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We investigate the quantum statistical properties of the confining string connecting a static fermion-
antifermion pair in the massive Schwinger model. By analyzing the reduced density matrix of the
subsystem located in between the fermion and antifermion, we demonstrate that as the interfermion
separation approaches the string-breaking distance, the overlap between the microscopic density matrix and
an effective thermal density matrix exhibits a pronounced, narrow peak, approaching unity at the onset of
string breaking. This behavior reveals that the confining flux tube evolves toward a genuinely thermal state
as the separation between the charges grows, even in the absence of an external heat bath. In other words,
one cannot tell whether a reduced state of the subsystem arises from a surrounding heat bath or from
entanglement with the rest of the system. The entanglement spectrum near the critical string-breaking
distance exhibits a rapid transition from the dominance of a single state describing the confining electric
string towards a strongly entangled state containing virtual fermion-antifermion pairs. Our findings
establish a quantitative link between confinement, entanglement, and emergent thermality, and suggest that
string breaking corresponds to a microscopic thermalization transition within the flux tube.
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I. INTRODUCTION

Hadron production in high-energy collisions exhibits
thermal features that appear universal and do not depend on
the nature of colliding particles and the collision energy.
The yields of different hadrons produced in eþe−, proton-
proton, and heavy-ion collisions are well described by
statistical models using a universal temperature [1,2]. This
apparent thermal behavior is very unlikely to originate from
a conventional thermalization process involving rescatter-
ing of produced particles. For example, in eþe− annihila-
tion into hadrons, the produced hadrons (and the preceding
quarks and gluons) are separated by a spacelike interval and
cannot undergo multiple final-state interactions.

Moreover, strong elliptical flow observed in heavy ion
collisions at the Relativistic Heavy Ion Collider and LHC
points towards a very fast thermalization—otherwise, the
hydrodynamical evolution is too short and is not capable of
reproducing the data; see Ref. [3] for a review. This early
thermalization challenges the conventional models based
on kinetic theory [3].
An attractive explanation of the observed fast thermal-

ization is quantum entanglement—namely, if an observer
performs measurement on a part of a pure quantum system,
then tracing over unobserved degrees of freedom can
produce a mixed state that locally looks thermal.
Concrete realizations of this idea include the entangle-

ment produced a rapid pulse of (chromo-)electric field
during a high-energy collision [4–9]. In this case an effective
temperatureT appears proportional to the inverse duration of
the pulse τ, T ∼ 1=τ. Another approach [10] is based on
performing the trace over unobserved degrees of freedom in
an expanding string described by the Schwinger model. In
this case the effective temperature was found to be propor-
tional to the inverse proper time τ, T ¼ 1=ð2πτÞ [10].
The maximal entanglement emerges from the evolution

equations of high energy QCD at small Bjorken x [11,12].
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It manifests itself via a simple Boltzmann-like relation
between the parton structure function xGðxÞ and the entropy
of the produced hadron system Sh ¼ −

P
pn lnpn that is

fixed by the independently measured multiplicity distribu-
tion pn, Sh ¼ ln xGðxÞ [11]. This relation was tested in
experiments [13,14], and found to hold [15–18]. Maximal
entanglement and conformal symmetry [19,20] imply that
the small x behavior of the gluon structure function to be
xGðxÞ ∼ x−1=3 in high-energyQCD [21]. The fragmentation
of high-energy jets was also found to lead to the maximal
entanglement [22].
The maximal entanglement at a fixed energy corresponds

to an effective thermalization, since it yields a reduced
density matrix corresponding to the thermal one, with the
temperature fixed by the energy. This is in close analogy
with classical statistical physics, where the Boltzmann
postulate of equiprobable microstate distribution describes,
at a fixed energy, a statistical system in thermal equilibrium.
A microscopic, first-principle, understanding of this

emergent thermality within QCD is currently very difficult,
as they require real-time Hamiltonian simulations in
(3þ 1) dimensions. Recent studies have therefore turned
to lower-dimensional gauge theories where entanglement
measures can be computed explicitly. Among these, the
massive Schwinger model provides a minimal realization
of confinement in (1þ 1) dimensions, offering analytical
tractability and access to large-scale tensor-network sim-
ulations. Indeed, the Schwinger model coupled to external
sources was proposed as a way to describe the hadroniza-
tion of jets by Casher, Kogut and Susskind a long time ago
[23]. Analytical solution of this model in the massless
fermion limit was found in Ref. [24].
Numerical real-time simulations of the massive

