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We study the implications of noninvertible chiral symmetry in a four-dimensional U(1) gauge theory
coupled to massless fermions with electromagnetic SLð2;ZÞ duality. This is done by deriving the Adler-
Bell-Jackiw anomaly of massless QED in the dual frame that is used to explicitly construct the symmetry
defect operator as well as the conserved two-form symmetry current. As expected, the noninvertible chiral
symmetry is covariant under the duality transformation. This has implications for understanding the nature
of kinetic and topological terms in the dual frame and for axion electrodynamics. In particular, we show that
to generate an axion potential from a dyon loop, the one-form magnetic symmetry must be explicitly
broken by a mutually nonlocal charged state with nonzero pairwise helicity.
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I. INTRODUCTION

Symmetries play a central role in quantum field theory,
governing both the dynamics and classification of possible
phases. Recently, there has been significant progress in
generalizing our notions of symmetry that deepens our
understanding of quantum field theory. These new global
symmetries are reformulated by introducing topological and
gauge invariant symmetry defect operators [1]. The con-
servation law of these generalized global symmetries is then
captured by the invariance of the symmetry defect operator
under the deformation of a supporting manifold, revealing
the topological nature of the symmetry defect operator.
Alongside higher-form global symmetries [1–4], non-

invertible symmetries form an integral part of generalized
global symmetries (see [5–7] and references therein). The
noninvertible symmetry operation, unlike the usual invert-
ible symmetry, obeys a more general fusion rule where the
Hermitian conjugate is not an inverse symmetry operation
on external extended objects that can be used to probe the
theory. One of the simplest examples of a noninvertible
symmetry is associated with the chiral symmetry in a 4D

Abelian gauge theory that has an Adler-Bell-Jackiw (ABJ)
anomaly [8,9]. In particular, for massless QED, a non-
invertible chiral symmetry defect can be constructed for a
chiral rotation [10,11] (see also [12–21]). This is made
possible by coupling the theory to a ZN topological
quantum field theory (TQFT) on codimension-one defects,
which gauges a discrete subgroup of the magnetic one-form
symmetry in the bulk. The intriguing nonperturbative
physics underlying the breaking of the noninvertible
symmetry can be useful in explaining hierarchies that often
appear in particle physics, and for this reason, noninvertible
chiral symmetry has found increasing applications in
physics beyond the Standard Model [11,22–25].
Aside from the selection rules imposed by the non-

invertible chiral symmetry, it is also interesting to consider
how the construction of symmetry defect operators behaves
under dualities. Since duality transformations, such as
electromagnetic duality in Abelian gauge theories, are
expected to preserve selection rules imposed by symmetries,
any noninvertible chiral symmetry present in one framemust
have a counterpart in the dual frame. In the case of massless
QED, this motivates the search for a noninvertible chiral
symmetry in the SLð2;ZÞ dual frame—specifically, in a
Uð1Þ gauge theory coupled to massless fermionic dyons.
Electromagnetic duality in Abelian gauge theories

[26–28], parametrized by the modular group SLð2;ZÞ,
exchanges electric and magnetic fields while mixing the θ
angle and the gauge coupling [29,30]. Under such a trans-
formation, electrically-charged fermions are mapped to
dyons that have both electric and magnetic charge. While
the duality is manifest in the classical Maxwell equations,
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implementing it at the quantum level [31] requires careful
tracking of anomalies and defect operators. In the dual frame,
the standard Uð1Þ current algebra is modified due to the
dyonic nature of the fermions, and the ABJ anomaly takes a
more intricate form, mixing both F ∧ F and F ∧ ⋆F
structures.
In this paper, we explicitly construct the noninvertible

chiral symmetry defect in a Uð1Þ gauge theory with
massless fermionic dyons, confirming its presence in the
SLð2;ZÞ dual of massless QED. Starting from the known
noninvertible symmetry in the QED frame, and using the
SLð2;ZÞ transformation, we track the effect of a chiral
rotation on the complexified coupling τ and derive the ABJ
anomaly in the dual frame [32]. We show that this anomaly
can be written as the wedge product of the Hodge dual of a
conserved current of the one-form symmetry, which is
therefore a two-form, enabling the construction of a
topological defect operator that implements the noninver-
tible chiral symmetry. The current of the one-form sym-
metry in the bulk couples to a ZN one-form gauge field via
a Chern-Simons interaction, consistent with the known
fractional quantum Hall interpretation of such defects.
Our construction confirms that the existence of non-

invertible chiral symmetry is not contingent on the choice
of a duality frame, and it provides a concrete realization of
how the noninvertible chiral symmetry can persist in
theories with dyonic matter. Throughout the paper, we
will designate the QED frame to be the frame with the
standard Abelian ABJ anomaly,

d ⋆ jchiral ¼
A
8π2

F ∧ F; ð1Þ

where jchiral is the anomalous Uð1Þchiral current of electri-
cally charged fermions, F is the holomorphically normal-
ized gauge field strength and A∈Z is an anomaly
coefficient. An SLð2;ZÞ duality transformation performed
on the QED frame will give rise to a new frame, which will
be referred to as the dual frame.
After we review the properties of the Abelian gauge

theory in the QED frame, and how those properties trans-
form under SLð2;ZÞ in Secs. II A and II B, respectively, we
derive the ABJ anomaly in the dual frame in Sec. III A. In
Sec. III B, we demonstrate the presence of the noninvertible
chiral symmetry in the dual frame by specifying the
counterpart of the current generating the one-form mag-
netic symmetry in the QED frame and its coupling to the
minimal ZN TQFT. In Sec. IV, we further explore impli-
cations of this construction. We study how the noninver-
tible chiral rotation acts on the theory at a fixed point in the
renormalization group flow, where the electric and mag-
netic contributions to the photon self-energy cancel. We
demonstrate that the Uð1Þchiral rotation does not spoil the
fixed point in the dual frame, in spite of the exotic
anomalous Ward identity d ⋆ jchiral ∝ F ∧ ⋆F in the dual

frame. Furthermore, we revisit axion electrodynamics in the
presence ofmassless dyons.We discuss the selection rule on
an axion potential imposed by the noninvertible chiral
symmetry in the dual frame of axion-Maxwell theory.
Finally, inAppendixA,we derive the renormalization group
equation for the complexified gauge coupling in the dual
frame and in Appendix B we derive the transformation of a
dyon line operator under the noninvertible chiral symmetry.

II. OVERVIEW OF QED AND EM DUALITY

In this section we briefly review massless QED, in order
to define and introduce our notation.

