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Gravitational radiation from hyperbolic orbits:
Comparison between self-force, post-Minkowskian,
post-Newtonian, and numerical relativity results
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In this work I use a frequency-domain Regge-Wheeler-Zerilli approach to compute the gravitational-
wave energy radiated by a compact body moving along a hyperbolic or parabolic geodesic of a
Schwarzschild black hole. I compare my results with the latest post-Minkowskian (PM) calculations for the
radiated energy and find agreement for hyperbolic orbits with large impact parameters and characterized
by a velocity at infinity, v, as large as v, /c = 0.7. T also find agreement between my results and the
leading-order PM expansion for the radiation absorbed by the black hole. I make further comparisons with
post-Newtonian (PN) theory and show the effectiveness of a simple PN-PM hybrid model. Finally, I make a
first comparison of the radiated energy between self-force and numerical relativity.

DOI: 10.1103/v6rz-4fok

I. INTRODUCTION

Relativistic modeling of compact binaries has seen an
explosion of interest in the past decades driven by the needs
of gravitational-wave (GW) observatories. Most modeling
focuses on bound systems which make up all of the GW
sources detected to date [1]. There has been less attention
on unbound, scattered binaries as they are not expected to
form a significant population of detectable GW sources
(though see, e.g., [2-4]). Recently, new approaches to
modeling scattered binaries by leveraging techniques
developed in the particle physics community, along with
ways to map the information from unbound to bound
systems, has led to a flurry of new work in this area.

There are a variety of techniques to model relativistic
binaries. One can solve the full Einstein field equations on
supercomputers in an approach known as numerical rela-
tivity (NR). If the binary is asymmetric then the field
equations can be perturbatively expanded in the small mass
ratio in what is known as the self-force (SF) approach.
In the weak field an alternative perturbative approach,
known as the post-Minkowskian (PM) expansion, can be
employed whereby one expands in powers of the gravita-
tional constant. If in addition the velocity of the binary is
also small compared to the speed of light then the post-
Newtonian (PN) expansion becomes valid. All of these
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approaches have involved decades of theoretical develop-
ment, and some require the execution of tens of thousands
of lines of computer code to produce results. Given all this
complexity it is crucial to cross-check the output from each
approach against the others. The gauge freedom of general
relativity can make such cross-checks challenging and so
comparisons focus on a handful of gauge invariant quan-
tities. These gauge invariant quantities also play a key role
in calibrating effective models of the binaries, such the
effective-one-body approach [5-7]. There is a rich and
fruitful history of these comparisons and calibrations for
bound systems [8—22]. The primary focus of the present
work is to extend cross-validation with SF results to
scattered binaries.

In particular, this work is motivated by the recent rapid
progress in PM calculations. Following the seminal work
by Damour [23,24] showing how to map PM results for
scattered binaries to bound binaries via the effective-one-
body (EOB) approach, a variety of authors have worked
to extend PM calculations, often using particle physics
methods (see, e.g., [25-27] for reviews). One recent
major result was the calculation of the scattering angle
and radiated energy at the fifth PM order and at leading
order in the mass ratio expansion [28]. This analytic
calculation involved the evaluation of hundreds of
Feynman diagrams which was assisted by around
300,000 CPU hours of computational resources. The
resulting formulas contain thousands of terms. Both their
scattering angle and radiated energy formula were vali-
dated in the low-velocity limit by comparison with PN,
and the scattering angle was validated at higher velocities
by comparison with NR simulations. The present work
provides the first validation of PM radiated energy
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formulas at higher velocities by comparing against SF
results. The agreement I find between PM and SF results
builds confidence in both calculations.

I now review the status of each approach for binaries
on hyperbolic or parabolic orbits, with an emphasis on the
radiated energy which is the focus of the present work. As I
give a more detailed review of the analytic PN and PM
calculations in Sec. II I only briefly review these results
here. PN calculations have been made through 3PN order
[29-31], and PM results are known at all orders in the mass
ratio at 3PM [32] and 4PM [33,34] order, and the 5SPM
results are at known leading order in the mass ratio [28].
The radiation absorbed by the black holes during the
scattering event is known at leading order [35,36]. There
is also a range of results made using a double PM-PN
expansion [31,37] and results that also include a third SF
expansion [38,39]. Approaches that map these analytic for
scattered binaries results to the bound case include the
“boundary-to-bound” (B2B) map [40—43] and calibration
of EOB models [44,45].

There have been a variety of studies of scattered binaries
in NR, often with a focus on comparing the scattering angle
with PM results [46-51]. This includes testing the B2B
map [52], resummations of PM results [53], and surrogate
modeling of the waveforms [54].

For SF calculations time-domain Teukolsky codes
[55-59] can calculate the gravitational radiation for arbi-
trary orbital configurations. This includes hyperbolic orbits
and associated comparisons with EOB models [60-63].
Parabolic orbits have also been studied using Regge-
Wheeler-Zerilli (RWZ) perturbation of Schwarzschild
black holes in the time domain [64]. Frequency-domain
(FD) approaches have also been pursued [65-67], notably
recently by Hopper with RWZ perturbations [68] who also
made comparisons with 1PN results [69]. In the FD there
have also been studies of related calculations where the two
black holes merge [70-73].

SF calculations in the conservative sector are signifi-
cantly more challenging as one needs to both compute and
regularize the metric perturbation near the secondary [74].
To date all such calculations for hyperbolic orbits have
focused on scalar-field toy models. These include calcu-
lations in the time [75] and frequency domains [76,77],
hybridization of these results [78], and comparisons with
scalar-field PM results [79].

This work focuses on calculating the radiated energy
from a hyperbolic orbit and is structured as follows.
I describe the physical setup of the problem in Sec. [ A,
and summarize the known analytic results in Sec. II.
In Sec. IIC I present a simple hybrid PN-PM model.
Hyperbolic geodesics of Schwarzschild time are described
in Sec. III, and the frequency-domain method for calculat-
ing the associated perturbation is presented in Sec. IV.
In Sec. V I outline the numerical method, error analysis,
and internal validation of the numerical results. The main

results comparing my SF calculation with PM theory are
presented in Sec. VI. I also take the opportunity here to
make comparisons with PN theory, the PN-PM hybrid, and
the results of NR simulations. I provide some concluding
remarks and thoughts on future directions in Sec. VII, and
the Appendix presents a sample of the numerical data and
results for parabolic orbits.

Throughout this work I wuse metric signature
(— +,+,+) and T will usually work with geometrized
units such that G = ¢ = 1, unless it adds clarity to restore
these factors.

A. Physical setup

In this work I consider a system where two black holes
of mass m; > m, scatter off one another. It will be
convenient to consider various combinations of these
masses and I define total mass, the small mass ratio, and
the symmetric mass ratio, respectively, by

M = my +mj, (1)
my
=— 2
=12, @)
mym
= A}zz = e+ O(e?). (3)

In the infinite past the two black holes have incoming four-
momenta p/ = (E;, p;) where E; and p; are the energy and
three-momenta associated with each black hole. The

magnitude of the four-momentum is given by p? = —m?

1
and I define the total energy as E = E| + E,. In the infinite
past the perpendicular distance between the paths the two
black holes would take in flat spacetime is the impact
parameter, b.

