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In this work, we perform a systematic investigation of the hidden-charm tetraquark states with
I6(JPC€) = 17 (177) within the hadronic molecular picture, placing particular emphasis on systems
composed of an S-wave (D, D*) meson and a P-wave [D;(2300), D(2430), D(2420), D3(2460)] meson.
Adopting the one-boson exchange potential, we solve the Schrodinger equation in momentum space via the
complex scaling method. A crucial feature of our approach is the rigorous treatment of the unstable nature
of the P-wave constituents by incorporating three-body decay effects arising from self-energy corrections
and the static limit approximation. Our results demonstrate that these three-body dynamics play a crucial
role in determining the pole positions, specifically in reproducing the large decay widths observed
experimentally. We identify several broad resonances in the D*D;(2420) and D*D3%(2460) systems as
candidates for the Z.(4430), while the significantly broader resonances in the DD}(2300) and DD, (2430)
sectors are suggested as candidates for the Z..(4200). Focusing on the D*D;(2460) assignment as a specific
case study, we further analyze the line shape of the Z.(4430) candidate using a Flatté-like parametrization
with energy-dependent self-energy terms, providing predictions for its open-charm decay modes to guide

future experimental searches.
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I. INTRODUCTION

The observation of the X(3872) by the Belle
Collaboration in 2003 [1] marked the dawn of a new era
in hadron physics, revealing a rich spectrum of exotic
candidates that defy the conventional c¢ quark model.
Following this, the discovery of the charged charmonium-
like states, such as the Z.(3900) and Z.(4020) by the
BESII and Belle Collaborations [2—4], provided unam-
biguous evidence for the existence of multiquark states
with a minimal content of ¢cud. More recently, the LHCb
Collaboration reported the T. [5,6], a double-charm
tetraquark candidate lying just below the D** D threshold,
which further enriched the landscape of exotic hadrons. For
a broader perspective, comprehensive reviews published in
recent years offer further insights into this field [7-20].
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Given that the Z,(3900) and Z.(4020) lie remarkably
close to the DD* and D*D* thresholds, respectively, a
leading theoretical interpretation is that they are candidates
for S-wave hadronic molecules [21-36], although their
exact nature continues to be a subject of active research.
While the low-lying S-wave molecular sector is relatively
well-established, the nature of the higher-mass excited
states remains an intriguing topic. A very recent exper-
imental study [37] reported updated observations of the
Z.(4430), determining its mass and width as

M = 4.452 £ 0.0167005; GeV,
['=0.174 £ 0.01970953 GeV. (1)

This study also analyzed the detailed structure and corre-
sponding decay modes of the state. Historically, the
Z.(4430) has been a focal point of exotic hadron research
for over a decade. It was first observed by the Belle
Collaboration in the y(2S)z™" invariant mass spectrum [38]
and subsequently confirmed by LHCb with high signifi-
cance [39], which determined its preferred quantum num-
bers to be J¥ = 17. Unlike the Z.(3900), the Z,.(4430) is
characterized by a significantly broader width and a mass
lying far above the ground-state open-charm thresholds
(such as DD*), complicating its theoretical interpretation.
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The prevailing theoretical perspective interprets the
Z.(4430) as a hadronic molecule composed of two charmed
mesons. In early works [40,41], the authors explored the
possibility of Z.(4430) as an S-wave D*D;(2430)/
D*D,(2420) molecular state. Utilizing the one-boson
exchange (OBE) model, Refs. [42,43] further investigated
the P-wave D*D,(2420) molecular scenario. Ma et al. [44]
studied the decay processes considering both the S-wave
DD*(2600) and the P-wave excited D* D3 (2460) molecular
configurations. Furthermore, assuming a DD*(2600) struc-
ture, Liu et al. [45] analyzed the decay mechanisms,
specifically comparing the w(2S)z and J/wz channels.
The production mechanisms of this state have also been
investigated in Refs. [46,47]. Beyond the molecular picture,
alternative explanations have been proposed, including the
compact tetraquark structure [48-56], triangle singularities
[57,58], and threshold effects [59].

A critical puzzle that motivates the present work is the
anomalous ratio of the branching fractions for Z.(4430)
(and the related structure). Experimentally, these states
exhibit a strong preference for decaying into y(2S)z over
J/wr, with a ratio R ~ 10. This behavior stands in sharp
contrast to the ground state Z.(3900), where the J /w7 is the
discovery mode and the w(2S)z mode is suppressed. This
observation strongly suggests that these high-mass states
possess an internal structure different from the S-wave
molecules; specifically, they are likely composed of excited
P-wave charmed mesons. The radially excited nature or the
spatial extension due to the P-wave centrifugal barrier would
naturally facilitate the overlap with the y(2S) wave function,
thereby explaining the enhanced decay width.

However, investigating molecular states involving P-wave
constituents—such as the scalar D§(2300) (denoted as D)),
the axial-vector D;(2420)/D;(2430) (denoted as D,/D)),
or the tensor D3(2460) (denoted as Dj)—requires moving
beyond standard approximations that treat constituents as
stable particles. Such simplified approaches neglect the
significant decay widths of these mesons [primarily into
D™ z] and the resulting three-body dynamics. Given their
inherent instability, the molecular systems D*D’, D*D,
and D*Dj are inevitably coupled to three-body continua.
As demonstrated in previous studies on the DD* system
[60,61], the three-body decay effects arising from the static
limit correction (recoil effect) and self-energy diagrams can
significantly shift the pole positions and, in particular,
drastically amplify the widths. Given that the phase space
and energy transfer for the decays of P-wave charmed
mesons are much larger than those for D*, these effects are
expected to be even more pronounced in the present
systems. Therefore, a systematic study is required. In this
work, we investigate the 17(177)Z. systems composed
of an S-wave and a P-wave charmed meson, explicitly
incorporating the open-charm three-body decay effects and
analyzing the corresponding line shapes.

TABLE 1. The average masses (in units of MeV) of the
charmed and light mesons, which are taken from Ref. [67].

16 (JrC) 1=(0=1) 0+ (0=") or(*) 1t(17") 0 (17)
Meson n n c P 0]
M (MeV) 138.04 547.86 500 775.26 782.66
JP 0~ 1~ 0t 1"

Meson D D* D; D)

M (MeV) 1867.25 2008.55 2343+ 10 241249

I' (MeV) 229+ 16 314 £29

JP 1+ 2+

Meson D, D;

M (MeV) 2422.1+0.6 2461.1 +0.7

I MeV) 31.3+£19 473 +£0.8

The paper is organized as follows. In Sec. II, we introduce
the theoretical framework, including the coupled-channel
formalism and the complex scaling method (CSM) incor-
porating width effects for unstable particles. In Sec. III, we
construct the effective Lagrangians based on heavy quark
and chiral symmetries, estimate the coupling constants,
and derive the OBE potentials. In Sec. IV, we present the
numerical results, analyzing the pole positions under the
instantaneous approximation, static limit correction, and
self-energy contributions. We also discuss the identification
of the Z.(4430) and Z.(4200) candidates and analyze the
line shape of the latter. Finally, a summary is given in Sec. V.

II. FRAMEWORK

In this work, we investigate the nature of Z.(4430) and
Z.(4200) by considering interactions involving the
(D,D*), (D, D}), and (D, D3) doublets with spin-parity
(07,17), (0F, 17),and (17,27), respectively. To perform a
systematic analysis of the 19(JPC) = 17(17") hidden-
charm sector, coupled-channel effects are explicitly
included. This leads to ten subsystems with 15 distinct
channels, see Table II. The first seven sectors are single-
channel systems. The 8th (D*D}) and 9th (D*D) sectors
involve three partial waves ('Py, 3Py, >P;), whereas the 10th
sector (D*D3) involves two (Py, °P)).

In previous works [60,62], we investigated double- and
hidden-charm tetraquarks using the CSM. We found that
the unstable nature of the D*/D* mesons contributes an
imaginary part to the one-pion exchange (OPE) potential.
This phenomenon is referred to as the three-body decay
effect in our framework. Consequently, the DD*(3S;)
bound state, which corresponds to the T7., acquires a
small width. In this article, we assume that similar
interactions exist in the OPE terms of the DD}, <> DD,
D*D| < D|D*, DD} <« D;D, D*D, < D;D*, and
D*D3 <> D3D* channels.

For molecular states composed of these unstable par-
ticles, we must also consider the three-body decay effects
arising from the self-energy terms of the unstable compo-
nents, specifically Dy, D’l, Dy, and Dj. Based on our
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TABLE II. The channels of the hidden-charm tetraquark systems with 1¢(JP€) = 17(17~). We adopt the following shorthand
notations for simplicity; [A, B] = \/-(AB BA) and {A, B} = (AB + BA).

Channel 1 2 3 4 5 6 7

System  {DD*}(*S;) D'D*(’S,) {DDy}('Py) {DD{}(*P\) {DD:}(*Py) [DD3]CPy) [D*D5|(*Py)

Channel 8 9 10 11 12 13 14 15
System  [D*D{|('P,) {D*Di}(°Py) [D*Di(CPy) [D*Dy|('Py) {D*Di}(Py) [D*D\J(P,) {D*D3}(°Py) [D*D3|(Py)
previous analysis [62], the contribution of these self-energy subject to the normalization condition [66]

terms to the total width is expected to be comparable to, or -3t

even larger than, that of the three-body effects in the OPE l p)2pidp = 1, 5
potential. Therefore, we will also investigate the impact of 271)

these self-energy effects on the Z,. system.

A. A brief discussion on the CSM

In this work, we adopt the CSM, originally proposed by
Aguilar, Balslev, and Combes in the 1970s [63,64], along
with the improved complex scaling method [65], to
investigate bound states, resonances, and virtual states
in momentum space, as schematically illustrated in Fig. 1.
The transformations of the coordinate r and momentum k
in the CSM are defined as

U(@)r = re®, U(0)k = ke . (2)

Following the complex scaling operation, the Schrodinger

equation

L o)+ [ it n) = EB(R). )

in momentum space transforms into

2 ,-2if 12 ,=3i0
pe ~ p dp’ Zi0 ) —ioNT ,
v i )
) $i(p) + / (271) Lr(pe™. p'e™) ey (p')

= E¢y(p). (4)

Im(E)

scattering states (0 = 0) Re(E)

bound states

continuum
states

FIG. 1. The eigenvalue distribution of the complex scaled
Schrodinger equation for the two-body systems.

where [ and I’ denote the orbital angular momenta, and p
represents the relative momentum in the center-of-mass
frame. The potential V,,, obtained after partial wave
decomposition, is expressed as

Vi :/dQ’/dQ Z (' myss,m;—my
m,/:—l’
l

X Z (ILmys,m;—my

m;=-1
X yl,m,(e’ $)(s, mj—my

Here, s and j represent the total spin and total angular
momentum of the system, respectively, and m; is the corre-
sponding magnetic quantum number. V; ,,, (0, ¢) denotes the
spherical harmonics associated with the angular coordinates 6
and ¢. The potential operator V) acts on the states i—my)
and |s,m; —m;).

