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Curvature expansion for the heat kernel trace and the one-loop effective action is built for the wave
operator of the theory in the quasithermal setup of a nonvacuum quantum state. This setup implies a
nonstatic and nonstationary Euclidean gravitational background with periodic boundary conditions of the
period # = 1/T, where T plays the role of effective global temperature to be locally rescaled by the metric
gravitational potential. The results are obtained in the approximation quadratic in metric perturbations on
top of flat Euclidean space and covariantized in terms of spacetime curvature. Covariantization includes a
special vector field & (x) which generalizes the Killing vector of static geometries with time translation
isometry to the case of a generic arbitrarily inhomogeneous metric subject to timelike periodicity condition.
This vector field is obtained as a covariant metric functional to quadratic order in metric perturbations and

gives rise to the local function T/+/& (x), &*(x) = g,,(x)& (x)& (x), reducing to Tolman temperature
T/+/ goo(x) on stationary manifolds with Killing symmetry. High “temperature” asymptotic behavior of the

nonlocal form factors—operator coefficients of the curvature tensor structures in the heat kernel and
effective action—are obtained and possible cosmological applications of these results are discussed.
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I. INTRODUCTION

The purpose of this work is to extend the results of [1,2]
on the covariant expansion of gravitational effective
action to nonvacuum states potentially applicable in a wide
range of nonequilibrium and nonlocal phenomena. The
underlying curvature expansion was developed in the
form of local Schwinger-DeWitt or Gilkey-Seeley heat
kernel technique [3—7] and its nonlocal version pioneered
in [8] and later promoted to a universal method for generic
field models in curved spacetime [1,2,9]. It has proved
to be very efficient in calculation of divergences, anomalies
and nonlocal effects in massless theories, and also
underlies computations in such challenging problems, like
renormalization of Hofava gravity models [10], where
computational attempts based on conventional Feynman
diagrammatic methods fail or the endeavors to proceed
simply fear to tread.
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A serious limitation of this nonlocal expansion for the
UV finite part of the effective action, which is sensitive to
the global spacetime geometry, is that in [1,2] it was
developed only for vacuum quantum states in asymptoti-
cally flat spacetime. Apart from several sound applications
in cosmology and quantum field theory like [11-13], it was
very often inappropriately extrapolated to black hole
systems with a horizon, spatially closed models or the
models with (A)dS-type boundary conditions, etc. (see
some references in [13]). Moreover, it does not include
modifications due to the choice of a nontrivial quantum
state encoded either as quantum initial data (in-in problem
[1,14]) or as in-out states of the physical scattering theory
setup. Here we try to fill up this omission for one-loop
effective action within covariant expansion up to the second
order in spacetime curvature and quantum matter field
strengths.

Modelling a generic quantum state of the physical
system is, of course, subject to a vast functional ambiguity
in the choice of its (pure or mixed) density matrix. As is
well-known, one of the simplest cases of specification of
this ambiguity is the situation with equilibrium canonical
ensemble in static external fields, characterized by a single
temperature parameter 7 = 1/# and canonical density
matrix whose partition function is represented by the
Euclidean path integral over periodic fields with the period f.

Published by the American Physical Society
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In fact, this setup can be generalized to nonequilibrium
nonstationary states with their density matrix also pre-
scribed by the Euclidean path integral, while the relevant
generating functional for evolving quantum correlators is
formulated in terms of quantum fields periodic on the
Schwinger-Keldysh closed contour in the complex plane of
time [14-20]. Within this approach the generating func-
tional can be obtained by analytic continuation from the
real Euclidean time segment of length f [21], while the
systems with a generic density matrix would follow from it
by the variation of its sources. Thus, within this line of
reasoning, specification of a rather generic quantum state
consists in the calculation of effective action for quantum
fields periodic on the complex Schwinger-Keldysh contour.
The first step of this program is the effective action
calculation on a real Euclidean time segment of f length,
which can be called a nonstationary quasithermal setup.

Local curvature expansion of the one-loop effective
action at finite temperature for static geometries of space-
time metric with vanishing shift functions g,; = 0 was built
in [22]. Nonlocal expansion for static geometries was
developed in [23] and subsequently extended to the sta-
tionary (nonzero g,) case in [24,25]. It leads to the thermal
generalization of the Schwinger-DeWitt expansion, featur-
ing the high temperature limit in terms of the local Tolman
temperature parameter 7'y (X) related to the Euclidean

interval # = 1/T by the relation Trgjman (¥) = T/+/goo(X)-
Here we extend this result to geometries without timelike
Killing symmetry for the main building block of quantum
effective action—the relevant heat kernel of the field theory
wave operator—and the effective action itself in the
approximation quadratic in spacetime curvature and matter
field strengths.

The result turns out to be significantly more complicated
due to nonstationary nature of the metric background.
Moreover, it reveals a challenging problem, namely the
covariantization of the final result. This involves converting
the expression into a form that is manifestly covariant with
respect to local diffeomorphisms and local gauge trans-
formations in the matter sector, specifically, a form con-
structed solely in terms of spacetime and fiber-bundle
curvature tensors and their covariant derivatives. This
problem (called later in [26] the nonlinear completion)
was encountered in [1,2] in the course of derivations for the
vacuum case, where it was solved by the following
procedure.

First, the spacetime metric gets decomposed into the sum
of flat space metric g, and the perturbation h,,
9w = G + hyy, but this split is performed in a generic
coordinate system, rather than the one chosen by the
Cartesian coordinate gauge g,, =17,,. In a generic coor-
dinate system the definition of g, is determined solely by
the condition of its vanishing Riemann curvature R§ ,(§) =

0 which can be rewritten as the equation for the metric

perturbation & = h,,, Rj (g —h) = 0. This equation can
iteratively be solved for & in some preferably Lorentz-
invariant gauge imposed on the unknown /4, which yields
this perturbation as a nonlocal covariant series in the
Riemann (or Ricci) curvature. For example, in the
DeWitt background covariant gauge, @”hm/ - %@ﬂh =0,
this covariant series begins with the nonlocal term
Ry =3R, + O(RZ,5), where L denotes the Green’s
function of the covariant d’ Alembertian acting on second
rank Ricci tensor R, = Rj,,.

Second, the perturbation theory in £, is developed for
the quantity in question (that is the heat kernel of the wave
operator or the corresponding effective action; the func-
tional determinant of the wave operator). On top of the flat
space background metric this step does not differ much
from a conventional Feynman diagrammatic method
whether it is performed in the coordinate or momentum
space representation (see, for example, [27]). The resulting
Lorentz-invariant series in 4, then was converted into the
series in the original curvature tensor by substituting the
expression for £, in terms of R§  (g) and by rewriting all
partial derivatives and flat space metric coefficients, occur-
ring in the operator coefficients of /,,, in terms of covariant
derivatives V, and the full metric tensor g,,. The same steps
can be undertaken in the matter sector of the theory, where
the role of £, and Rf is played by the connection and

fiber bundle curvature.

Ultimately, this procedure, carried out order by order in
powers of the curvature yields manifestly Lorentz-covariant
and manifestly diffeomorphism invariant answer for the
heat kernel, effective action and other objects in question.
For the theory with the wave operator F,

F=-0+P, (1.1)
this expansion procedure looks as follows. Here the
covariant d’ Alembertian [ = ¢*V,V  and metric-preserv-
ing covariant derivative V, are acting on generic fiber
bundle fields in the Euclidean D = d + 1-dimensional
spacetime, x* = (x°,x%), i=1,...d, while P is some
potential term. Hats denote matrix-valued objects in the
vector space of fields, 1 in what follows denotes the unit
matrix and tr implies the matrix trace. Generically, this
operator is characterized by the set of Riemann R%  , Ricci
R,,, scalar R curvatures in the gravitational sector and field

Hv?
strengths in the sector of matter fields fiber bundle

curvature 7%,,,, = [V,.V,], along with the potential “curva-
ture” P.

In this generic setup the heat kernel of this operator—the
kernel of its operator exponent with the proper time
parameter z [5,28]—and its functional trace,

K(t)=K(t

x,x') = e F5(x, x'), (1.2)
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TrK(7) = /detrk(r

X, X), (1.3)

serve for the calculation of the one-loop effective action,

(1.4)
|

1 1 [eod
W:TrlnF:—/ —TTrK(T).
2 2 0 T

For vacuum states the functional trace Tr is determined
over the functional space of square integrable functions
with zero boundary conditions at infinity of the Euclidean
spacetime, and the range of integration over all coordinates
is from —oo to +o0.

Covariant curvature expansion derived for such a setup
in [1,2] has the following form up to terms quadratic in the

full set of curvatures %t = (R ﬁ;w’RW’ P) inclusive:

e (—O)yR™) | + O[N], (1.5)

1 1 1os 5 1 2 vac vy
TrKvac(T) = (477:7:)D/2/de\/§tr |:] +T(6R1 —P> +§T (R;wfl (—TD)R” 1
+ R (—eO)RT + Prye(—tO)R + Pfe(—eO)P + R,
|
where f}*(—70J), I = 1, ...4, R, is the set of special nonlocal

operator functions of the covariant d’ Alembertians acting on
relevant curvatures. Obviously, this expression is fully
Lorentz and diffeomorphism invariant, its nonlocal
operator coefficients—functions of the full curved space
d’Alembertians—are symmetric in the sense that their
operator arguments can be integrated by parts without extra
surface terms, which is guaranteed by the asymptotic
behavior of curvatures at spacetime infinity.

