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Finite temperature NLO corrections in relativistic scatterings: Implications
for dark matter freeze-in
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We study the next-to-leading order (NLO) virtual and thermal corrections to relativistic 2 — 2 scattering
processes involving scalar particles in the early Universe thermal plasma. Taking the example of freeze-in
production of scalar dark matter pairs through these scatterings, we evaluate the impact of the NLO
corrections to the annihilation rate and the dark matter yield. We find that including only thermal mass
corrections to a leading order interaction rate can overestimate the reduction in these rates, and the full NLO
corrections can modify the dark matter (DM) abundance predictions by O(30%). It is also observed that
while the virtual NLO effects are larger, the finite temperature NLO corrections to the matrix elements in
the relativistic regime can modify the DM abundance by O(10%), in comparison to the virtual NLO

corrections.
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I. INTRODUCTION

In studying particle production in the early Universe
thermal plasma, the commonly adopted method is to
compute the process matrix elements in vacuum quantum
field theory (QFT) formalism, and subsequently average
over the initial particle momentum distribution functions.
This thermally averaged reaction rate is then incorporated
in a Boltzmann kinetic equation to obtain the particle
phase-space distribution functions, or the number densities.
It is well known that this method is an approximation to
more accurate computations in a thermal field theory (TFT)
framework, in which the particle production rates are
encoded in correlation functions computed in TFT [1-3].
In particular, important TFT corrections to the above
commonly adopted method can come from several sources
in a thermal plasma:

(1) In a finite temperature (7') and density environment,
the in-medium mass of the particles can differ
significantly if they are sufficiently interacting with
the medium. This effect is especially pronounced at
high temperatures compared to the renormalized
mass of the particle at 7 = 0. The modified in-
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medium mass has an impact on the phase-space
element in a scattering or decay process, as well as in
the particle thermal distribution functions.

(2) There can be additional stimulated emission or
absorption processes of on-shell particles to or from
the bath, contributing to the reaction rates.

(3) Next-to-leading order (NLO) virtual corrections to
the process matrix elements can become important
in precision computations. At the same order in
perturbation theory as these corrections, finite-7
NLO corrections to the matrix elements can also
become relevant for accurate determinations of
particle abundances in different scenarios.

In the context of early Universe cosmology, there have been
several important studies in this direction. For particle
decays in the early Universe, such as neutron or muon
decay, which could be relevant in precision analyses of
processes such as the big bang nucleosynthesis, see,
for example, Refs. [4-8]. Further important studies on
thermal effects in neutrino decoupling were carried out in
Refs. [9-11]. For thermal matrix element corrections in
particle scatterings, there have been studies in the context of
thermal leptogenesis, see, for example, Refs. [12-18], as
well as in dark matter (DM) pair-production from thermal
freeze-out (FO) [19-23]. It was observed by Beneke
et al. [20,21] and Butola et al. [22,23] that in the non-
relativistic freeze-out of a fermion dark matter to Standard
Model (SM) fermion pairs, through a #-channel scalar
mediator, the NLO thermal corrections are suppressed at

least by (T’fq—o)2 where, Ty . is the freeze-out temperature
X

and m, is the DM mass. With the commonly observed
value of Ty ~m,/20, this amounts to a correction of
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around 0.25%. For several other important discussions on
thermal effects in dark matter cosmology, we refer the
reader to Refs. [24-31], and references therein.

Our study concerns primarily with the role of finite-T
NLO corrections, and its comparison with the vacuum
NLO corrections in scattering processes involving relativ-
istic particles. In particular, we analyze these corrections in
the context of freeze-in production of dark matter (DM) in
2 — 2 scattering processes, in which the particles involved
are relativistic, with m© < T, m©® being the T =0
renormalized mass parameters. Therefore, this study can
be considered complimentary to the kinematic regime
considered in Refs. [20-23]. Our primary objective is to
determine whether the thermal NLO corrections for DM
production in relativistic scatterings could be larger than
those obtained for nonrelativistic DM annihilations.

To this end, we consider a simple toy model for dark
matter (y) production through the scattering of a pair of
relativistic SM-like particles (¢) in the early Universe:
¢¢ — yy. This process belongs to the category of so-called
relativistic freeze-in processes [32]. We study both the
vacuum and thermal NLO corrections to the matrix
elements of this process, and find out its impact on the
DM yield. These corrections are not only relevant for
precise computations of DM abundance within this model,
they also serve as a prototype to how large the NLO thermal
corrections could be in the relativistic regime.

