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Curvature expansion for the heat kernel trace and the one-loop effective action is built for the wave
operator of the theory in the quasithermal setup of a nonvacuum quantum state. This setup implies a
nonstatic and nonstationary Euclidean gravitational background with periodic boundary conditions of the
period β ¼ 1=T, where T plays the role of effective global temperature to be locally rescaled by the metric
gravitational potential. The results are obtained in the approximation quadratic in metric perturbations on
top of flat Euclidean space and covariantized in terms of spacetime curvature. Covariantization includes a
special vector field ξμðxÞ which generalizes the Killing vector of static geometries with time translation
isometry to the case of a generic arbitrarily inhomogeneous metric subject to timelike periodicity condition.
This vector field is obtained as a covariant metric functional to quadratic order in metric perturbations and

gives rise to the local function T=
ffiffiffiffiffiffiffiffiffiffiffi
ξ2ðxÞ

p
, ξ2ðxÞ ¼ gμνðxÞξμðxÞξνðxÞ, reducing to Tolman temperature

T=
ffiffiffiffiffiffiffiffiffiffiffiffi
g00ðxÞ

p
on stationary manifolds with Killing symmetry. High “temperature” asymptotic behavior of the

nonlocal form factors—operator coefficients of the curvature tensor structures in the heat kernel and
effective action—are obtained and possible cosmological applications of these results are discussed.

DOI: 10.1103/v684-yrdt

I. INTRODUCTION

The purpose of this work is to extend the results of [1,2]
on the covariant expansion of gravitational effective
action to nonvacuum states potentially applicable in a wide
range of nonequilibrium and nonlocal phenomena. The
underlying curvature expansion was developed in the
form of local Schwinger-DeWitt or Gilkey-Seeley heat
kernel technique [3–7] and its nonlocal version pioneered
in [8] and later promoted to a universal method for generic
field models in curved spacetime [1,2,9]. It has proved
to be very efficient in calculation of divergences, anomalies
and nonlocal effects in massless theories, and also
underlies computations in such challenging problems, like
renormalization of Hořava gravity models [10], where
computational attempts based on conventional Feynman
diagrammatic methods fail or the endeavors to proceed
simply fear to tread.

A serious limitation of this nonlocal expansion for the
UV finite part of the effective action, which is sensitive to
the global spacetime geometry, is that in [1,2] it was
developed only for vacuum quantum states in asymptoti-
cally flat spacetime. Apart from several sound applications
in cosmology and quantum field theory like [11–13], it was
very often inappropriately extrapolated to black hole
systems with a horizon, spatially closed models or the
models with (A)dS-type boundary conditions, etc. (see
some references in [13]). Moreover, it does not include
modifications due to the choice of a nontrivial quantum
state encoded either as quantum initial data (in-in problem
[1,14]) or as in-out states of the physical scattering theory
setup. Here we try to fill up this omission for one-loop
effective action within covariant expansion up to the second
order in spacetime curvature and quantum matter field
strengths.
Modelling a generic quantum state of the physical

system is, of course, subject to a vast functional ambiguity
in the choice of its (pure or mixed) density matrix. As is
well-known, one of the simplest cases of specification of
this ambiguity is the situation with equilibrium canonical
ensemble in static external fields, characterized by a single
temperature parameter T ¼ 1=β and canonical density
matrix whose partition function is represented by the
Euclidean path integral over periodic fields with the period β.
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In fact, this setup can be generalized to nonequilibrium
nonstationary states with their density matrix also pre-
scribed by the Euclidean path integral, while the relevant
generating functional for evolving quantum correlators is
formulated in terms of quantum fields periodic on the
Schwinger-Keldysh closed contour in the complex plane of
time [14–20]. Within this approach the generating func-
tional can be obtained by analytic continuation from the
real Euclidean time segment of length β [21], while the
systems with a generic density matrix would follow from it
by the variation of its sources. Thus, within this line of
reasoning, specification of a rather generic quantum state
consists in the calculation of effective action for quantum
fields periodic on the complex Schwinger-Keldysh contour.
The first step of this program is the effective action
calculation on a real Euclidean time segment of β length,
which can be called a nonstationary quasithermal setup.
Local curvature expansion of the one-loop effective

action at finite temperature for static geometries of space-
time metric with vanishing shift functions g0i ¼ 0 was built
in [22]. Nonlocal expansion for static geometries was
developed in [23] and subsequently extended to the sta-
tionary (nonzero g0i) case in [24,25]. It leads to the thermal
generalization of the Schwinger-DeWitt expansion, featur-
ing the high temperature limit in terms of the local Tolman
temperature parameter TTolmanðxÞ related to the Euclidean
interval β ¼ 1=T by the relation TTolmanðxÞ ¼ T=

ffiffiffiffiffiffiffiffiffiffiffiffi
g00ðxÞ

p
.

Here we extend this result to geometries without timelike
Killing symmetry for the main building block of quantum
effective action—the relevant heat kernel of the field theory
wave operator—and the effective action itself in the
approximation quadratic in spacetime curvature and matter
field strengths.
The result turns out to be significantly more complicated

due to nonstationary nature of the metric background.
Moreover, it reveals a challenging problem, namely the
covariantization of the final result. This involves converting
the expression into a form that is manifestly covariant with
respect to local diffeomorphisms and local gauge trans-
formations in the matter sector, specifically, a form con-
structed solely in terms of spacetime and fiber-bundle
curvature tensors and their covariant derivatives. This
problem (called later in [26] the nonlinear completion)
was encountered in [1,2] in the course of derivations for the
vacuum case, where it was solved by the following
procedure.
First, the spacetime metric gets decomposed into the sum

of flat space metric g̃μν and the perturbation hμν,
gμν ¼ g̃μν þ hμν, but this split is performed in a generic
coordinate system, rather than the one chosen by the
Cartesian coordinate gauge g̃μν ¼ ημν. In a generic coor-
dinate system the definition of g̃μν is determined solely by
the condition of its vanishing Riemann curvature Rα

βμνðg̃Þ ¼
0 which can be rewritten as the equation for the metric

perturbation h ¼ hμν, Rα
βμνðg − hÞ ¼ 0. This equation can

iteratively be solved for h in some preferably Lorentz-
invariant gauge imposed on the unknown h, which yields
this perturbation as a nonlocal covariant series in the
Riemann (or Ricci) curvature. For example, in the
DeWitt background covariant gauge, ∇̃νhμν − 1

2
∇̃μh ¼ 0,

this covariant series begins with the nonlocal term
hμν ¼ 2

□
Rμν þOðR2

αβγδÞ, where 1
□

denotes the Green’s
function of the covariant d’Alembertian acting on second
rank Ricci tensor Rμν ¼ Rα

μαν.
Second, the perturbation theory in hμν is developed for

the quantity in question (that is the heat kernel of the wave
operator or the corresponding effective action; the func-
tional determinant of the wave operator). On top of the flat
space background metric this step does not differ much
from a conventional Feynman diagrammatic method
whether it is performed in the coordinate or momentum
space representation (see, for example, [27]). The resulting
Lorentz-invariant series in hμν then was converted into the
series in the original curvature tensor by substituting the
expression for hμν in terms of Rα

βμνðgÞ and by rewriting all
partial derivatives and flat space metric coefficients, occur-
ring in the operator coefficients of hμν, in terms of covariant
derivatives∇μ and the full metric tensor gμν. The same steps
can be undertaken in the matter sector of the theory, where
the role of hμν and Rα

βμν is played by the connection and
fiber bundle curvature.
Ultimately, this procedure, carried out order by order in

powers of the curvature yields manifestly Lorentz-covariant
and manifestly diffeomorphism invariant answer for the
heat kernel, effective action and other objects in question.
For the theory with the wave operator F,

F ¼ −□þ P̂; ð1:1Þ

this expansion procedure looks as follows. Here the
covariant d’Alembertian□ ¼ gμν∇μ∇ν and metric-preserv-
ing covariant derivative ∇μ are acting on generic fiber
bundle fields in the Euclidean D ¼ dþ 1-dimensional
spacetime, xμ ¼ ðx0; xiÞ, i ¼ 1;…d, while P̂ is some
potential term. Hats denote matrix-valued objects in the
vector space of fields, 1̂ in what follows denotes the unit
matrix and tr implies the matrix trace. Generically, this
operator is characterized by the set of Riemann Rα

βμν, Ricci
Rμν, scalar R curvatures in the gravitational sector and field
strengths in the sector of matter fields fiber bundle
curvature R̂μν ≡ ½∇μ;∇ν�, along with the potential “curva-
ture” P̂.
In this generic setup the heat kernel of this operator—the

kernel of its operator exponent with the proper time
parameter τ [5,28]—and its functional trace,

KðτÞ ¼ K̂ðτjx; x0Þ ¼ e−τFδðx; x0Þ; ð1:2Þ
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TrKðτÞ ¼
Z

dDxtrK̂ðτjx; xÞ; ð1:3Þ

serve for the calculation of the one-loop effective action,

W ¼ 1

2
Tr lnF ¼ −

1

2

Z
∞

0

dτ
τ
TrKðτÞ: ð1:4Þ

For vacuum states the functional trace Tr is determined
over the functional space of square integrable functions
with zero boundary conditions at infinity of the Euclidean
spacetime, and the range of integration over all coordinates
is from −∞ to þ∞.
Covariant curvature expansion derived for such a setup

in [1,2] has the following form up to terms quadratic in the
full set of curvatures ℜ ¼ ðRα

βμν; R̂μν; P̂Þ inclusive:

TrKvacðτÞ ¼
1

ð4πτÞD=2

Z
dDx

ffiffiffi
g

p
tr

�
1̂þ τ

�
1

6
R1̂ − P̂

�
þ 1

2
τ2ðRμνfvac1 ð−τ□ÞRμν1̂

þ Rfvac2 ð−τ□ÞR1̂þ P̂fvac3 ð−τ□ÞRþ P̂fvac4 ð−τ□ÞP̂þ R̂μνfvacR ð−τ□ÞR̂μνÞ
�
þO½ℜ3�; ð1:5Þ

wherefvacI ð−τ□Þ, I ¼ 1;…4;R, is the set of special nonlocal
operator functions of the covariant d’Alembertians acting on
relevant curvatures. Obviously, this expression is fully
Lorentz and diffeomorphism invariant, its nonlocal
operator coefficients—functions of the full curved space
d’Alembertians—are symmetric in the sense that their
operator arguments can be integrated by parts without extra
surface terms, which is guaranteed by the asymptotic
behavior of curvatures at spacetime infinity.
For the generalization of (1.5) to the nonvacuum case we

will, basically, adopt the same strategy consisting of the
perturbation theory in hμν and its covariantization. As a
result, the underlying periodicity in one spacetime coor-
dinate, which will now play a distinguished role as
compared to the rest of coordinates, will break manifest
Lorentz invariance and indicate the presence of structures
additional to metric and curvature tensors. Technically
this leads, along with the obvious replacementR
RD dDx ↦

R β
0 dx0

R
Rd ddx, to the appearance of Lorentz

noninvariant tensor terms with uncontracted time indices
arising at the stage of perturbation theory in hμν. In the case
of a thermal state on static spacetime [22–24] this addi-
tional structure is nothing but the timelike Killing vector ξ̄μ

in terms of which the results acquire a manifestly diffeo-
morphism invariant form. Covariantization in this case
proceeds by replacing any noncovariant zeroth component
of any tensor by its contraction with this Killing vector
field, which has a trivial form ξ̄μ ¼ δμ0 only in the
distinguished coordinate system associated with the
time-independent metric coefficients. In our setup such
vector is a priori absent because spacetime does not
possess infinitesimal Killing symmetries—in the covering
space it has only finite shift “symmetry” associated with the
displacement by the period β in the time direction.
Thus, one of the major goals of this work will be the

construction of a special vector field ξμ generalizing the
notion of the Killing vector ξ̄μ to nonstationary geometries,
so that we can express the curvature expansion in a form

manifestly invariant under local diffeomorphisms. This
vector field will be obtained as a nonlocal covariant
functional of the metric expanded to second order in metric
perturbations. As we will see, this functional has a two-
parameter ambiguity which can be used to simplify the
formalism, but thus far we do not have good principles to
fix this ambiguity.
The paper is organized as follows. In Sec. II we build

perturbation theory in hμν. For simplicity we consider the
case of a quantum scalar field which allows us to disregard
the hatted matrix structure of the formalism along with
the contribution of the fiber bundle curvature R̂μν. The
generalization to fields with nontrivial spin-tensor structure
is straightforward and will be published separately.
Section III is devoted to the covariantization of the result
in terms of a special construction of the quasi-Killing vector
field. In Sec. IV we provide a brief overview of the
properties and various representations of the nonlocal form
factors of the obtained heat kernel and effective action,
along with their high and low “temperature” limits.
Section V contains discussion of the further prospects of
this work and its planned applications in the problem of
quantum initial conditions for inflationary cosmology. Very
involved technical details of the obtained results and their
derivation will be published in the forthcoming extended
paper [29].