A. Aspects of QED

Consider a Uð1Þ gauge theory with Nf massless Dirac
fermions Ψj (j ¼ 1;…; Nf) in the QED frame. The action
of the theory in Minkowski space reads

S ¼
Z

−
1

2e2
F ∧ ⋆F þ θ

8π2
F ∧ F − A ∧ ⋆J

þ
Z

d4x
ffiffiffiffiffiffi
−g

p XNf

j¼1

iΨ̄j∂μγ
μΨj; ð2Þ

where e is the gauge coupling, θ is a 2π-periodic angle, and
g is the metric determinant. The gauge sector of the action is
written in differential form for later convenience where
F≡ dA is the globally defined gauge field strength, ⋆F is
the Hodge dual of F, and ⋆J is the electric current. For
discussions involving magnetic charges or currents, we
shall denote the corresponding magnetic current as ⋆K,
keeping in mind that the Lagrangian (2) describes only the
electrically charged fields.1

Away from electric charge or current ði:e:;⋆J ¼ 0Þ, and
where the θ term is not a total derivative (e.g., due to the
presence of magnetically charged objects), the equation of
motion of A arising from (2) is

d

�
1

e2
⋆ F −

θ

2π

F
2π

�
¼ 0: ð3Þ

Because any closed form is exact locally, we can introduce
the dual gauge field Ã to rewrite the expression in the
parenthesis of (3) as2

1A Lorentz-invariant, local Lagrangian description of Maxwell
theory coupled to magnetic matter can be obtained by gauging the
electric one-form symmetry Uð1Þ½1�e with the aid of auxiliary
gauge fields associated with Uð1Þ½1�e and its dual 0-form Uð1Þ
symmetry; see Sec. 5.3 in [20].

2Note that when the gauge field is canonically normalized, the
minimal coupling becomes −eA ∧ ⋆J − Ã ∧ ⋆K with

dÃ
2π

¼ − ⋆ F þ e2
θ

2π

F
2π

: ð4Þ
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dÃ
2π

¼ −
1

e2
⋆ F þ θ

2π

F
2π

:

If the exterior derivative of the second term on the right
hand side of (4) vanishes (e.g., away from a magnetically
charged object), it simply drops out in the dual gauge field
definition. Although Ã is not globally defined, we can still
patch together dual gauge fields defined locally in different
open patches of spacetime as long as the Ã in the different
coordinate patches are gauge-equivalent on the patch
overlaps.
In regions where ⋆J ≠ 0 and the θ term is not a total

derivative, the equation of motion of A is now given by

d

�
1

e2
⋆ F −

θ

2π

F
2π

�
¼ ⋆J: ð5Þ

When Eq. (5) is integrated over a 3-manifold Σ in spacetime
with a boundary ∂Σ ≠ ∅, we obtain the usual integrally-
quantized electric charge,

Qe ¼
Z
Σ
⋆J ¼

Z
∂Σ

�
1

e2
⋆ F −

θ

2π

F
2π

�
∈Z; ð6Þ

where Stoke’s theorem has been used in the second equality
of (6). When the magnetic flux is activated by the presence
of the magnetic current ⋆K, we have

d

�
F
2π

�
¼ ⋆K: ð7Þ

Similarly, when Eq. (7) is integrated over a 3-manifold Σ
with a boundary ∂Σ ≠ ∅, we obtain integrally-quantized
magnetic charge Qm,

Qm ¼
Z
Σ
⋆K ¼

Z
∂Σ

F
2π

∈Z: ð8Þ

As the magnitude of the magnetic charge is integrally
quantized, we take 2π=e as the unit of magnetic charge
throughout this work. When θ ≠ 0, since the θ-dependent
contribution in (6) evaluates to the magnetic charge in (8),
a magnetic monopole with magnetic charge Qm obtains
a θ-dependent electric charge, which is nothing but the
Witten effect [33]. In this way, a magnetically charged
object becomes a dyon.
Note that if there are no dynamical charged fields in

the QED frame, there are two one-form global sym-
metries that act on line operators. These are the electric

one-form symmetry, Uð1Þ½1�e , and the magnetic one-form

symmetry, Uð1Þ½1�m , which have corresponding two-form

currents, j½2�e ¼ F
e2 and j½2�m ¼ ⋆F

2π , respectively [1]. The
electric one-form symmetry acts on the Wilson line
WqeðγeÞ≡ expðiqe

R
γe
AÞ, where γe is the path of a probe

charge qe, by shifting A by a flat connection. On the other
hand, the operator charged under the magnetic one-form

symmetry Uð1Þ½1�m is a ‘t Hooft line, denoted by TqmðγmÞ,
which corresponds to the worldline γm of an infinitely
heavy magnetic monopole of charge qm.
When we move γe around γm or vice versa, there arises a

nontrivial mutual phase between the line operators that
results in a nontrivial commutation relation [2],

TqmðγmÞWqeðγeÞ ¼ e2πiqeqmWqeðγeÞTqmðγmÞ: ð9Þ

The phase in (9) is similar to the Aharonov-Bohm effect
and reflects the mutual nonlocality between the electric and
magnetic charges. However, to ensure consistency of the
quantum theory, locality must be preserved and correlation
functions involvingWilson and ’t Hooft line operators must
be single-valued. Hence, this requires the phase factor in (9)
to be exp½2πiqeqm� ¼ 1, which yields the Dirac quantiza-
tion condition qeqm ∈Z (in our charge convention).
Although the theory cannot be described by a manifestly

Lorentz-invariant, local Lagrangian with a single gauge
field that couples to both electrically and magnetically-
charged fermions, it is still a local QFT with charged
particle states. In particular, consider two fields, labeled 1
and 2, with both electric and magnetic charges. Then, if the
pairwise helicity [34,35] (or Dirac-Schwinger-Zwanziger
antisymmetric product), defined as

1

2
ðQe1Qm2 −Qe2Qm1Þ; ð10Þ

is nonvanishing, the fields are said to be mutually nonlocal.
Note that (10) is equivalent to the magnitude of the angular
momentum stored in the electromagnetic fields and thus is
half-integrally quantized due to the quantization of angular
momentum. When there are more than two matter fields,
the pairwise helicity can be defined for each pair of fields.
Crucially, the pairwise helicity (10) is invariant under
SLð2;ZÞ as will be discussed in Sec. II B.