The paper is organized as follows. In Sec. II we describe
the basic setup for computing the DM yield in a relativistic
freeze-in scenario, while in Sec. III we describe the
computational details of the NLO corrections to the process
¢¢p — yy, using the real-time framework for TFT. In
Sec. IV we present numerical results regarding the NLO
corrections and its impact on the DM yield. We summarize
our findings in Sec. V.

II. SCALAR DARK MATTER FREEZE-IN
FROM SCATTERING

We study in detail a simple DM scenario, with a real
scalar DM (y), produced from the freeze-in of a pair of real
scalar particles (¢), where the latter are taken to represent
SM-like fields, with a small mixing with the Higgs boson
such that kinetic equilibrium with the SM bath can be
maintained. We assume that at the end of postinflationary
reheating, the ¢ particles are populated, while the y
particles are not produced at this epoch due to negligible
coupling to the inflaton field. The bare interaction
Lagrangian is given by

0 9020 M4ty
Lin D 4)(4) L 4!41, (1)

where all the parameters are real, and for simplicity only the
above quartic couplings are considered. For a representa-
tive selection of earlier studies on freeze-in production of

DM, see, for example, Refs. [31-41], and references
therein.

In order to obtain relativistic freeze-in, consider a
scenario in which the zero-temperature masses of the
particles satisfy the hierarchy m ¢) < m;(fo), while due to
a larger self-coupling, at high temperatures, the thermal

masses satisfy mg) > m;((T). We consider the DM sector to

be nonthermal, and populated only through freeze-in from
thermal ¢ particle scatterings. With the ¢ — y coupling g
taking very small values, the DM particles never reach
kinetic or chemical equilibrium with the ¢ particles in the
bath. We take the ¢ particles to be in equilibrium with the
SM sector with a temperature 7' = Tgy;. Given the small
DM couplings, the in-medium mass corrections of y is very

small, such that for all practical purposes, m, ~ m)((o). We

(0) (0) (T) (T)

note that while my" <m,” and m,’ >m, " clearly

facilitates relativistic freeze-in, this is not strictly necessary,
as examples in the later sections will demonstrate.

Given the above setup, the dominant production of DM
is expected to take place through the freeze-in process

¢ - yy at T > T, where mpr) > m)((o)

is satisfied. Once
T < T, the DM production becomes subdominant, and
takes place only through the high-momentum tail of the ¢
distribution function. With f, <<'1 we can ignore back-
reactions and Bose enhancement in DM production, in
which case the DM number-density may be obtained by

integrating the following approximate rate equation:

dn
g 3 = (00) gy @)

where, we take n, to have a thermal distribution. With the

standard redefinitions, ¥ = n/s, and x = m;((o) /T, with s
being the entropy density of the Universe, we have the
following evolution equation for Y

ar, ~ S(0V) g y2 3)

X xH ¢

Given the functional form of (6v),,, (x), we can
integrate the above equation to obtain the number density
of DM particles produced through freeze-in. The integra-

tion needs to be performed starting from x,,;, = m)((m /T maxs
where, T, 1s the maximum temperature at which we have
a thermal density of ¢ particles available for annihilation.
This is essentially determined by the reheating temperature,
assuming that ¢ is in equilibrium with the SM bath across
all relevant temperatures. For our numerical analysis, we
have taken x,,;, ~ 1/100.

Satisfying the observed relic density through this freeze-
in process leads to a required value of the ¢ annihilation
rate, which is found to be very small. We also check
whether this value of the annihilation rate is consistent with
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the out-of-chemical-equilibrium assumption for the DM
throughout its thermal history, by approximately requir-

ing ny(ov) pyy, < H.

III. DM FREEZE-IN FROM SCATTERING:
VIRTUAL AND THERMAL NLO CORRECTIONS

Having discussed the basic setup for scalar DM relativ-
istic freeze-in in the previous section, we now move onto
the analysis of higher order NLO corrections to the
scattering rate (ov) ., (x), both from virtual NLO
effects, as well as from thermal NLO corrections. In
Fig. 1 we show the Feynman diagrams at next-to-leading
order for the process ¢p¢p — yy. As noted in the previous
section although g < O(1) is expected from the point-of-
view of satisfying the DM relic abundance through freeze-
in, however, the self-couplings 4, and 4, are restricted only
by perturbativity at this stage, and therefore can be sizeable.
We therefore impose only the weak upper bound of 4, <

\/E in this study. Furthermore, since we are considering
the regime g < {44, 4, }, the #- and u- channel diagrams in
Fig. 1 are highly suppressed compared to the two s-channel
diagrams. Therefore, in this study, we shall be focusing on
the NLO contributions from the s-channel diagrams
involving either the ¢ particle loop or the y particle loop
only.