We introduce a nonlocal monopole form factor to
suppress potential contributions in the high-momentum
region, defined as

Jj-m;)

jom Vi, (0.4)

s,m; —my), (6)

A? A?

F(p?.p*) = A+ 2N+ 2

(7)

where A represents the cutoff parameter.

In the present work, we treat the D and D* mesons as
stable particles, whereas the broad states D, D}, Dy, and
Dj are considered unstable. To incorporate the effects of
their decays, we modify the complex-scaled Schrodinger
equation in momentum space as follows:

2,-2i0 ~
(p ;m —%F(E,pe‘”)>¢z(p)
2 ,-3i0
+/%Vu’( e pem )y (p')
= Ed(p). (8)

where T'(E, pe~) represents the width of the unstable
meson following the complex scaling transformation.
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Taking the DD} system as an example, the expression for
the width prior to complex scaling is given by

112
3 D k,E2

227rf2 mp, "

Ty (E.p) = (9)

The factor of 3/2 accounts for isospin, corresponding to the
sum of the charged (z*, factor 1) and neutral (z°, factor
1/2) channels. Here, k, and E, denote the momentum and
energy of the final-state pion, respectively defined as

Ep, = [(E~\/p* +mp)* = p*]'/2,
AMa,b,c) = a* + b* + ¢* —2ab — 2bc —2ac,  (10)

where E p;, Tepresents the effective invariant mass of the D

component when the total energy of the system is £ and the
spectator D meson is on shell.

III. LAGRANGIANS AND POTENTIALS

A. Lagrangians

We adopt the OBE potential to describe the interactions
between two heavy mesons. The effective Lagrangians are
constructed based on heavy quark symmetry and chiral
symmetry. The explicit expressions are given by

Ly =9(HpApaysH,) + G (SphparsSa) + 9" (TuphpaysTh)

=+ f"<5b44ba}’5Ha> + f/<TﬁA,4ba}’53a>

i _
+A_<T’1;(h1D/HA+h2DAﬂ)ba75Ha> +H.C., (11)
4

L,0=ip(H"(V,=pu)paH ) +iA(H 6" F o (p) y Ho)
Fip1(Sp 0" (V=) paSa) + 121 (Sp0* F i (p) paSa)
+ipo(Tyv* (V' =pu)pa T pa) + 22T Fap(p) paT o)
+il(Hpy" (Vu=pp)paSa) + it(Hpo" F () paSa)
+il (T (Ve =pu)paHa) 10 Ty Fuu(p)pa Hy)
+ﬂ2<szyFuu(p)baSa>+H'C" (12)

L, = g,(H,0H,) + ¢,(S,68,) + gy(TacT )
I )
+ f—( «(0,0)y"H,) + F (Ta(0,0)H,) + H.c.

(13)

Here, the superfields H,, S,, and T% represent the heavy
meson doublets with spin-parity content (07, 17), (0F, 1),
and (17,27), respectively. Their explicit expressions are
given by

1+/
HE = 5 [Py = Pays), (14)
1+ i
$i = = Plars = Pod). (15)
| 3, 1
TZ = T {PZZ Yv— \/;Pla},S |:.9/lj _571/(yﬂ - UM):| }’
(16)

where a denotes the flavor index, and the multiplet
components are defined as P,(l*) = (D(*)O,D(*)+,D§*)+).
Similarly, the components of the excited doublets are
defined as Py, = (DY, Dy*, Dif), P, = (DY D", i),
Py, = (DY, DY, Djy), and P3, = (D3, D3, D).

The fields involving light mesons are defined as follows:

= €00 + 0,59, (17)

i .
V, =S 160,8) - 0,07 (18)
with & =exp(iM/f,), where the pseudoscalar meson
matrix is

0 n + +
it T K
M=| = -Z4L K| (19
_ =0 2
K K NG

The vector meson field is given by p* = i- \/— L oM, with

AR A
'2\)/4 — p- _\;}_OE + % K*O . (20)
K I_(*O ¢

Here, the pion decay constant is taken as f, = 132 MeV.
The remaining coupling constants are determined via the
quark model. The specific values adopted in our calculation
are summarized in Table III. Detailed discussions regarding
their extraction and the relevant coupling relations are
provided in Appendix B.

The explicit expressions for the expanded Lagrangians
describing the interactions between heavy-flavor mesons
and light mesons (7, 0, p/w) are detailed in Appendix A.

B. Potential

The explicit expressions for the OBE potentials in the
diagonal sectors are presented in momentum space in
Appendix C. As an illustrative example, consider the
{DD*}(3S,) channel,
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TABLE III. Coupling constants used in the calculation.

g g/ g// f/ f// hl/:;hz
-0.59 025 0.75 —-0.87 0.53 1.03 GeV~!
p P P A A A

09 -09 -09 0.56Gev' 0.19 GeV™! -0.56 GeV!
9v ¢ ¢ H Hi H2

5.8 0.81 140 -1.00GeV™' —1.74 GeV™' —1.29 GeV~!

9o A 9y h, hy
273 =273 =273 0.48 —-0.48

V(DD* - DD")

2
_ g - =t - -
= 5C—2f72: (G-€)(qg-€)

- - —»‘[‘ -
71Ty 1/3 , €476
x ( 2 2 +96q2_ 2

2 T2
q —mz g —nmy mg

| ot o
+ g%{—zﬂz(el &) — 6 [G*(E - &)

-GG (SR

where € denotes the polarization vector of the D* /D* meson.
The indices 1, 2, 3, 4 label the particles, such that particles 1
and 3 (2 and 4) share a vertex. §. represents a phase factor
arising from the cross-channel diagrams, determined by the
symmetry of the final state flavor configuration; 6. = 1 for
{AB} and 6, = —1 for [AB]. Obviously, §c = 1 for the
process {DD*}(*S;) — {DD*}(®S,).

As discussed in Refs. [60,61,68], in the OPE cross-
channel diagrams, the condition |¢°|~ mp- —mp > m,
can induce a three-body mediated decay effect. This effect
significantly influences the imaginary part of the pole near
the threshold. It becomes particularly pronounced for the
DYD;, DYDYy, D¥D,, and D" D} cases, where the
energy transfer |¢°| is much larger than that in the DD* case.

Assuming the final state is at rest, the transferred energy
carried by the exchanged light meson is given by

2 2 2 2
o _ my—my—m3+my

7= 2(m3 + my)

, (22)

where indices 1, 2 (3, 4) correspond to the initial (final)
particles. In the diagonal sector, this static limit approxi-
mation implies zero recoil correction, as the initial and final
kinetic energies both vanish. We list the ¢° values for the
direct (qop) and cross (goc) diagrams in the diagonal
channels in Table IV. It is evident that gop = O for direct
diagrams, while ¢oc = m; —m,. When |¢°| > m,, the

TABLE IV. The transferred energy values g and g (in units
of MeV) for the diagonal channels calculated in the static limit.
Note that gop vanishes for all diagonal channels in this approxi-
mation.

System DD~ D*D* DD} DD DD,
qop 0 0 0 0 0
doc -141 0 -476 -545 -555
System DD; D*D; D*D) D*D, D*D;
dop 0 0 0 0 0
doc -594 -334 -403 -414 —453

three-body decay effect emerges, potentially affecting the
particle widths significantly.

In the isovector molecular case, it is straightforward to
observe that the one-vector-exchange (OVE) term is propor-
tional to (1/(¢g* —m3) —1/(¢* —m3)), where the two
terms largely cancel each other. Consequently, the OVE
contribution is negligible. Similarly, the # exchange term is
suppressed to about 1/3 of the pion strength. Therefore, the
dominant interactions arise from the OPE and one-sigma-
exchange (OSE) potentials. At this stage, the determination
of g, becomes crucial. Because of this heightened sensi-
tivity to the o exchange in the Z,. systems, it is necessary to
determine its coupling constant from a rigorous theoretical
framework. While Ref. [69] utilized the specific exotic state
Z.(3900) as input to constrain g,, in the present study, as
detailed in Appendix B, we adopt the value explicitly
derived from the chiral quark model and the Goldberger-
Treiman relation, setting g, = 2.73.

The partial-wave projected potentials for the diagonal
sectors are also provided in Appendix C. Notably, for the
spin-mixing transition ('P;) — (*P;) in the D*D) sector,
the potential vanishes (Vg9 = 0). However, this is not the
case for the ('P;) — (°P,) transition. This phenomenon
was also observed in a recent study of the D*K* system
[70], where the potential for the (!°P;) — (*P,) process
was found to be zero. The underlying reason is that both D*
and K* (or our D* and D)) carry spin 1, and their spin wave
functions possess specific symmetry properties under
particle exchange. The (!P;) and (°P,) states share the
same spin symmetry, whereas the (*P) state has opposite
symmetry. Consequently, the matrix element of the poten-
tial between these states vanishes,

CPiVI'2Py) =0. (23)

Finally, we plot the diagonal sector potentials in Figs. 2
and 3, and verify that a similar vanishing potential occurs in
the D*D| and D*D; sectors.
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-100 Pt -100

V(p,p)[GeV]

-200 -200

-300 -300

-400 -400
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p[GeV] p[GeV]

St '."{-D-ﬁl}('3 ), .

0 . T
Ve,

0.0 0.1 0.2 03 04 05 0.6
p[GeV]

0.0 01 0.2 03 04 05 06
p[GeV]

total

00 01 02 03 04 05 06
p[GeV]

00 01 02 03 04 05 06
p[GeV]

-30¢ . . X . . ;
0.0 01 02 03 04 05 0.6

p[GeV]

FIG. 2. The OBE potentials for the diagonal channels; {DD*}(3S;), D*D*(3S,), {DDy}('P,), {DD|}(P,), {DD}(*P,),
[DD3](°Py), and [D*Dg](*P;), with quantum numbers [9(JPC) = 17(177). The results are obtained using the instantaneous
approximation (g, = 0) and a nonlocal regulator with cutoff A = 0.6 GeV.