B. SLð2;ZÞ duality
We next review electromagnetic SLð2;ZÞ duality. This

duality transformation will be used in subsequent sections
to study the ABJ anomaly and noninvertible chiral sym-
metry. Consider the complexified gauge coupling3

τ≡ θ

2π
þ 2π

e2
i: ð11Þ

The particle spectrum of the theory is invariant under
τ → τ þ Z (T-duality) and τ → −τ−1 (S-duality). Iterations

3Due to the factor 2π in the imaginary part, the minimum
magnitude of a nonzero magnetic charge is 1.
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of these transformations gives the full SLð2;ZÞ group
under which τ transforms as

τ →
aτ þ b
cτ þ d

; ð12Þ

where a, b, c, d are constants satisfying ad − bc ¼ 1.
Similarly, the respective transformations of ðA; ÃÞ and
ðJ; KÞ are

�
d c

b a

��
A

Ã

�
¼

�
A0

Ã0

�
ð13Þ

and �
a −b
−c d

�� ⋆ J

⋆ K

�
¼

� ⋆ J0

⋆ K0

�
; ð14Þ

where prime ( 0) is used to denote the original QED frame
while unprimed notation is reserved for the dual frame.
Also, (14) implies

�
a −b
−c d

��
Qe

Qm

�
¼

�
Q0

e

Q0
m

�
: ð15Þ

One can easily see that (15) is consistent with the require-
ment that the electric charge of a dyon just shifts by an
integer under a T-duality transformation. Particularly when

c ¼ Qm=n; d ¼ Qe=n; ð16Þ

with n ¼ gcdðQe; QmÞ, the electric and magnetic charges in
the dual frame, Qe and Qm, are mapped to Q0

e ¼ n and
Q0

m ¼ 0 in the QED frame. Furthermore, using (15), we can
explicitly check the invariance of the pairwise helicity (10)
under SLð2;ZÞ, which follows from

h
Q0

e2;Q
0
m2

i�0 −1
1 0

��
Q0

e1

Q0
m1

�

¼
h
Qe2;Qm2

i� a −b
−c d

�
T
�
0 −1
1 0

��
a −b
−c d

��
Qe1

Qm1

�
;

¼
h
Qe2;Qm2

i�0 −1
1 0

��
Qe1

Qm1

�
: ð17Þ

Given (11), we can write (5) and (7) in a more compact
form

Im½τ�
2π

ðd ⋆ F þ idFÞ ¼ ⋆J þ τ ⋆ K: ð18Þ

Because (12) and (14) are equivalent to the transformation
rule

⋆ J þ τ ⋆ K
cτ þ d

¼ ⋆J0 þ τ0⋆K0; ð19Þ

the covariance of (18) under SLð2;ZÞ implies [32]

ðcτ� þ dÞðd ⋆ F þ idFÞ ¼ d ⋆ F0 þ idF0: ð20Þ

Given the transformation rules for ðA; ÃÞ in (13) and for
ðF;⋆FÞ in (20), one may wonder if these two rules are
compatible. To check this, we first identify the imaginary
part of both sides in (20), which gives

F0 ¼ −c
�
2π

e2

�
⋆ F þ

�
c
θ

2π
þ d

�
F

⇔ A0 ¼ dAþ cÃ; ð21Þ

where the definition (4) of the dual gauge field Ã has been
used to obtain the second line in (21). On the other hand,
using (4) and the field strength transformation rules in (12)
and (20), we find

dÃ0 ¼ Im½τ�0ð⋆ F0 þ iF0Þ�;
¼ Im½ðaτ� þ bÞð⋆ F þ iFÞ�;

¼ a

�
−
2π

e2
⋆ F þ θ

2π
F

�
þ bF; ð22Þ

which shows that Ã0 ¼ bAþ aÃ, in agreement with (13).

III. ASPECTS OF CHIRAL SYMMETRY
IN THE DUAL FRAME

In this section, we consider how the anomalousUð1Þchiral
symmetry is manifested in the dual frame. We first discuss
the ABJ anomaly in the dual frame and then show the
presence of the noninvertible chiral symmetry in the dual
frame by identifying the conserved two-form current.

A. ABJ anomaly in the dual frame

To reveal how the ABJ anomaly appears in the dual
frame we can compare the complex gauge couplings τ and
τfαg in the dual frame before and after we perform the chiral
rotation, respectively. These couplings are obtained by an
SLð2;ZÞ transformation of the corresponding couplings in
the QED frame.
Consider first the gauge action in the dual frame

S ⊃
Z

−
1

2e2
F ∧ ⋆F þ θ

8π2
F ∧ F þ � � �

¼
Z

−
Im½τ�
4π

F ∧ ⋆F þ Re½τ�
4π

F ∧ F þ � � � ; ð23Þ

where the complexified gauge coupling in the dual frame
before the chiral rotation is given by (11). In the QED
frame, this coupling corresponds to τ0 which can be
obtained by applying (12) to give
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τ0 ¼ aτ þ b
cτ þ d

: ð24Þ

When we perform the chiral rotation of Nf Dirac fermions,
Ψj ¼ ðψ j; ξ�jÞT with j ¼ 1…Nf by an angle α∈ ½0; 2π�,
i.e., ψ j → eiαψ j and ξj → ξj, there appears a shift of
θ0 ¼ 2πRe½τ0� by an amount,

Re½τ0�
4π

F0 ∧ F0 →
�
Re½τ0� −Aα

2π

�
|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

Re½τ0fαg�

1

4π
F0 ∧ F0; ð25Þ

where A¼PNf

j¼1Qchiral;jQ2
e;j∈Z is the anomaly coefficient.

Since only the real part changes in the QED frame, we
can write the complexified gauge coupling after the
Uð1Þchiral rotation as

τ0fαg ≡ τ0 −
Aα

2π
¼ aτ þ b

cτ þ d
−
Aα

2π
; ð26Þ

where (24) was used in the second equality.
Finally to obtain τfαg in the dual frame, we apply the

inverse of (12) to (26) to obtain

τfαg ¼
dτ0fαg − b

−cτ0fαg þ a
¼ τ −Adðcτ þ dÞ α

2π

1þAcðcτ þ dÞ α
2π

;

¼ τ −Aðcτ þ dÞ2 α

2π
þO

��
α

2π

�
2
�
; ð27Þ

where in the second equality we have used (26) and in the
second line we have expanded in α=2π, since α=2π < 1. By
defining Δτ≡ τfαg − τ, we can read off the real and
imaginary parts from (27) to give

Re½Δτ�¼A
�
−
�
c
θ

2π
þd

�
2

þ
�
c
2π

e2

�
2
	

α

2π
þO

��
α

2π

�
2
�
;

Im½Δτ�¼A
�
−2

�
c
θ

2π
þd

��
c
2π

e2

�	
α

2π

þO
��

α

2π

�
2
�
: ð28Þ

Now we are ready to infer what happens in the dual
frame as a result of the Uð1Þchiral transformation. After
performing Uð1Þchiral, the functional (path) integral in the
dual frame becomes