We compute the NLO thermal corrections to the matrix
elements (ME) of the ¢p¢p — yy process using the real-time
formalism of thermal field theory (TFT) [2]. In the simple
one-loop example being considered here, with all the
vertices connected to external physical bath particles, the
only relevant component of the propagator is as follows
[2,8,42]:

D) = =+ 2 (ko)oK = m(T)), (4)

kK —m(T)* +i

where, we have used 1PI resummed propagator [13], and
m(T)? is the effective plasma mass squared of the scalar
particle,’ which includes the bare mass squared, and the
Bose-Einstein distribution function f(k) is given by

1

f(k()) = eﬂV‘O‘ _1 ’

(5)

with = 1/T being the inverse bath temperature. In
writing Eq. (4), we have neglected the absorptive part of

'Instead of the 1PI resummed propagator one could have also
used a daisy resummed propagator [1-3,43]. We have explicitly
checked that the resulting shift in the thermal mass value for our
choice of parameters is at most O(3%) of the 1PI thermal mass in
the relativistic regime. Therefore, in what follows, we have
neglected the daisy resummation effect in our numerical analysis.

the scalar boson resummed propagators,2 as they are
suppressed compared to thermal plasma mass
correction [13].

Although generically in the real time formalism, both
type 1 and type 2 vertices exist [2], vertices linked to
external momenta can only be of type 1, while internal
vertices can be of either type. As mentioned above, at the
one-loop order diagrams with scalar quartic interactions
considered in this study (see Fig. 1), the only possible
vertices are of type 1, and therefore, only the Dy
propagator connecting these appear, the details of which
is outlined in the Appendix. In the two-loop diagrams for 2
to 2 scattering processes, however, all the four components
of the propagator become relevant.

In addition to the NLO thermal corrections to the ME’s
of ¢p¢p — yy, this modified propagator impacts the evolu-
tion of DM number density in a thermal bath in several
ways. Self-energy diagrams now lead to both quantum and
thermal corrections to the particle masses, where the
thermal mass correction component for ¢ is given by

3
my(T) - (mgf))z 2%/%%%@(%), (6)

(0)
where, m M

mass of the ¢ particle. While we use the general mass
correction formula in Eq. (6) in our numerical analysis, for
analytical approximations, a particular simple expansion

can be made for example in the limit m((/,O) < T, with

represents the zero-temperature renormalized

(0) my'T

This modification in the particles masses will modify the
phase-space elements, as well as the distribution functions
which depend on the mass. In particular, for example, for a
fixed temperature, the ¢ number density will now be
reduced. We shall discuss the impact of these thermal
corrections systematically in a subsequent section.

We now discuss the ¢p¢p — yy amplitude in detail, taking
the s-channel diagram in Fig. 1 with ¢ particles in the loop
as an example. This Feynman diagram represents the NLO
amplitude

. 94
ZMﬁo = _T¢(MVV+MVT+MTT)’ (8)

where the terms represent the loop integrals My =

I%MU’ with

The absorptive part only arises at two-loop order in this theory
from scalar sunset type diagrams, and is thus neglected while
calculating results till this order [42].
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Feynman diagrams representing the virtual and thermal NLO corrections to the matrix elements for the freeze-in process

¢¢ — yy, with the momentum labels p = p; + p,, p, = p1 — p3, and p, = p; — p4. The dashed and solid lines represent ¢ and y,

respectively.
-1
(K2 =m?+ie)((p—k)>—m>+ie)’

2 (K6 (p k)

MVV:

Myr=
=k —mitic
=472 F(80) 1 (1~ K)o~ )3 (p—k =), ()

2 f (K)5(K2 = m?),

where, we have written m* = m(T) for brevity. Here, the
last term in Eq. (9), Mt corresponds to the contribution of
two on-shell bath particles in the loop diagram, which has
already been included at this order in perturbation theory by
the leading order ME of ¢¢ — yy, coupled with elastic
scatterings. Therefore, at this coupling order, we drop the
Mt term, to avoid double counting of this contribution.
My represents the vacuum NLO correction from the s-
channel diagrams. For example, with the ¢ particle in the
loop, this contribution is given by [44]

Moo S i /s—4m210 2m?* — s+ \/s(s —4m?)
v 167° s g 2m? |

(10)

where we have renormalized the theory in the on-shell
scheme at 7 =0, at the renormalization point s =
4(m((/)0))2, t = u = 0, where s, t, u represent the standard
Mandelstam variables. Similarly, there will be a corre-
sponding s-channel vacuum NLO contribution from the y
particle loop as well. Since there are no additional sources
of ultraviolet divergences at finite temperature, the UV
renormalization of the theory remains unchanged.

