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We present an analytical and numerical investigation of the quasinormal excitation factors of
ultracompact horizonless objects. These systems possess long-lived quasinormal modes with extremely
small imaginary parts, originating from the effective cavity between the photon sphere and the object’s
interior. We show that the excitation of such modes is strongly suppressed, scaling with the imaginary part
of their frequency, and therefore they contribute to the waveform only at very late times. This hierarchy
naturally explains the structure of echo signals; the prompt ringdown is dominated by standard light-ring
modes, the early echoes arise from moderately damped cavity modes, and only the latest echoes are
governed by long-lived modes. Building on this, we propose a practical ringdown waveform model that
combines ordinary black-hole quasinormal modes with cavity modes, capturing the complexity of the
ringdown of horizonless ultracompact objects. We further demonstrate that the combination of small
excitation factors and weak damping enhances the robustness of long-lived modes against localized
perturbations, in contrast to the spectral instabilities affecting standard black-hole quasinormal modes.
Finally, we extend the analysis of greybody factors to exotic compact objects and wormholes, showing that
they remain stable under small deformations of the effective potential and thus represent robust
observables. Our results provide a unified framework for understanding excitation, stability, and echoes
in ultracompact horizonless objects, with direct implications for their spectral properties and gravitational-

wave signatures.
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I. INTRODUCTION

Black-hole (BH) perturbation theory [1,2] is recently
undergoing a phase of rapid advancement (see Refs. [3,4]
for recent reviews). This revival has been largely driven by
the first gravitational-wave (GW) detections of remnant
ringdowns [5-8] and by the prospect of BH spectroscopy
[9-12] as a probe of gravity in the strong-field, dynamical
regime [13-16].

The next decade promises a qualitative leap in precision,
with current detectors reaching design sensitivity and with the
advent of next-generation interferometers such as LISA [17],
Einstein Telescope [18-22], and Cosmic Explorer [23-25].
These facilities are expected to measure ringdowns at the
subpercent level [26-28], enabling unprecedented tests of
General Relativity and of the nature of compact objects [16].
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A central goal of BH spectroscopy is the extraction of
multiple quasinormal modes (QNMs) [29-32] from the post-
merger remnant as it approaches stationarity. In General
Relativity, the entire QNM spectrum of a BH is uniquely
determined by its mass and spin, allowing for stringent null-
hypothesis tests of the theory [33,34], of the remnant’s nature
[35-37], and of its surrounding environment [38—41]. The
push toward accurate ringdown modeling has, however,
uncovered additional layers of complexity, including envi-
ronmental imprints [38,42—46], modified boundary condi-
tions or near-horizon structures [47-50], spectral instabilities
[51-68], nonlinear effects [69-87], the role of overtones
[88-90], and late-time tails [91-96].

In parallel with QNM-based analyses, an alternative line
of investigation has emerged, focusing on BH greybody
factors (GFs) [97-99]—real, frequency-dependent func-
tions describing the tunneling probability through the BH
effective potential [100]. GFs have been shown to capture
the spectral amplitude of the ringdown at frequencies
above the fundamental mode [97-99,101], to remain
robust under small deformations of the system, and to
make contact with quantities that can be expressed as
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QNM superpositions, even in the presence of spectral
instabilities [101,102].

In this work we focus on the ringdown of ultracompact,
horizonless objects, often referred to as BH mimickers or
exotic compact objects (ECOs) [16,35,36,103]. It has been
shown that, if the remnant is sufficiently compact [47-49],
the prompt ringdown signal following the merger is
universal, since it is governed by the local structure of
the effective potential of null geodesics. Putative near-
horizon structures, which can be modeled in terms of a
reflectivity coefficient at the object’s surface [104,105],
show up only at late times in the form of repeated and
modulated GW echoes [47-49,106]. These echoes involved
long-lived QNMs and for a fully relativistic and observa-
tionally relevant example of a binary-merger of ultracom-
pact horizonless objects, see Ref. [107]. The time delay
between echoes depends on the compactness, while the
relative amplitude of successive echoes encodes the reflec-
tivity. Recently, it was further demonstrated that signals
from ECOs also develop a late-time tail coinciding with that
of BHs [96]. From a broader perspective, the long-lived
modes discussed here are closely analogous to cavity modes
in leaking optical resonators [108,109], providing a natural
language for studying resonant scattering in open systems.

Several models of ECOs have been investigated over the
years, including wormholes [110], constant-reflectivity
ECOs [35,104,105], and objects with Boltzmann reflectiv-
ity [111]. Here we provide an analytical and numerical
characterization of the QNMSs excitation for ECOs.
Quasinormal excitation factors (QNEFs) [112—-114] encode
a universal, initial-data-independent measure of the relative
excitation of QNMs, arising from the poles of the Green’s
function that propagates small perturbations of the geo-
metry. QNEFs do not depend on the perturbation details;
when combined with knowledge of the initial data they
yield the quasinormal excitation coefficients, which quan-
tify the actual QNM content of a waveform given a specific
source.

To the best of our knowledge, this work presents the first
attempt toward the computation of QNEFs for ECOs and
BH mimickers. The QNM spectrum of such objects is
characterized by the presence of long-lived modes, which
arise because a horizonless object has a nonvanishing
reflectivity, thereby creating an effective cavity between
its interior and the gravitational effective potential barrier.
We show that QNM excitation is strongly correlated with the
small imaginary part of these mode; the smaller the damp-
ing, the weaker the excitation. This observation has signifi-
cant implications for the physics of ECOs. In particular, it
clarifies how cavity modes generate the sequence of echoes
in the waveform. Long-lived modes have extremely small
imaginary parts (i.e., nearly real frequencies), resulting in
very weak excitation and contributing to the signal only at
very late times, once all other modes have exponentially
decayed. The cavity spectrum, however, is broader; it also

contains modes with larger imaginary part than the long-
lived branch, though still smaller than those of the
Schwarzschild QNM spectrum. These modes are respon-
sible for generating the first echoes observed after the
prompt ringdown. This is discussed in detail in Sec. II,
while in Sec. III we show how to reconstruct the echo signal
from a superposition of QNMs with the corresponding
excitation factors.