Z YNf

i¼1

DΨiDΨ̄iDAeiS−iα
R

d⋆jchiral

¼
Z YNf

i¼1

DΨiDΨ̄iDAeiSfαg ; ð29Þ

where S is given in (23), Sfαg is (23) with τ replaced with
τfαg and jchiral is the current generating Uð1Þchiral. By
comparing the integrands in (29), we have

exp

�
−iα

Z
d ⋆ jchiral

�

¼ exp
�
i
Z

−
Im½Δτ�
4π

F ∧ ⋆F þ Re½Δτ�
4π

F ∧ F
�
: ð30Þ

In the limit of an infinitesimal chiral rotation, (28) and
(30) finally give us the ABJ anomaly equation in the dual
frame,

d ⋆ jchiral ¼ −
Re½Δτ�
4πα

F ∧ F þ Im½Δτ�
4πα

F ∧ ⋆F;

¼ A
8π2

��
c
θ

2π
þ d

�
2

−
�
c
2π

e2

�
2
	
F ∧ F

−
A
8π2

�
2

�
c
θ

2π
þ d

��
c
2π

e2

�	
F ∧ ⋆F: ð31Þ

This result agrees with that obtained in Ref. [32] where
requiring the covariance of the equation of motion was
invoked together with (20). In contrast, here we only relied
on (12) in tracking the variation of the action in the dual
frame in parallel to that in the QED frame.

B. Noninvertible chiral symmetry in the dual frame

The conventional understanding of the ABJ anomaly is
that the classical, continuous Uð1Þchiral symmetry is broken
at the quantum level. But recently it was found that
although noninvertible, a topological gauge-invariant
symmetry operator can be constructed for every angle
α ¼ 2π=k with a rational k [10,11],

Dk½dA0=N�

¼
Z

½Da�exp
�I

Σ
i
2πp
N

⋆ jchiralþAN;p½dA0=N�
�
; ð32Þ

where Σ is a closed and oriented 3-manifold, N and p are
coprime integers such that A=k ¼ p=N. The Lagrangian,
AN;p½B½2�� is the minimal ZN TQFT that couples to the two-
form background gauge field B½2� of the one-form discrete

global symmetry Z½1�
N and the ’t Hooft anomaly of Z½1�

N is
labeled by p [36]. When p ¼ 1, the Lagrangian AN;1½B½2��
of the fractional quantum Hall state is

AN;1

�
dA0

N

�
¼ iN

4π
a ∧ daþ i

2π
a ∧ dA0: ð33Þ

Note that the background two-form gauge field B½2� of Z½1�
N

on Σ was identified with the dynamical two-form field in
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the bulk, and this gauges the Z½1�
N subgroup ofUð1Þ½1�m on the

defect.
How the noninvertible symmetry defect Dk acts on local

and line operators depends on whether the operator is
affected by gauging the magnetic one-form symmetry.
Since a fermion remains unaffected by gauging the mag-
netic one-form symmetry, Dk just acts on the fermion as an
invertible, chiral rotation by the angle α ¼ 2π=k. The
existence of Dk is viewed as a legitimate chiral symmetry
which imposes the same selection rules on correlators of
local operators on R4 (or its IR regulated version S4) as the
invertible, discrete chiral rotation. The same is true for a
Wilson line which remains unaffected by gauging the
magnetic one-form symmetry, and thus Dk acts trivially.
In contrast, since a ’t Hooft line carries a magnetic charge,
Dk acts on the ’t Hooft line T 0

q0m
ðγmÞ in the QED frame in a

nontrivial way. When T 0
q0m
ðγmÞ crosses the defect Dk, the

t’Hooft line T 0
q0m
ðγmÞ becomes attached to the surface

operator expði pN
R
F0Þ to maintain gauge invariance.

Since the properties of the Uð1Þ gauge theory with
matter fields should not depend on the specific choice of
frame, we naturally expect that the noninvertible symmetry
exists in the dual frame. To verify this expectation, note that
the key features that allow for the construction of (32) in
massless QED with an anomalous Uð1Þchiral symmetry
were (i) there is a one-form magnetic symmetry with a

conserved current j0½2�m ¼ ⋆F0=2π and (ii) the divergence of
the anomalous Uð1Þchiral symmetry current is given in the
form

d ⋆ jchiral ¼
A
2

F0

2π
∧ F0

2π
¼ A

2
⋆ j0½2�m ∧ ⋆j0½2�m : ð34Þ

This implies that if (31) can be written as

d ⋆ jchiral ¼
A
2
⋆ ĵ½2� ∧ ⋆ĵ½2�; ð35Þ

with a conserved current ĵ½2� in the dual frame, then this
proves the presence of the noninvertible chiral symmetry in
the dual frame. The noninvertible symmetry defect can
then be simply constructed by setting B½2� ¼ 2π

N ⋆ ĵ½2�

in AN;p½B½2��.
By comparing the expressions (31) and (35), d ⋆ jchiral in

the dual frame can be written in terms of the following two-
form:

⋆ĵ½2� ¼
�
c
θ

2π
þ d

�
F
2π

− c
⋆F
e2

; ð36Þ

up to the anomaly coefficient A. But then from the
definition of the dual gauge field in (13) and its trans-
formation rule in (13) under SLð2;ZÞ, we obtain

dA0

2π
¼ c

dÃ
2π

þ d
dA
2π

;

¼ c

�
−

1

e2
⋆ F þ θ

2π

F
2π

�
þ d

F
2π

;

¼ ⋆ĵ½2�: ð37Þ

The identification in Eq. (37) implies that d ⋆ ĵ½2� ¼ 0,
revealing that the current (36) in the dual frame is actually
physically equivalent to the current generating the magnetic

Uð1Þ½1�m symmetry in theQEDframe.Therefore, co-closedness
of ĵ½2� is guaranteed by the Bianchi identity dF0 ¼ 0 as long as
magnetic monopoles are absent in the QED frame.
Analogously to the ’t Hooft lines T 0

q0m
ðγmÞ in the QED

frame, there must be dyon line operators in the dual frame
on which the noninvertible symmetry defect Dk½2πN ⋆ ĵ½2��
acts in a nontrivial manner. In other words, there is a
line operator in the dual frame with a charge that is
mutually nonlocal to the charge of the dyon field, corre-
sponding to the purely electrically-charged object in the
QED frame.
As the charge ð0; q0mÞ of the magnetic monopole asso-

ciated with T 0
q0m
ðγmÞ in the QED frame is mapped to

ðbq0m; aq0mÞ in the dual frame using (15), we can describe
the dyon line operator of our interest in the dual frame as
Dbq0m;aq0mðγmÞ ¼ Wbq0mðγmÞTaq0mðγmÞ which is the product of
the Wilson lineWbq0mðγmÞ and the ’t Hooft line Taq0mðγmÞ in
the dual frame. This corresponds to the worldline γm of an
infinitely heavy dyon charged under the one-form sym-
metry generated by ĵ½2� with the charge