Schwinger model coupled to external sources that describe
the jets produced in eþe− annihilation (using tensor net-
works and exact diagonalization) were recently performed
in Refs. [25–29]. These studies have shown that entangle-
ment entropy (EE) grows rapidly during jet fragmentation.
The physical content of the Schmidt states (eigenstates of
the reduced density matrix) changes as a function of the
coupling strength and proper time. While at early times
and/or weak coupling the Schmidt eigenstates are close to
the Fock quark-antiquark states, at late times and/or strong
coupling they represent bound meson states [7,25].
The crucially important finding of Ref. [25] is that at late

times the reduced density matrix of the system becomes
very close to the thermal one. The resulting effective
temperature appears universal, i.e., the comparison of the
expectation values of all operators studied to the thermal
ones yields the same value of the temperature [25]. These
results indicate that entanglement not only underlies
hadronization but may also drive the emergence of effective
thermal behavior in confining gauge theories.
A question of fundamental importance is whether this

emergent thermal behavior is a consequence of real-time

evolution, or is present already within the static confining
strings. To address this question, we examine whether
entanglement-induced thermality arises in stretched con-
fining strings approaching the breakup point.
Probing entanglement-induced thermality in stationary

settings requires examining the entanglement structure of
confining flux tubes. Previously, the tensor-network study
[30] of the massive Schwinger model characterized con-
finement and string breaking through static observables and
bipartite entanglement entropy, revealing clear signatures
of flux tube formation and decay. On this basis, we test
whether the reduced density matrix of states within the flux
tube looks thermal, or whether the spatial entanglement can
generate an effective thermality.
The process of string breaking has been extensively

studied within both high-energy and condensed-matter
physics. In spin-chain systems, recent theoretical works
have shown that pairs of domain walls bound by a linear
potential behave as analogs of particle-antiparticle strings,
reproducing key signatures of flux tube formation and decay
[31–34]. These concepts are nowbeing tested experimentally
in analog quantum simulators, where confinement dynamics
have been observed in trapped-ion chains, Rydberg atom
arrays, and superconducting qubit architectures [35–39].
Tensor-network and hybrid quantum-classical approaches
have captured both static and dynamical aspects of string
formation and breaking in one-dimensionalZ2 gaugemodels
[35], while recent extensions to two spatial dimensions
demonstrate that confinement and screening persist in
experimentally accessible geometries [40–45]. Together,
these developments establish a unified framework in which
confinement and string breaking can be probed across high-
energy, condensed-matter, and quantum-information plat-
forms, setting the stage for a microscopic exploration of
entanglement and thermality in static flux tubes.
In this work, we investigate the emergence of thermal

features in a static confining flux tube, focusing on the
ground state of the massive Schwinger model with two
external charges. This setup enables us to isolate the role of
spatial entanglement in a stationary configuration. By
varying the separation between the static charges, we probe
the evolution of local observables, the entanglement
entropy, and the entanglement spectrum of a subsystem.
We further quantify the degree of thermalization by comput-
ing the overlap between the reduced density matrix of this
subsystem and a thermal ensemble with the same energy.
Our results show that as the separation approaches the

string-breaking distance, the entanglement entropy peaks,
the entanglement-spectrum gap closes, and the reduced
density matrix becomes thermal. These signatures identify
string breaking as a microscopic thermalization transition
within the confining flux tube, establishing a stationary
realization of entanglement-induced thermality previously
associated with dynamical evolution. This provides a direct
mechanism by which confinement and screening generate
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an effective thermal behavior, a connection that may
underlie the universal thermal patterns observed in QCD
hadronization.
Note that the emergence of thermality and temperature is

very natural in the holographic picture of a Schwinger pair
[8,9,46,47]. Since the fermion and antifermion are spatially
separated, the minimal surface connecting the two (in the
extra dimension) exhibits a world-sheet horizon which is
associated with a temperature. Moreover, the thermal
properties of bound states of the Schwinger model were
discussed in Refs. [48,49].
The paper is organized as follows: in Sec. II, we introduce