We also analyze the stability of the mode spectrum, which
is intrinsically connected to the excitation factors. Indeed, an
important feature of QNMs is their extreme sensitivity to
small perturbations of the system [38,51-53], be them in
the background geometry or in the boundary conditions.
This suggests that the QNM spectrum of a BH could be
drastically altered by environmental effects [38,42—44] or
near-horizon structures [47-50], although the prompt ring-
down in the time domain is known to be far less affected
[44,47-49,115,116]. We investigate how wormholes and
ECOs respond to such deformations [56,117]. As discussed
in Sec. IV, we find that long-lived modes are remarkably
stable under small perturbations of the effective potential,
providing an analytical understanding that is in agreement
with some recent numerical results [117]. As we shall show,
this robustness originates from the fact that the small
imaginary part of the mode, together with the corresponding
suppression of its excitation factor, prevents any significant
amplification of the system’s response.

As a corollary, in Sec. V we further verify that the GFs of
wormholes and ECOs—recently demonstrated to be stable
against small deformations of the effective gravitational
potential for BHs [101,102]—remain stable under analo-
gous perturbations for these objects as well. This point is
particularly relevant, as GFs play a crucial role in modeling
the frequency-domain spectral amplitude of GWs for both
ECOs and wormbholes, as recently shown [118].

In the following, we use G =c =1 units and work
exclusively in the four-dimensional spacetimes. Further, we
use a signature convention, such that the flat metric in
Cartesian coordinates becomes 77, = diag(—1,+1,+1,+1).

II. EXCITATION FACTORS OF
LONG-LIVED MODES

For ultracompact objects, the fundamental quasinormal
QNMs possess a very small imaginary part, corresponding
to long-lived oscillations that remain quasitrapped between
the object’s interior and its photon sphere [119]. In the case
of wormholes, this behavior arises due to the cavity formed
between the two photon spheres on the two sides of the
wormbhole throat.

In this section, we examine the excitation factors
associated with these long-lived QNMs for ultracompact,
nonrotating objects [16,36,103]. We restrict to the non-
rotating case and assume that the spacetime geometry
outside the ultracompact object—or at least beyond an
effective radius ry—is well-described by the Schwarzschild
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metric. In both cases, the system is governed by the one-
dimensional radial wave equation:

|:dr2 + o~ Vl(r):| Ximo = 0, (1)

where w is the frequency of the perturbation, the tortoise
coordinate r, is defined via dr/dr, = 1-2M/r, and M is
the mass of the object. The function X, represents the
radial part of the perturbation, which may be scalar,
electromagnetic, or gravitational in nature, and V,(r)
denotes the corresponding effective potential. For gravita-
tional perturbations, V;(r) corresponds to either the Regge-
Wheeler or Zerilli potential, depending on the parity of
the perturbation.

The eigenvalue problem associated with the second-order
differential equation (1) requires two boundary conditions;
one at spatial infinity and the other at the inner boundary
of the object, which depends on the specific model under
consideration. QNMs require an outgoing boundary con-
dition at infinity:

lew - e+ia)r*; ry = +00, (2)
where a time dependence of the form e’ is assumed for
the perturbations, so that the positive (negative) exponential
corresponds to an outgoing (ingoing) wave.

The inner boundary condition depends on the internal
structure of the compact object and has to be discussed
separately for each case. In general, it involves a super-
position of outgoing and ingoing waves at the surface of the
object, with the amplitude of the outgoing wave governed
by the object’s reflectivity.

In the following, we focus on two classes of ultra-
compact objects:

(1) Schwarzschild-like wormholes, modeled by joining

two Regge-Wheelerl potentials at the origin. The
effective potential in this case is given by [110,120]

Vl(r*) = 9(?‘* - I"g)W[(V*) + 9(}"2 - I"*)W[(—r*),
(3)

with W,(r,) being the Regge-Wheeler potential, and
79 being the throat location in tortoise coordinates
(while we shall denote the throat location in
Schwarzschild coordinates as e = 7(72)).

(ii) Schwarzschild-like reflecting ECOs, whose exterior
geometry matches the Schwarzschild solution up to
an effective radius ry. For ultracompact objects,
the compactness condition ry—2M <« M holds.
For external observers, the ECO is modeled by

'For concreteness, we focus on gravitational axial perturba-
tions; however, the analysis applies more generally.

the surface reflection amplitude Rycq at its surface
and its compactness € = (ro/2M) — 1. These two
parameters capture all the information about the
linear response of the ECO interior [35,104,105].
Near this effective radius, the perturbing field
behaves as [35,104,121]

; 0 ; 0
\IJ_)e—zw(r*—r*)_|_RECOem)(r*—r*)’ r, _)ri) (4)

where ¥ = r,(ry), the tortoise coordinate associated
with the surface of the ECO.
The QNM problem can be regarded as a special case of the
more general wave scattering problem, where the asymptotic
behavior is

in —iwr, out ,+iwr,.
lew - Almwe + Almwe ’

r, > t+oo. (5)
In particular, QNM frequencies correspond to the complex
roots, o, = wX + iw!, of the equation

in |
Imwlw,

=0. (6)
The boundary condition (5) also enables the definition of
reflection and transmission amplitudes

At 1
le(w) = Ailnn(u ’ lm(w) = Ain
Imw Imw

(7)

From the above quantities one can compute the QNEFs,
namely [113]

Aout dAin
Bn _ Imw , with Yin = lmw , (8)
2a)n]/lmn dw ,

where n identifies the overtone number. The QNEFs should
not be confused with the quasinormal excitation coeffi-
cients, which instead depend on the specific source
I},.,(r,) entering the inhomogeneous version of Eq. (1),
and are defined as [113]

+oo Wn(r*)llmw(r*)dr*
Cn = Bn/_ Aout ’ (9)

0o Imw

where y,,(r,) denotes the solution of Eq. (1) corresponding
to the specific nth QNM. While the excitation factors B,
provide universal measures of QNM excitation, the coef-
ficients C,, quantify the excitation of a given mode by a
given source.

