also have implications
for bGR QNMs in the frequency domain, as they highlight
the importance of using an ansatz with an additional set of
frequencies for every extra field when attempting to study
the ringdown in bGR theories.
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In part of our analysis we have assumed for concreteness
that the extra field is a scalar. However, our main con-
clusions do not depend on the nature of the field, see [66]
for a recent example, but solely on the assumption that it
couples to gravity nonminimally and in a way that linear
perturbations of the metric and the new field do not fully
decouple. Our analysis has also assumed for simplicity that
the new field is massless. A mass term can have a
significant effect in the behavior of both the background
and the perturbations. We plan to report on this in
future work.
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APPENDIX A: NP GHP FORMALISM

1. Main quantities in the NP formalism

The study of the NP formalism [53] can be approached
as a type of tetrad formalism. Consider an algebraically
general spacetime and define a null, orthogonal tetrad
Kok, mt,m* such as ln, =1,m'm;, =—1 and with
all other contractions equal to zero. As it turns out, by
contracting tensorial quantities with the legs of the tetrad,
one can define scalar quantities that are crucial to the study
of gravitational radiation. First, we introduce five complex
scalars by contracting the Weyl tensor C,4,; with different
combinations of the tetrad vectors. The resulting quantities

are called Weyl scalars and read,

Y, = —Ca/jy{;l"mﬂﬁm‘s, (A1)

W) = —Cp,sl*n’I'm®, (A2)

¥, = — % Copys(1PnP 10 + 1“0 m'm*®),  (A3)
W3 = —Cp,sl*n’I'm®, (A4)

Wy = —Cypen®mPn’m*. (A5)

Directional derivatives are also introduced. This can be
simply done as follows:

D=1%,  A=n%,, (A6)

§=m, & =m"a,. (A7)

Finally, twelve complex scalars, called spin coefficients,
play the role of Christoffel symbols. They read,

k= IFm*V,1,, p=m*m*V I, (A8)
o =m'm'V,l1,, T=n'm"V,l, (A9)
v=-n'm*V,n, = —m'm*V,n,, (A10)
A= —-m*m*V, n,, T =—Ir'm*V,n,, (All)
1
p= 3 (m*n*V 1, — m"m*V,m,), (A12)
1 *U U KU THRU

a= E(m m'V,m,, —m*I*V,n,),  (Al3)

1 [T U 5V
= E(l n*vV,l, = 'm*V,m,), (A14)
— L 4% 1V Al5
4 _E(n m-v,my, —n ﬂnl/)‘ ( )

2. GHP formalism

The GHP formalism [54] is a refinement of the NP [53]
framework and prioritizes the use of quantities that have
specific transformation rules under a change of tetrad. This
improves efficiency in calculations, particularly in space-
times admitting preferred null directions, such as Petrov
type D ones, and gives extra structure to equations written
in terms of GHP quantities. The essence of the formalism is
the concept of GHP covariance. Indeed, while the NP
formalism relies on explicit components and directional
derivatives associated with a chosen null tetrad
(I#,n#, m*, m*), the GHP formalism emphasizes objects
that transform covariantly under a restricted class of tetrad
transformations—namely spin-boost and null rotations
about /¥ and n*.

A geometrical quantity # is said to be GHP covariant if,
under the combined action of spin boosts and phase
rotations,

(I, n*, m*,m™*) — (A, A 'n# eMm# e Tm™),  (A16)
where A, I' are smooth real-valued functions of the
spacetime coordinates, it transforms as [54],

n — APy, (A17)
where 1> = Ae', with (p, q) denoting the GHP weights.
We say that # is a GHP covariant quantity with weights
n = (p,q). These weights encapsulate both the spin and
boost behavior of the quantity, where the spin weight is
given by s=(p—g¢q)/2, and the boost weight by
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b= (p+q)/2. This transformation rule allows for a
compact and manifestly covariant treatment of spin-
weighted fields. Note that, as this section is just a review
of the GHP formalism in GR, we drop the superscripts on
fields and on operators indicating quantities perturbed with
respect to the bGR coupling parameter ¢.

From (A16) it is clear that: # = (1,1),n* = (-1,-1),
mt = (1,—1),m* = (—=1,1). Note that GHP weights
behave additively under multiplication, that is, given
n=(p.q).x=(p.q),m=(p+p.q+4q).