The thermal contribution at NLO comes from the second
term Mvy7. In order to obtain a closed form analytical
expression for this term, it is useful to first separate the
principal part of the propagator factors [42]

i i
(K — m? + ie) = P<k2 _ mz) + 26(k* =m?),  (11)

thus splitting the two contributions Myt = Mi,l% + Mi,z%
The delta function piece can now be combined with the

thermal delta function to yield the integrated closed form
result

) 1 1 - e‘ﬁ“ﬁ
M3 — 1 _
VT~ T6xlp1p ' o

l—e ’ (12)

where, the limits on the energy integration are restricted in
the range given by

Po P 4m*

Here, the total initial energy and three momentum in the
s-channel have been defined as p° = p? + pg, and p =
D1 + P2, respectively. The other loop integral given by

M= [ k(e anrwate - (1)

cannot be computed exactly in closed form to our knowl-
edge. Therefore, we perform the integral in Eq. (14)
numerically in all our subsequent results. For certain
kinematic regimes, an approximate analytical computation
may be done by first expanding the integrand in a suitably
defined power series, and then restricting the integral to that
kinematic domain, as detailed in the next subsection. Such
a method provides the approximate analytical form of the
thermal NLO corrections in that domain, which helps in
understanding how large the corrections could be.

A. Analytical approximation for the thermal NLO
matrix element

In order to obtain an analytic closed form approximation
of Eq. (14), we note that since f(E;) is very small for
Ez > T, the dominant contribution to the integral over k

comes from the region |k| < T, where E; =/ k|2 + m?.

After performing the & integral in Eq. (14), it is easy to see
that we might expand the integrand as a power series as
long as
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2p.k

p2

< 1. (15)

This condition needs to be satisfied for both ky = +E,
which are the roots of the delta function argument.
Consider the case with k* = Ez > 0. From the bounded-

ness of cos@ in p.k = |p||k|cos®, and the fact that
4m? < p? < oo, we have the inequality

2k _pEp+ (70| + 72 IR
P2 2> :

(16)

We have further used the triangle inequality to write |p| <
| 1’| + | P2 | above. Now, as argued above, the integral
receives its dominant contribution in the region E; < T,

and consequently, [k| = , /E% — m? < T. In this region, we
then have

2pk _ P+ P2+ [P0+ 177
p2 2m?

T. (17)

The magnitude of this upper bound can now be evaluated
for different possible initial state configurations, as well as
the loop particle involved.

When the initial particles are nonrelativistic, with
|pil < m;, p®=~m; the upper bound is approximately
T/m. Now assume that the initial particles are ¢. In that
case, nonrelativistic ¢ also implies 7 < m. If the loop
particle involved is ¢ as well, this leads to a contradiction,
since the E; < T condition can now no longer be satisfied.
However, if the loop particle involved is a y, all the
conditions can be satisfied, and we can have |%| <1
While this kinematic region is interesting from the point of
view of nonrelativistic DM freeze-out, it is not the most
relevant one for the relativistic freeze-in scenario being
studied here.

On the other hand, if the initial particles are relativistic,
we have |p;|>m; and we can approximate pY~
pi] —i—%. Since the average value of |p;| ~ 37T in the
bath for a relativistic particle, the upper bound on |2;;2k\ is
then approximately 672/m? + 1/6. Therefore, as long as
|Pi| ~ m; ~ 3T, this translates to an upper bound of 5/6.
Thus, we can expand the integrand in |‘2§—2'k‘\ in the
relativistic region with 7 ~ m;/3, but not for any higher
temperature. For k¥ = —E; <0, a similar argument shows
that this upper bound is now stronger, namely, 1/6, thereby
ensuring a faster convergence of the Taylor expansion.

With the above results, we can now expand the integrand

in Eq. (14) as a power series in %, and evaluate it

analytically term by term. For example, the leading term
in the series is obtained to be

F(T, m), (18)

where, F(T,m) is the well-known thermal integral

F(T.m) = / %éﬂ%» (19)

Depending upon the mass of the particle appearing in
F(T,m), an analytical nonrelativistic or relativistic expan-
sion of this function may also often be performed. Thus, to
summarize, in our freeze-in example, we can approximate
the NLO thermal matrix element correction in the region
T ~m,/3 by Eq. (18), which implies an approximate
scaling of this term as T?/s (where, s = p?). This is
consistent with the nonrelativistic limit discussed in
Refs. [20-23], where the NLO thermal corrections were
shown to scale as 7% /m?, unless this term is suppressed due
to selection rules. We have checked by comparison with
exact numerical results that Eq. (18) gives a reasonable
approximation in the region 7'~ m,;/3 and somewhat, but
not too much, smaller. However, these analytical approx-
imations are discussed here only for a qualitative under-
standing of the thermal NLO corrections. In the subsequent
section, we have used exact numerical integrals for the
matrix elements without any approximations.