In the following sections we compute the QNEFs B,, both
numerically and analytically. In the latter case the calcu-
lations are performed in the regime |w|M < 1, where Eq. (1)
can be solved analytically [122]. Although restricted to
this regime, these results provide useful insights into the
general behavior of the QNEFs for the long-lived modes of
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wormholes and ECOs, while the full frequency range is
addressed numerically.

We find it useful to introduce the cavity length, L. In the
case of an ECO, where a partially reflecting surface is located
at r, = 19, this 1ength corresponds to the distance between
the surface at r, = r? and the peak of the gravitational
potential at r, = ™, namely L = [r¥ — r™| ~ || (since
for ultracompact objects the reflective surface lies at large
negative tortoise coordinates compared to the maximum of
the potential). In contrast, for a wormhole configuration, the
cavity length corresponds to the distance between the two
potential barriers.

A. Wormbhole case

Using a transfer matrix approach [67], Ref. [118] dem-
onstrates that, for wormholes, the ingoing wave amplitude

n
Al " can be computed as

i 2 ,—iwL out,x\2 iwL
Allrr]nm - (aﬁnw) e — (almm) e'r, (10)
where L represents the effective length of the cavity,
whereas o, and a5 correspond to the standard ingoing

and outgoing wave amplitudes in the BH case” [118]. In
this case, Eq. (6) takes the form

out,

out,x \ 2 210 f)(lmwn

—2iw, L alm‘”n ¢ G —2Jrin

et = =] =e o , neZ. (11)
Imw,

The QNMs are therefore given by [123]

a?ut
g ( m w) ) (12)
almw,,
with n € Z. Note that long-lived modes appear in the low-
frequency regime, in particular they are characterized by
|wl| < |wR| << M~". In this limit, where the frequencies

are approximately real, the ratio a /oS can be approxi-
mated as [122]

. an i
w, :w§+la){,~f+zlo

Ol.lt

‘ o) = 1 =21, (2M@R)?? + O((MaR)2+4),  (13)
Imw,

where g, = (%) and s = (0, £1, +2) for scalar,

electromagnetic, and gravitational perturbations, respec-
tively. This leads to the expression [16]

1 2ﬂls

wy ~ —T(zwa)ZHZ, (14)

which clearly satisfies our requirement |w/,| < X for any n.

2Namely, they correspond to the boundary conditions in
Eq. (5) specialized to the BH case, where one simply replaces
the symbol A with « in that equation.

Now consider the following Taylor expansion for A}?nw
around the QNM frequency w,,:

dAin
Am — Imw (w _

Imw, do a)n) +O((w_wn)2)' (15)

Wy

Using Eq. (6) and the approximation (13), we find that, at
0= w,,

dAll’l

dz)"w —2iL(ap. ) ek, (16)
so that
dAin L
mo | 2 | oout 2 2M —21- 2 17
el 2t = o mof P (17)
This yields
, dAI
nol -~ 1+ O((MaR)?). 18
ot el o). Oy

We also need to compute the outgoing wave amplitude
A%t Reference [118] shows that, for wormholes,

Imw*

out __ out ,—iwL
Almm alm(ualmwe

= A ey €. (19)
If one considers the squared absolute value of Eq. (19) and
implements Eq. (6) for the wormhole case, it follows that

| Aout |2 —

Imw (‘aout |2

Imw

@), (20)

implying that |A™

tmw,| = 1 at the QNM frequency, since
in the limit of nearly real frequencies it holds that
ot |2 —]asit |2 =1 [118]. We can now compute the

QNEFs B, defined in Eq. (8) to be

Bl Al 2 e, )
2|w,|

showing that the excitation factors satisfy |B,| < 1 for
long-lived modes, since they scale with w/,. We stress
that this result is valid only when ol < of <M.
Nevertheless, it provides an interesting insight into how
the QNEFs scale with the imaginary part of the rela-
tive QNM.

Equation (21) indicates that long-lived modes are only
weakly excited during the ringdown phase. However,
owing to their very small imaginary parts, they experience
little damping and may eventually dominate the signal once
the more strongly excited but shorter-lived modes have
decayed. As a result, after the initial prompt ringdown,
long-lived modes can reemerge and produce so-called
echoes (beatings of the cavity frequencies) with amplitudes
much smaller than that of the initial signal.
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QNMs and excitation factors for axial gravitational perturbations with / = 2 in the wormhole scenario. Top left panel:

imaginary part of the first four long-lived modes, as a function of the throat location (horizontal axis). Top right panel: absolute value of
dA™ /dw for the corresponding modes, using the same color coding. dA™ /dw becomes very large for long-lived modes, indicating that
these modes are extremely suppressed [see Eq. (8)]. Bottom left panel: the product o}, dA™ /dw, which approaches unity when the throat

i i ot —2M
location satisfies (rlhozle)

< 1. This confirms the analytical predictions of Eq. (18). Bottom right panel: |B,,| for the considered modes,

using the same color coding. The QNEF is smaller for smaller imaginary part of the mode.

