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The critical regions enveloping the critical end point (CEP) in the μ-T plane are mapped by computing the
contours of normalized quark number susceptibility within the on-shell renormalized 2þ 1 flavor quark-
meson (RQM) and Polyakov-loop enhanced renormalized Polyakov-quark-meson (RPQM)models formσ ¼
400 and 500 MeV. The apparent precision for the results of CEP coordinates merely reflects numerical
binning of two decimal places rather than the effect of including full thermal and vacuum quantum
fluctuations, as direct meson loops are omitted under a large-Nc justification where quark-loop fluctuations
dominate. The renormalized ’t Hooft coupling c becomes substantially stronger in the RQMmodel when the
meson self-energies due to quark loops are computed using the pole masses of mesons and parameters are
fixed on shell [V. K. Tiwari, [Phys. Rev. D 108, 074002 (2023)]] after a consistent treatment of quark one-
loop vacuum fluctuations, while the light and strange chiral symmetry-breaking strengths also become
weaker. We evaluate the impact of these novel features on critical fluctuations. Furthermore, the improved
PolyLog-glue form of the Polyakov-loop potential from Haas et al. [Phys. Rev. D 87, 076004 (2013)] is
employed to isolate the effects of the quark backreaction on critical fluctuations, and the results are contrasted
against backreaction-free outcomes obtained using the logarithmic potential. Utilizing inputs from large-Nc

standard chiral perturbation theory, phase diagrams are also computed in the light chiral limit (mπ ¼ 0),
quantifying the proximity of the tricritical point to the CEP. The critical regions from the RQM/RPQM
models are compared with those reported by Schaefer and Wagner [Phys. Rev. D 85, 034027 (2012)], where
curvature masses are used for parameter fixing. Phase diagrams incorporating vector interactions in the RQM/
RPQM model reveal that the CEP and first-order transition survive up to a robust coupling of gω ¼ 2.79,
rendering them highly relevant for compact star equations of state and astrophysical phenomenology.
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I. INTRODUCTION

Strong interaction theory known as quantum chromo-
dynamics (QCD) has entirely different properties in differ-
ent energy regimes. The quarks and gluons, as the basic
units of QCD, interact through weak coupling constant of
color charge exchange for extremely high energies where
perturbation theory works. The quark and gluons remain
confined inside the hadrons in the low energy nonpertur-
bative vacuum of QCD when the QCD coupling constant

becomes large. Hadrons, being the low energy degrees of
freedom of QCD, get dissolved into their quark and gluon
constituents for extremely high densities and temperatures,
and such QCD phase transition [1–5] yields the color
conducting plasma of quarks and gluons. The QCD phase
transition studies are highly relevant for understanding the
early Universe evolution, the structure of compact stars,
and the nature of the strong interaction. Since the theory is
nonperturbative, the theoretical constructions of QCD
phase transition rely mostly upon the two important
properties of QCD called the phenomenon of spontaneous
breaking of chiral symmetry and color charge confinement.
The first principal lattice QCD (LQCD) simulations per-
formed at zero baryon densities [6–16] reveal important
information and insights for the mapping of QCD phase
structure in terms of chiral symmetry broken and restored
phases, as well as color charge confined and deconfined
phases. However, the LQCD simulations get severely
compromised at nonzero densities due to the fermion sign
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problem [17]. The QCD-like models [18–24], constructed
in terms of effective degrees of freedom respecting different
QCD symmetries, constitute the required framework for the
study of QCD phase diagram and associated critical
phenomenon.
The effective theory framework of the 2þ 1 flavor

quark-meson (QM) model [26] couples the light u, d
quarks and the s quark to the nine scalar and nine
pseudoscalar mesons of the three-flavor linear σ model
[27–29]. The 1 GeV mass of the heavy η0 meson is due to
the explicit breaking of the axial UAð1Þ symmetry, caused
by instanton effects at the quantum level [25]. The
extensively used Nambu–Jona-Lasinio (NJL) model
[30–32] provides an equivalent description where mesons
are not treated as fundamental fields in the Lagrangian, but
are instead generated through multiquark point interactions.
Furthermore, these chiral models are coupled to a constant
background SUcðNÞ gauge field [2,33–38] to mimic the
physics of QCD color confinement in a statistical sense.
Adding the free energy density from gluons, in the form of
a Polyakov-loop potential [39,40], to the QM model
effective potential yields the unified framework of the
Polyakov-loop-augmented quark-meson (PQM) model
[41–45]. Within this framework, the physics of both chiral
symmetry breaking/restoration and the confinement-decon-
finement transition can be studied. Recent studies in
Refs. [46–50] have improved the Polyakov-loop potential
from a pure gauge potential to an unquenched glue
potential, where the effects of the quark backreaction are
also included. This improvement gives rise to a linkage
between the confinement-deconfinement and chiral phase
transitions at low temperatures and large chemical poten-
tials [48].
Lattice QCD [51–53] establishes that the μ ¼ 0 tran-

sition at the physical point is a crossover, while effective
theories [54] predict a first-order transition at lower T and
higher μ. Thus, the μ-T plane phase diagram must feature a
critical end point (CEP) [55–57] where the crossover
terminates into a first-order line. The static critical fluctua-
tions at this CEP belong to the 3D Ising Zð2Þ universality
class [58–60]. In the light chiral limit (mud ¼ 0), the μ ¼ 0
transition becomes second order, falling into the 3D Oð4Þ
universality class [54]. Consequently, the existence of a
CEP at the physical point implies a tricritical point (TCP) in
the light chiral limit, where the Oð4Þ second-order line
merges into a first-order line. A similar TCP occurs in the
μ-T plane for (2þ 1)-flavor QCD when the strange quark
mass is kept physical while the light quarks are massless.
The mass dependence of the chiral phase transition order is
conventionally mapped via the Columbia plot in mud-ms
(ormπ-mK) plane [61–63]. At μ ¼ 0, the physical point lies
in a smooth crossover region bounded by a small-mass
first-order region that terminates on a second-order line of
Zð2Þ critical points. In the standard scenario—assuming the
axial UAð1Þ symmetry remains broken—this first-order

region originates from the SUð3Þ chiral limit
(mud ¼ ms ¼ 0) and terminates at a TCP on the massless
light-quark axis. For nonzero mud, the first-order transition
ends at a line of Zð2Þ critical end points. As μ increases, the
first-order region expands, shifting the Zð2Þ boundaries to
higher masses and ultimately giving rise to the CEP at the
physical point. Alternatively, exotic axial UAð1Þ restoration
dynamics in the two-flavor case could trigger a first-order
transition across the entire light-quark mass spectrum,
radically altering the critical surfaces [54,64]. Con-
versely, a recent lattice study by Cuteri et al. [64] found
a second-order chiral transition in the Nf ¼ 3 chiral limit.
Dyson-Schwinger approaches [65], conformal bootstrap
studies [66], and other lattice studies similarly report a
second-order transition in the small-mass region. If this
first-order region shrinks or vanishes entirely in the
continuum limit, the physical point CEP at higher μ would
not be influenced by a TCP in the light chiral limit.
Early signatures of the CEP were proposed and dis-

cussed in Refs. [67–71]. To investigate the QCD phase
diagram and search for the CEP, the multistep Beam Energy
Scan (BES) program was launched at RHIC (BNL, U.S.) in
2010 [72,73]. The first two phases, BES-I and BES-II,
concluded in 2014 and 2021, respectively [74]. Expected
CEP signatures, such as the baryon density susceptibility
and factorial cumulants of proton multiplicity fluctuations,
were experimentally measured in BES-II [75,76]. The
theoretical aspects of CEP physics are comprehensively
reviewed in Refs. [77,78]. Identifying the CEP relies on
large event-by-event fluctuations of conserved quantities—
such as net charge, baryon number, and strangeness
[79–82]—whose experimentally measurable higher-order
moments link directly to thermodynamic susceptibilities.
Tracking this signal requires a deep understanding of the
nonequilibrium dynamics of non-Gaussian fluctuations
near the CEP [83–89]. Consequently, a new approach
based on the maximum entropy principle has been devel-
oped to address the freeze-out of these non-Gaussian
fluctuations both in and out of equilibrium [87,89].
Various aspects of the QCD phase transition have been

extensively studied using chiral models [28,29,90–104]
and two- and (2þ 1)-flavor QM/PQM models [26,41–
45,105–108]. Under the standard mean-field approximation
(s-MFA), neglecting quark one-loop vacuum fluctuations
incorrectly predicts a first-order chiral transition at zero
baryon density in the chiral limit, contradicting theoretical
arguments [54,109]. This inconsistency was resolved in
Ref. [110] by including these vacuum fluctuations in the
two-flavor QM model. While fermionic vacuum corrections
had been explored earlier in finite-temperature and density
Yukawa theory [111–113], subsequent studies confirmed
that the quark one-loop vacuum term strongly influences
QCD thermodynamics and phase structure within QM/PQM
models [50,110,114–130]. However, these earlier studies
fixed their parameters using curvature masses, derived from
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the second derivative of the effective potential at its mini-
mum. Because the effective potential generates n-point
functions at zero external momentum, curvature masses
only account for vacuum corrections to meson self-energies
at zero momentum, rendering this parameter-fixing approach
inconsistent for QM/PQM models with the vacuum term
(QMVT/PQMVT). Instead, multiple studies emphasize that
meson pole masses are the true physical, gauge-invariant
quantities [131–137]. Consequently, a consistent treatment
of quark one-loop vacuum fluctuations was recently devel-
oped for the two-flavor [137–142] and (2þ 1)-flavor
[62,63,143–146] QM/PQM models. In these on-shell renor-
malized (RQM) and Polyakov-loop enhanced (RPQM)
models, parameters are properly fixed by matching counter-
terms in the on-shell scheme with those in the modified
minimal subtraction (MS) scheme, relating the mass param-
eter and running couplings directly to the physical pole
masses of the π; K; η; η0, and σ mesons.
In the RQM model [143], the ’t Hooft coupling c is

significantly enhanced because the condensate-dependent
part of the UAð1Þ anomaly term is modified when quark-
loop meson self-energies are calculated using pole masses.
Furthermore, the explicit symmetry-breaking strengths hx
and hy are weakened by small and relatively large amounts,
respectively. Consequently, the CEP shifts upward in the
RQM phase diagram [143,144]. Here, unlike in QMVT
models [117–120], the quark one-loop vacuum fluctuations
exert only a moderate smoothing effect on the chiral phase
transition. This upward shift is further amplified by the
Polyakov-loop potential in the RPQM model [144].
Located at higher temperatures than the CEP in the
curvature-mass-parametrized PQMVT model of Schaefer
and Wagner [120], the RPQM model CEP [144] aligns
closer to recent theoretical consensus. Various techniques
—including lattice-based Padé resummations of the Taylor
expansion in μB ¼ 3μf [147], conformal maps [148],
hybrid lattice/gauge-gravity approaches [149], and the
functional renormalization group [150]—all consistently
locate the critical point within the same region of the QCD
phase diagram: Tc ∼ 100 − 110 and μB ∼ 420–650 MeV
(corresponding to μCEP ∼ 140–217 MeV) [76]. Given these
findings, it is important to map the critical regions around
the CEP in both the RQM and RPQM models.
Extending the recent work in Ref. [144], the present

study pursues three primary goals. Our first objective will
be to compute the critical regions around the RPQM model
CEPs in the already existing phase diagrams in Ref. [144]
formσ ¼ 400 and 500 MeV. The critical regions around the
CEP will be mapped by computing contours of enhanced
normalized quark number susceptibilities. We will compute
the RQM/RPQM phase diagrams afresh for the light chiral
limit (mπ ¼ 0) and locate the TCP for mσ ¼ 400 and
500 MeV. We will employ both the log form (without
quark backreaction) and the improved PolyLog-glue form
(with quark backreaction) of the Polyakov-loop potential in

the RPQM model. For the light chiral limit (mπ ¼ 0,
mK ¼ 496 MeV), large-Nc standard chiral perturbation
theory inputs [62,151,152] will be used to determine the
modified pion and kaon decay constants, fπ and fK . We
will systematically analyze how the size and shape of the
critical regions change as mσ varies from 400 to 500 MeV
across different model settings. By evaluating the proximity
of the TCP to the CEP, we will determine whether the TCP
influences the critical fluctuations around the CEP. The
isolated effect of properly treated quark one-loop vacuum
corrections will become apparent by comparing the RQM
model results with those of the QM model, while the
combined effect of these vacuum corrections and the
Polyakov-loop potential will be obtained by comparing
the results of the RQM and RPQM models. Our second
goal will be to evaluate how different treatments of quark
one-loop vacuum fluctuations affect the size and shape of
the critical regions. To this end, we will compare our RQM/
RPQM results against the curvature-mass-parametrized
QMVT/PQMVT findings of Schaefer and Wagner for
mσ ¼ 400 MeV [120], which utilized the Log Polyakov-
loop potential with T0 ¼ 270 MeV for the pure Yang-Mills
SUcð3Þ gauge theory.
The significant impact of the repulsive vector-type inter-

actions on the CEP was shown in early NJL model studies
[55]. Yukawa coupling of quarks (nucleons) to vector
mesons gives repulsive forces [153], whereas coupling to
scalar mesons is attractive. Some effective model studies
reported the appearance of two and multiple CEPs
[99,102,154,155] due to the effect of vector interactions.
Since the strength of vector interaction is not known
a priori, several of the NJL/Polyakov loop enhanced NJL
(PNJL) model studies [32,154,156–164] varied the vector-
to-scalar coupling strength ratio as a free parameter,
r ¼ GV=GS ≡ 0 − 1, and explored its effect on the position
of theCEP in the phase diagram.Our third goal is to study the
effects of vector interactionpositionsofCEPand the extent of
critical fluctuations around the CEPs in the 2þ 1-flavor
RQM/RPQM model. We will be computing different phase
diagrams for the RQM and RPQM model with and without
quark backreaction in the Polyakov-loop potential when the
strengths of vector coupling gω are successively increased.
Since the RQMmodel has the propensity to generate a larger
extent of first-order transition line in thephase diagram, itwill
bevery interesting to find the critical vector coupling strength
for which phase transition becomes crossover in the whole
μ-T plane. Determining the critical vector coupling strength
would have important implications for the compact star
equation of state and related astrophysical phenomenology.
We will primarily use mσ ¼ 500 MeV in this work because
theRPQMmodel [144]with this value closely reproduces the
LQCD data for temperature variations of thermodynamic
quantities and the scaledchiral condensate (Δls).Resultswith
mσ ¼ 400 MeV are also computed for comparingwith those
in Ref. [120].
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The paper is organized as follows. Section II gives a brief
recapitulation of the QM/PQM/RQM/RPQM model. The
incorporation of vector interaction is described in Sec. II A,
whereas Sec. II B contains different forms of Polyakov-loop
potentials. Section II C gives the RPQM model grand
potential. The light chiral limit formula and fixing of model
parameters are discussed in Sec. II D. Section III contains
results and discussion. The phase diagrams CEP and TCP are
discussed in Sec. III A; size and shape of the critical regions
in different scenarios are compared in Sec. III B; and RQM/
RPQMmodel critical regions are compared with those of the
QMVT/PQMVT model in Sec. III C. The effect of different
strengths of vector interaction on phase diagram, CEP
position, and regions of critical fluctuations around CEP
are described in Sec. III D. Section IV presents the summary.

II. MODEL RECAPITULATION

The PQM model [42–45] is obtained when three flavors
of quarks are coupled to the SUVð3Þ × SUAð3Þ symmetric
meson fields and the temporal component of gauge field
represented by the Polyakov-loop potential. The Polyakov-
loop field Φ is defined by the thermal expectation value of
the color trace of theWilson loop in the temporal direction as

Φðx⃗Þ ¼ 1

Nc
hTrcLðx⃗Þi; Φ̄ðx⃗Þ ¼ 1

Nc
hTrcL†ðx⃗Þi; ð1Þ

where Lðx⃗Þ is a SUcð3Þ color gauge group matrix in its
fundamental representation,

Lðx⃗Þ ¼ P exp
h
i
Z

β

0

dτA0ðx⃗; τÞ
i
: ð2Þ

Here, P is path ordering, A0 is the temporal component of
vector field, and β ¼ T−1 [33]. As in Refs. [39,40], the
homogeneous Polyakov-loop fields Φðx⃗Þ ¼ Φ ¼ constant
and Φ̄ðx⃗Þ ¼ Φ̄ ¼ constant.
The Lagrangian of the PQM model contains the

Lagrangian of the quark-meson model and the Polyakov-
loop potential UðΦ; Φ̄; TÞ as

LPQM ¼ LQM − UðΦ; Φ̄; TÞ: ð3Þ

The Lagrangian of the QM model [26,28,45] is the
following:

LQM ¼ ψ̄ ½iγμ∂μ − gTaðσa þ iγ5πaÞ�ψ þ LðMÞ: ð4Þ

The derivative ∂μ in Eq. (4) will be replaced by the
covariant derivative Dμ when the expression of the LQM is
substituted in Eq. (3) to define the PQM model Lagrangian.
Quarks couple with the uniform temporal background gauge
field in the PQMmodel as the followingDμ ¼ ∂μ − iAμ and
Aμ ¼ δμ0A0 (Polyakov gauge), where Aμ ¼ gsAa

μλ
a=2 with

vector potential Aa
μ for color gauge fields. gs is the SUcð3Þ

gauge coupling and λa (a ¼ 1…8) are Gell-Mann matrices
in the color space. The Lagrangian for the SUVð3Þ ×
SUAð3Þ symmetric meson fields is the following:

LðMÞ ¼ Trð∂μM†
∂
μM −m2ðM†MÞÞ

− λ1½TrðM†MÞ�2 − λ2TrðM†MÞ2
þ c½detMþ detM†� þ Tr½HðMþM†Þ�: ð5Þ

The flavor blind Yukawa coupling g couples the flavor triplet
quark fields ψ (color Nc-plet Dirac spinor) to the nine scalar
and pseudoscalar meson ξ fields σaðπaÞ of 3 × 3 complex
matrix M ¼ Taξa ¼ Taðσa þ iπaÞ. Ta ¼ λa

2
where λa

(a ¼ 0; 1…8) are Gell-Mann matrices with λ0 ¼
ffiffi
2
3

q
I3×3.

