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In this paper, we investigate a fermion coupled to a Skyrme model in 2þ 1 dimensions, where the
skyrmion is stabilized by the Dzyaloshinskii-Moriya and Skyrme interactions under a quadratic potential.
This framework interpolates between the magnetic skyrmion at the critical coupling and the baby-Skyrme
limit. The Dirac equation is studied both analytically in a non-relativistic reduction and numerically for the
full relativistic spectrum, and the parameter region admitting states bound to the skyrmion is determined.
Localized solutions exist only for electrically charged fermions with positive charge and negative angular
momentum, and are absent for neutral fermions. The lowest bound state in each angular momentum sector
is characterized as a function of the fermion mass, charge, and the coupling h to the skyrmion isospin, and
its behavior is compared across the magnetic, baby, and mixed skyrmion backgrounds. The resulting
fermion-skyrmion composite constitutes an electrically charged state bound to a topological texture,
providing concrete signatures for potential future transport and scattering measurements in chiral magnets.
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I. INTRODUCTION

Solitonic excitations, encompassing both topological
and nontopological natures, are fundamental to our under-
standing of a variety of physical systems ranging from
high-energy physics [1–5], astrophysics, and cosmology to
condensed matter physics [6]. In high-energy physics,
prominent examples include hypothetical magnetic monop-
oles predicted by grand unified theories, as well as non-
topological Q balls and boson stars with various
cosmological implications. In condensed matter physics,
these excitations are essential for describing phenomena
such as vortices and Hopfions in superconductors and the
widely studied magnetic skyrmions.
Skyrmions in chiral magnets have attracted considerable

attention in recent years due to their potential for next-
generation technologies. The Skyrme model in 3þ 1
dimensions [7,8] is a nonlinear field theory of pions and
was originally studied as a qualitative approximation of the
baryonic sector of quantum chromodynamics (QCD). (See,
e.g., the reviews [2,4] and the references therein.) In two
spatial dimensions, the similar skyrmion systems have
attracted significant recent attention due to their importance
for magnetic storage devices [9–11], driven by the rapid
development and escalating demands of memory device

technologies in the artificial intelligence era. The manipu-
lation of skyrmionic excitations in memory devices is
achieved via electric currents, which fundamentally moti-
vates a thorough study of their interaction with fermions.
The form of the solitonic skyrmion solutions stabilized by

the Skyrme and Dzyaloshinskii-Moriya (DM) interactions
has been investigated extensively [12,13], as has their
organization into skyrmion lattices [14–21], see Ref. [22]
for a recent review. Analogous constructions in lower dimen-
sions have also been studied analytically [23,24], and the
magnetic properties of these configurations, including their
associated Hall responses, have been examined in detail
[25–32]. In contrast, the fermion-skyrmion system has
received much less attention. Existing studies have typically
focused on a single stabilizing mechanism, considering
either a baby-Skyrme interaction [33,34] or a DM interaction
[35], with magnetic effects incorporated through a Zeeman
potential. By analyzing the fermion spectrum in such sky-
rmion backgrounds, these works identified certain localized
fermion solutions.
In this work, we consider the fermion-skyrmion system

in 2þ 1 dimensions in a unified setting that simultaneously
incorporates the DM and Skyrme stabilizing terms together
with both the Zeeman and squared-Zeeman couplings.
This setup reduces, in a particular limit, to the analytically
tractable critical-coupling profile of Ref. [36], while
smoothly connecting the magnetic and baby-skyrmion
regimes within a single framework.
Our key findings are as follows. Taking the fermion

spectrum in the absence of the skyrmion background as
the reference εmin, so that a state is bound whenever
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ε − εmin < 0, a variational argument in the nonrelativistic
limit shows that a bound state can form only when
jejðjl − 1j − jljÞ þ e > 0. This singles out the sector
e > 0, l ≤ 0 and excludes the entire l ≥ 1 tower. A neutral
fermion (e ¼ 0) admits no bound state, since without the
coupling to the external field no localized mode lies below
the reference energy. Direct diagonalization of the full Dirac
Hamiltonian confirms our analysis. Namely, we find no
bound states outside e > 0, l ≤ 0, and within this sector
exactly one bound state per angular momentum. Also, it
persists numerically up to h=m ∼Oð1Þ provided h < m, so
the obstruction is robust beyond the strict non-relativistic
expansion. The binding energy strengthens monotonically
with the coupling h and weakens as jlj grows, the latter
reflecting the centrifugal barrier in the effective potential and
being well described by the shifted power law Ebind ¼
−A=ðjlj þ cÞα.
Varying the ratio λ=κ at fixed μ interpolates the back-

ground between the magnetic skyrmion at the critical
coupling ðκ; λÞ ¼ ð1; 0Þ and the baby skyrmion ðκ; λÞ ¼
ð0; 1Þ, and the binding energy is found to depend mono-
tonically on this ratio. It is deepest for the magnetic
skyrmion, shallowest for the baby skyrmion, and takes
intermediate values for the mixed backgrounds. This order-
ing is captured by modeling the effective potential as a
finite well of depth V0 and width a set by the skyrmion
profile. The magnetic skyrmion has the larger spatial
extent, so its broader well suppresses the centrifugal con-
tribution gðl2Þ=a2 and yields deeper binding, whereas the
more localized baby-skyrmion profile enhances it.
The paper is organized as follows. In Sec. II we introduce

the Skyrme model under consideration and review the
relevant skyrmion background. Section III formulates the
coupling of the Dirac fermion to this background and
derives the radial eigenvalue problem governing the bound-
state spectrum. The ground state energy far away from a
skyrmion is carried out for future comparison in Sec. IV.
The nonrelativistic reduction of this problem is carried
out in Sec. V, where we establish the analytic criterion for
the existence of states bound to the certain skyrmion
background. Section VI presents our numerical results
based on the full Dirac equation, which confirm the
nonrelativistic prediction and extend the analysis to the
relativistic regime.

