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Hybrid quarkonia—exotic hadrons with explicit gluonic degrees of freedom—have gained increasing
attention in hadron spectroscopy, particularly with the ongoing discovery of new XYZ mesons. In this
work, we update the spectrum of heavy hybrid mesons in the charmonium and bottomonium sectors using
the Born-Oppenheimer effective field theory framework, by incorporating the latest lattice QCD results for
hybrid static potentials. We refine earlier calculations and analyze allowed transitions from hybrids to
conventional quarkonia, including both spin-conserved and spin-flip decays. We carry out a comprehensive
error analysis and discuss the reliability of our results. We compare them to experimental data of the
Particle Data Group, which allows us to identify hybrid candidates among the observed XYZ states. We
provide hybrid or quarkonium interpretations for nearly all heavy isospin-zero mesons observed and

incorporate new hybrid candidates.

DOI: 10.1103/v5h3-ww3s

I. INTRODUCTION

Understanding the nature of exotic hadrons is one of
the key challenges in modern hadron spectroscopy. The
quark model originally formulated by Gell-Mann [1] and
Zweig [2] classifies hadrons into mesons (quark-antiquark
states) and baryons (three-quark states). However, quantum
chromodynamics (QCD) permits more complex configu-
rations, such as hybrid mesons that incorporate explicit
gluonic degrees of freedom [3,4]. The presence of an
excited gluon field endows hybrids with quantum numbers
that are distinct from those of conventional quarkonia,
making their experimental identification and theoretical
description especially compelling.

In recent years, several exotic candidates collectively
known as the XYZ states have been observed [5—8]. These
discoveries have spurred extensive studies aimed at deci-
phering the internal structure of such states. Among the
various theoretical approaches, effective field theories like
potential nonrelativistic QCD (pNRQCD) [9,10] and the
Born-Oppenheimer effective field theory (BOEFT) [11-19]
offer systematic frameworks for describing heavy quarko-
nium and hybrid states. In these approaches, the hybrid
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spectrum, decay rates, and transition amplitudes (including
both spin-conserved and spin-flip processes) can be com-
puted with inputs from lattice QCD studies [14,20-24].

In this work, we update the hybrid spectrum presented in
Refs. [14,25] for charmonium and bottomonium incorpo-
rating recent lattice data of Refs. [26-28]. We next focus on
the impact of the new data in the decay amplitudes of heavy
hybrid mesons into conventional quarkonia. We recalculate
the spin-conserved transitions presented in [14,25], and
extend the calculation to spin-flip transitions in [21,22].
The latter, despite being suppressed by powers of the
heavy-quark mass, can be phenomenologically significant.
We perform a comprehensive error analysis that includes
uncertainties in the masses of the bound state, higher-order
corrections in the strong coupling, higher-order terms in
the multipole expansion, relativistic corrections, and the
replacement of the perturbative potential by the full
(confining) potential. The latter contribution turns out to
be significantly high. Finally, we compare our theoretical
predictions with other approaches, and with experimental
candidates listed in the Particle Data Group (PDG) [8], in
order to identify potential hybrid states among the observed
resonances.

The paper is organized as follows. In Sec. II, we outline
the two relevant effective field theories needed in our
developments, the weak coupling pNRQCD and the
BOEFT. In Sec. III, we describe the amplitude for hybrid
to quarkonium transitions. Section IV details the compu-
tation of decay widths for spin-conserved transitions, while
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Sec. V addresses spin-flip transitions. In Sec. VI, we
compare our results with experimental data and discuss
their implications for identifying exotic hadrons. Finally,
Sec. VII summarizes our results and conclusions.

II. EFFECTIVE FIELD THEORIES

We briefly describe here the two effective field theories
that we need for our developments.

A. Weak coupling pNRQCD

pNRQCD is a nonrelativistic effective field theory that
describes quark-antiquark (Q-Q) pairs at small relative
distance (see [29,30] for reviews). It is obtained from
NRQCD [31,32] after integrating out the energy scale
1/r ~mgv, where r = [r| and myv, v < 1, are the typical
distance and the typical relative momentum between
quark and antiquark, and m, the heavy quark mass. If
1/r > Agep. the typical hadronic scale, the integration
can be carried out in perturbation theory of a(1/r) at any
order of the 1/mg, expansion. The degrees of freedom of
pNRQCD are Q-Q pair with energy much smaller than 1/
and relative momentum ~mgv and ultrasoft gluons and
light quarks, with energy and momentum much smaller
than 1/r. The Q-Q pair can be decomposed into a singlet
field S(R,r, ) and an octet field O(R,r, ¢), in relation to
color gauge transformation with respect to the center-of-
mass coordinate, R. The ultrasoft fields are evaluated at R,
ie, A, = A,(R,?), and hence they do not depend on r.
This is due to the fact that the typical size of the system r is
small with respect to the typical hadronic distance 1/Aqcp,
and hence gluon fields can be multipole expanded with
respect to this variable. Consequently, the pNRQCD
Lagrangian, Lynroep, can be organized as a sum of
ﬁé@QQCD, where k and [ denote the order in the 1/m, and
multipole (r) expansion respectively. The singlet and octet
field dynamics is dictated by the singlet (V) and octet (V)

potentials respectively (the latter also interacts with static
ultrasoft gluons) at leading order (LO),