The ξ field develops the nonzero vacuum expectation value
(VEV) ξ̄ in the 0 and 8 directions. The SULð3Þ × SURð3Þ
chiral symmetry is broken spontaneously by the condensates
σ̄0 and σ̄8 and it is broken explicitly also by the external
fields H ¼ Taha with h0, h8 ≠ 0. The change from the
singlet octet (0, 8) to the nonstrange strange basis

ðx; yÞ gives xðhxÞ¼
ffiffi
2
3

q
σ̄0ðh0Þþ 1ffiffi

3
p σ̄8ðh8Þ and yðhyÞ ¼

1ffiffi
3

p σ̄0ðh0Þ −
ffiffi
2
3

q
σ̄8ðh8Þ. Considering the thermal and quan-

tum fluctuations of the quarks/antiquarks and treating the
mesons at mean-field level, the QM model grand potential
[26,45] is obtained after adding the vacuum effective
potential Uðx; yÞ with the quark/antiquark contribution
Ωqq̄ at finite temperature T and quark chemical potential
μfðf ¼ u; d; sÞ,

ΩMFðT; μÞ ¼ Uðx; yÞ þ Ωqq̄ðT; μ; x; yÞ: ð6Þ

Ωqq̄ðT; μ; x; yÞ ¼ Ωvac
qq̄ þ ΩT;μ

qq̄ ðx; yÞ: ð7Þ

Uðx; yÞ ¼ m2

2
ðx2 þ y2Þ − hxx − hyy −

c

2
ffiffiffi
2

p x2y

þ λ1
2
x2y2 þ 1

8
ð2λ1 þ λ2Þx4 þ

1

8
ð2λ1 þ 2λ2Þy4:

ð8Þ

Ωvac
qq̄ ¼ −2Nc

X
f

Z
d3p
ð2πÞ3 EqθðΛ2

c − p⃗2Þ: ð9Þ

ΩT;μ
qq̄ ðx; yÞ ¼ −2Nc

X
f¼u;d;s

Z
d3p
ð2πÞ3 T

h
ln gþf þ ln g−f

i
: ð10Þ

ΩQMðT; μ; x; yÞ ¼ Uðx; yÞ þΩT;μ
qq̄ ðx; yÞ: ð11Þ

The g�f ¼ ½1þ e−E
�
f =T � where E�

f ¼ Ef ∓ μf and Ef ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þmf

2
q

is the quark/antiquark energy. The light
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(strange) quark mass mu=d ¼ gx
2

(ms ¼ gyffiffi
2

p ) and μu ¼
μd ¼ μs ¼ μ. In the s-MFAwhere the Dirac sea contribution
is neglected, the quark one-loop vacuum term with ultra-
violet cutoff Λc in Eq. (9) is dropped in the QMmodel grand
effective potential in Eq. (11). Several studies have used the
minimal subtraction scheme to regularize the quark one-loop
vacuum divergences after including the vacuum fluctuations
in the extended mean-field approximation (e-MFA)
[110,116–120,123,129], but the vacuum effective potential
Ωvacðx; yÞ ¼ Uðx; yÞ þ Ωvac

qq̄ in their treatment becomes
inconsistent as they fix the model parameters using curvature
masses of mesons, which are obtained by taking the double
derivatives of the effective potential with respect to the
different fields at its minimum. The above-mentioned
inconsistency becomes apparent when one notes that the
calculation of the curvature masses involves the evaluation of
the meson self-energies at zero momentum because the
effective potential is the generator of the n-point functions of
the theory at vanishing external momenta [133,137–144].
References [131,132] have emphasized that the pole

definition of the meson mass is the physical and gauge-
invariant one.
The consistent e-MFA RQM model effective potential

will be used in the present work which is derived in
our very recent works [143,144] after relating the counter-
terms in the MS scheme to those in the on-shell scheme
[137–142]. The relations between the renormalized param-
eters of both the schemes are determined when the physical
quantities (the on-shell pole masses ofmπ; mK;mη; mη0 and,
mσ and the pion and kaon decay constants fπ and fK) are
put into the relation of the MS running couplings and mass
parameter. These relations are used as input when the
effective potential is calculated using the modified minimal
subtraction procedure. After the cancellation of the 1=ϵ
divergences, the vacuum effective potential Ωvac ¼
UðxMS; yMSÞ þ Ωq;vac

MS
þ δUðxMS; yMSÞ in the MS scheme

has been rewritten in Ref. [143] in terms of the scale Λ
independent constituent quark mass parameters Δx ¼
g
MS

x
MS

2
and Δy ¼ g

MS
y
MSffiffi
2

p as the following:

ΩvacðΔx;ΔyÞ ¼
m2

0

g20
ð2Δ2

x þ Δ2
yÞ − 2

hx0
g0

Δx −
ffiffiffi
2

p hy0
g0

Δy − 2
c0
g30

Δ2
xΔy þ 4

λ10
g40

Δ2
xΔ2

y þ 2
ð2λ10 þ λ20Þ

g40
Δ4

x

þ ðλ10 þ λ20Þ
g40

Δ4
y þ

2NcΔ4
x

ð4πÞ2
�
3

2
þ ln

�
Λ2

m2
u

�
þ ln

�
m2

u

Δ2
x

��
þ NcΔ4

y

ð4πÞ2
�
3

2
þ ln

�
Λ2

m2
u

�
þ ln

�
m2

u

Δ2
y

��
: ð12Þ

The scale Λ0 gets fixed by requiring that the minimum of
the RQM model effective potential does not shift from that
of the QM model [143,144] as

ln

�
Λ2
0

m2
u

�
þ Cðm2

πÞ þm2
πC0ðm2

πÞ ¼ 0: ð13Þ

The terms Cðm2
πÞ and C0ðm2

πÞ and the derivations for the
renormalized parameters m2

0 ¼ ðm2 þ m2
FINÞ, hx0 ¼

ðhx þ hxFINÞ, hy0 ¼ ðhy þ hyFINÞ, λ10 ¼ ðλ1 þ λ1FINÞ,
λ20 ¼ ðλ2 þ λ2FINÞ, and c0 ¼ ðcþ cFINTOTÞ are given in
detail in Refs. [143,144]. The m2

FIN, hxFIN, hyFIN, λ1FIN,
λ2FIN, and cFINTOT are the finite on-shell corrections in the
parameters at the scale Λ0. The experimental values of the

pseudoscalar meson massesmπ ,mK,mη,mη0 (m2
η þm2

η0 ), the
scalar σ massmσ , and the fπ , fK as input determine the tree-
level QMmodel quartic couplings λ1, λ2, mass parameterm2,
hx, hy, and the coefficient c of the ‘t Hooft determinant term
for the UAð1Þ axial anomaly [26,28]. The parameter deter-
mination is explained in Refs. [143,144] also.
The dressing of the meson propagator in the on-shell

scheme gives rise to the renormalization of fπ , fK , and g,
but they do not change as the gMS ¼ gren ¼ g0 ¼ g,
xMS ¼ x, yMS ¼ y at Λ0. Further xMS ¼ fπ;ren ¼ fπ and

yMS ¼ 2fK;ren−fπ;renffiffi
2

p ¼ 2fK−fπffiffi
2

p at the minimum. Using Δx ¼ gx
2

and Δy ¼ gyffiffi
2

p , the vacuum effective potential in Eq. (12) can

be written in terms of the x and y as

ΩRQM
vac ðx; yÞ ¼ ðm2 þm2

FINÞ
2

ðx2 þ y2Þ − ðhx þ hxFINÞx − ðhy þ hyFINÞy −
ðcþ cFINTOTÞ

2
ffiffiffi
2

p x2yþ ðλ1 þ λ1FINÞ
2

x2y2

þ f2ðλ1 þ λ1FINÞ þ ðλ2 þ λ2FINÞgx4
8

þ ðλ1 þ λ1FIN þ λ2 þ λ2FINÞ
y4

4
þ Ncg4ðx4 þ 2y4Þ

8ð4πÞ2

×

�
3

2
− Cðm2

πÞ −m2
πC0ðm2

πÞ
�
−

Ncg4

8ð4πÞ2
�
x4 ln

�
x2

f2π

�
þ 2y4 ln

�
2y2

f2π

��
: ð14Þ
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ΩRQMðT; μ; x; yÞ ¼ ΩRQM
vac ðx; yÞ þ ΩT;μ

qq̄ ðx; yÞ: ð15Þ
The T and μ dependence of the x and y is obtained after
searching the minima of the grand effective potential in
Eq. (15) as ∂ΩRQM

∂x ¼ ∂ΩRQM

∂y ¼ 0. The expressions of curvature
masses of the scalar and pseudoscalar mesons for the RQM
model are derived in Refs. [62,143]. The equations of

motion ∂ΩRQM
vac
∂x ¼ 0 ¼ ∂ΩRQM

vac
∂y obtained from Eq. (14) give the

following expressions for the renormalized chiral sym-
metry-breaking strengths hx0 and hy0:

hx0 ¼ m2
π;cfπ: ð16Þ

hy0 ¼
� ffiffiffi

2
p

fKm2
K;c −

fπffiffiffi
2

p m2
π;c

�
: ð17Þ

The expressions of the pion and kaon curvature massesmπ;c

and mK;c are the following:

m2
π;c ¼ m2

π

�
1 −

Ncg2

4π2
m2

πC0ðm2
π; muÞ

�
: ð18Þ

m2
K;c ¼ m2

K

�
1 −

Ncg2

4π2

�
Cðm2

π; muÞ þm2
πC0ðm2

π; muÞ

−
�
1 −

ðms −muÞ2
m2

K

�
Cðm2

K;mu;msÞ

þ
�
1 −

fπ
fK

��m2
u −m2

s þ 2m2
s lnðms

mu
Þ

m2
K

���
: ð19Þ

The π and K curvature masses mπ;c ¼ 135.95 and mK;c ¼
467.99 MeV are, respectively, smaller by 2.05 and
28.01 MeV from their corresponding pole masses mπ ¼
138 and mK ¼ 496 MeV [143,144].

A. Incorporating vector interaction

The Yukawa coupling of the scalar mesons to the quarks
gives attractive interaction. When the quarks are coupled to
the vector mesons by a Yukawa-type interaction term, one
gets the repulsive force. The vector interactions are
included in the 2þ 1-flavor linear σ model by augmenting
the meson Lagrangian of Eq. (5) with the following
Lagrangian for the vector mesons [165,166]:

LV ¼ −
1

4
FμνFμν þ

m2
v

2
VaμVa

μ − gaV ψ̄γ
μTaψVa

μ: ð20Þ

The vector meson fields are Va
μ where a ¼ 0;…; 8 and Ta

are the SUð3Þ generators. The vector nature of the mesons
is signified by the Lorentz index μ. The first term of
Eq. (20) is the kinetic term, whereas the second one is the
mass term for the vector particles. The Yukawa-type
coupling gaV in the third term couples the three flavors
of quark fields ψ to the vector mesons.

The meson fields are treated as classical fields in the
mean-field approximation and assume VEV. Recall that the
finite VEV is taken for σ0 and σ8, while the σ3 ¼ 0 since the
spontaneous breaking of the isospin has not been consid-
ered in the present work. The rotational symmetry requires
that the spatial components of the vector meson fields
become zero, while the time components of vector fields V̄0

0

and V̄8
0 in the 0 and 8 direction are nonzero. The mixing of

the singlet-octet (0, 8) fields decouples the nonstrange and
strange quark sector as

ω≡
ffiffiffi
2

3

r
V̄0
0 þ

1ffiffiffi
3

p V̄8
0; ϕ≡ 1ffiffiffi

3
p V̄0

0 −
ffiffiffi
2

3

r
V̄8
0: ð21Þ

The effective vector coupling constants after rotation of
fields into each other change as the following:

gV
2

¼ gω ¼ gϕffiffiffi
2

p : ð22Þ

Since the fields occur in combination with the Gell-Mann
matrices, the physical fields are to be presented along with
the following definitions [166]:

χω ¼

0
B@

1 0 0

0 1 0

0 0 0

1
CA; χϕ ¼

0
B@

0 0 0

0 0 0

0 0 1

1
CA: ð23Þ

The time component of vector fields leads to the redefi-
nitions of chemical potentials. The modified effective
chemical potentials for the nonstrange and strange quarks
μ̃uðdÞ and μ̃s are defined by the diagonal elements of the
matrix given below:

μ̃ ¼

0
B@

μ̃u 0 0

0 μ̃d 0

0 0 μ̃s

1
CA

¼

0
B@

μ − gωω 0 0

0 μ − gωω 0

0 0 μ − gϕϕ

1
CA: ð24Þ

The meson potential in Eq. (4) gets rewritten with the above
notations and definitions. The mean-field Lagrangian for
the 2þ 1-flavor QM model with vector interactions takes
the following form:

LQM∶V ¼ ψ̄

�
i∂þ μγ0 − g

�
σ0

λ0

2
þ σ8

λ8

2

�

− gωγ0ωχω − gϕγ0ϕχϕ
�
ψ −Uðx; yÞ

þm2
ω

2
ω2 þm2

ϕ

2
ϕ2: ð25Þ
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TheUðx; yÞ is given by Eq. (8) in terms of light and strange
condensates x and y. The grand canonical potential for the
QM model for the above Lagrangian with the vector
interaction under the s-MFA becomes

ΩQM∶VðT; μ; x; yÞ ¼ Uðx; yÞ þΩT;μ
qq̄∶Vðx; yÞ

−
m2

ω

2
ω2 −

m2
ϕ

2
ϕ2: ð26Þ

ΩT;μ
qq̄∶Vðx;yÞ¼−2Nc

X
f¼u;d;s

Z
d3p
ð2πÞ3T

h
ln g̃þf þ ln g̃−f

i
: ð27Þ

The g̃�f ¼ ½1þ e−Ẽ
�
f =T � where Ẽ�

f ¼ Ef ∓ μ̃f with Ef ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þmf

2
q

and mu ¼ md ¼ gx
2
; ms ¼ gyffiffi

2
p . The effective

chemical potential is μ̃u ¼ μ̃d ¼ ðμ − gωωÞ for the light
quarks and μ̃s ¼ ðμ − gϕϕÞ for the strange quarks. Note
that only the temperature- and chemical-potential-depen-
dent quark-antiquark contributions get modified in the
grand potential after including the vector interactions.
The vacuum part ΩRQM

vac of the RQM model grand potential
in Eq. (15) and its renormalized parameters do not change
in the presence of vector interaction. The RQM model
grand potential with vector interaction is written as

ΩRQM∶VðT; μ; x; yÞ ¼ ΩRQM
vac ðx; yÞ þ ΩT;μ

qq̄∶Vðx; yÞ

−
m2

ω

2
ω2 −

m2
ϕ

2
ϕ2: ð28Þ

The values of the x, y condensates and vector meson fields
ω;ϕ for the QM and RQM model are computed after
solving the respective gap equations under the s-MFA and
e-MFA,

∂ΩQM∶V

∂x
¼ ∂ΩQM∶V

∂y
¼ ∂ΩQM∶V

∂ω
¼ ∂ΩQM∶V

∂ϕ
¼ 0: ð29Þ

∂ΩRQM∶V

∂x
¼ ∂ΩRQM∶V

∂y
¼ ∂ΩRQM∶V

∂ω
¼ ∂ΩRQM∶V

∂ϕ
¼ 0: ð30Þ

The masses of the vector meson are taken as mω ¼ 783
and mϕ ¼ 1019 MeV.