II. HEAT KERNEL PERTURBATION
THEORY

In this section we calculate the heat kernel trace (1.2) of
the scalar field operator (1.1) at the second order in metric
perturbation hμν on top of the background spacetime
S1 × Rd. Though the latter is locally flat, nontrivial effects
arise due to periodicity in the coordinate x0 ∈ ½0; βÞ para-
metrizing S1 circle. This setup is associated with the
periodic Euclidean time, and the corresponding period is
naturally interpreted as the inverse temperature β.

NONVACUUM GRAVITATIONAL EFFECTIVE ACTION PHYS. REV. D 114, 065027 (2026)

065027-3



Assigning the potential P to the linear perturbation order,
we expand the operator F ¼ −□þ P on the flat space
background as F ¼ P

n Fn, where the lower order terms
Fn ¼ O½hn� have the form (all derivatives outside of the
bracketed expressions are acting fully to the right),

F0 ¼ −∂2μ; F1 ¼ ∂μhμν∂ν −
1

2
ð∂μhÞ∂μ þ P;

F2 ¼ −∂μh
μ
ρhρν∂ν þ

1

2
ðhρσ∂μhρσÞ∂μ þ

1

2
ð∂μhÞhμν∂ν; ð2:1Þ

and obtain the corresponding expansion for the heat kernel
trace TrKðτÞ ¼ P

n TrKnðτÞ. The relevant individual terms
have the following form:

TrK0ðτÞ ¼ Tre−τF0 ; ð2:2aÞ

TrK1ðτÞ ¼ −τTrðe−τF0F1Þ; ð2:2bÞ

TrK2ðτÞ ¼−τTrðe−τF0F2Þ

þ 1

2
τ2
Z

1

0

dαTrðe−ατF0F1e−ð1−αÞτF0F1Þ: ð2:2cÞ

Explicit expressions are obtained in the momentum-
space representation with the basis eigenvectors parame-
trized by the spacetime momentum pμ ¼ ðωn; pÞ, where
ωn ¼ 2πn=β is the discrete Matsubara frequency and p is
the d-dimensional continuous spatial vector. We write the
result in the following form:

TrK0ðτÞ ¼
1

ð4πτÞD=2

Z
dDxrðτÞ; ð2:3aÞ

TrK1ðτÞ ¼
1

ð4πτÞD=2

Z
dDxðTμνðτÞhμνðxÞ þ TðτÞPðxÞÞ;

ð2:3bÞ

TrK2ðτÞ ¼
1

ð4πτÞD=2

1

2

Z
dDxðhμνðxÞΠμν;ρσðτ; ∂ÞhρσðxÞ

þ 2PðxÞΠμνðτ; ∂ÞhμνðxÞ þ PðxÞΠðτ; ∂ÞPðxÞÞ:
ð2:3cÞ

Here all integrations are carried out over S1 × Rd.
All the coefficients of hμν and P are linear combinations

of the basic thermal function rðτÞ and basic nonlocal form
factor fðτ; ∂Þ,

rðτÞ ¼
ffiffiffiffiffiffiffiffi
4πτ

p

β

X
n

e−ω
2
nτ; ð2:4Þ

fðτ; ∂Þ ¼
Z

1

0

dαeαð1−αÞτ∂2μ
ffiffiffiffiffiffiffiffi
4πτ

p

β

X
n

e−τðωnþiα∂0Þ2 ; ð2:5Þ

and a finite number of their τ-derivatives. The coefficients
TμνðτÞ and TðτÞ in the first order of perturbation theory are
local, i.e., they do not contain ∂μ and are expressed via the
thermal function rðτÞ,

TμνðτÞ ¼
1

2
rðτÞημν − τ∂τrðτÞξ̄μξ̄ν;

TðτÞ ¼ −τrðτÞ; ð2:6Þ

while the rest of the coefficients are nonlocal operators
involving fðτ; ∂Þ,

Πμν;ρσðτ; ∂Þ ¼
X14
a¼1

Caðτ; ∂ÞðΠaÞμν;ρσð∂Þ;

Πμνðτ; ∂Þ ¼
X18
a¼15

Caðτ; ∂ÞðΠaÞμνð∂Þ;

Πðτ; ∂Þ ¼ τ2fðτ; ∂Þ: ð2:7Þ

Their tensor structure is determined by the flat space metric
ημν, partial derivative operator ∂μ and the vector ξ̄μ ¼ δμ0
along with appropriate symmetry properties. The origin of
the vector ξ̄μ, which distinguishes the Euclidean time
direction in these expressions, corresponds to the breaking
of SOðDÞ-invariance down to SOðdÞ-invariance due to the
distinguished role of time direction. Specifically, there are
14 independent combinations ðΠaÞμν;ρσ constructed out of
ημν, ∂μ, and ξ̄μ, that have symmetries μ ↔ ν, ρ ↔ σ and
ðμ; νÞ ↔ ðρ; σÞ. Similarly, there are four combinations
ðΠaÞμν with the same constituents having the symmetry
μ ↔ ν. These basis combinations are listed in Appendix A.
The operator coefficient functions Ca of the Ansatz (2.7)

are presented in Appendix B in the momentum space
representation. They have the structure,

Caðτ; ∂Þ ¼
X2
p¼0

τpcðpÞa ð∂; τ∂τÞfðτ; ∂Þ

þ
X1
p¼0

τpdðpÞa ð∂; τ∂τÞrðτÞ; ð2:8Þ

where cðpÞ and dðpÞ are polynomials in τ∂τ, ∂0 and Laurent
polynomials in ∂

2
μ and ∂2 ¼ ∂i∂

i. Equation (2.8) imply
grading p assigned to the coefficients of the functions rðτÞ
and fðτÞ in Ca (and Π) of the quadratic part TrK2ðτÞ
according to the power p of τ, [with ∂τ assigned a negative
power −1 and the argument of rðτÞ and fðτ; ∂Þ not
participating in this grading]. Similarly the expression
for the linear part TrK1ðτÞ follows the same grading
scheme, specifically TμνðτÞ and TðτÞ in (2.6) have grading
0 and 1, respectively. The explicit answer for the coefficient
functions cðpÞð∂; τ∂τÞ and dðpÞð∂; τ∂τÞ in the momentum
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space representation,1 ∂μ ¼ ikμ ¼ ðik0; ikÞ, k0 ≡ ωm ≡
2πm=β can be read off the table in Appendix B as the
coefficients of fðτ; ∂Þ and rðτÞ of relevant powers of τ.

III. COVARIANT FORM OF THE HEAT
KERNEL TRACE

The effective action is invariant under local diffeomor-
phisms. However, the structure of the result does not
exhibit manifest diffeomorphism invariance. This happens
because local diffeomorphisms; Lie derivatives along
vector field ζν,

δζhμν ¼ ∂μζν þ ∂νζμ þ ζρ∂ρhμν þ ∂μζ
ρhρν þ ∂νζ

ρhμρ;

δζP ¼ ζμ∂μP; ð3:1Þ

mix the orders of perturbation theory in hμν, so that TrK1

and TrK2 are not invariant on their own, but demonstrate
local invariance only together and only up to terms cubic in
the perturbation. In terms of the representation (2.3b),
(2.3c) this invariance implies the following Ward (or
Noether) identities, which in the Fourier representation,
∂μ ¼ ikμ, read as the relations between the first and second-
order form factors,

kσΠμν;ρσðτ; ikÞ ¼
1

2
kσðηρσTμνðτÞ − ημρTσνðτÞ − ηρνTσμðτÞÞ;

kσΠρσðτ; ikÞ ¼
1

2
kρTðτÞ: ð3:2Þ

One can verify that these Ward identities hold for the form
factors (2.6) and (2.7) by direct inspection.
Moreover, though the background spacetime is locally

flat, the expansion (2.3) is not Lorentz invariant. The reason
for the Lorentz invariance breakdown is the distinguished
role of the spacetime direction associated with the perio-
dicity in time, which reflects the global property of the
background manifold. This results in the appearance of
uncontracted indices of zeroth tensor components.
This loss of manifest symmetries can be circumvented by

replacing the perturbation theory in terms of metric
perturbation by the expansion in powers of the diffeo-
morphism covariant objects; Riemann and Ricci curva-
tures, characterizing the operator (1.1), their covariant
derivatives and a vector field structure reflecting periodicity
in the distinguished time coordinate. This vector field
ξμðxÞ, which on flat-space background hμν ¼ 0 reduces
to ξ̄μ ¼ δμ0 [in the Cartesian coordinates used in the
expansion (2.3)], should convert noninvariant zeroth com-
ponents of various tensors into diffeomorphism invariant
contractions. For instance, in the case of the Ricci tensor
and covariant derivatives this conversion looks,

respectively, like R00 ↦ Rμνξ
μξν and ∇0 ↦ ξμ∇μ. For

such contractions to be invariant ξμ ¼ ξμ½h� should be a
functional of hμν transforming under (3.1) as a vector field
and should be explicitly constructed. As we will see, such a
construction is indeed possible at least up to the second
order in hμν and, moreover, it turns out to be not unique.
As mentioned in Introduction, the above procedure of

covariantization was systematically implemented for the
vacuum effective action in asymptotically flat spacetime in
[1,2], where it was essentially simpler in view of the
absence of the ξμ vector structure. Presence of this structure
in nonvacuum case makes the situation much more
involved and not so systematic, but still manageable in
the approximation quadratic in curvatures.
Briefly, the conversion procedure begins with the choice

of the basis of curvature invariants of the zeroth, first and
second order in the Ricci curvature2 and the potential P, the
vector field ξμ participating in the construction of the
chosen basis invariants via its contractions with the
curvature indices and covariant derivatives. All curvature
invariants are then taken with the unknown local or
operator-valued coefficients to form a full manifestly
covariant quadratic in curvatures Ansatz. Then the
Ansatz expression is expanded in powers of the metric
perturbation hμν and compared to the known noncovariant
expansion (2.3a)–(2.3c). This yields the system of equa-
tions for the unknown coefficients—local functions or
nonlocal form factors—along with the vector field ξμ ¼
ξμ½h� which is found from these equations as a functional
of hμν.
Obtaining these equations is strongly facilitated by the

fact that the expansion (2.3a)–(2.3c), due to the structure of
its form factors (2.8), can be split into groups of terms
which are separately diffeomorphism invariant, so that their
solution for unknown form factors can be found independ-
ently in each of these groups. This split follows from the
intrinsic structure of the functions (2.8) and the following
observations: 1) The basic form factor fðτ; ∂Þ enters only
TrK2, hence the corresponding parts are invariant sepa-
rately; 2) All terms in TrK [cf. (2.8) and (2.6)] are weighted
by the powers p ¼ 0, 1, 2 of τ, hence the coefficient of each
power τp is invariant separately; 3) TrKn contains powers
p ≤ n, n ¼ 0, 1, 2.

A. Invariant form in stationary case

Implementation of the above procedure is much easier on
a stationary metric background when ξμ is a Killing vector
satisfying the equation ∇μξν þ∇νξμ ¼ 0, so that it is not a

1Hereinafter, we will use the notation k0 instead of ωm ¼
2πm=β noting that k0 is discrete.

2Riemann curvature does not obviously arise in the zeroth and
first orders, while in the second order it can be reexpressed via
integration by parts in terms of the Ricci tensor—the same feature
as in the vacuum case of [1,2] where Riemann tensor nonlocally
expresses in terms of the Ricci one to all orders of covariant
perturbation theory.
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functional of the metric but a part of the physical setup; a
fixed vector field which in a special coordinate system
reads as ξμ ¼ δμ0. In this coordinate system stationarity
means that the metric itself and its perturbations, along with
the potential P, are independent of the Euclidean time, i.e.,
hμν ¼ hμνðxÞ and P ¼ PðxÞ. Technically, stationary case
corresponds to setting ∂0 ¼ 0 in all the form factors
obtained above. This, in particular, implies that ∂2μ ¼ ∂2,
so we will use the notation ∂

2 ≡ ∂
2
μ in the stationary case.