When describing the motion of the two bodies there
are two key frames to be considered. The first is the
initial center of mass (c.m.) frame where PN, PM, and NR
results tend to be computed. I will denote all quantities in
this frame using an asterisk superscript. The c.m. frame is
then defined by p5 = —pj. The four-momentum is related
to the three-velocity v; via p; =yim;v; where y; =
1/4/1 = (v})? is the Lorentz factor with v} = |v}|. I define
the angular momentum of each body about the c.m. via
L} =r} x pj, where rj is a radial three-vector connecting
the body and the c.m. This gives the magnitude of the
angular momentum as Lf = |L}| = |p7||r}| sin &* where 6*
is the angle between the two vectors. The impact parameter
between each body and the c.m. is defined by
b; = limy | |r?|sin 6%, and then b; + b, = b. The mag-
nitude of the total angular momentum is given by
L' = Lj+ L} = pilb.

Self-force calculations tend to be made in frame where
the primary, m;, is stationary. Boosting to this frame, the
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initial relative velocity and the associated relative Lorentz
factor between the two black holes is given by

V] + 05 1
= ATh —— 4
YT Ty T 2 “

respectively. Here I use an oo subscript as this is the
velocity of m, when it is infinitely far from m;. In this
frame the momenta are given by p/ = (m;,0) and p5 =
(ymy, ym,vy,) which implies p, - p, = ym;m,. Noting that
E* = (pif + p5)? one can derive the relation

= 5
v S, (5)
From this one can define
E
FEM: 14+2u(y—1)=1+0(e). (6)

In the frame where m, is stationary the angular momentum
of m, about m; is givenby L. = L, = r|, X p, wherer, is
a vector connecting the two bodies. The magnitude of the
angular momentum L = |L| = |p,||ri,| sin @ where 6 is the
angle between the two vectors. In this frame the impact
parameter is given by b = lim |, [r|5]sin 6.

Using b = L/|p;| = L*/|p}| and explicit computations
of |p;| and |pj| one arrives at

b EL*/(”ﬁmz)_ L/m, (7)

IV B

In particular this implies that

L*:%L:L—k(’)(s). (8)

II. SUMMARY OF ANALYTIC RESULTS
FOR THE GRAVITATIONAL RADIATION

Over the years various PN and PM results for the
gravitational radiation from hyperbolic and parabolic orbits
have appeared in the literature. In this Sec I summarize the
status of these results. For all of these results to be valid
the orbital trajectories must remain in the weak field. In
particular we must have

— < 1. 9)
rc

The PM results will be valid so long as this constraint is
satisfied. For the PN results to be valid the constraint
Vo/c < 1 must also hold.

A. Post-Newtonian results

Through 2PN the radiated energy to infinity takes
the form

21031 1
AEPN 7' — -7 o gnPN _
) 57 anZH{ ) arccos( €r>
+ EuPN e%—l], (10)

where j = L*/M and e, is given through 2PN order in
Eq. (6.20) of [30]. The &N (with k =1 or 2) functions
appear at the nth PN order, i.e., O(c™>"). The leading-order
Newtonian (OPN) result was computed by Hansen [80]
(corrected by Turner [81]). The 1PN result was computed
by Blanchet and Schifer [29] and the 2PN result was
derived by Bini et al. [30]; see their Appendix for the form
that matches Eq. (10).

One often explored limit of these results is the e, — oo,
or bremsstrahlung, limit which is equivalent to the large-;
limit. In this limit the radiated energy can be written as

2 [Balpe) | Eulpes) | T g

] J

AED (peo.]) = My

where j = j"/pls" and p,, = \/y*> — 1/T is the (specific)
linear momentum at infinity. The functions E, arise at the
nPM order, i.e., O(G"). At each PM order the function E,,
functions can be expanded as

azimwﬁ, (12)

where the pX term corresponds to the k/2-PN order. By
expanding the 2PN result from Eq. (10) the A;_(024)
coefficients can be determined at every PM order.
Furthermore, in this large-j limit additional PN terms have
been computed. For example, the 7PN expansion of £3*M
can be found in Eq. (5.19) of [82]. The expansion in large j
(atfixed p,) introduces 1.5PN terms which were computed
through 7PM in [82]; see their Appendix. Most recently all
the terms up to 3PN through 15PM have been computed by
Cho et al. [31,37].

Another important limit is the parabolic limit where
e — 1. For parabolic orbits the results at 1PN [29],
2PN [30], and 3PN [31] are exact.

Although the leading-order PN horizon energy flux has
been calculated for circular orbits [83] I am not aware of
any PN calculation of the horizon flux for hyperbolic or
parabolic orbits.

Above I have focused on the radiated energy, but similar
results are known for the radiated angular momentum. This
was computed to 1PN order in [84] with a correction noted
in footnote 19 of [82]. Reference [82] also extends these
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Comparison of the (9(1/2) contribution to the radiated energy between PM (solid curves) and PM-3PN (dashed curves) results.

The left plot shows the comparison in the relatively strong field with /M = 15. The right plot shows the comparison in the weak field
with b/M = 100 (this value is more typical of the values explored in this work). In both cases it is notable how well the PN expansion at
each PM order agrees with the full PM result, even for quite large values of v,. In both plots the lowest value of v, shown corresponds
to the critical velocity for that value of b below which the geodesic plunges into the black hole. Note that the weak-field criterion in
Eq. (35) means the PM and PM-3PN results shown here will not be accurate for trajectories near the critical orbit when compared to the

full numerical result.

results to 2PN and provides the 1.5PN terms in the large-
J limit.

B. Post-Minkowskian results

Since 2021 there has been rapid progress computing PM
results for hyperbolic orbits. Results for the radiated energy
are summarized below.

1. Energy radiated to infinity

In the PM expansion the energy radiated to infinity takes
the form

54PM (},’ I/)
b4

AERM —

M4 2 E3PM
2,

I'(v,y) b3
EM(y,v)

+ b3

+ O(b—é)]. (13)

The function E3PM(y) was first computed in Ref. [32]. The
4PM term E*M(y,1) was computed in Refs. [33,34].
The 5PM function is only known at leading order in the
mass ratio; that is £5PM(y,v) = EPMISF(y) + O(v) where
ESPMLISE (1) wwas computed in Ref. [28]." All of these results
were computed within the past few years using particle
physics methods [25-27].

For the leading-order, O(1?), contribution to the radiated
energy that is the focus of this work, it is interesting to note
how well the PM-3PN expansion from Eq. (11) performs

'Note that the 5PM-1SF analytic result contains special
functions that can only be evaluated numerically, or can be
easily expanded to extremely high PN order (the authors provided
the expansion through 250PN).

even for quite high values of v, when compared to the full
PM result of Eq. (13); see Fig. 1 for two examples.

2. Energy radiated through the horizon

The leading-order horizon flux was calculated in
[35,36,85]. It enters at 7PM order and is given by

5 6,2
TR 21— 142 + 1)y Jr2 - 1+ O(b7F).

AEPM =172
" 1607
(14)

3. Radiated angular momentum and the dissipative
scattering angle

Although not the focus of the present work, for com-
pleteness I note that the 2PM and 3PM radiated angular
momentum for nonspinning binaries can be found in [86]
and [87,88], respectively. References [39,89,90] present
the PN-expanded 4PM result. Recently, the leading-
order horizon absorption of angular momentum has been
computed [91].