B. Different forms of Polyakov-loop potential

The confinement-deconfinement phase transition has been
studied in the literature using different forms of the
Polyakov-loop effective potential UðΦ; Φ̄; TÞ. Its simplest
form is constructed by finding a potential that respects all the
given symmetries and accounts for the spontaneously broken
Zð3Þ symmetry for the system in the deconfined phase
[2,34,35]. The following polynomial form constitutes the
minimal content of the Polyakov-loop potential [39]:

UPoly

T4
¼ −

b2ðTÞ
2

ΦΦ̄ −
b3
6
ðΦ3 þ Φ̄3Þ þ b4

4
ðΦΦ̄Þ2; ð31Þ

the coefficients of Eq. (31) are given by

b2ðTÞ ¼ a0 þ a1

�
T0

T

�
þ a2

�
T0

T

�
2

þ a3

�
T0

T

�
3

; ð32Þ

where a0 ¼ 6.75, a1 ¼ −1.95, a2 ¼ 2.625, a3 ¼ −7.44,
b3 ¼ 0.75, and b4 ¼ 7.5.
The parameter T0 in the Polyakov-loop potential defines

the critical temperature scale for the deconfinement phase
transition in a pure SUð3Þ Yang-Mills gauge theory.
Physically, it represents the energy scale at which the
global Z3 center symmetry of the pure gauge sector is
spontaneously broken. While it is fixed at T0 ¼ 270 MeV
for a pure gluonic system, the introduction of dynamical
quarks acts as an external background field that explicitly
breaks the Z3 symmetry and screens the strong interaction
of color charges.
The above form is improved by adding the contribution

from the integration of the SUð3Þ group volume in the
generating functional for the Euclidean action. The Haar
measure is used to perform this integration which takes the
form of a Jacobian determinant. Its logarithm is added as an
effective potential to the action in the generating functional.
The potential gets bounded from below for the large Φ and
Φ̄ by the positive coefficient of the logarithm term. The
logarithmic form of the Polyakov-loop potential [37,40]
has the following expression:

ULog

T4
¼ bðTÞ ln½1 − 6ΦΦ̄þ 4ðΦ3 þ Φ̄3Þ − 3ðΦΦ̄Þ2�

−
1

2
aðTÞΦΦ̄: ð33Þ

The parameters of the polynomial and log form of the
Polyakov-loop potential were determined [39,40] by fitting
the lattice data for pressure and entropy density, as well as
energy density and the evolution of Polyakov-loopΦ on the
lattice in pure gauge theory. The coefficients of Eq. (33) are
the following [40]:

aðTÞ ¼ a0 þ a1

�
T0

T

�
þ a2

�
T0

T

�
2

; ð34Þ

bðTÞ ¼ b3

�
T0

T

�
3

; ð35Þ

where a0 ¼ 3.51, a1 ¼ −2.47, a2 ¼ 15.2, and b3 ¼ −1.75.
It is pointed out that the log potential has qualitative
consistency with the leading-order result of the strong-
coupling expansion [14]. Furthermore, since the potential
diverges for Φ, Φ̄ ⟶ 1, the Polyakov-loop always
remains smaller than 1 and approaches this value asymp-
totically as T ⟶ ∞.
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The new Polyakov-loop effective potential was con-
structed in Ref. [47] after incorporating the Polyakov-loop
fluctuations as well. Its parameters are adjusted such that
the longitudinal as well as the transverse susceptibilities are
also reproduced in addition to the other existing lattice data.
The following new expression of the PolyLog Polyakov-
loop potential gets constructed in this work after the
logarithmic term is added to the polynomial form of the
Polyakov-loop potential,

UPolyLog

T4
¼ bðTÞ ln½1 − 6ΦΦ̄þ 4ðΦ3 þ Φ̄3Þ − 3ðΦΦ̄Þ2�
þ a2ðTÞΦΦ̄þ a3ðTÞðΦ3 þ Φ̄3Þ
þ a4ðTÞðΦΦ̄Þ2: ð36Þ

In the PolyLog parametrization, the coefficients in Eq. (36)
are defined as

aiðTÞ ¼
aðiÞ0 þ aðiÞ1

�
T0

T

�
þ aðiÞ2

�
T0

T

�
2

1þ aðiÞ3

�
T0

T

�
þ aðiÞ4

�
T0

T

�
2
; ð37Þ

bðTÞ ¼ b0

�
T0

T

�
b1
�
1 − eb2

	
T0
T



b3
�
: ð38Þ

The summary of the parameters is given in Table I.
The deconfinement phase transition is first order with

TYM
c ¼ T0 ¼ 270 MeV for the pure gauge Yang-Mills

theory. The first-order transition becomes a crossover in
presence of the dynamical quarks. The T0 depends on the
number of quark flavors and chemical potential in the full
dynamical QCD [41,46,48,49,126] because it is linked to
the mass-scale ΛQCD that gets modified by the effect of the
fermionic matter fields. The T0 ⟶ T0ðNf; μÞ has the
following form of the number of flavor and chemical
potential dependence:

T0ðNf; μÞ ¼ T̂e−1=ðα0bðNf;μÞÞ; ð39Þ

with

bðNf; μÞ ¼
1

6π
ð11Nc − 2NfÞ − bμ

μ2

ðγ̂ T̂Þ2 : ð40Þ

Here the T̂ parameter is fixed at the scale τ,
T̂ ¼ Tτ ¼ 1.77 GeV, and α0 ¼ αðΛÞ at a UV scale Λ.
The T0ðNf ¼ 0Þ ¼ 270 MeV gives α0 ¼ 0.304 and
bμ ≃ 16

π Nf. The parameter γ̂ governs the curvature of
T0ðμÞ with the systematic error estimation range 0.7≲ γ̂ ≲
1 [41,49]. Massive flavors lead to suppression factors of the
order T2

0=ðT2
0 þm2Þ in the β function. For 2þ 1 flavors

and a current strange quark mass ms ∼ 150 MeV, one
obtains T0ð2þ 1Þ ¼ 187 MeV [41,49].
The Polyakov-loop potential gets replaced by the QCD

glue potential after the backreaction of the quarks is
included in the full QCD with dynamical quarks.
Reference [46] applied the functional renormalization group
equations to the QCD and compared the pure gauge
potential UYM to the “glue” potential Uglue, where quark
polarization was included in the gluon propagator, and they
found significant differences between the two potentials.
However, it was observed that the two potentials are of the
same shape and they can be mapped into each other by
relating the temperatures of the two systems, TYM and Tglue.
Denoting the previous equations of the Polyakov-loop
potential by UYM, the improved Polyakov-loop potential
Uglue is constructed as [46]

Uglue

T4
glue

ðΦ; Φ̄; TglueÞ ¼
UYM

T4
YM

ðΦ; Φ̄; TYMÞ: ð41Þ

Here the temperature Tglue is related to TYM as

TYM − TYM
c

TYM
c

¼ 0.57
Tglue − Tglue

c

Tglue
c

: ð42Þ

The Tglue
c is the transition temperature for the unquenched

case. The coefficient 0.57 comes from the comparison of the
two effective potentials. Tglue

c lies within a range
Tglue
c ∈ ½180; 270�. In practice, one uses the replacement

T ⟶ TYM
c ð1þ 0.57ð T

Tglue
c

− 1ÞÞ in the right-hand side of the
Polyakov-loop potentials, where T0 means TYM

c and
(T ∼ TYM) on the left side of the arrow while (T ∼ Tglue)

on the right side [144]. We have taken Tglue
c and T0 both

fixed at 187 MeV in our calculations for the 2þ 1 quark
flavor as in Refs. [41,46].
When the effects of the Polyakov loop are correctly

incorporated into QCD models, the sign problem arises in
the form of the thermodynamic potential becoming com-
plex in the presence of the Polyakov-loop background at

TABLE I. Parameters of the PolyLog Polyakov-loop potential
have been taken from Ref. [47].

PolyLog að2Þ0 að2Þ1 að2Þ2 að2Þ3 að2Þ4

22.07 −75.7 45.03385 2.77173 3.56403

að3Þ0 að3Þ1 að3Þ2 að3Þ3 að3Þ4

−25.39805 57.019 −44.7298 3.08718 6.72812

að4Þ0 að4Þ1 að4Þ2 að4Þ3 að4Þ4

27.0885 −56.0859 71.2225 2.9715 6.61433

b0 b1 b2 b3
−0.32665 5.8559 −82.9823 3.0
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nonzero chemical potential [40,167–169]. Therefore, a
straightforward minimization of the complex grand poten-
tial becomes meaningless. However, even for a complex
Euclidean action, one can still search for the configuration
with the largest weight in the path integral and refer to this
as the mean-field configuration [40]. In our RPQM model
setup, Φ and Φ̄ are treated as independent real variables
that are obtained by minimizing the real part of the
grand potential, determined from the saddle point
of the mean-field free energy [169]. Thus, the sign problem
is bypassed in the present mean-field treatment, as is
customarily done in a multitude of previous works
[32,41,42,45–49,117–120,123,126,129,140,142,144]. Since
a stable saddle point is needed for the mean-field approxi-
mation towork properly, Ref. [170] suggested, while using a
phase reweighting technique to circumvent the complex
action of SUcð3Þ gauge theory, that this stability should be
enforced by the Gauss law constraint on the number density
of the gauge charge. Charge conjugation (C) symmetry is
respected at μ ¼ 0, resulting inΦ ¼ Φ̄ and ensuring that the
free energies of a heavy test quark and antiquark are equal.
However, a net quark density at μ > 0 explicitly breaks C
symmetry, causing the color charge screening of a heavy test
quark to differ from that of a test antiquark. Therefore,
assigning different real expectation values (Φ ≠ Φ̄) accu-
rately captures this physical reality, sinceΦ ∝ e−βFq and Φ̄ ∝
e−βFq̄ [2,171,172].Furthermore, because the free energiesFq

and Fq̄ differ from one another at finite density, the two
Polyakov-loop fieldsmust necessarily take different, yet still
real, values. Note that the fluctuations beyondmean field are
at theoriginofΦ ≠ Φ̄ [167],but theeffectsof the fluctuations
at finite chemical potential turn out not to be of major
qualitative importance in determining the phase dia-
gram [40].
Important and interesting developments have recently

emerged from a series of extensive investigations [173–
175], where the authors pushed the boundaries of the sign
problem from a mere bypass to a rigorous solution. The
mean-field sign problem was effectively bypassed in
Ref. [173] by moving the background gauge fields off
the real axis. They showed that the charge conjugation and
complex conjugation (CK) symmetry of finite-density QCD
guarantees that the thermodynamic potential remains
strictly real at these complex saddle points, establishing
a computationally viable foundation at finite density. These
complex saddle points naturally lead to hTrPi ≠ hTrP†i
(equivalent to Φ ≠ Φ̄), a physical result that is exceedingly
difficult to obtain by restricting the fields to the real axis.
Following an examination of a class of models, their
subsequent work in Ref. [174] suggests that only a modest
excursion into the complex plane is required. Because the
saddle point remains close to the real axis—as indicated by
small values of the parameter ψ and the correspondingly
small differences between TrP and TrP†—they point out
that this poses a promising prospect for lattice simulation

efforts. By computing the fluctuations in the form of a non-
Hermitian mass matrix (the second derivatives of the
effective potential with respect to the Polyakov-loop
variables) around the complex saddle points, they found
that, due to CK symmetry, the eigenvalues of this matrix
can suddenly transition from purely real to complex
conjugate pairs. Consequently, a new physical regime of
disorder lines emerges at high density where spatial
correlation functions between quarks do not merely decay
exponentially, but begin to oscillate spatially—a feature
entirely invisible to standard real-axis mean-field studies.
Instead of merely evaluating the thermodynamics at a
single isolated saddle point, they finally performed an
exact contour integration over the complex plane using
Lefschetz thimbles in Ref. [175]. They proved that when
integrating over pairs of CK-symmetric thimbles, all
residual imaginary phases interfere and cancel perfectly.
They conclude that the Lefschetz-thimble decomposition is
suitable for the saddle-point analysis and the real partition
function can be computed in a systematic way. This solves
the sign problem appearing in the MFAwhen the classical
action is complex. Further development in Ref. [176] has
shown how the path optimization method in an effective
QCD model can control the model sign problem.

C. RPQM model

The Polyakov-loop potential becomes active only at
nonzero temperatures, hence it does not affect the vacuum
parameters of the chiral part of the effective potential.
The finite-temperature and chemical-potential-dependent
quark-antiquark contributionΩT;μ

qq̄ in Eq. (10) gets modified
by the Polyakov-loop potential,

ΩT;μ
qq̄ ðx;y;Φ; Φ̄Þ ¼−2

X
q

Z
d3p
ð2πÞ3T

h
lngþf þ lng−f

i
: ð43Þ

The ΩT;μ
qq̄ ðx; y;Φ; Φ̄Þ ¼ Ωqq̄ðT; μ; x; y;Φ; Φ̄Þ and new g�f

are different from those in the Eq. (10),

gþf ¼
h
1þ 3Φe−E

þ
f =T þ 3Φ̄e−2E

þ
f =T þ e−3E

þ
f =T

i
; ð44Þ

g−f ¼
h
1þ 3Φ̄e−E

−
f =T þ 3Φe−2E

−
f =T þ e−3E

−
f =T

i
: ð45Þ

E�
f ¼ Ef ∓ μf; Ef ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þmf

2
q

with f ¼ u, d, s and

μu ¼ μd ¼ μs ¼ μ. The ðT; μÞ-dependent part of the grand
potential with Polyakov-loop potential gets modified fur-
ther by the vector interaction effects to give

ΩT;μ
qq̄∶Vðx; y;Φ; Φ̄Þ ¼ −2

X
q

Z
d3p
ð2πÞ3 T

h
ln g̃þf þ ln g̃−f

i
:

ð46Þ
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The ΩT;μ
qq̄∶Vðx; y;Φ; Φ̄Þ ¼ Ωqq̄∶VðT; μ; x; y;Φ; Φ̄Þ and

g̃þf ¼
h
1þ 3Φe−Ẽ

þ
f =T þ 3Φ̄e−2Ẽ

þ
f =T þ e−3Ẽ

þ
f =T

i
; ð47Þ

g̃−f ¼
h
1þ 3Φ̄e−Ẽ

−
f =T þ 3Φe−2Ẽ

−
f =T þ e−3Ẽ

−
f =T

i
; ð48Þ

where Ẽ�
f ¼ Ef ∓ μ̃f. The μ̃u ¼ μ̃d ¼ ðμ − gωωÞ for the

light quarks and μ̃s ¼ ðμ − gϕϕÞ for the strange quarks.
The grand thermodynamic potential of the RPQMmodel

[144] is obtained when the PQM model Lagrangian of
Eq. (3) is used and the RQM model vacuum effective
potential ΩRQM

vac ðx; yÞ in Eq. (14) is added to the thermal
contributions of quarks/antiquarks in the presence of the
Polyakov-loop potential,

ΩRPQMðT; μ; x; y;Φ; Φ̄Þ ¼ ΩRQM
vac ðx; yÞ þ UðΦ; Φ̄; TÞ

þΩqq̄ðT; μ; x; y;Φ; Φ̄Þ: ð49Þ

When the effects of vector interactions are taken into
account, the RPQM model grand thermodynamic potential
takes the following form:

ΩRPQM∶VðT; μ; x; y;Φ; Φ̄Þ ¼ ΩRQM
vac ðx; yÞ −m2

ωω
2

2
−
m2

ϕϕ
2

2

þΩqq̄∶VðT; μ; x; y;Φ; Φ̄Þ
þ UðΦ; Φ̄; TÞ: ð50Þ

When the quark one-loop vacuum contribution is
dropped in the s-MFA, one gets the PQM model grand
thermodynamic potential after adding the meson contribu-
tion in Eq. (8) to the thermal contributions of quarks/
antiquarks in the presence of the Polyakov-loop potential as
the following:

ΩPQMðT; μ; x; y;Φ; Φ̄Þ ¼ Uðx; yÞ þ UðΦ; Φ̄; TÞ
þ Ωqq̄ðT; μ; x; y;Φ; Φ̄Þ: ð51Þ

The PQM model grand thermodynamic potential with
the effects of vector interactions is written as

ΩPQM∶VðT; μ; x; y;Φ; Φ̄Þ ¼ Uðx; yÞ −m2
ωω

2

2
−
m2

ϕϕ
2

2

þ Ωqq̄∶VðT; μ; x; y;Φ; Φ̄Þ
þ UðΦ; Φ̄; TÞ: ð52Þ

The ðT; μÞ dependence of the light, strange condensates x,
y and Polyakov-loop condensates Φ, Φ̄ are obtained in the
RPQM and PQMmodels by optimizing the global minimum
of the grand potential, respectively, in Eqs. (49) and (51),

∂ΩRPQM=PQM

∂x
¼ ∂ΩRPQM=PQM

∂y
¼ ∂ΩRPQM=PQM

∂Φ
¼ ∂ΩRPQM=PQM

∂Φ̄
¼ 0: ð53Þ

Search and optimization of the global minimum of the grand potential, respectively, in Eqs. (50) and (52) give the ðT; μÞ
dependence of the x; y;Φ; Φ̄;ω, and ϕ for the RPQM and PQM models when the effects of vector interactions are present,

∂ΩðRPQM∶V=PQM∶VÞ
∂x

¼ ∂ΩðRPQM∶V=PQM∶VÞ
∂y

¼ ∂ΩðRPQM∶V=PQM∶VÞ
∂ω

¼ ∂ΩðRPQM∶V=PQM∶VÞ
∂ϕ

¼ ∂ΩðRPQM∶V=PQM∶VÞ
∂Φ

¼ ∂ΩðRPQM∶V=PQM∶VÞ
∂Φ̄

¼ 0: ð54Þ

The 2þ 1-flavor RPQM and PQM model phase diagram
with Log form and PolyLog-glue form of the Polyakov-loop
potential, different thermodynamic quantities, and critical
end point have been calculated and presented in Ref. [144].
Wewill be using the above-described 2þ 1-flavor RQM and
RPQM models and extend our work to calculate the quark
number susceptibilities for evaluating the critical regions
around the CEP in the presence as well as absence of the
effect of vector interactions in different model scenarios.

D. Light chiral limit

We have used the standard large-Nc, Uð3Þ chiral
perturbation theory (ChPT) inputs as in
Refs. [62,151,152] to find the pion and kaon decay
constants fπ and fK and the parameters of the QM/
RQM models for the light chiral limit. Taking the values
ðfπ; fKÞ ¼ ð92.4; 113.0216Þ MeV at the physical point for
ðmπ; mKÞ ¼ ð138; 496Þ MeV and using the following set
of equations:
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fπ ¼ f

�
1þ 4

L5

f2
m2

π

�
; ð55Þ

fK ¼ f

�
1þ 4

L5

f2
m2

K

�
; ð56Þ

one gets the f ¼ 90.67 MeV and the chiral constant L5 ¼
2.06 × 10−3 [62,151,152]. Chiral constants do not change
when ðmπ; mKÞ are reduced to study the chiral limit while
one move away from the physical point. The
fπ ¼ f ¼ 90.67 MeV, while fK ¼ 113.0216 MeV in the
light chiral limit when mπ ¼ 0 and mK ¼ 496 MeV.
For the physical point, RQM (QM) model parameters

λ20ðλ2Þ, c0ðcÞ, hx0ðhxÞ, hy0ðhyÞ, m2
0ðm2Þ, and λ10ðλ1Þ are

determined as in Refs. [62,143,144] taking the experimen-
tal values of the π, K, η, and η0 masses as
ðmπ; mK;mη; mη0 Þ ¼ ð138; 496; 547.5; 957.78Þ MeV and
choosing the scalar σ meson mass as mσ ¼ 500 MeV,
whereas the fπ ¼ 92.4 and fK ¼ 113.0216 MeV. Given
the experimental masses ðmη;mη0 Þ¼ ð547.5;957.78ÞMeV,

one needs only the Mη ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

η þm2
η0 Þ

q
¼ 1103.22 MeV

to find the parameters. One gets mη ¼ 538.98 and mη0 ¼
962.60 MeV in the QM model after using its parameters
determined at the physical point withMη ¼ 1103.22 MeV.
Note that, for the above Mη, when the pole masses mη ¼
527.58 and mη0 ¼ 968.89 MeV are used as input in the
RQM model for computing the η; η0 self-energy correc-
tions and the renormalized parameters, the same pole
masses for the η and η0 are reproduced in the output after
adding the corresponding self-energy corrections to their
respective masses calculated from the new set of renor-
malized parameters [143,144]. The ChPT parameters L8,
v31, and v02 in the present study are obtained by requiring
that the physical point value Mη ¼ 1103.22 MeV gets
reproduced when the ChPT equations (49) and (50) of
Ref. [62] are used for calculating mη and mη0 . The
numerical values of the parameters get fixed as the
following:

L8 ¼ 1.425 × 10−3; v31 ¼ −0.164; and

v02 ¼ −29.4392f2: ð57Þ

Note that, with the above values of parameters at the
physical point, the ChPT expressions in Eqs. (49) and (50)
of Ref. [62] give the η and η0 masses asmη ¼ 527.88 MeV
and mη0 ¼ 968.73, which are almost equal to the corre-
sponding masses found in the RQMmodel. With the above
set of Uð3Þ ChPT parameters, the ChPT expressions in
Eqs. (49) and (50) of Ref. [62] givemη ¼ 527.34 andmη0 ¼
977.68 MeV for the light chiral limit when mπ ¼ 0 and
mK ¼ 496 MeV. The RQM/QMmodel parameters, for the
light chiral limit, are obtained by using the π, K, η, and η0
masses as ðmπ;mK;mη;mη0 Þ¼ð0;496;527.34;977.68ÞMeV
with the fπ ¼ 90.67, fK ¼ 113.0216, andmσ ¼ 500 MeV.
The QM and RQM model parameters at the physical point
and also for the light chiral limit are given in Table II.