II. OVERVIEW

In this section, we begin by reviewing the skyrmion
ansatz and then proceed to the general analysis of the
combined system. We focus on the stationary configura-
tions, i.e., there is no time dependence in both the skyrmion
and fermions.
The skyrmion part of the model can be described by the

following Lagrangian

LSkyrm ¼ 1

2
∂aS · ∂aS − κS · ð∇ × SÞ − λ

4
ð∂aS × ∂bSÞ

· ð∂aS × ∂
bSÞ − μ2

2
ð1 − S3Þ2; ð1Þ

where a, b ¼ 0, 1, 2 and S is a unit magnetization vector on
a two sphere. In other words, the model includes the
Dzyaloshinskii-Moriya interaction parametrized by the
coupling constant κ, the Skyrme term with the coefficient
λ. The Minkowski signature ημν ¼ diagð1;−1;−1Þ is
chosen throughout this paper.
The last term is the potential associated with the squared

Zeeman interaction. One can rewrite the potential as

μ2

2
ð1 − S3Þ2 ¼ μ2ð1 − S3Þ −

μ2

2
ð1 − S23Þ ð2Þ

indicating the background magnetic field is B ¼ μ2ẑ. For
the coupling to fermions, we will take the symmetric gauge
for the corresponding gauge potential, i.e.,

Aν ¼
μ2

2
ð0;−y; xÞ: ð3Þ

We can fix μ ¼ 1 by a rescaling of the parameters.
Following the notation in [36], we consider the ansatz of

the skyrmion profile

S¼ðsinfðrÞcosðθþδÞ;sinfðrÞsinðθþδÞ;cosfðrÞÞT ð4Þ

subject to the boundary condition

fð0Þ ¼ π and fð∞Þ ¼ 0: ð5Þ

The underlying real space is parametrized by the polar
coordinate ðr; θÞ and δ represents the helicity of the
skyrmion. The helicity will be taken to be π=2 in the
subsequent discussions as the background profile corre-
sponds to a magnetic skyrmion of the Bloch type1 in the
λ → 0 limit.
One interesting point is the magnetic skyrmion at critical

coupling. Here, the Skyrme interaction is set to zero
(λ ¼ 0), while the DM coefficient is tuned to match the
potential parameter, specifically κ ¼ μ ¼ 1. The equation
of motion of the skyrmion field reduces to a first order
equation and has an exact solution [36]

1For magnetic skyrmions, two kinds of skyrmion configura-
tions are often taken into account, say, the Néel type and the
Bloch type. See [10,11,22] and references therein for visualiza-
tions and more detailed discussions. In our convention, the Néel
type skyrmion can be obtained by taking δ ¼ 0 and promoting ∇
to Rðπ=2Þ∇ where RðφÞ is the two-dimensional rotational
matrix.

RAJARAMAN, SHEU, and STEWART PHYS. REV. D 114, 065028 (2026)

065028-2



fðrÞ ¼ 2 arctan

�
2κ

μ2r

�
ð6Þ

Other parameter points must be treated numerically
using, e.g., the boundary value solver in the SciPy package
in Python. In Fig. 1, we present the skyrmion profile for three
points corresponding to ðκ; λÞ ¼ ð1; 0Þ; ðκ; λÞ ¼ ð0; 1Þ,
and ðκ; λÞ ¼ ð0.5; 0.5Þ.

III. FERMION-SKYRMION SYSTEM

We now consider fermions in this skyrmion background.
The spin-1=2 fermion Ψ is a doublet under isospin. We

will combine the spin and isospin components to a four-
spinor notation

Ψ ¼ Ψspin × Ψisospin ¼

0
BBBB@

Ψþþ
Ψþ−

Ψ−þ
Ψ−−

1
CCCCA: ð7Þ

The fermion Lagrangian takes the form

Lf ¼ ψ̄ðiγμDμ −mÞψ þ hS · ðψ̄τψÞ − h · ðψ̄τ3ψÞ; ð8Þ

where Dμ denotes the covariant derivative defined as Dμ ≔
∂μ − ieAμ with the background gauge field given in Eq. (3).
γμ and τ represent spin and isospin matrices, respectively,

γ0 ¼
�
I2 0

0 −I2

�
; γ1 ¼

�
0 −iI2

−iI2 0

�
; γ2 ¼

�
0 −I2
I2 0

�
; τ ¼

�
σ 0

0 σ

�
: ð9Þ

With the skyrmion ansatz, the explicit matrix form of the Hamiltonian operator is