the lattice formulation of the massive Schwinger model and
describe the implementation of the static external charges.
Section III presents our numerical results. We begin by
determining the ground-state potential and characteristic
energy scales associated with the string breaking, followed
by an analysis of the spatial dependence of the energy
density, pressure and charge distribution. We then examine
the chiral condensate and electric-field energy, which
complement the previous observables and further elucidate
the internal structure of the flux tube. Next, we analyze the
bipartite entanglement entropy and the entanglement spec-
trum as probes of confinement and screening, capturing the
buildup of correlations within the flux tube and subsequent
decay upon string breaking. We then extract an effective
temperature by comparing reduced density matrices to
thermal ensembles, establishing a quantitative link between
spatial entanglement and emergent thermality. Finally, in
Sec. IV, we summarize and discuss our results and their
implications.

II. THE MODEL

To analyze the quantum statistical properties of string
breaking, we will use a model that shares many properties
with QCD and is amenable to current quantum simu-
lations—namely, the massive Schwinger model [50]. The
model is quite simple, but it exhibits the key features of
confinement and chiral symmetry breaking.
The Schwinger model describes a single flavor Dirac

fermion ψ of mass m and charge g coupled to a U(1) gauge
field Aμ with field strength tensor Fμν ¼ ∂μAν − ∂νAμ. In
temporal gauge this reduces to a single componentF01 ¼ E
describing an electric field; there are no propagating
photons.
The corresponding Hamiltonian is given by

H ¼
Z

dx

�
1

2
E2 þ ψ̄ð−iγμ∂μ þ gγ1A1 þmÞψ

�

þ
Z

dxj1extðxÞA1; ð1Þ

where j1extðxÞ is an external source. We model the string
by introducing the static sources describing a fermion

and an antifermion (with an electric field in between
them).
We study the process of string breaking by discretizing

the theory on a spatial lattice, mapping the continuum
theory onto a finite-dimensional Hilbert space. We adopt
the Hamiltonian lattice formulation, introduced by Kogut
and Susskind [51], in which the space is discretized while
time remains continuous.
The fermionic fields are represented by staggered lattice

operators χn and χ†n, staggering the upper and lower
components on even and odd sites, respectively, while
the gauge degrees of freedom “live” on links connecting the
neighboring sites. The electric field on each link Ln is
conjugate to the compact link operator Un ¼ eiAn, satisfy-
ing the relation ½Ln;Um� ¼ δnmUn. The lattice Hamiltonian
for the Schwinger model (1) is

H ¼ −
i
2a

XN−1

n¼1

ðχ†nUnχnþ1 − χ†nþ1U
†
nχnÞ þm

XN
n¼1

χ†nχn

þ g2a
2

XN−1

n¼1

ðLn þ Lext;nÞ2: ð2Þ

Here, N is the even number of lattice sites, a the lattice
spacing, and g the coupling constant. Using the open
boundary conditions, we can integrate out the gauge fields
by imposing Gauss law as a constraint on every site, as
follows:

Ln − Ln−1 ¼ Qn and Qn ≡ χ†nχn −
1 − ð−1Þn

2
; ð3Þ

where Qn is the local charge operator. Indeed, by using a
gauge transformation to fix Un ¼ 1, the Gauss law (3) can
be solved to express the electric field recursively as

Ln ¼ L0 þ
Xn
k¼1

Qk: ð4Þ

Substituting this relation back into the Hamiltonian (2)
removes the explicit gauge degrees of freedom and yields a
purely fermionic formulation.
In the presence of external static charges, the total

electric field acquires an additional contribution Lext;n.
For a string of length d centered at site N=2 and created
by a fermion and an antifermion, the external field is
implemented as

Lext;nðdÞ ¼ −Θ
�
d=a − 1

2
−
����n −

N
2

����þ δ

�
; ð5Þ

where Θ is the Heaviside step function and δ is a small
number. In the absence of dynamical screening, this term
introduces a region of a constant electric field between the
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two static charges, representing the confining flux tube
connecting them.
Tomap the fermionic degrees of freedom to spinvariables,

we apply the Jordan-Wigner transformation [52], which
expresses the staggered fermion operators in terms of Pauli
matrices, as follows:

χn ¼
Xn − iYn

2

Yn−1
m¼1

Zm; ð6Þ

whereXn, Yn, andZn denote the Pauli operators acting in the
local spin-1=2 Hilbert space of site n. Substituting this
relation into the lattice Hamiltonian results in the final
expression

HðdÞ ¼ 1

4a

XN−1

n¼1

ðXnXnþ1 þ YnYnþ1Þ þ
m
2

XN
n¼1

ð−1ÞnZn

þ g2a
2

XN−1

n¼1

ðLn þ Lext;nðdÞÞ2: ð7Þ

Our setup including the external charges is visualized
in Fig. 1.