III. RESULTS AND DISCUSSION

The temperature variations of the subtracted chiral con-
densateΔls, calculated in the PolyLog-glue RPQMmodel for
the μ ¼ 0 chiral crossover transition, show the best agree-
ment in Fig. 3(a) of Ref. [144] with the Wuppertal-Budapest
Collaboration lattice QCD (WBLQCD-I) data for Δls [51]. It
is also important to note that the pseudocritical temperature
Tχ ≡ 155� 2 MeV for the μ ¼ 0 chiral crossover transition,
as obtained from different LQCD groups, is reproduced quite
well in the PolyLog-glue RPQM model, where it has been
found that Tχ

c ¼ 157.3 MeV (see Table IVof Ref. [144]). We
emphasize that the above-described RPQM model results,
which show close agreement with the LQCD results, were
computed by fixing the mass of the scalar σ meson at
mσ ¼ 500 MeV. Furthermore, the temperature variations of
the thermodynamic quantities—pressure, entropy density,
energy density, interaction measure, specific heat, speed of
sound, and the ratio P=ϵ—for the crossover transition at μ ¼
0 and mσ ¼ 500 MeV have also been computed with and
without the quark backreaction in the Polyakov-loop poten-
tial for the present 2þ 1-flavor RPQM model setup in
Ref. [144]. A detailed comparison of the results in the above

TABLE II. Different model parameters at the physical point and in the light chiral limit study.

Model mσ mπ (MeV) λ2 c (MeV2) λ1 m2 (MeV2) hx (MeV3) hy (MeV3)

QM 400 138 46.43 4801.82 −5.89 ð494.549Þ2 ð120.73Þ3 ð336.43Þ3
500 138 46.43 4801.82 −2.69 ð434.305Þ2 ð120.73Þ3 ð336.43Þ3
500 0 44.62 4966.63 −0.96 ð411.663Þ2 0 ð340.05Þ3

λ20 c0 (MeV2) λ10 m2
0 (MeV2) hx0 (MeV3) hy0 (MeV3)

RQM 400 138 34.88 7269.20 1.45 ð442.447Þ2 ð119.53Þ3 ð323.32Þ3
400 0 34.28 7485.73 2.03 ð437.090Þ2 0 ð329.83Þ3
500 138 34.88 7269.20 3.676 ð396.075Þ2 ð119.53Þ3 ð323.32Þ3
500 0 34.28 7485.73 4.622 ð382.143Þ2 0 ð329.83Þ3
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work with the latest 2þ 1-flavor lattice QCD data of the
Wuppertal-Budapest and HotQCD Collaborations [52,53]
showed that the lattice data for the pressure, entropy density,
and energy density are in close agreement with the respective
temperature variations obtained in the PolyLog-glue RPQM
model calculation. The PolyLog-glue RPQM model results
for the temperature variations of the interaction measure (its
peak structure and curve for T > 1.5Tc), the specific heat,
the speed of sound squared c2s , and the ratio P=ϵ (for
T > 1.4Tc) show a close resemblance to the WBLQCD-II
[52] and HotQCD-I [53] LQCD data.
It is worth mentioning that the connection between the

scalar σ meson state occurring in QM model Lagrangians
and the physical σ=f0ð500Þ state is not entirely clear. The
physical σ=f0ð500Þ state, as quoted by the Particle Data
Group, is a broad resonance state. Rigorous dispersive
analyses of ππ scattering amplitudes locate the model-
independent f0ð500Þ pole deep on the second Riemann
sheet, with a mass ofmσ ¼ 449þ22

−16 MeV and a broad width
of Γσ ¼ 550� 24 MeV [177]. This broad nature allows for
phenomenological flexibility when defining the field in an
effective Lagrangian. Since the results of the RPQM model
for the physical point parameters provide a good fit to
current lattice QCD data when the σ meson mass is taken
asmσ ¼ 500 MeV [144], our primary choice for the σ mass
in the various model scenarios of this work is
mσ ¼ 500 MeV. This value is used to compute (1) the
contours of the critical fluctuations of the CEP, (2) the light
chiral limit phase diagrams, and (3) the effects of different
vector coupling strengths on the phase diagram, its CEP,
and the extent of critical fluctuations around it. We also
consider a second choice for the σ meson mass,
mσ ¼ 400 MeV, to compare our results regarding the size
and shape of the critical regions around the CEP with
the findings of Schaefer and Wagner in the QMVT/
PQMVT model setup [120]. In their work, they used

mσ ¼ 400 MeV alongside the logarithmic form of the
Polyakov-loop potential and a parameter T0 ¼ 270 MeV
for the pure Yang-Mills SUcð3Þ gauge theory. Because
Schaefer and Wagner used curvature masses of mesons to
fix the model parameters, comparing our results with their
work reveals how different methods of treating the quark
one-loop vacuum fluctuations in the QM/PQM model
affect the size and shape of the critical regions around
the CEP. Furthermore, computations with this second mass
choice allow us to investigate how varying the σ meson
mass influences the regions of critical fluctuations.
The temperature variations of the nonstrange order

parameter in the light chiral limit mπ ¼ 0 at μ ¼ 0 when
mσ ¼ 500 MeV for the RQM, Log RPQM, and PolyLog-
glue RPQM models are compared in Fig. 1(a), with the
corresponding temperature variations computed in the
respective models for the parameters determined at the
physical point. The line types for different cases in models
are labeled. The vertically dropping nonstrange order
parameter temperature variations in the light chiral limit
signify the second-order chiral phase transitions, which
become crossover transitions for mπ ¼ 138 MeV at the
physical point in the RQM, Log RPQM, and PolyLog-glue
RPQM models as the corresponding temperature varia-
tions, of the nonstrange condensate, develop continuously
decreasing tail-like structure. The temperature variations of
the ∂x=∂T in the light chiral limit of the RQM, Log RPQM,
and PolyLog-glue RPQM models, when mσ ¼ 500 MeV,
become divergent and discontinuous in Fig. 1(b), respec-
tively, at the critical temperatures Tc ¼ 136.8, 164.5, and
160.9 MeV of the second-order chiral phase transitions.
The ∂x=∂T temperature variations for the physical point in
the RQM, Log RPQM, and PolyLog-glue RPQM models
show a peak, respectively, at the pseudocritical temper-
atures Tχ

c ¼ 133.6, 148.9, and 157.3 MeV [144] of the
chiral crossover transitions. Note that the Tχ

c for the

(a) (b)

FIG. 1. Temperature variations of the nonstrange condensate x in (a) and its derivative ∂x=∂T in (b) for the RQM, Log RPQM, and
PolyLog-glue RPQM models for the physical point mπ ¼ 138 MeV and the light chiral limit mπ ¼ 0 with mK ¼ 496 MeV.
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crossover transitions in the above models, with on-shell
renormalized parameters, are smaller than the correspond-
ing critical temperatures Tc of the second-order chiral
transitions. The temperature axis chiral crossover transi-
tions at μ ¼ 0, occurring, respectively, at the pseudocritical
temperatures Tχ

c ¼ 129.0, 159.3, and 155.2 MeV in the
QM, Log PQM, and PolyLog-glue PQM models with
the physical point parameters, are significantly sharper
because the quark one-loop vacuum correction terms are
dropped under the standard mean-field approximation
[26,45,143,144]. When parameters in the light chiral limit
are used for mσ ¼ 500 MeV, the respective temperature
variations of the order parameters at μ ¼ 0 in the QM, Log
PQM, and PolyLog-glue PQM models under the s-MFA,
show a discontinuous jump signifying the first-order (FO)
chiral phase transition [plot not shown in Fig. 1(a)],
respectively, at the critical temperatures Tc ¼ 123.2,
155.7, and 150.9 MeV (see Table III). One should note
that the theoretical arguments [54] have ruled out any
occurrence of a first-order chiral phase transition at μ ¼ 0
on the temperature axis, in the light chiral limit of the chiral
models. The above-mentioned pathology of finding a first-
order chiral phase transition on the temperature axis at
μ ¼ 0, in the light chiral limit of the QM/PQM model, gets
cured when the properly on-shell renormalized quark one-
loop vacuum corrections are included in the RQM/RPQM
model [143,144] and one gets a second-order (SO) chiral
phase transition [belonging to the Oð4Þ universality class]
in consonance with the prediction of Ref. [54].

A. Phase diagrams: TCP and CEP

The 2þ 1-flavor RQM model phase diagrams when
mσ ¼ 400 and 500 MeV computed for the light chiral limit
mπ ¼ 0 parameters and the physical point mπ ¼ 138
parameters are shown in Fig. 2(a), whereas the 2þ 1-

flavor QM and PolyLog-glue PQM model phase diagrams
when mσ ¼ 500 MeV computed with the parameters
determined at physical point are presented in Fig. 2(b).
The line types in the phase diagrams are labeled. The dark
red (yellow) color dashed line for mσ ¼ 500ð400Þ MeV,
which is the locus of theOð4Þ critical points for the second-
order chiral phase transition in the light chiral limit of
the RQM model, ends at the TCP ðμTCP; TTCPÞ ¼
ð220.15; 71.52Þðð194.6; 65.9ÞÞ MeV denoted by the solid
sky blue triangle (square) and the first-order chiral phase
transition afterward is denoted by the deep red (yellow)
color solid line in Fig. 2(a). The experimental information
for determining the model parameters is available only at
the physical point. One needs to know the values of
fπ; fK;mη; mη0 when mπ ¼ 0; mK ¼ 496 MeV for fixing
the model parameters. The above-mentioned inputs to find
the model parameters in the light chiral limit are obtained
by using the consistent method of large-Nc, Uð3Þ chiral
perturbation theory, which is described briefly in Sec. II D.
For the physical point parameters in the RQM model,
the dark green (blue) dash-dotted line for mσ ¼
500ð400Þ MeV depicting the crossover transition in
Fig. 2(a) ends at the second-order critical point of the
Zð2Þ universality class known as the CEP. This CEP for
mσ ¼ 500ð400Þ MeV at ðμCEP;TCEPÞ¼ð265.42;38.71Þ
ðð243.12;37.03ÞÞMeV is denoted by the solid circle in
dark violet color and the first-order transition afterward is
shown by the solid line in dark green (blue) color. Since the
pseudocritical (critical) temperature Tχ

cðTcÞ for the cross-
over (second-order) chiral transition occurring at μ ¼ 0 for
mσ ¼ 400 MeV is smaller by 12.5 (14.4) MeV than the
corresponding Tχ

cðTcÞ for the chiral crossover (second-
order) transition whenmσ ¼ 500 MeV, the phase diagrams
for mσ ¼ 400 MeV in the μ-T plane of Fig. 2(a) are lying
below the corresponding phase diagrams for mσ ¼
500 MeV.

TABLE III. Pseudocritical temperature, critical temperature for mπ ¼ 0, critical end points, and tricritical points.

mσ Models
Tχ
cðμ ¼ 0; mπ ¼ 138Þ

MeV
Tcðμ ¼ 0; mπ ¼ 0Þ

MeV
ðμCEP; TCEPÞ

MeV
ðμTCP; TTCPÞ

MeV

400 RQM 121.1 122.4 (243.12, 37.03) (194.6, 65.9)
QMVT Ref. [120] 144.7 � � � (286.0, 32.0) � � �

Log RPQM 146.4 154.4 (230.5, 93.8) (164.21, 126.41)
PolyLog-glue RPQM 145.6 149.1 (227.6, 73.6) (172.4, 107.28)

RPQM- I 194.1 193.2 (237.8, 104.23) (168.7, 158.57)
RPQM- II 172.9 173.4 (228.54, 86.47) (163.28, 133.47)

PQMVT- I Ref. [120] 205.0 � � � (283.0, 90.0) � � �
PQMVT- II Ref. [120] 205.0 � � � (280.0, 83.0) � � �

500 QM 129.0 123.2 (165.24, 97.52) � � �
Log PQM 159.3 155.7 (146.6, 124.7) � � �

PolyLog-glue PQM 155.2 150.9 (129.6, 137.7) � � �
RQM 133.6 136.8 (265.42, 38.71) (220.15, 71.52)

Log RPQM 148.9 164.5 (252.0, 94.6) (194.3, 126.53)
PolyLog-glue RPQM 157.3 160.9 (252.7, 70.9) (202.20, 108.14)

COMPARATIVE ANALYSIS OF CRITICAL REGIONS: THE … PHYS. REV. D 114, 034039 (2026)

034039-13



The CEP in the phase diagram is identified by finding the
point in the μ-T plane at which the quark number
susceptibility diverges. The significant enhancement of
the quark number susceptibility in the regions of the phase
diagram where the CEP lies can be used as a quantitative
measure for mapping the critical regions around the CEP
[55–58,67,68,70,108]. The ratio of the quark number
susceptibility computed from the models to the quark
number susceptibility obtained from the free quark gas
will be used to quantify the strength of critical fluctuations
around the CEP. This ratio represents normalized quark
number susceptibility and it is defined as the following:

Rq ¼
χq
χfreeq

: ð58Þ

The quark number susceptibility is defined as

χq ¼ −
d2ΩRQM=RPQM

dμ2
; ð59Þ

lim
mq→0

χðT; μÞ ¼ νq
6

�
T2 þ 3μ2

π2

�
¼ χfreeq : ð60Þ

Here, νq ¼ 2NcNf, Nc ¼ 3 for three color charges, and
Nf ¼ 3 (f ¼ u, d, s) for the 2þ 1 flavor in the RQM/
RPQM model. Use of the finite-difference method for
numerical computation of derivatives up to first order gives
consistent results. However, second-order numerical differ-
entiation using the finite-difference method becomes full of
fluctuations. These fluctuations occur more often when the
number of chemical-potential-dependent implicit variables
increase. To circumvent these fluctuations, we use the

semianalytic method [178,179] to compute the second-
order differential of the grand potential as

∂Ω
∂Xi

¼ 0; ð61Þ

dΩ
dμ

¼ ∂Ω
∂μ

þ
X
i

∂Ω
∂Xi

dXi

dμ

����
Xi¼X̄i

¼ ∂Ω
∂μ

; ð62Þ

due to Eq. (61),

d2Ω
d2μ

¼ ∂
2Ω
∂
2μ

þ
X
i

∂
2Ω

∂μ∂Xi

dXi

dμ

����
Xi¼X̄i

: ð63Þ

Here X ¼ fx; y;Φ; Φ̄;ω;ϕg and X̄ are values of
condensate.
The solid line in crimson red color enveloping the CEP

for both mσ ¼ 500 and 400 MeV cases of the RQM model
in Fig. 2(a) is the contour of the constant ratio Rq ¼ 2

representing the locus of the points in the μ-T plane, on
which the quark number susceptibility is double of the free
quark gas susceptibility. The CEP lies higher up on the
temperature axis at (μCEP; TCEP)=(165.24, 97.52) MeV in
the phase diagram of the QMmodel under the s-MFAwhen
mσ ¼ 500 MeV in Fig. 2(b). The constant Rq ¼ 2 suscep-
tibility contour for the QM model in Fig. 2(b) is very small
and extremely thin in the temperature direction. It is small
in the chemical potential direction also. When compared to
the CEP position in the QM model and the critical region
around it, the RQM model CEP in Fig. 2(a) not only shifts

(a) (b)