The main simplification due to stationarity consists in a
special factorization of the basic form factor (2.4) into the
product of the vacuum form factor fvacð−τ∂2Þ, introduced
in [1], and the basic thermal function (2.4)

f̄ðτ; ∂Þ≡ fðτ; ∂Þj
∂0¼0 ¼ fvacð−τ∂2ÞrðτÞ; ð3:3Þ

fvacð−τ∂2Þ ¼
Z

1

0

dαeαð1−αÞτ∂2 : ð3:4Þ

The vacuum form factor here corresponds to zero-temper-
ature β → ∞ limit [see separation of the form factors into
vacuum and thermal parts below in (3.37)]. Here and in
what follows the overbar denotes the stationary limit, i.e.,
the substitution of ∂0 ¼ 0 in all form factors acting on
stationary background fields.
The factorization property (3.3) allows one to establish

the structure of form factors similar to the vacuum case of
[1,2]. In the vacuum effective action each nth order of
curvature expansion was rendered the form weighted by the
same nth power of the proper time; the property following
from the dimensional arguments which keep the same
dimensionality of all orders of perturbation theory (bearing
in mind that the vacuum form factors are dimensionless
functions of the dimensionless argument u ¼ −τ∂2). In
view of the third of the observations above, this property
was attained by subtracting the first n terms of the Taylor
expansion from the nth order form factor and relocating
them to lower orders of perturbation theory. In the non-
vacuum case this is literally impossible because the thermal
function rðτÞ given by (2.4) is not analytic at τ ¼ 0.
However, the factorization (3.3) makes this subtraction
possible for the operator coefficient of rðτÞ by introducing
the notions of the subtracted vacuum form factor

f½p�vacð−τ∂2Þ and basic subtracted form factor in stationary
theory f̄½p�ðτ; ∂Þ,

f½p�vacðuÞ ¼ 1

up

�
fvacðuÞ −

Xp−1
l¼0

l!
ð2lþ 1Þ! ð−uÞ

l

�
; ð3:5Þ

f̄½p�ðτ; ∂Þ ¼ f½p�vacð−τ∂2ÞrðτÞ; ð3:6Þ

where we imply that f½0�vacðuÞ≡ fvacðuÞ and
f̄½0�ðτ; ∂Þ≡ f̄ðτ; ∂Þ.

This allows us to combine the first two observations
above, namely isolate the part simultaneously con-
taining the form factor f and having the weight
τ2. Expressing τpf̄ðτ; ∂Þ in terms of τ2f̄½2−p�ðτ; ∂Þ ¼
τpð−∂2Þp−2f̄ðτ; ∂Þ þ � � �, where extra terms are propor-
tional to rðτÞ, we can rewrite the general form of the
coefficients (2.8) of the Ansatz (2.7) as

C̄ðτ; ∂Þ ¼ τ2
X2
p¼0

c̄½p�ð∂; τ∂τÞf̄½p�ðτ; ∂Þ

þ
X1
p¼0

τpd̄½p�ð∂; τ∂τÞrðτÞ; ð3:7Þ

where the new coefficients c̄½p� and d̄½p� read in terms of
the old ones as

c̄½p�ð∂;τ∂τÞ ¼ ð−∂2Þpc̄ð2−pÞð∂;τ∂τ þpÞ;
d̄½p�ð∂;τ∂τÞ ¼ d̄ðpÞð∂;τ∂τÞ

þ
Xp
l¼0

l!
ð2lþ 1Þ!ð∂

2Þlc̄ðp−lÞð∂;τ∂τ þ lÞ: ð3:8Þ

Note that in the stationary case all coefficients c̄½p�, d̄½p�

are local. This is because for k0 ¼ 0 all ratios k2=k2 ¼ 1
in the table of Appendix B, responsible for their spatial
nonlocality, trivialize whereas the overall nonlocal
factors of the form 1=k2 of c̄ðpÞ are compensated by
suitable power of k2 ↔ −∂2 in (3.8).
Thus, the terms corresponding to the first sum in (3.7),

i.e. belonging to τ2-graded quadratic in hμν part of the heat
kernel, are separately invariant [cf. discussion after (2.8)].
In their turn, the sum of the terms of TrK2ðτÞ, correspond-
ing to the τ0 and τ1 grading parts of (3.7) supplemented by
the terms of TrK1ðτÞ of the same grading, are also invariant
separately. Therefore, one should split the heat trace into
the parts according to their grading and find for each of
them the most general manifestly diffeomorphism invariant
Ansatz. In the stationary case the diffeomorphisms (3.1)
should be restricted to static ones with ζμ ¼ ζμðxÞ. This
implies that ξ̄μ ¼ δμ0 is itself invariant under such diffeo-
morphisms and is admissible for the construction of
invariants.
The τ0 and τ1 parts of the heat kernel, corresponding to

the second sum in (3.7), are local in the stationary case (i.e.,
have a polynomial dependence on ∂

2). Local SOðdÞ-
invariant functionals associated with these terms and
having zeroth- and second-order dimensionality in units
of inverse length (complementary to the dimensionalities of
τ0 and τ1) are composed of the dimensionless g00, its
derivatives ð∇μg00Þ2, the potential P and the first order in
curvature quantities R and R00. Other scalar invariants built
of spatial components of the curvature are expressible in
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terms of the latter two ones. Therefore, they can be taken in
the form of 1, in the τ0-grading part and

R; R00; ð∇μωÞ2; P ð3:9Þ

in the τ1 part of the total heat kernel trace.Here, for conformity
with the notations of [22] we denote by ω the logarithmic
function of g00, ω ¼ 1

2
ln g00. Weighted by dimensionless

local coefficients uI ≡ uIðg00; τÞ, I ¼ 0;…4, and integrated
with the covariant Riemannian measure these invariants
yield the Ansatz for the covariant τ0 and τ1-graded part of
the full heat trace, TrKð0þ1Þ ¼ TrKð0Þ þ TrKð1Þ,

TrKð0þ1Þ
covariant½g� ¼

1

ð4πτÞD=2

Z
dDx

ffiffiffi
g

p n
u0

þ 1

2
τ½u1Rþ u2R00 þ u3ð∇μωÞ2 þ u4P�

o
:

ð3:10Þ

Since g00 is the only nontrivial dimensionless scalar of the
stationary setup, the functional freedomin thisAnsatz consists
in the above coefficient functions of g00 and the proper time τ.
The covariant Ansatz for the τ2-graded part, correspond-

ing to the first sum of form factors in (3.7), relies on
invariants built of quadratic combination of curvatures and
the potential P, because it starts with the quadratic order in
hμν and the flat-space expansion of every curvature tensor
begins with the linear order in metric perturbation.
Moreover, each metric curvature is by itself diffeomor-
phism invariant under (3.1) up to higher perturbation theory
orders, δRμνρσ ¼ Oðh2Þ. The complete basis of the curva-
ture squared SOðdÞ-invariants (the potential P being
included into the set of “curvatures”) can be chosen as

R2
μν; R2; RP; P2; RR; PR; R2

ij; R2; ð3:11Þ

where R, Rij are d-dimensional Ricci scalar and tensor,
respectively, constructed using spatial part of the metric. As
with the time tensor components, the d-dimensional quan-
tities here can be expressed via the D-dimensional
Riemann, Rαβγδ ≡ ðDÞRαβγδ, and Ricci Rμν ≡ ðDÞRμν tensors
with the aid of the projector,

Pμ
ν ¼ δμν −

ξμξν
ξ2

; ð3:12Þ

taken at ξμ ¼ ξ̄μ. In view of the Gauss-Codazzi equation
R ¼ R − 2R00 þO½h2� and Rij ¼ Rij − R0i0j þO½h2� the
last four invariants in (3.11) can be rewritten as bilinear
combinations of P and

R ¼ R − 2Rμν
ξμξν

ξ2
þO½h2�;

Rμν ¼ RαβPα
μP

β
ν − RαβγδPα

μP
γ
ν
ξβξδ

ξ2
þO½h2�; ð3:13Þ

also evaluated at ξ̄μ. In particular, R2
ij ¼ R2

μνþ
O½h3�≡ gμαgνβRμνRαβ.
Completeness of the suggested basis (3.11) follows

from the observation that its expansion in hμν, starting
with a quadratic order, should saturate all admissible
SOðdÞ-invariant combinations bilinear in metric perturba-
tions and the potential P. They are determined by the set
of SOðdÞ-invariant tensors ðΠaÞμν;ρσ and four basis tensors
ðΠbÞμν in the quadratic order of the noncovariant expan-
sion (2.3c), listed in Appendix A and restricted by the
Ward identities (3.2). For a nonlocal part these identities
reduce to transversality conditions kσΠμν;ρσ ¼ 0, kσΠρσ ¼
0 and give rise to five independent structures for Πμν;ρσ and
two structures for Πρσ. When supplemented with the
potential square P2 this gives a total of eight quadratic
invariants.
The τ2-graded part in question is essentially

nonlocal, so that the coefficients of the quadratic
invariants in TrKð2Þ are nonlocal form factors fIð∇Þ,
I ¼ 1;…8—nonlinear functions of covariant derivatives
acting on one of the curvatures in their bilinear
combinations,

TrKð2Þ
covariant½g�¼

τ2

ð4πτÞD=2

Z
dDx

ffiffiffi
g

p ½Rμνf1ð∇ÞRμν

þRf2ð∇ÞRþPf3ð∇ÞRþPf4PþRf5ð∇ÞR
þPf6ð∇ÞRþRμνf7ð∇ÞRμνþRf8ð∇ÞR�:

ð3:14Þ

As discussed above, the τ0, τ1, and τ2-graded parts
of the manifestly noncovariant expansion (2.3b), (2.3c)
are separately diffeomorphism invariant. Therefore,
separately equating them to the manifestly covariant
expressions (3.10) and (3.14) expanded to the second
order in powers of hμν, one obtains the system of
equations for the coefficient functions uIðg00; τÞ,
I ¼ 0;…4, and form factors fIð∇Þ, I ¼ 1;…8. In
the overall quadratic-order approximation in hμν these
equations apply to second order in metric perturba-
tions for the function u0ðg00; τÞ, to the first order for
uIðg00; τÞ, I ¼ 1;…4, and to zeroth order in hμν for
fIð∇Þ, I ¼ 1;…8.
For the τ0, τ1-graded equations their solution can be

written down, modulo some inessential freedom in u2 and
u3, as
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u0 ¼ ½1 − h00τ∂τ þ
1

2
h200τ∂τðτ∂τ þ 1Þ�rðτÞ þO½h3�;

u1 ¼
1

6
ð1 − h00τ∂τÞrðτÞ þO½h2�;

u2 ¼
1

3
ð1 − h00ðτ∂τ þ 1ÞÞτ∂τrðτÞ þO½h2�;

u3 ¼
1

3
τ∂τðτ∂τ þ 1ÞrðτÞ þO½h2�;

u4 ¼ −ð1 − h00τ∂τÞrðτÞ þO½h2�: ð3:15Þ

The freedom in the choice of solutions for u2 and u3 is
resolved by comparison with the nonperturbative (in metric
perturbation) local Schwinger-DeWitt expansion for the
thermal effective action achieved in [22]. The same
comparison also suggests a nonperturbative in hμν com-
pletion of the above equations,

u0¼
1

ðg00Þτ∂τ
rðτÞ; u1 ¼

1

6

1

ðg00Þτ∂τ
rðτÞ;

u2¼
1

3
τ∂τ

1

ðg00Þτ∂τþ1
rðτÞ; u3¼

1

3

1

ðg00Þτ∂τ
τ∂τðτ∂τþ1ÞrðτÞ;

u4¼−
1

ðg00Þτ∂τ
rðτÞ: ð3:16Þ

The same procedure applied to the manifestly covariant
Ansatz (3.14) and the relevant τ2-grading part of the
expansion (2.3c) [with the known form factors (2.7) and
their subtracted counterparts (3.7)] leads in the stationary

case to the explicit functions fI ¼ fIðτ; ∂Þ. All these
functions are expressed via the subtracted versions of
the basic form factor function f½p�ðτ; ∂Þ with p ¼ 0, 1,
2. For the SOðDÞ-invariant curvature structures they turn
out to be equal to

f1 ¼ −4ðτ∂τ þ 2Þf½2� − f½1�;

f2 ¼ ðτ∂τ þ 2Þðτ∂τ þ 3Þf½2� þ 1

2
f½1�;

f3 ¼ 2ðτ∂τ þ 1Þf½1�;
f4 ¼ f; ð3:17Þ

while for the SOðdÞ-invariant ones they read

f5 ¼ −ðτ∂τ þ 2Þð2τ∂τ þ 5Þf½2� − 1

2
ðτ∂τ þ 2Þf½1�;

f6 ¼ −ð2τ∂τ þ 3Þf½1� − 1

2
f;

f7 ¼ 2ð2τ∂τ þ 5Þf½2� þ f½1�

f8 ¼
1

4
ð2τ∂τ þ 3Þð2τ∂τ þ 5Þf½2�

þ 1

4
ð2τ∂τ þ 3Þf½1� þ 1

16
f: ð3:18Þ

Thus, the final answer for the stationary heat kernel trace
reads

TrK̄ðτÞ ¼ 1

ð4πτÞD=2

Z
dDx

ffiffiffi
g

p �
1

ðg00Þτ∂τ
rðτÞ þ τ

1

ðg00Þτ∂τ
�
1

6
R − Pþ 1

3

R00

g00
τ∂τ þ

1

3
ð∇ωÞ2τ∂τðτ∂τ þ 1Þ

�
rðτÞ

þ 1

2
τ2ðRμνf̄1ð∇ÞRμν þ Rf̄2ð∇ÞRþ Pf̄3ð∇ÞRþ Pf̄4ð∇ÞP

þ Rf̄5ð∇ÞRþ Pf̄6ð∇ÞRþ Rμνf̄7ð∇ÞRμν þ Rf̄8ð∇ÞRÞ
�
þO½ℜ3�; ð3:19Þ

where, of course, f̄Ið∇Þ ¼ fIðτ;∇Þj∂0¼0 and the replace-
ment of ∂ by the covariant derivative ∇ along with the
replacement of ∂

2 by the covariant d’Alembertian □ ¼
gμν∇μ∇ν [note that the fundamental form factor (2.4) with
∂0 ¼ 0 depends only on ∂

2] can be freely done because
relevant corrections exceed the assumed quadratic-order
precision in curvatures.
The origin of the differential in τ operator ðg00Þ−τ∂τ,

which is supposed to be acting to the right, is closely related
here to the notion of Tolman temperature defined as
TTolman ¼ T=

ffiffiffiffiffiffi
g00

p
. Indeed, this operator acts on the func-

tion rðτÞ by scaling its argument by a factor of ðg00Þ−1, i.e.,
ðg00Þ−τ∂τrðτÞ ¼ rðτ=g00Þ. According to the definition (2.4)
of the function rðτÞ, its argument τ enters only in the

combination τ=β2 ¼ T2τ. Consequently, this effectively
maps the global temperature T to the local Tolman one,
namely,

ðg00Þ−τ∂τrðτÞ ¼ rðτÞjT¼TTolman
; ð3:20Þ

which fully confirms the result of [22].