III. RESULTS

In the following, all observables are shown as functions
of the dimensionless separation d ·Ms between the two
external static charges. Unless otherwise stated, all results
correspond to N ¼ 220; m ¼ 0.045a−1, and g ¼ 0.09a−1.
Throughout this work, we set a ¼ 1 and express

temperatures and other dimensionful quantities in physical
units defined by the mass of the first excited state of the
Schwinger model,Ms, corresponding to the (pseudo)scalar
meson. Our numerical results are obtained using the ITensor

software library [53] in Julia [54].

A. String breaking and energy scales

We first determine the characteristic energy scales of the
system by computing the ground-state potential and the
lowest excitation gap. Figure 2 displays these quantities.
The potential rises linearly at short distances, reflecting the
formation of a uniform electric flux tube with a constant
string tension. Around dc ·Ms ≃ 7, the potential saturates,
indicating that the energy stored in the flux tube equals the
threshold for dynamical fermion-antifermion pair creation.

FIG. 1. Cartoon of our setup using N ¼ 20 staggered sites as an
example. The yellow shaded region exemplifies a centered
subsystem of size L ¼ 8 in the middle of the chain. The first
row shows the vacuum state without external source which is our
reference state. The second row contains the external sources at
separation d ¼ 1a, the third at d ¼ 3a, etc.

FIG. 2. Ground-state potential VðdÞ (top) and normalized mass
gap of the first excited state E1ðdÞ=Ms (bottom) as functions of
the separation d ·Ms between the external static charges
[Ms ≡ E1ð0Þ is the mass of the (pseudo)scalar boson]. The
potential rises linearly at short distances, reflecting confinement.
We define the critical separation dc (shown by the vertical dashed
line) as the distance at which the derivative of the potential drops
by 80% of its plateau value; this gives the critical distance of
dc ·Ms ≃ 7. At this distance, the energy stored in the flux tube
reaches the threshold for pair creation. The linear increase is
elucidated by the red dashed line which is a linear fit with
V=Ms ∼ 0.193d ·Ms. The plateau level is V=Ms ∼ 1.09. The
mass gap exhibits a minimum at the same distance, providing an
independent signature of string breaking.
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For larger separations, the string breaks and the system
rearranges into two screened mesonlike states, leading to a
constant asymptotic energy.
The normalized gap of the first excited state E1ðdÞ=Ms

exhibits a minimum at approximately the same distance
where the potential flattens, indicating an increase in the
density of states that accompanies the string breaking. The
minimum in the excitation gap thus can provide an indepen-
dent signature of string breaking. The critical separation dc
that separates the linearly confining regime from the screened
phase serves as a reference scale for the analysis below.

B. Energy density and charge distribution

The spatial structure of the ground-state energy density,
pressure, and charge density further illustrates the transition
between the confined and screened regimes, as shown in
Fig. 3. In the ground state, the energy density and pressure
are given by the expectation values of the T00 and T11

components of the energy momentum tensor, respectively
(see for example Ref. [25]).
At short separations, the energy density forms a single

localized region between the sources, corresponding to a
uniform electric flux tube, see Fig. 3, top. As the separation
increases, the stored energy makes it energetically favor-
able to create the dynamical fermion-antifermion pair from
the vacuum. Note that this falloff is not abrupt, because in
the massive Schwinger model the produced mesons inter-
act, and this interaction affects the energy density near the
critical distance.
The pressure (see Fig. 3, middle) exhibits a similar

behavior: at smaller separations, the unscreened electric
field creates a negative pressure, which gradually disap-
pears near the critical string-breaking distance.
The charge density, qn ¼ ðhZni þ ð−1ÞnÞ=ð2aÞ, behaves

accordingly: it is initially localized near the external
sources with a neutral interior, but new peaks of opposite
sign emerge near the center around dc ·Ms ≃ 7, indicating
the pair creation and subsequent screening; see Fig. 3,
bottom. At large separations, the flux tube disappears,
leaving two neutral mesonlike bound states.