The results presented in this section were verified
numerically for gravitational perturbations in the wormhole
scenario. In particular, Fig. 1 (upper left panel) displays the
imaginary part of the first long-lived modes with / =2 as a
function of the throat location ry,..,;, While the upper right
panel shows the corresponding derivative dAl /dw.
Equation (18) holds in the regime |0f}| < |wf| < M1,
where our numerical computation is reliable; this agree-
ment is clearly visible in the lower left panel of Fig. 1.
Outside this regime, the approximation breaks down. The
lower right panel shows the corresponding values of the
QNEFs B,,.

Employing Eqgs. (14) and (21), one finds

—nr I’l2f+1, (22)

B,
By

indicating that the excitation factor increases rapidly with
the overtone number. Although this scaling is derived in
the specific low-frequency regime, it suggests a general
trend for cavity modes; higher overtones tend to possess
larger QNEFs.

B. ECO case

Using again a transfer matrix approach, Ref. [118]
demonstrates that, for generic ECOs with surface reflec-

tivity Rgco, the ingoing wave amplitude Ail‘,‘nw can be
computed as
in _ in,—2iwL t, 2inL
A}Irlnw - alllllnwe o+ a?rlrlla)*RECOe o, (23)

implying
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i A
me
w, =—+ —log (ain . RECO) ~

Imw,

(MR 1 log (Recol). (24)

The structure of the imaginary part in the above expres-
sion is particularly noteworthy. For reflecting ECOs, the
damping rate of the modes is controlled by a power-law
dependence on the real part of the frequency. From a
spectral perspective, this places ECO resonances close to
obstacle-type scattering problems [124], since dissipation
is governed by leakage through the effective potential
barrier rather than by absorption at a horizon.
Hence, we obtain

dAll‘l
—d;’;"” ~ 4iLa" Rycpet, (25)

which corresponds to

2L
VPis

We also need to compute A9"' . that for generic ECOs
reads [118]

lmo
~

d in
i) T 0MB)Recol. (26)

1 aout aOl]t *
out out ,—2iwL lma) lmw 2iwL
Alma) = Xnw® + ( in )RECOe .
a aP
Imw Imw

(27)

By substituting it into Eq. (6) evaluated in the ECO case,
we obtain

2\/ﬂls|RECO|

RECO 21a7L

AOUI — 28
| lma)| almw (2MC()R) AAfRN-I-1° ( )
This yields again a suppressed excitation factor:
M R\2/+1
|Bn| N:Blsf(ZMwn) : (29)

Indeed, long-lived modes arise again in the regime
ol < of < M~', which leads to small QNEFs. The
above discussion demonstrates that the weak excitation
of long-lived modes is a universal feature of ECOs as well
as wormholes.

The results presented in this section have been numeri-
cally validated for gravitational perturbations in the context
of different ECO models, in particular a Boltzmann
reflectivity ECO [111] and configurations with constant
reflectivity. Specifically, Fig. 2 shows the behavior of the
imaginary part of the first long-lived modes for / =2 as a
function of the object’s radius ry in the upper panel. In the

M| Im(wo)|
2

-

T~

1073

_1|dAin/dw|wg
S 3

M

-

o
4

1074
—— Reco=0.9
105 { — Reco=0.5
RECO=e—4nM|w\

107° 108 1077 1076 103 1074
r()/M -2

FIG. 2. All panels refer to the / =2 mode of a gravitational
perturbation for different ECO scenarios. Top panel: imaginary
part of the fundamental long-lived quasinormal mode for gravi-
tational perturbations as a function of the object’s radius ry,
for three different ECO reflectivities: constant reflectivity with
Reco = 0.9, Rgco = 0.5, and a Boltzmann reflectivity profile.
Middle panel: corresponding behavior of the absolute value of the
dA™ /dw for the same modes and models. Again, for long-lived

modes the derivative d:a? is large, which implies that the
corresponding modes are only weakly excited. Bottom panel:
the corresponding values of the QNEFs B, for the cases under

consideration.

middle panel the corresponding dAlmw/da) are showed,
while in the bottom panel we show the corresponding B,,.

We notice that the scaling relation (22), derived for
wormholes, continues to hold also in the more general
ECO case.

III. ECHO RECONSTRUCTION FROM THE
EXCITATION FACTORS OF ECOS

In this section we will show how to reconstruct the ECO
response from the QNEFs. To this purpose, it is instructive
to compute the Fourier transform of the reflectivity, namely,

1 [+ .
Rim(1) = 3 /_oo dwR;, e, (30)
as this quantity captures the spectral content of the reflected
signal. In particular, following Ref. [101], the reflectivity
can be evaluated either directly or by analyzing the analytic
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structure of the ingoing amplitude in the complex fre-
quency plane [112]. The dominant contribution comes from
the simple poles located at the QNM frequencies, corre-
sponding to the complex roots of the ingoing amplitude.
Applying the residue theorem, one obtains

nmax
Rim() 4Re | w,,Bne—""n’] , (31)

n=1

where the dependence of w, and B,, on (I, m) is left implicit.
Within this framework, it becomes clear that the magnitude
of the QNEFs, B,,, plays a fundamental role in understanding
the echo signal. As previously discussed, the QNM spectrum
of horizonless ultracompact objects is characterized by a set
of modes with small imaginary part, arising because of the
presence of an effective cavity in the potential. Among these
cavity modes, long-lived modes correspond to a subset with
particularly small imaginary part. However, all cavity modes
feature small imaginary parts (smaller than those of standard
BH QNMs, for reference). As shown by the analytical results
of the previous section, this implies that cavity modes are
generally weakly excited (e.g., when compared to the QNMs
of a standard BH). Nevertheless, their small imaginary parts
also make them only weakly damped over time, so that they
decay appreciably only on long timescales. The excitation
coefficients B,, determine which of these modes dominate
the signal at different stages of the evolution.