For the generalization of (1.5) to the nonvacuum case we
will, basically, adopt the same strategy consisting of the
perturbation theory in 4, and its covariantization. As a
result, the underlying periodicity in one spacetime coor-
dinate, which will now play a distinguished role as
compared to the rest of coordinates, will break manifest
Lorentz invariance and indicate the presence of structures
additional to metric and curvature tensors. Technically
this leads, along with the obvious replacement

[0 dPx > [ dxO [40d, to the appearance of Lorentz
noninvariant tensor terms with uncontracted time indices
arising at the stage of perturbation theory in 4, . In the case
of a thermal state on static spacetime [22-24] this addi-
tional structure is nothing but the timelike Killing vector &
in terms of which the results acquire a manifestly diffeo-
morphism invariant form. Covariantization in this case
proceeds by replacing any noncovariant zeroth component
of any tensor by its contraction with this Killing vector
field, which has a trivial form & = 5, only in the
distinguished coordinate system assomated with the
time-independent metric coefficients. In our setup such
vector is a priori absent because spacetime does not
possess infinitesimal Killing symmetries—in the covering
space it has only finite shift “symmetry” associated with the
displacement by the period £ in the time direction.

Thus, one of the major goals of this work will be the
construction of a special vector field & generalizing the
notion of the Killing vector & to nonstationary geometries,
so that we can express the curvature expansion in a form

manifestly invariant under local diffeomorphisms. This
vector field will be obtained as a nonlocal covariant
functional of the metric expanded to second order in metric
perturbations. As we will see, this functional has a two-
parameter ambiguity which can be used to simplify the
formalism, but thus far we do not have good principles to
fix this ambiguity.

The paper is organized as follows. In Sec. II we build
perturbation theory in A,,. For simplicity we consider the
case of a quantum scalar field which allows us to disregard
the hatted matrix structure of the formalism along with
the contribution of the fiber bundle curvature 7%,,,,. The
generalization to fields with nontrivial spin-tensor structure
is straightforward and will be published separately.
Section III is devoted to the covariantization of the result
in terms of a special construction of the quasi-Killing vector
field. In Sec. IV we provide a brief overview of the
properties and various representations of the nonlocal form
factors of the obtained heat kernel and effective action,
along with their high and low “temperature” limits.
Section V contains discussion of the further prospects of
this work and its planned applications in the problem of
quantum initial conditions for inflationary cosmology. Very
involved technical details of the obtained results and their
derivation will be published in the forthcoming extended
paper [29].

II. HEAT KERNEL PERTURBATION
THEORY

In this section we calculate the heat kernel trace (1.2) of
the scalar field operator (1.1) at the second order in metric
perturbation £, on top of the background spacetime
S x R, Though the latter is locally flat, nontrivial effects
arise due to periodicity in the coordinate x° € [0, ) para-
metrizing S' circle. This setup is associated with the
periodic Euclidean time, and the corresponding period is
naturally interpreted as the inverse temperature f.
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Assigning the potential P to the linear perturbation order,
we expand the operator F = —[]+ P on the flat space
background as F =, F,, where the lower order terms
F, = O[h"] have the form (all derivatives outside of the
bracketed expressions are acting fully to the right),

FO - —0,%,

1
Fy = 9,10, = 5 (9"h)a, + P.

1 1
Fy = =050, + 5 (W70 hy)d, + 5 (9,h)h"0,. (2.1)

and obtain the corresponding expansion for the heat kernel

trace TrK () = >, TrK (7). The relevant individual terms
have the following form:

TrKo(z) = Tre=Fo, (2.2a)
TrK,(z) = —tTr(e "o F)), (2.2b)

TrK,(z) = —tTr(e "o F,)

1 I
+§12A daTr(e~@FoF e~(I=aFoF ) (2.2¢)

Explicit expressions are obtained in the momentum-
space representation with the basis eigenvectors parame-
trized by the spacetime momentum p, = (@,.p), where
w, = 2xn/p is the discrete Matsubara frequency and p is
the d-dimensional continuous spatial vector. We write the
result in the following form:

1

TrKy(z) = m/dl’xr(r), (2.3a)
TeK, (7) = W / dPx(T, (7)1 (x) + T(1)P(x)).
(2.3b)
TeRa(0) = s | @0 0.0 )
- 2P(0)y (7. 0)hy (x) + P()TI(z. ) P()).

(2.3¢)

Here all integrations are carried out over S' x R?.

All the coefficients of 4, and P are linear combinations
of the basic thermal function r(z) and basic nonlocal form
factor f(z,d),

Varr
”TZ —w? T (2.4)
N2 .
f(z,0) = / dae®1-9)73; ﬂ”T Ze‘f(fun+tabo>2, (2.5)
0 n

and a finite number of their z-derivatives. The coefficients

T,,(7) and T(z) in the first order of perturbation theory are

local, i.e., they do not contain d, and are expressed via the
thermal function r(7),

1 - -
T;w(T> = Er(f)’/l/u/ - Tarr(7>§u§w

T(7) = —1r(7), (2.6)

while the rest of the coefficients are nonlocal operators
involving f(z,d),

Zc 7,0)(
= Z Cy(7,0)(I1,),,(9),

a=15

(z,0) = °f(z, d).

Hﬂu./)o’ (T a m/ PO (a)

(2.7)

Their tensor structure is determined by the flat space metric
Nu» partial derivative operator 9, and the vector & = 5
along with appropriate symmetry properties. The origin of
the vector &, which distinguishes the Euclidean time
direction in these expressions, corresponds to the breaking
of SO(D)-invariance down to SO(d)-invariance due to the
distinguished role of time direction. Specifically, there are
14 independent combinations (T1,),, ,, constructed out of
Muws aﬂ, and Eﬂ, that have symmetries y <> v, p <> ¢ and
(u,v) < (p,o). Similarly, there are four combinations
(T1,),, with the same constituents having the symmetry
u <> v. These basis combinations are listed in Appendix A.

The operator coefficient functions C, of the Ansatz (2.7)
are presented in Appendix B in the momentum space
representation. They have the structure,

2

Z‘rpca (0,70,)f(z,0)

6 70,)r(7), (2.8)

where ¢(?) and d(P) are polynomials in 7d,, d, and Laurent
polynomials in d; and ¢* = 9;0'. Equation (2.8) imply
grading p assigned to the coefficients of the functions r(z)
and f(z) in C, (and II) of the quadratic part TrK,(z)
according to the power p of z, [with d, assigned a negative
power —1 and the argument of r(z) and f(z,0) not
participating in this grading]. Similarly the expression
for the linear part TrK,(z) follows the same grading
scheme, specifically 7', (z) and T'(z) in (2.6) have grading
0 and 1, respectively. The explicit answer for the coefficient
functions ¢(”)(9,7d,) and d?)(d,7d,) in the momentum
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space representation,] 0, = ik, = (iko. ik), ky=w, =
2zm/f can be read off the table in Appendix B as the
coefficients of f(z,0) and r(z) of relevant powers of 7.

III. COVARIANT FORM OF THE HEAT
KERNEL TRACE

The effective action is invariant under local diffeomor-
phisms. However, the structure of the result does not
exhibit manifest diffeomorphism invariance. This happens
because local diffeomorphisms; Lie derivatives along
vector field ¥,

aéh,uv = aﬂCu + augu + é’paph/w + ayéljh/)p + ayé’/)hu/)’
o.P = {+o,P, (3.1)
mix the orders of perturbation theory in £, so that TrK,
and TrK, are not invariant on their own, but demonstrate
local invariance only together and only up to terms cubic in
the perturbation. In terms of the representation (2.3b),
(2.3c) this invariance implies the following Ward (or
Noether) identities, which in the Fourier representation,
0, = ik, read as the relations between the first and second-
order form factors,

. 1
kaHﬂl/,p!)'(T’ lk) = Ekg(’//paT/w (7) - ”upTav<T) - npuT(m (T))’

. 1
kT, (z, ik) = Ek/,T(T).

(3.2)
One can verify that these Ward identities hold for the form
factors (2.6) and (2.7) by direct inspection.

Moreover, though the background spacetime is locally
flat, the expansion (2.3) is not Lorentz invariant. The reason
for the Lorentz invariance breakdown is the distinguished
role of the spacetime direction associated with the perio-
dicity in time, which reflects the global property of the
background manifold. This results in the appearance of
uncontracted indices of zeroth tensor components.

This loss of manifest symmetries can be circumvented by
replacing the perturbation theory in terms of metric
perturbation by the expansion in powers of the diffeo-
morphism covariant objects; Riemann and Ricci curva-
tures, characterizing the operator (1.1), their covariant
derivatives and a vector field structure reflecting periodicity
in the distinguished time coordinate. This vector field
&"(x), which on flat-space background /,, = 0 reduces
to & =4 [in the Cartesian coordinates used in the
expansion (2.3)], should convert noninvariant zeroth com-
ponents of various tensors into diffeomorphism invariant
contractions. For instance, in the case of the Ricci tensor
and covariant derivatives this conversion looks,

'Hereinafter, we will use the notation ko instead of w,, =
27zm/f noting that k, is discrete.

respectively, like Ry +— R, &'& and V,— &V,. For
such contractions to be invariant & = &“[h| should be a
functional of A, transforming under (3.1) as a vector field
and should be explicitly constructed. As we will see, such a
construction is indeed possible at least up to the second
order in hﬂ,, and, moreover, it turns out to be not unique.

As mentioned in Introduction, the above procedure of
covariantization was systematically implemented for the
vacuum effective action in asymptotically flat spacetime in
[1,2], where it was essentially simpler in view of the
absence of the & vector structure. Presence of this structure
in nonvacuum case makes the situation much more
involved and not so systematic, but still manageable in
the approximation quadratic in curvatures.

Briefly, the conversion procedure begins with the choice
of the basis of curvature invariants of the zeroth, first and
second order in the Ricci curvature® and the potential P, the
vector field & participating in the construction of the
chosen basis invariants via its contractions with the
curvature indices and covariant derivatives. All curvature
invariants are then taken with the unknown local or
operator-valued coefficients to form a full manifestly
covariant quadratic in curvatures Ansatz. Then the
Ansatz expression is expanded in powers of the metric
perturbation 4, and compared to the known noncovariant
expansion (2.3a)—(2.3c). This yields the system of equa-
tions for the unknown coefficients—Iocal functions or
nonlocal form factors—along with the vector field & =
&“[h] which is found from these equations as a functional
of hy,.