Once both the radiated energy and angular momentum
are computed it is possible to compute the dissipative
correction to the scattering angle [86]. This is has been
computed through 4PM order [92]. Results for the dis-
sipative correction to the scattering angle are known at SPM
order and leading order in the mass ratio within a PN-PM
expansion [39].

C. Post-Minkowskian—post-Newtonian hybrids

The effectiveness of the PN-PM expansion even at quite
large values of v, (see Fig. 1) suggests it could be useful to
build a hybrid model that uses both PM and PN-PM results.
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In this Sec. I build such a model using all the PM results
through 4PM [32,33] and a subset of the known 3PN-15PM
series [31]. In the model I do not include the 5SPM results
due to the computational cost of numerically evaluating the
analytic result, and I find it sufficient to include up to the
2PN-7PM terms as beyond this there is little improvement
when compared with my numerical data. I build the model
adding the 5PM to 7PM results through 2PN to the full
4PM results. At leading order in the mass ratio the model is
given explicitly by

o EM(y) | My, 0)
AE4PM/2PN—7PM :mélteﬂ b + b

7 ¢kPM-1PN KPM—2PN
& +&

Z (v) (
k=5

7)
b* ’

(15)

where the EPM-IPN(y) contains the terms through 1PN at
the kth PM order, and EXPM~2PN(y) contains the 1.5PN and
2PN terms at the kth PM order. At SPM the terms are given
explicitly by

1227 13831x

55PM—1PN — -3 2 , 16

(r) = P (—5 +20 poo> (16)
29773 p3,  64579x

SPM—2PN(,\ _ -3 © 4 17

& (v) poo< >0 5010 poo> (17)

At 6PM the terms are

4672 142112

EOPM=IPN(,)) _ =5 2, 18

(v) poo(45 +—13 poo> (18)

gGPM—2PN ( =5

Y) =P

9344, 88576r\ | 293992 ,
45 675 )P~ " 1701 P

(19)

Finally, at 7PM the terms are

85x  2259x
o) = pd (T ). o)

3 8 «
15797 27557° 193197
7PM—-2PN ) _ 3 4
(21)

If needed in future work it is straightforward to build hybrid
models that included higher-order PN-PM terms.

III. HYPERBOLIC GEODESICS

In the self-force approach one typically models m, as a
particle orbiting the black hole m;. I will work with
the usual Schwarzschild coordinates which are centered
on m;. Let the coordinates of the particle be denoted by
x4(t) ={t,.7,.0,.9,} where 7 is the proper time along
the orbit. I define the components of the four-velocity as
u®(z) = dx%/dz. Up to arbitrary rotations, geodesics in
Schwarzschild spacetime can be uniquely specified by two
constants of motion. Once such pair follows from the time
translation and rotational invariance of the spacetime: the
(specific) energy and angular momentum, £ = E,/m, =y
and £ = L,/m,, respectively.

Using these, and the normalization of the four-velocity,

u“u, = —1, the geodesic equations can be written in first-
order form
&
u' = , (22)
f(rp)
L
l/t¢ == r_z . (23)
P
(u")? = E = Ver(r; £), (24)

where f(r,) = 1-2m/r, and the effective potential
Verr(r; £) = f(r,)(1+ £*/r3). Not all values of £ and
L correspond to scattered orbits. For a given &, the
particle will fall into the black hole if £ < L (&) where
the critical value is obtained by simultaneously solving
0 Veir(r;£) =0 and E? — Ve (r; L) = 0. This gives

27E% + 9aE3 — 362 — 8af + 8
‘Ccrit(g) = ml\/ (25)

282 1) ’

where a = V9E? — 8.

The structure of the PM expansions in Egs. (13) and (14)
is clearest when the orbit is parametrized using the impact
parameter and, say, v.. The relation between (&, £) and
(b, vy) is given in Egs. (4) and (7). The impact parameter
can also be related to the other quantities using the geodesic
equations above. Geometrically, the impact parameter is
given by

b= lim r,(7)sin|p,(7) — @,(—00)|, (26)

T—=>—00

~ im0

T——00 u” (1‘)

cos(@,(7) —@,(=c0)), (27)

(28)

£
2 _ Vo€’

—_
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where in the second line I have used 1’Hopital’s rule, and
the third line is arrived at by using Egs. (23) and (24).
As expected, this agrees with Eq. (7). I will denote
the critical value of the impact parameter by
beit(€) = 'Ccnt(g)/\/gz—_l

In order to parametrize motion along the orbit it is
convenient to employ Darwin’s relativistic anomaly, y. This
is defined via its relation with the orbital radius such that

___mp
1+ecosy’

() (29)

where p is the semilatus rectum and e is the eccentricity,
and the value of y ranges from y,,, = arccos(—1/e) to
Xmin = —¥max- These constants of the motion, (p,e),
are defined from the roots of the cubic-in-r, equation
u” =0 with

p= 2rlrmin ’ e:rl_rmin’ (30)
my () =+ Timin) 71 + Tmin

where r,;, is the periastron radius which occurs at y = 0.
These roots can be written explicitly as [75]

6m1

Tmin = Tﬂ(%_é)v (31)
- 2¢6s?:11(g e (32)
e &

where { = W and
E= ;arccos<1 + (36~ zﬁgz)m%/H). (34)

By noting that the field will be strongest when the
particle is at r;, the weak-field condition in (9) becomes
my/rmin < 1. Reference [75] showed that r;, = b(1 —
m; /(v%b)) + O(b~") and hence the weak-field condition
will hold when both » > 1 and

n
— < 1. 35
vZb (35)

The relation between (p, e) and (&, £) is given by [93]

—2)2—4¢?
g2 (p=2) —de 36
p(p=3-¢) (36)
2,2
2: pml 7
p=_Fr (37)

The evolution of 7, and ¢, with respect to y can be
derived using Egs. (22), (23), and (29) to give

ﬁ_ m p* (p—2)>—4e?
dy (p—2-2ecosy)(l+ecosy)’\ p—6—2ecosy
(38)

dop [ (39)
dy p—6-—2ecosy

Both can be integrated with the result given in terms of
elliptic integrals. The function 7,(y) is given in Eq. (B7)
of [94]. For ¢, we have

»p(x) = k\/fF @ —k2>, (40)

where k> =4de/(p—6—2e) and F(¢,7) =
[2(1 = zsin0)~1/2d6.

IV. SELF-FORCE CALCULATION

The goal of this work is to compute the total energy
radiated during a scattering event. In order to compute
the radiation I make use of the RWZ formalism [95,96].
Assuming that € = m,/m; < 1 then the metric of the
two-body system, g,s, is dominated by the metric of the
primary mass, G,z so that we have g, = gus+
€hgs + O(e?). Making use of the spherical symmetry of
the background Schwarzschild metric the perturbation can
be decomposed onto a basis of spin-weighted spherical
harmonics. An analysis of the gauge freedom of the
perturbation reveals that one can choose to set certain
components of the metric to zero which puts the metric
perturbation into the Regge-Wheeler gauge [97]. Within
this gauge master functions, ¥,,,, can be derived from
which the radiated energy and angular momentum can be
computed. Rather than use the original RWZ variables it is
now common to use the Zerilli-Moncrief (ZM) [98] and
Cunningham-Price-Moncrief (CPM) [99] formulations
which allow for reconstruction of the metric perturbation
from the master function in the time domain without
carrying out any integration [97,100].