IV. NUMERICAL RESULTS: NLO CORRECTIONS
TO RELATIVISTIC FREEZE-IN

We now present the results of numerical integration for
the reaction rates at LO and NLO order, as well as the
respective DM yields. In Fig. 2 (left panel), we show
the thermally averaged annihilation rate (6v),,._,,,(x) for
the freeze-in process as a function of x = mXO /T for four
different cases: (i) at LO, <av>f’8), (ii) at LO, but including
thermal mass effects, (ov)7%, (iii) at NLO including only
vacuum NLO matrix elements, with thermal mass effects,
(ov)¥1o and (iv) at NLO including both the vacuum and
thermal NLO matrix elements and mass corrections,
(V)i o- We show all four of these cases in order to
illustrate the relative impact of the four effects on the
annihilation rate. While the easiest one to compute is

(m}){’g), often in many studies that is improved by

including the thermal mass effect to obtain (ov)"’,
especially if kinematic thresholds become relevant. The
consistent way to incorporate the thermal effects is of
course to compute the reaction rate at NLO or higher order
in perturbation theory, including the vacuum and thermal
matrix element corrections, which gives (6v); o- In order
to determine the relative role of the vacuum and thermal
NLO matrix element corrections, we also compute
(6v)No- In the DM literature, there exist several studies
on either vacuum NLO corrections, or thermal NLO
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FIG. 2. Left: the thermally averaged annihilation rate (6v),

d—xx

m) =m{) /3, 29 = VAT, g =6.65x 10712

....... LO (m()
07H! —— LO(mM) g
i -==- +NLO Vacuum
0.6 —— +NLO Thermal -
0 1 2 3 4 5 6

(x) for the freeze-in process as a function of x = m}({o) /T, (i) at LO,

(i1) at LO including thermal mass effects, (iii) at NLO including only the vacuum NLO matrix elements and thermal mass, and (iv) at
NLO including both the vacuum and thermal NLO matrix elements and mass corrections. Right: the ratio of different annihilation rates

with (011)%”.

corrections separately, but the number of studies combining
both the NLO effects together are fewer, although they
occur at the same order in perturbation theory. On the right
panel of Fig. 2, we show the ratio of different annihilation
rates with (ov)" .

As we can see from these figures, all the reaction rates
first increase up to a maximum around x ~ 1.5, before

falling down. We also observe from the right panel figure
that the other three rates are smaller than (ov)fg) in a small
range with x < 1, but are all larger than (av)’{‘g " for higher x

values. The difference between (ov)"S and (ov)")
vanishes at larger x, as the thermal mass corrections
become negligible there. However, a significant difference

between (o0)"S" and (6v)Y, o or (6v)]; , remains for all x,
due to the vacuum NLO effects.

The above discussed features of Fig. 2 may be under-
stood as follows. There are two competing effects at play
here: (i) the 1/E| E, factor from the flux entering the cross
section, which decreases the rate at high T as the average
particle energies become higher, and (ii) the phase-space
factor in the cross section, which is enhanced at higher T
due to the larger thermal corrections to ¢ mass,
my(T) > m,(T). At very high T, the competition is won
by the flux suppression, while for intermediate 7 it is won
by the phase-space enhancement, thereby explaining the
features. For much lower 7, of course the finite T
corrections become negligible, and only the vacuum
NLO corrections remain sizeable.

In order to understand the impact of the thermal NLO
correction matrix elements, it is instructive to study the
following ratio:

This ratio captures the effect of only the thermal NLO
matrix element corrections, as all of the reaction rates
involved are computed here including thermal masses, and
therefore the common plasma mass effects are essentially
subtracted out. We show in Fig. 3 (left panel) the ratio

Alov)L, o/ A{ov)Y, o as a function of x = m/T. As we
can observe from this figure, the thermal NLO matrix
element corrections can be substantial in this relativistic
scattering scenario, ranging from around —8% at very high
T to +12% at intermediate 7.