The Weyl scalars Wy = —Cpp,s*m’l'm®, ¥,=
—Copsn®m™Pn’m*®, as well as their dynamical perturba-
tions yw, and y,, naturally acquire well-defined GHP
weights and, consequently, spin weight. Specifically, the
perturbed Weyl scalar y =y, has spin weight s = 2,
whereas |y = ‘P;l/ 31,//4 has spin weight s = —2.

A central object in the GHP formalism is the GHP
covariant derivative ©®, defined as [55],

0, =V, —sm*V,m' —bn*V,1,. (A18)

By definition, this operator is GHP weight preserving, that

is, if n = (p, q), then @y = (p, g). One can then define new
directional derivatives,

b =109,

P = n"@,, (A19)

d =m’0,, 3 = m*0,. (A20)
The GHP formalism introduces the operation (’) that acts
on a tetrad-dependent quantity by performing the following
transformations [54]:

vy =,

(") = I*, (A21)

(m") = m*, (m*) = mH. (A22)
One can then rename part of the NP spin coefficients
as [54],

v=—«, A= -0, u=—p, (A23)

T =-7, a=-f, y=—¢. (A24)
For 1 = (p, q), in terms of spin coefficients and directional
derivatives in the NP formalism it holds that [54],

Py = (D — pe — qe")n. (A25)

o = (6= pp+ap)n. (A26)

In a vacuum type-D spacetime, y and {r obey, respec-
tively, the Teukolsky equation for s = 2, Oy = 0, and for
s =—=2, O =0, where, the Teukolsky operator for
s =2, 0, and for s = =2, OF, can be expressed in terms

of the GHP covariant derivative ® as [55],

O =g¢g*©,+4B,)(0, +4B,) — 16¥,, (A27)

O" = ¢#(©, —4B,)(©, —4B,) — 16¥,, (A28)
where W, is the background Weyl scalar with s = 0, the
only nonvanishing one in a Petrov type-D spacetime. Note
that we write the s = —2 Teukolsky operator as O as it is
the formal adjoint of O [40].

As explained in Sec. 111, the operator O, together with the
operators S, £, 7 satisfy,

SE=0T. (A29)

This operatorial identity is known as the Wald identity. &£,
S, T are defined in (20), (30), (31). From their defini-
tions, and using that #m* = (2,0), it follows that
S=7 = (4,0), whereas O = & = (0,0).

APPENDIX B: COMPARISON
TO THE MODIFIED TEUKOLSKY EQUATION
OF LI ET AL.

In this section, we compare the modified Teukolsky
equation obtained from the deviation from the Wald
identity with the one derived in [28]. In our notation,
the latter reads,

OOy (1) = Wy O 4 gk 1RO+ KO [pM] + KV [n©),

(B1)
where K élez) [19)] only depends on geometric quantities and
hence is nonzero even in absence of extra fields, whereas
the operators K O K,(Bl) vanish in absence of sources and
extra fields, in the context of scalar-tensor theories,
vanishing potential, and no higher derivative gravity
modifications. To facilitate the comparison, note that we

write their S(g:;ol) , appearing in their modified Teukolsky
equation, Eq. (A25), as Séle'ol) = —0Wy ) 4 Ké&[h(o)}.
In this section we show explicitly that, in the class of
theories analyzed in this study, namely scalar-tensor the-
ories of gravity with vanishing potential V(®) and no
higher derivative gravity corrections, one has,
0 0 0
101 = SO o1, g0) = K0V, (B2)
where Kg)) (V] has been introduced in (B1). In the original
study [28], a different notation is used. A quantity Y is
the ({ = n,e = m) term of an expansion in ¢, € of a given
object Y. In this section we use this notation whenever we

deal with quantities defined in [28]. Using this notation, we
rewrite,
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K]+ Ky 100 = KO,

(B3)
where K1) is the S("!) of Eq. (88) in [28], and reads,

KD ggo,O)SgJ) +8§0’1)S§1’0) B ggo,O)ng)

0, .0
— gl0Dglto), (B4)
Here,

Sl = (6 + o =2a" — 2ﬂ>q)00 - (D —2e— 2p*)q)01
-+ 26q)10 - 2K'q)11 - K*(I)()z, (BS)

S2 = (5 + 2n* — 2ﬂ)(1)01 — (D —2¢ + 2¢e* —p*)CDOQ
— ﬂ*q)()() + 26@11 - 2Kq)12 (B6)
E=6—1+n —a =38-Y;169, (B7)
E&=D-p—p*=3e+¢& -;'D¥Y,, (BY)

where the expressions contain NP spin coefficients and
derivative operators defined in Appendix A, as well as the
NP Ricci scalars