IV. NUMERICAL RESULTS

In our previous studies [62], we interpreted the T,
X(3872), G(3900), and Z.(3900) as DD*/DD* molecules
with quantum numbers O(17), 07(1*"), 07(177), and
17(177), respectively. In the present work, however, we
introduce a different parametrization scheme with g, = 2.73
(compared to g, =0.76 in Ref. [62]). This change is
dynamically motivated; while for near-threshold systems
like the X(3872) and T, the long-range pion exchange is
extremely important, the isovector Z. systems are highly
sensitive to the o exchange, as discussed above. Since this
larger coupling significantly enhances the attractive strength
of the o exchange potential, the cutoff A must be adjusted
accordingly to regulate the short-range potential and maintain
physical consistency. Under the instantaneous approximation
(¢° = 0), we reconsider the DD* / DD* molecules and set the
cutoff to A = 0.50 GeV for the g, = 0.76 scheme, while
determining A = 0.35 GeV for the g, = 2.73 scheme.

The calculated results for the exotic states T,
X(3872), G(3900), Z.(3900), and Z.(4020) under these
two parameter schemes are presented in Table V. In the
gs = 2.73 scheme, the Z.(3900) and Z.(4020) are iden-
tified as virtual states lying very close to their respective
thresholds. This reflects a dominant molecular nature
composed of D*)D* components and is expected to align
better with experimental observations. Despite this

quantitative shift in the pole positions, we observe that
the overall qualitative conclusions regarding their molecu-
lar nature remain stable and consistent with those reported
in Ref. [62].

However, the cutoff parameter determined from the
DD* system may not be suitable for the sectors involving
the P-wave (D{, D) and (D1, D3) doublets. This difference
in intrinsic parity leads to a potential structure distinct from
the S-wave case. Furthermore, as discussed in Appendix B,
the momentum transfer |g| in the cross-channel diagrams is
significantly higher than that in the DD* system, suggesting
that a larger cutoff A should be selected. Consequently,
we will determine the cutoff parameter for these sectors
independently.

A. The P-wave Z, systems

We first present the results obtained under the instanta-
neous approximation (¢° = 0), as listed in the third column
of Table VL In the single-channel systems {DD}}('P;),
{DD{}(P,). {DD/}(*Py). [DD3](*P;), and [D*Dg] °Py),
we consistently observe a similar resonance pole located
below the threshold. This finding mirrors the analysis of
the G(3900) as a P-wave DD* resonance in Ref. [62], where
we proposed that the centrifugal barrier inherent to P-wave
systems facilitates the formation of resonant states. In
contrast, for the S-wave Z.(3900) candidate, the attractive
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total

-------

‘ -10
-30 "N imen? _15
00 01 02 03 04 05 06 00 01 02 03 04 05 06 00 01 02 03 04 05 06 00 01 02 03 04 05 06
p[GeV] p[GeV] p[GeV] p[GeV]

1) = [D*Dh](°Py)

V(p.p)[GeV] ™2

00 01 02 03 04 05 06 00 01 02 03 04 05 06 00 01 02 03 04 05 06 00 01 02 03 04 05 06
p[GeV] p[GeV] p[GeV] p[GeV]

20 DDICRY
. " .~~ ~

V(p,p)[GeV]?

-30
00 01 02 03 04 05 06 00 04 02 03 04 05 06 00 04 02 03 04 05 06
plGeV] plGeV] plGeV]

FIG. 3. The OBE potentials for the diagonal sectors of D*D}, D*D, and D*Dj with quantum numbers /¢ (J7€) = 17(177). The
potentials for the nonvanishing spin-mixing transitions among the ('3 P, ) partial waves are also displayed. The parameters are the same
as in Fig. 2.

potential is deeper, favoring the formation of bound or  are significantly reduced, rendering the system more sensi-
virtual states. Due to the centrifugal barrier present in these  tive to the medium- and long-range potentials dominated by
P-wave systems, the wave function is effectively shielded  z and o exchanges.

from the short-range region. Consequently, the contributions An examination of the potential forms in Egs. (C5), (C6),
from short-range interactions (such as 77, p, and  exchanges) ~ and (C8) reveals that the {DD}(*P,), {DD,}(*P;), and

TABLE V. The eigenenergies (in units of MeV) relative to the corresponding thresholds: 3875.8 MeV for the first
four systems and 4017.1 MeV for the fifth system. The extracted poles correspond to the molecular candidates for
the exotic states T4, X(3872), G(3900), Z.(3900), and Z.(4020), respectively. The superscripts B and V denote
bound states and virtual states, respectively; otherwise, the pole represents a resonance. In both schemes, the
instantaneous approximation ¢° = 0 is adopted.

System DD*(*S) [DD*](S,) [DD*](*Py) [DD*](*S,) D*D*(3S)
107)/19(77€) o) 0t 0=(17) ) )
E (g, = 0.76, A = 500 MeV) —0.578 —3.28 —3.8—27.0i -25.8Y —24.4V
E (g, = 2.73, A = 350 MeV) —1.38 -3.88 —7.4 —18.6i —1.2v -0.99Y
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TABLE VI

The extracted poles of the P-wave systems with I¢(JP¢) = 1*(177) using a cutoff A = 0.6 GeV. The values

[E.E ki [ResT|] represent the pole energy E and the residue of the T-matrix, respectively. The data (in units of MeV) in the column “Inst”

> 4x?

are obtained under the instantaneous approximation (gy = 0). The column “SL” refers to the static limit using the g, values from
Table IV. The column “SE” further includes the self-energy contributions based on the static limit settings.

System Threshold [E.4% [ResT]], [E.4% [ResT ], [E.4% [ResT ||,
(DD;}('P)) 42103 [~25.9 — 3171, (20.4)] [~21.6 — 26.17, (19.1)] 8.7 — 184.27, (45.7)]
(DD}}(P)) 42793 [~21.7 - 33.5i, (22.4)] [~21.6 - 26.3i, (17.3)] 3.4 — 13100, (34.3)]
(DD,}(P)) 4289.4 [~23.1 — 32.4i, (21.8)] [~20.6 — 27.8i, (17.7)] [~15.0 — 42.4i, (16.3)]
(DD3)(CP,) 4328.4 [~24.0 — 32.8i, (23.0)] [~23.8 - 30.8i, (21.1)] [~9.8 — 78.0i, (25.6)]
[D*Dy)(°P)) 4351.6 [~20.4 — 32.6i, (21.9)] [~18.5 — 31.5/, (21.4)] [17.6 — 195.17, (51.3)]
- [~16.5-29.6,(17.3.33)]  [=11.8—21.2i,(12.4,7.8)]  [13.7 — 128.9i.(30.4,17.1)]
[D*DY|('Py2 Py) 44206 { [-51.0 - 31.6/,(3.4,253)]  [-34.1 —=20.8i,(5.7.18.7)]  [~19.7 — 126.0i, (11.2,32.9)]
(D*D}}(*P,) 4420.6 [~22.3 — 33.6i, (21.7)] [~23.1 — 34.2i, (21.7)] 3.0 — 141.67, (36.4)]
i [-25.5 —32.4i, (183.5.1)]  [-25.1 —30.7i,(18.0,4.3)]  [-20.2 —45.0i.(27.5,3.9)]
* 1 5
[D*D, (P, Py)] 44307 { [215.1 —22.9i, (42, 14.4)]  [-14.7 —23.1i, (4.1,153)]  [-9.4 — 37.9i,(3.9,16.1)]
(D*D,}(P)) 4430.7 [~28.6 — 36.37, (25.5)] [~27.6 — 34.0i, (23.9)] [~22.5 — 48.4i, (22.2)]
_ —24.8-37.1i,(17.8,19.0)] [-21.6-29.7i,(21.2.15)]  [-8.1 - 76.1i, (26.5,2.0)]
* Yk (3 5 [ A
D*DiCPi>P) 44697 { [-23.4-28.5i,(15.5.159)]  [-30.8 —35.3i,(1.5.21.5)]  [~18.7 — 81.2i, (1.6,22.6)]

[D*D§](*P,) channels receive no contribution from the
OPE term; their interactions are governed almost entirely
by the OSE potential. Although the {DD}}('P,) channel
contains an OPE term, its contribution is proportional to the
transferred energy ¢oc in the cross-diagram, which van-
ishes in the instantaneous approximation. The [DD3](°P,)
channel does include an OPE contribution, but as shown in
Fig. 2, its magnitude is small. Therefore, considering heavy
quark spin symmetry (HQSS), it is natural to observe
highly similar pole positions and behaviors across these
systems.

In the D*D) sector, spin-mixing occurs between the
('P,) and (°P,) partial waves, whereas the (*P;) channel
remains decoupled. Evidently, the behavior of the isolated
(®P,) channel parallels that of the other single-channel
systems. The coupling strength between a pole and the
(*P;) or (°P;) channel is reflected in the residue of the
T-matrix. To quantify the effective coupling constant g, via
the residue, we introduce the relation,

B Mij,i

L | V1.

(24)

Here, E and kp ; denote the energy and momentum of the
pole in the ith channel. In this work, we extract the residue
of the T-matrix using the CSM and verify the results
using the complex scaled Lippmann-Schwinger equation
(CSLSE) [71].

In the CSM framework, while the ratios between partial
widths for broad resonances are accurate, the absolute
magnitudes may not be precise [72]. Typically, the partial
widths (or residues) are determined by combining the total
width (from the pole’s imaginary part) with the calculated
branching ratios. Based on the residue ratios, distinct coupling
patterns emerge for the two poles found in the coupled
D*D(5Py) sector. The first pole couples predominantly
to the 'P; channel, while the second couples mainly to the
3P, channel. We also calculated the wave function proba-
bilities for these poles, obtaining (88.2 + 6.4i, 11.8 — 6.4i)%
for the first pole and (15.2 —1.37,84.8 + 1.3{)% for the
second. These component probabilities are consistent with the
residue analysis.

The pole positions and behaviors in the D*D, sector are
largely similar to those in the D*D] sector. In the D*Dj
sector, two poles also emerge; however, they are closer in
energy, and the residue ratios between their respective
coupled channels are approximately 1:1, indicating strong
mixing.

B. The static limit and self-energy diagram correction

We now proceed to incorporate three-body effects by
considering the cross-diagrams in the OPE potential and the
self-energy contributions of the constituent mesons.

The results calculated under the static limit approxima-
tion are presented in the fourth column of Table VI
Compared to the instantaneous approximation scheme,
both the eigenenergies and residues show observable shifts.
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To isolate the impact of the OPE-induced three-body effect,
we use the {DD'}(*P,), {DD}(*P,), and [D*D}](*P,)
diagonal potentials as baselines; these channels lack OPE
contributions and thus are free from OPE-mediated three-
body decay. In contrast, the {DD}}('P;) and [DD3](°Py)
channels contain OPE terms with significant energy trans-
fer. However, the variations in their pole positions and
residues are comparable to those in the non-OPE channels.
This suggests that while the static limit correction (man-
ifested as nonzero ¢) does influence the pole behavior, the
specific contribution from the OPE-induced three-body
decay is relatively minor.