R
Σ ⋆ĵ

½2� ¼
−cðbq0mÞ þ dðaq0mÞ ¼ q0m in the dual frame.
Not surprisingly, this charge is invariant under SLð2;ZÞ

because
R
Σ ⋆ĵ

½2� is actually equivalent to twice the pairwise
helicity (10) of an electron with ðQ0

e; Q0
mÞ ¼ ð1; 0Þ and the

heavy magnetic monopole with ðQ0
e; Q0

mÞ ¼ ð0; q0mÞ in
the QED frame. Similarly, in the dual frame, it is equiv-
alent to twice the pairwise helicity of the dyon (counterpart
of the electron in the QED frame) with ðQe; QmÞ ¼ ðd; cÞ
and another heavy dyon (counterpart of the heavy mag-
netic monopole in the QED frame) with ðQe; QmÞ ¼
ðbq0m; aq0mÞ.
Since Dbq0m;aq0mðγmÞ transforms under the gauged Z½1�

N

subgroup of the one-form symmetry generated by ĵ½2� in
(36) when it crosses the defect Dk½2πN ⋆ ĵ½2��, it needs to

be dressed by the surface operator expði 2πpN
R
⋆ĵ½2�Þ to

maintain gauge invariance. Thus, under the noninverti-
ble, discrete, chiral rotation with α ¼ 2πp=ðANÞ in the
dual frame, the dyon line operator transforms as (see
Appendix B)

Dbq0m;aq0mðγmÞ → Dbq0m;aq0mðγmÞei
p
N

R
2π⋆ĵ½2� : ð38Þ
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This is the analogue of the transformation of the ’t Hooft line
operator in the QED frame under the noninvertible discrete
chiral rotation with α ¼ 2πp=ðANÞ,

T 0
q0m
ðγmÞ → T 0

q0m
ðγmÞei

p
N

R
F0
: ð39Þ

IV. IMPLICATIONS

In this section, we present two implications of the
noninvertible chiral symmetry in the dual frame. We first
discuss the fact that the noninvertible chiral symmetry is
necessary to consistently understand the role of the kinetic
and topological terms in any frame. Second, we show that
in axion electrodynamics, the presence of a noninvertible
symmetry dictates whether an axion potential can be
radiatively generated.

A. Chiral rotation at a fixed point

The form of the anomaly equation in the dual frame (31)
suggests the kinetic term F ∧ ⋆F may be rotated away by a
chiral transformation, implying the dynamics can be altered
under such a transformation. To explicitly check that the
equation of motion does not change in the dual frame
following a chiral transformation, we consider the theory at
a specific infrared fixed point, for simplicity.
Consider an SLð2;ZÞ transformation with c ¼ Qm=Q0

e
and d ¼ Qe=Q0

e, that maps the charge ðQ0
e; 0Þ in the QED

frame to ðQe; QmÞ in the dual frame. Using the result (A5),
we immediately see that gauge coupling β-function, βe,
vanishes provided

Qm
θ

2π
þQe ¼ �Qm

2π

e2
: ð40Þ

Note that when (40) is satisfied, the contributions to the
photon self energy from electric and magnetic charges are
the same in the magnitude. Since their contributions have
opposite sign [37], the vanishing β-function, βe ¼ 0, can be
understood as resulting from the cancellation between these
two contributions.
Assuming (40) holds, one can analytically solve the

renormalization group equation of θ in the dual frame using
the expression (A5) to obtain

θðtÞ ¼ ∓ 2π½2πQ02
e � ð16π2e03 βe0 ÞQeQmtþ 4π2QeQmQ02

e cθ�
½ð16π2e03 βe0 Þt� 4π2Q02

e cθ�Q2
m

;

ð41Þ

where t ¼ lnðμ=μ0Þ with μ0 an infrared (IR) renormaliza-
tion scale and cθ is an integration constant. For t ¼ 0 and a
sufficiently large cθ, we see from (41) that βθ ¼ 0 is
realized in the IR at θ ¼ −2πQe=Qm. As a matter of fact,
we could have reached the same conclusion by simply
solving

� 16π2

e03
βe0

�
c
θ

2π
þ d

�
2

¼ 0; ð42Þ

which is equivalent to βθ ¼ 0 when (40) holds. Finally, by
substituting θ ¼ −2πQe=Qm into (40), we find the IR fixed
point (IRFP) of the dual frame

IRFP∶ ðθ�; e�Þ ¼
�
−2π

Qe

Qm
;∞

�
: ð43Þ

The fixed point can also be written as

τ� ¼
θ�
2π

þ i
2π

e2�
¼ −

Qe

Qm
þ iϵ�; ð44Þ

where ϵ� ≡ 2π=e2� ≪ 1. Applying SLð2;ZÞ to (44), we find
that the IRFP of the dual frame in (44) corresponds to
e0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πϵ�ðQm=Q0

eÞ2
p

→ 0 in the QED frame which is the
well-known IR fixed point of QED.
Intuitively, this interesting feature of the theory in the

dual frame should not be affected by the Uð1Þchiral rotation
with the noninvertible Uð1Þchiral. At least, this point is clear
in the QED frame as the full Uð1Þchiral rotation does not
affect the IR fixed point of QED. However, because at the
IRFP in the dual frame, (31) suggests that

d⋆ jchiral¼−
A
8π2

�
2

�
c
θ

2π
þd

��
c
2π

e2

�	
F∧⋆F; ð45Þ

it appears to be possible to rotate away the − 1
2e2 F ∧ ⋆F

kinetic term in the Lagrangian by a Uð1Þchiral rotation. At
first glance, this would imply that the action only contains
the θ

8π2
F ∧ F term, contradicting the fact that the gauge

coupling is renormalized with βe ¼ 0.
To resolve this apparent contradiction, we crucially note

that F ∧ F is no longer a total derivative in the presence of
dyons, and thus varying the action with respect to A we
obtain the equation of motion

d

�
−
θ�
2π

F
2π

�
¼ ⋆J: ð46Þ

On the other hand, since the removal of the − 1
2e2 F ∧ ⋆F

term can be performed with the full Uð1Þchiral containing
the unbroken noninvertible subgroup, the one-form sym-
metry in the dual frame generated by the two-form current
in (36) should remain unbroken, i.e., d ⋆ ĵ½2� ¼ 0. When
applied to (36), this means that at the IRFP characterized by
(40), we actually have the nontrivial relation

dF ¼ �d ⋆ F: ð47Þ

Therefore, applying (47) to (46), we obtain
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d