B. Generalized killing vector and covariant form in the
nonstationary case

Transition to a nonstationary case is associated
with several new features of the formalism. First,
the basic form factor (2.5) no longer factorizes like
in (3.3), so that its subtraction procedure, necessary
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for τp-grading of various terms, should be modified
as

f½p�ðτ; ∂Þ ¼ 1

ð−τ∂2Þp
�
fðτ; ∂Þ −

Xp−1
l¼0

l!
ð2lþ 1Þ! rðτÞðτ∂

2Þl
�
:

ð3:21Þ

This again allows one to rewrite the coefficients (2.8)
of the Ansatz (2.7) in the form

Cðτ; ∂Þ ¼ τ2
X2
p¼0

c½p�ð∂; τ∂τÞf½p�ðτ; ∂Þ

þ
X1
p¼0

τpd½p�ð∂; τ∂τÞrðτÞ; ð3:22Þ

where the coefficients c½p�, d½p� are expressed in terms
of cðpÞ, dðpÞ by the same relations (3.8) as in the
stationary case. However, now all these coefficients
are essentially nonlocal because of the factors of
k2=k2 ¼ 1þ k20=k

2 in the table of their momentum
representation expressions of Appendix B.
The second most important feature of the nonsta-

tionary formalism is that ξ̄μ ¼ δμ0 is no longer a fixed
vector of Killing isometry, and if we want to arrange
diffeomorphism invariant quantities by replacing tem-
poral indices in terms of tensor contractions with some
vector field ξμ, this vector should have a correct
diffeomorphism transformation property under the
transformation (3.1) of hμν. Therefore, this vector field
is necessarily some functional of hμνðxÞ, ξμ ¼ ξμ½h�,
which reduces to the Killing field ξ̄μ on a stationary
background. In a special coordinate system in
which the metric perturbation hμνðxÞ ¼ hμνðxÞ is time
independent, this means that it should satisfy the
condition ξμ½hðxÞ� ¼ δμ0.
We will look for such a generalization of the Killing

vector field in the form of the hμν-expansion,

ξμ½h� ¼ δμ0þΞμ
νρð∂ÞhνρðxÞ

þ1

2
Ξμ
νρ;σκð∂x; ∂yÞhνρðxÞhσκðyÞjy¼xþO½h3�; ð3:23Þ

with some unknown operator coefficients Ξμ
νρð∂Þ and

Ξμ
νρ;σκð∂x; ∂yÞ. These coefficients are restricted by the

requirement of the vector-field diffeomorphism of ξμ½h�
under the diffeomorphism (3.1) of hμν. In the momentum
space representation this requirement implies the Ward type
identities

kνΞμ
νρðikÞ ¼ −

1

2
k0δ

μ
ρ; ð3:24Þ

kνΞμ
νρ;αβðik; iðp − kÞÞ ¼ −

1

2

h
ðp − kÞρΞμ

αβðipÞ

þ δβρkνΞ
μ
νβðipÞ þ δαρkνΞ

μ
ανðipÞ

i
þ 1

2
ðp − kÞρΞμ

αβðiðp − kÞÞ

−
1

2
δμρkνΞν

αβðiðp − kÞÞ; ð3:25Þ

which, of course, do not fix these coefficients completely.
The above requirement of a well-defined limit to the
stationary case, ξμ½hðxÞ� ¼ ξ̄μ, adds the condition that both
of the operator coefficients should vanish at ∂0 ¼ 0,
Ξj

∂0¼0 ¼ 0. This condition also ensures that the vector
field ξμ generates periodic integral curves, dxμðx0Þ=dx0 ¼
ξμðxðx0ÞÞ, R β

0 dx0ξμðxðx0ÞÞ ¼ βδμ0, along which periodicity
of the underlying manifold takes place. The rest of the
information on the choice of Ξμ

νρð∂Þ and Ξμ
νρ;σκð∂x; ∂yÞ

should follow from the nonstationary version of covarian-
tization procedure, in which the determination of ξμ½h� gets
on equal footing with the above determination of the
coefficient functions of the Ansätze (3.10) and (3.14).
The covariant Ansätze (3.10) and (3.14) should

also undergo a modification. Apart from obvious replace-
ments of temporal indices by contractions with the
introduced vector field, that is g00 ↦ gξξ ¼ gμνξμξν,
R00 ↦ Rξξ ¼ Rμνξ

μξν, additional tensor invariants turn
out to be necessary. This follows from the τ0 and τ1 graded
parts of the total answer, which as discussed above are
separately diffeomorphism invariant. One might have
expected that these parts could be expressed in terms of
the covariant Ansatz (3.10), which, in particular, would
imply that all nonlocality and breakdown of Lorentz
invariance due to the presence of ξ̄μ ¼ δμ0, could be hidden
inside the definition of the vector (3.23) under an appro-
priate choice of its coefficients Ξ. However, this expect-
ation turns out to be incorrect.
Indeed, expanding in hμν the covariantized by the vector

ξμ invariant (3.10) with the coefficient functions (3.16),
which we assume to be the same as in the stationary case,
and equating it to the τ0 and τ1 graded part of the original
noncovariant expansion, one obtains the system of equa-
tions for Ξ. However, this system turns out to be over-
determined. To circumvent this difficulty one can use the
freedom to include into (3.10) additional invariant quan-
tities of second order in derivatives,

ð∇ðμξνÞÞ2; ð∇μξ
μÞ2;

ξμξα∇αξ
ν∇ðμξνÞ; ξμ∇νξ2∇ðμξνÞ;

ξμξν∇ðμξνÞ∇ρξ
ρ; ðξμξν∇ðμξνÞÞ2; ð3:26Þ

which are all proportional to the left-hand side of the
Killing equation ∇ðμξνÞ. These invariants obviously vanish
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in the stationary case, because ξμ becomes a Killing vector
ξ̄μ for the stationary perturbations. Inclusion of these
combinations with free coefficients leads to a consistent
set of equations on Ξμ

νρð∂Þ and Ξ0
μν;ρσð∂;−∂Þ. Note that

spatial components of Ξμ
νρ;σκ unlike the temporal one

Ξ0
μν;ρσð∂;−∂Þ cannot be determined at the quadratic order

of perturbation theory, because it arises only in the u0ðgξξÞ-
term of (3.10), specifically in the integrated form of its
temporal component,

R
dDxhμνðxÞΞ0

μν;ρσð∂;−∂ÞhρσðxÞ.
Thus, by adding the invariants (3.26) weighted by

unknown coefficients into the integrand of (3.10) one
has a new system of equations. It governs not only the
coefficient functions Ξ, but also these coefficients which
define the weights of the new terms in the modified Ansatz
(3.10). The resulting system turns out to be underdeter-
mined and contains three free dimensionless parameters. In
particular, the solution for Ξμ

νρð∂Þ turns out to have the form

Ξμ
νρð∂Þ ¼ ∂0

2∂2∂2
h
∂
μð∂ν∂ρ − ∂

2ξ̄νξ̄ρÞ − ðδμν∂ρ þ δμρ∂νÞ∂2

− a
∂μ

∂2
ð∂0∂ν − ξ̄ν∂

2Þð∂0∂ρ − ξ̄ρ∂
2Þ

þ b∂μðηνρ∂2 − ∂ν∂ρÞ
i
; ð3:27Þ

where P̄μν ¼ ημν − ξ̄μξ̄ν is the projector, and ∂μ ¼ P̄μν
∂ν is

the spatial part of the partial derivative. Here a and b are
two out of three free parameters of the solution. The
solution for the coefficient function Ξ0

νρ;σκð∂;−∂Þ is cum-
bersome and is given in Appendix D. The third free
parameter enters the weights of the scalars (3.26) which
are dependent at the quadratic order, namely, its particular
combination vanishes,

ðbþ 1Þξμ∇νξ2∇ðμξνÞ − bξμξν∇ðμξνÞ∇ρξ
ρ

þ ða − bÞðξμξν∇ðμξνÞÞ2 ¼ O½h3�: ð3:28Þ

Hence, this combination can be added to the particular form
of the final answer with an arbitrary coefficient, which is

the third parameter of the solution. The ambiguity in the
choice of this dimensionless coefficient is of functional
nature; it can be the function of the operator τ∂τ acting on
rðτÞ. This is in contrast to numerical coefficients a and b,
which cannot involve τ∂τ because the derivation procedure
for the equations on Ξ and the weights of (3.26) was
strongly facilitated by the additional grading of all terms in
powers of the operator τ∂τ.
Covariantization of the τ2-graded part of the heat kernel

in terms of the Ansatz (3.14) does not require a replacement
of ξ̄μ by ξμ when working at the quadratic order of metric
perturbations since the difference between ξμ and ξ̄μ affects
only higher order terms. Therefore, it basically repeats the
procedure of the stationary case; rwriting (3.14) in terms of
quadratic combinations of hμν and equating it to τ2-graded
part of the expansion (2.3c) [with the known form factors
(2.7) and their subtracted nonstationary counterparts
(3.22)]. Just like the stationary case this leads to the explicit
nonstationary functions, which we temporarily denote by
fnonstatI ðτ; ∂Þ, expressed via the subtracted versions of the
basic nonstationary form factor function f½p�ðτ; ∂Þ given by
(3.21), p ¼ 0, 1, 2. For the SOðDÞ-invariant curvature
structures with I ¼ 1;…4 these expressions in terms of f½p�
exactly coincide with those of Eq. (3.17), while for the
SOðdÞ-invariant structures, I ¼ 5;…8, these expressions
are given by Eq. (3.18) modified by extra nonlocal factors
k2=k2 ¼ 1þ k20=k

2 originating in the nonstationary case
from the table of Appendix B. In the momentum space
representation the above relations read

fnonstatI ðτ; ikÞ ¼ fIðτ; ikÞ; I ¼ 1;…4; ð3:29Þ

fnonstatI ðτ; ikÞ ¼ ðk2=k2ÞfIðτ; ikÞ; I ¼ 5; 6; ð3:30Þ

fnonstatI ðτ; ikÞ ¼ ðk2=k2Þ2fIðτ; ikÞ; I ¼ 7; 8: ð3:31Þ

Collecting all the above results together, one finds that the
final answer for nonstationary heat-kernel trace can be
rendered in a particular form,