FIG. 2. The RQMmodel phase diagrams formσ ¼ 400 and 500 MeV computed for the physical point and light chiral limit parameters
are presented in (a), while (b) presents the phase diagrams for the QM model and PolyLog-glue PQM model when mσ ¼ 500 MeV at
the physical point. Line types and position of the CEPs and TCPs are labeled. The lines enveloping the CEP of different phase diagrams
are the contours of constant quark number susceptibility ratio Rq ¼ 2. FO denotes the first order and SO signifies the second order phase
transitions in figures.
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to higher μ and lower T (lower right region of the μ-T
plane) due to the effect of quark one-loop vacuum
fluctuations, but it also has a large, broad, and well-
developed critical region surrounding it. Two different
μ-T planes of the phase diagrams corresponding to mπ ¼
0 and mπ ¼ 138 MeV are plotted in the same two-dimen-
sional Fig. 2(a). The three dimensions of the μ − T −mπ

coordinates constitute the real physical picture. The Rq ¼ 2

susceptibility contour in the μ-T plane for mπ ¼ 138 MeV
will have its projection (shadow) contour below in the μ-T
plane for mπ ¼ 0. The proximity of the TCP from the
above-mentioned projected contour would affect the criti-
cal fluctuations around the CEP in the μ-T plane above for
mπ ¼ 138 MeV. The TCP of the RQM model when mσ ¼
500 MeV lies close to the boundary of the Rq ¼ 2

susceptibility contour around the CEP, while the TCP
for mσ ¼ 400 MeV is located noticeably away from the
corresponding Rq ¼ 2 contour in Fig. 2(a). It means that
the hidden tricritical point is likely to have some effect on
the physics of critical fluctuations around the CEP [58,180]
for the case of mσ ¼ 500 MeV and this effect will be
negligible when mσ ¼ 400 MeV. Polyakov-loop potential
is known to lift both the μ ¼ 0 chiral crossover transition
location and the CEP position, up on the temperature axis
in the μ-T plane when it gets combined with the chiral
effective potential of the QM model [45,144]. For the
PolyLog-glue PQM model in Fig. 2(b), CEP position is
significantly up on the temperature axis at
ðμCEP; TCEPÞ ¼ ð137.7; 129.6Þ MeV, the but Rq ¼ 2 con-
tour around it is very much pinched and extremely thin,
similar to what is already reported in the PQM model
calculations [119,120].
In comparison to the RQM model CEP of Fig. 2(a),

the position of CEP for the Log and the PolyLog-glue

RPQM models when mσ ¼ 500ð400Þ MeV shifts up,
respectively, to the point ðμCEP;TCEPÞ¼ð252.0;94.6Þ
ðð230.5;93.8ÞÞMeV in Fig. 3(a) and the point ðμCEP;
TCEPÞ¼ð252.7;70.9Þðð227.6;73.6ÞÞMeV in Fig. 3(b).
The Polyakov-loop potential with no quark backreaction
in the Log RPQM model generates compression in the
temperature direction of the critical region, which gets large
elongation in the chemical potential direction; therefore, the
Rq ¼ 2 susceptibility contour looks pinched near the CEP
in Fig. 3(a), which is similar to what is found in Ref. [120].
The critical region is significantly large in the Log RPQM
model, but narrower than that of the RQM model in the
temperature direction. The Polyakov-loop potential caused
pinching of the Rq ¼ 2 contour near the CEP, becomes
small in Fig. 3(b) due to the smoothing effect of the quark
backreaction in the PolyLog-glue RPQM model, and one
finds a large and broader (somewhat similar to the RQM
model) critical region. The above feature gets explained
when one notes that the confinement-deconfinement tran-
sition gets linked with the chiral phase transitions even at
small temperatures and large chemical potentials [48] due
to the presence of the quark backreaction in the Polyakov-
loop potential. It is worth mentioning that, for the light
chiral limit phase diagram of the PolyLog-glue RPQM
model with mσ ¼ 500 MeV, the tricritical point at
ðμTCP; TTCPÞ ¼ ð202.2; 108.14Þ MeV lies just inside the
boundary of the Rq ¼ 2 contour in Fig. 3(b). However, for
mσ ¼ 400 MeV in the PolyLog-glue RPQM model, the
tricritical point at ðμTCP; TTCPÞ ¼ ð172.4; 107.28Þ MeV
gets located well outside the Rq ¼ 2 contour. The TCP
at ðμTCP; TTCPÞ ¼ ð194.3; 126.53Þ MeV when mσ ¼
500 MeV for the light chiral limit phase diagram of the
Log RPQM model also lies just on the boundary of the
Rq ¼ 2 susceptibility contour in Fig. 3(a), but when

(a) (b)

FIG. 3. The phase diagrams for mσ ¼ 400 and 500 MeV computed for the physical point and light chiral limit parameters are
presented in (a) for the Log RPQMmodel and (b) for the PolyLog-glue RPQMmodel. Line types and position of the CEPs and TCPs are
labeled in the figures. The lines enveloping the CEP of different phase diagrams are the contours of constant quark number susceptibility
ratio Rq ¼ 2. FO denotes the first order and SO signifies the second order phase transitions in figures.
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mσ ¼ 400 MeV in the Log RPQM model, the TCP at
ðμTCP; TTCPÞ ¼ ð164.21; 126.41Þ MeV gets located notice-
ably away from the Rq ¼ 2 contour. Thus, for
mσ ¼ 500 MeV, the critical fluctuations around the CEP
will be influenced by the presence of the TCP in both
scenarios whether the quark backreaction is absent in the
Log RPQM model or present in the PolyLog-glue RPQM
model, but the influence of the TCP would be negligible on
the critical fluctuations around the CEP if mσ ¼ 400 MeV
in both the versions of the RPQM model, as the TCP lies
outside of the Rq ¼ 2 susceptibility contour.
The comparative effects of several factors on the phase

diagrams, the CEP and TCP positions, and the extent of
critical fluctuations around the CEP are analyzed in this
work. These factors include (1) the σ meson mass, (2) quark
one-loop vacuum fluctuations, (3) the Polyakov-loop
potential, (4) the quark backreaction in the improved
Polyakov-loop potential, and (5) varying strengths of the
vector interaction, which are discussed in the final sub-
section of the results. Higher values of mσ, the inclusion of
vacuum fluctuations, and the choice of Polyakov-loop
potentials all lead to a higher chiral crossover temperature
Tχ
c at μ ¼ 0 (as detailed in Table III), shifting the entire

phase diagram upward in the μ-T plane [143,144].
Specifically, higher mσ values and vacuum corrections
shift the CEP toward larger μ and lower T (to the right
of the phase diagram). Conversely, the different Polyakov-
loop potentials shift the CEP toward higher temperatures
and lower chemical potentials (to the left) [120,144]. To
isolate and clear up the distinct role of each factor, we
present the phase diagrams in the reduced temperature (Tr)

and reduced chemical potential (μr) plane in Fig. 4. The
reduced temperature and chemical potential are defined as
Tr ¼ T=Tχ

c and μr ¼ μ=μ0, respectively. Here, T
χ
c is the

chiral crossover temperature at μ ¼ 0, and μ0 is the critical
chemical potential for the first-order phase transition at
T ¼ 0. Figures 4(a) and 4(b) show that the curvatures of the
crossover and first-order transition lines change when mσ

increases from 400 to 500 MeV in both the RQM and
RPQM models. In the Log RPQM model without quark
backreaction [Fig. 4(a)], the Polyakov-loop potential alters
these curvatures significantly; the entire phase diagram
shifts upward and exhibits pronounced bending in the
upper right region of the μr-Tr plane. Conversely, when the
quark backreaction is included via the PolyLog-glue
Polyakov-loop potential [Fig. 4(b)], the transition lines
display a smooth, uniform, and moderate modification
compared to the reference RQM model. Consequently,
the overall phase diagram for this case shifts only mod-
erately upward in the μr-Tr plane.
In the reference RQMmodel [Fig. 4(a)], increasing the σ

meson mass from 400 to 500 MeV shifts the CEP from
ðμr;CEP; Tr;CEPÞ ¼ ð0.80; 0.305Þ to (0.87, 0.289) and the
TCP from ðμr;TCP; Tr;TCPÞ ¼ ð0.644; 0.544Þ to (0.724,
0.535). This represents a clear shift toward higher μr
and slightly lower Tr. As shown in Fig. 4(a), the Log
form of the Polyakov-loop potential in the RPQM model
significantly elevates the CEP temperature. For mσ ¼ 400
(500) MeV, the CEP shifts to ðμr;CEP; Tr;CEPÞ ¼
ð0.765; 0.640Þ ½ð0.828; 0.635Þ�, more than doubling its
Tr value relative to the RQM baseline. A similarly large
upward shift is observed for the TCP, which moves
to ðμr;TCP; Tr;TCPÞ ¼ ð0.545;0.863Þ ½ð0.639; 0.849Þ� for

(a) (b)

FIG. 4. The phase diagrams for the physical point parameters whenmσ ¼ 400 and 500 MeV are presented in the reduced temperature
and chemical potential μr-Tr plane in (a) for the RQM and Log RPQM models and (b) for the PolyLog-glue RPQM model. Other
features of the phase diagrams are the same as in Fig. 3. The Tr ¼ T

Tχ
c
is obtained after dividing the temperature T by the pseudocritical

temperature Tχ
c at which the chiral crossover transition occurs on the temperature axis at μ ¼ 0. The μr ¼ μ

μ0
is defined after dividing the

chemical potential μ by the highest chemical potential μ0 at which first-order chiral phase transition on the μ axis occurs at T ¼ 0. FO
denotes the first order phase transition in figures.
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mσ ¼ 400 (500) MeV. In contrast, when the quark back-
reaction is included via the PolyLog-glue Polyakov-loop
potential [Fig. 4(b)], the upward shift of the CEP is more
moderate. The CEP moves to ðμr;CEP; Tr;CEPÞ ¼
ð0.757; 0.505Þ ½ð0.831; 0.450Þ� for mσ ¼ 400 [500] MeV,
which is roughly 1.5 times its RQM value. Under the same
framework, the TCP is located at ðμr;TCP; Tr;TCPÞ ¼
ð0.573; 0.736Þ ½ð0.665; 0.687Þ�. This position is noticeably
higher than that of the reference RQM model, yet lower
than the TCP coordinates found in the Log RPQM model.
Comparing these results to mσ ¼ 400 MeV baseline high-
lights that increasing the mass to mσ ¼ 500 MeV causes
the Rq ¼ 2 susceptibility contours enveloping the CEP to
expand along both the temperature and chemical potential
axes across all models (RQM, Log RPQM, and PolyLog-
glue RPQM). This reinforces our earlier conclusions: the
reference RQM contours are well rounded and broad due to
quark one-loop vacuum fluctuations, whereas the contours
in the Log RPQM model become compressed and pinched
along the temperature axis due to the absence of the quark
backreaction. Crucially, this pinching in the temperature
width is significantly moderated by the quark backreaction
in the PolyLog-glue RPQM model, resulting in larger,
smoother contours that closely resemble the qualitative
behavior of the reference RQM framework.
.

B. Comparing size and shape of critical regions

The susceptibility contours corresponding to three differ-
ent constant ratios Rq ¼ 2, 3 and 5 have been plotted for the
relevant range of temperatures and chemical potentials in
Figs. 5 and 6 for analyzing the size and shape of the critical
regions surrounding the CEP of the QM, RQM, Log
RPQM, and PolyLog-glue RPQM models. The extent of
QM model Rq ¼ 2 contour in Fig. 5(a) is 25.0 MeV in the
temperature direction (18.0 MeVabove and 7.0 MeV below

the TCEP on the T axis) and 71.7 MeV in the chemical
potential direction (54.8 MeV lower and 16.9 MeV higher
than the μCEP on the μ axis). For the Rq ¼ 3 contour of the
QMmodel, the size is very small as its T axis spread is only
17.9 MeV (12.9 MeVabove and 5.0 MeV below the TCEP),
whereas the μ axis spread is 49.5 MeV (36.2 MeV lower
and 13.3 MeV higher than the μCEP). The critical region
around the CEP of the QM model is quite small and very
much compressed in the temperature direction.
The Rq ¼ 2 contour of the RQM model when mσ ¼

500ð400Þ MeV in Fig. 5(b) is spread to 38.4 (29.9) MeV
[29.3(23.0) MeV above and 9.1(6.9) MeV below the TCEP]
on the T axis, while the corresponding spread on the μ axis is
45.0(37.5) MeV [35.7(29.1) MeV lower and 9.3(8.4) MeV
higher than the μCEP]. The smaller size of the Rq ¼ 3

contour for mσ ¼ 500ð400Þ MeV is 23.3(17.6) MeV on
the T axis [17.6(13.6) MeV above and 5.7(4.0) MeV below
the TCEP] and 25.5(21.7) MeV on the μ axis [19.9
(16.4) MeV lower and 5.6(5.3) MeV higher than the
μCEP]. The smallest spread of the Rq ¼ 5 contour corre-
sponding to mσ ¼500ð400ÞMeV is 13.1(10.1) MeVon the
T axis [9.8(7.5) MeV above and 3.3(2.6) MeV below the
TCEP] and 13.7(11.7) MeV on the μ axis [10.5(8.8) MeV
lower and 3.2(2.9) MeV higher than the μCEP]. The
extensions of the Rq ¼ 2, 3, and 5 contours for mσ ¼
400 MeV along the T axis and μ axis in Fig. 5(b) are smaller
than the corresponding contour sizes for mσ ¼ 500 MeV in
the sequential order of (8.5, 5.7, and 3.0) MeVon the T axis
and (7.5, 3.8, and 2.0) MeVon the μ axis. One can see that
the spreads of the RQM model susceptibility contours for
mσ ¼ 500ð400Þ MeV in the temperature direction are nearly
equivalent to their spread in the chemical potential direction
{only the Rq ¼ 2 contour is about 15% (20%) larger along
the μ axis [by 6.6 (7.6) MeV] when compared to its size
along the T axis}. It is worth pointing out that the

(a) (b)

FIG. 5. The Rq ¼ 2, 3 susceptibility contours for the QMmodel are plotted in (a), while the Rq ¼ 2, 3, 5 contours for the RQMmodel
are plotted in (b).
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consistently treated effect of the quark one-loop vacuum
fluctuations in the improved effective potential of the RQM
model gives rise to broad, somewhat symmetrical critical
regions enveloping the CEP, which are larger in a direction
perpendicular to the crossover transition line. Furthermore,
in the RQM model, the TCP lies closer to the outer Rq ¼ 2

contour boundary when mσ ¼ 500 MeV, whereas it shifts
noticeably further away when mσ ¼ 400 MeV. Table IV
presents a comparison of the spread of the Rq ¼ 2, 3, and 5
contours along the T and μ axes for mσ ¼ 500ð400Þ MeV
across different model scenarios.
In Fig. 6(a), the Log RPQM model Rq ¼ 2 contour for

mσ ¼ 500ð400Þ MeV is extended to 46.9 (39.4) MeVon the
T axis [32.3(28.4) MeVabove and 14.6(11.0) MeV below the
TCEP] and 71.4 (59.0) MeV on the μ axis [56.7(47.5) MeV
lower and 14.7(11.5) MeV higher than the μCEP]. The smaller

size of the Rq ¼ 3 contour for mσ ¼ 500ð400Þ MeV is
extended to 29.8(25.8) MeVon the T axis [23.2(19.0) MeV
above and 6.6(6.8) MeV below the TCEP] and 42.6
(34.7) MeV on the μ axis [35.5(27.5) MeV lower and 7.1
(7.2) MeV higher than the μCEP]. The extent of smallestRq ¼
5 contour whenmσ ¼ 500ð400Þ MeV is 18.8 (15.1) MeVon
the T axis [14.2(11.1) MeV above and 4.6(4.0) MeV below
the TCEP] and 23.8 (18.7)MeVon the μ axis [19.1(14.4)MeV
lower and 4.7(4.3) MeV higher than the μCEP]. The T and μ
axis extensions of the Rq ¼ 2, 3, and 5 contours in Fig. 6(a)
for mσ ¼ 400 MeV are smaller than the corresponding
contour sizes for the mσ ¼ 500 MeV in the sequential order
of (7.5, 4, and 3.7) MeV on the T axis and (12.4, 7.9, and
5.1) MeV on the μ axis. The chemical potential direction
stretching of the Log RPQM model Rq ¼ 2, 3, and 5
contours formσ ¼ 500ð400Þ MeV are noticeably larger than

(a) (b)

FIG. 6. The Rq ¼ 2, 3, 5 susceptibility contours are plotted in (a) for the Log RPQMmodel while (b) presents the contour plots for the
PolyLog-glue RPQM model.

TABLE IV. The T and μ axis spread of the Rq ¼ 2; 3, and 5 contours in different model scenarios. The size of the contours above and
below TCEP are denoted, respectively, by the ΔTa and ΔTb, while the total contour size on the T axis is ΔT. The size of the contours on
the lower side and higher side of the μCEP are denoted, respectively, by the Δμl and Δμh, while the total contour size on the μ axis is Δμ.