Hf ¼

0
BBBBBBBBBB@

m − h cos f −he−iðθþδÞ sin f −e−iθ
�
∂r −

i∂θ
r − eμ2r

2

�
0

−heiðθþδÞ sin f mþ h cos f 0 −e−iθ
�
∂r −

i∂θ
r − eμ2r

2

�
eiθ
�
∂r þ i∂θ

r þ eμ2r
2

�
0 −mþ h cos f he−iðθþδÞ sin f

0 eiθ
�
∂r þ i∂θ

r þ eμ2r
2

�
heiðθþδÞ sin f −m − h cos f

1
CCCCCCCCCCA
: ð10Þ

We will consider stationary solutions ψðxμÞ ¼ e−iεtψðx; yÞ.
In addition, one can simplify the analysis by noticing that the fermion Hamiltonian commutes with the angular

momentum operator [33–35,37–40]

FIG. 1. Skyrmion profiles without fermion backreaction for ðκ; λ; μÞ ¼ ð0; 1; 1Þ, (0.5, 0.5, 1), and (1, 0, 1).
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K3 ≔ ðI2 ⊗ I2Þ
�
−i

∂

∂θ

�
þ 1

2
σ3 ⊗ I2 þ

1

2
τ3: ð11Þ

The eigenspinor of angular momentum can be written as

ψ lðr; θÞ ≔ N −1 · ðu1ðrÞeiðl−1Þθ; iu2ðrÞeilθ; u3ðrÞeilθ; iu4ðrÞeiðlþ1ÞθÞT; ð12Þ

where l is the eigenvalue ofK3 acting on ψ . Since we are interested in the single fermion state, the normalization constantN
satisfies

1 ¼ 2πN −2
Z

∞

0

ðu21 þ u22 þ u23 þ u24Þrdr; ð13Þ

where the expression in the integral is the fermion density

ρferm ¼ ψ†ψ ¼ N −2ðju1j2 þ ju2j2 þ ju3j2 þ ju4j2Þ: ð14Þ

To trace the particle and the anti-particle states, we consider the quantity

Q ≔
Z

∞

0

ðu21 þ u22 − u23 − u24Þrdr ð15Þ

and will keep it positive in our numerical search. The fermion eigenvalue equations then become

u01 þ
�
eμ2r
2

−
l − 1

r

�
u1 þ ðh cos f −mÞu3 þ h sin f · u4 ¼ εu3

u02 þ
�
eμ2r
2

−
l
r

�
u2 þ h sin f · u3 − ðh cos f þmÞu4 ¼ εu4

−u03 þ
�
eμ2r
2

−
l
r

�
u3 − ðh cos f −mÞu1 − h sin f · u2 ¼ εu1

−u04 þ
�
eμ2r
2

−
lþ 1

r

�
u4 − h sin f · u1 þ ðh cos f þmÞu2 ¼ εu2: ð16Þ

The boundary condition of the fermion eigenfunction is
specified as

uið∞Þ ¼ 0 and

�
uið0Þ ¼ 0 if li ≠ 0

u0ið0Þ ¼ 0 if li ¼ 0;
ð17Þ

where i ¼ 1, 2, 3, 4. Here ðl1; l2; l3; l4Þ ¼ ðl − 1; l; l;
lþ 1Þ. The boundary condition around the origin can be
seen from the regularity analysis around r → 0 below.
It is instructive to examine the asymptotic behavior of the

fermion wave function. First, in the neighborhood of the
origin, the regularity condition requires the fermion eigen-
function to be

uiðrÞ ¼ rjlij½ci þOðr2Þ�: ð18Þ
The equation of motion can be used to reduce the four
parameters ci to two independent ones. For example, for
l ¼ 0,

cðl¼0Þ
1 ¼ εþ hþm

2
cðl¼0Þ
3 ;

cðl¼0Þ
2 ¼ −

2

εþ h −m
cðl¼0Þ
4 : ð19Þ

Near r → ∞, the neutral (e ¼ 0) fermion profile can be
approximated by the modified Bessel functions

uiðrÞ ∼ Kjlij
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðh�mÞ2 − ε2
q

· r
�

ð20Þ

decaying exponentially at large r. Equation (20) also
indicates that

ε ≤ minðjhþmj; jh −mjÞ ð21Þ

for the bound state solutions.
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On the other hand, the profile of a charged fermion2

scales as

uiðrÞ ∼ K0

�jejμ2
4

r2
�

ð22Þ

at large r. In the charged case, we would expect a more
rapid decay when r approaches the infinity by virtue of the
expð−jejμ2r2=4Þ dependence.
Before turning to the main analysis, we briefly comment

on the backreaction of the fermion on the skyrmion
background. Although the fermion bilinear, in principle,
sources the skyrmion equation of motion, we have checked
numerically that this effect produces only a minor dis-
tortion of the profile and leaves the bound-state spectrum
essentially unchanged. We therefore treat the skyrmion as a
fixed background in this paper.

IV. ENERGY IN THE ABSENCE OF THE
SKYRMION

Before we take the nonrelativistic limit, we will compute
the ground state energy in the absence of the skyrmion
ðfðrÞ ¼ 0Þ to compare to the ground state energy for a
charged fermion (e ≠ 0) in the skyrmion background. In
Eq. (16), the u1 and u3 channel decouples from the u2 and
u4 channel. We will focus on the u1 and u3 channel, the
computation for the u2 and u4 channel is similar. We find