C. Chiral condensate and electric energy

We resolve the internal structure of the flux tube by
computing a set of local observables measured relative to
the ground state in the absence of external charges, as
shown in Fig. 4. The electric-field energy, defined as
Eele ≡ ag2=2

P
N−1
n¼1 hðLn þ Ln;extðdÞÞ2i, increases with

energy separation, reflecting the growing field strength
between the static charges, and peaks near dc, where the
system becomes unstable against pair creation. Beyond this
point, screening by the produced charges reduces the stored
energy.
The spatially averaged chiral condensate Cn ¼

ð−1ÞnhZni=ð2aÞ, evaluated over the central sites, shows
the opposite behavior. It is suppressed inside the flux tube
as the strong field polarizes the vacuum, reaching maximal
reduction near the same critical distance. The correlation
between field energy and condensate suppression indicates
a local tendency toward chiral-symmetry restoration inside
the flux region.

D. Entanglement entropy

The entanglement entropy is considered for two types of
partitions: a subsystem of length L centered in the middle
of the lattice, and a half-chain bipartition separating the
system into left and right halves; see the Appendix for

FIG. 3. Spatial profiles of the ground-state energy density (top),
pressure (middle), and charge density (bottom) as functions of the
separation d ·Ms between the external charges (vertical axis) and
the spatial coordinate along the lattice spin chain (horizontal
axis). See Fig. 1 for the setup. The energy density illustrates the
formation and subsequent decay of the confining flux tube, while
the charge distribution shows the emergence of a dynamical
fermion-antifermion pair that screens the external sources. At
large separations, the flux tube disappears and two neutral
mesonlike states remain.
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details. The first probes the spatial extent of entanglement
along the flux tube, while the second captures the global
buildup of correlations as the external charges are
separated.
The half-chain entropy, shown in the top panel of Fig. 5,

displays a striking nonmonotonic behavior: it rises sharply
with separation, reaches a peak near the critical distance,
and then returns toward its vacuum value at large d. This
peak provides a clear signature of confinement and its
decay, consistent with the tensor-network results of
Ref. [30], where the EE was identified as a sensitive probe
of string formation and screening.
Figure 5 (bottom) shows the EE for various subsystem

sizes L, measured relative to the vacuum. For small
separations, the entanglement is weak, as the system
remains close to a product state dominated by the external
sources. As the distance d increases, the EE grows,
reflecting the buildup of quantum correlations within the
confining flux tube. Beyond dc, the entanglement rapidly

decreases as the flux tube fragments into two screened
mesonlike states. Note that we show the difference between
the EE and its value in the vacuum—so the negative value
of SEE observed for the smallest size L ¼ 4 of the
subsystem indicates that the entanglement entropy becomes
smaller than its vacuum value. This may be due to the fact
that for the smallest subsystem the produced mesons that
are close to each other screen the entanglement correlations
and make them smaller than in the vacuum.
We have also investigated the EE within different

charge sectors (symmetry-resolved EE). We have observed
that the charge-2 sector possesses even larger EE than the
charge-0 one; see the Appendix. The weight of this charge-
2 sector reaches its peak near the critical string-breaking
distance, when the two mesons are formed. For more
details and results for other symmetry-resolved sectors, see
the Appendix.

E. Entanglement spectrum

The entanglement spectrum of the reduced density
matrix ρA, shown in Fig. 6, captures the dependence of
quantum correlations within the flux tube region on the

FIG. 4. Electric-field energy (top) and spatially averaged
condensate (bottom) of the central 8 (blue circles) and 12 (red
squares) sites, respectively, shown relative to their vacuum
values. The electric energy increases with the separation between
the static charges, reaching a maximum near the critical distance
dcMs ≃ 7, where the system becomes unstable to pair creation.
The chiral condensate exhibits the opposite trend, being sup-
pressed inside the flux tube and attaining maximal reduction at
the same distance, signaling partial restoration of chiral symmetry
within the confined region.