Importantly, the early ringdown of wormholes and ECOs
is identical to that of a standard BH with the same mass at
early times [47,48,125]. This behavior can be understood
from a simple physical perspective. Wormholes and ECOs
effectively introduce a cavity of length L in the scattering
problem. As a result, modifications to the waveform asso-
ciated with reflections inside the cavity can only affect the
signal after an amount of time of order 2L has passed. At
earlier times, the dynamics is entirely governed by the same
effective potential as in the BH case, implying that the early
ringdown signal is identical to that of a standard BH with the
same mass.

In Ref. [118], it was shown that the reflectivity in the
frequency domain exhibits oscillatory features.” The same
work demonstrated that, by isolating the high-frequency
oscillations of the reflectivity and performing a Fourier
transform, one can reconstruct the late-time echoes in the
time domain. This was achieved by gluing the reflectivity of
a nonrotating wormhole to that of a reference Schwarzschild
BH with the same mass. The matching was performed at a
reference frequency @t = v/Vmax (Where V.. is the peak
of the effective potential for the perturbation under consid-
eration); at low frequencies, the contribution corresponds to
that of a fictitious BH with the same mass as the wormhole,

These features also appear in the gravitational-wave spectral
amplitude, where the reflectivity is imprinted [118], and con-
sequently in the energy spectrum [126].

whereas at high frequencies the exact wormhole reflectivity
is used. This construction enforces that the prompt ringdown
of wormholes and ECOs coincides with that of a standard
BH, while the first echoes arise predominantly from high-
frequency features of the reflectivity.

Here, we extend this methodology to QNMs, proposing
a framework to reconstruct the time-domain signal of
horizonless ultracompact objects. In principle, by retaining
a sufficiently large set of ECO oscillation modes, one could
reproduce the entire ringdown, echoes included.” In prac-
tice, however, this would require a very large number of
modes (typically tens to hundreds) [127] rendering such
an approach phenomenologically impractical. Therefore,
along the lines of [118], here we show that it is possible
to proceed by modeling the early ringdown phase using
standard BH QNMs, and the echo signal using only the
oscillation frequencies of the cavity. In practice, we use the
following reconstruction:

nmax BH
BH pBH ,—iw,;"t
g w, "Byte®n

n=1

max H 3 cavity

cavity ppyeavity  _j, ViV
g w, B, e '%n ,
n=1

(32)

Rim(t) (2L — t)4Re

+6(t — 2L)4Re

where the suffix indicates if the considered QNMs and
QNEFs are associated to either BH or cavity modes, and
L is the cavity length. The resulting time-domain signal
reproduces the waveform, as shown in Fig. 3 for the
wormbhole scenario, with high accuracy. We stress that this
framework is purely phenomenological, since BH QNMs
are not part of the ECO spectrum.

Our aim now is to gain a deeper understanding of the
structure of echoes. In Fig. 3 we employed a large number
of modes in Eq. (32) to reproduce the time-domain signal.
It is worth emphasizing that, in this theoretical analysis, no
fitting procedure is involved: we simply compare a numeri-
cal time-domain result with its analytical counterpart given
by Eq. (32). However, in a realistic data-analysis context,
where one attempts to fit observational data using theo-
retical QNMs, employing too many modes is not viable, as
it may lead to overfitting issues [90]. Later on, we will show
that such a large number of modes is in fact unnecessary.

Up to now, we have discussed that the wormhole/ECO
signal can be interpreted as consisting of two distinct stages:

(i) Early ringdown. As phenomenologically shown, this

stage can be accurately reproduced using the modes
of a fictitious BH with the same mass as the worm-
hole or ECO. As known from the BH case, only a few
modes are sufficient to obtain a good reconstruction
of the signal.

*A related discussion in a different but conceptually equivalent
framework is given in Ref. [127].
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FIG. 3. Fourier transform of the reflectivity for a wormhole

with throat location 7y, = (2 4+ 107°)M. To reconstruct the
time-domain signal, we employ Eq. (32), with nBll = 7 for BH
QNMs and njin” = 12 for cavity modes. Here the cavity length
corresponds to L ~ 54M. The resulting waveform accurately
reproduces the oscillatory structure of the signal. The matching at
t = 2L is sufficiently smooth, since for sufficiently compact
objects (i.e., large L) the initial oscillations have already fully
decayed by that time, while the beat-like oscillations associated
with the cavity modes vanish at r = 2L.

(ii) Echoes stage. This phase is seeded by the cavity
modes, which manifest as beatlike oscillations
resulting from the interference between the trapped
modes within the effective cavity.

However, the contribution of cavity modes to echoes is not
the same at every stage. In particular, one must understand

how cavity modes contribute. Indeed, the excitation of these
modes scales with !, as previously shown.

Echoes are typically associated with the long-lived
modes, which however constitute only a limited portion
of the cavity-mode spectrum. Here, the first key point we
wish to emphasize is that the echoes are not produced solely
by the long-lived modes; rather, they are generated by the
entire set of cavity modes, which is larger than the subset
of long-lived modes. In particular, as we have shown, the
longer-lived a mode is (i.e., the smaller its imaginary part in
absolute value), the more strongly its excitation factor is
suppressed. For this reason, we do not expect the long-lived
modes to contribute significantly to the first echoes, which
have the largest amplitudes.