Entries below the ΔTa, ΔTb, ΔT, Δμl, Δμh, and Δμ correspond to the susceptibility ratio Rq ¼ 2ð3Þð5Þ
Models ΔTa ΔTb ΔT ¼ ΔTa þ ΔTb Δμl Δμh Δμ ¼ Δμl þ Δμh
RQM ðmσ ¼ 400Þ 23.0(13.6)(7.5) 6.9(4.0)(2.6) 29.9(17.6)(10.1) 29.1(16.4)(8.8) 8.4(5.3)(2.9) 37.5(21.7)(11.7)
QMVT Ref. [120] 31.4(19.5)(11.5) 16.0(7.7)(4.1) 47.4(27.2)(15.6) 32.8(17.6)(9.1) 10.1(6.3)(3.3) 42.9(23.9)(12.4)
Log RPQM 28.4(19.0)(11.1) 11.0(6.8)(4.0) 39.4(25.8)(15.1) 47.5(27.5)(14.4) 11.5(7.2)(4.3) 59.0(34.7)(18.7)
PolyLog-glue RPQM 30.8(20.5)(12.1) 12.6(8.0)(3.8) 43.4(28.5)(15.9) 42.7(26.2)(14.4) 13.9(8.7)(4.0) 56.6(34.9)(18.4)
RPQM-I 28.7(19.3)(11.7) 8.2(5.7)(1.0) 36.9(25.0)(12.7) 23.5(14.6)(8.2) 5.4(3.3)(0.6) 28.9(17.9)(8.8)
RPQM-II 34.3(23.1)(13.8) 14.0(7.6)(4.0) 48.3(30.7)(17.8) 37.1(22.9)(12.9) 12.5(6.3)(3.2) 49.6(29.2)(16.1)
PQMVT-I Ref. [120] 49.8(33.9)(20.7) 41.1(21.7)(11.2) 90.9(55.6)(31.9) 33.6(19.5)(11.1) 12.6(7.9)(4.4) 46.2(27.4)(15.5)
PQMVT-II Ref. [120] 49.9(33.9)(20.3) 36.5(19.8)(8.8) 86.4(53.7)(29.1) 48.6(27.5)(14.8) 15.4(10.0)(5.5) 64.1(37.5)(20.3)

QM ðmσ ¼ 500Þ 18.0(12.9) 7.0(5.0) 25.0(17.9) 54.8(36.2) 16.9(13.3) 71.7(49.5)
RQM 29.3(17.6)(9.8) 9.1(5.7)(3.3) 38.4(23.3)(13.1) 35.7(19.9)(10.5) 9.3(5.6)(3.2) 45.0(25.5)(13.7)
Log RPQM 32.3(23.2)(14.2) 14.6(6.6)(4.6) 46.9(29.8)(18.8) 56.7(35.5)(19.1) 14.7(7.1)(4.7) 71.4(42.6)(23.8)
PolyLog-glue RPQM 38.5(26.3)(15.8) 15.0(9.6)(5.9) 53.5(35.9)(21.7) 50.8(31.0)(17.3) 14.2(9.2)(5.5) 65.0(40.2)(22.8)

TRIPATHI, RAI, and TIWARI PHYS. REV. D 114, 034039 (2026)

034039-18



their respective extension in the temperature direction,
respectively, by a factor of 1.52 (1.50), 1.43 (1.34), and
1.27 (1.24). The smoothing effect of quark one-loop vacuum
fluctuation that generates broader and larger critical region
perpendicular to the crossover transition line in the RQM
model looks somewhat compromised in the presence of the
log Polyakov-loop potential and one finds that the width of
contours near the CEP become narrow, owing to its com-
pression in the temperature direction, similar to what is
noticed in Ref. [120]. Note that, in the Log RPQM model,
when mσ ¼ 400 MeV, the TCP lies noticeably away from
the boundary of the Rq ¼ 2 contour, whereas for
mσ ¼ 500 MeV, the TCP lies exactly on the boundary of
the Rq ¼ 2 contour.
The spread of the PolyLog-glue RPQM model Rq ¼ 2

contour in Fig. 6(b) for mσ ¼ 500ð400Þ MeV is 53.5
(43.4) MeV on the T axis [38.5(30.8) MeV above and
15(12.6) MeV below the TCEP] and 65 (56.6) MeVon the μ
axis [50.8(42.7) MeV lower and 14.2(13.9) MeV higher
than the μCEP]. The smaller size of the Rq ¼ 3 contour for
mσ ¼ 500ð400Þ MeV is spread 35.9 (28.5) MeV on the T
axis [26.3(20.5) MeV above and 9.6(8) MeV below the
TCEP] and 40.2(34.9) MeV on the μ axis [31.0(26.2) MeV
lower and 9.2(8.7) MeV higher than the μCEP]. The smallest
spread of the Rq ¼ 5 contour for mσ ¼ 500ð400Þ MeV is
21.7 (15.9) MeVon the T axis [15.8(12.1) MeV above and
5.9(3.8) MeV below the TCEP] and 22.8 (18.4) MeVon the
μ axis [17.3(14.4) MeV lower and 5.5(4.0) MeV higher
than the μCEP]. The T and μ axis extensions of the Rq ¼ 2,
3, and 5 contours for mσ ¼ 400 MeV in Fig. 6(b) are
smaller than the corresponding contour sizes for the mσ ¼
500 MeV in the sequential order of (10.1, 7.4, and
5.8) MeV on the T axis and (8.4, 5.3, and 4.4) MeV on
the μ axis. The stretching of the Rq ¼ 2, 3, and 5 contours
for mσ ¼ 500ð400Þ MeV in the chemical potential direc-
tion for the PolyLog-glue RPQM model are moderately
larger than their respective extension in the temperature
direction, respectively, by a factor of 1.21 (1.3), 1.12 (1.22),
and 1.05 (1.16). We point out that the effect of quark
backreaction in the PolyLog-glue RPQM model gives rise
to a smaller spread of the contours in the chemical potential
direction, whereas the spread in the temperature direction
becomes larger in a similar proportion when compared with
the corresponding spread of contours observed in Fig. 6(a)
for the Log RPQM model. Thus, the temperature direction
compression in the width of the contours near the CEP
becomes smaller due to the smoothing effect of the quark
backreaction in the PolyLog-glue model, where the con-
tours are noticeably broader than the corresponding Log
RPQM model contours. Furthermore, in the PolyLog-glue
RPQM model, the TCP lies away from the boundary of the
Rq ¼ 2 contour when mσ ¼ 400 MeV, while it lies just
inside the Rq ¼ 2 contour when mσ ¼ 500 MeV.

C. Comparing RQM model critical regions with
results of Ref. [120]

Recall that after adding the quark one-loop vacuum
fluctuations to the effective potential of the QM model,
several studies [117–120] have used the curvature masses
of the mesons to fix the model parameters. Since the
curvature masses incorporate the quark one-loop vacuum
corrections in the meson self-energies only at the zero
momentum, the curvature-mass-based parameter fixing
becomes inconsistent in the above studies of the QMVT/
PQMVT models. Recent two- and 2þ 1-flavor RQM/
RPQM model studies [141–144] with the consistent on-
shell renormalized parameters have shown that the calcu-
lated shift, in the position of the CEP to the lower right
corner in the μ-T plane of the phase diagram, is quite large
due to the overestimation of the effect of quark one-loop
corrections in the above-mentioned QMVT/PQMVT
model studies. Therefore, it is important to compare the
shape and size of the critical regions around the CEP
reported by Schaefer and Wagner [120] with those
obtained in the present work. Specifically, we compare
the earlier 2þ 1-flavor curvature-mass-parametrized
QMVT/PQMVT model against our 2þ 1-flavor RQM/
RPQM model. For a direct comparison, both models
employ mσ ¼ 400 MeV and a logarithmic Polyakov-loop
potential with T0 ¼ 270 MeV for the pure Yang-Mills
SUcð3Þ gauge theory.
The Rq ¼ 2 susceptibility contour in Fig. 3(b) of

Ref. [120] (after extracting the data) for the QMVT model
is extended around its CEP at ðμCEP; TCEPÞ ¼
ð286; 32Þ MeV, to about 31.4 MeV above and 16 MeV
below the TCEP on the T axis, while the spread of the
contour on the μ axis is 32.8 MeV to the lower left and
10.1 MeV to the higher right side of the μCEP. In contrast to
the above, the CEP in our RQM model work is positioned
higher up and noticeably left at the (μCEP; TCEPÞ ¼
ð243.12; 37.03Þ MeV around which the Rq ¼ 2 contour
[in Fig. 5(b) for mσ ¼ 400 MeV] is extended on the T axis
to 23.0 MeVabove and 6.9 MeV below the TCEP, while its
μ axis spread is 29.1 MeVon the lower left and 8.4 MeVon
the higher right side of the μCEP. The total size of 29.9 MeV
of the RQMmodel contour on the T axis is smaller than the
total T axis size of 47.4 MeV for the QMVTmodel contour,
whereas the RQM model contour total μ axis size of
37.5 MeV is also smaller than the total size of 42.9 MeVon
the μ axis for the QMVT model. Note that, below the CEP
along the T axis, the Rq ¼ 2 contour of the QMVT model
in Fig. 3(b) of Ref. [120] is 9.1 MeV larger than that of the
RQM model in Fig. 5(b). Conversely, above the CEP,
the QMVT model contour is only 8.4 MeV larger than the
corresponding RQM model contour. Below the CEP, the
QMVT contour exhibits a narrow, necklike bending struc-
ture. This feature in Ref. [120] originates from the large
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curvature of the first-order transition line below the critical
end point ðμCEP; TCEPÞ ¼ ð286; 32Þ MeV; here, the tem-
perature must drop from 32 MeV to T ≃ 0 within a narrow
chemical potential span of ðμ0 − μCEPÞ ¼ 300.13 − 286 ¼
14.13 MeV before intersecting the axis at μ0 ¼
300.13 MeV. In contrast, the RQM model Rq ¼ 2 contour
in Fig. 2(a) [and also in Fig. 5(b)] appears smooth and more
symmetric, lacking any narrow bending below its CEP.
This difference arises because the curvature of the first-
order transition line below ðμCEP; TCEPÞ ¼ ð243.12;
37.03Þ MeV is noticeably smaller, as the temperature drops
from approximately 37 MeV to T ≃ 0 over a significantly
larger chemical potential span of ðμ0 − μCEPÞ ¼ 302−
243 ≃ 59 MeV before reaching μ0 ¼ 302 MeV.
Furthermore, the RQM model contour closes at ðμ; TÞ ¼

ð214.02; 60.05Þ MeV on the upper left side and ðμ; TÞ ¼
ð251.56; 30.1Þ MeV on the lower right side, while the
QMVT model contour closes at ðμ;TÞ¼ð253.2;63.4ÞMeV
on the upper left and at ðμ; TÞ ¼ ð296.1; 16.0Þ MeV on the
lower right side. Note that the complete RQM model phase
diagram in the μ-T plane of Fig. 2(a) for mσ ¼ 400 MeV
would lie below the QMVT model phase diagram in Fig. 1
(b) of Ref. [120], because ðμ0; Tχ

cÞ ¼ ð302; 121.1Þ MeV in
the RQMmodel, whereas ðμ0; Tχ

cÞ ¼ ð300.13; 144.1Þ MeV
in the QMVT model. Recall that Tχ

c is the pseudocritical
temperature of the chiral crossover transition occurring on
the temperature axis at μ ¼ 0, while μ0 is the highest
chemical potential at which the first-order chiral transition
occurs at T ≃ 0. In order to see the real difference between
the size and shape of the critical regions for the RQM and
QMVT models, one must compare the quantities in terms
of the reduced chemical potential μr ¼ μ

μ0
and reduced

temperature Tr ¼ T
Tχ
c
. In terms of the reduced variables,

the upper left boundaries of the RQM and QMVT model

Rq ¼ 2 contours close at ðμr; TrÞ ¼ ð0.7086; 0.495Þ and
ðμr; TrÞ ¼ ð0.8436; 0.440Þ, respectively. Conversely, on
the lower right side of the phase diagram, the RQM and
QMVT model contours close at ðμr; TrÞ ¼ ð0.8329; 0.248Þ
and ðμr; TrÞ ¼ ð0.9865; 0.111Þ, respectively. Note also that
the RQM and QMVT model reduced CEPs lie at
ðμrCEP; TrCEPÞ ¼ ð0.805; 0.306Þ and ðμrCEP;TrCEPÞ¼
ð0.9529;0.2268Þ, respectively.
The model setting of the log form of the Polyakov-loop

potential with a constant T0 ¼ 270 MeV for the pure Yang-
Mills SUcð3Þ gauge theory in the work of Schaefer and
Wagner has been termed PQMVT-I for the purpose of
comparison. On the other hand, their scenario with the
quark matter backreaction in the log Polyakov-loop poten-
tial is termed PQMVT-II, where T0ðμÞ is chemical-poten-
tial dependent. For comparison with the work in Ref. [120],
the Log RPQM model in our work with T0 ¼ 270 MeV,
mσ ¼ 400 MeV, and no quark backreaction has been
termed the RPQM-I model. The enhancement of the
RQM model with the improved PolyLog-glue form of
the Polyakov-loop potential [46–48] accounts for the quark
backreaction in our work; this model setting with the
parameter Tglue

c ¼ T0 ¼ 270 MeV has been termed the
RPQM-II model. The CEP in our RPQM-I (RPQM-II)
model without (with) the quark backreaction in Fig. 7(a) is
located significantly further to the left and noticeably
higher up in the phase diagram at ðμCEP; TCEPÞ ¼
ð237.8ð228.54Þ; 104.23ð86.47ÞÞ MeV compared to the
PQMVT-I (PQMVT-II) model CEP without (with) the
quark backreaction, which lies at ðμCEP; TCEPÞ ¼
ð283ð280Þ; 90ð83ÞÞ MeV in Fig. 1(b) of Ref. [120].
After extracting the data from Fig. 3(a) of Ref. [120], one

finds that the Rq ¼ 2 susceptibility contour for the
PQMVT-I (PQMVT-II) model extends around its CEP

(a) (b)

FIG. 7. The RPQM-I and RPQM-II model phase diagrams for the light chiral limit and physical point parameters are presented in (a),
while the contours for the constant susceptibility ratio Rq ¼ 2, 3, and 5 are presented in (b). The Log RPQM model in the present work
with the T0 ¼ 270 MeV, mσ ¼ 400 MeV, and no quark backreaction is termed the RPQM-I model. The PolyLog-glue RPQM model
with the quark backreaction where the T0 ¼ 270 and mσ ¼ 400 MeV has been termed the RPQM-II model. FO denotes the first order
and SO signifies the second order phase transitions in figures.
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along the T axis to about 49.81 (49.96) MeV above and
41.13 (36.48) MeV below TCEP. Along the μ axis, the
spread of the contour is 33.63 (48.61) MeV to the left
and 12.56 (15.45) MeV to the right of μCEP. In contrast,
Fig. 7(b) of the present work shows that the RPQM-I
(RPQM-II) model susceptibility Rq ¼ 2 contour extends
along the T axis to 28.7 (34.3) MeV above and 8.2
(14) MeV below TCEP, while its spread along the μ axis
is 23.5 (37.1) MeV to the left and 5.4 (12.5) MeV to the
right of μCEP. The total T-axis extension of the RPQM-I
(RPQM-II) model contour is 36.9 (48.3) MeV, which is
significantly smaller than the total size of 90.94
(86.44) MeV for the corresponding PQMVT-I (PQMVT-
II) contour. Similarly, the total μ-axis extension of the
RPQM-I (RPQM-II) contour is 28.9 (49.6) MeV, which is
roughly 17.3 (14.5) MeV smaller than the total size of 46.2
(64.1) MeV observed for the PQMVT-I (PQMVT-II)
contour. The reason for this structural variation is that
the RPQM-I (RPQM-II) critical regions are centered
around a CEP located at a significantly lower chemical
potential [μCEP ¼ 237.8ð228.54Þ MeV] in the phase dia-
gram, whereas the corresponding temperatures are moder-
ately higher [TCEP ¼ 104.23ð86.47Þ MeV]. Furthermore,
to gain a proper perspective on this difference, one should
note that Tχ

c ¼ 194.1 MeV at μ ¼ 0 for the RPQM-I phase
diagram in Fig. 7(a), and its CEP sits noticeably higher in
temperature and further to the left (lower μ) compared to
the CEP in Fig. 1(b) of the PQMVT-I model, where Tχ

c ¼
205 MeV at μ ¼ 0. While this detailed comparative analy-
sis is explicitly provided here for the Rq ¼ 2 contour, one
can see a similar pattern of comparative differences for the
Rq ¼ 3 and 5 contours by looking at the numbers for the
RPQM-I (RPQM-II) model in Table IV and comparing
those with the corresponding numbers after extracting the
data for the PQMVT-I (PQMVT-II) model from Fig. 3(a) of
Ref. [120].
The total size of 90.94MeValong the T axis (with a large

extension of 41.1 MeV below TCEP) for the PQMVT-I
model contour with no quark backreaction is nearly double
its μ-axis total size of 46.19MeV. Furthermore, the width of
the contour becomes successively narrower and more
compressed in the temperature direction below the CEP
in Fig. 3(a) of Ref. [120]. Compared to the QMVT model,
the significantly enhanced critical region with a relatively
compressed width for the PQMVT-I model was attributed
to the observations that (1) the Polyakov loop modifies the
quark determinant mostly at moderate chemical potentials,
and (2) the PQMVT-I model CEP is located at a signifi-
cantly higher temperature (TCEP ¼ 90 MeV), whereas the
CEP in both the QMVT and PQMVT models is positioned
at larger chemical potentials around 280–285 MeV [120].
The PQMVT model contour, with its successively decreas-
ing width below TCEP, exhibits a pronounced, necklike
narrow structure. This features originates from the large
curvature of the first-order transition line below the CEP

ðμCEP; TCEPÞ ¼ ð283; 90Þ MeV in Fig. 3(a) of Ref. [120],
as the high temperature of 90 MeV must drop to T ≃ 0
within a narrow chemical potential span of only ðμ0 −
μCEPÞ ¼ 299.54 − 283 ¼ 16.54 MeV before the first-order
transition line reaches its maximum value of μ0 ¼
299.54 MeV at T ≃ 0 along the chemical potential axis.
Note that since the total T-axis contour size of 46.3 MeV is
only 9.9 MeV larger than the μ-axis total contour size of
36.4 MeV, the RPQM-I model Rq ¼ 2 contour (for no
quark backreaction) looks more symmetric and smoother.
Its narrowing below the CEP in Fig. 7(b) is quite small
when compared to the RQM model Rq ¼ 2 contour for
mσ ¼ 400 MeV in Fig. 5(b). Furthermore, in contrast to the
PQMVT-I model contour, the RPQM-I model contour is
significantly smaller in the T direction, appearing smooth
and more symmetric with no narrow bending below its
TCEP. This difference arises because the curvature of the
first-order transition line below the CEP ðμCEP; TCEPÞ ¼
ð237.8; 104.23Þ MeV is noticeably smaller in Fig. 7(a);
here, the relatively high temperature of approximately
104 MeV must decrease to T ≃ 0 over a significantly
larger chemical potential span of ðμ0 − μCEPÞ ¼ 301.2 −
237.8 ≃ 63.4 MeV before the first-order transition line
reaches its maximum value of μ0 ¼ 301.2 MeV at T ≃ 0
along the chemical potential axis.
The presence of the differently treated quark backreac-

tion in the PolyLog-glue Polyakov-loop potential causes a
significant smoothing effect in the RPQM-II model. This is
evident because the total T-axis size of 48.3 MeV for the
Rq ¼ 2 contour is nearly equal to its total μ-axis size of
49.6 MeV in Fig. 7(b), resulting in an overall contour that
looks quite symmetric and smooth, where narrowing below
the CEP disappears. In contrast, Ref. [120] implemented a
μ dependence in T0 to account for the quark backreaction in
the PQMVT-II model; there, the total T-axis size of
86.44 MeV (with a still large extension of 36.48 MeV
below TCEP) for the Rq ¼ 2 contour is approximately 1.35
times its total μ-axis size of 64.06 MeV. The width of the
PQMVT-II model contour also becomes successively more
compressed below its CEP, similar to the PQMVT-I
scenario, but the narrowing in the contour shape is less
pronounced than what is observed for the PQMVT-I model.
Note also that, in the PQMVT-II model, Tχ

c ¼ 205 MeV at
μ ¼ 0, which is identical to that in the PQMVT-I model
with no quark backreaction.
The RPQM-I (RPQM-II) model Rq ¼ 2 contour closes at