Asymptotically, in the wave zone, the two gravitational-
wave polarizations are related to the ZM and CPM master
functions via [74]

L1 [U+2)! (oom agerm
h-‘r_lhx_E; (1_2)!<lpfm_lqum )—2Yfm' (41)

Substituting this into the Isaacson stress-energy tensor
[101] one can derive the flux of energy and angular
momentum. Upon integrating along the scattered orbit
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the total radiated energy and angular momentum are
given by [100]

l+2

Z/ 2

w jm (I+2)!
Z / 64z (1= 2] o W Wy du,  (43)

where u =t —r, with r, = r + 2Mlog(r/2M — 1) as the
tortoise coordinate, an overdot denotes differentiation with
respect to f, an overbar denotes complex conjugation,
Y, = ¥YPM(u, r, > o) for £+ m =odd, and ¥,,, =
WM (4, r, - o0) for £+ m =even. Analogous results
exist for the flux through the horizon [100].

The ZM and CPM master functions are governed by the
following ordinary differential equations:

e Pdu, (42)

ZM/CPM ZM/CPM
‘qujt’m/ (tv r) = Sfm/ (t’ r)’ (44)
where the operator £, is given by

o

L, = —— b o
‘ az2+arz

= Vu(r). (45)

The potential V,(r) is (I + m)-parity dependent. In the odd
sector one uses the Regge-Wheeler potential

: (46)

Ve(r) = ”{ (¢ +1) - 6’;’1}

where f(r) = 1-2m; /r and in the even sector one uses the
Zerilli potential

Veven —
3 (l’) rzA(r)z

18m?
+—1 <,1+m‘>}, (47)
r r

where A(r) =A+3m/rand A= (£ +2)(¢-1)/2.
In general the source in Eq. (44) has the form [64]

Sem(t.7) = G (8, 1)0(r = 1y (1)) + Fo (2. 7)8 (r = 1, (1))

(48)

where hereafter I have dropped the ZM/CPM labels for
brevity. Due to the distributions in the source it only has
support at r = r,(¢). It will be useful later to write the
source in the “fully evaluated form” as

Sem(t.1) = Gen(1)(r = 1, (1)) + Fop(1)(r =1, (1)) (49)

where

Gfm(t) = [Gfm(t’ r) - arFfm(l‘v r)}r:r/,(t)’ (50)

Fon(t) = [Femlir 3 (51)
see Appendix A of Ref. [100] for details. The explicit form
of the G,,,(t) and F,,(t) functions for the ZM and CPM
formulation is given in Appendix B of [100].

A variety of works have solved the 1 + 1 RWZ equa-
tions (44) for bound orbits [64,102,103] but there are
additional challenges when considering hyperbolic orbits.
These stem from the (typically) finite computational
domain and interaction with so-called junk radiation which
occurs when the initial conditions do not satisfy the field
equations [104].

An alternative approach is to further decompose the
master function into the frequency domain. At first glance
this approach might not seem particularly attractive as it is
well known that frequency-domain calculations become
more computationally demanding as e — 1. Fortunately,
once e > 1 the approach becomes practical again as was
shown by Hopper [68] and further illuminated by Whittall
and Barack [76].

I proceed by taking the Fourier transform of the master
functions and the source as

lPfm(l" I") = /oonmw(r)e_iwtdw’ (52)
Spmlt.r) = / * Zew(ede.  (53)

Using these we get an ordinary differential equation for
each Zmw-mode of the perturbation

[’wafmw( ) ZI;Y‘IZI/}Z(V)’ (54)

where the frequency-domain operator L., is given by

2

d
S = VEVE(). (55)

[’fm = dr
*

The general solution to this inhomogeneous equa-
tion (54) can be written using the method of variation of
parameters

Xfma)( ) C;mm( ) fmm( )+CEWI(U( )),\(Emm(r)’ (56)

where X% are two linearly independent homogeneous
solutions to Eq. (54). In order to select the retarded solution
the boundary conditions for the homogeneous solution are
given by

Xfmw(r* — +o0) = eFior (57)
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where, without loss of generality, we have unit normal-
ized the asymptotic homogeneous solutions, i.e.,
lim, 4o |XZ,,(r.)| = 1. The weighting coefficients,

C%,.,(r) are given by
1 r Xq: NZ /
Chanlr) = g [ FemlZee a5
mew Tmin f(l")

where W, is the (constant) Wronskian formed from the
homogeneous solutions.

For the calculation of the asymptotic fluxes we only need
the asymptotic values of the C%,  which, after substituting
the explicit form of the source, is given by

1 1 4 ~
:mea)/— [pr;me( P)Gfm<t)

o 1 d&E,,(r)\ - |
= Xt 2 R ma\Tp) EF, (t)|edt,
+ (r?,f%, fm(u(rp) fp dr > fm( ):| e

+
Cfma)

(59)

where f, = f(r,). Once the weighting coefficients are
known the total radiated energy and angular momentum are
given by

[ ! l—|—2
ZZ o

/“aﬂcaa%m, (60)

z+z)
w|C%,,[Pdo, (61

where AET = AE® is the energy radiated to infinity,
AE~ = AE" is the energy absorbed by the black hole,
and similarly for the angular momentum.

As was pointed out by Hopper [68], the integral in
Eq. (59) converges very slowly (if it converges at all) if you
use the standard CPM and ZM variables. Fortunately,
Hopper also showed how to derive new master functions
which obey the same homogeneous ordinary differential
equation (ODE) but for which the sources fall off faster at
large radius and thus the integrand converges more rapidly.’
Hopper showed that each “higher-order master function” is
related to the previous one via

il oy, ER
W00 =¥+ i B = ny(0). (&)

where the n index denotes the order of the source.
By construction, when one acts on ‘Pf;;fl) with £, the

*Whittall and Barack [76] developed an alternative approach to
increase the rate of convergence of the integrand using integration
by parts which I have not investigated in the RWZ.

coefficient of the §”(r —r,(t)) cancels and the resulting
source takes the same form as Eq. (49), i.e.,

L =GO (0)6(r =1, (1) + U (108 (r =1, (1)),
(63)
Defining G%(r) = Gy, (t) and F%(z) = F,,,(t) and using

Egs. (62) and (63) one can derive explicit forms for
G V() and FV(r). Hopper provides an explicit
recurrence relation between the nth and (n + 1)th sources;
see his Egs. (25) and (26) in Ref. [68].

As Eq. (63) has the same form as Eq. (44) when one
transforms to the frequency domain the resulting equations
have the same form as those described above. In particular,
we have

‘waXz(,”}Zm(r) = Z(;Zw(r) (64)
and
XE”IZ(U(V) = fmw(r)Xfma)( ) + C;n)m)( )Xz/;ma)(r)’ (65)

(n)+

v () are computed

via Eq. (59) with the replacements Cfm”( r)— C(f,,)lw( r),

Gyml(t) = Gbpm( ), and Fg,(1) = F (t) The form of
Egs. (64) and (65) is particularly useful as it allows one
to recycle computational infrastructure set up to solve for
the ZM or CPM variables. For example, as the operator is
the same in Egs. (64) and (54), the homogeneous solutions
in Eq. (65) are the same as those in Eq. (56).