We further examine the influence of the static limit
approximation on sectors with spin mixing. For the
[D*D;('P,,°> P|)] system, the pole behavior remains
largely unchanged. In contrast, the [D*D}](1P,,> P;) sys-
tem exhibits more noticeable shifts in energy and residue
ratios. In the D*D3(*P;,° P|) system, while the two poles
separate only slightly, their residues exhibit a remarkable
change. Combining this with the calculated component
probabilities—(105.5 — 5.2i, —=5.5 + 5.2i)% for the first
pole and (—5.5 +5.3i,105.5 — 5.3i)% for the second—we
conclude that the first (second) pole has effectively decoupled
from the >P; (°P;) channel in the static limit approximation.

Building upon the static limit, we next incorporate the
self-energy effects of the unstable mesons Dj, D', Dy, and
Dj. As indicated in Eq. (8), we explicitly include the
imaginary part of the self-energy, treating the real part as a
perturbation. The decay width formulas for these charmed
mesons are provided in Appendix D, assuming that the
widths are dominated by two-body strong decays involving
a pion. The resulting pole parameters are listed in the fifth
column (“SE”) of Table VI

Consider the pole in the {DDj} (' P,) channel. Its energy
shifts dramatically compared to the previous two schemes:
the real part moves from below to above the threshold, and
the imaginary part increases significantly, far exceeding the
value without self-energy corrections. Clearly, there is a
positive correlation between the large width of the constitu-
ent D (229 MeV) and the final width of the molecular state.

TABLE VII.

A similar pattern is observed in other systems composed of
broad mesons like D/; the widths are amplified drastically,
resulting in broad near-threshold resonances. Given the large
experimental uncertainties of the Z.(4200), the broad
resonances in both the {DDj}('P,) and {DD|}(*P))
sectors fall within a reasonable range to be considered as
candidates.

For systems containing the relatively narrower D; and
D3, the real parts of the poles move closer to the threshold
but remain below it, while the imaginary parts increase
correspondingly with the widths of these constituents.
Notably, the D*D3(*P,°> P;) and D*D;(!*3P,) sectors
host multiple broad poles with masses and widths compa-
rable to the Z.(4430), making them all viable molecular
candidates. Given the coexistence of these overlapping reso-
nances, in experimental observations of final states such as
w(2S)z or D*Dr, significant interference effects—either
constructive or destructive—are expected. However, since
the relative phases and production strengths of these
poles cannot be determined within the current framework,
we do not perform a quantitative analysis of the total
line shape that includes interference effects. Instead, to
illustrate the line shape features and open-charm decay
ratios characteristic of such broad molecular candidates,
we select the first pole in the D*D3(*P;,> P|) system
(E = —-8.1-76.1i MeV) as a representative case. We denote
this pole as Pole A and will discuss its decay process and
line shape in the next subsection.

Finally, to validate our single-channel analysis, we
performed a full coupled-channel calculation involving
all 15 channels (see Table II) for the representative
candidate poles identified above. The resulting energies,
component probabilities, and 7T-matrix residues are listed
in Table VII. Comparing these results with the single-
sector calculations, the pole positions show minimal
deviation. For Pole A [the Z.(4430) candidate], the
properties and T-matrix residues are dominated by the
D*D;(3P,,> P;) channels. Similarly, for the {DD}} pole
(the Z.(4200) candidate), the dynamics are dominated
by the {DD}}('P;) channel. In conclusion, our analysis

The eigenenergies, component probabilities (Properties), and 7-matrix residues of the representative candidate poles

calculated in the full 15 coupled-channel space. “Pole A” corresponds to the Z.(4430) candidate identified in the D* D} sector (see the
bolded entry in Table VI), while “{DDj} Pole” corresponds to the Z.(4200) candidate in the {DD}} sector (see the first row of

Table VI). The dominant components are highlighted in bold.

Pole E (MeV)

Properties (%) i |ResT| (MeV)

47

Pole A 4461.0 —75.71 {

{DD;} Pole  4211.0 — 177.9i {

(0,-0.1-0.1i,0, 0, 0,
0,0.1i,0.2 + 0.8,0.3,0.2 — 0.2i,
—0.6i,0.1i,—0.2i,115.2 — 18.8i, —15.8 + 18.9i)

(=0.1 -0.2{,0.8 +0.27,64.6 + 16.7i,—1.8 — 0.3i, —0.3 — 0.3i,
—0.2i,-1.6 +0.3,2.0 4 0.8i,—0.1 + 0.5{,5.9 + 0.5,
224 -25.0i,3.5+ 8.6i,6.1 —5.4i,—1.2 +4.5i,—0.2 — 0.8i)

0.4,0.2,0,4.3,0.2,
0.7, 0.8, 0.6, 2.6, 1.5,
0.1, 0.2, 0.1, 28.4, 5.9)

(1.7, 2.0, 203.0, 1.1, 1.0,
0.5,0.1, 0.7, 0.1, 1.2,
79,15, 3.3,2.0,0.8)

096001-9



CHENG, LIN, WANG, and ZHU

PHYS. REV. D 113, 096001 (2026)

justifies the use of the single-sector approximation—
specifically D*D3(*P,> P;) and {DDj;} (' P, )—for study-
ing these potential exotic states, as the influence of other
coupled channels is negligible.

C. Line shape of the Z (4430) candidate

To further investigate the properties of the Z.(4430)
under the molecular hypothesis, we proceed to analyze the
decay processes and spectral line shape, assuming it
corresponds to the D*D; resonance (Pole A). We construct
the effective Lagrangian describing the coupling between
the resonance (Z) and the D*D}/D*D} channels,

‘CZ = ng Sflﬁﬂl/ZLUszaﬁDZﬂ-D*T

2aay

+ gZye" 21 7, 0 D} D))

2aay

+Hec.,, (25

where the field strength tensor is defined as Z,, =
0z, - ()ygy, and Z, represents the field corresponding
to the D*D’; molecular state.

Derived from this effective Lagrangian, the energy-de-
pendent partial decay width for the process Z, — D*Dj is
expressed as

20 m%
Tpp; (E) = o, 12D Mp; [|QZ| ? 4 192,1* —

Dy

A )2, (26)

* mz
—Re(g7,92,) ] p’ </\2+192

m D}
where p denotes the magnitude of the relative momentum
in the center-of-mass frame. To account for the finite size of

the hadrons and regularize contributions from the high-

. 2
momentum region, a monopole form factor F ( pz) = Azj}kpz

is introduced at the interaction vertex.

We adopt the parameters of Pole A listed in Table VI.
The transition amplitude (kg ;|V|#) is extracted via the
CSM. By utilizing the ratio of the transition amplitudes into
the (°P,) and (°P;) channels, we determine the coupling
ratio gz, /g7, = 0.130 —0.035i.

Since the traditional Breit-Wigner distribution is often
inadequate for such a broad, near-threshold system, we
characterize the resonance line shape using a Flatté-like
parametrization. This approach incorporates an energy-
dependent self-energy function X(E) in the denominator to
preserve analyticity. In terms of the bare mass m, and the
coupling constant gz , the differential cross section takes
the form,

do mo/Til ¢ (E) 2 o)

_— = C )
dE E* —m} —2my2(E) + imo'p; (E)

where I'/(E) is the energy-dependent partial width for a
specific final state, and C is a normalization constant.

I';, represents the partial width into the incoming channel;
since the production mechanism is not specified, we treat it
as an effective constant near the D*D} threshold. I'py(E)
represents the energy-dependent width of the unstable
constituent D3, as given in Eqs. (D4), (D5). Including this
term accounts for the additional width contribution inher-
ited from the instability of the D3 constituent.

The imaginary part of the self-energy is determined by
the optical theorem,

ImE(E) = ~Tp-p, (E) /2. (28)

The real part, ReX(E), is then derived from the imaginary
part via the unsubtracted dispersion relation,

© ImZ(E')

ReX(E) = 173 T E

z Ey,

dE', (29)

where Ey, = mp- + mp; is the threshold of the open-charm
channel. It is worth noting that the form factor introduced in
Eq. (27) (implicitly in the width) ensures the convergence
of the integral at the high-energy limit. This dispersive
approach guarantees that the real and imaginary parts of the
self-energy satisfy the Kramers-Kronig relations, thereby
preserving the analyticity of the scattering amplitude.

We determine the parameters of the Flatté-like distribu-
tion by aligning the complex pole position with the
theoretical energy Ep of Pole A, while simultaneously
fitting the peak of the line shape to the experimental central
value of the Z.(4430) [67]. This matching procedure leads
to the selection of the cutoff parameter A = 0.35 GeV and
determines the remaining parameters as m, = 4526.9 MeV,
gz, = 0417 GeV~—/2, and 9z, = 0.054 — 0.015: GeV—/2,

Considering the positively charged state ZF, the two-
body modes are D*"D3° and D" D*0. The relevant three-
body modes include D**D~zt, D°D*z*, D**Dz°,
DD D**D*~zt, DDzt and D**D*z%. Based
on isospin symmetry and the decay branching fractions of
the excited mesons, we derive the following relations:

I'(A - D**D3") =T'(A — D;"D*),
['(A - D**D~z%) =T(A - D°D*°zn*)
2I'(A — D**D°z°)
=2I'(A - D*D*z°),
['(A— D*D*z") =T(A - DDz "). (30)

—_ X

The D**D*0z° channel involves quantum interference
between two sequential decay diagrams,

iM=iM(A - D D3’ - D D7)
+iM(A - D5*D*° —» D**D*2°%).  (31)
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FIG. 4. Production line shapes of resonance A [corresponding to the Z.(4430) candidate] decaying into (a) two-body final states
D*"D3" and y(2S)z*, and (b) three-body final states D** D=z, D**D*~x", and D**D*°z". The coupling constant g,, is determined
by scaling the y(2S)z* distribution to share the same peak height as the D**D3;° mode, serving solely for shape comparison.