1

g = 5 Ry, 1M1 = 4aT, (B9)

1 v
®o =5 R, Pm = 4aT, (B10)

1 *U
ig =5 Ry ' = 42T, (B11)

I

P = ERuy(l”n” +m'm”) =4n(Ty, + Ty ), (B12)

1 v
(I)OZ = ERm,mﬂm = 47[Tmm’ (B13)

1 v
(D12 - ERﬂVn#m = 4ﬂTnm‘ (Bl4)

Here, we employ the standard notation 7, = T,,[/l" for
projections onto the tetrad {/#, n*, m*, m*}. As seen in
(B3), we aim to find the part of K{I') which contains ¢!)
and show that is equivalent to 7\ [p(1), g©].

We can now consider the perturbations of £, and S,
required for (B4). As seen from (B7) and (BS), perturba-
tions of &, will not contain »", and hence to find

Kgo) [V] we will only have to consider the terms

SéO,O)Sgl,l) B g<lo,o>S<11,1

SEI’;) from Tl(-]l-’l), where the Latin indices here are place-
holders for the tetrad elements [, n, m, m*. For a Petrov type
D background, one has that

), and in particular contributions to

500 — (00) = )00) — 00 — o (B15)

[50]. Hence, one finds that for SEEU, the only terms that

survive from (B5) and (B6) and which contain TE}’I) are
S(]l,l) 5 (5 Lot =2aF — 2[})(0,0)4”]«5}1)
= (D =26 =2p") 047}, = 537, (B16)

SV 5 (8 + 2a* —2p) 00 4TV

m

— (D =2+ 2¢" — p*) 0047 = ULV (B17)

For £ %0), one finds that

550’0) =(6—4dr+a —a —3p)00, (B18)
5(20»0) = (D —4p—p* =3¢+ )00, (B19)

where we have employed the vacuum type D relations

(111515\112)(0,0) _ 31(0,0)’ (TEID"PQ)(O‘O) — 3'0(0,0).
(B20)

We are therefore left with

KD 5 —(5 —dr+ 7° —a* = 38)Q0[(5 + 7* — 20" — 28)004xT! ") — (D — 26 — 2p)00 4T (V)]

+(D—4p—p* =3e+)00((6 + 22" = 2$) 04T}V — (D = 26 + 26" — p*)O4rT ()] = K.

The next step is to write this eXPIicitly in the GHP
formalism. Considering once more S<1’é1>, we first observe
that weights of the components of the stress-energy tensor are,

i = (2,0).

(B22)

1.1) .
T = (2,2),

(B21)

Im

I

Together with the definitions of P and 9, given in (A25) and
(A26), respectively, and with the spin coefficient relations
(A24), this information implies that we can rewrite (B16) and
(B17) as

S<lf4’l) _ (6 _ T*/)(0.0)4”T§ll’l> _ (P _ 2p*)(0,0)4”T(1;1)

Im >

(B23)
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Sk = (0 = 207) 0477 — (B — p*)004xT).
(B24)

Then, the GHP weights of S(lilz) 4 are

1,1) . 1,1) .
sV =31, sV =3-1).  (B29)

Subsequently, we can look at the terms 5&0’O)S§kl> and

005 employing (B23) and (B24). As we did before,
we use the definitions (A25) and (A26), plus the spin
coefficient relations (A24), to find that

g(l().o)SglA,l) _ (5 At —af — 3/})(0,0)S§1A,l)

=(0-7"- 47)5521)’ (B26)
DS = (D —4p = p =36+ &) 00sL;
* 1,
= (P—4p—p")$5;". (B27)

Overall, we can then write (B21) as

Ky = dz{(p - 4p - p)09[(3 - 207) 00T}, Y
—(p —p*)(O*O)TS,};,p] — (3 =17 — 47)00)]
. 1, X 1
x (3= 7Y 00T — (b —2p1) 00T
(B28)
By comparing this form of K/(41,1) with 427 in Eq. (2.13)

of [50], we see that this expression is none other than the
linearized in ¢ and e source of the Teukolsky equation for

wo, obtained by acting with S on the source of the
linearized Einstein equations. In our notation, we recall that

this is precisely S© (z\ [p(1), ¢©]). Hence, we have shown
that

1,1 0 0 0
K< ) _ K( >[¢(1)] — I( )[(ﬂ(1>] — S<0)(T( >[(p(1)’g(o)])‘
(B29)
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