εu1 ¼ ðm − hÞu1 þ
�
−

∂

∂r
þ eμ2r

2
−
l
r

�
u3; ð23aÞ

εu3 ¼ ðh −mÞu3 þ
�
∂

∂r
þ eμ2r

2
−
l − 1

r

�
u1: ð23bÞ

Solving the latter equation for u3, we find

u3 ¼
1

εþm − h

�
∂

∂r
þ eμ2r

2
−
l − 1

r

�
u1: ð24Þ

Using this to eliminate u3 from the other expression, we
arrive at

ε2u1 ¼ ðm − hÞ2u1 þ
�
−

∂
2

∂r2
−
1

r
∂

∂r
þ ðl − 1Þ2

r2

þ e2μ4r2

4
− elμ2

�
u1: ð25Þ

The second term is the 2D radial Laplacian −∇2 with
angular quantum number jl − 1j, along with a 2D radial
harmonic oscillator with frequency ω ¼ jejμ2=2. The
eigenvalues are labeled integer n1 as

ε ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm − hÞ2 þ jejμ2ð2n1 þ jl − 1j þ 1Þ − elμ2

q
: ð26Þ

A similar analysis for the u2 and u4 channel leads to the
energy eigenvalues

ε¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmþhÞ2þjejμ2ð2n2þjljþ1Þ−eðlþ1Þμ2

q
; ð27Þ

with n2 an integer as well. Generally, these two energy
eigenvalues will not agree for arbitrary parameters and the
consistent solutions have either u1 ¼ u3 ¼ 0 or u2 ¼
u4 ¼ 0. The ground state energy (n1 ¼ 0 and n2 ¼ 0) in
the absence of the skyrmion is then

εmin ¼ min

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm − hÞ2 þ jejμ2ðjl − 1j þ 1Þ − elμ2

q
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmþ hÞ2 þ jejμ2ðjlj þ 1Þ − eðlþ 1Þμ2

q �
: ð28Þ

If we can solve for the energy ε of the fermion in the
skyrmion background, then the fermion is said to be bound
to the skyrmion whenever ε < εmin, with binding
energy Ebind ¼ ε − εmin.
For the case of an uncharged fermion (e ¼ 0), a similar

analysis shows that the system in the absence of the
skyrmion reduces to two decoupled systems ðu1; u3Þ and
ðu2; u4Þ of free fermions with effective masses m − h and
mþ h, respectively. Since we focus on the case h > 0, the
minimum energy state for the uncharged fermion is always
given by the ðu1; u3Þ channel with εmin ¼ m − h.

V. NONRELATIVISTIC LIMIT

Now we examine the fermion-skyrmion system in the
non-relativistic (NR) limit where h ≪ m and ε ¼ Eþm
with jEj ≪ m. It is convenient for notational purposes to
define the following quantities which appear repeatedly in
computations

D1u1 ≡ u01 þ
�
eμ2r
2

−
l − 1

r

�
u1;

D2u2 ≡ u02 þ
�
eμ2r
2

−
l
r

�
u2; ð29Þ

m� ≡m� h; E� ≡ ε −m�: ð30Þ
The m� and E� are the rest masses and NR energies of the
two channels in the absence of the skyrmion. Note that the
m� and E� are not all independent, since mþ −m− ¼
Eþ − E− ¼ 2h. Expanding the first two equations in
Eq. (16) to leading order in E−=m− and Eþ=mþ, we find

2Note that in the decoupling limit with nonzero fermion
charge, i.e., h ¼ 0 and e ≠ 0, the system describes a charged
fermion in a uniform magnetic field. Thus, the fermion energy
spectrum is given by the Landau levels. This is also evident from
the solution of Eq. (16) in the present limit where the eigenstate in
this limit turns out to be a generalized hypergeometric function
1F1ða; b; zÞ with the first parameter a depending on ε. The
boundary condition at the infinity requires a to be a nonpositive
integer, which quantizes the spectrum and reproduces the Landau
levels.
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u3 ¼
½2mþ − hð1 − cos fðrÞÞ�D1u1 þ h sin fðrÞD2u2

4mþm− þ 2h2ð1 − cos fðrÞÞ ;

u4 ¼
½2m− þ hð1 − cos fðrÞÞ�D2u2 þ h sin fðrÞD1u1

4mþm− þ 2h2ð1 − cos fðrÞÞ :

ð31Þ
Note that in the absence of the skyrmion background, these
equations reduce to

u3 ¼
D1u1
2m−

; u4 ¼
D2u2
2mþ

; ð32Þ

which agrees with our interpretation of m� being the rest
masses of the two channels in the absence of the skyrmion.
We can substitute these forms of u3 and u4 into the latter
two equations of Eq. (16) to eliminate u3 and u4 from the
system, leaving two second-order equations for u1 and u2.
Up to Oðh=m�Þ terms, the resulting second-order equa-
tions can be written as

ε

�
u1
u2

�
¼ HNR

�
u1
u2

�
¼
� 

Hð1Þ
0 þm− 0

0 Hð2Þ
0 þmþ

!

þ VSkyrmðrÞ

	�
u1
u2

�
; ð33Þ

where the HðiÞ
0 denote3

Hð1Þ
0 ¼ 1

2m−

�
−∇2 þ ðl − 1Þ2

r2
þ e2μ4r2

4
− elμ2

	
;

Hð2Þ
0 ¼ 1

2mþ

�
−∇2 þ l2

r2
þ e2μ4r2

4
− eðlþ 1Þμ2

	
; ð34Þ

and VSkyrmðrÞ denotes a localized potential generated by
the skyrmion-fermion couplings,

VSkyrmðrÞ ¼
�
hð1 − cos fÞ −h sin f
−h sin f −hð1 − cos fÞ

�
: ð35Þ

Notice that the potential VSkyrmðrÞ vanishes as r → ∞.