Obtaining these equations is strongly facilitated by the
fact that the expansion (2.3a)—(2.3c), due to the structure of
its form factors (2.8), can be split into groups of terms
which are separately diffeomorphism invariant, so that their
solution for unknown form factors can be found independ-
ently in each of these groups. This split follows from the
intrinsic structure of the functions (2.8) and the following
observations: 1) The basic form factor f(z, d) enters only
TrK,, hence the corresponding parts are invariant sepa-
rately; 2) All terms in TrK [cf. (2.8) and (2.6)] are weighted
by the powers p = 0, 1, 2 of z, hence the coefficient of each
power 77 is invariant separately; 3) TrK, contains powers
p<nn=0,1,2.

A. Invariant form in stationary case

Implementation of the above procedure is much easier on
a stationary metric background when & is a Killing vector
satisfying the equation V&, +V,&, = 0, so that it is not a

’Riemann curvature does not obviously arise in the zeroth and
first orders, while in the second order it can be reexpressed via
integration by parts in terms of the Ricci tensor—the same feature
as in the vacuum case of [1,2] where Riemann tensor nonlocally
expresses in terms of the Ricci one to all orders of covariant
perturbation theory.
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functional of the metric but a part of the physical setup; a
fixed vector field which in a special coordinate system
reads as & = §. In this coordinate system stationarity
means that the metric itself and its perturbations, along with
the potential P, are independent of the Euclidean time, i.e.,
h,, = h,,(x) and P = P(x). Technically, stationary case
corresponds to setting dy =0 in all the form factors
obtained above. This, in particular, implies that 92 = 6%,
so we will use the notation ¢* = 0,2, in the stationary case.
The main simplification due to stationarity consists in a
special factorization of the basic form factor (2.4) into the
product of the vacuum form factor f,.(—70%), introduced
in [1], and the basic thermal function (2.4)
f(r.0)= 0°)r(z).

f(z, a)|60:0 = fuac(— (3.3)

Frae(—70%) = A dae®(1-a)79" (3.4)

The vacuum form factor here corresponds to zero-temper-
ature # — oo limit [see separation of the form factors into
vacuum and thermal parts below in (3.37)]. Here and in
what follows the overbar denotes the stationary limit, i.e.,
the substitution of dy =0 in all form factors acting on
stationary background fields.

The factorization property (3.3) allows one to establish
the structure of form factors similar to the vacuum case of
[1,2]. In the vacuum effective action each nth order of
curvature expansion was rendered the form weighted by the
same nth power of the proper time; the property following
from the dimensional arguments which keep the same
dimensionality of all orders of perturbation theory (bearing
in mind that the vacuum form factors are dimensionless
functions of the dimensionless argument u = —79°). In
view of the third of the observations above, this property
was attained by subtracting the first n terms of the Taylor
expansion from the nth order form factor and relocating
them to lower orders of perturbation theory. In the non-
vacuum case this is literally impossible because the thermal
function r(z) given by (2.4) is not analytic at 7 = 0.
However, the factorization (3.3) makes this subtraction
possible for the operator coefficient of r(z) by introducing
the notions of the subtracted vacuum form factor

£l (~26?) and basic subtracted form factor in stationary
theory yald (z,0),

p—
£ = (R = X gy ') 33)
FP(z.0) = fhe(=20?)r(2), (3.6)
where we imply that  fl%(u) = fye(u) and
£l (7.0) = f(z.0).

This allows us to combine the first two observations
above, namely isolate the part simultaneously con-
taining the form factor f and having the weight
72, Expressing 7”f(7,0) in terms of 2f2~Pl(z,0) =
7P (=0*)P~2f(z,0) + - -+, where extra terms are propor-
tional to r(z), we can rewrite the general form of the
coefficients (2.8) of the Ansatz (2.7) as

2
C(r,0) = 7?
2

¢lPl(0,70,) f1P)(z, 9)
0

1
+Y rdrNo,70,)r(z),
=0

(3.7)

<

where the new coefficients ¢/?! and d?! read in terms of
the old ones as

clrl(0,70,) = (=07)Pe®r)(0,70, + p),
di"(9,70,) = d'P)(a,70,)

Lo
+y ————(P)erD(a,70, +1). (3.8)
IZ:; (21+1)!

Note that in the stationary case all coefficients E[”], dlp!
are local. This is because for k, = 0 all ratios k*/k* = 1
in the table of Appendix B, responsible for their spatial
nonlocality, trivialize whereas the overall nonlocal
factors of the form 1/k* of ¢(») are compensated by
suitable power of k* <> —9* in (3.8).

Thus, the terms corresponding to the first sum in (3.7),
i.e. belonging to 7%-graded quadratic in h,,, part of the heat
kernel, are separately invariant [cf. discussion after (2.8)].
In their turn, the sum of the terms of TrK,(z), correspond-
ing to the 7 and 7' grading parts of (3.7) supplemented by
the terms of TrK () of the same grading, are also invariant
separately. Therefore, one should split the heat trace into
the parts according to their grading and find for each of
them the most general manifestly diffeomorphism invariant
Ansatz. In the stationary case the diffeomorphisms (3.1)
should be restricted to static ones with {# = {#(x). This
implies that & = &) is itself invariant under such diffeo-
morphisms and is admissible for the construction of
invariants.

The 7° and 7! parts of the heat kernel, corresponding to
the second sum in (3.7), are local in the stationary case (i.e.,
have a polynomial dependence on 0%). Local SO(d)-
invariant functionals associated with these terms and
having zeroth- and second-order dimensionality in units
of inverse length (complementary to the dimensionalities of
70 and 7') are composed of the dimensionless g, its
derivatives (V,gq)?, the potential P and the first order in
curvature quantities R and R. Other scalar invariants built
of spatial components of the curvature are expressible in
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terms of the latter two ones. Therefore, they can be taken in
the form of 1, in the 7°-grading part and

R, Roo, (Vﬂw)z, P (39)

in the 7! part of the total heat kernel trace. Here, for conformity
with the notations of [22] we denote by @ the logarithmic
function of gy, @ = %ln Joo- Weighted by dimensionless
local coefficients u; = u;(ggy, 7), I = 0, ...4, and integrated
with the covariant Riemannian measure these invariants
yield the Ansatz for the covariant 7° and 7'-graded part of
the full heat trace, TrK(©+1) = TrK(© 4+ Trx™®),

(0+1) o
TrKcovariant[g] (47”_)1)/2/61 x\/_{uo

1
+ ET[MIR + uzRoo + u3(V,0)* + M4P]}-
(3.10)

Since gqq is the only nontrivial dimensionless scalar of the
stationary setup, the functional freedom in this Ansatz consists
in the above coefficient functions of g, and the proper time 7.
The covariant Ansatz for the 72-graded part, correspond-
ing to the first sum of form factors in (3.7), relies on
invariants built of quadratic combination of curvatures and
the potential P, because it starts with the quadratic order in
h,,, and the flat-space expansion of every curvature tensor
begins with the linear order in metric perturbation.
Moreover, each metric curvature is by itself diffeomor-
phism invariant under (3.1) up to higher perturbation theory
orders, 6R,,,, = O(h?). The complete basis of the curva-
ture squared SO(d)-invariants (the potential P being
included into the set of “curvatures”) can be chosen as

R2,, R*>, RP, P>, RR, PR, R, R?,

HUo ’ ’ ij ) (3 . l 1)
where R, R;; are d-dimensional Ricci scalar and tensor,
respectively, constructed using spatial part of the metric. As
with the time tensor components, the d-dimensional quan-
tities here can be expressed via the D-dimensional

Riemann, R,,5 = (P)R,;,5, and Ricci R, = (P)R,,, tensors
with the aid of the projector,
4
Py :%—if”, (3.12)

taken at & = &, In view of the Gauss-Codazzi equation
R =R —-2Ry + O[h?] and R;; = R;; — Roj; + O[h?] the
last four invariants in (3.11) can be rewritten as bilinear
combinations of P and

5”5”

R=R-2R, + O[h?],

Ry = RyyPiP! — Ry PPLES 1 O 3.13
v — Bapu"v = Rapys ™ €2+ [ ] ( )
also evaluated at & In particular, R,Zj = R,zw—l—

O[h3] = gﬂagyﬂRﬂyRaﬂ'

Completeness of the suggested basis (3.11) follows
from the observation that its expansion in A, starting
with a quadratic order, should saturate all admissible
SO(d)-invariant combinations bilinear in metric perturba-
tions and the potential P. They are determined by the set
of SO(d)-invariant tensors (IT and four basis tensors
(T1,),, in the quadratic order of the noncovariant expan-

sion (2.3c), listed in Appendix A and restricted by the
Ward identities (3.2). For a nonlocal part these identities
reduce to transversality conditions k°I1,, ,, = 0, k°IL,,

0 and give rise to five independent structures for I, ,, nd
two structures for Il,,. When supplemented with the
potential square P> this gives a total of eight quadratic
invariants.

The 7%-graded part in question is essentially
nonlocal, so that the coefficients of the quadratic
invariants in TrK® are nonlocal form factors f;(V),
I =1, ...8—nonlinear functions of covariant derivatives
acting on one of the curvatures in their bilinear

combinations,

a ) Hv,po

2
TI'Kr(;o)varlant[g] (4ﬂ:_)D/2/dDX\/§{Ryuf] (V)Ryu
+Rf2(V)R+Pf3(V)R+PfsP+Rfs(V)R

(
+Pfs(VIR+R"f1(V)R,,+Rfs(V)R].

(3.14)

As discussed above, the 7°, 7!, and 7°-graded parts
of the manifestly noncovariant expansion (2.3b), (2.3c)
are separately diffeomorphism invariant. Therefore,
separately equating them to the manifestly covariant
expressions (3.10) and (3.14) expanded to the second
order in powers of h,, one obtains the system of
equations for the coefficient functions u;(goo,7),
I=0,...4, and form factors f;(V), I=1,...8. In
the overall quadratic-order approximation in h,, these
equations apply to second order in metric perturba-
tions for the function ug(ggy,7), to the first order for
ur(9oo.7), I =1,...4, and to zeroth order in h,, for
f1(V), 1=1,...8.