Finally, we study how these scattering rate differences
translate to the DM yield Y (we recall that ¥ =n,/s)
through the freeze-in process. We show in Fig. 3 (right
panel) the yield Y as a function of x, for all the four different
computational setups considered above. First of all, we
confirm from this figure that the freeze-in is dominated by
the relativistic regime, as expected in earlier discussions,
with most of the production happening at x < 2. Second, it
is found that only including the thermal mass effect to the
LO reaction rate gives a substantial reduction in the DM
yield, due to the larger suppression from the flux factor at
higher T from the thermal masses, as well as from the
reduction in ¢ distribution functions at a given 7. However,
simply including the thermal mass in the LO rate equation
substantially overestimates the actual yield reduction at
NLO, as seen from Fig. 3. In particular, including the
vacuum and thermal NLO corrections gives a prediction for
the yield which falls in between these two different LO
estimates. Therefore, we conclude from this figure that for
precision determinations of DM yield in these relativistic
freeze-in scenarios from scatterings, it is necessary to
include the vacuum and thermal NLO effects.

In Table I, we show the relative (percentage) change in
relic abundance with respect to the leading order prediction

(th)fg) , on including (i) thermal mass effects, and
(i1)) NLO vacuum matrix elements, and (iii) NLO thermal
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m) =my) /3, dg = VAT, g=6.65x 10"
T T T T
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FIG. 3. Left: ratio of the reaction rates A{ov)L; o/A{ov)Y; o as defined in Eq. (20), as a function of x = m)((o) /T. This ratio is
representative of the thermal NLO corrections to the reaction matrix elements, see text for details. Right: dark matter yield Ypy = n, /s,
as a function of x, in all the four different computational setups considered.

matrix elements. We also show the impact of NLO thermal
matrix element corrections by the ratio defined in the last
column. The results are shown for different ratios of the
DM y and the scalar ¢» mass, for two different choices of the

¢ self-coupling 4, = {V/4x, 1}, with the value of the y — ¢

interaction coupling ¢ fixed by demanding (th)i”g)
matches the observed DM relic abundance through
freeze-in. While computing the relic abundance, a DM
mass input is needed, which we have fixed at
m}({o) = 1 MeV. Increasing this mass will require a corre-
sponding decrease in the value of the coupling g, to keep

(Qh2)r fixed. Such a reduction in g, as we have
discussed, will have no impact on the s-channel vacuum
and thermal NLO corrections being studied here. We note
in passing that even if the DM is produced relativistic, its
momenta will subsequently redshift due to the expansion of
the Universe. This redshift can eventually make it non-
relativistic at the epoch of matter-radiation equality, as

TABLE L

required by structure formation. A sufficient redshift can be
ensured by having earlier production epochs, and therefore,
larger masses in our scenario.

As we can see from Table I, increasing the ratio

m((ﬁo) / mf{o) leads to a higher required value of g. This is

. . 0
because, the increase in mfp)

to the reaction rate from both the flux factor and the ¢
distribution function, thereby requiring a larger couplings

to keep (th)fg) fixed. The absolute percentage effect of
including the thermal mass in the LO rate is also slightly

leads to a higher suppression

reduced as mfﬁo) / m)SO) increases. The reason for this effect is
that, for a fixed y mass, as we make ¢ heavier, the DM yield
receives substantial contributions from correspondingly
higher values of x, for which the thermal mass corrections
are smaller. Therefore the integrated effect on Qh? from
thermal mass is somewhat reduced. We also see from
Table I that reducing 4, from its perturbative limit of Vi

Relative (percentage) change in DM relic abundance with respect to the leading order prediction

(Qh2){’g), on including (i) thermal mass effects, and (i) NLO vacuum matrix elements, and (iii) NLO thermal

matrix elements. We also show the impact of NLO thermal matrix element corrections by the ratio defined in the last
column. The results are shown for different ratios of the DM y and the scalar ¢ mass, for ¢ self-coupling

Ay = {V4=, 1}, with the value of the y — ¢ interaction strength g fixed by demanding (th)f'g) matches the

observed DM relic abundance through freeze-in.

)

(@n)mt NS (@)1, Q)T —(QR2)Y,
my fmy  dy g g TP gl 100 gl =10 el ()
1/3 \/4_71: 6.65 x 10712 -19.36 —-12.69 —-12.50 2.76
1 7.40 x 10712 —18.53 —13.16 —13.50 —-6.27
2 1.00 x 10711 —18.39 —-13.50 —13.91 -8.39
5 1.65 x 107! —-16.38 —-11.62 —12.05 -9.00
1/3 1 6.65 x 10712 —8.38 -5.86 -5.72 5.83
1 7.40 x 10712 =7.75 —-5.84 -5.95 —-6.22
2 1.00 x 107! —7.58 -5.85 -6.00 -9.02
5 1.65 x 10711 —-6.37 —-4.73 —-4.89 -991
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to 1 reduces the thermal mass effect as well as the NLO
effects correspondingly. However, the modification on
including the NLO matrix element corrections remain
substantial, for example, with mg)) / m)((o) ~1/3, we find
a O(30%) change for both values of 4,. The final column
shows the QA? difference ratio indicating the thermal NLO

matrix element effects, which we see can be as large as
O(10%) in absolute value.