A. Analytic results for the non-relativistic limit for e ≠ 0

Here we analyze the NR system in the case that e ≠ 0

and drop corrections of order Oðh=mÞ or Oðjejμ2=m2Þ. In
the absence of the skyrmion, the potential VSkyrmðrÞ
vanishes. As a result, the Hamiltonian becomes

HNR →

 
Hð1Þ

0 þm− 0

0 Hð2Þ
0 þmþ

!
; ð36Þ

up toOðh=mÞ andOðjejμ2=m2Þ corrections. u1 and u2 have
decoupled and the system just describes two NR Landau
Hamiltonians. Their spectra are

specðHð1Þ
0 þm−Þ¼m−þ

jejμ2ð2n1þjl−1jþ1Þ−elμ2

2m−
;

specðHð2Þ
0 þmþÞ¼mþþ

jejμ2ð2n2þjljþ1Þ−eðlþ1Þμ2
2mþ

;

ð37Þ

with n1 ¼ 0; 1; 2;… and n2 ¼ 0; 1; 2;… both non-negative
integers. The minimal energy states occur for n1 ¼ 0 and
n2 ¼ 0, with

min specðHð1Þ
0 þm−Þ ¼ m− þ jejμ2ðjl − 1j þ 1Þ − elμ2

2m−
≡m− þ A1;

min specðHð2Þ
0 þmþÞ ¼ mþ þ jejμ2ðjlj þ 1Þ − eðlþ 1Þμ2

2mþ
≡mþ þ A2: ð38Þ

All of these states are the standard Landau bound states, but we can ask if the presence of the skyrmion increases or
decreases the binding of the Landau levels. To check this, we look for states χ with energy ε such that ε < εmin;NR, where

εmin;NR ¼ minðm− þ A1; mþ þ A2Þ ¼ m− þminðA1; A2 þ 2hÞ: ð39Þ

Consider a bound state χ ¼ ðu1; u2ÞT with energy ε, normalized such that h χjχi ¼ 1. Up to Oðh=mÞ and Oðjejμ2=m2Þ
corrections, the Hamiltonian for the fermion in the presence of the skyrmion is described by

ε

�
u1
u2

�
¼
 
Hð1Þ

0 þm− þ hð1 − cos fÞ −h sin f

−h sin f Hð2Þ
0 þmþ − hð1 − cos fÞ

!�
u1
u2

�
¼ Hχ: ð40Þ

3Here, ∇2 denotes the radial Laplacian ∇2 ¼ ∂
2
r þ 1

r ∂r.
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We can rewrite the Hamiltonian here as

H ¼ ðm−Þ12 þ
�
Hð1Þ

0 0

0 Hð2Þ
0

�
þM; ð41Þ

where

M ¼
�
0 0

0 2h

�
þ VSkyrmðrÞ ¼

�
hð1 − cos fÞ −h sin f
−h sin f hð1þ cos fÞ

�
: ð42Þ

The eigenvalues of M are 2h and 0, so necessarily we have
that

hχjMjχi ≥ 0 ð43Þ
for normalizable state χ. Combined with the bounds

hu1jHð1Þ
0 ju1i≥ jju1jj2A1; hu2jHð2Þ

0 ju2i≥ jju2jj2A2; ð44Þ
we find

ε¼hχjHjχi¼m−þhu1jHð1Þ
0 ju1iþhu2jHð2Þ

0 ju2iþhχjMjχi
≥m−þjju1jj2A1þjju2jj2A2

≥m−þminðA1;A2Þ: ð45Þ
Now we compare this to εmin;NR,

ε< εmin;NR⇒m−þminðA1;A2Þ<m−þminðA1;A2þ2hÞ
⇒minðA1;A2Þ<minðA1;A2þ2hÞ: ð46Þ

Clearly, this inequality can only be satisfied if A2 < A1.
From the explicit forms of A2 and A1, this reads

jejμ2ðjljþ1Þ−eðlþ1Þμ2
2mþ

<
jejμ2ðjl−1jþ1Þ−elμ2

2m−
: ð47Þ

Rewriting this and dropping terms of order Oðh=mÞ, we
recover

eþ jejðjl − 1j − jljÞ > 0: ð48Þ

Note that for l ≥ 1, jl − 1j − jlj ¼ −1, while for l ≤ 0 we
have jl − 1j − jlj ¼ 1. Consider first the case that e < 0,
where the inequality becomes

jl − 1j − jlj > 1; ð49Þ

which is not possible for any l. Now consider e > 0, where
the inequality reads

jl − 1j − jlj > −1; ð50Þ

which is possible for l ≤ 0. Therefore, for the e ≠ 0 case the
NR analysis indicates there are bound states for e > 0, l ≤ 0
while not providing evidence for bound states in any other
sectors. Numerically, we do indeed find bound states only in
the e > 0, l ≤ 0 sector.