For the 7°, 7'-graded equations their solution can be
written down, modulo some inessential freedom in u, and
us, as
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1
= [1 = hgy7d, + zhgoraf(raf + D)r(z) + O[AY],

u = é(l — hoytd,)r(7) + O[R?],
" — %(1 — o7, + 1))ed,r() + Oli?],

Uz = 5161(161 + 1)r(r) + O[n?,

—(1 = hoyro,)r(7) + O[h?)]. (3.15)
The freedom in the choice of solutions for u, and us is
resolved by comparison with the nonperturbative (in metric
perturbation) local Schwinger-DeWitt expansion for the
thermal effective action achieved in [22]. The same
comparison also suggests a nonperturbative in f,, com-
pletion of the above equations,

1 1 1

Uy = - r(z), u=- . (),

0 (900) % l 6 (900) %

L0, r(2) L 0,(20,+ 1)r(0)

U, ==10, . Uy =5——>-10,(70; r(z),

23 (900) ot ’ 3(900) %

1

ug=———r(7). 3.16

! (goo)")’ ) ( )

The same procedure applied to the manifestly covariant
Ansatz (3.14) and the relevant 7’-grading part of the
expansion (2.3c) [with the known form factors (2.7) and
their subtracted counterparts (3.7)] leads in the stationary
|

_ 1 1
Tek(e) = (47”)D/2 / d x\/_{ ) rie) ¥ T(goo)fd’

case to the explicit functions f; = f;(z,0). All these
functions are expressed via the subtracted versions of
the basic form factor function f[! (z,0) with p =0, 1,
2. For the SO(D)-invariant curvature structures they turn
out to be equal to

f1 = =4(z0, + 2)7 = fiI,
f2 = (20, +2)(a0, + 3)77 + 571,

f3=2(z0. + 1)f1Y,

fa=1, (3.17)
while for the SO(d)-invariant ones they read
1
fS = _(Ta‘[ + 2) (2701 + S)f[z] - 5 (Tar + 2)f[1]’
1
fo == (200, +3)f1 =2 1.
f7=2(270, +5)1 + sl
1
fs =7 (200, + 3)(270, +5) f2
1 1
- 4 -
+4(210,+3)f +16f. (3.18)

Thus, the final answer for the stationary heat kernel trace
reads

1R
P+--270, +~

3 200 3 (Va)) 70,(70, + 1)) r(7)

+ 3P (RAF (TR, + RT(VIR + PA(VIR + PT(V)P

L RFS(V)R + PFo(V)R + RF, (V)R + Rﬂ(vm)] o).

where, of course, f;(V) = f;(z.V)|; - and the replace-
ment of 0 by the covariant derivative V along with the
replacement of 0> by the covariant d’Alembertian [] =
¢*V,V, [note that the fundamental form factor (2.4) with
dp = 0 depends only on ¢”] can be freely done because
relevant corrections exceed the assumed quadratic-order
precision in curvatures.

The origin of the differential in = operator (go)~™,
which is supposed to be acting to the right, is closely related
here to the notion of Tolman temperature defined as
Ttoiman = T'/+/900- Indeed, this operator acts on the func-
tion r(z) by scaling its argument by a factor of (gyy) 7!, i.€.,
(g00) " r(7) = r(t/ggy). According to the definition (2.4)
of the function r(z), its argument 7 enters only in the

(3.19)

combination 7/#%> = T?z. Consequently, this effectively
maps the global temperature 7' to the local Tolman one,
namely,

(900) ™ r(z) =

which fully confirms the result of [22].

() |T:TTnlman ) (3.20)

B. Generalized Kkilling vector and covariant form in the
nonstationary case

Transition to a nonstationary case is associated
with several new features of the formalism. First,
the basic form factor (2.5) no longer factorizes like
in (3.3), so that its subtraction procedure, necessary
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for zP-grading of various terms, should be modified

1 p=!
7 (7. 9) = 7)(70?
fr(z.9) (=70%)P < ;214— 6))

(3.21)

This again allows one to rewrite the coefficients (2.8)
of the Ansatz (2.7) in the form

clPl(a,7a,) fI)(z, 9)

N

C(r,0) = 7?

-1
=

+ 7P dlP] (0,70,)r(7),
n=0

(3.22)

~

where the coefficients c!?!, dlP! are expressed in terms
of ¢, 4w by the same relations (3.8) as in the
stationary case. However, now all these coefficients
are essentially nonlocal because of the factors of
K*/k* =1+ k3/k* in the table of their momentum
representation expressions of Appendix B.

The second most important feature of the nonsta-
tionary formalism is that & = 8, is no longer a fixed
vector of Killing isometry, and if we want to arrange
diffeomorphism invariant quantities by replacing tem-
poral indices in terms of tensor contractions with some
vector field &#, this vector should have a correct
diffeomorphism transformation property under the
transformation (3.1) of h,,. Therefore, this vector field
is necessarily some functional of A, (x), & = &[n],
which reduces to the Killing field & on a stationary
background. In a special coordinate system in
which the metric perturbation A, (x) = h,,(x) is time
independent, this means that it should satisfy the
condition &[h(x)] = &,.

We will look for such a generalization of the Killing
vector field in the form of the A, -expansion,

&'[h] =86 +Eup(0)h™ (x)

+§aﬁp,ak<ax,ay>hvﬂ<x>hm<<y>|y:x+0[h31, (323)
with some unknown operator coefficients E;,(d) and
B ox(0y, y) These coefficients are restricted by the
requirement of the vector-field diffeomorphism of &[]
under the diffeomorphism (3.1) of A,,. In the momentum
space representation this requirement implies the Ward type
identities

1
KBl (k) = = kod). (3.24)

1 —

=3 [ =0, Zs(ip)

(i) + 5apk”Eﬁu(ip)}
1 .

+5 (p - k)/)E‘I;ﬂ(l<p - k))

~ SR i = ).

k u/)a[i(lk l(p k)) -

+ 8k

(3.25)

which, of course, do not fix these coefficients completely.
The above requirement of a well-defined limit to the
stationary case, & [h(x)] = &, adds the condition that both
of the operator coefficients should vanish at d, =0,
Elg,—o = 0. This condition also ensures that the vector
field & generates periodic integral curves, dx*(x°)/dx® =
(x)), [# dxO&* (x(x°)) = B8k, along which periodicity
of the underlying manifold takes place. The rest of the
information on the choice of E/,(d) and E, (,K(ax,ay)
should follow from the nonstationary version of covarian-
tization procedure, in which the determination of & [h] gets
on equal footing with the above determination of the
coefficient functions of the Ansditze (3.10) and (3.14).

The covariant Ansdtze (3.10) and (3.14) should
also undergo a modification. Apart from obvious replace-
ments of temporal indices by contractions with the
introduced vector field, that is goo > ger = g, 8"E,
Ryo > R = R,,E"E, additional tensor invariants turn
out to be necessary. This follows from the 7° and 7' graded
parts of the total answer, which as discussed above are
separately diffeomorphism invariant. One might have
expected that these parts could be expressed in terms of
the covariant Ansatz (3.10), which, in particular, would
imply that all nonlocality and breakdown of Lorentz
invariance due to the presence of & = &, could be hidden
inside the definition of the vector (3.23) under an appro-
priate choice of its coefficients Z. However, this expect-
ation turns out to be incorrect.

Indeed, expanding in A, the covariantized by the vector
& invariant (3.10) with the coefficient functions (3.16),
which we assume to be the same as in the stationary case,
and equating it to the 7° and 7! graded part of the original
noncovariant expansion, one obtains the system of equa-
tions for E. However, this system turns out to be over-
determined. To circumvent this difficulty one can use the
freedom to include into (3.10) additional invariant quan-
tities of second order in derivatives,

(v(yéu))zv (vﬂfﬂ)27
gﬂéavagbv(yéy) s 5” vyézv(y&/) ’
gﬂévv(ygv)vpfpv (gﬂévv(ygy))Z’ (326)

which are all proportional to the left-hand side of the
Killing equation V(#éy). These invariants obviously vanish
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in the stationary case, because & becomes a Killing vector
& for the stationary perturbations. Inclusion of these
combinations with free coefficients leads to a consistent
set of equations on Zf,(d) and E, ,,(d,—0d). Note that
spatial components of E,,p,g,c unlike the temporal one
£, 5(0.—0) cannot be determined at the quadratic order
of perturbation theory, because it arises only in the u((ge:)-
term of (3.10), specifically in the integrated form of its
temporal component, [ d”xh,,(x)Z9, (9, —0)h,,(x).
Thus, by adding the invariants (3.26) weighted by
unknown coefficients into the integrand of (3.10) one
has a new system of equations. It governs not only the
coefficient functions =, but also these coefficients which
define the weights of the new terms in the modified Ansatz
(3.10). The resulting system turns out to be underdeter-
mined and contains three free dimensionless parameters. In
particular, the solution for Z,(0) turns out to have the form

E}vlp ):

0,
262062 {aﬂ( vep azéuf/)) (‘%aﬂ +5’,§6,,)62

o - -
- Cly (a()au - 51/62)(006/) - 5/)62)

+ 501, - 0,0,)]. (3.27)

where PH = ytv — E*E is the projector, and o = P*9, is
the spatial part of the partial derivative. Here a and b are
two out of three free parameters of the solution. The
solution for the coefficient function &), ,,(d, —0) is cum-
bersome and is given in Appendix D. The third free
parameter enters the weights of the scalars (3.26) which
are dependent at the quadratic order, namely, its particular
combination vanishes,

(b+ DEVEV L, = bEEN (,E,)V &

+(a=b)(&&V8,)* = OlR’]. (3.28)
Hence, this combination can be added to the particular form
of the final answer with an arbitrary coefficient, which is

TrK () = ——

.
3\ e

1

3

1

3

]

+Rf5(V)— R+Pf6( ) SRR

g&) 70, 6

R 3
(35 4 (V) - (9,8 - #(T:2)Vy + 5(TEIVy8 )0

e | {%) MR

the third parameter of the solution. The ambiguity in the
choice of this dimensionless coefficient is of functional
nature; it can be the function of the operator zd, acting on
r(z). This is in contrast to numerical coefficients a and b,
which cannot involve 7d, because the derivation procedure
for the equations on E and the weights of (3.26) was
strongly facilitated by the additional grading of all terms in
powers of the operator 7d,.