In Fig. 4 we display a representative portion of the
spectrum of cavity modes for a specific wormhole configu-
ration with 7y = 2M (1 + 1077). To disentangle the role
of the long-lived modes, we introduce a reference frequency
corresponding to @t ~ v/V nax» following Ref. [118], where
Vnax 18 the peak of the effective potential for the perturba-
tion under consideration (axial gravitational ones, in this
example). Long-lived modes lie below this reference fre-
quency, as shown in the left panel of the figure. In the right
panel, the black solid line represents the echo portion of
the numerical time-domain reflectivity. We then attempt to
reconstruct the signal by (i) including only the modes with
real parts below the reference frequency (light-blue dashed
line), and (ii) including all cavity modes (orange dashed
line). As can be deduced from Fig. 4, the modes with
extremely small imaginary parts contribute predominantly to
very-late-time echoes, but not to the first echoes of the signal.
Indeed, in the figure the light-blue dashed line reproduces

T
e OQNMs :
-V 1 o ®
max 1 ° ® 0.04
2 | 1 e
10 H
1
®
1 0.02
° 1
—_—_ 1
§ 10 1 .
) 1 =
= 1 =, 0.00 1
— H N
E o 1 &
| 1
107° 4 1
1 —0.02
. i
1
1 QNM reconstruction
108 : —0.04 1 == Numerical signal
1 Nmax = 11
° 1 m— Nmax =5
T IV T T T T T T T T
0.2 0.4 0.6 150 200 250 300 350 400 450
Re[Mw, t/M

FIG. 4. Mode content and echo reconstruction for a wormhole with throat location at rye, = (2 + 107%)M Left: representative
portion of the cavity-mode spectrum. The longest-lived modes do not dominate the echo onset because their excitation factors are highly
suppressed. Right: comparison between the numerical echo signal and QNM-based reconstructions with/without high-frequency modes
(defined as those with @® > \/V,..). Including high-frequency modes yields an accurate reconstruction of the first echoes; excluding

them reproduces only very-late-time echoes.
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the last echo more accurately than the first two, though not
perfectly.

From a phenomenological perspective, however, the
first echoes are the most relevant ones. These are instead
governed by modes with larger imaginary parts, which
typically also have larger real parts compared to those of
the long-lived branch, namely wg > w5 ~ /V ... This
behavior is fully consistent with our previous finding that
early echoes are driven by the high-frequency features of
the system [118]. As illustrated in the right panel of Fig. 4,
when high-frequency modes are included, the echoes are
faithfully reconstructed. If they are excluded, the echo
structure is lost.

A. Minimal waveform for BH ringdown + echoes

We have therefore demonstrated that high-frequency
cavity modes dominate the formation of the first echoes
in the ringdown of horizonless ultracompact objects.
However, in the previous reconstruction we still employed
a large number of modes. The next question we address
is how many of these high-frequency cavity modes are
actually needed to reconstruct the echoes? Our second
key result is that only a few such modes are sufficient. In
general, only a small number of modes (between 2 and 4) is
required to reconstruct a single echo. In Fig. 5, we show the
case of an echo in the wormhole signal with throat location
at Fgroat = 2-0001M. Already two modes (dashed blue line)
provide a qualitatively good reconstruction of the numeri-
cal signal (black solid line), while four modes (dashed
orange line) further improve the agreement, leading to a
satisfactory reproduction of the entire echo structure.

Based on the above findings, we propose a phenom-
enological ringdown waveform,

h(t) = 0(2L — I)ZA,W, COS (R 1+ i) €’

Imn
+ 6([ - 2L)ZAlmn COS (é\)ﬁnnt + &lmn)e(b{mnl,
Imn

(33)

where A;,,,,, and ¢,,,, denote the amplitude and phase of the
(I,m,n) BH mode, with (I,m,n) being the angular,
azimuthal, and overtone number, respectively. The corre-
sponding hatted quantities refer instead to cavity modes.

The first line of Eq. (33) is the usual BH ringdown
waveform truncated at t = 2L, while the second line
implements the echo reconstruction with the cavity modes
previously discussed. This phenomenological model is
similar in spirit to the QNM superposition studied in
Ref. [128], but informed by the cavity modes.

Compared to a standard ringdown waveform, the model
above has 4N extra parameters when N cavity modes are
considered. Indeed, each mode is described by the ampli-
tude, phase, frequency, and damping time; one of the phases
must be fixed to require continuity of the waveform at

® QnMs e ®® ¥ 1 . QNM reconstruction
0.03 ° ° 104 3: = Numerical signal
. _E = modes (3,4)
o o modes (2,3,4,5)
y T T T T
01 02 03 04 05 06
0.02 4 Relw,]

* o.014
o~
&
0.00
~0.01
—0.02 . . . , .
160 180 200 220 240 260
t/M
FIG. 5. Reconstruction of a wormhole echo with throat location

T'hroat = 2-00001M. The inset in the upper left shows a represen-
tative set of QNMs. The numerical signal is shown as a black solid
line, focusing on the second echoes in the interval 4L < t < 6L.
The dashed blue line corresponds to a reconstruction with two
modes, specifically the fourth and fifth ones, i.e., the first two
modes above the threshold /V .., which already provide a good
agreement. The dashed orange line shows the case with four
modes, yielding an even better match. This demonstrates that only
a small number of modes is sufficient to reproduce the echo.

t = 2L, but this is compensated by the extra L parameter.
For example, considering two cavity modes only, one would
need to include 8 extra parameters. A given ECO model
would fix all the cavity QNMs in terms of e, effectively
reducing the number of extra parameters to 2N + 1.