TrKðτÞ ¼ 1

ð4πτÞD=2

Z
dDx

ffiffiffi
g

p
(

1

ðgξξÞτ∂τ
rðτÞ þ τ

1

ðgξξÞτ∂τ
�
1

6
R − P

þ 1

3

�
Rξξ

gξξ
þ ð∇ðμξνÞÞ2 − ð∇μξ

μÞ2 − ξμð∇ξξ
νÞ∇ðμξνÞ þ

3

2
ξμð∇νξ2Þ∇ðμξνÞ

�
τ∂τ

þ 1

3
ðð∇μωÞ2 − 2ξμð∇νξ2Þ∇ðμξνÞ þ 2ξμξνð∇ðμξνÞÞ∇ρξ

ρÞτ∂τðτ∂τ þ 1Þ
�
rðτÞ

þ 1

2
τ2
�
Rμνf1ð∇ÞRμν þ Rf2ð∇ÞRþ Pf3ð∇ÞRþ Pf4ð∇ÞP

þ Rf5ð∇Þ□
Δ
Rþ Pf6ð∇Þ□Δ Rþ Rμν□

Δ
f7ð∇Þ□

Δ
Rμν þ R

□

Δ
f8ð∇Þ□

Δ
R

�)
þO½ℜ3�: ð3:32Þ
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Here new structures (3.26) with their explicit coefficients
are contained in big parentheses of the second and third
lines. Covariantly completed form factors of the quadratic
invariants follow from the momentum space functions
(3.29)–(3.31) in terms of the set of functions fIðτ; ∂Þ of
Eqs. (3.17), (3.18),

fIð∇Þ ¼ fIðτ; ∂Þj∂↦∇; ð3:33Þ

where we omit explicit τ-dependence for the sake of
conciseness. They include D-dimensional d’Alembertian
□ and d-dimensional Laplacian, defined as

Δ ¼ ∇μPμν∇ν; ð3:34Þ

where Pμν is the nonstationary version of the projector
(3.12) built in terms of the generalized Killing vector ξμ.
Covariant completion with noncommuting objects,
kμ ↦ −i∇μ, k2 ↦ −□, k2 ↦ −Δ and Pμν is organized
in such a way that the spatial Laplacian Δ as well as the
kernels of quadratic curvature forms represent operators
symmetric under spacetime integration with the Rimannian
measure; this explains symmetric ordering in the definition
Δ and in the last quadratic terms of (3.32). These details
might be inessential in the quadratic-order approximation,
but affect higher orders of covariant perturbation theory, if
those orders will be chosen to proceed with; this happens
with the cubic curvature order in the vacuum case [9].
As mentioned above, there is a three parameter freedom

in the representation of (3.32)—two parameters a and b in
the construction of ξμ½h� and extra parameter associated
with the identity (3.28). From the above derivation pro-
cedure it is obvious that the terms inside big parentheses of
the second and third lines of (3.32) are independent of a
and b, parametrizing the generalized Killing vector, while
the coefficients of the interior ξμ-structures can be altered
by the addition of this identity with the third coefficient
which can be a generic function of the differential operator
τ∂τ acting on rðτÞ. This leads to another form of the final
result explicitly featuring all three arbitrary parameters, but
we prefer not to do that in (3.32).
A final comment to Eq. (3.32) is that its notations are

somewhat redundant, namely, gξξ ≡ ξ2 ≡ e2ω. Moreover,
some of the terms derived from the Killing equation can
also be rewritten in terms of ω, for example,
ξμ∇νξμ ¼ 1

2
∇νξ

2 ¼ ∇νωþOðh2Þ. Nevertheless, the final
answer is retained in this form to maintain key aspects,
namely a closer analogy to the static case (3.19) and
thermal results of Dowker and Schofield [22].

C. Separation of the vacuum contribution

It turns out that the answer for the heat kernel trace can
be effectively separated into the vacuum part, correspond-
ing to the zero temperature (or infinite β), and the
pure thermal part. To show this, we apply the Poisson

summation formula to the sum in the definitions (2.4), (2.5)
of the thermal function rðτÞ and the form factor fðτ; ∂Þ, that
gives (cf. Appendix C)

ffiffiffiffiffiffiffiffi
4πτ

p

β

X
n

e−τðωnþiα∂0Þ2 ¼ 1þ 2
X∞
n¼1

e−
β2n2

4τ coshðnαβ∂0Þ;

ð3:35Þ

where the sum in (2.4) is obtained by setting ∂0 ¼ 0.
Hence, the thermal function and the fundamental form
factor split into the parts, respectively, referred to as the
vacuum and thermal ones,

rðτÞ ¼ 1þ rβðτÞ; rβðτÞ ¼ 2
X∞
n¼1

e−
β2n2

4τ ; ð3:36Þ

fðτ; ∂Þ ¼ fvacð−τ∂2Þ þ fβðτ; ∂Þ; ð3:37Þ

fβðτ; ∂Þ ¼ 2

Z
1

0

dαeαð1−αÞτ∂2
X∞
n¼1

e−
β2n2

4τ coshðnαβ∂0Þ;

ð3:38Þ

and corresponding to the first and second terms in the right-
hand side of (3.35). The explicit form of the vacuum form
factor fvacð−τ∂2Þ was previously defined in (3.3), whereas
the fβðτ; ∂Þ represents the fundamental thermal form factor.
The vacuum form factor is the function of the combination
−τ∂2, whereas the thermal one is the function of the
separate variables τ and ∂μ ¼ ð∂0; ∂Þ.
This splitting induces the corresponding decomposition

of the heat trace into vacuum and thermal components
based on the respective parts of the thermal function and the
fundamental form factor,

TrKðτÞ ¼ TrKvacðτÞ þ TrKβðτÞ: ð3:39Þ

Significant simplification takes place in the vacuum part
TrKvacðτÞ. In its τ0 and τ1 graded terms—the first three
lines of (3.32)—the operator τ∂τ acts on rvacðτÞ ¼ 1, and
these terms reduce to the local contributions of the first two
Schwinger-DeWitt coefficients of the vacuum heat kernel
(1.5), which are of zeroth and first order in Ricci curvature.
The τ2-graded terms corresponding to the curvature-

squared part of the heat kernel (3.32) contain the form
factors fIðτ; ∂Þ which are expressed via Eqs. (3.17), (3.18)
in terms of the subtracted functions f½p�ðτ; ∂Þ. These
functions in turn get split into vacuum and thermal parts

f½p�ðτ; ∂Þ ¼ f½p�vacð−τ∂2Þ þ f½p�β ðτ; ∂Þ, which results in the
vacuum-thermal decomposition of all form factors,

fIðτ; ∂Þ ¼ fvacI ðτ; ∂Þ þ fβI ðτ; ∂Þ; I ¼ 1;…8: ð3:40Þ
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The vacuum ones can be further simplified. As follows
directly from the definition (3.3), fvacðuÞ satisfies the first-
order differential equation

u∂ufvacðuÞ ¼ −
1

4
ðuþ 2ÞfvacðuÞ þ

1

2
: ð3:41Þ

This equation allows one to express the τ∂τ-derivatives of
fvacð−τ∂2Þ solely in terms of fvacð−τ∂2Þ. Upon the use of
(3.41) the vacuum parts of the first four form factor
functions fvacI ðuÞ, I ¼ 1;…4, reduce to

fvac1 ðuÞ ¼ 2f½2�vacðuÞ;

fvac2 ðuÞ ¼ −
1

4
f½2�vacðuÞ þ 1

4
f½1�vacðuÞ þ 1

16
fvacðuÞ;

fvac3 ðuÞ ¼ −f½1�vacðuÞ − 1

2
fvacðuÞ;

fvac4 ðuÞ ¼ fvacðuÞ; ð3:42Þ

where f½p�vacðuÞ are the subtracted functions (3.5), while
those of the SOðdÞ-invariant terms identically vanish,
fvacI ðuÞ ¼ 0, I ¼ 5;…8. Thus, with u ¼ −τ□ one arrives
at the answer for the covariantly completed vacuum part of
the heat trace (1.5) known from [2] in a more general case
of a generic fiber bundle curvature Rμν.
In contrast to the vacuum form factors fvacI ð−τ□Þ, the

thermal form factors do not admit any additional identities
like (3.41), so they cannot be further simplified. However,
simplifications arise when these factors are used in effective
action calculations, as described below.

IV. EFFECTIVE ACTION

The one-loop effective action (1.4) for the wave operator
F reads within zeta-function regularization as

W ¼ −
1

2

∂

∂s

�
μ2s

ΓðsÞ
Z

∞

0

dττs−1TrKðτÞ
�����

s¼0

; ð4:1Þ

where μ is the normalization parameter reflecting renorm-
alization ambiguity (and absorbing logarithmic UV diver-
gences arising in dimensional regularization). Similarly to
the heat kernel, effective action consists of the vacuum and
thermal parts.
In the quadratic order the vacuum part Wvac is generated

only by τ2-graded terms of the heat kernel, because its τ0

and τ1 parts have purely power-law dependence on τ and
get annihilated under zeta-function regularization,R∞
0 dττq ≡ 0 (as well as in the dimensional regularization).
Thus, Wvac begins with the quadratic terms in curvatures,
whose form factors ϕvac

I ð−□Þ follow from those of the
τ2-part of TrKvac, fvacI ð−τ□Þ, by the replacement

fvacI ð−τ□Þ ↦ ϕvac
I ð−□Þ

¼ ∂

∂s

�
μ2s

ΓðsÞ
Z

∞

0

dττs−1
1

τD=2 τ
2fvacI ð−τ□Þ

�����
s¼0

: ð4:2Þ

In view of the explicit relations (3.42), expressing
fvacI ð−τ□Þ in terms of the basic vacuum form factor

fvacð−τ□Þ and its subtracted counterparts, f½p�vacð−τ□Þ∼
fvacð−τ□Þ=ð−τ□Þp þ � � �, the set of the above form factors
are expressed as linear combinations of operator functions

of the d’Alembertian ð−□Þ−pϕðD=2−2þpÞ
vac ð−□Þ having one

and the same dimensionality, D − 4. Here ϕðqÞ
vacð−□Þ is the

following set of basic effective action form factors with
q ¼ 0, 1, 2,

ϕðqÞ
vacð−□Þ ¼ ∂

∂s

�
μ2s

ΓðsÞ
Z

∞

0

dττs−q−1fvacð−τ□Þ
�����

s¼0

¼−
q!

ð2qþ 1Þ!□
q

�
log

�
−
□

μ2

�
þHq− 2H2qþ1

�
;

ð4:3Þ

where Hl ¼
P

l
n¼1 1=n is the harmonic number and in the

last equality we assume the case of even-dimensional
spacetime D.
Thus, the vacuum part of effective action takes the form

−Wvac ¼
1

2ð4πÞD=2

Z
dDx

ffiffiffi
g

p

×
�
Rμνϕvac

1 ð−□ÞRμνþRϕvac
2 ð−□ÞR

þPϕvac
3 ð−□ÞRþPϕvac

4 ð−□ÞP
	
þO½ℜ3�; ð4:4Þ

with the form factors fully matching the old result of [2]
obtained in dimensional regularization,

ϕvac
1 ð−□Þ ¼ 2

ð−□Þ2ϕ
ðD=2Þ
vac ð−□Þ;

ϕvac
2 ð−□Þ ¼−

1

4ð−□Þ2ϕ
ðD=2Þ
vac ð−□Þþ 1

4ð−□Þϕ
ðD=2−1Þ
vac ð−□Þ

þ 1

16
ϕðD=2−2Þ
vac ð−□Þ;

ϕvac
3 ð−□Þ ¼−

1

ð−□Þϕ
ðD=2−1Þ
vac ð−□Þ− 1

2
ϕðD=2−2Þ
vac ð−□Þ;

ϕvac
4 ð−□Þ ¼ ϕðD=2−2Þ

vac ð−□Þ: ð4:5Þ

The thermal part of the effective action is finite, i.e., the
integral over τ in (4.1) is convergent in s → 0 limit. Hence,
the zeta-regularization can be lifted, and the thermal part of
the effective action reads
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Wβ ¼ −
1

2

Z
∞

0

dτ
τ
TrKβðτÞ: ð4:6Þ

Its τ0 and τ1 graded terms are of the form

Z
∞

0

dτ
τ

1

τD=2 τ
pcðτ∂τÞrβðτÞ

¼ c

�
D
2
− p

�Z
∞

0

dτ
τ

1

τD=2 τ
prβðτÞ

¼ c
�
D
2
− p

�
ρðD=2−pÞ; ð4:7Þ

with p ¼ 0, 1, cðτ∂τÞ being some function of τ∂τ, and
thermal function rβðτÞ defined by (3.36). Here in the first
equality we integrated by parts [no boundary terms arise
since rβðτÞ vanishes at τ ¼ 0 along with all its derivatives],
while in the second equality we exchanged the order of
summation in the expression for rβðτÞ and integration
followed by the use of Riemann zeta function ζðsÞ ¼P∞

n¼1 1=n
s in the calculation of the set of numerical

coefficients,

ρðqÞ ¼
Z

∞

0

dτ
τqþ1

rβðτÞ ¼ 2

�
2

β

�
2q
ΓðqÞζð2qÞ: ð4:8Þ

In contrast to these numerical coefficients, the integra-
tion of thermal τ2-terms of the heat kernel (3.32) leads to

the thermal effective action form factorswhich are nonlocal
operators,

ϕβ
I ð∂Þ ¼

Z
∞

0

dτ
τ

1

τD=2 τ
2fβI ðτ; ∂Þ; ð4:9Þ

where thermal fβI ðτ; ∂Þ are expressed via (3.17), (3.18) as

linear combinations of the subtracted form factors f½p�β ðτ; ∂Þ
with some coefficients cðτ∂τÞ. This, in addition to numeri-
cal structures like (4.7), leads to new integrals involving the
fundamental thermal form factor fβðτ; ∂Þ,Z