Covariantization of the 7?-graded part of the heat kernel
in terms of the Ansatz (3.14) does not require a replacement
of & by & when working at the quadratic order of metric
perturbations since the difference between & and & affects
only higher order terms. Therefore, it basically repeats the
procedure of the stationary case; rwriting (3.14) in terms of
quadratic combinations of £, and equating it to 72-graded
part of the expansion (2.3c) [with the known form factors
(2.7) and their subtracted nonstationary counterparts
(3.22)]. Just like the stationary case this leads to the explicit
nonstationary functions, which we temporarily denote by
f1oms@(z, 9), expressed via the subtracted versions of the
basic nonstationary form factor function f”!(z, d) given by
(3.21), p=0, 1, 2. For the SO(D)-invariant curvature
structures with = 1, ...4 these expressions in terms of f!7!
exactly coincide with those of Eq. (3.17), while for the
SO(d)-invariant structures, I =5, ...8, these expressions
are given by Eq. (3.18) modified by extra nonlocal factors
k*/k* = 1 + k3/k* originating in the nonstationary case
from the table of Appendix B. In the momentum space
representation the above relations read

f?onstal(z-’ ik) = f(z, ik), I1=1,.. .4, (3.29)
fronsat(z jk) = (k2 /k>)f,(z, ik), I =5,6, (3.30)
fr[]onstat(i.’ lk) _ (kz/kZ)sz(‘[, ik), 1=17,8. (331)

Collecting all the above results together, one finds that the
final answer for nonstationary heat-kernel trace can be
rendered in a particular form,

1 1
—-R-P

(V0 = 28 (V) ) + 288 (V) )V, )0, (20, + 1>] ()

(R,wfl (V)R + REA(V)R + PF3(V)R + Pf4(V)P

O

~Fi(V) W+R%fs(v>%R)}+0[%3]. (332)
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Here new structures (3.26) with their explicit coefficients
are contained in big parentheses of the second and third
lines. Covariantly completed form factors of the quadratic
invariants follow from the momentum space functions
(3.29)—(3.31) in terms of the set of functions f,(z,d) of
Eqgs. (3.17), (3.18),

f1(V) = f1(2,9)|s0v.

where we omit explicit z-dependence for the sake of
conciseness. They include D-dimensional d’Alembertian
L] and d-dimensional Laplacian, defined as

(3.33)

A=V,P*V,, (3.34)
where P* is the nonstationary version of the projector
(3.12) built in terms of the generalized Killing vector &~.
Covariant completion with noncommuting objects,
k, = —iV,, k* —» -0, k¥* = —A and P* is organized
in such a way that the spatial Laplacian A as well as the
kernels of quadratic curvature forms represent operators
symmetric under spacetime integration with the Rimannian
measure; this explains symmetric ordering in the definition
A and in the last quadratic terms of (3.32). These details
might be inessential in the quadratic-order approximation,
but affect higher orders of covariant perturbation theory, if
those orders will be chosen to proceed with; this happens
with the cubic curvature order in the vacuum case [9].

As mentioned above, there is a three parameter freedom
in the representation of (3.32)—two parameters a and b in
the construction of &“[h] and extra parameter associated
with the identity (3.28). From the above derivation pro-
cedure it is obvious that the terms inside big parentheses of
the second and third lines of (3.32) are independent of a
and b, parametrizing the generalized Killing vector, while
the coefficients of the interior £“-structures can be altered
by the addition of this identity with the third coefficient
which can be a generic function of the differential operator
70, acting on r(t). This leads to another form of the final
result explicitly featuring all three arbitrary parameters, but
we prefer not to do that in (3.32).

A final comment to Eq. (3.32) is that its notations are
somewhat redundant, namely, g:: = & = >, Moreover,
some of the terms derived from the Killing equation can
also be rewritten in terms of @, for example,
&V, ¢, =1V, 8 =V, 0 + O(h?). Nevertheless, the final
answer is retained in this form to maintain key aspects,
namely a closer analogy to the static case (3.19) and
thermal results of Dowker and Schofield [22].

C. Separation of the vacuum contribution

It turns out that the answer for the heat kernel trace can
be effectively separated into the vacuum part, correspond-
ing to the zero temperature (or infinite f), and the
pure thermal part. To show this, we apply the Poisson

summation formula to the sum in the definitions (2.4), (2.5)
of the thermal function r(z) and the form factor f(z, 9), that
gives (cf. Appendix C)

4ﬂT E —7(w,+iady)?

1+22

= cosh (nafay),

(3.35)

where the sum in (2.4) is obtained by setting dy = 0.
Hence, the thermal function and the fundamental form
factor split into the parts, respectively, referred to as the
vacuum and thermal ones,

F(1) = 1+ ry(z), =2 i e, (3.36)
n=1
f(T’ a) = fvac(_Taz) + f/i(T’ a)’ (337)
fs(z.0) = 2/ dae®1~ ‘”"ZZe = cosh(naﬁdo)
n=1
(3.38)

and corresponding to the first and second terms in the right-
hand side of (3.35). The explicit form of the vacuum form
factor f,c(—70%) was previously defined in (3.3), whereas
the f(z, d) represents the fundamental thermal form factor.
The vacuum form factor is the function of the combination
—70%, whereas the thermal one is the function of the
separate variables 7 and d, = (dy. 0).

This splitting induces the corresponding decomposition
of the heat trace into vacuum and thermal components
based on the respective parts of the thermal function and the
fundamental form factor,

TrK(7) = TrK,.(7) + TrK (7). (3.39)

Significant simplification takes place in the vacuum part
TrK (7). In its 7° and 7! graded terms—the first three
lines of (3.32)—the operator 70, acts on ry,.(7) = 1, and
these terms reduce to the local contributions of the first two
Schwinger-DeWitt coefficients of the vacuum heat kernel
(1.5), which are of zeroth and first order in Ricci curvature.

The 7?-graded terms corresponding to the curvature-
squared part of the heat kernel (3.32) contain the form
factors f;(z, d) which are expressed via Eqgs. (3.17), (3.18)
in terms of the subtracted functions f!(z,d). These
functions in turn get split into vacuum and thermal parts
fll(z,9) = fIPL(—z?) + f[ﬂp I(z,0), which results in the
vacuum-thermal decomposition of all form factors,
fi(z.0) = f7(.9) + f1(z.9),

I=1,..8. (3.40)
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The vacuum ones can be further simplified. As follows
directly from the definition (3.3), f..(u) satisfies the first-
order differential equation

1 1
uaufvac(u) = _Z (” + z)fvac(”) + E . (3'41)

This equation allows one to express the 7d,-derivatives of
Fuac(—70%) solely in terms of fy,.(—7d%). Upon the use of
(3.41) the vacuum parts of the first four form factor
functions f)y*(u), I =1, ...4, reduce to

f\lldc( )= 2fvac(”)

1 1
;ac(u) = _Z E/aC( ) + - fvac ) +Rfvac(u)’
() = = U (u) = 3 Fral),
Fi(u) = frac(u), (3.42)

where fvac(u) are the subtracted functions (3.5), while
those of the SO(d)-invariant terms identically vanish,
f7*(u)=0,1=5,...8. Thus, with u = —z[J one arrives
at the answer for the covariantly completed vacuum part of
the heat trace (1.5) known from [2] in a more general case
of a generic fiber bundle curvature R,

In contrast to the vacuum form factors [ (—0), the
thermal form factors do not admit any additional identities
like (3.41), so they cannot be further simplified. However,
simplifications arise when these factors are used in effective
action calculations, as described below.

IV. EFFECTIVE ACTION

The one-loop effective action (1.4) for the wave operator
F reads within zeta-function regularization as

10 ”25 ) 1
W= ———|— S=ITrK
20s [F(S)A dee (T)]

where u is the normalization parameter reflecting renorm-
alization ambiguity (and absorbing logarithmic UV diver-
gences arising in dimensional regularization). Similarly to
the heat kernel, effective action consists of the vacuum and
thermal parts.