In Fig. 4, we plot the energy-dependent differential cross-
sections, %j—l‘;, for both the two-body and three-body open-
charm final states. The incoming width parameter is fixed
to the total width of Pole A, i.e., I';, = 152 MeV. For
comparison, we also include the hidden-charm decay
mode A — w(2S)x™", assuming an S-wave effective width
I, (E) = g,|P,|. This channel is of particular interest as it
corresponds to the discovery mode of the Z,.(4430) and is
theoretically expected to be favored due to the substantial
spatial overlap between the extended P-wave molecular
state and the radially excited y(2S5) [45]. Since the effective
coupling g,/ cannot be rigorously determined within the
current framework, we calibrate its value by normalizing the
peak of the y(2S)z" line shape to match the maximum
height of the dominant D**DEO mode. This approach facili-
tates a direct comparison of their spectral structures—
specifically the width and threshold behaviors—without
implying a quantitative prediction of their relative branching
fractions. The figure also displays the line shapes for the
representative three-body modes D**D~z*, D**D* x*,
and D**D*0z°. The distributions for other final states can
be inferred from the isospin relations in Eq. (30).

The line shapes exhibit distinct features governed by their
respective kinematic regimes. For the hidden-charm channel
w(28)=*, which lies far above its threshold, the phase space
factor varies slowly. Consequently, the distribution is domi-
nated by the modulus squared of the resonance propagator.
Interestingly, the apparent width of this peak is approxi-
mately 80 MeV, which is noticeably narrower than the
intrinsic pole width (I' & 152 MeV). This narrowing arises
from the energy-dependent self-energy X(E) in the denom-
inator, which is significantly suppressed by the form factor
with the soft cutoff (A = 0.35 GeV) in the high-energy
region.

Similarly, the open-charm line shapes are governed by
the interplay between threshold kinematics and the had-
ronic form factor. The low-energy behavior is suppressed
by the P-wave phase space (x p?), leading to a delayed rise

in the cross section. Meanwhile, the high-energy tail is
directly damped by the vertex form factor. This combined
effect results in an asymmetric open-charm peak with an
apparent width that is comparable to the hidden-charm
mode but topologically distinct. It is crucial to emphasize
that while the apparent spectral widths in both channels
are narrowed by the regularization scheme, the extracted
pole width (~150 MeV) remains in good agreement with
the experimental value (~180 MeV).

Finally, the differential cross sections for the three-body
final states (e.g., D**D*%z%) shown in Fig. 4(b) exhibit
similar asymmetric structures to the two-body open-charm
mode. These distributions arise from the subsequent decay
of the unstable D; component and confirm that the broad
resonant signature of the Z.(4430) candidate is preserved
in the experimentally observable multibody final states.

V. SUMMARY

In this study, we employ the OBE potential to investigate
the hidden-charm tetraquark states with [6(JFC) =
17(177) within the molecular picture. The constituents
include the S-wave (D,D*) doublet and the P-wave
(D§, D)) and (Dy, D) doublets. In total, ten sectors are
examined, comprising seven single-channel systems;
{DD*}(’s,), D*D*(’Sy). {DDg}('Py), {DD'}(°Py),
{DD\}(P)), [DD3JCPy), and [D'D(Py). and
three coupled-channel systems exhibiting spin-mixing;
D*D\(}33P)), D*D('33P,), and D*D;(33P,).

We constructed the effective Lagrangians based on heavy
quark symmetry and chiral symmetry. By matching the
invariant amplitudes from the quark model with those at
the hadronic level, we determined the necessary coupling
constants, which show excellent agreement with experimental
data. In the study of molecular systems with Z.-like quantum
numbers, we observed that the potentials from p and w
exchanges largely cancel each other, leaving the medium- and
long-range interactions dominated by z and o exchanges.
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We solved the Schrodinger equation in momentum space
using the CSM and verified the results via the CSLSE.
Consequently, we treated the (D, D*) mesons as stable
particles, focusing on the P-wave molecular states formed
by their combinations with the unstable (Dg,D}) and
(D1, D5) mesons. Initially, using g, = 2.73, we reevaluated
the S-wave molecular candidates corresponding to 7T,
X(3872), G(3900), and Z.(3900) from our previous work
[61], confirming that the qualitative conclusions remain
unchanged. Subsequently, under the instantaneous approxi-
mation (¢y = 0), we found that a subthreshold resonance
emerges in every P-wave system, while systems with spin-
mixing exhibit two subthreshold resonances. These results
are consistent with expectations from heavy quark spin
symmetry. Upon incorporating the static limit correction
(finite ¢q), the pole positions shifted, with changes in the
imaginary parts on the order of a few MeV.

Finally, the inclusion of the self-energy contributions led
to drastic changes in the pole parameters; specifically, the
increase in the imaginary parts is positively correlated with
the widths of the constituent P-wave charmed hadrons.
Notably, the broad resonances identified in the D*D,,
D*D;, {DD}}, and {DD/} sectors exhibit masses and
widths comparable to the exotic states Z.(4430) and
Z.(4200), suggesting multiple possible molecular assign-
ments. Taking the D*D3(>°P,) and {DD}} (' P,) sectors as
prime examples, we demonstrated that the three-body
effects significantly amplify their widths, bringing the
calculated parameters into excellent agreement with exper-
imental values.

In Sec. IV C, we analyzed the line shape of the Z.(4430)
candidate (assuming the D*D} assignment) using a Flatté-
like parametrization that incorporates self-energy correc-
tions derived from CSM amplitudes. We compared the line
shapes for the open-charm (D*Dj and three-body) and
hidden-charm [y/(2S)x] channels. Our results show that the
open-charm structures are located above the D* D3 thresh-
old and exhibit distinct asymmetric line shapes governed by
the P-wave phase space and the form factor. Crucially,

although the apparent spectral widths in both channels are
|

compressed by the regularization scheme, the extracted
pole width is consistent with the experimental observation.

In summary, we have applied the OBE model to inves-
tigate P-wave molecules composed of a negative-parity
meson (D*)) and a positive-parity meson (D, Dy, Dy, D3).
We conclude that these systems universally support broad,
near-threshold resonances, and that three-body decay effects
play a critical role in determining their widths and pole
positions. The theoretical framework and results presented
here, particularly the relations for open-charm decay chan-
nels, serve as a valuable guide for future experimental
searches for hidden-charm tetraquarks in three-body final
states such as D*D*z and D*Dr.
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APPENDIX A: EXPANDED INTERACTION
LAGRANGIANS

After expanding the Lagrangian in Eq. (13), we obtain
the effective Lagrangians describing the interactions of
heavy-flavor mesons with light mesons. The effective
Lagrangian for pseudoscalar meson (7, #) exchanges is
given by

Lppm = _f_(PbP u + P PT)aMMbw Lppm = lf EquaV*P » Pa o ' My,
b3
29/ /H 4 2lg/ 2 u plvt
[’P’IPSM = _T(Plhp + PObP )a;thw L:P’]P’]M = Tg(wwl P P a}L/\/lba’
z z
5ig” 29" pr
‘CP]P]M = - 3f 8aﬂuﬂv(1P}1‘hPlfzaﬂMba’ [’PIP;M = g? (Pz/l;yplaﬂ + P 21:1;)6 Mbav

2ig” B pert 2f// - " 3
EPZPiM = f—gauwlv “Py P2aﬁa/1Mba’ L:PPSM = f—(POhPa + PbP0a>Ua0 M.
T /2
21" ) 2i(hy +hy) , . wat
Lppipg === (Pl Pal+ Py P10, 0" My, Lppipg = —% (P3P — PyPY 0,0, My,
n y e
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2i(h) + hy) T By
L:P*PlM = _\/;/1\](‘2 [3g,uuga/} + guﬁ(_g/m + U;tva)](PthaﬁT - PhﬂPIZ)a”aaMba’
v

2(]'1 + hz) * * *f3 kUL 2 2f/ s
ﬁP*P;M - liif /)U(lﬂl} ?0 6“Mba( ﬂy ﬁT + P / ,uv ), ‘CPSP]M = — 3 f (Plbe + P P”T)dﬂ/\/l,,a,
XS T n
2if ; ; 2f" .
‘CP;PIM = _\/;f EaquaV (Plllb /V + Plﬂ Py )aiMba’ ['P;PZM = f_(P y Plau + PllybPZZj;)aﬂMba‘ (Al)
/2 /2
The effective Lagrangian for scalar meson (o) exchanges is given by
grang
Lpps = —29(;P-I-P o, Lppo= 2g{,PZ;P*”o £P*P*a = 29£;P(*)ZP8,;6
[:P’IP’IU = 296 1a,4 W a0 ﬁP,P,n = Zgﬂplaﬂpy ['P ‘Pio = ZQHPZZ#,,P*W o,
Zlha T iZha *pt *T p¥
Lppo == (PPl = PliP)00.  Lppy=——" (PP, — PyiPY)0,0.
fr fa
2h, . 2ih
Lppo=—eyat’ (PL P — P P60,  Lpp, = —2\/ (PP}, — PP,
v fa 3 fx
2 h/ * 2 .h * * *, x
Lppy= _\@f—" Euat (Pd P, = PIIP#) 0%, Lppy, = - S (PP — PP 0,0. (A2)
y b/

The effective Lagrangian for vector meson (p, w) exchanges describing intramultiplet interactions is

Lppy = —=V2pgyPyPiv - ppa, Lppy = —2\/_39\/8/1(1””” (PP + PPy o .
Lppy = V2Bgy Py Pasv - Poa — 2V 2i2gy PP (0,0, = 0.0y ) s
Lp:pry = \/zﬂ19vP6bPSZU “Pbas Lp:py = 2\/5/119V€/1aﬂu (PObP/aT + Pﬁ(ngjz)a”lbll;a’
Lppry = —=V2B1gyPLPL,0 - Pra +2ﬂzzlgvP’1”bP“(a,,py—«m)ha,
CP PV — \/—ﬂzgvplbplaﬂ(v P)ba +is \/—/IQQVPM Pu (a;uau - awa,u)ba’

2 KO A *, * 1 ~Aq
EP]P;V = _7§/129V8/1a;w [(P*MPIM + PlbﬁpzaaT)(aﬂpy)ba - (P WPDT + P, Py, o )(06:0( )ba]’

EP*P*V = \/_ﬂzgvP?gypqu( “Plba = 2\/Elflzgvaﬂp*bT (6 Py — a»f’u)ba- (A3)

2a0

The mixing terms between the ground-state doublets and the P-wave excited doublets are

ﬁPP’V = _\/_Z‘CQV(Ph ot + PllﬂbP )(pﬂ)ha - ZﬁlﬂgVU”(Pb v Pw P )(aﬂpu - azxﬁﬂ)ba’
Lppyy = =289y (PIPR + Po, PE) ()0 = 2 2ingy v (P PGl = Poy P ) 94Dy = 0uy) s

* *UTN [ A % B *f} A A
‘CP*P’]V = \/'Cgvlgiﬂyav (Pbﬂpllbj + Pllﬂbpay )(pa)ba - \/Eﬂg\/gaﬂyv<PbaP/1/a - PIIOlea/T>(aupy - aypﬂ)ba’

2 : i 2 S
ﬁPP,v = —%519\/(}’@& + PbPI:(L)(pﬂ)ba - l—ﬂlgv””(P'besz - PbPT.L)(aﬂpI/ - ay/’ﬂ)ba?