∞

0

dτ
τ

1

τD=2 τ
pcðτ∂τÞfβðτ; ∂Þ

¼ c

�
D
2
− p

�
ϕðD=2−pÞ
β ð∂Þ: ð4:10Þ

After the same integration by parts they are expressed in
terms of the following basic set of nonlocal operators

ϕðqÞ
β ð∂Þ which, together with ρðqÞ, will serve as main

building blocks of the thermal form factors in the curvature
squared part of the effective action,

ϕðqÞ
β ð∂Þ ¼

Z
∞

0

dτ
τqþ1

fβðτ; ∂Þ: ð4:11Þ

Collecting the vacuum and thermal parts one obtains the
total one-loop effective action,

−W ¼ 1

2ð4πÞD=2

Z
dDx

ffiffiffi
g

p
(

ρðD=2Þ

ðgξξÞD=2 þ
ρðD=2−1Þ

ðgξξÞD=2−1

�
1

6
R − P

þ 1

6
ðD − 2Þ

�
Rξξ

gξξ
þ ð∇ðμξνÞÞ2 − ð∇μξ

μÞ2 − ξμ∇ξξ
ν∇ðμξνÞ þ

3

2
ξμ∇νξ2∇ðμξνÞ

�

þ 1

12
DðD − 2Þ½ð∇μωÞ2 − 2ξμ∇νξ2∇ðμξνÞ þ 2ξμξν∇ðμξνÞ∇ρξ

ρ�
�

þ 1

2
ðRμνϕ1ð∇ÞRμν þ Rϕ2ð∇ÞRþ Pϕ3ð∇ÞRþ Pϕ4ð∇ÞP

þ Rϕ5ð∇Þ□
Δ
Rþ Pϕ6ð∇Þ□Δ Rþ Rμν □

Δ
ϕ7ð∇Þ□

Δ
Rμν þ R

□

Δ
ϕ8ð∇Þ□Δ R

�)
þO½ℜ3�; ð4:12Þ

with the full set of covariantly completed form factors of its curvature squared terms,

ϕIð∇Þ ¼ ϕvac
I ð−□Þ þ ϕβ

I ð∇Þ; I ¼ 1;…4;

ϕIð∇Þ ¼ ϕβ
I ð∇Þ; I ¼ 5;…8; ð4:13Þ

where the vacuum form factors ϕvac
I ð−□Þ are given by Eq. (4.5) and the thermal form factors ϕβ

I ð∇Þ read

ϕβ
1ð∇Þ ¼ −

2D
□

2
ϕðD=2Þ
β ð∇Þ þ 1

□
ϕðD=2−1Þ
β ð∇Þ þ ρðD=2Þ 2D

□
2
þ ρðD=2−1Þ D − 3

3□
; ð4:14Þ
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ϕβ
2ð∇Þ ¼ DðDþ 2Þ

4□2
ϕðD=2Þ
β ð∇Þ − 1

2□
ϕðD=2−1Þ
β ð∇Þ − ρðD=2Þ DðDþ 2Þ

4□2
− ρðD=2−1Þ D

2 þ 2D − 12

24□
; ð4:15Þ

ϕβ
3ð∇Þ ¼ −

D − 2

□
ϕðD=2−1Þ
β ð∇Þ þ ρðD=2−1ÞD − 2

□
; ð4:16Þ

ϕβ
4ð∇Þ ¼ ϕðD=2−2Þ

β ð∇Þ; ð4:17Þ

ϕβ
5ð∇Þ ¼ −

DðDþ 1Þ
2□2

ϕðD=2Þ
β ð∇Þ þ D

4□
ϕðD=2−1Þ
β ð∇Þ þ ρðD=2Þ DðDþ 1Þ

2□2
þ ρðD=2−1Þ DðD − 2Þ

12□
; ð4:18Þ

ϕβ
6ð∇Þ ¼ D − 1

□
ϕðD=2−1Þ
β ð∇Þ − 1

2
ϕðD=2−2Þ
β ð∇Þ − ρðD=2−1ÞD − 1

□
; ð4:19Þ

ϕβ
7ð∇Þ ¼ 2ðDþ 1Þ

□
2

ϕðD=2Þ
β ð∇Þ − 1

□
ϕðD=2−1Þ
β ð∇Þ − ρðD=2Þ 2ðDþ 1Þ

□
2

− ρðD=2−1ÞD − 2

3□
; ð4:20Þ

ϕβ
8ð∇Þ ¼ D2 − 1

4□2
ϕðD=2Þ
β ð∇Þ −D − 1

4□
ϕðD=2−1Þ
β ð∇Þ þ 1

16
ϕðD=2−2Þ
β ð∇Þ − ρðD=2Þ D

2 − 1

4□2
− ρðD=2−1Þ ðD − 1ÞðD − 5Þ

24□
: ð4:21Þ

The calculation of the basic form factor functions ϕðqÞ
β ð∂Þ arising in the explicit expressions for ϕIð∇Þ, is rather involved

and is done in [29]. Here we reproduce the answer in the momentum space representation [cf. ikμ ↔ ∂μ and kμ ¼ ðk0; kÞ] in
the following form:

ϕðqÞ
β ðikÞ ¼

�
2

β

�
2q
k2q∂q

k2
ðΩφqðjkjÞÞ; ð4:22Þ

φqðjkjÞ ¼ ð−Þq ð2πÞ
2q

ð2qÞ!
4π

iβjkj
�
ζ0
�
−2q;−

iβ
4π

jkj
�
− ζ0

�
−2q;

iβ
4π

jkj
��

−
π2

ð2qÞ!
�
βjkj
2

�
2q−1

þ
Xq
l¼0

4

ð2lþ 1Þ! ζð2q − 2lÞ
�
ln

�
βjkj
4π

�
þH2q −H2lþ1

��
βjkj
2

�
2l
; ð4:23Þ

where we denote jkj ¼
ffiffiffiffiffi
k2

p
.

The expression involves the Hurwitz zeta function
defined as ζðs; aÞ ¼ P∞

n¼0 1=ðnþ aÞs, and prime denotes
the derivative with respect to the first of its arguments,
ζ0ðs; aÞ ¼ d

ds ζðs; aÞ. Here Ω is the translation-type
operator,

ΩφðjkjÞ ¼ eiϑφðeiϑjkjÞ þ e−iϑφðe−iϑjkjÞ
eiϑ þ e−iϑ

;

ϑ ¼ ϑðjkj; k0Þ≡ arcsin
k0
jkj ; ð4:24Þ

defined by its action on a generic test function φðjkjÞ. Here
ϑ has the meaning of Euclidean rapidity parameter. When
calculating the k2-derivatives in (4.22), the parameter
ϑðjkj; k0Þ ¼ arcsinðk0=jkjÞ should be treated as a function
of jkj ¼

ffiffiffiffiffi
k2

p
at fixed k0. Note also the structure

e�iϑjkj ¼ jkj � ik0, jkj ¼
ffiffiffiffiffi
k2

p
, of the test function Φ

argument.
Substituting (4.24) and (4.22) into (4.22) makes the

resulting expression for ϕðpÞ
β ðikÞ extremely compli-

cated. While the explicit result (4.22) for the effective
action fundamental form factors may be suitable for
numerical calculations, it is of a limited use for a
further analysis. Therefore, in the next sections we
present their high- and low-temperature expansion
and use it in the corresponding limit of the effective
action.

A. High-temperature expansion

Using the series expansion of Hurwitz zeta function, we
develop the high-temperature expansion of the form
factors (4.22), which is valid in β → 0 limit. The answer
reads
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ϕðqÞ
β ðikÞ ¼ 2ð−k2Þq

"Xq−1
l¼0

ð−Þl−q l!ðq − l − 1Þ!
ð2lþ 1Þ! ζð2q − 2lÞFq;lðϑÞ

�
βjkj
2

�
2l−2q

þ π2

22qq!

�
k2

k2

�
q 1

βjkj

þ q!
ð2qþ 1Þ!

�
log

βjkj
4π

þ 1

2
Hq −H2qþ1 þ γ

�
−

ðqþ 1Þ!
ð2qþ 1Þ! F̃qðϑÞ

þ q!
X∞
l¼qþ1

ð2l − 2qÞ!
ð2lþ 1Þ! ζð2l − 2qþ 1ÞCðqþ1Þ

2l−2qðsin ϑÞ
�
βjkj
4π

�
2l−2q

#
; ð4:25Þ

where jkj ¼
ffiffiffiffiffi
k2

p
, γ is the Euler’s constant and CðαÞ

n ðxÞ
denotes the Gegenbauer polynomial. Here we also intro-
duce auxiliary functions,

Fq;lðϑÞ ¼ 2F1

�
q − l; lþ 1;

1

2
; sin2ϑ

�
;

F̃qðϑÞ ¼ sin2ϑ3F2

�
1; 1; qþ 2;

3

2
; 2; sin2ϑ

�
; ð4:26Þ

where the hypergeometric functions 2F1 and 3F2 reduce to
elementary functions for the specific values of their
parameters involved. The first line of (4.25) contains
negative powers of β, i.e. terms exhibiting power-law
growth in the high-temperature limit. The second line
consist of terms involving logarithms and constants in β.

Finally, the third line represents subleading terms, vanish-
ing at β → 0. The latter are local, since the combination

Cðqþ1Þ
2l−2qðk0=jkjÞk2l contains only even positive powers of k0

and jkj, so that apart from the first few nonlocal terms this
is a local expansion in spacetime derivatives. Note that in
the static limit, k0 → 0, nonlocality survives only in β−1-
term which confirms the results of [23].
Substituting the expansion (4.25) into (4.14) and com-

bining with the vacuum part (4.5), we obtain the corre-
sponding high-temperature expansion of the effective
action (4.12). As an illustrative and the most physically
interesting example, we provide the explicit answer for the
form-factors (4.13) in the dimension D ¼ 4. In this
dimension, the auxiliary functions (4.26) occur for the
following specific set of their parameters,

F1;0ðϑÞ ¼
ϑ sinϑþ cos ϑ

cos2ϑ
; F2;1ðϑÞ ¼ F2;0ðsin ϑÞ ¼

12ϑ sin ϑþ 9 cosϑ − cos 3ϑ
8cos5ϑ

;

F̃0ðϑÞ ¼
ϑ sinϑ
cosϑ

;

F̃1ðϑÞ ¼
2ð3 sinϑþ sin 3ϑÞϑþ cos ϑ − cos 3ϑ

16cos3ϑ
;

F̃2ðϑÞ ¼
1

192cos5ϑ

�
4ð10 sin ϑþ 5 sin 3ϑþ sin 5ϑÞϑþ 12 cosϑ − 9 cos 3ϑ − 3 cos 5ϑ

	
: ð4:27Þ

In terms of them the answer for the form factors (4.13) reads

ϕ1ðikÞ ¼ −
128π4

45

F2;0ðϑÞ − 1

β4k4
−
4π2

9

3F1;0ðϑÞ − 4F2;1ðϑÞ þ 1

β2k2
−
π2

2

sin2ϑ
cos5ϑ

1

βjkj þ
1

15
log

�
βμ

4π

�

þ 1

15

�
γ − 10F̃1ðϑÞ þ 12F̃2ðϑÞ −

17

120

�
þ ζð3Þ
1680π2

ð2 − 5 cos 2ϑÞβ2k2 þOðβ4Þ; ð4:28Þ

ϕ2ðikÞ ¼
32π4

15

F2;0ðϑÞ − 1

β4k4
þ 2π2

3

F1;0ðϑÞ − 2F2;1ðϑÞ þ 1

β2k2
−
π2

8

cos 2ϑ − 2

cos5ϑ
1

βjkj þ
1

30
log

�
βμ

4π

�

þ 1

30

�
γ þ 10F̃1ðϑÞ − 18F̃2ðϑÞ −

863

480

�
þ ζð3Þ
3360π2

ð4 − 3 cos 2ϑÞβ2k2 þOðβ4Þ; ð4:29Þ
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ϕ3ðikÞ ¼
8π2