In the quadratic order the vacuum part W, is generated
only by 72-graded terms of the heat kernel, because its 7°
and 7' parts have purely power-law dependence on 7 and
get annihilated under zeta-function regularization,
J&° drr? = 0 (as well as in the dimensional regularization).
Thus, W,,. begins with the quadratic terms in curvatures,
whose form factors ¢)**(—[J) follow from those of the

t2-part of TrK .., f}*(—7J), by the replacement

. (4.1)
s=0

f1(=71) & ¢y (-0)
a ﬂzs © S— vac
= [F(s)/o dtr ID—/zrzf (- )]

In view of the explicit relations (3.42), expressing
7(=70) in terms of the basic vacuum form factor

Svac(—70) and its subtracted counterparts, f [V’;L(—TD%
Svac(=70)/(=z0)7 + - - -, the set of the above form factors
are expressed as linear combinations of operator functions

of the d’Alembertian (—D)‘Pq’)&gc/ 2-2+p )(—D) having one
and the same dimensionality, D — 4. Here ¢$‘§Z(—D) is the

following set of basic effective action form factors with
q=0,1,2,

- 9 Iu2s 00 o
D)_a [F(S)A drr*™1 lfvac(_TD):| o

q! J Ul
:—WD lOg —/7 +Hq—2H2q+1 s

(4.3)

(4.2)

s=0

P (-

where H; = >_! _, 1/n is the harmonic number and in the

last equality we assume the case of even-dimensional
spacetime D.
Thus, the vacuum part of effective action takes the form

_anc 2(47[)0/2/(1 X\/_
X (Rﬂv(ﬁxlfac(_ )R”D+R¢vac( )R

+ PP (—=D)R + POy (-D)P) + O[], (4.4)

with the form factors fully matching the old result of [2]
obtained in dimensional regularization,

we(—m):( )2 W (-0,
e-0)=- o7 WD+t D)

+1g ¢V€3!2 (-0,

1 - 1 -
P0) =~y D) D),

e (-0) = gl (-0). (4.5)

The thermal part of the effective action is finite, i.e., the
integral over 7 in (4.1) is convergent in s — 0 limit. Hence,

the zeta-regularization can be lifted, and the thermal part of
the effective action reads
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1 [od
P / Trek (o). (4.6)
2 0 T
Its 7° and 7! graded terms are of the form
odr 1
[) 7m1pc(161)rﬂ(1)
D dT 1
~(3=0) [T
D
=c (5 - p)p(D/z‘P), (4.7)

with p =0, 1, ¢(79,) being some function of zd,, and
thermal function r4(7) defined by (3.36). Here in the first
equality we integrated by parts [no boundary terms arise
since r4() vanishes at 7 = 0 along with all its derivatives],
while in the second equality we exchanged the order of
summation in the expression for ry(z) and integration
followed by the use of Riemann zeta function {(s) =
>>%,1/n® in the calculation of the set of numerical
coefficients,

-

In contrast to these numerical coefficients, the integra-

tion of thermal 7>-terms of the heat kernel (3.32) leads to|

p((I)

dr 2\ %4
S0 =2(3) Taeea. 6

o

D/2-1)

the thermal effective action form factors which are nonlocal

operators,

where thermal f 7(z,0) are expressed via (3.17), (3.18) as

dr 1
T D/2 sz(T a)

¢1(0)

(4.9)

linear combinations of the subtracted form factors f; [p] (7,0)

with some coefficients ¢(zd,). This, in addition to numeri-
cal structures like (4.7), leads to new integrals involving the
fundamental thermal form factor f4(z,0),

odr 1
A;mfpc(rdr)fﬁ(r,d)
_c@—p)(/)l’/“’(a).

After the same integration by parts they are expressed in
terms of the following basic set of nonlocal operators

(4.10)

45/(,")(6) which, together with p(@), will serve as main

building blocks of the thermal form factors in the curvature
squared part of the effective action,

-

Collecting the vacuum and thermal parts one obtains the
total one-loop effective action,

dr
—r1 /(7. 9)-

i (9) (4.11)

1 /dD Y p(D/Z)
_ X\/g +
2(4”)D/ 2 (géjé)D/ 2

1 R
+—(D—2)[ﬁ+
Gee

(gee

(v(ﬂfv))z - (vyéﬂ)z

—D(D
+12 (

+ % (R“¢) (V)R + Rp2(V)R + Pps(V

)D/Z—l

<1
“R-P
6

3
= &VLEV 6 + Eé’”vyfzv(ﬂé)}

- 2)[(vﬂw)2 - 2§ny§2v(;4§y) + 2§II§DV(”§D)VP§[)}>

)R + Py (V)P

+ Rps(V) %R + P (V) %R + R* f $71(V) ij R, + R%(bg(V) %R) } + O[3, (4.12)
with the full set of covariantly completed form factors of its curvature squared terms,
¢1(V) = py(-0) + ¢{(V).  I=1,..4,
o (V) =¢i(V), I1=5,..8, (4.13)
where the vacuum form factors ¢)*(—J) are given by Eq. (4.5) and the thermal form factors M(V) read
K =~ + S 0@) 4 o0 Dy porn P22, (4.14)
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h(w) = 2L o) L yorg) - o PO opy 22012 @.15)
#(V) :——¢D/2 Vv )+p<D/2‘”DT_2, (4.16)
Pi(V) =" (9). (4.17)
A(w) = - PO o) 4 Lyt (g g o POZD L oy PO Z2), (@18
Hw) =221 <D/2‘1)<V>—§¢2’3/2‘2><V> oy, (4.19)
#h(w) =200 gip2) - Lgfprn () - pom 20 _ jonn D22, (420)
) =22 gy 2oLy ) o L yernag) o 2L ony @O0 g )

The calculation of the basic form factor functions (j)}f) (0) arising in the explicit expressions for ¢b;(V), is rather involved
and is done in [29]. Here we reproduce the answer in the momentum space representation [cf. ik, <> 9, and k, = (ko,k)] in

the following form:

2 2
B (ik) = (ﬁ) " aat, (Qup, (K]).

s ”)> W H

9
P IGTE
1=

pq([k]) = (=)

lﬂ ,

where we denote |k| = V.

The expression involves the Hurwitz zeta function
defined as {(s,a) = > % 1/(n + a)*, and prime denotes
the derivative with respect to the first of its arguments,

{'(s,a) =<%4¢(s,a). Here Q is the translation-type
operator,
119 ( 119|k|)+e—119 ( —l19|k|)
Q(p(|k|) el19 + 6_“9 ’
. ko
= 9(|k|, ky) = arcsml?, (4.24)

defined by its action on a generic test function ¢(|k|). Here
9 has the meaning of Euclidean rapidity parameter. When
calculating the k’-derivatives in (4.22), the parameter
9(|k|, ko) = arcsin(kq/|k|) should be treated as a function

of |k|=Vk? at fixed ky. Note also the structure

b

4
KN\ 2
£(2q -21) {m(ﬁl |) + Hyy — H21+1] (@) ,

(4.22)

AIKT\ 2!
(%)

(4.23)

e |k| = |k| % ik, |k| = VK%, of the test function ®
argument.

Substituting (4.24) and (4.22) into (4.22) makes the
resulting expression for ¢, (ik) extremely compli-
cated. While the explicit result (4.22) for the effective
action fundamental form factors may be suitable for
numerical calculations, it is of a limited use for a
further analysis. Therefore, in the next sections we
present their high- and low-temperature expansion
and use it in the corresponding limit of the effective
action.

A. High-temperature expansion

Using the series expansion of Hurwitz zeta function, we
develop the high-temperature expansion of the form
factors (4.22), which is valid in f — O limit. The answer
reads
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il 1)! BIkN2-20 2 [k*\7 1
(lk)—2 k2 q IZ: T)Z:(zq—Zl)Fq.l(&)(T> +22q6]! <17> W
q! Blk| (g+1)! -
+(2q+1)!(1 g4 3 H ~Hagr >_(2q+1)!F‘1(19)

where |k| = VK2, y is the Euler’s constant and i (x)
denotes the Gegenbauer polynomial. Here we also intro-
duce auxiliary functions,

1 .
Fq,l(él):2F1<q—l,l—|—1;§;sm28>,
F = sin? 1,1 2-32-'2 426
Fq(19)_s1n 9F,( 11,9+ X ;sin“9 |, (4.26)

where the hypergeometric functions , /| and ;F;, reduce to
elementary functions for the specific values of their
parameters involved. The first line of (4.25) contains
negative powers of f, i.e. terms exhibiting power-law
growth in the high-temperature limit. The second line
consist of terms involving logarithms and constants in /.

g+ 1)CY5) (sin 9) <ﬂ4|—j) qu : (4.25)

Finally, the third line represents subleading terms, vanish-

ing at f — 0. The latter are local, since the combination

Cg‘frzl 4 (ko/|k|)k* contains only even positive powers of k,

, so that apart from the first few nonlocal terms this
is a local expansion in spacetime derivatives. Note that in
the static limit, k, — 0, nonlocality survives only in pl-
term which confirms the results of [23].

Substituting the expansion (4.25) into (4.14) and com-
bining with the vacuum part (4.5), we obtain the corre-
sponding high-temperature expansion of the effective
action (4.12). As an illustrative and the most physically
interesting example, we provide the explicit answer for the
form-factors (4.13) in the dimension D =4. In this
dimension, the auxiliary functions (4.26) occur for the
following specific set of their parameters,

Jsind 4 cos I 129sin9 + 9 cos I — cos 39
Fiod) =—m———, Fr,(9) = Fyo(sind) = ,
10(9) o2 21(9) 20(sind) 8cos5d
- Jsind
Fy(9) =——,
o(9) cosd
- 2(3sin9 + sin 39)9 + cos J — cos 39
F1(19) = ( ) 3 ’
16cos’9
- 1
2(9) = w535 (4(10 $in 9 + 5sin 39 + sin 59)9 + 12cos 9 — 9 cos 39 — 3 cos 53). (4.27)
In terms of them the answer for the form factors (4.13) reads
1287* Fpo(8) — 1 4n23Fo(9) —4F,,(9) + 1 2sin?9 1
1 (ik) = — z 2,0(4)4 _an” 10(9) : 22,1( ) _ s - _+_1 og P
45 Pk 9 [k 2 cos 9 p|k| 4r
L (20,9 + 128,09 = L) + 28) 0 scos20)p22 + 0(8") (4.28)
i5\7 ! 27 120) T 168022 ’ '
3274 Fr0(9) =1 27 F o(8) —2F,,(8) +1 r*cos28-2 1 1
Do(ik) = 7 2.0(4 )4 < 10(9) . 22,1( ) T - + log ﬁ_ﬂ
15 Sk 3 Pk 8 cos’d ﬂ|k| 4r
1 - 863 £(3) 515
30 (}/+10F1(19) 18F,(9) 280 336072 (4 —3cos29)5°k* + O(p), (4.29)
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8’ Fio(®) -1 & 1 2 Pu
k) = — L - ___z Pr
$s(ih) ==~ osan 3 %\ ax
1 - 3
——(24y —48F(9) — 19) + dl )2 (3cos 29 — 2)f*k* + O(B*), (4.30)
36 1207
2 fu . £(3)

k) = ———— 4 2log( — 2y —2Fy(9) — 1) — 225 (2c0s 28 — 1)2k* + O(B*), 4.31
3ulit) = o o+ 2108 () + (2 = 2Ru(9) = 1) = 52 200520 - )P + 08 (431)
¢ (k) 327T4F2’0(19)— 1 47T23F1’0(19) —5F2'1(19) +2 71'22C05219—3 1

l i — e E—— e —— —_— —_—

> 9 g 9 B2k 8 cos’9  pIk|
2 (9) + F2(9) + 1_6 (cos29 + 1)52k> + O(B*) (4.32)
30! g 15 16807 ’ '
, Fio(®) -1 n*cos28-2 1
k) = —47> 2 -= —
Polik) = —4m"— 55 2 cos’d K]
7 = 1 C(?’) 272 4
+ Fo(9) =2F,(9) — =+ 5 (cos28 + 1)p7k> + O(B), (4.33)
3 240z
¢ (k) 3277,'4 F2’0(19) -1 471'2 3F1’0(19) - 5F21(19> + 2 71'2 4Sin2(19) + 11
1l = " _ J— R
! 9 gt 9 B2i> 8 cos’9 Pk
+ Zp (8) — F5(9) — 1L + £3) (cos29 + 1)5%k* + O(B*) (4.34)
30! g 15 ' 16807 ’ '