V3

1 . * * 1 * * T A A
ﬁP*Plv = ——C1gv18/1,wa (Plfb o +P MP”T)( )ba T =gy UV gavaﬂ(Ple /" PbaPﬂ)(aﬂP” - a”ﬂ”)bm
V3 V3

Lppyy = V2019v(PY Pal + Py, P ) (5) e — iV 2001990 (P Pit = Pyo Py ) 04Dy = 0uy) pa- (A4)

(!
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Finally, the mixing terms between different P-wave
multiplets are

2 “ | pa .
Lp:py = —ﬂZQVSaﬂﬂUva(bePsz + Py, Pha) o',

V3
1 . :
Lppyy = —ljgﬂzgv(P/beﬂ + PP

X (a#ibl/ - au,by)baa
Ly piy = —V229v€apv” (P33, PLT + P PY )

2ap
X (D = ) (A3)

The interaction terms not explicitly listed are zero.

The Lagrangians for the anticharmed hadrons can be
derived from those of the charmed sector via the charge
conjugation (C) transformation. The transformation proper-
ties for the heavy meson fields are given by

P,-5 P, PSPy,
C ~ C =~
P?)a_)Paa’ Plla_)Plla’
C 35 * C D
Pla_)Pla’ P2a_)_P2a‘ (A6)

For the light mesons, the fields transform as follows:

C

pT c— 0.

ME M, S (A7)

APPENDIX B: COUPLING CONSTANTS

In this appendix, we detail the determination of the
coupling constants associated with the (07, 17), (07, 17),
and (17,2") heavy meson doublets. We employ the quark
model combined with experimental data to systematically
estimate these parameters.

The effective Lagrangian describing the interactions of
the light constituent quarks (u, d) is given by

ga - i —
L, = Y, ﬂw"ysaﬂ(m W = gapoy

— g (pit’ + w, )y — [0, (pi + @, )y
(B1)

Under the assumption that the heavy quark acts as a
spectator and does not participate in the coupling with
light mesons, we can derive the relations between the
coupling constants at the hadronic and quark levels by
matching the transition matrix elements calculated in both
frameworks. Taking the classic process D* — Dz as an
example, the invariant amplitude at the hadronic level is

iMy[D*(m; =0) - DT (m, =0)z"]
9 3

T eum; = 0)¢" =~ 4.

= 76# f (B2)

where m; (m/)) denotes the third component of the total
angular momentum of the initial (final) heavy meson, and
g represents the pion momentum. On the other hand, the
invariant amplitude at the quark level is expressed as

iMo( ~ &) = (7 3zl

94 ol i (P P,
£ ["“" <2md+2mu>""}’

(B3)

where y; (y7) is the Pauli spinor of the & (d) antiquark,
and m, (m,) and p (p') are the mass and momentum of
the # (d) antiquark in the heavy quark rest frame,
satisfying ¢ = p — p'. Since |¢°| < m, ~400 MeV for
the D* — Drm process, the first term dominates the
amplitude in Eq. (B3). Consequently, the corresponding
amplitude at the quark level becomes

iMy[D*(m;=0) - D" (m),=0)x"]
- <\me,:o<D+>|f%<a )W, —0(D)),
(B4)

where the wave function of the D* meson is decomposed as
@, (D)) = 3 Wim (D)) 7, (D*)). Specifically, the
spatial part is |y;,,(D*°)) = |woo(D*°)), and the spin part is
(D)) = ro(D)) = 55 (1] + 1) ® cit. The opera-
tor 6 - g acts only on the spin wave function, leading to

@@= > WrwD)wm(D)
ImAlm' X
x (xu(DF)|6 - g, (D))
dp

= /(27)3‘/’30(13/’ D" )yoo(P, D) (q).

(BS)
Considering the limited phase space of the D* — Dz
process, we have |G| < |p|,|p’|, where |p| =400 MeV
in the heavy quark effective theory [73]. This implies
p'~p and i (p,DY) =ws(p. D). In the heavy
quark limit, we assume identical spatial wave functions
for the D and D* mesons, yielding the overlap integral

3 - - .
f(‘le’)’;w(*)o(p,Dﬂy/oo(p,D*o) = 1. By matching the had-
ronic level amplitude in Eq. (B2) with the quark level
result derived from Egs. (B4) and (B5), we obtain
g = —4ga, (B 6)
where g4, =0.75 is
model [74].
We proceed to determine the remaining coupling con-
stants in the OPE interaction. For transitions between two

taken from the chiral quark
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heavy mesons with the same parity, the second term in
Eq. (B3) is proportional to % (6 - g), which is suppressed
relative to the first term (G - ) due to the factor ¢°/2m,,.
Consequently, we can estimate the coupling constants ¢/,
¢’, and f’ using a similar approach. We again approximate
P’ ~ p in the final state spatial wave function v} ,(p’) to
simplify the integral. In Ref. [75], the authors employed a
modified Godfrey-Isgur (GI) model where charmed mesons
are described by single spherical harmonic oscillator
functions WSHO(5). The quantum numbers n*S™1L; for
the (D, D*), (D§, D)), and (Dy, D3) doublets are assigned
as (llSO, 13S|), (13P0, 13P1), and (11P1, 13P2), respec-
tively. Neglecting the mass differences (or scale parameter
variations [75]) within the doublets, the wave functions of
heavy mesons with the same parity satisfy the orthonor-
mality condition,

<l//l’m’(H}) |l//lm (Hl)> R 51’,15m’,m' (B7)
Based on this, we derive the following relations:
J=af3 I =g =g (BY)
9 9 \/g

For transitions involving heavy mesons with different
parity, the first term (6 - g) in Eq. (B3) vanishes due to the
orthogonality of the spherical harmonic functions, provided
|g| < |p|, |P'|. However, this condition is not strictly
satisfied here. For instance, in the Dj— Dn decay,
|g| 400 MeV, which is comparable to the estimated
internal momentum |p|. Thus, this term could yield a
non-negligible contribution. Nevertheless, for the purpose
of a rapid estimation in this work, we retain the approxi-
mation p’ ~ p. Under this assumption, the amplitude in
Eq. (B3) is dominated by the p-dependent term,

- 94 4’ i
iMg(it = drn~) = === [y;(c - P)xal-

Fomy X (B)

To simplify the subsequent expressions for coupling con-
stants, we define a general overlap integral Z(H,, H;) as

1 00
T(H, M) = / dp Dy, (p Ho) b, (9. Hy).

(B10)

where ¢; (p, H) denotes the radial wave function of hadron
H in momentum space. By calculating the spin operator
matrix element of (6) and performing the solid angle
integration over p, we obtain,

1 gu
"= _-Z22T(D¢, D),
1" =52 1(05.0)
]’l1+l’l2 1 ga
=——==7(D5,D). Bl1

Using the constituent quark mass m, = 340 MeV and the
model parameters corresponding to ¢ = 0.03 from Table II
of Ref. [75], we calculate,

" =1.00gs,  (hy + hy)/A, =0.89g4 GeV~'. (BI2)

Alternatively, f” and (hy 4 h,)/A, can be extracted
from the experimental widths of Djj and D;. Assuming the
open-charm channels dominate their widths, i.e., FDZ? =
30(Dy — Dr") and T =30(D; » D*z*), and using
the average masses from Table I, we obtain |f”| = 0.53
and |(h; + hy)/A,| = 1.22 GeV~'. Additionally, averag-
ing the values extracted from D; and D} yields
|(hy + hy)/A,| = 1.03 GeV~'. Evidently, these phenom-
enological values are consistent with the quark model
predictions.

The final coupling constants for pion exchange are
determined by combining the magnitude from experimen-
tal data with the sign predicted by the quark model.
Consequently, the adopted values are g = —0.59 (magnitude
from [76]), ¢ =0.25, ¢’ =0.75, f/ = -0.87, f” = 0.53,
and (hy + hy)/A, = 1.03 GeV~!.

For vector meson interactions, the couplings are derived
similarly using the definition in Eq. (B10),

lgvz—fZ, llgvz—fZ/?’, iz!]v:fg,
Pay = —2937 Pigy = 293, Prgv = ZQZ,
2 g5 2 f}
=—-—227(D),D), =_L7(D", D),
Cav 3m, ( 1 ) Hgy 3m, ( 1 )
2 g 2 1
= -2 1D, D), = Z(Dy. D),
Cigv \/§mu (Dy.D) H19v \/§mu (Dy.D)

pagy = 413/V/3. (B13)
We take gy = 5.8, # = 0.9,and 1 = 0.56 GeV~! [77,78] as
inputs to determine the other vector coupling constants:
A = 0.19 GeV~!, 1, = =056 GeV~!, B, = —0.90,
pr=-0.90, pu=-100GeV~!, pu =-174GeV!,
Hy = —1.29 GeV~!, ¢ =0.81 and ¢, = 1.40.

For scalar meson interactions, we obtain,

9o = o, Gy = —ge, gh = —ga,

1f g8 1 fx9s
_1fxg (D.D), W, — f9

h [
6 m; 4v/3 my

7(D,.D).

(B14)

Adopting the chiral quark model [74] and the Goldberger-
Treiman relation [79], we set g7 = g4y & Myga/fr = 2.73.

The corresponding coupling constants are g, = 2.73,
g, =—=2.73, g = =2.73, h, = 0.48, and h), = —0.48.
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APPENDIX C: POTENTIAL

For simplicity, we first derive the OBE potential for a system of two charmed mesons (e.g., DD*) prior to partial wave
decomposition. Subsequently, we apply the G-parity transformation to both the heavy and light mesons to obtain the
complete potential for the hidden-charm sector. Taking the PP* — PP* process as an illustrative example, the OBE
potential is given by

V(DD* - DD*) =V2 + Ve + vV, + VD + VG + VD + VS + VD + VS + VD + VG,

7 (G-E)NG &) - ?(G-8)G-é)

VD:VD:VEIO, Ve = T To, ve = 2L
™ n T 2f2 qz—m% 1752 n 6f2 qz m%
=t = >t = - = >
€462 €46 o - q (€ 6)—(q-6)(G é). -
Ve —gg%, vy :_Zﬁz v 24 271" T2 =2gy 3 23 Ty - T2,
q mg qg —m, q —m,
1y, &8 P(E )= (G-8)G-&)
D _ 202 €476 c_ 296 "6 q-€)\q-€
Vw__zﬂ quz_mg)v Vw_lgv q _mz (Cl)

where € (¢€") denotes the polarization vector of the initial (final) D* meson. V” and V¢ correspond to the direct diagram
(DD* — DD*) and the cross diagram (DD* — D*D), respectively.