3

F1;0ðϑÞ − 1

β2k2
−

π2

cos3ϑ
1

βjkj −
2

3
log

�
βμ

4π

�

−
1

36
ð24γ − 48F̃1ðϑÞ − 19Þ þ ζð3Þ

120π2
ð3 cos 2ϑ − 2Þβ2k2 þOðβ4Þ; ð4:30Þ

ϕ4ðikÞ ¼
2π2

cosϑ
1

βjkj þ 2 log

�
βμ

4π

�
þ ð2γ − 2F̃0ðϑÞ − 1Þ − ζð3Þ

24π2
ð2 cos 2ϑ − 1Þβ2k2 þOðβ4Þ; ð4:31Þ

ϕ5ðikÞ ¼ −
32π4

9

F2;0ðϑÞ − 1

β4k4
−
4π2

9

3F1;0ðϑÞ − 5F2;1ðϑÞ þ 2

β2k2
þ π2

8

2 cos 2ϑ − 3

cos5ϑ
1

βjkj
−
2

3
F̃1ðϑÞ þ F̃2ðϑÞ þ

1

15
−

ζð3Þ
1680π2

ðcos 2ϑþ 1Þβ2k2 þOðβ4Þ; ð4:32Þ

ϕ6ðikÞ ¼ −4π2
F1;0ðϑÞ − 1

β2k2
−
π2

2

cos 2ϑ − 2

cos3ϑ
1

βjkj
þ F̃0ðϑÞ − 2F̃1ðϑÞ −

1

3
þ ζð3Þ
240π2

ðcos 2ϑþ 1Þβ2k2 þOðβ4Þ; ð4:33Þ

ϕ7ðikÞ ¼
32π4

9

F2;0ðϑÞ − 1

β4k4
þ 4π2

9

3F1;0ðϑÞ − 5F2;1ðϑÞ þ 2

β2k2
þ π2

8

4sin2ðϑÞ þ 1

cos5ϑ
1

βjkj
þ 2

3
F̃1ðϑÞ − F̃2ðϑÞ −

1

15
þ ζð3Þ
1680π2

ðcos 2ϑþ 1Þβ2k2 þOðβ4Þ; ð4:34Þ

ϕ8ðikÞ ¼
4π4

3

F2;0ðϑÞ − 1

β4k4
þ π2

6

6F1;0ðϑÞ − 5F2;1ðϑÞ − 1

β2k2
þ π2

64

−8 cos 2ϑþ cos 4ϑþ 6

cos5ϑ
1

βjkj
þ 1

120
ð−15F̃0ðϑÞ þ 60F̃1ðϑÞ − 45F̃2ðϑÞ þ 2Þ − ζð3Þ

3360π2
ðcos 2ϑþ 1Þβ2k2 þOðβ4Þ: ð4:35Þ

In these expressions each term consists of a factor depend-
ing on ϑðjkj; k0Þ ¼ arcsinðk0=jkjÞ multiplied by a power of
the dimensionless combination βjkj. The form factors
ϕ1;…;ϕ4 contain logarithmic contributions of the form
logðβμÞ, whereas ϕ5;…;ϕ8 are free from logarithms.
This is a general pattern of high-temperature behavior;

when a form factor includes both vacuum and purely
thermal contributions, the vacuum part contains logarithms
logðk2=μ2Þ while the thermal part contains logarithms
logðβjkjÞ. The k-dependence cancels exactly between them,
leaving a net logarithmic dependence in the form of

logðβμÞ ¼ −
1

2
logðk2=μ2Þ þ logðβjkjÞ: ð4:36Þ

This, in its turn, follows from the fact that the basic vacuum

and thermal form factors ϕðqÞ
vacð−□Þ and ϕðqÞ

β ð∇Þ, defined
respectively by Eqs. (4.3) and (4.11), additively enter the
full form factor (4.13). Their 1

2
logð−□Þ ¼ log jkj terms

differ only by sign [compare (4.3) with the high-temper-

ature limit (4.25) of the thermal ϕðqÞ
β ] and, therefore,

completely cancel out. Consequently, the form factors

ϕ1;…;ϕ4, which have a nonvanishing vacuum part, exhibit
logðβμÞ terms.
For ϕ5;…;ϕ8 the situation is different because they have

no vacuum part. If their thermal contributions could
have produced logarithms, those logarithms would be of
the form logðβkÞ and could not be canceled by vacuum
logarithms. The fact that ϕ5;…;ϕ8 are completely free of
logarithms, therefore, implies that any logðβjkjÞ terms
within their purely thermal sector get completely cancelled
among themselves. This is clearly seen in the expressions
(4.32)–(4.35).
It is instructive to compare the results (4.28)–(4.35) for

the form factors with the stationary case, previously studied
in [23,25]. The stationary limit corresponds to setting k0 ¼
0 (equivalently ϑ ¼ 0). As can be seen from (4.28)–(4.35)
together with Fq;lð0Þ ¼ F̃qð0Þ ¼ 1, the leading β−4 and β−2

terms in these form factors then vanish. Consequently, in
the stationary limit the dominant high-temperature contri-
butions come from the terms proportional to the zeroth and
first powers of the curvature [the first three lines of (4.12)].
These structures are local and scale as β−4 and β−2,
respectively, in D ¼ 4. The subdominant contribution
arises from the β−1 terms of(4.28)–(4.35) that survive
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the stationary limit. Such terms were first observed in [23]
and correspond to a structure of the form ℜ 1

β
ffiffiffiffiffi
−Δ

p ℜ in the

effective action.
These observations extend to general even dimensionsD

with only minor modifications. First, the cancellation of
log jkj terms takes place in any even dimension. In the
stationary limit, the dominant terms still come from the
zeroth and first orders in the curvature, scaling respectively
as β−D and β−Dþ2. The curvature-squared part of the
effective action admits a high-temperature expansion which
begins with terms of order β−D and β−Dþ2. The β−D and
β−Dþ2 terms vanish in the stationary limit, so for even D ≥
6 the subdominant contribution from the curvature-squared
sector is of the form β−Dþ4ℜ2 (which is local in contrast
to D ¼ 4 case). All these statements directly follow by
substituting (4.25) into (4.14) and adding the vacuum
part (4.5).

B. Low-temperature expansion

Along with the high-temperature limit, one can also
build a low-temperature, large β, expansion of the effective
action form factors. The fundamental purely thermal form
factor has the asymptotic series

ϕðqÞ
β ðkÞ ∼ 4q!

�
2

β

�
2q X∞

l¼0

ð−Þlð2lÞ!ζð2ðlþ qþ 1ÞÞ

× Cðqþ1Þ
2l

�
k0
jkj

��
2

βjkj
�

2lþ2

; ð4:37Þ

which, in contrast to its high-temperature counterpart
(4.25), is a pure power-law expansion. The substitution
of this series into (4.14) yields the low-temperature
expansion of the form factors. Purely thermal contributions
to these form factors exhibit a universal leading-order
scaling β−Dþ2 ¼ TD−2. Consequently, in the nonlocal
expansion for even dimensionsD ≥ 4, purely thermal form
factors are subdominant, and the leading-order contribution
to the total form factor (4.13) comes from its vacuum
part (4.5).

V. DISCUSSION

Main results of this work comprise the curvature
expansion for the heat kernel trace (3.32) and the one-
loop effective action (4.12) with the explicit expressions for
the gravitational form factors of the latter (4.14)–(4.21),
built in terms of the basic operator functions (4.22)–(4.24)
and numerical coefficients (4.8). Their high-“temperature”
asymptotic behavior in the quasithermal setup of a non-
vacuum quantum state is given by Eqs. (4.28)–(4.35). This
setup implies a nonstatic and nonstationary Euclidean
background spacetime with periodic boundary conditions
of the period β ¼ 1=T where T plays the role of effective
global temperature to be locally modified by the metric

gravitational potential. The results are obtained in the
approximation quadratic in metric perturbations on top
of flat Euclidean space and covariantized, or in the
language of [26] nonlinearly completed, in terms of
spacetime curvature. Covariantization includes a special
vector field ξμðxÞ which generalizes the Killing vector of
static geometries with time-translation isometry to the case
of a generic arbitrarily inhomogeneous metric subject to a
single timelike periodicity condition. This vector field is
obtained as a covariant metric functional to quadratic order
in metric perturbations and gives rise to the local function
T=

ffiffiffiffiffiffiffiffiffiffiffi
ξ2ðxÞ

p
, ξ2ðxÞ ¼ gμνðxÞξμðxÞξνðxÞ, reducing to Tolman

temperature T=
ffiffiffiffiffiffiffiffiffiffiffiffi
g00ðxÞ

p
on stationary manifolds with

Killing vector ξμðxÞ ¼ δμ0.
Obtained algorithms look frustratingly complicated—

addition of a single dimensional parameter β with the
requirement of periodic boundary conditions immediately
gives rise to numerous new tensor structures and signifi-
cantly extends the set of nonlocal form factors and their
complexity. At the same time, this is only a small piece of
the total effective action, quadratic in curvatures, not to
mention that this is just one-loop approximation. Moreover,
it is restricted to the case of a very simple topology of a
spatial slice of spacetime, which is supposed to be
asymptotically flat in spatial directions. Though, poten-
tially, the above results in view of their universality can be
meaningful in various applications, it is worth pointing out
a concrete physical setup in which all this formalism can be
directly useful despite all its perturbation theory limitations.
Another objection, that can be raised against the use-

fulness of this universal algorithm and its covariantization,
is the complexity of nonlocal form factor functions
of the exact curved-space d’Alembertian or Laplacian.
Their feasibility can be called in question as long as their
implementation is not available in exact form unlike their
flat-space counterparts. For the perturbation scheme to be
feasible and practicable, all ingredients of its leading order
should be exactly available in analytical form—the prob-
lem raised in [26]. This problem is not at all compelling for
local differential operator structures, but may be very
stringent for nonlocal form factors whose exact kernels
are not known. Various approaches to this difficulty are
conceivable, ranging from the search for special represen-
tations of these form factors, like spectral representations of
[30,31], to a possible retreat back to their analytical flat
space form.
With regard to the above mentioned limitation of the

small curvature and one-loop approximation we can point
out a concrete model that served as a main motivation for
this work. This is a model of initial conditions for infla-
tionary cosmology in the form of the microcanonical
density matrix [32] represented by the Euclidean path
integral over periodic configurations. When the model is
dominated by numerous conformally invariant fields it
incorporates the quasithermal stage preceding inflation [33]
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and provides the origin of the Higgs-type or Starobinsky
R2-type inflationary scenario [34,35]. This scenario turns
out to be a subplanckian phenomenon subject to semi-
classical 1=N-perturbation theory in the number of higher
spin conformal fields [36], which justifies the use of
curvature expansion.
Thus, the above results on the effective action for

nonvacuum states become critically important for the
studies of this model, especially for its cosmic microwave
background (CMBR) spectrum, in particular, because the
quadratic order in curvatures is responsible for the propa-
gator of cosmological perturbations. It should be empha-
sized that the flat space background of our nonvacuum
perturbation theory does not contradict the cosmological
Friedmann metric background, because the conformal
mode of the Friedmann metric is treated in [33,35] by
the nonperturbative method of conformal transformation
from the Friedmann universe to asymptotically flat space-
time. The contribution of this transformation for conformal
fields is exactly calculable via their one-loop trace anomaly,
and for higher-spin conformal fields, due to their higher-
derivative superrenormalizable nature, Weyl anomaly is
restricted to the one-loop order of the semiclassical
expansion. Similar mechanisms justifying the validity of
one-loop results work also within the scope of recently
suggested models of infinite-derivative quantum gravity
with nonlocal form factors based on entire functions [37–
39]; UV divergences in these models can also be restricted
to the one-loop order approximation.
Direct physical predictions following from the structure

of the obtained effective action go beyond the material of
this paper. However, already at this stage one can infer
some information on the form of its quasithermal correc-
tions to gravitational equations. In particular, zero order
curvature corrections represent a kind of a radiation
component, because the metric variation of the first term
of (3.32) is traceless. Terms linear in the curvature are
expected to be anisotropic in spacetime because of the
presence of the vector ξμ, which means that the thermally
corrected effective gravitational coupling “constant”
becomes anisotropic and, moreover, nonlocal tensor, etc.
Details of these modifications will be considered in future
publications.
To accomplish this paper let us briefly dwell on the list of

problems subject to further studies. One of them is unclear
geometrical meaning of the vector field ξμ generalizing the
notion of the Killing isometry to generic inhomogeneous
metrics. This includes the task of clarifying the two-
parameter ambiguity in its construction, the behavior of
its integral curves and the relation to the geometrical
meaning of the period parameter β.
The second most important task is the construction of the