, 47 Fp0(9) =1 726F (9) —5F5,(9) =1 7> —8c0s29 +cos4d +6 1

ps(ik) = — 474 = 2.0 + 5 Bk

3 Pk 6 Pk 64 cos>9 Blk|

P ' ' ()
— (=15Fy(89) + 60F(9) —45F,(9) +2) — 29 + 1)p%k? 4). 4.35
+ 155 (~15F0(8) + 60F (8) — 45F2(8) +2) = 3255 (0820 + AR + O(p") (4.35)
|

In these expressions each term consists of a factor depend- ¢y, ..., ¢4, which have a nonvanishing vacuum part, exhibit
ing on 9(|k|, kg) = arcsin(ko/|k|) multiplied by a power of  log(fu) terms.
the dimensionless combination p|k|. The form factors For ¢s, ..., ¢pg the situation is different because they have

¢q, ..., ¢4 contain logarithmic contributions of the form
log(Bu), whereas ¢s, ..., ¢g are free from logarithms.
This is a general pattern of high-temperature behavior;
when a form factor includes both vacuum and purely
thermal contributions, the vacuum part contains logarithms
log(k?/u?) while the thermal part contains logarithms
log(f3|k|). The k-dependence cancels exactly between them,
leaving a net logarithmic dependence in the form of

1
log(Bu) = — Elog(kz//f) + log(plk]).  (4.36)
This, in its turn, follows from the fact that the basic vacuum

and thermal form factors ¢\%)(~[J) and gb;;’)(V), defined
respectively by Egs. (4.3) and (4.11), additively enter the
full form factor (4.13). Their 3log(—[J) = log |k| terms
differ only by sign [compare (4.3) with the high-temper-
ature limit (4.25) of the thermal ¢/(,q) ] and, therefore,
completely cancel out. Consequently, the form factors

no vacuum part. If their thermal contributions could
have produced logarithms, those logarithms would be of
the form log(fk) and could not be canceled by vacuum
logarithms. The fact that ¢s, ..., ¢pg are completely free of
logarithms, therefore, implies that any log(f|k|) terms
within their purely thermal sector get completely cancelled
among themselves. This is clearly seen in the expressions
(4.32)—(4.35).

It is instructive to compare the results (4.28)—(4.35) for
the form factors with the stationary case, previously studied
in [23,25]. The stationary limit corresponds to setting k, =
0 (equivalently 9 = 0). As can be seen from (4.28)—(4.35)
together with F, ;(0) = F,(0) = 1, the leading #~* and 2
terms in these form factors then vanish. Consequently, in
the stationary limit the dominant high-temperature contri-
butions come from the terms proportional to the zeroth and
first powers of the curvature [the first three lines of (4.12)].
These structures are local and scale as f~* and p72,
respectively, in D = 4. The subdominant contribution
arises from the ' terms of(4.28)—(4.35) that survive
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the stationary limit. Such terms were first observed in [23]
and correspond to a structure of the form R 3 \/l_—A N in the

effective action.

These observations extend to general even dimensions D
with only minor modifications. First, the cancellation of
log |k| terms takes place in any even dimension. In the
stationary limit, the dominant terms still come from the
zeroth and first orders in the curvature, scaling respectively
as 7P and pP*2. The curvature-squared part of the
effective action admits a high-temperature expansion which
begins with terms of order = and f~P*2. The g
S~P+2 terms vanish in the stationary limit, so for even D >
6 the subdominant contribution from the curvature-squared
sector is of the form p~P+*M? (which is local in contrast
to D =4 case). All these statements directly follow by
substituting (4.25) into (4.14) and adding the vacuum
part (4.5).

B. Low-temperature expansion

Along with the high-temperature limit, one can also
build a low-temperature, large f#, expansion of the effective
action form factors. The fundamental purely thermal form
factor has the asymptotic series

() Z( QDRI +q+1))

D @ i 2042
2 \kl) \plk| ’

which, in contrast to its high-temperature counterpart
(4.25), is a pure power-law expansion. The substitution
of this series into (4.14) yields the low-temperature
expansion of the form factors. Purely thermal contributions
to these form factors exhibit a universal leading-order
scaling p~P*+2 = TP=2, Consequently, in the nonlocal
expansion for even dimensions D > 4, purely thermal form
factors are subdominant, and the leading-order contribution
to the total form factor (4.13) comes from its vacuum
part (4.5).

¢5" (k) ~

(4.37)

V. DISCUSSION

Main results of this work comprise the curvature
expansion for the heat kernel trace (3.32) and the one-
loop effective action (4.12) with the explicit expressions for
the gravitational form factors of the latter (4.14)—(4.21),
built in terms of the basic operator functions (4.22)—(4.24)
and numerical coefficients (4.8). Their high-“temperature”
asymptotic behavior in the quasithermal setup of a non-
vacuum quantum state is given by Eqgs. (4.28)—(4.35). This
setup implies a nonstatic and nonstationary Euclidean
background spacetime with periodic boundary conditions
of the period ff = 1/T where T plays the role of effective
global temperature to be locally modified by the metric

gravitational potential. The results are obtained in the
approximation quadratic in metric perturbations on top
of flat Euclidean space and covariantized, or in the
language of [26] nonlinearly completed, in terms of
spacetime curvature. Covariantization includes a special
vector field &“(x) which generalizes the Killing vector of
static geometries with time-translation isometry to the case
of a generic arbitrarily inhomogeneous metric subject to a
single timelike periodicity condition. This vector field is
obtained as a covariant metric functional to quadratic order
in metric perturbations and gives rise to the local function

T/\/&(x), &(x) = gﬂ,, x)&*(x)&(x), reducing to Tolman
temperature 7/+/goo(x) on stationary manifolds with
Killing vector & (x) = 68.

Obtained algorithms look frustratingly complicated—
addition of a single dimensional parameter f with the
requirement of periodic boundary conditions immediately
gives rise to numerous new tensor structures and signifi-
cantly extends the set of nonlocal form factors and their
complexity. At the same time, this is only a small piece of
the total effective action, quadratic in curvatures, not to
mention that this is just one-loop approximation. Moreover,
it is restricted to the case of a very simple topology of a
spatial slice of spacetime, which is supposed to be
asymptotically flat in spatial directions. Though, poten-
tially, the above results in view of their universality can be
meaningful in various applications, it is worth pointing out
a concrete physical setup in which all this formalism can be
directly useful despite all its perturbation theory limitations.

Another objection, that can be raised against the use-
fulness of this universal algorithm and its covariantization,
is the complexity of nonlocal form factor functions
of the exact curved-space d’Alembertian or Laplacian.
Their feasibility can be called in question as long as their
implementation is not available in exact form unlike their
flat-space counterparts. For the perturbation scheme to be
feasible and practicable, all ingredients of its leading order
should be exactly available in analytical form—the prob-
lem raised in [26]. This problem is not at all compelling for
local differential operator structures, but may be very
stringent for nonlocal form factors whose exact kernels
are not known. Various approaches to this difficulty are
conceivable, ranging from the search for special represen-
tations of these form factors, like spectral representations of
[30,31], to a possible retreat back to their analytical flat
space form.

With regard to the above mentioned limitation of the
small curvature and one-loop approximation we can point
out a concrete model that served as a main motivation for
this work. This is a model of initial conditions for infla-
tionary cosmology in the form of the microcanonical
density matrix [32] represented by the Euclidean path
integral over periodic configurations. When the model is
dominated by numerous conformally invariant fields it
incorporates the quasithermal stage preceding inflation [33]
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and provides the origin of the Higgs-type or Starobinsky
R?-type inflationary scenario [34,35]. This scenario turns
out to be a subplanckian phenomenon subject to semi-
classical 1/N-perturbation theory in the number of higher
spin conformal fields [36], which justifies the use of
curvature expansion.

Thus, the above results on the effective action for
nonvacuum states become critically important for the
studies of this model, especially for its cosmic microwave
background (CMBR) spectrum, in particular, because the
quadratic order in curvatures is responsible for the propa-
gator of cosmological perturbations. It should be empha-
sized that the flat space background of our nonvacuum
perturbation theory does not contradict the cosmological
Friedmann metric background, because the conformal
mode of the Friedmann metric is treated in [33,35] by
the nonperturbative method of conformal transformation
from the Friedmann universe to asymptotically flat space-
time. The contribution of this transformation for conformal
fields is exactly calculable via their one-loop trace anomaly,
and for higher-spin conformal fields, due to their higher-
derivative superrenormalizable nature, Weyl anomaly is
restricted to the one-loop order of the semiclassical
expansion. Similar mechanisms justifying the validity of
one-loop results work also within the scope of recently
suggested models of infinite-derivative quantum gravity
with nonlocal form factors based on entire functions [37—
39]; UV divergences in these models can also be restricted
to the one-loop order approximation.