�
∓ θ�

2π

⋆ F
2π

�
¼ ⋆J; ð48Þ

where θ� is related to the gauge coupling fixed point e� via
(40). This is the equation of motion obtained at the fixed
point after rotating away the F ∧ ⋆F term.
Contrary to the naive guess that the kinetic term can be

rotated away, remarkably (48), resulting from d ⋆ ĵ½2� ¼ 0,
shows that a kinetic term is still present, even after
implementing the full Uð1Þchiral to remove the F ∧ ⋆F
term. This explicitly reveals that each of the kinetic and
topological terms are all mixtures of F ∧ F and F ∧ ⋆F in
the dual frame. Indeed, just starting from the action in the
dual frame at the IRFP (43), namely

S ⊃
Z

−
1

2e2�
F ∧ ⋆F þ θ�

8π2
F ∧ F − A ∧ ⋆J; ð49Þ

before using Uð1Þchiral to remove the − 1
2e2 F ∧ ⋆F term,

one obtains the equation of motion of A,

⋆ J ¼ d
�
1

e2�
⋆ F −

θ�
2π

F
2π

�

¼ d

�
� θ�
2π

⋆ F
2π

� Qe

Qm

⋆ F
2π

−
θ�
2π

F
2π

�

¼ d

�
∓ θ�

2π

⋆ F
2π

�
; ð50Þ

where (40) was used to replace e−2� in the second line, and
(47), (43) were used to obtain the third line. Hence, the
agreement between (48) and (50) directly proves that
the noninvertible Uð1Þchiral symmetry has no effect on
the equation of motion of A as is the case in the QED frame.
Of course, this property is not exclusive to the IRFP; it

also manifests at any point along the renormalization group
flow as a generic feature. Provided either of F ∧ ⋆F or
F ∧ F were rotated away by means of the noninvertible
Uð1Þchiral and (31), the fact that d ⋆ ĵ½2� ¼ 0 allows the
remaining term to still produce the correct equation of
motion. On the other hand, when d ⋆ ĵ½2� ≠ 0 and the
pairwise helicity is nonzero, the noninvertible subgroup of
Uð1Þchiral is broken and thus we are no longer able to freely
rotate away F ∧ ⋆F or F ∧ F in the Lagrangian because
the classical Uð1Þchiral no longer exists.

B. Axion electrodynamics in the dual frame

The prevailing understanding for why there is no axion
potential in the axion-Maxwell theory has largely been
based on the supposed absence of Abelian instantons in S4.
Since Abelian instantons have been explicitly constructed
[38,39] in theories with both electric and magnetic charges
and nontrivial spacetime topologies, we need a more
rigorous explanation. In Ref. [11], Cordova and Ohmori

showed that this phenomenon can be understood through
the selection rule imposed by the noninvertible chiral
symmetry. We further strengthen this symmetry argument,
by showing that the existence of nonzero pairwise helicities
can indicate whether there is a nonvanishing axion
potential.
This new perspective is very intriguing and of practical

relevance, as it sheds light on a concrete way to generate an
axion potential. The violation of the selection rule from the
noninvertible chiral symmetry by a nonvanishing axion
potential indicates a strong connection between the con-
ditions required for the breaking of the noninvertible chiral
symmetry and generating an axion potential. Thus, the
symmetry perspective naturally leads us to the idea that

the breaking of the one-form symmetry, i.e., Uð1Þ½1�m in the
QED frame and its counterpart in the dual frame, by fields
with charges that are mutually nonlocal to the charges in the
low-energy theory is strongly tied with generating an axion
potential. This symmetry perspective is consistent with the
axion mass generation via magnetic monopole loops
[11,40] in a theory with a light electron, and with [39]
which showed how Abelian instanton configurations are
associated with dyon loops.
In the dual frame, introducing fields with mutually

nonlocal charges breaks the one-form symmetry generated
by ĵ½2� given in (36), causing the breaking of the non-
invertible Uð1Þchiral. To explicitly characterize how this
occurs, we can study how (7) in the QED frame transforms
under SLð2;ZÞ. Alternatively, we can apply the SLð2;ZÞ
transformation to the imaginary part of (18) in the QED
frame. This leads to

d ⋆ ĵ½2� ¼ Im½ðcτ� þ dÞð⋆J þ τ ⋆ KÞ�
Im½τ� ;

¼ −c ⋆ J þ d ⋆ K; ð51Þ

where J and K are the electric and magnetic currents in the
dual frame, respectively, and ⋆ĵ½2� in (51) is written as

⋆ĵ½2� ¼ Im½ðcτ� þ dÞðd ⋆ F þ idFÞ�: ð52Þ

Note that (52) is equivalent to ⋆ĵ½2� in (36).
In the dual frame, it is important to note that the ratio of

electric and magnetic charges are constrained in order to
preserve a noninvertible chiral symmetry. To see this, let us
first introduce a reference dyon in the dual frame, and then
choose ðc; dÞ as in (16) so that the reference dyon in the
dual frame is mapped to an electrically charged particle in
the QED frame. Now when a second dyon is introduced, in
addition to the reference dyon, as long as the pairwise
helicity, (10), between the reference dyon and the new dyon
is zero, the noninvertible chiral symmetry is preserved.
More explicitly, denoting the charge of the second dyon as
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ðQe2; Qm2Þ, we obtain a new term on the right-hand side
of (51), given by

−cQe2 þ dQm2 ¼ −
1

n
ðQmQe2 −QeQm2Þ; ð53Þ

which is just proportional to the pairwise helicity (10). This
implies that when there are fields in any frame with
nonvanishing pairwise helicity, the one-form symmetry
generated by ĵ½2� is broken and the noninvertible chiral
symmetry no longer exists. In this way, we see that the
pairwise helicity acts as a “spurion” for the noninvertible
symmetry.
In the case where the one-form symmetry is broken, we

may ask if the theory can admit a nonvanishing axion
potential. To this end, we can check if a nonzero topo-
logical susceptibility, χ is allowed without any inconsis-
tency. The definition of χ is

χ ¼ δ2 logZðθÞ
δθðxÞθð0Þ ¼

Z
d4xhqðxÞqð0Þi; ð54Þ

where θðxÞ≡ aðxÞ=f is the ratio of the axion field aðxÞ to
the axion decay constant f, ZðθÞ is the partition function,
and the topological charge density in the QED frame is

qðxÞ ¼ 1

16π2
F0
μνðxÞF̃0μνðxÞ: ð55Þ

The integral of qðxÞ over a four-dimensional (spin) mani-
fold M gives the topological charge QT in the QED frame