V. SUMMARY

To summarize, motivated by earlier studies on thermal
NLO corrections to dark matter freeze out in the non-
relativistic regime, which found a correction of at most
order (T/m)?, we have analyzed the NLO thermal correc-
tions in the complementary relativistic regime for DM
production from scatterings. In particular, we focused on an
example scenario where DM (y) is pair produced from the
scattering of a relativistic SM-like scalar particle (¢) in the
early Universe plasma, through the so-called relativistic
freeze-in mechanism. While ¢ is taken to be thermalized
with the SM sector, the DM remains nonthermal through-
out due to its very small couplings. We studied both the
vacuum and thermal NLO corrections to the ¢¢ — yy
scattering process, where the thermal NLO corrections in
this case are driven by s-channel ¢ particle loops. We also
presented approximate analytic formulas for these scatter-
ing matrix elements in a near-relativistic regime, and found
that the thermal matrix elements typically scale as T2 /s in
the relativistic regime for s-channel processes.

After exact numerical integration of the NLO scattering
rates, we presented a detailed comparison of four different
computational setups: using (i) LO matrix elements, (ii) LO
matrix elements combined with thermal mass corrections,
(iii) NLO vacuum matrix elements coupled with thermal
masses, and (iv) full NLO vacuum and thermal matrix
elements with in-medium mass corrections. While, (i) and
(ii) are often employed in the DM literature for estimating
yields, (iv) represents the complete determination of the
virtual and thermal NLO effects. We also presented (iii) in
order to access the relative contribution of the thermal NLO
matrix element corrections with respect to the vacuum NLO
effects. In the DM literature, there exist several studies on
either vacuum NLO corrections, or thermal NLO correc-
tions separately, but the number of studies combining both
NLO effects together are fewer, and our study should be a
relevant contribution in this regard.

For the particular freeze-in example considered, we
observed that including only the thermal mass effects to
LO matrix elements overestimates the reduction in the rate
considerably, and the complete NLO correction predicts a
scattering rate that falls in between these two approxima-
tions. When translated to the DM yield and relic abun-
dance, the corrections due to the NLO matrix elements can
be O(30%), which is substantial. Within the NLO matrix

element corrections, the impact of the thermal NLO
correction component on the relic abundance can also be
as large as O(10%) in absolute value. These conclusions
stand for a wide range of values of the scalar self-coupling
which enters the NLO corrections, as well as different ratios
of the DM and scalar particle masses, as we demonstrate in
detail. Therefore, to conclude, vacuum and thermal NLO
corrections are highly relevant for accurate determinations
of DM abundances produced in relativistic scatterings of
bath particles, and should be included for improved
theoretical predictions that match the current observational
accuracies.
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APPENDIX:

We outline here a proof showing how the rate equation
can be rearranged in terms of matrix elements having only
type-1 vertices at the external vertices (vertices connected
to at-least one external leg). In the following discussion
regarding this proof, we interchangeably use + and — type
to denote type 1 and 2 fields, respectively.

As we are interested in the evolution of the phase space
distribution of dark matter (DM) f,, the most general setup
to track this in real time closed time path (CTP) formulation
is through Kadanoff-Baym equation. In quasiparticle limit
after performing Wigner transformation, followed by gra-
dient expansion keeping the leading term, it can be shown
that the evolution of f, takes the form [20,45]

” — 5 (iZ7(p)iG=(p) — iZ=(p)iG~ (p))-

df,(P) _ /oo dpy 1
0 T 2

(A1)

where, in the above expression X~ (p) and X<(p) respec-
tively refer to greater and lesser self energy of DM with four
momentum p* = (p°, p) associated with the external leg.
G~ (p) and G=(p) refer respectively to the greater and
lesser Green’s functions of the theory. As these Green’s
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functions can be related to the distribution function and
spectral function p(p,, p), it can be shown that the rate
equation of f, takes the well-known form [2],

df,(p) _ /°°dpop(po,ﬁ)
0

As X7 (p) and X<(p) are understood to be related to the
annihilation and production rates respectively, Eq. (A2)
resembles the standard collision integral.