Although higher-order sources fall off more rapidly, and
thus the integral in Eq. (59) converges faster, the complex-
ity of the source grows exponentially and so for practical
calculations there is a trade-off between more a rapidly
convergent integrand and the computational cost to evalu-
ate the source; see Fig. 2 of Ref. [68] for a quantitative
analysis. For the present calculation, I find it practical to

where the weighting coefficients C

work with ‘P(Zzl\),[ and ‘I‘(CIIQM which ensures that the sources
fall off as r;3. The explicit form of the sources for these
fields can be found in Appendix B of Ref. [68].

From Eq. (62) we see that, away from the worldline, each

gl g just the time derivative of the " It is thus

‘mw ‘mw*
straightforward to relate the asymptotic weighting
coefficients of the higher-order master functions to the

originals via

C(n):t

(0)= lmw
C = 66
Imw ( lw)n ( )

The radiated energy and angular momentum can be
computed using the standard formula in Egs. (60) and (61).
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V. NUMERICAL IMPLEMENTATION, ERROR
ANALYSIS, AND VALIDATION

In this Sec. I detail the numerical approach I use to
compute the weighting coefficients by evaluating the
integral in Eq. (59) (using the higher-order sources). All
the calculations are made using the Mathematica software
package.

First I require the homogeneous solutions, X . to the
RWZ equations. The asymptotic boundary conditions at
future null infinity and the event horizon are given by
Eq. (57). One way to enforce these boundary conditions in
a numerical scheme is to switch to hyperboloidal, com-
pactified coordinates where using spectral methods the
boundary conditions can be placed exactly on future null
infinity and the event horizon [105,106]. In this work I opt
to use the more traditional approach and solve the equations
on t-slicing, as they are written in Sec. I'V. For this I have to
place the numerical boundaries at a finite radius, and the
boundary conditions are supplied by performing series
expansions of the asymptotic field. For example, a suitable
expansion and resulting recurrence relation for X} (r) at
large r can be found in Appendix D of Ref. [100]. In
practice, for my implementation I extracted the boundary
condition code for both X} (r) and X7, (r) from the
ReggeWheeler package of the Black Hole Perturbation
Toolkit [107].

The calculation of the weighting coefficients for given
values of (£, m,w) proceeds with the following steps:

(1) T compute the numerical boundary conditions for
X} . (r) at r=ryy,, and similarly for X,  (r) at
r = r;,. The outer boundary location, r,, is ad-
justed to ensure that the boundary is in the wave
zone where the boundary condition expansion will
converge. For the inner boundary location I find it is
always sufficient to set ry,/m; =2 + 107>,

(2) Inumerically integrate the homogeneous version of
Eq. (64) from the numerical boundary conditions to
r = I'min- The integration is carried out using Math-
ematica’s NDSolve function and I store the values of
X%, and their radial derivatives at r = rp;,.

(3) In Sec. III I have parametrized the orbital motion by
the Darwin parameter, y, and thus it is useful to
change the integration variable in the source region
from r to ¥ by using Eq. (29) to compute dr,/dy.
Similarly, I change the integration variable from ¢ to
x in Eq. (59) using dt/dy from Eq. (38). By defining
V%, = dX*/dr 1 write the field equation in first-
order form. I then form a vector of equations as
KoY b Xemo ¥ emoCim Cimo) Where a prime
denotes differentiation with respect to y. I take the
initial conditions for the homogeneous fields to be
the values I stored at r = r,;, (equivalently y = 0)
and I set Ci (r=0)=0. I then numerically
integrate this set of coupled equations from

0.0015,
0.00025635} "
0.00025630
0.00025625
0.0010
0.00025620
- 0.00025615
% 0.00025610
65 0.0005, 5000 10000 15000 20000
rp/ My
0.0000 W
0 5000 10000 15000 20000
/M

FIG. 2. Convergence of the weighting coefficient for the up
solution for the [ = 2, m = 2 mode with @ = 0.01 and b = 70,
Vs = 0.7. Although the integral appears to converge quite
rapidly, the inset shows that the integrand is oscillating rapidly.
Resolving all these oscillations is a significant computational
bottleneck. I use the magnitude of the oscillations near the largest

. R
value of r,/m as an estimate on the error in C,, .

X = Xmin T Ay 10 ¥ = Ymax — Ay wWhere Ay is in-
troduced to make the limits of the integral finite
(with respect to 7). The precise value of Ay depends
on the parameters of the scattering orbit, as well as
the mode indexes (¢, m, ). In practice I manually
select the value of Ay after experimentation with a
few modes.
The evaluation of the weighting coefficients using the
prescription above is numerically demanding as the inte-
grand of (59) is highly oscillatory. Figure 2 gives an
example of the rate of convergence of C} . I find that
for each value of (£, m, w) it typically takes a few 10s of
seconds to compute the C, .

In order to compute the radiated energy and angular
momentum the next step is to evaluate Eqs. (60) and (61).
In practice, the integrands in these equations can only be
sampled at a discrete set of frequency values over a finite
range of frequencies, and the mode sum can only be carried
out of a finite number of modes. In order to discuss the four
main sources of error which effect the final results it is
useful to refer to Fig. 3.

+
‘mo

This error stems from two sources. One follows from the
finite step size of the ODE solver, though with adaptive
stepping this is easily controlled to be below other sources
of error. The dominant error comes from the truncation of
the integral in Eq. (59). In general I find that I need to
extend the integration domain further for large values of
|wm, | and also for mw ~ 0. The effect of not integrating
sufficiently far is clearly visible in the left panel of Fig. 3
where noise appears for high-# modes in these two regions.
This noise can be further reduced by extending the domain

A. Error in the computation of the C
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[b/my = 95,0, = 0-7,/\

Toge
7 .
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107°)
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107k l ]
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wmy

FIG. 3.

b/mq = 90,05 = 0.35

10-13F

—0.02 0.00 0.02 0.04

wmy

Left panel: the spectrum of the total radiated energy for each value of wm, for a variety of /-modes (summed over m) for a

hyperbolic orbit with b/m; = 95 and v, = 0.7. Inset: the contribution to the #-modes of AE® (after integrating over ). For large £ the
contribution drops off exponentially. The red, dashed line shows an exponential fit to the modes between £ = 8 and # = 12. Right panel:
contribution to the total energy absorbed by the horizon for each value of wm, for a variety of #m-modes for a hyperbolic orbit with
b/m; =90 and v, = 0.35. For the weak-field orbits considered in this work the £ = 2 modes dominate so much that all the other

modes can be ignored.

of integration, though this comes at significant computa-
tional cost and thus I avoid where possible. For each mode I
can use the magnitude of the oscillations present in the final
portion of the integration, e.g., the inset of Fig. 2, to
estimate the error in the final result. I find this estimate
gives results that are broadly consistent with the level of
noise observed in the mode data. In future iterations of the
code it may be useful to estimate this error on the fly and
extend the integration domain out as far as is necessary to
reach some prescribed error threshold. For now, if I find the
error is becoming too large I manually decrease the value of
Ay for the effected £/m-modes and range of @ values. I note
that although noise is still clearly present in the left panel of
Fig. 3 T have checked that the contribution from the regions
and modes where the noise is present does not effect the
comparisons I present in the next section. It is also worth
noting in the left panel of Fig. 3 the location where the
value of Ay changes is clearly visible, for example
around wm; = —0.05.