FIG. 5. Entanglement entropy as a function of the charge
separation d ·Ms for different partitions of the system. Top:
half-chain entropy capturing the total entanglement between the
left and right halves of the lattice. Bottom: entanglement entropy
of centered subsystems of length L, measured relative to the
vacuum—hence the region of negative SEE.
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separation between the external charges. The figure
presents the logarithm of the ten largest eigenvalues of
ρA as a function of the separation between the external
charges. As d approaches the string-breaking distance
dc ·Ms ∼ 7, the eigenvalues cluster and the spectral gap
closes, indicating that several Schmidt states contribute
with comparable weight. This redistribution of spectral
weight signals enhanced quantum mixing and an approach
toward maximal entanglement within the subsystem, con-
sistent with the peak in entanglement entropy at the same
separation.
Near the critical distance dc, there is a level crossing for

the twomost important eigenstates, see Fig. 6.We interpret it
as follows: at distances d < dc, the dominant state corre-
sponds to the external charges connected by a confining
electric string, with no additional fermion-antifermion pairs.
Near the critical distance dc, the admixtures of higher Fock
states with additional fermion-antifermion pairs become
important. At distances d > dc, the dominant state corre-
sponds to the external charges screened by the produced
fermion and antifermion, a two-meson state. At the distance
at which the level crossing takes place, we have a maximal

entanglement of the two states: external static charges
connected by the confining string, and the two-meson state
describing the screened external charges.
Past the critical distance dc, the spectrum does not

exhibit any dependence on the distance, and ρA approaches
a mixed state independent of the positions of the sources.
Near the critical distance dc, the eigenvalues of the Schmidt
states become close to each other, signaling an approach to
maximal entanglement. This indicates that the subsystem
loses sensitivity to the microscopic structure of the global
wave function. Such behavior parallels that of a thermal
ensemble, where local observables are governed by stat-
istical rather than coherent correlations. This transforma-
tion in the spectral structure results in the maximum of the
entanglement entropy and provides a signature of local
thermalization within the flux tube, a conclusion further
supported by the thermal-overlap analysis presented in the
next section.

F. Effective temperature from thermal overlaps

We quantify the degree of thermalization of the flux tube
subsystem by comparing its reduced density matrix ρAðdÞ
to thermal density matrices ρβ of the static Hamiltonian at
temperature T ¼ 1=β. Following the prescription intro-
duced in Ref. [7], we first obtain ρAðdÞ from the ground
state of the system with static sources separated by a
distance d, tracing out all sites outside a centered region of
length L. Separately, we construct thermal states for a
system of length N2 > L without external sources and
compute their reduced thermal density matrices ρβ of a
subsystem of the same size L. The comparison between ρA
and ρβ then determines the effective temperature TðdÞ.
In principle, this can be achieved by maximizing the

fidelity or minimizing the trace distance between ρA and ρβ.
However, because these quantities scale unfavorably with
subsystem size, we instead employ computationally effi-
cient proxies: the normalized overlap fðρA; ρβÞ and the
Hilbert-Schmidt distance DHSðρA; ρβÞ, defined as

fðρA; ρβÞ≡ TrðρAρβÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Trρ2A Trρ

2
β

q ; ð8Þ

DHSðρA; ρβÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tr½ðρA − ρβÞ2�

q
: ð9Þ

For convenience, we also define the complement of the
Hilbert-Schmidt distance,

dHSðρA; ρβÞ ¼ 1 −DHSðρA; ρβÞ; ð10Þ

so that in both cases the effective temperature is identified
by maximizing Eqs. (8) and (10). Thermal wave functions
are generated using the purification method (see
Appendix D of Ref. [25] for details).

FIG. 6. Top: entanglement spectrum for half of the system
which yields the bipartite entanglement entropy shown in Fig. 5.
Bottom: entanglement spectrum of the reduced density matrix ρA
for a centered L ¼ 32 subsystem, shown as the logarithm of the
ten largest eigenvalues versus the separation between the external
charges d ·Ms.
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The behavior of these overlap measures connects directly
to the entanglement-spectrum analysis of the previous
section. A large normalized overlap or a small Hilbert-
Schmidt distance indicates that the reduced subsystem is
nearly indistinguishable from a thermal ensemble, thereby
confirming that the flattened entanglement spectrum indeed
corresponds to an effectively thermal mixed state. Figures 7
and 8display the extracted temperature and overlapmeasures
for subsystems of length L ¼ 8 and L ¼ 12, respectively.
In both cases, the effective temperature increases with