B. Analytic results for the nonrelativistic limit for e= 0

For the e ¼ 0 case, the fermions do not experience any
potential from the external magnetic field. In the absence of
the skyrmion, the potential VSkyrmðrÞ again vanishes. As in
the e ≠ 0 case, the Hamiltonian becomes

H →

�
Hð1Þ

0 þm− 0

0 Hð2Þ
0 þmþ

�
ð51Þ

up to Oðh=mÞ corrections. The HðiÞ
0 in the e ¼ 0 case are

Hð1Þ
0 ¼ 1

2m−

�
−∇2 þ ðl − 1Þ2

r2

	
;

Hð1Þ
0 ¼ 1

2mþ

�
−∇2 þ l2

r2

	
: ð52Þ

In the absence of the skyrmion, we see the ui describe free
particles of masses m− and mþ. In contrast to the e ≠ 0
case, there are no Landau bound states and instead there is
just the continuum of scattering states. A bound state χ then
needs an energy ε such that ε < εmin;NR, where

εmin;NR ¼ minðm−; mþÞ ¼ m−; ð53Þ

since we study h > 0. Following the same structural
argument of the e ≠ 0 case, we consider a bound state χ ¼
ðu1; u2ÞT with energy ε, normalized such that hχjχi ¼ 1. Up
to Oðh=mÞ corrections, the Hamiltonian for the fermion in
the presence of the skyrmion is again described by

ε

�
u1
u2

�
¼
 
Hð1Þ

0 þm− þ hð1 − cos fÞ −h sin f

−h sin f Hð2Þ
0 þmþ − hð1 − cos fÞ

!�
u1
u2

�
¼ Hχ: ð54Þ

REVISITING FERMION BOUND STATES IN BABY-SKYRME … PHYS. REV. D 114, 065028 (2026)

065028-7



We can rewrite the Hamiltonian here as

H ¼ ðm−Þ12 þ
�
Hð1Þ

0 0

0 Hð2Þ
0

�
þM; ð55Þ

where

M ¼
�
0 0

0 2h

�
þ VSkyrmðrÞ ¼

�
hð1 − cos fÞ −h sin f
−h sin f hð1þ cos fÞ

�
: ð56Þ

We can compute ε as

ε ¼ hχjHjχi ¼ m− þ hu1jHð1Þ
0 ju1i þ hu2jHð2Þ

0 ju2i þ hχjMjχi: ð57Þ

We have that4 hu1jHð1Þ
0 ju1i ≥ 0 and hu2jHð2Þ

0 ju2i ≥ 0. hχjMjχi is explicitly

hχjMjχi ¼
Z

∞

0

rdr

�
ðu1u2Þ

�
hð1 − cos fÞ −h sin f
−h sin f hð1þ cos fÞ

��
u1
u2

�	

¼ 2h
Z

∞

0

rdrðu2 cosðf=2Þ − u1 sinðf=2ÞÞ2

≥ 0: ð58Þ

FIG. 2. Binding energy Ebind ¼ ε − εmin for fermions with mass m ¼ 10, angular momentum l ¼ 0;−1;−2;−3, and electric charge
e ¼ 1 in the magnetic skyrmion background at critical coupling. No bound states are observed outside of e > 0 with l ≤ 0 consistent
with the nonrelativistic analysis, and in this regime only one bound state is found per l.

4This can be shown by integrating the second derivative term in ∇2 by parts, and using the regularity conditions on the ui at r ¼ 0 as
well as their exponential decay as r → ∞ to drop boundary terms and write the integrand in a manifestly positive form.
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We can then conclude that

ε ≥ m−; ð59Þ

so the lowest energy state for e ¼ 0 in the skyrmion
background sits at the threshold εmin;NR ¼ m− for scattering
states and does not produce a bound state. It is possible that
Oðh=mÞ corrections or relativistic corrections that we have
dropped can generate a potential leading to the formation of
a bound state, but numerically we do not find any evidence
for such states.

VI. NUMERICAL RESULTS

A. Numerical methods

We solve the full four-component Dirac equation
Eq. (16) numerically by discretizing the system on a grid.
First, the skyrmion profile ansatz Eq. (4) satisfying the
equations of motion derived from the Lagrangian Eq. (1) is
solved numerically using scipy.integrate.sol-
ve_bvp [41]. The Hamiltonian Eq. (10) is discreteized
on the same grid with derivatives approximated using finite
difference methods. The resulting sparse matrix can be
diagonalized efficiently using scipy.sparese.li-
nalg.eigs. The resulting eigenvectors are normalized
such that Q ¼ þ1 such that we focus on states with total

particle charge 1 where a bound state corresponds to a
localized wavefunction with negative energy. Generally,
due to fermion doubling on the lattice there will be two
eigenvectors with nearly identical energy eigenvalues [42].
We remove unphysical solutions which arise due to fermion
doubling on the lattice by flagging which of the two
oscillates on the lattice scale, and rejecting it as a physical
solution. The surviving wave functions are smooth and
exhibit the localized behavior expected of bound states, see,
for example, the wave functions of Fig. 3. In the non-
relativistic limit, the two equations for u1 and u2 Eq. (33)
are solved in an identical manner to the relativistic case by
discretizing the Hamiltonian and diagonalizing the result-
ing sparse matrix.