IV. STABILITY OF LONG-LIVED MODES

It is well-established that BH QNMs are highly sensitive
to small perturbations of the system [51-53,129,130],
whether these affect the background geometry or the
boundary conditions. This strong sensitivity implies that
the QNM spectrum of a BH can be significantly distorted in
the presence of environmental effects [38,42—-44] or any
structure near the horizon [47-50]. Nevertheless, the early-
time ringdown signal in the time domain is generally much
less susceptible to such modifications [44,47-49,115,116].

Here we given an analytical argument showing that,
for ECOs and wormholes, the long-lived QNMs are
remarkably robust against localized perturbations of small
amplitude, as recently found numerically [117]. In par-
ticular, modes with smaller imaginary parts tend to be
more stable. To demonstrate this, let us consider the wave
equation (1). We model the perturbation of the potential as
a localized deformation of amplitude €V (7,), with
€ < 1. Provided that the transfer matrix approximation
holds [67], and placing the bump to the right of the
unperturbed potential V,(r,) (without loss of generality),
the scattering problem can be described as [67]
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w(r, = +00) = MympU(c) Moy (r, = =),  (34)
where M, and My, are the transfer matrices correspond-
ing to the background potential and the bump, respectively,
U(c) is a translation operator by a distance ¢, representing
the position of the bump.

The total transmission coefficient of the system is given by

/
L RoumpRo i +#e"“’”
Ttot Tbump TO Tbump TO
— p~iwc (quAg:]mp _ ASU[A/gE:npeZiwc)’ (35)

and QNMs correspond to the roots of Eq. (35).

A. Perturbative analysis around a long-lived mode

We now focus on a long-lived QNM of the unperturbed
system, characterized by a frequency w,, with small imagi-
nary part. For frequencies Mw > ¢, the outgoing amplitude
associated with the bump is strongly suppressed, while the
ingoing amplitude approaches unity. Specifically, we can
write

A/oul

bump ~ ea(a)), Ain

bump ™ e — eb(a)), (36)
where a(w) and b(w) are finite complex functions of the
frequency, and 6 €R is a phase shift.

Near the unperturbed QNM frequency w,, we can

expand the ingoing amplitude of the background system as

dAiD

in ~ —
Ap(@) =L (0-a,). (37)
w ,
n
10°
ro=2.0001M &/(M?Vj,5,) =6.6x 1074
10-2 —— standard QNM
—— intermediate QNM
—— long-lived QNM
ox 107%
3
= )
< 106
108
10710 T T T T T T T
20 40 60 80 100 120 140
c/M

Substituting into Eq. (35), and normalizing AJ" =1, we
obtain

dADD

~ . (0 — w,)(e? —eb(w)) — ea(w)e*™ = 0.

(38)

This equation can be solved perturbatively by setting
o = w, + Aw,, which yields

Aw, = 2ew,e”"t2ncq(w,)B,,, (39)
where, interestingly, the QNEF B, also appear naturally in
this context.

B. Implications for mode stability

Equation (39) shows that the frequency shift Aw,, remains
of order O(e) as long as the condition 2¢ < 1/|Im(w,,)| is
satisfied. However, when 2¢ > 1/|Im(w,,)|, the correction
grows exponentially with ¢, signaling a potential instability.
Therefore, modes with a larger imaginary part (i.e., shorter-
lived) are more susceptible to instability, while long-lived
modes exhibit enhanced stability under local perturbations.

Furthermore, Aw,, for long-lived QNMs is further sup-
pressed due to the small value of the QNEF B,, which
scales as ~|w!|, as previously discussed.

We stress that this behavior reflects a well-known feature
of nonself-adjoint spectral problems. In the spectral-analysis
literature, eigenvalues with larger absolute values of the
imaginary part are known to exhibit enhanced sensitivity to
perturbations [53,130,131].

100 4
ro=2.0001M &/(M?Vpay) =6.6x107%
1071 4 —— standard QNM
- intermediate QNM
—— long-lived QNM
o_ 1072 4
3 ‘
o
3
< 10731 ) "\ " ‘ ‘ .‘ ‘
1074 4 |
107 T T T T u T T
20 40 60 80 100 120 140

c/M

FIG. 6. Response of three QNM s to the localized perturbation in Eq. (40) with e = 10~ for a wormhole with throat r, = 2.0001M.
Left: relative change of Rew as a function of ¢/M. Right: relative change of Imw as a function of ¢/M. The curves correspond to a
standard (rapidly damped) QNM (blue solid line) whose imaginary part is comparable with the one of Schwarzschild fundamental mode,
M®gangara = 0.590 — 0.0894i; a long-lived mode (red solid line) with Mw)yn, = 0.189-7.086 x 107%; an intermediate cavity mode
(green solid line), with Mw;,; = 0.401 — 0.012i, whose damping rate lies between that of the Schwarzschild fundamental mode and that
of the long-lived mode. The standard mode is strongly destabilized, whereas the long-lived mode remains essentially unaffected. The
intermediate mode shows intermediate behavior. See the main text for quantitative details.
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Relative variation G;,, of the greybody factors under a localized perturbation of the effective potential, as introduced in

Eq. (40), shown as a function of its location ¢/M and defined in Eq. (41). Left panel: wormhole case for different values of the
perturbation amplitude e. The variation remains consistently within the same order of magnitude as the perturbation. Right panel: results
for three different ECO models—constant reflectivity with Rgco = 0.9 (green), Rgco = 0.5 (red), and a Boltzmann reflectivity profile
(blue). In all cases, the deviation does not exceed O(e), confirming the stability of the GFs.

C. Numerical verification

To support the analytical findings above, we will now
numerically investigate the effect of small perturbations by
modifying the effective potential V,; as follows:

€
Veff(r*) = Vl(r*) +WseCh(r* _c)2‘ (40)

In the case of a symmetric wormhole geometry, we
preserve the mirror symmetry by applying the same pertur-
bation in both universes, placing it symmetrically with
respect to the throat location r, as done in the standard
configuration.