the separation between the external charges and reaches
a pronounced maximum near the critical distance
dc ·Ms ≃ 7, where the string breaks. Note that as soon
as the string breaks, the temperature reaches its vacuum
value, even though the transition for the energy density is
more smooth (presumably due to the residual interaction
between the produced mesons). It is important to keep in
mind that an effective temperature of the quantum vacuum
is different from zero [25].
The overlap measures shown in the middle panels peak

in the same region, demonstrating that the similarity

between ρA and ρβ is strongest near the critical distance
dc. For subsystem L ¼ 8 the overlap is maximum right
before dc and exactly at dc for L ¼ 12. For the larger
subsystem, the temperature distribution becomes broader
and the normalized overlap remains closer to unity over an
extended range of separations, indicating a more robust
correspondence between the reduced state and the thermal
ensemble.
In Figs. 7 and 8 (right), we show the ratio of the

purities PurðρÞ≡ Trðρ2Þ for the subsystem of size L and
the thermal system of the same size. One can see that
slightly above the string-breaking distance this ratio
approaches unity.

IV. DISCUSSION AND OUTLOOK

In this work, we have analyzed the quantum statistical
properties of the confining flux tube connecting a static
fermion-antifermion pair in the massive Schwinger model.
By constructing and diagonalizing the reduced density
matrix of the region located between the sources, we were

FIG. 7. Subsystem: L ¼ 8. Blue dots: temperature extracted from the maximal normalized overlap (left) and the corresponding
maximal normalized overlap as a function of d ·Ms (middle). Red squares: Temperature from minimal Hilbert-Schmidt distance (left)
and the corresponding complement of Hilbert-Schmidt distance at its maximum value as a function of d ·Ms (middle). For comparison,
the energy density is added (brown triangles). The right plot shows the ratio of the purity of the reduced density matrix to the purity of
the thermal density matrix at maximal normalized overlap.

FIG. 8. Subsystem: L ¼ 12. Blue dots: temperature extracted from the maximal normalized overlap (left) and the corresponding
maximal normalized overlap as a function of d ·Ms (middle). Red squares: temperature from minimal Hilbert-Schmidt distance (left)
and the corresponding complement of Hilbert-Schmidt distance at its maximum value as a function of d ·Ms (middle). For comparison,
the energy density is added (brown triangles). The right plot shows the ratio of the purity of the reduced density matrix to the purity of
the thermal density matrix at maximal normalized overlap.
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able to probe the microscopic structure of entanglement
within the confining string. Our principal finding is that as
the separation between the fermion and antifermion
approaches the string-breaking distance, the reduced den-
sity matrix of the interquark subsystem becomes nearly
indistinguishable from a thermal density matrix character-
ized by an effective temperature determined by the string
tension. The overlap between the microscopic and thermal
density matrices exhibits a sharp, narrow peak approaching
unity at the onset of string breaking, signaling that the
confined region undergoes a genuine thermalization tran-
sition driven purely by entanglement dynamics.
This emergent thermality arises in the absence of any

external reservoir: the subsystem thermalizes because of its
entanglement with the remaining degrees of freedom of the
field. The process thus provides a concrete realization of
how a closed, pure quantum system can exhibit local
thermal behavior through entanglement alone. In the
present context, the confining flux tube serves as an explicit
example of such self-thermalization, with the string-break-
ing point marking the transition from a coherent, confined
state to a mixed ensemble of mesonic fragments that
possesses an effective temperature.
Near the critical separation dc, we observe a level

crossing between the two lowest Schmidt eigenstates of
the reduced density matrix of half-space. For d < dc, the
dominant configuration corresponds to the external charges
connected by a confining electric string. As the separation
approaches dc, higher Fock components containing addi-
tional fermion-antifermion pairs become increasingly
important. Beyond the critical distance, the ground state
transitions to a configuration in which the external charges
are screened by the created fermion and antifermion,
forming a two-meson state. The level crossing near
d ¼ dc thus marks the point of maximal entanglement
between the string state and the two-meson state, signifying
the microscopic origin of the string-breaking transition.
Our results suggest a deep and quantitative connection

between confinement, entanglement, and emergent ther-
mality. The flux tube, traditionally viewed as a classical
color-electric string, should instead be regarded as a highly
entangled quantum state whose reduced subsystems exhibit
effective thermodynamic properties. This perspective pro-
vides a unifying framework for understanding the apparent
“temperature” observed in hadron production and supports
the long-standing conjecture that quark confinement and
thermalization share a common quantum-informational
origin.
Beyond the Schwinger model, the same mechanism is