B. Error from the discretization
of the frequency spectrum

Practically I can only sample the integrand in Eqgs. (60)
and (61) on a finite grid of @ values. For the weak-field
orbits I consider in this work, I find it is sufficient to sample
the C%,, with spacing m;Aw € (0.003125,0.00125). 1
then carry out the integration using Simpson’s method.
As a conservative estimate of the error I can half the number
of sample points and carry out the integration again. By
comparing the results with different sample spacing I can
ensure the highest sampling rate is sufficiently dense that
the discretization of the spectrum is a subdominant source
of error. In future iterations of the code it might be possible
to use the results from multiple sampling rates to

extrapolate to an effective infinitely dense sampling via,
e.g., Richardson extrapolation.

C. Error from the truncation of the frequency spectrum

Formally the integrals in Egs. (60) and (61) must be
carried out over all frequency values. Fortunately, for large
values of |m | the contributions to the radiation drop off
exponentially [69,108]. Thus, I just need to sample the
frequency spectrum in a sufficiently large region around the
peak. To find the size of the region I carry out a very coarse
sampling of a wide region to get the general shape of the
spectrum. From this I can then decide on the region to
densely sample. The left panel of Fig. 3 shows that the peak
of each /-mode moves to the higher frequencies as ¢
increases. For each Z-mode the peak roughly occurs at

» = £QI° where QI = 3

min

quency of a circular orbit with a radius equal to the periastron
radius of the hyperbolic orbit. This approximation becomes
more accurate as the orbit approaches the critical orbit
where “zoom-whirl” behavior [109] sets in and the radiation
becomes dominated by the nearly circular, near-periastron
whirl portion of the orbit. It is interesting to note that
secondary peaks in the spectrum can occur due to quasinor-
mal mode excitation of the larger black hole; see Fig. 5 in
Ref. [76] for an example in the scalar-field case. There they
observe that the secondary peaks are usually quite suppressed
even for strong-field orbits and I do not find any evidence for
them in the weak-field orbits considered in this work.

my/r>. is the orbital fre-

D. Error from the truncation of the sum over
the spherical harmonic modes

Formally, when evaluating Eqs. (60) and (61) one must
sum over all (£, m)-modes. Fortunately, the contributions
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from the high-Z-modes drop off exponentially and so I can
truncate at some suitable ¢,,,.. To ensure that I am not
missing a significant contribution from the uncomputed
modes, I fit the last few Z-modes I have available to a
function of the form ae~??, where a and b are constants to
be determined. I then integrate this fit from £ = &, + 1
to oo and add more #-modes if this estimate is larger than
a threshold I set for the calculation. An example of the
¢-mode contribution to AE® and the associated fit is shown
in the inset of the left panel of Fig. 3. In general more
¢-modes are needed for strong-field orbits, and for orbits
with larger v . In practice, for each Z-mode it is not always
necessary to compute all the m-modes. For example, in the
left panel of Fig. 3 all the m-modes are computed up to
¢ = 6 and beyond this I just compute a subset of m-modes
(e.g., for # =7 lincluded m = {7,6,5} and for £ = 12 1
only include the dominate m = 12 mode). At the horizon
the picture is very different and the £ = 2 modes dominate;
see the right panel of Fig. 3. As such I only include the
¢ = 2 modes in the data used for later comparisons.

One way to validate the numerical results is to compare
them with previously published data. The details of these
comparisons can be found in the Appendix where I also
present a comparison with PN results for parabolic orbits.

Another way to validate the results of this RWZ
calculation would be to carry out the calculation in another
gauge. Hopper discussed how his approach could also
be used to make the calculation in the Lorenz gauge
tractable [68]. As a check I implemented the hyperbolic
orbit calculation in the Lorenz gauge with a Mathematica
implementation that builds upon the eccentric orbit calcu-
lation from Ref. [110]. In the odd sector I find that the
Lorenz gauge source falls off as rl‘,3 and thus the code is
sufficiently accurate when computing the radiated energy
and angular momentum. For £ + m = odd I typically find
that the relative error between my RWZ and Lorenz gauge
implementations is ~10~8. Unfortunately, in the even sector
the source falls off as r,' and so it is not sufficiently
accurate to compare against. It would be necessary to
derive higher-order sources, following Hopper’s approach,
to make it a useful benchmark. In both the odd and even
sectors though the code is sufficiently slower than the RWZ
code that, at present, the Lorenz gauge code is only useful
to spot check the C%, s for a few values of w.

Finally, as was argued in the Introduction, it is important
to compare results across different methods for modeling
the relativistic two-body problem. The good agreement that
I find with other methods in the next section provides
further validation of my numerical SF results.

VI. COMPARISON BETWEEN SF, PN,
PM, AND NR

In this Sec. I make comparisons between my SF results
with those from PN, PM, and NR. Throughout I will plot

adimensionalized quantities, e.g., unless stated otherwise
AE® = AE®/(m,€*). 1 will also often wish to distinguish
between terms at a given order in a PM or PN expansion
and the series through to that order in the expansion. For
example, the 4PM contribution to the total radiated
energy I will denote by AE?ZPM), whereas the expansion
of the total radiated energy through 4PM (including the
3PM and 4PM terms) I will denote by AEg,,. In this
section I focus on hyperbolic orbits but I also provide
results and comparisons for parabolic orbits in the
Appendix.

First I present comparisons for the total radiated energy
for orbits with a fixed periastron radius as a function of v .
In Fig. 4 T show comparisons with PN, PM, and the
4PM/1PN-7PM and 4PM/2PN-7PM hybrid models from
Sec. I C for an orbit with r;, = 100m;. At low velocities
the PN series accurately captures the SF data, but this
agreement deteriorates rapidly as the velocity of the orbit
increases. By contrast the PM series accurately captures the
SF data for large velocities (the largest I consider here is
Vs = 0.45) but becomes less accurate for low velocities.
For this fixed periastron comparison this breakdown of the
PM series for low velocities occurs because the weak-field
criterion (35) is no longer satisfied at low velocity, e.g., for
Fmin = 100m; and v, = 0.15 the value of m, /(v b) ~ 0.32.
The comparison with the 4PM/1PN-7PM hybrid model in
Fig. 4 improves both the low-velocity and higher-velocity

o AL & AE®—-AERy -5 AE®-AE3y,
AE® — AEgy —¥ AE® - AERy AE™ — AEyipn-mpu
-5 0o 00 00 0 oo yia 3
107°F o0 AE® — AEX, —o- AE® = AEX, AE™ — AERy/spN-7PM

1070

107k

107°

0.15 0.20 0.25 0.30 0.35 0.40 0.45

Voo

FIG. 4. Comparison of the total radiated energy from my SF
calculation with PM and PN results for r;, = 100m;. The PN
results agree well with the SF data at low velocities but the
agreement rapidly worsens for larger values of v,. The PM
results agree well at high velocities but less well at low velocities.
This is because for these fixed periastron orbits as v, decreases
the weak-field criterion (35) is less well satisfied. The PM results
improved at low velocities by adding additional PN information
using the PN-PM hybrid described in Sec. II C. I find using just
IPN information (up to 7PM) the hybrid significantly outper-
forms the pure 4PM result. By including 2PN information (up to
7PM) the 4PM hybrid is better than the SPM result across the
range of v, plotted.
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results and as such significantly outperforms the 4PM
results. At low velocity the improvement stems from
incorporating an approximation into the 1PN result
(through 7PM order). The comparison with the 4PM/
2PN-7PN hybrid model shows further improvement and
even outperforms the SPM model across the range of
velocities shown in Fig. 4.