. . . G _ G = G _ G _ G _
We then consider the G-parity transformations; D— — D, D*—D*, Dj— — D}, D|— — D!, D— — Dy,

DELDE, s —x, niny, S50, pip, and -2 — . Taking the first channel {DD*}(3S,) in Table II as an

example, the flavor configuration {AB} = (AB + BA)/v/2 or [AB] = (AB — BA)/+/2 introduces a phase factor ¢ in the
cross-channel diagrams under G-parity transformation. This factor depends on the symmetry of the final state; 6. = 1 for
{AB} and 6. = —1 for [AB]. For the process {DD*}(3S,) - {DD*}(3S,), we have 5. = 1. Consequently, the OBE
potential components transform as

_ _ 2 e L[ TT 1/3 &2
V(DD*—’DD*):5CQ(Q‘%)(Q‘ez)( B I )+92 1o

2f7 ¢ -m; g —my) g —mg
1 1
2 22t =
+gv{—zﬂ (€} &) = 6cA(G*(&} - &) - }(q e —m3,>’ (C2)
2 - -
= — = — = 71Ty 1/3 (63 61)(64 62)
V(D*D* - D*D*) = G- (i€} x €)][q - (i€} x 62)]( - ) + g2
2f2 3 4 q2 _ m72[ q2 _ m% o q2 _ mg
gzv{—zﬂz(gg &) (E - &) + P{GP(iE] x &) - (i€] x &) — [ - (ie] x &))][G - (i€} x &)]}}
(%) 1 )
x (C3)
<61 —my  q*—m,
_ _ f//2 Tl 7, 1/3 1 Tl 7, 1
V(DDj — DDg) = 5 - —0o0s 35—+ ﬁﬁlg - . (C4)
’ L Vg g q* —mg N =m} ¢ —m;,
1 1 aaqz_m£ C 72[ qz_mg 4 19y \€4 " €2 qz_mlz) qg_mg)
b beg {2 (0~ 2uanc (@ E) ~ 427 )32 |y -] (cs)
cYy 4 0C 3762 3 2 qz—m,% qz—mg, ’
= = & 2h7 (g E;)(ﬁ-é}) 1 =t o 7T 1
V(DD, —» DD € 520 M T3 F2) 2 (gt _
( 1= l) g{;grf qz mg + C 3 szr qz _ mg 4ﬂﬁ29\/(€4 €2) q2 _ m/z) qz _ mz)
4336+ nancP? @8- i@ DG ) (co)
q-—m, gq°—ny
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+
S i hy +h hon 13 oiftey
V(l)D2 e d DDZ) = 5C( éAszZ) (nSUq ('Ij)(r]ZImqlqm) <q = 22 B ) a ’ i

3 3 96— ]
—my g —my q- —mg

T - T 1
n ﬁﬁzgv(ﬂszﬂ4,,)<q1 2 - z>,

2
m; gT —mg

2 > é-€ hs (4 - 8')(q é) 1 =t = 7T 1
V(D*Di — D*Df) = —g,qh -3 _5 4 2 =t _
( 0~ 0) —Y96Y6 q2 _ m?, Cf% q2 — m(z)_ + 4ﬂﬁlg\/(€3 61) qz ) 2 2

1 L NS WA 1
—5cgz’v{1(é—2ﬂqoc)2(€i'€1)—ﬂz(q'ei)(q'el)}< S ) (C8)

2 2 2
q —my g —m

R R 99w et agre et o f T1CT 1/3
V(D" D} = DD}) = = 2% - i) &) - E, x )] (2 2 -

n
112

+5cz—fzqgc(€§‘€1)(€j1‘€2) L2 _gagla—<3 1)(4 2)

2 2

q*—mz ¢ —m ¢ —m?
13 1q - (i€} x €))][q - (i€} x &) 1
-5 3 4 + 2 )1 R Y
Cf,, qz_mg 9y 4,3,31(53 €1)(€} - &)
_Ml{a%'z;xa).uz;‘;xzz)—[ﬁ-(izg"xa>][21-(i€1x€2)}}}< R 2)
q —m, g —m,

1 I e e
- 5(:92v{;1 (& = 2uqoc)?[(i€ x &) - (i€} x &)] — (G - (i€ x &)][§ - (i€} x 62)]}

77, 1 >
x - , (C9)
(q2 -m  ¢*—m

.= .= hy +h | R, | R 7T 1/3
V(D Dy - DD ) _502( éA2f22) [(5;61]' _géij€§'€1>Qin:| K€L€2m _§5lrn€1'62)QIQm:|< 21 2~ )

2
- _,I - - _'I - ?l * ?2 1 / 3
-2 G <l el x ) (S

73
¢ -m: g —m
- mz _qZ—m%
—g.d! (€ -é)E &) s h} (4 - (i€} Xel)][zl' (i€} x &)]
g —mg 6/z q* —mg
1 o\t o
+ 9%/{1.5%(6; E)(E - &

e S e S S e
) A % 20 G x2) = 78 &) x ) |

TT 1 1
X (qzl_ :13 - 7 - mi) —ﬂfscg%/{(él +/41QOC) [(l€§ X €)) - (164 X &)]

27> >t - - >t > ?1'?2 1
—ut(q - (i€l x €))][q - (i€} x &) ( - >, (C10
1[ ( 3 1)][ ( 4 2 ]} qz _mg 6]2 _mz) )
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V(D'Dy — DD =

- 2

. 71Ty 1/3 (€3 ‘61)(’74ij’72ij)

(G- (& x &)l (egun ~’121'61k>}< - ) _ goqn B aiay)
2f2 3 1jk"14]] J q2 _ m% q2 _ m}z] qZ _ mg

(hl +h ) F . T ’?1 . ’?2 1/3
téc—Faa 2A2f2 (lgijkelkﬂyncb"h)(lgi’j’k’€4k/7]2in’Qj’qn’) 7 —m - 7 - m%
2 (9i3i;€1,) (4MaimCipn) 1o
+6c—5 — ; 3 4 g _ﬂﬂ2(€§'€1)(n1ijn2ij)
fﬂ.’ q - —mg 4

o (B B (o i ) 1
+ Ao [G x (€5 % €))]i (Mutnij — ’74,-,-’12ik)61j} <q2 - e m3}>
2

g
+ 507‘/{(4'1 _ﬂIQOC)2<”§ik€11)(772/k€41) ﬂ1<q 7]31161/)((’117721m€1m)}

% 1 >
x - . (C11)
<q2 -m2 ¢ —ml

In our formalism, 7 denotes the isospin operator represented by the Pauli matrices. We adopt the phase convention where
the isospin doublets correspond to the quark pair (u,d) and the antiquark pair (d, ‘) Accordingly, the ground state
charmed and anticharmed meson doublets are defined as (D™)*,—D®)T and (D™)°, D™*))T, respectively. This
convention is consistently applied to the excited P-wave doublets. Under this definition, the isospin factor is given by
(T) - 1y) = 2I(I + 1) — 3. For the isovector Z, states (I = 1) investigated in this work, this yields (z; - 7,) = 1.

Here, ¢ represents the polarization vector for D*, D, and D, mesons, defined as

1
—(0,1,£i,0)*, €*(0) = (0,0,0,1)~.
F5OLEO0P (0)=(0.00.1)

The polarization tensor #* for the D3 meson is given by

et(£1) =

0 0 0 o0\~ 0 0 0 0\~
Wi = +2) = 0 1 4+i O W= 1) = 110 0 0 1
TUEEIE5 0 s o1 0| 0 TYTEI TR l0 00 0 4|
0O 0 0 o0 01 4+ O
0 0 0 O0\w
110 -1 0 O
W) = 0) = — Cl12
(A =0) Zlo o -1 o (C12)
0O 0 0 2
The diagonal potentials for channels 1 to 8 after partial wave decomposition are
/ ! 2 1 2 / 2 /
Vn(p,P)=2ﬂ/ dt{2f23(p + p? =2p' pt)G(7, 1, qoc. P’ P 1) + §2G(my. qop. P p. 1)
2
—ZgzvﬁzG(p, . qop: P's P+ 1) = gy42 3 (P? + p* = 2p'p1)G(p, . qoc. P'. . t)}, (C13)
/ 1 2 1 2 / 2 /
V22(p 7]9) =2n 2f2 (p +p _2p pl)G(ﬂ',i’], docs P ’p7t) +go’G(mo" qdop- P ,p,t)
2
—ZgzvﬂzG(p, . qop: P's P, 1) = gy42* 3 (p? + p* = 2p'p1)G(p, @, qoc. P'. . t)}, (C14)

1 f//z 1
Vi(p'.p) =2ﬂ/1 fdf{—?q%cG(ﬂ,m qoc- P’ ps1) = 959,G(my. qop, p', p. 1) +Zg%ﬂﬂ1G(p, w, qoa,p’,p,t)}, (C15)
- T
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h21
{—gg%tG(mquD,p’,p, 1) + f22p 'p(1=22)G(my, qoc, ', s 1)

1
Va(p'.p) = 2”/ dt

1 1
+ Zg%ﬂﬂltG(p, w.q0p. P’ P 1) + g3 {Z (& = 2uqoc)*t — u? Ep/p(l - tz)] G(p.w,qoc. p'. p. t)}, (C16)

1 121
Vss(p'.p) =2ﬂ/l dt{ —95951G(my. qop. P’ P 1) + =5 = pp<1 - 12)G(my. qoc. P, P 1)

3f22

1 7 1
- ZgzvﬁﬂztG(p, w,qop. P’ p.t) + ZV [(Cl + Hqoc)*t — ui Ep/p(l - tz)] G(p.w,q0c. P’ Ps t)}, (C17)

1 hy+h
Vi) = 20 [ ar{ L L 4 2000+ 5) = 0P+ )6 130

1
X G(”’ 1 490c> p/’ ps t) - ga.da/tG(mm qop> p/’ ps t) +1ﬁﬁ29%/tG(p7 @, qop> p/7 D, t)}’ (C18)

2
f22

1 1
+Zﬁﬁ192th(p,w,q0D,p’,p, N+ gy Z(C—2uch)2t—ﬂ2§p’p(l —tz)] G(p, w, (]oc,P'7P’f)}7 (C19)