QT ¼
Z
M
qðxÞ ¼ 1

8π2

Z
M
F0 ∧ F0: ð56Þ

Note that because j0½2�m ¼ ⋆F0
2π transforms under SLð2;ZÞ, the

topological charge in the dual frame becomes

QT ¼ 1

2

Z
M
⋆ĵ½2� ∧ ⋆ĵ½2�; ð57Þ

where ⋆ĵ½2� is given in (36).
When the one-form magnetic symmetry is broken due to

mutually nonlocal charges,QT takes integer values due to a
nontrivial spacetime topology that includes two-cycles or
an Abelian instanton [38,39]. Under the chiral rotation by
an angle α, the fermion measure of the path integral then
transforms as [41,42]

YNf

j¼1

DΨjDΨ̄j →
YNf

j¼1

DΨjDΨ̄je−iαAQT : ð58Þ

From (58), we see that when α is an integral multiple of
2π=A, the functional integral remains invariant since the
chargeQT ∈Z. Hence, when the noninvertible symmetry is
broken by mutually nonlocal charges, there is residual,
invertible, discrete subgroup ZA ⊂ Uð1Þchiral. A nonvanish-
ing axion potential (equivalently, χ ≠ 0) is then allowed as

long as aðxÞ ∼ aðxÞ þ 2πf=A is a symmetry of the
potential [11]. In [40], the axion mass induced by the
magnetic monopole loop in the QED frame was computed
by applying the worldline formalism to the dyonic mode on
a magnetic monopole worldline. The nonzero axion mass
was expected since the magnetic monopole is mutually
nonlocal to an electrically charged fermion.
One may actually consider QCD axion scenarios with

mutually nonlocal fermions (i.e., nonzero pairwise helic-
ity). For instance, a variant of the KSVZ model [43,44] was
considered in [45,46], where a heavy vectorlike dyonic
fermion charged under the anomalous chiral symmetry (or
PQ symmetry) was introduced in addition to the electri-
cally-charged, PQ-neutral, Standard Model leptons. Since
the pairwise helicity between the dyonic fermion and the
SM electron (or other SM leptons) is always nonzero, we
expect d ⋆ ĵ½2� ≠ 0 (or d ⋆ j0½2�m ≠ 0) in any Uð1ÞEM frame.
Thus, in such models, since the noninvertible symmetry is
explicitly broken, the axion can obtain a new contribution
to its mass in addition to the usual QCD contribution [47].
It is interesting to consider the opposite case, where only

dyons that are mutually local (i.e., zero pairwise helicity)
are present in the dual frame with axion electrodynamics.
By promoting α to a periodic dynamical axion field
aðxÞ=f∈ ½0; 2π� in Sec. III A, the axion-photon coupling
in the dual frame is obtained from (31), namely

S ⊃
Z

A
��

c
θ

2π
þ d

�
2

−
�
c
2π

e2

�
2
	

aðxÞ
8π2f

F ∧ F

−
Z

A
�
2

�
c
θ

2π
þ d

��
c
2π

e2

�	
aðxÞ
8π2f

F ∧ ⋆F: ð59Þ

Thus, (59) is the axion-photon coupling when fermions
contributing to the coupling are mutually local to each
other. But when they are mutually nonlocal, the coupling
has nonperturbative contributions [48,49]. Curiously, one
sees that aðxÞ not only couples to F ∧ F, but also
F ∧ ⋆F [45]. The axion coupling to F ∧ ⋆F, suggests
that it might be possible to radiatively generate an axion
potential in the dual frame leading to different physics in
the two frames related by SLð2;ZÞ duality. However, this
cannot be the case since having mutually local dyons
implies d ⋆ ĵ½2� ¼ 0 and the noninvertible chiral symmetry
remains unbroken. Hence, we expect the radiative gener-
ation of an axion potential in the dual frame with mutually
local charges is in fact forbidden by the noninvertible chiral
symmetry as is manifest in the QED frame with only
massless electrons. Since the pairwise helicity is zero, one
can also transform to the QED frame where the dyons
contributing to (59) become electrons. Then, the axion
couples to only F0 ∧ F0 in the QED frame and thus the
absence of the radiatively induced axion potential becomes
clearer.
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Before we prove this, let us first discuss the fate of the
invertible discrete subgroup ZA. When there are only
mutually local charges in the QED frame, the topological
charge QT is still an integer because F represents a class in
the integer cohomology of degree two, H2ðM;ZÞ and thus
F ∧ F represents a class in the integer cohomology of degree
four,H4ðM;ZÞ [50,51]. Similarly, in the dual framewe have
2π⋆ ĵ½2�∈H2ðM;ZÞ and thus 4π2⋆ ĵ½2�∧⋆ĵ½2�∈H4ðM;ZÞ.
Since we are working on a spin manifold M, we obtain

1

8π2

Z
M
F0 ∧ F0 ¼ 1

2

Z
M
⋆ĵ½2� ∧ ⋆ĵ½2� ∈Z; ð60Þ

implying that QT is integrally quantized. Alternatively, (60)
can also be understood from the index theorem whereR
M d ⋆ jchiral ¼ nþ − n−, with n� are the number of right
(left)-handed fermions and (35) with A∈Z has been used.
Thus, even when d ⋆ ĵ½2� ¼ 0, there is a valid invertible
discrete subgroup ZA.
To prove that χ ¼ 0 is enforced by the selection rule of

the noninvertible chiral symmetry, one can show that δαχ ¼
0 under the action of Dk is possible only when χ ¼ 0. To
compute the variation δαχ, recall that under an infinitesimal
transformation α, the noninvertible chiral symmetry oper-
ator Dk acts on fermion fields Ψj as the invertible chiral
rotation with α ¼ 2π=k ¼ 2πp=ðANÞ. Thus from (58), the
expectation value of a gauge-invariant local operator O
transforms as

δαhOi ¼ −iαAhQTOi;

¼ −iαA
Z

d4yhqðyÞOi: ð61Þ

Note that since the path integral sums over all possible
gauge field configurations inQT , the topological chargeQT
cannot be simply factored out of the angle brackets in (61).
Now, when (61) is applied to the topological susceptibility
in (54) we obtain

δαχ ¼
Z

d4xδαhqðxÞqð0Þi;

¼ −iαA
Z

d4xhQTqðxÞqð0Þi;

¼ −iαA
Z

d4x d4yhqðyÞqðxÞqð0Þi; ð62Þ

where (56) was used in the second line.
Note that when the noninvertible chiral symmetry is

present, it means δαχ ¼ 0 is required for every angle
α ¼ 2π=k ¼ 2πp=ðANÞ with coprime p and N, thanks
to the topological and gauge invariant defect in (32) in the
QED frame (or Dk with AN;p½⋆ĵ½2�=N� in the dual frame).
This condition cannot be satisfied for an arbitrary field
configuration with χ ≠ 0 because the three-point correlator
of the topological charge density (62) would be nonzero in

general. Thus, the selection rule δαχ ¼ 0 imposed by the
noninvertible symmetry is satisfied if and only if χ ¼ 0.
This proves that an axion potential cannot be generated
when there exists a noninvertible chiral symmetry in the
theory.