The results in Fig. 4 demonstrate agreement with the PM
results. I observe that after subtracting each PM order the
residual is subdominant. An even stronger test can be made
if one can show that the residual scales in the expected way.
This is challenging to show in the fixed periastron radius
comparison but as Eq. (13) suggests fixing v, and varying
b will be more illuminating. This is because although the
dependence on v, in Eq. (13) can be extremely compli-
cated, the dependence on b is simply such that after
subtracting a PM result at order k we expect the residual
to scale as b~ (K1),

In Fig. 5 I show the comparison for the total radiated
energy between my SF data and the PM for v, = 0.35 and
Vs = 0.7. In both cases, after I subtract each PM order I
find the residual scales as expected. Crucially, after I
subtract the recent 5SPM results, I find the residual scales
as b~ (though I note there is some numerical noise in the
5PM residual for v, = 0.7). The 3PM and 4PM have been
confirmed by multiple calculations from different groups
and they also agree at low velocities with the relevant PN
expansions. Similarly, the 5PM result is found to agree with
PN expansions for small v,. To the best of my knowledge,
the results presented here are the first time that the PM
results have been tested at high velocity against an
independent calculation. The agreement I observe builds

1x108
5.x107°
—

1.x10 %«

5.x107~7

1.x1077
5.x107°F o AE N o R o

AEgG — AEGy 4 AEG — AESy

1 1 1

further confidence in the both PM and SF results. The
agreement with 5PM is especially satisfying due to the
extremely complicated dependence of the SPM coefficient
on vy

In Fig. 5 the coefficient of the reference h=% curve comes
from the 6PM-3PN result of Cho [31]. This result appears
to be quite close to the numerical residual. This is not
unexpected as we see from Fig. 1 that the 3PN results
capture the 3PM, 4PM, and 5PM results quite well up to
surprising large velocities. It is reasonable to extrapolate
that a similar level of agreement would be found at 6PM
order, and indeed the data support this. Despite the
6PM-3PN curve lying close to the SPM residual, it is
not sufficiently close to the full 6PM result that I observe a
b7 falloff in the residual (not shown).

Next I turn to the comparison for the horizon absorp-
tion. Here only the leading PM term is known, which
enters at 7PM order; see Eq. (14). After subtracting this
term from my SF data I find the residual scales as b8, as
expected; see Fig. 6 for an example with v, = 0.35. As |
only have the leading term to compare with, the residual
does not come as close to the numerical noise in my
data (and the numerical noise appears to be less; com-
pare the infinity and horizon mode spectra in the
left and right panels of Fig. 3, respectively). As such,
I am able to fit the residual to a function of the form
asb™® +agh™ + a;ob™'° + a;;b™"" where the a; are
constants that are fitted for. After further subtracting
my fitted value of agh™8 I find the residual cleanly scales
as b=, In future work it should be straightforward to
tabulate the coefficients of the 8PM and 9PM absorption
up to reasonably large value of vg,.

T T T T T T

Voo =07 AEgy AEZpw

10 e

""" AE(OgPI\I—:SPN)
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107k | | | 14
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FIG. 5.

L
60 70 80 90 100 110

b/m1

Left panel: comparison of the total radiated energy between SF and PM for v.,/c = 0.35. After subtracting each PM order I

find the residual has the expected scaling. In particular, after subtracting all highest known term (SPM) the residuals scale as b~°. For a
reference h=° curve I plot the 6PM-3PN result of Cho. Although the coefficient of this curve is close to the residual with SPM, the
residual with the 6PM-3PN result (not shown) does not scale as b~ across the range of b values plotted. Right panel: the same as the left
panel but for vy, /c = 0.7. There is some noise in the residual with the SPM result but the scaling follows the b~° reference curve. This
noise stems from the need to include many more (#, m)-modes for this high-velocity orbit, and the high-#-modes have significantly
more noise in their frequency spectrum; see the left panel of Fig. 3.
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FIG. 6. Comparison of the energy absorbed by the horizon
between SF and PM for vy, = 0.35. All data are scaled by the b’
behavior of the leading PM result; see Eq. (14). After subtracting
the PM result the residual scales as h~3. I fit the residual as
described in the main text and then further subtract the fitted 58
term to find a residual that scales as bh™°.

I conclude this comparison section with a first compari-
son of the radiated energy between SF and NR. To the best
of my knowledge, the only published results for the
radiated energy from NR simulations of hyperbolic is
presented in Ref. [46]. That work studies equal mass
binaries with »] = v; ~0.209. Using Eq. (4), this corre-
sponds to a relative velocity of v, = 0.4. The NR

T T T T
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%
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. 0.001¢ : s
N NQ{A\ — AEgysr — AEGu-iseae
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100k} 5
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FIG. 7. Comparison of the radiated energy to infinity with NR
and PM for v, /¢ = 0.4. The NR data come from the equal mass
binary simulations presented in Ref. [46]. The vertical, dashed
line shows the location of the critical orbit in the self-force limit.
The self-force result will diverge as b5 is approached [111] but
the NR data diverge at a smaller value of b as the critical orbit
in the NR simulations is shifted from the SF value by higher order
in the mass ratio corrections. The NR data appear to attach quite
smoothly to the SF data which suggests that, away from the
critical orbit, higher order in the mass ratio corrections is small.
The solid curves show the PM results, where I have also included
a fit to the 6PM coefficient made to the SF data after subtracting
the SPM result.

simulations in Ref. [46] are parametrized in terms the
initial energy and angular momentum of the orbit.
Following Ref. [48], I use Eq. (7) to compute the corre-
sponding impact parameter.” The results of the comparison
between the NR and SF calculations for the radiated energy
are given in Fig. 7, with commentary provided in the figure
caption. In order to make the comparison I make the
substitution me?> - Mv*+O(1?) in the formula for the
self-force total radiated energy.

VII. CONCLUSIONS

In this work I made a RWZ frequency-domain calcu-
lation of the gravitational radiation for a body moving
along a hyperbolic orbit of a nonspinning black hole. The
main result is presented in Fig. 5 where I show agreement
for the energy radiated to infinity with the latest 5SPM-1SF
results [28] in the weak field for initial velocities as high as
Vs = 0.7. I also found agreement with the leading-order
PM calculation of the energy absorbed by the black hole
and could estimate the coefficients of the currently
unknown higher-order terms; see Fig. 6. Finally, I made
comparisons with PN results, and a simple PN-PM hybrid
model (see Fig. 4), and made a first comparison with
numerical relativity data in Fig. 7.

The are many future directions that could build upon
this work. The code is also able to compute the radiated
angular momentum, but this computation and comparison
of those results with PM, PN, and NR is left for future
work. Once the radiated angular momentum is known it
would also be possible to calculate the dissipative
correction to the scattering angle [86]. It should also
be possible to compute the nonlinear memory using the
techniques of [112] and compare with recent PM results
[113]. The parabolic results presented in the Appendix
may find utility in developing high eccentricity models
for extreme mass ratio inspirals (EMRIs). Recent work
has suggested that the future LISA mission [114] may
detect a significant number of these sources [115,116],
and the latest EMRI models [117] need to be extended to
cover this part of the parameter space [118].