Schwinger-Keldysh generating functional from the
obtained Euclidean effective action. This corresponds to
the deformation of the Euclidean closed contour into the

complex plane of time, where the Lorentzian segments of
this contour are associated with the unitary back and forth
evolution in physical time—bras and kets of the path
integral [40,41]. From [21] it is known that various
Green’s functions of Schwinger-Keldysh diagrammatic
technique for the density matrix of the system prescribed
by the Euclidean path integral can be obtained by analytical
continuation from the purely Euclidean contour and, more-
over, satisfy the famous Kubo–Martin–Schwinger (KMS)
condition (contrary to the observer’s no-boundary states of
[42]). However, the resulting physical field correlators on
these Lorentzian segments hardly obey the same analytical
continuation rule for a generic inhomogeneous geometry, in
contrast with the homogeneous de Sitter space where this
continuation seems possible [43]. Probably, the needed
analytical rule is more complicated and includes some extra
causality retardation prescription like the one observed for
vacuum setup in asymptotically flat spacetime [1].
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APPENDIX A: BASIS TENSORS

This appendix lists the basis tensors used in the expan-
sion of the second-order heat-kernel coefficient TrK2ðτÞ.
These tensors appear in the Ansatz (2.7) for the operators
Πμν;ρσ and Πμν defined in Eq. (2.3c).
The basis of fourth rank tensors constructed out of ημν,

kμ, and ξ̄μ and having the symmetries μ ↔ ν, ρ ↔ σ, and
ðμ; νÞ ↔ ðρ; σÞ contains the following 14 elements:

ðΠ1Þμν;ρσ ¼ ημρηνσ þ ημσηνρ;

ðΠ2Þμν;ρσ ¼ ημρξ̄νξ̄σ þ ημσξ̄νξ̄ρ þ ηνρξ̄μξ̄σ þ ηνσξ̄μξ̄ρ;

ðΠ3Þμν;ρσ ¼ ξ̄μξ̄νξ̄ρξ̄σ;

ðΠ4Þμν;ρσ ¼ ημνηρσ;

ðΠ5Þμν;ρσ ¼ ξ̄μξ̄νηρσ þ ξ̄ρξ̄σημν;

ðΠ6Þμν;ρσ ¼ ξ̄μkρηνσ þ ξ̄ρkμηνσ þ ξ̄μkσηνρ þ ξ̄σkμηνρ

þ ξ̄νkρημσ þ ξ̄ρkνημσ þ ξ̄νkσημρ þ kσkνημρ;

ðΠ7Þμν;ρσ ¼ kμξ̄νξ̄ρξ̄σ þ kνξ̄μξ̄ρξ̄σ þ kρξ̄μξ̄νξ̄σ þ kσξ̄μξ̄νξ̄ρ;
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ðΠ8Þμν;ρσ ¼ kμkρηνσ þ kμkσηνρ þ kνkρημσ þ kνkσημρ;

ðΠ9Þμν;ρσ ¼ kμkρξ̄νξ̄σ þ kμkσξ̄νξ̄ρ þ kνkρξ̄μξ̄σ þ kνkσξ̄μξ̄ρ;

ðΠ10Þμν;ρσ ¼ kμkνξ̄ρξ̄σ þ kρkσξ̄μξ̄ν;

ðΠ11Þμν;ρσ ¼ ξ̄μkνkρkσ þ ξ̄νkμkρkσ þ ξ̄ρkμkνkσ þ ξ̄σkμkνkρ;

ðΠ12Þμν;ρσ ¼ kμkνkρkσ;

ðΠ13Þμν;ρσ ¼ kμkνηρσ þ kρkσημν;

ðΠ14Þμν;ρσ ¼ kμξ̄νηρσ þ kνξ̄μηρσ þ kρξ̄σημν þ kσξ̄ρημν:

In turn, the basis of second rank symmetric tensors
built in terms of the metric ημν and the vectors kμ and ξ̄μ
consists of

ðΠ15Þμν ¼ ημν;

ðΠ16Þμν ¼ ξ̄μξ̄ν;

ðΠ17Þμν ¼ kμkν;

ðΠ18Þμν ¼ kμξ̄ν þ kνξ̄μ:

APPENDIX B: EXPLICIT FORM OF
COEFFICIENT FUNCTIONS

The following expressions give the momentum-space
form of the coefficient functions Ca, a ¼ 1;…18, which
enter the Ansatz (2.7) for the quadratic part of the heat
kernel. They are derived from the perturbative expansion of
Sec. II as functions of kμ ¼ ðk0; kÞ.

C1 ¼
1

4
f −

1

2
r;

C2 ¼ −
1

8

k2

k2
½2ð2τ∂τ þ 1Þ þ τk2�f þ 1

4

�
2τ∂τ þ

k2

k2

�
r;

C3 ¼
1

16

k4

k4
½4ð2τ∂τ þ 1Þð2τ∂τ þ 3Þ þ 4τk2ð2τ∂τ þ 3Þ þ ðτk2Þ2�f −

1

8

�
4
k2

k2
τ∂τ þ 2

k4

k4
ð2τ∂τ þ 3Þ þ τk2

k4

k4

�
r;

C4 ¼
1

16
½4þ 4τk2 þ ðτk2Þ2�f −

1

8
τk2r;

C5 ¼ −
1

16

k2

k2
½4ð2τ∂τ þ 1Þ þ 4τk2ðτ∂τ þ 1Þ þ ðτk2Þ2�f þ 1

8

k2

k2
½2þ τk2�r;

C6 ¼
1

8

k0
k2

½2ð2τ∂τ þ 1Þ þ τk2�f −
1

4

k0
k2

r;

C7 ¼ −
1

16
k0

k2

k4
½4ð2τ∂τ þ 3Þð2τ∂τ þ 1Þ þ 4τk2ð2τ∂τ þ 3Þ þ ðτk2Þ2�f þ 1

8

k0
k2

�
4τ∂τ þ 2

k2

k2
ð2τ∂τ þ 3Þ þ τk2

k2

k2

�
r;

C8 ¼
1

8

1

k2

�
4τ∂τ − 2

k2

k2
ð2τ∂τ þ 1Þ þ τk2

�
1 −

k2

k2

��
f þ 1

4

1

k2
r;

C9 ¼
1

16

1

k2

�
4ð−2ðτ∂τ þ 1Þ þ k2

k2
ð2τ∂τ þ 3ÞÞð2τ∂τ þ 1Þ þ 2τk2ð−ð4τ∂τ þ 5Þ þ 2

k2

k2
ð2τ∂τ þ 3ÞÞ þ ðτk2Þ2

�
k2

k2
− 1

��
f

þ 1

8

1

k2

�
4 − 2

k2

k2
ð2τ∂τ þ 3Þ þ τk2ð− k2

k2
þ 1Þ

�
r;

C10 ¼
1

16

1

k2

�
4

�
−2ðτ∂τ þ 1Þ þ k2

k2
ð2τ∂τ þ 3Þ

�
ð2τ∂τ þ 1Þ þ 4τk2

�
−ðτ∂τ þ 2Þ þ k2

k2
ð2τ∂τ þ 3Þ

�
þ ðτk2Þ2 k

2

k2

�
f

þ 1

8

1

k2

�
4 − 2

k2

k2
ð2τ∂τ þ 3Þ − τk2

k2

k2

�
r;

C11 ¼
1

16

k0
k4

�
−4

�
k4

k4
ð2τ∂τ þ 3Þ − 2

k2

k2
τ∂τ

�
ð2τ∂τ þ 1Þ þ 4τk2

�
k2

k2
ðτ∂τ þ 1Þ − k4

k4
ð2τ∂τ þ 3Þ

�
− ðτk2Þ2 k

4

k4

�
f

þ 1

8

k0
k4

½2ð2τ∂τ þ 3Þ þ τk2�r;
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C12 ¼
1

16

1

k4

�
4ð4τ∂τðτ∂τ − 1Þ − 4

k2

k2
τ∂τð2τ∂τ þ 1Þ þ k4

k4
ð2τ∂τ þ 1Þð2τ∂τ þ 3ÞÞ

þ 4τk2
�
−2

k2

k2
ðτ∂τ þ 1Þ þ k4

k4
ð2τ∂τ þ 3Þ

�
þ ðτk2Þ2 k

4

k4

�
f þ 1

8

1

k4

�
4
k2

k2
τ∂τ − 2

k4

k4
ð2τ∂τ þ 3Þ − τk2

k4

k4

�
r;

C13 ¼
1

16

1

k2

�
8τ∂τ − 4

k2

k2
ð2τ∂τ þ 1Þ þ 4τk2

�
τ∂τ −

k2

k2
ðτ∂τ þ 1Þ

�
− ðτk2Þ2 k

2

k2

�
f þ 1

8

1

k2
½2þ τk2�r;

C14 ¼
1

16

k0
k2

½4ð2τ∂τ þ 1Þ þ 4τk2ðτ∂τ þ 1Þ þ ðτk2Þ2�f

−
1

8

k0
k2

½2þ τk2�r;

C15 ¼ −
1

4

1

k2
½2τk2 þ ðτk2Þ2�f;

C16 ¼
1

4

1

k2
½2τk2ð1þ 2τ∂τÞ þ ðτk2Þ2�f −

1

2

1

k2
τk2r;

C17 ¼ −
1

4

1

k4

�
τk2ð4τ∂τ − 2

k2

k2
ð2τ∂τ þ 1ÞÞ − ðτk2Þ2 k

2

k2

�
f

−
1

2

1

k2k2
τk2r;

C18 ¼ −
1

4

k0
k2k2

½2τk2ð2τ∂τ þ 1Þ þ ðτk2Þ2�f

þ 1

2

k0
k2k2

τk2r:

APPENDIX C: POISSON RESUMMATION

Let Θ be the Matsubara sum,

Θ ¼ 1

β

X∞
n¼−∞

θðωnÞ; ωn ¼
2πn
β

; ðC1Þ

where θðωnÞ represents the contribution of the nth
Matsubara harmonic to (3.35). Applying Poisson resum-
mation

1

β

X∞
n¼−∞

θðωnÞ ¼
X∞
l¼−∞

θ̃ðβlÞ; θ̃ðtÞ ¼
Z

∞

−∞

dω
2π

θðωÞeiωt;

ðC2Þ

where θ̃ðtÞ is the Fourier transform of θðωÞ, we obtain

Θ ¼
X∞
l¼−∞

θ̃ðβlÞ: ðC3Þ

Note that the l ¼ 0 term has the meaning of the vacuum
contribution to Θ,

Θvac ≡ θ̃ð0Þ ¼
Z

∞

−∞

dω
2π

θðωÞ; ðC4Þ

i.e., the sum over the discrete Matsubara frequencies is
replaced by the integration over continuous ones.
Using (C2) for θðωÞ ¼ ffiffiffiffiffiffiffiffi

4πτ
p

e−τðω−αk0Þ2, we get

ffiffiffiffiffiffiffiffi
4πτ

p

β

X∞
n¼−∞

e−τðωn−αk0Þ2 ¼
X∞
l¼−∞

e−
β2l2

4τ þiαβk0l: ðC5Þ

Separating the vacuum (l ¼ 0) term and pairing positive
and negative l terms then leads to (3.35).

APPENDIX D: EXPLICIT FORM OF Ξ0
μν;ρσ

The tensor Ξ0
μν;ρσðik;−ikÞ, which determines the quad-

ratic part of the temporal component of the quasi-Killing
vector ξμ in (3.23) and which is built out of the objects kμ,
ξ̄μ and ημν, has the following decomposition in the basis of
Appendix A:

Ξ0
μν;ρσðik;−ikÞ ¼

X14
a¼1

XaðΠaÞμν;ρσ; ðD1Þ

with the coefficients
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X1 ¼ 0;

X2 ¼
k20k

2

4k4
;

X3 ¼ −
k20k

2

4k6
ðaðaþ 4Þk20 þ ðaðaþ 6Þ þ 2Þk2Þ;

X4 ¼ −
k20
4k2

b2;

X5 ¼
k20
4k4

bððaþ 2Þk20 þ ðaþ 3Þk2Þ;

X6 ¼
k30
4k4

;

X7 ¼
k0
4k6

ðaðaþ 4Þk40 þ ða2 þ 6aþ 2Þk20k2 þ ðaþ 1Þk4Þ;

X8 ¼ −
k40

4k4k2
;

X9 ¼ −
k20
4k6

ðaðaþ 4Þk20 þ ð2aþ 1Þk2Þ;

X10 ¼ −
k20

4k6k2
ðaðaþ 4Þk40 þ ða2 þ ðbþ 6Þaþ 2ðbþ 1ÞÞk20k2 þ ððbþ 1Þaþ 3bþ 2Þk4Þ;

X11 ¼
k0

4k6k2
ðaðaþ 4Þk40 þ ððbþ 2Þaþ 2bÞk20k2 þ ðbþ 1Þk4Þ;

X12 ¼ −
k20

4k6k4
ðaðaþ 4Þk40 þ 2ððbþ 1Þaþ 2b − 1Þk20k2 þ ðb2 þ 2bþ 2Þk4Þ;

X13 ¼
k20

4k4k2
bððaþ 2Þk20 þ ðbþ 1Þk2Þ;

X14 ¼ −
k0
4k4

bððaþ 2Þk20 þ k2Þ:
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