B. Bound states of fermions in magnetic skyrmion
background at the critical coupling

In this section, we investigate bound states of fermions in
the magnetic skyrmion background at critical coupling
ðλ; κ; μÞ ¼ ð0; 1; 1Þ. Whether a given state is bound to the
skyrmion is determined by comparing the energy of the
fermion in the skyrmion background to the ground state
energy of the fermion in the absence of the skyrmion [i.e., set
fðrÞ ¼ 0]. As discussed in Sec. IV, the ground state energy
in the absence of the skyrmion is given by the standard

(a) (b)

(c) (d)

FIG. 3. Bound state wave functions for l ¼ 0;−1;−2;−3 with e ¼ 1, m ¼ 10, and at h ¼ 2. All states are normalized to Q ¼ þ1.
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relativistic 2D Landau levels given by Eq. (28). We further
enforce that such a state is a particle rather than antiparticle
by normalizing wave functions to Q ¼ þ1. We work in the
nonrelativistic regime h ≪ m where the quantum mechani-
cal calculations can be trusted and find no evidence of bound
states for neutral fermions, and bound states only for e > 0
and l ≤ 0. In the regime e > 0 and l ≤ 0, we observe only a
single state per l bound to the skyrmion. The binding energy
Ebind ¼ ε − εmin as a function of the fermion-skyrmion
coupling h for m ¼ 10 and e ¼ 1 is provided in Fig. 2.
As jlj increases, the fermion generically has larger

kinetic energy and is less tightly bound. This can also
be understood as the strengthening of a centrifugal barrier
in the effective potential leading to the fermion-skyrmion
bound state. We find numerically that the best fit for Ebind
as a function of l is a shifted power law, Fig. 4, with

Ebind ¼ −
A

ðjlj þ cÞα : ð60Þ

C. Bound states of fermions in the mixing background

One can also consider the fermion in a mixed back-
ground of the magnetic and baby skyrmion. The arguments
of section VA still carry through in this case, and numeri-
cally we again find evidence for bound states in the mixing
(as well as pure baby) skyrmion backgrounds only when

e > 0 and l ≤ 0 for h < m. Numerical results for the
binding with e ¼ 1 and l ¼ 0;−1;−2;−3 with m ¼ 10
are provided in Fig. 5.
A hierarchy in binding strength emerges across all

angular momenta. The pure magnetic skyrmion back-
ground ðλ; κÞ ¼ ð0; 1Þ provides the deepest binding, the
pure baby skyrmion ðλ; κÞ ¼ ð1; 0Þ the shallowest, and the
mixed backgrounds interpolate monotonically between
these two extremes. Increasing the baby skyrmion fraction
λ at fixed μ ¼ 1 consistently weakens the fermion-
skyrmion binding, reflecting the difference in the spatial
profiles of the two skyrmion types and the resulting depth
of the effective potential experienced by the fermion. For
sufficiently large h, the binding increases monotonically in
magnitude with the coupling h across all backgrounds.
This can be understood from a simple estimation. As

seen in Fig. 1, the baby skyrmion profile is more spatially
concentrated than the magnetic skyrmion profile. The
effective potential experienced by the fermion can then
be approximated as a finite spherical well of depth V0 and
width a, and in the regime where the well is wide compared
to the fermion size the binding energy takes the form

Ebind ∼ −V0 þ
gðl2Þ
a2

; ð61Þ

where gðl2Þ > 0 is a coefficient that depends on the angular
momentum. Since the magnetic skyrmion profile has a

FIG. 4. Numerical data (solid dots) for the binding energy for the magnetic skyrmion background with m ¼ 10, e ¼ 1, l ≤ 0, for
h ¼ 1, 2, 5, 8. The best fit for the shifted power law Ebind ¼ −A=ðjlj þ cÞα are given as the dashed colored line, with the parameters A, c,
and α for each fit provided in the legend.
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larger spatial extent than the baby skyrmion, the gðl2Þ=a2
contribution is smaller, resulting in deeper binding.
Conversely, the more concentrated baby skyrmion profile
leads to a larger centrifugal energy cost and hence weaker
binding, with the mixed backgrounds interpolating between
the two extremes. This is consistent with the results shown
in Fig. 5.
The effect of angular momentum on the relative spread

between backgrounds is also notable. For l ¼ 0, the binding
energies for all five configurations are comparatively close to
one another throughout the range of h shown, and all curves
track together as h increases. For larger jlj, the gap in binding
between the pure magnetic and pure baby backgrounds
growsmore significantly with increasing h, while the two are
more comparable at small h. This behavior is consistent with
the picture from Sec. VI B in which the centrifugal barrier
suppresses binding at large jlj, since the stronger effective
potential of the magnetic skyrmion background is better able
to overcome this barrier. These results suggest that tuning the
skyrmion background composition offers a continuous
handle on the binding energy of the fermion-skyrmion
system, with the magnetic skyrmion providing the most
favorable conditions for tightly bound states.

D. Comparison to nonrelativistic limit

Here we compare binding energy predicted by the NR
system described by Eq. (33) to the binding energy
computed from the fully relativistic system. The NR system
from Eq. (33) can be solved in the same way as the full
four-component Dirac equations by discretizing the
Hamiltonian and diagonalizing the resulting sparse matrix
using scipy.sparse.linalg.eigs. The binding
energy computed by the NR system to lowest order
consistently predicts a tighter binding than the fully
relativistic system l ≠ 0 as the NR system systematically
underestimates the centrifugal barrier that reduces the
binding energy. We can include higher order h=m correc-
tions to the NR system by inverting the first two equations
of Eq. (16) for u3 and u4, and obtaining a set of second
order differential equations for u1 and u2 which retain the
explicit ε dependence rather than applying the NR limit
which replaces ε with the appropriate m� rest mass for the
channel. The resulting equations can be written in the form

ε

�
u1
u2

�
¼ HexactðεÞ

�
u1
u2

�
: ð62Þ

(a) (b)

(c) (d)