ðμ;TÞ¼ð214.3ð191.47Þ;132.93ð120.75ÞÞMeV on the upper
left side and ðμ; TÞ ¼ ð243.23ð241.06Þ; 96.0ð72.47ÞÞ MeV
on the lower right side, while the PQMVT-I (PQMVT-II)
model Rq ¼ 2 contour closes at ðμ;TÞ¼ð249.37ð231.39Þ;
139.81ð129.96ÞÞMeV on the upper left and at ðμ; TÞ ¼
ð295.56ð295.45Þ; 48.87ð43.52ÞÞ MeV on the lower right
side. Note that the complete RPQM-I (RPQM-II) model
phase diagram for mσ ¼ 400 MeV in the μ-T plane of
Fig. 7(a) would lie below the PQMVT-I (PQMVT-II) model

COMPARATIVE ANALYSIS OF CRITICAL REGIONS: THE … PHYS. REV. D 114, 034039 (2026)

034039-21



phase diagram in Fig. 1(b) of Ref. [120], because ðμ0; Tχ
cÞ ¼

ð301.2ð300.0Þ; 194.1ð179.2ÞÞ MeV in the RPQM-I
(RPQM-II) model whereas ðμ0; Tχ

cÞ ¼ ð299.54ð299.54Þ;
205ð205ÞÞ MeV in the PQMVT-I (PQMVT-II) model. By
comparing the quantities in terms of the reduced chemical
potential μr and reduced temperature Tr, one can see the real
difference between the size and shape of the critical regions
for the RPQM-I (RPQM-II) and PQMVT-I (PQMVT-II)
models. In terms of these reduced variables, the RPQM-I
(RPQM-II) and PQMVT-I (PQMVT-II) model Rq ¼ 2

contours close at ðμr; TrÞ ¼ ð0.7114ð0.638Þ; 0.6848
ð0.6738ÞÞ and ðμr; TrÞ ¼ ð0.832ð0.772Þ; 0.682ð0.633ÞÞ,
respectively, on the upper left side. On the lower right side
of the phase diagram, the RPQM-I (RPQM-II) and
PQMVT-I (PQMVT-II) model contours close at ðμr;TrÞ¼
ð0.807ð0.803Þ;0.4945ð0.404ÞÞ and ðμr; TrÞ ¼ ð0.986
ð0.986Þ; 0.238ð0.212ÞÞ, respectively. Here, one should also
take note of the CEP locations for the RPQM-I (RPQM-II)
and PQMVT-I (PQMVT-II) models in terms of reduced
variables, which lie at ðμrCEP;TrCEPÞ¼ð0.7895ð0.761Þ;
0.5369ð0.5ÞÞ and ðμrCEP;TrCEPÞ¼ð0.944ð0.934Þ;0.439
ð0.404ÞÞ, respectively.
Note that the positions of the PolyLog-glue RPQM-II

model contours (with quark backreaction) along the tem-
perature axis lie below the Log RPQM-I model contours,
despite the former having a larger T- and μ-axis spread in
Fig. 7(b). A similar temperature-direction positioning is
observed in Fig. 3(a) of Ref. [120], where the PQMVT-II
model contours with quark backreaction lie below the
PQMVT-I contours, even though their spread is slightly
larger along the T axis with more elongation along the μ
axis. However, this positioning along the temperature axis
reverses in Fig. 8(a) when T0 ¼ 187 MeV in the Polyakov-
loop potentials for 2þ 1 flavors of dynamical quarks; here,
the Log RPQMmodel contours with no quark backreaction

lie below the PolyLog-glue RPQM model contours in the
temperature direction. Furthermore, the Log RPQM model
contours exhibit a larger μ-axis and a slightly smaller
T-axis spread compared to the PolyLog-glue model con-
tours. These distinct features of the Log RPQM and
PolyLog-glue RPQM models become even more pro-
nounced for the case of mσ ¼ 500 MeV in Fig. 8(b).

D. Effects of vector interaction on the phase diagram,
CEP, and its critical region

The repulsive vector-type interactions in the NJL model
were shown to exert a strong influence on the CEP long
before in Ref. [55]. The appearance of multiple CEPs,
driven by vector interaction during the competition
between chiral symmetry restoration and the color super-
conducting phase transition, has also been addressed in
previous studies [154,155]. Regarding vector interaction
strength, even if the value of the vector coupling GV can be
fixed in the vacuum [156], it is not clear how much it would
be modified in the medium [32]. Therefore, taking the ratio
of the vector-to-scalar coupling constants, r ¼ GV=GS, as a
free parameter, several of the NJL and PNJL model studies
have varied it between 0 and 1 [32,154,156–164] and
explored its effect on the position of the CEP in the μ-T
plane of the phase diagram. The value r ¼ 0.5 is estimated
from perturbative one-gluon exchange [157], whereas
r ¼ 0.25 is based on instanton–anti-instanton molecule
model estimates [154,181], and r ¼ 1.0 is obtained by
fitting lattice data with the PNJL8 model [160]. The CEP
and first-order transition disappear when r ¼ 0.38 for the
two-flavor NJL model [154] and when r ¼ 0.206 and r ≥
0.25 in Refs. [32,159], respectively, for the 2þ 1-flavor
PNJL model. Considering the repulsive vector plus axial-
vector interaction terms in the three-flavor vector extended
NJL model at zero temperature and finite density, the

(a) (b)

FIG. 8. With the T0 ¼ Tglue
c ¼ 187 MeV for the Polyakov-loop potentials in the log and PolyLog-glue RPQMmodel, the Rq ¼ 2, 3, 5

susceptibility contours are presented in (a) for the case of mσ ¼ 400 MeV and (b) for the case of mσ ¼ 500 MeV.
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first-order transition becomes a crossover when r ¼ 0.5 in
Ref. [156], whereas Ref. [158] finds that the first-order
transition and TCP disappear when r ≥ 0.6 in the chiral
limit of the two-flavor NJL model. Considering the
curvature of the crossover boundary in the μ-T plane close
to μ ¼ 0 and its dependence on the coupling strength GV ,
Ref. [161] concluded that r ≥ 0.4, suggesting that the QCD
phase diagram might lack a first-order chiral phase tran-
sition. However, by adjusting the strength of the vector
coupling to reproduce the lattice-QCD-extracted slope of
the pseudocritical temperature for the chiral phase tran-
sition at low chemical potential, Ref. [162] predicted the
existence of a CEP for r > 0.555 in the nonlocal two-flavor
PNJL model, whereas Ref. [163] found a crossover for
r ≥ 0.5. Fixed in different way, the vector coupling ratio is
also taken as 0.3 ≤ GV=GS ≤ 3.2 [182–184].
The ω and ϕ vector mesons are included as explicit

degrees of freedom in the Lagrangian of the QM/PQM
model, where the vector couplings are defined as
gV=2 ¼ gω ¼ gϕ=

ffiffiffi
2

p
. Given that the scalar Yukawa cou-

pling is g, the coupling ratio for this framework is expressed
as r ¼ gV=g ¼ 2ðgω=gÞ. The first-order transition becomes
a crossover when r > 0.2 in Ref. [185], where the CEP is
probed by its sweep during dynamical black hole forma-
tion, and when r ≥ 0.38 in Ref. [186] for the two-flavor
PQM model. Two- and three-flavor QM models were
studied [166] for the properties of quark matter under
conditions present in core-collapse supernovae and for the
description of compact stars consisting of pure quark matter
[128,187]. Large vector couplings were taken in the range
gω ¼ 1.0 − 9.0 (which is roughly equivalent to the above-
described 0.3 ≤ r ≤ 3.2), and their variation showed a
significant impact on the equation of state (EOS).
Higher coupling values lead to a stiffer EOS, giving rise
to maximum mass configurations exceeding two solar
masses for quark stars (or neutron/hybrid star matter),
which is compatible with recent pulsar mass measurements.
In Ref. [128], the authors studied how including quark one-
loop vacuum fluctuations in the three-flavor QM EOS
under the e-MFA influences compact star properties.
Unlike the s-MFA, which yields twin stars through a
first-order chiral phase transition, the e-MFA produces
only crossover transitions in the presence of vector inter-
actions for gω values of 2.5, 3.0, and 3.5. By applying an
(axial) vector meson-extended three-flavor quark-meson
model to describe quark matter in the core of neutron stars,
the authors of Ref. [188] utilized their framework—
featuring an inbuilt e-MFA—to demonstrate that the
maximum mass of stable hybrid stars depends only weakly
on the crossover-type phase transition. Based on this
observation and recent astrophysical constraints, they
established a bound of 2.6 < gV < 4.3 (i.e., 1.31 <
gω < 2.15) for the quark-vector meson coupling constant.
They point out that a nonzero vector coupling is required to
fulfill the two-solar-mass criterion for the mass-radius

(M − R) curves of compact stars; furthermore, within their
framework, the existence of a CEP is unlikely if gVðgωÞ ≥
3.1ð1.55Þ for mσ ¼ 290 MeV. Recall that the smoothing
effect of the quark one-loop vacuum fluctuations on the
strength of the chiral transition in the 2þ 1-flavor QM
model is very large in the previously discussed works. This
occurs because the effective potential with the vacuum
correction term is computed in the MS scheme, while the
model parameters are fixed using the curvature masses of
mesons [143,144], as done in the QMVT treatment of
e-MFA [117–120,123,128]. In contrast, the renormalized ’t
Hooft coupling c becomes significantly stronger, and the
explicit symmetry-breaking strengths hx and hy weaken
due to the consistent renormalization of parameters in the
RQMmodel; this is achieved by matching the counterterms
in the on-shell scheme to those in the MS scheme.
Therefore, the softening effect of the quark one-loop
vacuum fluctuations is moderate in the e-MFA treatment
of the RQMmodel. Consequently, the RQMmodel tends to
produce a comparatively larger extent of the first-order
transition line, shifting the CEP position upward in the μ-T
plane. In light of this, it will be highly interesting to
investigate below how much the CEP shifts toward higher μ
and lower T values as the strength of the vector interaction
increases, and how it disappears when the transition
becomes a smooth crossover across the entire phase
diagram at higher values of gω.
In this subsection, we will present the results for the

effects of vector interactions on the phase diagrams,
positions of critical end points, and the extent of critical
fluctuations around the CEP in our 2þ 1-flavor RQM/
RPQM model framework. We have computed the phase
diagrams with the vector interactions taking five different
coupling strengths gω ¼ 1.0; 1.5, 2.0, 2.5, and 2.75 when
the scalar σ mass mσ ¼ 500 MeV. The phase diagram and
the position of the CEP in the absence of vector interaction
gω ¼ 0 has been compared with the four different
RQM model phase diagrams with the vector interactions
in Fig. 9(a). Table V shows that the CEP position at
ðμCEP; TCEPÞ ¼ ð265.42; 38.71Þ with no vector interaction
shifts, respectively, to the ðμCEP; TCEPÞ ¼ ð273.5; 34.05Þ;
ð282.49; 28.23Þ; ð292.83; 20.33Þ, (302.17, 10.68), and
(305.84, 4.07) MeV when the vector interaction strength
is successively increased to gω ¼ 1.0; 1.5, 2.0, 2.5, and
2.75. The strength of the first-order transition becomes
weaker due to the increasing strength of the vector
interactions as expected [55,154,155]. The first-order
transition line shrinks at the expanse of the extending
crossover transition lines in the phase diagrams of Fig. 9(a)
and the first-order transition altogether disappears from the
phase diagram when the strength of the vector interaction
becomes gω ¼ 2.79. Thus, the whole phase diagram turns
into a crossover transition line for the vector-to-scalar
critical coupling ratio 2gω

g ¼ 0.858 where the scalar cou-
pling g ¼ 6.5. The contours for the quark number
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susceptibility ratio Rq ¼ 2 around the CEP, which serve as
a measure of critical fluctuations, are compared in Fig. 9(a),
as depicted by solid green, red, and blue lines for the
gω ¼ 0, 1, and 2 phase diagrams, respectively.
The effects of vector interactions on the critical fluctua-

tions around the CEP have been quantified in Fig. 9(b) by
drawing the Rq ¼ 2, 3, and 5 susceptibility contours for
mσ ¼ 500 MeV in the RQM model. The contours drawn
for the two different vector coupling strengths gω ¼ 1.0 and
2.0 are presented in Fig. 9(b) for comparison with the
earlier obtained contours [in Fig. 5(b)] when the vector
interaction is absent. The line types and legends for
different cases are marked and explained in the figure.
Note that the TðμÞ axis spreads for the Rq ¼ 2, 3, and 5
contours without the vector interaction are 38.4 (45.0), 23.3
(25.5), and 13.1 (13.7) MeV, respectively. These values are
reduced by the vector interaction to 35.1 (37.2), 21.4 (21.2),
and 11.9 (11.2) MeV when gω ¼ 1 and to 28.4 (20.7), 17.4
(12.0), and 9.7 (6.4) MeV when gω ¼ 2. Note that, as the
vector interaction strength increases, the spread of contours
decreases by a larger magnitude in the chemical potential
direction than in the temperature direction.
Recall that when the physics of statistical color confine-

ment is integrated into the RQM model, the CEP shifts

significantly upward along the temperature axis due to the
effect of the Polyakov-loop potential in the Log RPQM
model [144]. The CEP at ðμCEP;TCEPÞ¼ð252.0;94.6ÞMeV
with no vector interaction in the Log RPQM model
shifts, respectively, to the ðμCEP;TCEPÞ¼ð264.11;86.0Þ;
ð277.02;74.1Þ;ð290.91;55.5Þ;ð301.82;31.1Þ, and (305.71,
13.5) MeV when the vector interaction strength is succes-
sively increased to gω ¼ 1.0; 1.5, 2.0, 2.5, and 2.75 as
shown in Table V. Figure 10(a) shows the Log RPQM
model phase diagrams for gω ¼ 0, 1.0, 1.5, and 2.0, along
with three Rq ¼ 2.0 susceptibility contours in green, red,
and blue for gω ¼ 0, 1.0, and 2.0, respectively. Comparing
the RQM model results for the CEP locations with those of
the Log RPQM model in Table V, one finds that the log
form of the Polyakov-loop potential causes a significantly
large upward shift in the temperature direction. This shift is
reduced successively from 55.89 to 51.95, 45.87, 35.17,
and 20.42MeVas gω increases from 0.0 to 1.0, 1.5, 2.0, and
2.5, respectively. In contrast, the downward shift of the
CEP along the μ axis (toward lower chemical potentials) for
the Log RPQM model relative to the RQM model is
smaller. This shift also decreases successively from
13.42 to 9.39, 5.47, 1.92, and 0.35 MeV as gω increases
from 0.0 to 1.0, 1.5, 2.0, and 2.5, respectively.

(a) (b)

FIG. 9. The RQM model phase diagrams for different strengths of vector coupling gω ¼ 0.0; 1.0, 1.5, 2.0, and 2.5 are presented in
(a) where the legends and line types are labeled and the position of CEP for gω ¼ 2.75 is also depicted. Rq ¼ 2, 3, and 5 susceptibility
contours for gω ¼ 0.0, 1.0 and 2.0 are presented in (b) for comparison. FO denotes the first order phase transition in the left panel.

TABLE V. The positions of critical end points in different model scenarios when the strength of vector interaction coupling ðgωÞ is
varied for mσ ¼ 500 MeV. The ðgω ¼ 0Þ shows the earlier cases when vector interaction is absent.

ðμCEP; TCEPÞ MeV

Models gω ¼ 0.0 gω ¼ 1.0 gω ¼ 1.5 gω ¼ 2.0 gω ¼ 2.5 gω ¼ 2.75

RQM (265.42, 38.71) (273.5, 34.05) (282.49, 28.23) (292.83, 20.33) (302.17, 10.68) (305.83, 4.06)
Log RPQM (252.0, 94.6) (264.11, 86.0) (277.02, 74.1) (290.91, 55.5) (301.82, 31.1) (305.71, 13.5)
PolyLog-glue RQM (252.7, 70.9) (263.4, 62.7) (275.9, 50.87) (289.96, 33.46) (302.02, 12.53) (305.60, 5.4)
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Figure 10(b) depicts the Log RPQM model contours for
Rq ¼ 2, 3, and 5 with vector coupling strengths gω ¼ 1.0
and 2.0 whenmσ ¼ 500 MeV, alongside the corresponding
contours without vector interaction from Fig. 6(a) for
comparison. Recall that the TðμÞ- axis spreads for the
Rq ¼ 2, 3, and 5 contours for the Log RPQM model
without the vector interaction are 46.9 (71.4), 29.8 (42.6),
and 18.8 (23.8) MeV, respectively. The above values for the
TðμÞ axis spreads are enhanced (reduced) by the vector
interaction to 50.0 (62.4), 34.0 (37.0), and 19.3 (19.2) MeV
when gω ¼ 1 and to 57.8 (31.7), 37.6 (17.9), and 22.2
(9.7) MeV, respectively, when gω ¼ 2. A key result worth
emphasizing, in contrast to the RQM model, is the
noticeable enhancement of quark number susceptibilities
along the T axis when the vector interaction strength is
increased from gω ¼ 0 to gω ¼ 1 and 2 under the influence
of the Polyakov-loop potential in the Log RPQM model
framework. This increase causes the contour spread to
expand along the temperature direction while contracting
significantly along the chemical potential direction.
Consequently, the gω ¼ 1 contours in Fig. 10(b) are shifted

upward in comparison to the gω ¼ 0 case, while the
contours for gω ¼ 2 appear much more vertically oriented
toward the T axis.
The PolyLog-glue RPQM model CEP at ðμCEP; TCEPÞ ¼

ð252.7; 70.9Þ MeV, found in the absence of vector inter-
actions, shifts to ðμCEP; TCEPÞ ¼ ð263.4; 62.7Þ (275.9,
50.87), (289.96, 33.46), (302.02, 12.53), and (305.60,
5.4) MeV, respectively, when the vector interaction strength
gω is successively increased to 1.0, 1.5, 2.0, 2.5, and 2.75 as
shown in Table V. The PolyLog-glue RPQM model phase
diagrams for gω ¼ 0, 1, 1.5, and 2.0, together with three
Rq ¼ 2.0 susceptibility contours in green, red, and blue for
gω ¼ 0, 1, and 2.0 respectively, are presented in Fig. 11(a).
When the positions of CEP in the PolyLog-glue RPQM
model are compared with those in the RQM model in
Table V, one notes that the presence of the quark backreaction
in the PolyLog-glue form of the Polyakov-loop potential
gives rise to an effect that generates a moderately large
upward shift in the temperature direction. This shift is
reduced successively from 32.19 to 28.65, 22.64, 13.13,
and 1.85 MeV as gω increases from 0.0 to 1.0, 1.5, 2.0, and

TABLE VI. The T- and μ-axis spread of the Rq ¼ 2; 3, and 5 contours in different model scenarios for different vector coupling
strength gω. The notation is same as in Table IV.