In the model considered in Sec. II, X~ is specified by the
sum of the diagrams as shown in Eq. (A3) up to three loops.

I N N
The contributions have been grouped as 7. and X2 oo

dr T 2 for later convenience, where they are given by sum of
x (=f,(P)Z”(p) + (1 + f,(p))Z=(p)). (A2)  diagrams respectively shown in first and second parentheses.
|
N F oo + — et
¥ = AN + T + % + + )
(A3)
L~ . _ e L B
= E1r>elevant + Z1r>emnaunt :
Similarly, diagrams contributing to X< till this order are also listed below,
< = Y VRV PNy PV Ny
2 Y ,_// + w + A + + \9
(A4)

<
+ 2remnant .

= »=

relevant

We now proceed with the Feynman diagrammatics to relate the cut diagrams of self energies to corresponding matrix

>

elements. After performing proper cuts X7,

shown below,

is found to be related to DM annihilation processes matrix elements as

2
21r>elev‘aur1t = / dHX¢¢ fX (1 + f¢) (1 + f¢> ‘M:nnihilation‘

= [l £ (£ (4 £ S+ SR+ SO

The manipulation in Eq. (AS) relies on the fact that,
propagators connecting + and — lines, i.e., D, _ and D_,
are on-shell (known in the literature as general on-shell
ansatz). This then enables one to relate the phase space
factors dIlp,qicies» along with the distribution functions,
exactly to the relevant cut diagrams as shown above.

(AS)

|
The + sign in the superscript of the matrix element
M o signifies that all the external vertices of the
matrix element is of type-1 (+) only.

A similar analysis can be performed with DM production

processes to relate that with X<, . as below
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3 levant :/dﬂ¢¢x fofo 1+ fy)

Z/dH¢¢x fofo (L + fx)

It can be shown in a similar way that X7, ... can be related to DM self-scattering matrix element

remnant /dHXXX fX (1 + fX 1 + fX >< > < >O<

And, X350 can be expressed as

remnant / dHXXX foX 1 + fX

From Eq. (A7) and Eq. (A8) it can be shown that the “remnant” parts of self-energies follow the identity,

d*p dpop(po P)
(2n)® =

[ f)(( ) remnant( )+

2
Mproductlon
2
NG o Tt ~ Tt~ (A6)
2
(A7)
2
> O O (%)
(1 + f)((p))zfemnam(p)] = 0 (A9)

This is an important result, as till this order we do not expect the self-interaction of DM to affect the number

density.

After performing three momentum integration on both sides of Eq. (A2), followed by separating out the self-energies
in “relevant” and “remnant” pieces and using Eqgs. (AS5), (A6), and (A9) we obtain the rate equation of the number density n,

to be
dn, [ dp dp P( D)
?‘/ (2;;)3/ 7r0 (
[ dp 1
_/(2 ) 2E,

In the last line of the proof it is assumed that, CP
invariance holds, so that we can write |M*]> =
M oduction]” = MG The spectral function
p(po, p) is written in quasiparticle, weak coupling limit in
the form 2ze(po)s(p§ — E%), where e(p,) is the sign

| 2
annihilation| *

function, and E, satisfies the dispersion relation Ef, =

|P|> + m%, where my is the medium modified mass.

We have obtained the well known form of the Boltzmann
equation with M™ denoting the matrix element of the
concerned process with only type-1 (4) vertices as external
vertices. Actually, it has been shown in a generic theory that

~f,(P)Z7(p) + (1 + £,(p))Z(p))

/ A, [ M2 f (0 4+ £)(1+ 1)
£, (D) (L4 £) (4 FI84(p7 + K+ kS + kD).

(A10)

the collision term in the Eq. (A2) can be rearranged in terms
of matrix element M™ squared [45]3 alone.

Therefore, in our theory till NLO order, as there can be
at-most two external vertices (connected to external legs)
both of which are of type-1, this only allows for Dy,
propagators. In this connection we note that, it has been
observed that in the nonrelativistic limit involving theories
with heavy particles, type-2 fields can be shown to

Mt is noteworthy to mention here that, this proof for a generic
theory has only been shown to exist for tree level cut diagrams.
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effectively decouple [46,47], simplifying the calculation.
In the scenario of our concern which is a relativistic one,
type-2 fields do not decouple. As shown above the
intermediate algebra (particularly, complex conjugation
along with proper cuts) takes care of the contributions of

the type-2 fields consistently. Therefore, till the NLO order
we are interested in, we do not need to explicitly include
type-2 fields, the contributions of which are consistently
accounted through the algebra.
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