FIG. 5. Binding energy in the mixed baby and magnetic skyrmion background for e ¼ 1, l ≤ 0, with h < m, where m ¼ 10. The
magnetic skyrmion background provides the deepest binding, while the baby skyrmion provides the weakest binding.
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The difference between HexactðεÞ and the HNR as given in
Eq. (33) can be treated as a perturbation to the NR system,

VNR;pertðεÞ ¼ HexactðεÞ −HNR: ð63Þ

Solving the NR system for the bound state with energy ε0
and wave function ψ , we can compute higher-order correc-
tions to the binding energy through standard perturbation
theory, such as the first order correction ðε0Þð1Þ ¼
hψ jVNR;pertðϵ0Þjψi. Notice that we evaluate the perturbation
VNR;pertðεÞ at the leading order energy ε0 computed from the
NR system. Including first- and second-order corrections to
the binding energy, the predicted binding energy matches the
fully relativistic computation to the percent level for h≲ 6
whenm ¼ 10, as shown in Fig. 6. We have also verified that
the corrections to the binding energy reduce the discrepancy
between the fully relativistic and NR predictions by a factor
of h=m for each successive correction included in the NR
computation, as expected for the NR expansion.

VII. DISCUSSION AND CONCLUSION

In this paper we have studied a single Dirac fermion
coupled to a (2þ 1)-dimensional Skyrme model that
interpolates between the magnetic skyrmion at the critical

coupling, ðκ; λ; μÞ ¼ ð1; 0; 1Þ, and the baby skyrmion,
ðκ; λ; μÞ ¼ ð0; 1; 1Þ,with the fermion coupled both to the
skyrmion isospin through the term hS · ψ̄τψ and, through
its electric charge e, to the uniform background field
B ¼ μ2ẑ associated with the quadratic Zeeman potential.
We have characterized the fermion bound-state spectrum
across angular momentum l, massm, charge e and coupling
h, both analytically in the non-relativistic limit and numeri-
cally using the full Dirac equation, and the variational
method for the quantum mechanical reduction.
Our analytic results of Sec. V provides a criterion for the

existence of bound states. In the absence of the skyrmion
background, the spectrum reduces to two shifted families of
Landau levels with minimal energies A1 and A2, and a
variational argument shows that a bound state can only
form when A1 > A2, which translates into jejðjl − 1j −
jljÞ þ e > 0 and singles out the sector e > 0, l ≤ 0. The
numerical results of Sec. VI B confirm this prediction in the
magnetic skyrmion background and show that the rule
persists numerically up to h=m ∼Oð1Þ as long as h < m,
indicating that the obstruction is robust beyond the strict
nonrelativistic expansion.
Within the allowed sector we observe exactly one bound

state per angular momentum, whose binding energy
decreases monotonically with h, encoding the weaker

(a) (b)

(c) (d)

FIG. 6. Comparison of the binding energy as computed by the fully relativistic Dirac equations, NR equations, and higher order h=m
corrections to the NR system.
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binding as the centrifugal barrier as jlj grows. Extending
the analysis to the mixed Skyrme background, see Fig. 5,
reveals a hierarchy. The binding between a fermion and the
magnetic skyrmion at the critical coupling is the strongest
one, and can be interpolated to that of the baby skyrmion
which has the weakest binding among the cases we take
into account. This can be inferred from the finite-well
estimate related to the spatial profiles in Fig. 1. The more
diffuse magnetic-skyrmion profile minimizes the centrifu-
gal cost while the more compact baby-skyrmion profile
strengthens it. Also, in these skyrmion backgrounds the gap
between curves is small at l ¼ 0 and increase with jlj.
Comparing between all these cases, we can think of that
tuning the ratio λ=κ with their sum fixed is thus viewed as
an interpolation on the fermion-skyrmion binding energy.
In addition, we restrict our attention throughout this

paper to the parameter region h < m, in contrast to previous
studies [33–35] considering h > m. Our numerical scheme
is nonetheless not limited to this window. For h > m,
applying the same procedure outlined in Sec. VI, one
continues to find bound states analogous to those reported
in the aforementioned references. See for example, Fig. 7.
In the neutral case, only fermions with l ¼ 0, 1 admit
bound states, whereas for a charged fermion several Landau
levels (labeled by different l) become bound to the sky-
rmion background. A conceptual subtlety, however, may
arise from this enlarged spectrum. Once h exceeds m, the
potential well generated by the skyrmion can become
sufficiently deep that the bound level dives toward the
negative-energy continuum, where particle production can
happen. The numerically obtained state can then no longer
be interpreted as a genuine single-particle bound state. We
leave a detailed investigation of this regime to future work.
Lastly, those bound states localized to a skyrmion in the

present study may have direct experimental implications.

When the trapped fermion carries nonzero electric charge,
the composite behaves as a localized charge carrier dressed
by the topological texture, and its transport response should
deviate from that of a bare skyrmion. A natural way to
expose this difference is via Hall-effect measurements, in
close analogy with the classic studies of carrier transport in
disordered and hopping systems [43–47], see [48] for a
comprehensive review. The complementary spectroscopic
signature should be accessible through scattering measure-
ments [38,39,49]. Some natural extensions of this work
include a quantitative computation of the modified Hall
conductivity and the generalization to skyrmion lattices
where fermion trapping competes with band formation,
which we leave for future study.
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FIG. 7. Binding energy for fermions with massm ¼ 10 in the skyrmion background of the critical coupling with the coupling constant
h greater than m.
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