V. CONCLUSION

In this paper we have constructed the noninvertible chiral
symmetry in a Uð1Þ gauge theory with massless fermionic
dyons, thereby confirming its presence in the SLð2;ZÞ dual
frame of massless QED. In Sec. III A, we first derived the
ABJ anomaly equation in the dual frame based on the
combined action of the SLð2;ZÞ transformation and
Uð1Þchiral rotation on the complexified gauge coupling τ.
Armed with this, in Sec. III B we identified a conserved
current ĵ½2� that generates a one-form symmetry in the dual
frame, corresponding to the magnetic one-form symmetry
in the QED frame. This enabled us to show that the chiral
anomaly in the dual frame is given in the form d ⋆ jchiral ∝
⋆ĵ½2� ∧ ⋆ĵ½2� and hence a noninvertible chiral symmetry is
present in all duality frames, as expected.
We also explored several implications of this construc-

tion in Sec. IV. In the dual frame, we argued that the
noninvertible chiral symmetry is necessary to maintain a
manifest frame-independent description of the physics.
This was explicitly shown at a fixed point where although
the ABJ anomaly (45) appears to indicate that the gauge
kinetic term can be eliminated by the fullUð1Þchiral rotation,
the θ-term still contains the gauge kinetic term. This is
consistent with the fact that the Uð1Þchiral rotation does not
affect the renormalization group flow of the theory in the
QED frame.
In the context of axion electrodynamics, whenever there

are mutually nonlocal dyons, thus violating d ⋆ ĵ½2� ¼ 0 in
the dual frame, Uð1Þchiral breaks down to the invertible
subgroup ZA. We proved that a nonzero topological
susceptibility and thus an axion potential invariant
under aðxÞ ∼ aðxÞ þ 2πf=A is allowed. In contrast, when
d ⋆ ĵ½2� ¼ 0 holds in the dual frame, the noninvertible
chiral symmetryDk remains a good symmetry of the theory
and we proved that the only way for χ to obey the selection
rule imposed byDk is χ ¼ 0, implying no axion potential is
generated.
Our analysis demonstrates the compatibility of non-

invertible symmetries with duality transformations and
reinforces their role as intrinsic features of quantum field
theories. Also we have clarified the role of the pairwise
helicity as a “spurion” for the breaking of noninvertible
chiral symmetry. Note that without knowing the duality
frame or equivalently, the form of the ABJ anomaly, a
single charged particle is insufficient to determine whether
the parent one-form symmetry and hence the noninvertible
chiral symmetry is broken. By contrast, the presence of two
mutually nonlocal charged particles with nonzero pairwise
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helicity is a frame-independent criterion that directly
indicates the breaking of the noninvertible chiral symmetry.
It would be interesting to investigate a UV completion for
the case with a nonzero pairwise helicity as well as apply
our methods to similar constructions in more general
theories, such as Uð1Þ ×Uð1Þ describing photons mixing
with dark photons which, with the existence of mutually
nonlocal charges becomes nontrivial [52], and could lead to
new phenomenological applications.
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APPENDIX A: RUNNING OF τ IN THE
DUAL FRAME

In this appendix, the β-function of the complexified gauge
coupling in the dual frame is derived by applying the
SLð2;ZÞ transformation to the β-function in theQED frame.
In the QED frame, using the known β-function in QED,

we can write down the β-function of the complexified
gauge coupling as

dτ0

d ln μ
¼ −

4π

e03
de0

d ln μ
i; ðA1Þ

where the β-function for e0 is given as

βe0 ¼
de0

d ln μ
¼

X∞
l¼1

e0
�
b0l

�
e02

16π2

�
l
�
: ðA2Þ

and the sum is over the number of loops. For instance, the
one-loop β-function coefficient for Nf Dirac fermions is

b01 ¼
XNf

i¼1

4

3
Q02

e;i: ðA3Þ

On the other hand, using (12) with ad − bc ¼ 1, we can
rewrite (A1) as

dτ
d ln μ

¼ −ðcτ þ dÞ2 4π
e03

de0

d ln μ
i: ðA4Þ

Then, from identifying the real and imaginary parts of the
left and right hand sides of (A4), we find

βθ ≡ dθ
d ln μ

¼ 16π2

e03
βe0

�
c
θ

2π
þ d

��
c
2π

e2

�
;

βe ≡ de
d ln μ

¼ e3

e03
βe0

��
c
θ

2π
þ d

�
2

−
�
c
2π

e2

�
2
	
: ðA5Þ

Notice that the coefficients of F ∧ F and F ∧ ⋆F in (31)
are proportional to βe and βθ respectively. Therefore, we
can rewrite the ABJ anomaly equation in the dual frame as

d ⋆ jchiral ¼
A
8π2

e03βe
e3βe0

F ∧ F þ A
8π2

e03βθ
8π2βe0

F ∧ ⋆F:

APPENDIX B: THE TRANSFORMATION
OF Dbq0m;aq0mðγmÞ UNDER THE ACTION OF Dk

The transformation of the ’t Hooft line across the domain
wall (i.e., the supporting manifold of Dk) given in (39) can
be viewed as the Witten effect since the θ parameter
changes by 2πA=k ¼ 2πp=N. Thus, a similar effect will
apply to the dyon line operator Dbq0m;aq0mðγmÞ when it
crosses the domain wall.
Analogous to the ’t Hooft line which acquires the

fractional electric charge p=N, the dyon line operator
Dbq0m;aq0mðγmÞ acquires fractional electric and magnetic
charges, dp=N and cp=N, respectively. Thus, when cross-
ing the domain wall, the line operator Dbq0m;aq0mðγmÞ
becomes dressed by Wdp=NðγmÞTcp=NðγmÞ.
Using Stoke’s theorem, we can then rewrite

Wdp=NðγmÞTcp=NðγmÞ as follows:

Wdp=NðγmÞTcp=NðγmÞ

¼ exp

�
i
p
N

Z
γm

dAþ cÃ

�

¼ exp

�
i
p
N

Z
Σm

�
c
θ

2π
þ d

�
F − c

2π

e2
⋆ F

�

¼ exp

�
i
p
N

Z
Σm

2π ⋆ ĵ½2�
�
; ðB1Þ

where γm ¼ ∂Σm and (36) was used to obtain the last line.
This explains the dyon line operator transformation (38)
under the noninvertible chiral symmetry.
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