Direct physical predictions following from the structure
of the obtained effective action go beyond the material of
this paper. However, already at this stage one can infer
some information on the form of its quasithermal correc-
tions to gravitational equations. In particular, zero order
curvature corrections represent a kind of a radiation
component, because the metric variation of the first term
of (3.32) is traceless. Terms linear in the curvature are
expected to be anisotropic in spacetime because of the
presence of the vector &, which means that the thermally
corrected effective gravitational coupling ‘“constant”
becomes anisotropic and, moreover, nonlocal tensor, etc.
Details of these modifications will be considered in future
publications.

To accomplish this paper let us briefly dwell on the list of
problems subject to further studies. One of them is unclear
geometrical meaning of the vector field £# generalizing the
notion of the Killing isometry to generic inhomogeneous
metrics. This includes the task of clarifying the two-
parameter ambiguity in its construction, the behavior of
its integral curves and the relation to the geometrical
meaning of the period parameter f.

The second most important task is the construction of the
Schwinger-Keldysh generating functional from the
obtained Euclidean effective action. This corresponds to
the deformation of the Euclidean closed contour into the

complex plane of time, where the Lorentzian segments of
this contour are associated with the unitary back and forth
evolution in physical time—bras and kets of the path
integral [40,41]. From [21] it is known that various
Green’s functions of Schwinger-Keldysh diagrammatic
technique for the density matrix of the system prescribed
by the Euclidean path integral can be obtained by analytical
continuation from the purely Euclidean contour and, more-
over, satisfy the famous Kubo-Martin—Schwinger (KMS)
condition (contrary to the observer’s no-boundary states of
[42]). However, the resulting physical field correlators on
these Lorentzian segments hardly obey the same analytical
continuation rule for a generic inhomogeneous geometry, in
contrast with the homogeneous de Sitter space where this
continuation seems possible [43]. Probably, the needed
analytical rule is more complicated and includes some extra
causality retardation prescription like the one observed for
vacuum setup in asymptotically flat spacetime [1].

ACKNOWLEDGMENTS

The authors thank “BASIS” Foundation for the
Advancement of Theoretical Physics and Mathematics
for support. The authors are also grateful to D.
Diakonov, I.G. Pirozhenko, and D. Sadekov for useful
discussions.

DATA AVAILABILITY

There are no publicly available research data or software
supporting this manuscript. Requests for further informa-
tion or data should be sent to the authors.

APPENDIX A: BASIS TENSORS

This appendix lists the basis tensors used in the expan-
sion of the second-order heat-kernel coefficient TrK, (7).
These tensors appear in the Ansatz (2.7) for the operators
1 and II,, defined in Eq. (2.3¢).

UV.po
The basis of fourth rank tensors constructed out of 7,,,

k,, and & and having the symmetries y <> v, p <> o, and
(u,v) < (p, o) contains the following 14 elements:

() po = Mupllu + Muallups
(L) o = Mo + Muolu&p + Mupluls + Moy
(3) 1 po = EuEEpEs
(M) o = MuMlpos
(105) 1y po = Eulitlpe + Eplollyn-
(6) . po = Eukplue + Epkuttue + Ekottyy + Esknly
+ Ektue + Epktlyue A Skt + Kok Ty,
(7)o = Kuilplo + kiupls + k&880 + KoEWEE,,
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(M03) 1y po = Kkptlo + kot + Kukpue + kKot (T015) 1y = My

(T9) 1y po = Kk p&, &5 + kuko€l&y + Kk pE o + K koEuE, (i) = 4o

(T10) 4y po = kuki&pEo + kpko i, (Ty7),, = kk, .

() po = Eukikpk + E ok kg + E ki Ky + Egky iy, (M), = ku&, + k&,
(M12) 1y s = Kykyk ks

(T13) . po = kukilpe + Kokt s

M = b+ kB + b+ K APPENDIX B: EXPLICIT FORM OF

The following expressions give the momentum-space

form of the coefficient functions C,, a = 1,...18, which

In turn, the basis of second rank symmetric tensors  enter the Ansarz (2.7) for the quadratic part of the heat
built in terms of the metric 7,, and the vectors k, and éﬂ kernel. They are derived from the perturbative expansion of

consists of Sec. II as functions of k, = (k. k).
|
1 1
C1 zzf—ir,
C, = 1k2[2(2a +1) + kz]f+ 270, +k2
2 = 8k2 70, T T k
1K , v 1 R e K,
C3 = — 774210, + 1)(270, + 3) + 47k*(270, + 3) + (2k*)’]f — < |4 570, + 27 (270, + 3) + 7k*
16k 8| K k k
1 1
Cy= T [4 + 47k? + (ek?)?)f - §1k2r,
1 k? 5 5 1 k% 5
Cs = ———5[4(210, + 1) + 47k*(z0, + 1) + (7k )2 If + 5752+ k7],
16k 8k
1 kg
2
Co = 8k2 [2(210 + 1) + k%) f 4k2r
C kz[ 4(270, + 3) (270, + 1) + 42k>(270;, + 3) + (tk®)?]f + < oty 0, +2k2(2a +3) + k2k2
= T T T T T T
! 16 'K i i 8> K’ K’
11 k2 11
- 2 -
Cg = e {410 2 (270, + 1) + 7k (1 )]f+4k2
11 K , K v (B2
Co = Jeiz |H(=2(200 + 1) 4 15 (200, + 3)) (200, + 1) + 203 (=(470, +5) + 235 (200, + 3) + (K22 5= 1) |/
1 1 k> k?
rys [4 22 (210,—|—3)+Tk2(—p—|— 1)] r,
11 k* 5 k* 5o K2
CIOZEF 4 —2(10,+1)+I?(210,+3) (270, + 1) + 47k | (70, —|—2)+ 5 (270, +3) ) + (7k%) 2 f
L1l k* k*
+tem [4 2k2 (270, + 3) —Tkzp] r,

1 ky K* k? K2 K4 k4
11_?6?[_4(#‘(210 +3) - 2k )(210 + )+4Tk2<1?(761+1)—k—4(210,+3) — (k> | f

1k
+3 k—fj [2(270, + 3) + 7k2r,
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k4
(270, + 1)(270, + 3))

k4
4 11 2
k]f+ {41(70

k* 2k4
= Y F(210,+3) — 1k I?] r,

11 K
Co=1c [4(476,(101 = 1) —42570:(200, + 1) +
i ¢
+ 47k? (—2,?(1674— )+ & (270, +3)> + (7k?)?
11 NS s g
Cp3 = e 870, — k2 (270, + 1) + 47k
1 ko
Ciy = 3¢z 4200 + 1) + 42k (z0, + 1) + (k)] f
1 ko
—gk—2[2+1k2]r,
11
Cis = —Zﬁ[szz + (zk*)?]f,
11 ) 232 1 2y
Cio = 472 TR (1 +200,) + (2k2)]f — o5 7k,
11 NS k2
C17 = k4 ’Z'k2(4’fa k (2Taf+ 1)) (Tkz) kZ f
11
“2EE
1k
8= T4 K2 [27k*(270, + 1) + (1k*)*]f
1 ko
— Y k2.
et

APPENDIX C: POISSON RESUMMATION

Let ® be the Matsubara sum,

[Se]

@—%”Zooe(wn), oy, —2:7”, (C1)

where 6(w,) represents the contribution of the nth
Matsubara harmonic to (3.35). Applying Poisson resum-
mation

; i 0(@,) = i o(pl). (1) :/_ d_wg( Jeio,

[=—00

(€2)

where () is the Fourier transform of 6(w), we obtain

2
%(16,+ 1)) (ck?)? I’;}f—i—llp—krkz]

8 k?

0= i o(pl). (C3)

[=—c0

Note that the / = 0 term has the meaning of the vacuum
contribution to G,

0w =00= [“Fow). (¥

i.e., the sum over the discrete Matsubara frequencies is
replaced by the integration over continuous ones.
. 2
Using (C2) for 8(w) = 4nze "@=%)° we get

v 27”: Z —t(w,—aky)? Z e /} £ +m[)’k0 (CS)
n=—o0o |=—00

Separating the vacuum (/ = 0) term and pairing positive
and negative / terms then leads to (3.35).

APPENDIX D: EXPLICIT FORM OF E)

- pc

The tensor E)), ,,(ik, —ik), which determines the quad-
ratic part of the temporal component of the quasi-Killing
vector & in (3.23) and which is built out of the objects k,,
Eﬂ and 7,,, has the following decomposition in the basis of
Appendix A:

(D1)

a);w,pw

14
D, po ik, —ik) = X,(IT
a=1

with the coefficients
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k),

(a@®>+ (b +6)a+2(b+ 1)k3k* + ((b+ 1)a + 3b + 2)k*),

(b + k%),

(b + 2b + 2)k*),

Xl — O,
K2k?
X, =—"—.
274t
kK>
X3 = -5 (ala+ 4k + (ala +6) + k),
kZ
X 0 b2
CT T2
k2
Xs = T O b((a+2)kE + (a+3)k?),
k3
X 0
LT
ko
X = 22 (ala + 4K+ (a® +6a + 2K+ (a+
k4
Xg = o,
8 4k4k2
Xo = 4k6 (a(a +4)I3 + (2a + 1)k?),
kg s
XlO = _4k6k2 (Cl(a + 4)k0 +
k
X, = 4k6°k2 (a(a+4)k} + ((b+2)a + 2b)k3k> +
2
X, = —ﬁ (a(a+ 4k} +2((b+ 1)a +2b — 1)kIk* +
2
0
X3 = e b((a+2)k + (b + 1)k?),
ko
X 2 2 2
14 4k4b((a+ Yk + k7).
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