expected to operate in higher-dimensional confining gauge
theories, including QCD. In those systems, the formation
and subsequent breaking of flux tubes may similarly
correspond to entanglement-driven thermalization proc-
esses. This correspondence offers a microscopic interpre-
tation of the statistical features of hadronization and opens

new avenues for exploring confinement dynamics through
measures of quantum entanglement. In the future, it will be
interesting to extend the study presented here to QCD; the
lattice investigations of entanglement in confining flux
tubes of Yang-Mills theory in (1þ 1) and (2þ 1) dimen-
sions have already begun [55,56].
Our results provide a simple explanation of the “puzzle

of fast thermalization” in high-energy collisions—hadron
thermalization may not require any final-state interactions
at all, except for the confinement itself.
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APPENDIX: SYMMETRY RESOLVED
ENTANGLEMENT ENTROPY

To quantify the entanglement in the ground state, we
consider partitions of the full Hilbert spaceH ¼ HA ⊗ HB
into two complementary subsystems. Depending on the
observable of interest, HA may represent either one half of
the lattice or a subsystem of length L centered in the middle
of the lattice (see Fig. 1), while HB corresponds to the
remaining sites of the system.
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Given the ground state jΨ0i of the full system, the
reduced density matrix of subsystem A is obtained by
tracing out its complement:

ρA ¼ TrBðjΨ0ihΨ0jÞ: ðA1Þ

Diagonalizing ρA gives the entanglement spectrum, defined
as the set of eigenvalues fλig of ρA. Equivalently, the
ground state admits a Schmidt decomposition,

jΨ0i ¼
Xχ
i¼1

ffiffiffiffi
λi

p
jψA

i i ⊗ jψB
i i; ðA2Þ

where λi ≥ 0,
P

i λi ¼ 1, and χ is the Schmidt rank. These
coefficients are the eigenvalues of both ρA and ρB. From
them, the EE follows as

SEE ¼ −
X
i

λi ln λi: ðA3Þ

While SEE provides a single quantitative measure of
entanglement, the entanglement spectrum carries the full
structure information of quantum correlations within the
subsystem, allowing us to identify near-degeneracies, level
of rearrangements, and mixing of the density matrix.
In the presence of a global Uð1Þ symmetry associated

with fermion number conservation, the reduced density
matrix of a subsystem commutes with the local charge
operatorQA, ½ρA;QA� ¼ 0. As a result, ρA is block-diagonal
in the eigenvalues QA of the conserved charge and can be
decomposed as [57]

ρA ¼ ⨁
Q
pQ ρQ; with ðA4Þ

pQ ¼ TrðΠQρAÞ; and ρQ ¼ ΠQρAΠQ

pQ
; ðA5Þ

where ΠQ is the projector onto the subspace with total
charge Q. The probability pðQÞ quantifies the fluctuations
of the conserved charge within the subsystem, while ρA is
the normalized reduced density restricted to that charge
sector.
The Von Neumann entanglement entropy naturally

separates into a number (fluctuation) entropy SQ and a
configurational entropy Sconf, as follows:

SEEðρAÞ ¼ Sfluct þ Sconf ; ðA6Þ

Sfluct ¼ −
X
Q

pQ lnpQ; ðA7Þ

Sconf ¼
X
Q

pQS
Q
EE; ðA8Þ

with

SQEE ¼ −Tr½ρQ ln ρQ�: ðA9Þ

The quantity SQEE defines the symmetry-resolved entangle-
ment entropy, which measures the entanglement within
each charge sector Q.
Figure 9 (top) shows the behavior of the symmetry-

resolved entanglement entropy in different charge sectors
as the separation between the external charges increases.
This analysis is performed for a centered subsystem of size
L ¼ 32 in the middle of the lattice, where Q is the net
charge enclosed within the subsystem. Figure 9 (bottom)
shows the weights of different charge sectors. Together
with the symmetry resolved EE, the weights define the
configuration entropy (A8).

FIG. 9. Symmetry-resolved entanglement entropy SQEE (top)
and the corresponding sector weights (bottom) for a centered
subsystem of size L ¼ 32.
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