I
V(P p) = 2”/ dt

| {_g()'g,(ftG(m(n qOD’ plv ps )

p'p(1 = 2)G(m,, goc, P’ p. 1)

The propagator functions are defined as

-1
p?+p*=2p'pt+m?—q}’

G(m,q,p'.p, 1) =

1
G(”v 1,40, pl’ p, t) = G(mﬂ." q0- plv P t) - EG(mr]a q0, [7/7 P t),
G(p.w.q0.p'. p. 1) = G(m,. qo. ', p. 1) = G(m,. qo. P'. P, ). (C20)

The partial wave projected potentials for D*D| — D*D/ (channels 8-10) are

gg ] 112
Ves(p'sp) = 2,,/ fdf{ 2123 — (p? + p* =2p'pt)G(z. 0. qop. P'. p. 1) _z—szI%CG(”v 1, qoc P’ P+ 1)
- ¥

2
f2

1 4
+9v [Zﬂﬁl +ah3 (p?+ p* - 2p’pt)} G(p.w.qop. P’ p. 1)

)
= 9,9,G(my. qop. p', p. 1) + 53— (P + p* = 2p' p1)G(m,. qoc. p', . 1)

1
+gv [—5 (¢ = 2uqoc)* + u? 3

2
~(p?+p*- 2p’pt)] G(p.®.q0c, D', p. t)}, (C21)

112

1 1 f

99

Voo(p'. p) = 2ﬂ/1dt{ f22(1 - #)G(m.n. qop. P’ p. 1) to 43ctG(m.n. qoc. p'. p. 1)
- b3

h21
_g()'g/ﬂtG(m(F’ qop- p/v P, ) FE(I -1 )G(m(r’ qoc- p/’ p7t)
1
+ g% {ﬁﬁﬂ—%( (P +p )t+pp2(l +3t2)>}G(p,w, qop> P's P> 1)

1 1
- [— 7 (€= 2nq00)"t + 25 (1= tz)] G(p, @, qoc: P's ps 1) } (C22)
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L (g9
Vioao(p'.p) = 27[/] dt{2f2 30 [4(p" + p*)t+ p'p(=21 +138)|G(7. 1. qop. P’ P 1)

112

T 451G (7.1, qoc. P’ P+ 1) = 9595tG(my. qop. P, P 1)
h2 1 / 2 /
~ 730 [4(p* + p*)t + p'p(=21 + 131)|G(m,. qoc. p', . 1)

1
+ g% |:Zﬂﬂlt — A4 30 (34(p"™ + p*)t—p'p(21 + 47t2))} G(p.w.qop. p'. p. 1)

1 1
+ g% {Z (€ = 2uqoc)t + 12 ) (4(p* + pHi+p'p(-21 + 1312))} G(p. ., q0c. P'. P t)}, (C23)

Veo(p'.p) =0, Voio(p'.p) =0,

! 99 1
Vsio(p'.p) = 2”/1 dl{_Z—sz[ (p? + pH)t—p'p(3+2)]G(m.n. qop. P’ p. 1)

Rl
f23\/—[ (P + p*)t=p'p(3 + 12)|G(my, goc, P, P 1)

+ gy Ak 3\[[ (p? + pH)t—p'p(3+)]G(p, . qop. P'. p. 1)

1
- g%uzﬁ 2(p”* + p*)t— p'p(3+ 12)]G(p. ®. qoc. P’ P t)} (C24)

The partial wave projected potentials for D*D; — D*D; (channels 11-13) are

599" 2
62723

(p"* + p* —2p'pt)

1 1(hy + hy)?
1 tﬁlt{——M (P + p* = 2p'pt)*G(m. 0. qoc. ' p. 1) +

Vin(p'.p) = 2”/
3 2A)%f,2r

72
o = ” 2_2 / NG , , /’ 1
6f%3(p + p° =2p'pt)G(m,, qoc, P, ps 1)

(p? + p* =2p'pt)|G(p. @. qop. P, p- 1)

X G(7, 1. qop. P's P+ 1) = 995G My, qop, P Ps 1) —

1 1 4
+ g% L—‘ﬁﬂz - EMZ 3

1
+ = gv[-2(&1 + m1goc)* +

2
529 Wi = (p"* + p* = 2p'pt)|G(p. w. qoc. P, P, t)}, (C25)

3

hy+h
Viza(p'. p) :2”/ dt{Z%l_S[ _a(p 1 o — 25T 4 5E)

/!

+(p”p+p'p*)34+132)|G(z.n. qoc. P/ P 1) + = 'p(1 = 2)G(z. 1. 90p. P'. p- 1)

62122
/2

1
fz 2p p(l - IZ)GO’HJ, doc p/’ P, t)

1 1 1
+ gy L—‘ﬂﬂzt +5 M, (—(p’2 + p?)t + p’pg (1+ 3t2)>] G(p.w,qop, P, p. 1)

- gagg[G( Mg, 4op> p p,

1 1
- ﬁg% |:_(Cl + ui1qoc)*t + pi ;PP = tz)} G(p,w,qoc. P, p t)}, (C26)
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I -2 ! (h1+h2)21 —2p 2 /
Visis(p'.p) =2n ldt 2o 30pp(p +p* =2p'pt)(1 = #)G(7, 1, 90c, P, P 1)

594"
62f2 30 [4(17/2 + pH)t+ p'p(=21 +132)|G (%, 1. qop. P', P. 1)

22
2
~ 95951G (Mg, qop. P', . 1) = 6/230 [4(p” + p*)t + p'p(=21 + 132%)|G(m,, goc. P’ p- 1)

11
+ gy { Pbat + 500 75 (34(p"” + pH)t—p'p(21 + 47t2))} G(p.w,qop, ', p, 1)

1 1
g€+ 55 407+ P+ (=214 138) |G P | (€20
Vitn(p'.p) =0, Vii(p'.p)=0,

1 3(hy +hy)? 1
V11,13(p/vp):2”/1d{ 2< 2,\2]5) 9\[[2(p’4+p4)t+2p’2 pPt(5+2)=(p°p+p'p*)345P)|G(x.n.90c. P, s 1)
123

599" 1 1
____2 /2+ 2 t— / 3+t2 G 7, , /’ ,t +_(7_2 /2+ 2 t— / 3+t2
62f,2,3\6[ (p*+p*)t=p'p( NG (m.n.q0p. P’ p.1) 6f%3\/§[ (p*+p*)t—p'p( )

XG(mo"qOCvp/?p’t) V/1123\/—[ (p/2 +p2)t_p/p(3+t2>]G<p’w’q0D’pl’P’t)

9%//113\/—[ (p '2+P2)I_P/P(3+t2)]G(P,w’QOc7P"PJ)}- (C28)

The partial wave projected potentials for D*D} — D*Dj (channels 14-15) are

: 99" 3
V14.14(P/»p) _2”/ldt{ 2f2 20[ (p/2+p )t_pp( +7t2)]G(ﬂ»’7v CIODvpl’P,t)

hy + hy)? 3
( ;Asz) 2_opp(p'2+l’ = 2p'pt)(1 = 2)G(7. 1. goc. p's P 1)

/2

1

- gagatG( Mg, dops p P, t) +— f2 60[ 12(17/2 + Pz)t + p/P(23 + ZZ)}G(mgy qoc; P/, P [)
+gv { PPt + Mo 35 2 (6(p% + p)t + p/p(1 - 13t2)]] G(p. @.qop, P, p-1)

2 1
+7V 6@1_ﬂIQOC)zt_ﬂ%@[_lz(PQ+P2)I+P1P(23+t2>] G(p.w.qoc. P, p.1) ¢, (C29)

99" 1
Visis(p'.p) = 2,,/ dt{zfz i 8(p" + p*)t + p'p(7+92)|G (7. 1, qop. - - 1)

hy +h
%20[ (P + PNt +2pp*t(54+7¢) = (pPp + p'p?)(1 + 151)|G(7. 1. goc. P’ P 1)
n2 1
— 95951G(mg. qop. p'. p. 1) = 7220 = 18(p" + p?)t = p'p(7 4 922)|G(my, goc. P’ p- 1)

1 1
+ gy {Zﬁﬂzt a5 2(p*+ p*)t+ p'p(7 - lltz)}} G(p.w.qop. P, p 1)

21 1
= [— (&1 = mgoc)*t — 13 70 [8(p*+ p*)t—p'p(7+ 9f2)]] G(p,w, qoc. P’ p. t)}, (C30)
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/!
dt{gg V3
1

\% ''p)=2
1415(p'. p) ”/ 212 10

h/Z

[=2(p” + PPt + p'p(3 + 2)|G(7 1, qop, P’ P 1)

|
fz sf[ (p? + pH)t—p'p(3+2)]G(m,, qoc, P’ p. 1)

+9%/[Mz\/_[ (p’2+p)t+pp(3+t2)]] G(p,w,qop. p'. p.1)

gv

APPENDIX D: DECAY WIDTHS OF
D;, D, Dy, AND D;

In this appendix, we assume that the total widths of the
unstable mesons Djj, D}, Dy, and D} are dominated by their
two-body strong decays into the D)z channels. Given the
large phase space available for these decays, isospin
symmetry breaking effects are expected to be negligible.
Consequently, based on isospin symmetry, the partial widths
satisfy the relation I'(B — D™z") = 2I'(B — D™z,
where B denotes the initial unstable meson. The explicit
formulas for the decay widths into the charged pion mode
(=) are given by

f// mp )
[(Dy = D) = -———k,E;, (D1)
27[f mD

1"
N, - Dat) =L S0k E2, (D2)
Q’ﬂfﬂ mD’l

vy {”1 53 2(p? +p*)t—=p'p(3 + tz)]] G(p. . qoc. . D, t)}-

(C31)
|

1 (hy + hy\2mp

N(Dy = Dat) = — (22 ) ot ys ()
brf; A)( mp,

1 (b + )2

N(D; —» Dr*) = —— (M2M) Mo ys -+ py)
157f; A, Mps
1 (b + )\ 2 my

N(D; —» D'at) = — (M2l Mo ys s
10zf7 A, mp;

where k, is the momentum of the pion in the rest frame of
the decaying particle B, defined as

1

Ma,b,c) = a*+ b> + ¢* — 2ab — 2bc — 2ac.

k, =

1/2(,2 2 2
AV (mg, my., mz),

(D6)

Here, My represents the effective mass (or running energy
\/s) of the unstable particle B [e.g., Ep; as defined in
Eq. (10)] when considering self-energy corrections.
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