Figure 6 illustrates the response of the system to the
localized perturbation (40), comparing three representative
QNDMs: a standard (rapidly damped) mode, a long-lived mode,
and an intermediate (cavity) mode. The left panel shows the
relative change of @X as a function of the bump location ¢/ M,
while the right panel reports the relative change of /.. For
the data shown we set the bump amplitude to e = 10~
[the magnitude of the perturbation can be estimated as
€/ (M?V ) = 6.64 x 107*]. The plotted complex frequen-
cies are: standard mode M wypgarq = 0.590 — 0.0894i (blue),
long-lived mode M,,, = 0.189-7.086 x 107%i (red), and
intermediate (cavity) mode Mw;,; = 0.401 — 0.012i (green).
The three modes display markedly different behavior; the
standard mode is strongly destabilized, with relative shifts that
rapidly exceed the perturbation scale O(¢). By contrast, the
long-lived mode is essentially unaffected, its real part shifting
by orders of magnitude less than ¢ and its imaginary part
changing at most by a factor of order unity. The intermediate
(cavity) mode exhibits an intermediate response. Consistent
with Eq. (39), its relative variation begins to exceed the

perturbative magnitude for ¢ ~ 1/|Imw)|;,, ~ 83M, and the
exponential growth predicted by Eq. (39) is visible over the
displayed range of ¢/M.

V. STABILITY OF GREYBODY FACTORS

Recent work has investigated the stability of GFs under
small perturbations of the system, as well as their con-
nection with observable quantities [98,99,101,102]. We
emphasize that GFs are global scattering observables and,
as such, their stability is not tied to the spectral stability of
individual quasinormal modes. In particular, their robust-
ness persists even in regimes where the underlying QNM
spectrum is known to be spectrally unstable (1011’

Here, we consider the modification introduced in Eq. (40)
and numerically verify that greybody-factor stability holds
also in the wormhole and ECO scenarios. Recalling that the
greybody factors are functions of frequency, we quantify the
corresponding variation through the relative difference,

gl — fooo |F§m (0), C) - 1—‘lm (0))|d0)
" f(;)o 1—‘lm (w)dw '

(41)

where the unperturbed greybody factors I'j,,(w) and the
perturbed ones I'j, (w, c¢) are computed via direct numerical
integration, employing high-order analytic series expansions
to ensure high precision [133,134].

This variation is illustrated in Fig. 7. The left panel
shows the case of wormholes for different values of e,
where the variation never exceeds the order of magnitude of

the corresponding perturbation. The right panel presents the

3See Ref. [132] for a related discussion.
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results for different ECO configurations, namely: constant
reflectivity with Rgcqg = 0.9 (green solid line), Rgco = 0.5
(red solid line), and a Boltzmann reflectivity profile (blue
solid line). In all cases, the variation remains bounded
within O(e), confirming that both wormhole and ECO
greybody factors are stable under small perturbations. This
behavior can be understood by noting that GFs probe
the global scattering properties of the effective potential
rather than the detailed spectral structure of the QNM
eigenvalue problem. While QNMs are associated with dis-
crete, highly nonself-adjoint eigenvalues and can therefore
exhibit strong spectral instability, GFs are defined through
frequency-domain transmission coefficients, which remain
smooth functions of @ under localized perturbations. As a
result, the spectral instability of individual QNMs does not
translate into an instability of the corresponding GFs [101]
(See footnote 5).

VI. CONCLUSIONS

In this work, we investigated the QNEFs and their
connection to the ringdown of ultracompact horizonless
objects. Using models such as Schwarzschild-like worm-
holes and partially absorbing ECOs, we systematically
analyzed the excitation of their quasinormal spectra. Our
results highlight several noteworthy features of QNEFs and
their relevance to the physics of ultracompact objects.

First, we showed that long-lived QNMs (such as the cavity
modes), which characterize the spectra of these systems, are
only weakly excited during the ringdown. This observation
has several implications; it explains why long-lived modes
appear only at late times in the waveform, producing echoes.
Since they are weakly excited, they do not affect the prompt
ringdown, which remains dominated by standard BH
(i.e., photon-sphere) modes. They become visible only after
the standard QNMs have decayed, and, being associated
with cavity modes, give rise to echoes as interference
patterns. Moreover, the long-lived QNEFs scale as ~|wl|,
implying that higher-frequency modes (with larger absolute
imaginary parts) contribute earlier in the signal, whereas the

low-frequency part of the spectrum manifests only at very
late times.

Based on this result, we proposed a practical ringdown
waveform model [Eq. (33)] based on a superposition of
ordinary BH QNMs at early time and cavity modes at later
times, which captures the whole complexity of the ring-
down of horizonless ultracompact objects with a minimal
set of waveform parameters.

A second key result is that the combination of small
QNEFs and small imaginary parts prevents long-lived
modes from becoming spectrally unstable, as we demon-
strated analytically.

Finally, we extended previous analyses of the stability of
GFs to ECOs and wormholes, showing that GFs constitute
robust observables even for horizonless ultracompact objects.

The present work opens several directions for future
research. A natural extension is the generalization of our
analysis to rotating geometries, where both the structure of
the effective potential and mode pattern become signifi-
cantly richer. Another promising direction concerns the
connection between QNEFs and the time-domain response
in more realistic scenarios, e.g., in a particle infall experi-
ment where the specification of the source allow us to
compute the corresponding excitation coefficients. Finally,
it would be interesting to devise search strategies based on
our ringdown + echo waveform model, which captures the
standard prompt BH ringdown and the first few echoes with
a minimal set of parameters.
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