There is plenty of scope for efficiency improvements
of my RWZ code. In particular, the integral to compute
the asymptotic amplitudes in Eq. (59) of the form where
Levin’s method could be applied; see, e.g., Appendix F of
[73] for details. This would reduce the rapid oscillations in
the source, as are apparent in Fig. 2, which would speed up
the numerical integration. Some of the oscillations in the
source also come from the basis of homogeneous solutions
that are employed when using the variations of parameters
approach to computing the inhomogeneous solutions to
the field equations. It may be possible to avoid these by

*Note that using Eq. (7) results in different values of b from the
ones tabulated in Table I of Ref. [46] as they use a different
definition of the impact parameter.
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using spectral methods [105,106]. Yet another alternative
approach would be to use the Green’s function method,
though so far this has primarily been developed for scalar-
field perturbations [119-121].

This work has focused on radiative effects but the code
could be used as the foundation for calculations of
conservative effectives, such as the (conservative) scattering
angle. For this the local (regularized) metric perturbation
along the orbital trajectory would be needed. For a given
frequency, computing this from the RWZ master functions
my code calculates is straightforward [97,100] but the
inverse Fourier transform needed to recover the time-domain
solution is very poorly convergent due to the Gibbs
phenomenon [122]. Methods, such as extended homo-
geneous solutions [122], have been developed to overcome
this, but unfortunately they are numerically challenging for
high eccentricity and hyperbolic orbits due to large numeri-
cal calculations between Fourier modes. These issues are not
insurmountable, as was demonstrated in the scalar-field case
[76], and recent work projecting Fourier modes onto an
alternative basis to mitigate these issues shows promise [77].

Finally, due to my use of the RWZ formalism, the code
can only model perturbations of a nonspinning black hole.
For perturbations of spinning black holes it is natural to
turn to the Teukolsky formalism [123]. Unfortunately, the
approach developed by Hopper to accelerate the conver-
gence of the source integral may not apply here [68].
Instead the integration-by-parts method of Whittall and
Barack [76] could be employed to achieve the same goal of
increasing the rate of convergence of the source integral.
Alternatively, the Sasaki-Namura approach could be pur-
sued and has been shown to be effective for unbound
sources [73,124]. Calculation of either radiative or
conservative SF results for orbits about a Kerr black hole
would enable comparisons with the latest PM results with
spinning particles, e.g., [92].
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APPENDIX: NUMERICAL RESULTS AND
COMPARISON WITH THE LITERATURE
AND COMPARISONS WITH PN FOR
PARABOLIC ORBITS

In this Sec. I present a selection of my numerical and,
where available, comparison with numerical results in the
literature. Table I of Ref. [63] presents results for hyper-
bolic orbits and I make a comparison with the one weak-
field result presented there. Table III of Ref. [64] presents
results for parabolic orbits. I present comparisons with
these results in Table I. I also present data for hyperbolic
orbits with v, = {0.35,0.7} as plotted in the two panels
of Fig. 5.

For parabolic orbits I also compare against the known
PN series which has been computed at 1PN [29], 2PN
[30], and 3PN order [31]. Note for parabolic orbits the
(b, vs) is not defined as b — oo as the parabolic limit is
approached. Instead I parametrize the orbit with (p, ¢), or
alternatively (&, £). The results of the PN-SF comparison
for parabolic orbits are shown in Fig. 8 where the
numerical data and the PN series are found to be in
agreement for large values of p.
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FIG. 8. Results for parabolic orbits (£ = e = 1) and compari-
son with the PN as a function of p. The numerical SF results are
shown with (blue) circles. The PN results are shown with colored
curves. Subtracting the PN results from the colored markers of the
same colors gives residuals that follow the subdominant PN result
at large values of p.
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TABLE L.

Select numerical results from my code and comparisons with results in the literature where they are available. The top block

shows results for parabolic orbits and one strong-field hyperbolic orbit. In this block the reference data for parabolic orbits are from
Table IIT of [64] and reference data for hyperbolic orbits are from Table I of [63]. The second and third blocks present my data for
Vs = 0.35 and v, = 0.7, respectively. These are the data plotted as the (blue) circles in Fig. 5.

& L b/m, Voo p e AERere AE®! rel. diff.
1 4.08248 0 10 1 1.4266 x 10! 1.4712 x 1071 3.0 x 1072
1 424264 0 12 1 5.5688 x 1072 5.8467 x 1072 48 x 1072
1 4.42719 0 14 1 2.7657 x 102 2.9303 x 1072 5.6 x 1072
1 4.6188 0 16 1 1.5675 x 1072 1.6636 x 1072 5.8 x 1072
1 4.8107 0 18 1 9.6901 x 1073 1.0303 x 1072 5.9 x 1072
1 5 0 20 1 6.3764 x 1073 6.7794 x 1073 5.9 % 1072
1 5.88348 0 30 1 1.3623 x 1073 1.4374 x 1073 5.2 x 1072
1 6.66667 0 40 1 47204 x 1074 4.9549 x 1074 4.7 x 1072
1 7.3721 0 50 1 2.1121 x 10 2.1993 x 10~* 4.0x 1072
1.005 6.0397 60.3216  0.0996268 16.937 1.08055 1.4859 x 1073 1.477 x 1073 6x 1073
1.06752 22.4179 60 0.35 436.464 737606  2.8007 x 1073 E
1.06752 24.2861 65 0.35 513.033 7.98662  2.0952 x 1073

1.06752 25.0334 67 0.35 545.376 8.23092 1.8792 x 1073

1.06752 26.1543 70 0.35 595.726 8.59745 1.6070 x 1073

1.06752 28.0224 75 0.35 684.543 9.20849 1.2592 x 1073

1.06752 29.8906 80 0.35 779.484 9.8197 1.0046 x 107>

1.06752 31.7588 85 0.35 880.55 104311 8.1417 x 107°

1.06752 33.6269 90 0.35 987.74 11.0425 6.6897 x 107°

1.06752 35.4951 95 0.35 1101.05 11.6541 5.5609 x 107°

1.06752 37.3632 100 0.35 1220.49 12.2658  4.6723 x 107°

1.06752 39.2314 105 0.35 1346.06 12.8776  3.9636 x 107°

1.06752 41.0996 110 0.35 147775 13.4894  3.3908 x 107°

1.06752 42.9677 115 0.35 1615.56 14.1013 2.9235 x 107°

1.06752 44.8359 120 0.35 1759.5 147132 25378 x 107

1.40028 58.8118 60 0.7 1758.02  29.3508 9.5406 x 1073

1.40028 63.7127 65 0.7 2064.27 31.8046  7.3988 x 1073

1.40028 68.6137 70 0.7 2395.03 342579  5.8522x 1073

1.40028 73.5147 75 0.7 2750.28 36.7107  4.7093 x 1073

1.40028 78.4157 80 0.7 3130.03 39.1632  3.8451 x 1073

1.40028 83.3167 85 0.7 353428  41.6153 3.1799 x 1073

1.40028 88.2176 90 0.7 3963.03 44.0673 2.6596 x 1073

1.40028 93.1186 95 0.7 4416.28 46.519 2.2473 x 1072

1.40028 98.0196 100 0.7 4894.03 48.9706 1.9161 x 1073

1.40028 102.921 105 0.7 5396.28 51.422 1.6464 x 1073

1.40028 107.822 110 0.7 5923.03 53.8732 1.4254 x 1073
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