Entries below the ΔTa, ΔTb, ΔT, Δμl, Δμh, and Δμ correspond to the susceptibility ratio Rq ¼ 2ð3Þð5Þ
Models gω ΔTa ΔTb ΔT ¼ ΔTa þ ΔTb Δμl Δμh Δμ ¼ Δμl þ Δμh
RQM 1 26.6(16.1)(9.1) 8.5(5.3)(2.8) 35.1(21.4)(11.9) 29.3(16.5)(8.8) 7.9(4.7)(2.4) 37.2(21.2)(11.2)

2 21.1(13.1)(7.4) 7.3(4.3)(2.3) 28.4(17.4)(9.7) 15.8(9.0)(4.7) 4.9(3.0)(1.7) 20.7(12.0)(6.4)

Log RPQM 1 35.0(24.0)(14.3) 15.0(10.0)(5.0) 50.0(34.0)(19.3) 50.6(29.1)(15.2) 11.8(7.9)(4.0) 62.4(37.0)(19.2)
2 39.3(26.1)(15.7) 18.5(11.5)(6.5) 57.8(37.6)(22.2) 25.2(13.7)(7.1) 6.5(4.2)(2.6) 31.7(17.9)(9.7)

PolyLog-glue RPQM 1 39.3(26.4)(15.6) 15.9(10.2)(6.7) 55.2(36.6)(22.3) 45.4(27.3)(14.8) 13.0(8.3)(5.3) 58.4(35.6)(20.1)
2 42.6(28.3)(16.7) 16.0(12.0)(7.0) 58.6(40.3)(23.7) 29.2(16.9)(9.0) 8.0(5.3)(3.1) 37.2(22.2)(12.1)

(a) (b)

FIG. 10. The Log RPQM model phase diagrams for different strengths of vector coupling gω ¼ 0.0, 1.0, 1.5, and 2.0 are presented in
(a) where the legends and line types are labeled and the position of CEPs for gω ¼ 2.5 and 2.75 are also depicted. Rq ¼ 2, 3, and 5
susceptibility contours for gω ¼ 0.0, 1.0, and 2.0 are presented in (b) for comparison. FO denotes the first order phase transition in the
left panel.
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2.5, respectively. We emphasize that this shift is appreciably
smaller than the one discussed above for the Log RPQM
model relative to the RQM model. The downward shifts of
the CEP along the μ axis (toward lower chemical potentials)
relative to the RQM model are nearly the same for both the
PolyLog-glue RPQM and Log RPQM models.
The PolyLog-glue RPQM model contours for Rq ¼ 2, 3,

and 5 with vector coupling strengths gω ¼ 1.0 and 2.0 (for
mσ ¼ 500 MeV), along with the corresponding contours
without vector interaction from Fig. 6(b), are presented in
Fig. 11(b) for comparison. It is worth recalling that, for the
PolyLog-glue RPQMmodel without vector interaction, the T
(μ) axis spreads for the Rq ¼ 2, 3, and 5 contours are 53.5
(65.0), 35.9(40.2), and 21.7 (22.8) MeV, respectively.
Turning on the vector interaction enhances the T-axis spreads
but reduces the μ-axis spreads. Specifically, at gω ¼ 1, the T
(μ) spreads shift to 55.2 (58.4), 36.6 (35.6), and 22.3
(20.1) MeV. At gω ¼ 2, they change further to 58.6
(37.2), 40.3 (22.2), and 23.7 (12.1) MeV, respectively.
Notably, the effect of quark backreaction in the Polyakov-
loop potential of the PolyLog-glue RPQMmodel generates a
somewhat smaller reduction in the μ-direction spread of
contours compared to that of the Log RPQM model. Thus,
when the vector interaction strength is increased from
gω ¼ 0 to gω ¼ 1 and 2 under the influence of the quark
backreaction, one finds a significant enhancement in the
spread of quark number susceptibility contours along
the T axis relative to that of the RQM model; however,
the contraction along the chemical potential direction
becomes moderate compared to that of the Log RPQM
model. Similar to the behavior observed in the Log RPQM
model, the gω ¼ 1 contours within the PolyLog-glue
framework [Fig. 11(b)] are shifted upward in comparison
to the gω ¼ 0 case, while the gω ¼ 2 contours appear more
vertically oriented toward the T axis.

It is emphasized that the entire transition line becomes a
crossover in the RQM model phase diagram for a critical
vector-to-scalar coupling ratio of 2gω

g ¼ 0.858 (where the
Yukawa coupling is g ¼ 6.5 and gω ¼ 2.79). The
Polyakov-loop potential has a minuscule effect on this
critical ratio; in the Log RPQMmodel, the first-order phase
transition disappears entirely at a ratio of r ¼ 0.861
(gω ¼ 2.798). This result is noticeably different from
several NJL/PNJL/extended PNJL (EPNJL) model studies,
where the first-order transition is washed out for r < 0.6.
We emphasize that the CEP in our RQM/RPQM
framework survives a significant vector coupling strength
of gω¼2.79ðgV ¼5.58Þ. This stands in contrast to the
three-flavor QM model work of Ref. [128] and the (axial)
meson-extended three-flavor QM model of Ref. [188],
where the first-order transition disappears for gV ≥ 3.1.
This critical vector coupling strength would have important
implications for the compact star equation of state and
related astrophysical phenomenology.

IV. SUMMARY

Consistent treatment of quark one-loop vacuum fluctua-
tions and parameter renormalization in the renormalized
quark-meson model—by matching on-shell and MS coun-
terterms—yields a significantly stronger ’t Hooft coupling
c and weaker explicit chiral symmetry breaking (hx, hy).
Consequently, the CEP shifts upward in the RQM
phase diagram [143,144]. This shift is further enhanced in
the RPQM model upon incorporating the Polyakov-loop
potential, with or without quark backreaction. Located
higher in the μ-T plane than the CEP of the curvature-
mass-based PQMVT model [120], the RPQM model
CEP [144] aligns closer to recent theoretical estimates
of the QCD critical region (Tc ∼ 100–110 MeV,

(a) (b)

FIG. 11. The PolyLog-glue RPQM model phase diagrams for different strengths of vector coupling gω ¼ 0.0, 1.0, 1.5, and 2.0 are
presented in (a) where the legends and line types are labeled and the position of CEPs for gω ¼ 2.5 and 2.75 are also depicted. Rq ¼ 2, 3,
and 5 susceptibility contours for gω ¼ 0.0, 1.0, and 2.0 are presented in (b) for comparison. FO denotes the first order phase transition in
the left panel.
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μB∼420–650MeV⇔μCEP∼140–217MeV) [76]. Therefore,
mapping the critical regions around the CEP in the RQM
and RPQM models is essential. It is equally imperative to
determine how vector interactions modify the phase
diagrams, CEP locations, and surrounding critical fluctua-
tions. Given the RQM model’s propensity for a larger first-
order transition line, identifying the critical vector coupling
strength where the first-order line completely disappears
into a smooth crossover is highly interesting. Determining
this critical strength has important implications for the
compact star equation of state and related astrophysical
phenomenology.
To determine the critical temperature Tc of the second-

order chiral phase transition at μ ¼ 0 in the light chiral limit
(mπ ¼ 0), the temperature variations of the order parameter
and its derivative were computed for mσ ¼ 500 MeV. In
the RPQM model, the log and PolyLog-glue forms of the
Polyakov-loop potential were implemented, both with and
without quark backreactions. The modified values of fπ ,
fK , mη, and mη0 needed to fix the RQM parameters in this
limit, where ðmπ; mKÞ ¼ ð0; 496Þ MeV, were obtained
using large-Nc standard chiral perturbation theory inputs
from Refs. [62,151,152]. Addressing our first objective, the
light chiral limit phase diagrams for the RQM, Log RPQM,
and PolyLog-glue RPQM models (setting T0 ¼ Tglue

c ¼
187 MeV for 2þ 1 dynamical quark flavors) are com-
puted for mσ ¼ 400 and 500 MeV and compared with
their physical point counterparts [143,144]. For mσ ¼
500ð400Þ MeV, the RQM TCP at ðμTCP; TTCPÞ ¼
ð220.15; 71.52Þ½ð194.6; 65.9Þ� MeV and CEP at ðμCEP;
TCEPÞ ¼ ð265.42; 38.71Þ½ð243.12; 37.03Þ� MeV shift to
ðμTCP; TTCPÞ ¼ ð194.3; 126.53Þ½ð164.21; 126.41Þ� and
ðμCEP; TCEPÞ ¼ ð252.0; 94.6Þ½ð230.5; 93.8Þ� MeV in the
Log RPQM model. In the PolyLog-glue RPQM model,
the shifted TCP and CEP are located at ðμTCP; TTCPÞ ¼
ð202.2; 108.14Þ½ð172.4; 107.28Þ� and ðμCEP; TCEPÞ ¼
ð252.7; 70.9Þ½ð227.6; 73.6Þ� MeV, respectively.
Critical regions around the CEP are mapped by drawing

contours of constant ratios (Rq ¼ 2, 3, and 5) of quark
number susceptibility, normalized by the free quark gas
susceptibility. These contours are evaluated for the QM,
PolyLog-glue PQM, RQM, Log RPQM, and PolyLog-glue
RPQM models (with T0 ¼ Tglue

c ¼ 187 MeV). In the QM
model under the no-sea mean-field approximation, the critical
regions for Rq ¼ 2 and 3 are highly compressed along the
temperature axis, while the Polyakov-loop potential in the
PolyLog-glue PQM model yields extremely pinched and
minuscule regions. Conversely, the RQM model produces
large, smooth, and symmetric critical regions for mσ ¼ 400
and 500 MeV; its consistent on-shell renormalization of
vacuum corrections significantly broadens the regions
perpendicular to the crossover line. Without quark back-
reaction, the Log RPQM model shows extensively large
critical regions with a wider spread along the μ axis, albeit
with somewhat compressed contour widths. Incorporating

the quark backreaction in the PolyLog-glue RPQM model
generates broader, rounder, and smoother critical regions
characterized by larger spreads along the T axis and less
width compression. Across the RQM and RPQM (log and
PolyLog-glue) models, the Rq ¼ 2, 3, 5 critical regions
are noticeably larger for mσ ¼ 500 MeV than for
mσ ¼ 400 MeV. This occurs because mσ ¼ 500 MeV
CEPs lie at higher chemical potentials μCEP, where the phase
boundary curvature is more pronounced. Furthermore, for
mσ ¼ 500 MeV in the RQM model, the TCP lies closer to
the boundary of the Rq ¼ 2 critical region, whereas for
mσ ¼ 400 MeV, it lies noticeably away. This indicates that
critical fluctuations around the CEP are likely to be influ-
enced by the proximity of the TCP when mσ ¼ 500 MeV.
Similarly, in the log and PolyLog-glue RPQM models with
mσ ¼ 500 MeV, the TCP is just inside the boundary of the
Rq ¼ 2 critical region, while remaining far outside for
mσ ¼ 400 MeV. Consequently, critical fluctuations around
the RPQM CEPs are distinctly affected by the nearby TCP at
higher σ mass. This comprehensive analysis fully addresses
the first objective of the present work.
To analyze how different treatments of quark one-loop

vacuum fluctuations affect the phase diagram, CEP loca-
tion, and critical fluctuations, the phase diagrams of the on-
shell renormalized RQM, RPQM-I, and RPQM-II models
for mσ ¼ 400 MeV are compared with those of the
curvature-mass-based parametrized QMVT, PQMVT-I,
and PQMVT-II models from Schaefer and Wagner in
Ref. [120]. In Ref. [120], the PQMVT-I model denotes
the baseline case with T0 ¼ 270 MeV for the pure gauge
theory in the log Polyakov-loop potential, while PQMVT-II
incorporates quark backreaction via a chemical-potential-
dependent T0ðμÞ [with T0ðμ ¼ 0Þ ¼ 270 MeV].
Correspondingly, for our mσ ¼ 400 MeV study, RPQM-I
signifies the Log RPQM model setup, and RPQM-II
represents the PolyLog-glue RPQM scenario, both evalu-
ated with T0 ¼ 270 MeV. The resulting CEP locations
reveal distinct shifts between the two approaches. The
RQM model CEP is located at ðμCEP; TCEPÞ ¼
ð243.12; 37.03Þ MeV, whereas the QMVT CEP lies at
ðμCEP; TCEPÞ ¼ ð286.0; 32.0Þ MeV. For the Polyakov-
loop-extended frameworks without backreaction, the
RPQM-I model CEP is at ðμCEP;TCEPÞ¼ð237.8;104.23Þ
MeVcompared to thePQMVT-ImodelCEPat ðμCEP;TCEPÞ¼
ð283.0;90.0ÞMeV. Finally, including quark backreaction
shifts the RPQM-II model CEP to ðμCEP;TCEPÞ¼
ð228.54;86.47ÞMeV, while the PQMVT-II model CEP is
situated at ðμCEP; TCEPÞ ¼ ð280.0; 83.0Þ MeV.
The RQM model critical regions are smooth, noticeably

broad perpendicular to the crossover line, and share a
similar total spread with the QMVT model contours in
Ref. [120]. However, while the QMVT model contours
have a large spread above the CEP, they compress into a
narrow, necklike structure below TCEP because its CEP lies
at a higher chemical potential (μCEP ¼ 286 MeV) where
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the first-order line curvature is large. This narrowing is
practically absent in the RQM model contours due to its
significantly lower CEP position in μ direction
(μCEP ¼ 243.12 MeV) where the boundary curvature is
much smaller. For the Polyakov-loop-extended frameworks
without quark backreaction, the total T-axis spread of the
PQMVT-I critical region (signified by the Rq ¼ 2 contour)
is more than double that of the RPQM-I model, whereas its
μ-axis spread is only about 17 MeV larger. Like the QMVT
case, the large PQMVT-I model critical region narrows
drastically below TCEP into a compressed neck because its
CEP is situated at a high chemical potential (μCEP ¼
283 MeV). Conversely, the RPQM-I model CEP is located
noticeably higher and further left at a smaller chemical
potential (μCEP ¼ 237.8 MeV), yielding smooth, somewhat
symmetrical critical regions with negligible contour com-
pression. Incorporating quark backreaction, the Rq ¼ 2

critical region for the RPQM-II model exhibits nearly
symmetric spreads along the T axis (48.3 MeV) and μ
axis (49.6 MeV). The RPQM-II model contours are larger,
smoother, and broader than their RPQM-I model counter-
parts, lacking any narrow neck below TCEP. Similarly, the
PQMVT-II model critical regions show a reduced narrow-
ing below TCEP compared to the PQMVT-I model due to
the backreaction effect. This comparative analysis com-
pletely addresses our second objective.
We have investigated how vector interactions modify the

phase diagrams, shift the position of the CEP, and alter the
corresponding critical regions by increasing the vector
coupling strength in steps from gω ¼ 0.0, 1.0 to 2.75.
The first-order transition weakens as the vector coupling
strength increases. In the RQM model, the entire transition
line becomes a crossover at a critical vector-to-scalar
coupling ratio of 2gω

g ¼ 0.858 (where the Yukawa coupling
is g ¼ 6.5 and gω ¼ 2.79). The Polyakov-loop potential has
a minuscule effect on this critical ratio; in the Log RPQM
model, the first-order phase transition disappears entirely at
a ratio of r ¼ 0.861 (gω ¼ 2.798). This result is noticeably

different from several NJL/PNJL/EPNJL model studies,
where the first-order transition is washed out for r < 0.6.
We emphasize that the CEP in our RQM/RPQM framework
survives a significant vector coupling strength of
gω ¼ 2.79 ðgV ¼ 5.58Þ. This stands in contrast to the
three-flavor QM model work of Ref. [128] and the (axial)
meson-extended three-flavor QM model of Ref. [188],
where the first-order transition disappears for gV ≥ 3.1.
This critical vector coupling strength could have important
implications for the compact star equation of state and
related astrophysical phenomenology.
The critical regions in the RQMmodel shrink along both

the temperature (T) and chemical potential (μ) axes with
increasing vector coupling, whereas this shrinking is
slightly more pronounced in the μ direction. As gω
increases from 1.0 to 2.0 in the Log RPQM model, the
contour spread reduces much more significantly along the μ
axis than the T axis. This trend is moderated in the
PolyLog-glue RPQM model due to the effects of quark
backreaction. As the vector interaction strengthens in the
log and PolyLog-glue RPQM models, the critical regions
are drastically suppressed in the chemical potential direc-
tion while elongating along the temperature direction. This
simultaneous reduction along μ and elongation along T
causes the contours to develop a vertical tilt in the T − μ
plane. This analysis fulfills our third objective.
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