0,0 . P’
‘CE)NR’)QCD = TI'{S (lao - m—Q - V + )S

—i—O"'(iDO———V +. }

where iDyO = idyO — g[A((R.1),0], V(r) ~—Cra,/r,
V,(r)=1/2N.r, C; = (N?—1)/2N, and N, =3 is the
number of colors. At next-to-leading order (NLO), singlet-

octet interaction terms occur that will be relevant to us,
namely,

(0.1)

L\rqep = gVa( )TT{OTI' -ES +S'r- EO}, (2)

(1,0)

Cc
LPI\}RQCD = gm—FTr{ST(Sl — Sz) . BO"‘O*(SI —Sz) . BS}
Q0

3)

The trace is over the spin and the color indices, V4(r) =
1+ O(a?) and cp = 1 + O(ay) are matching coefficients.
The Ilatter is inherited from NRQCD. E and B are the
chromoelectric and the chromomagnetic fields. The matri-
ces s, =6,/2 and s, = —6} /2 are the spin of the heavy
quark and heavy antiquark, respectively.

B. BOEFT

When 1/r ~ Agcp the integration of this scale cannot be
carried out in perturbation theory. However, an effective
theory can still be built. It was called strong coup-
ling pNRQCD in Ref. [10]. Nowadays it is known as
BOEFT, since the leading order corresponds to the Born-
Oppenheimer approximation [11,33-35]. For heavy quar-
konium, at leading order in the 1/m expansion, it reads

L= <i60 - Z—z - Vz;(r>> S. (4)

0

S = S(R.r,1). Atshort distances, Vy: (r) =
it must approach the singlet potential in Eq. (1). At
distances 1/Aqcp <7, Vs (r) must be evaluated non-
perturbatively, for instance in lattice QCD.

Analogous Lagrangians can be built for states whose
heavy quark content approaches the octet field in Eq. (1) at
short distances. A general construction at order 1/m can
be found in [18,19]. Here, we only need the LO Lagrangian
for hybrids with JP¢ = 17~ light degrees of freedom,

V(r), namely

L= tr(HiT(5ijiao - hHij)Hj)’

V2
huij = (‘m— + VZM(V))‘SU

0

+ (655 — #i#; )[Vn (r) - Vz;(r)]. (5)
H'=H'(R,r,t). At short distances, Vy (r) ~ Vg (r) ~
V,(r) in Eq. (1). At distances 1/Aqcp S 7, V- (r) and

Vi, (r) must be evaluated nonperturbatively, for instance in
lattice QCD.

We have recalculated the quarkonium and hybrid spec-
trum provided in Ref. [14] with the Vs (r), Vi, (r), and
Vs-(r) potentials given in Ref. [28]. They are obtained
from recent lattice data [26,27] and account for finite lattice
spacing corrections. The outcome is displayed in Table I
and Fig. 1. The differences with respect to Ref. [14] fall
within the expected errors.
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TABLE I. Quarkonium (S) and Hybrid quarkonium (P*+~0)
spectrum. States which only differ by the heavy quark spin
(S =0, 1) are degenerated. Units are in MeV. n is the principal
quantum number, L the orbital angular momentum of the heavy
quarks, J is L plus the total angular momentum of the gluons, S
the spin of the heavy quarks, and J the total angular momentum.
For quarkonium, J coincides with L, and it is not displayed. The
last column shows the relevant static potentials for each state. The
(s/d)s P1» Pos (P/f),, and d, states are usually named H, H,
H;, H,, and Hs respectively [11,13,22]. The spectrum is an
update of [14] computed using the static potentials [28]. We shall
associate a precision of about 110 MeV for charmonium and
33 MeV for bottomonium masses, as we discuss in Appendix A 1.

S=0 S=1
nL, wit Mg Mg, J€ gre A
s S 3068 0+ 1- b
2s S 3674 0+ 1- )
3s S 4149 0+ 1- s
1po p+ 4455  0+* 1+ o
45 S 4562 0+ 1- )
2po p+ 4917 0+* 1+ o
Ss S 4937 0+ 1- b
3P0 P+ 5315 0+ 1+ o
4p, P+ 5650  0FF 1+ o
1p S 3457 1= (0,1,2)"  xf
2p S 3958 1= (0,1,2)* xS
1(s/d), P 4028 17 (0,1,2)"* TI,Z;
1p, P 4171 1+ (0,1,2)* I,
2s/d), Pt 4394 17 (0,1,2)"* TII,Z;
3p S 4388 1= (0,1,2)""  xf
2p P 4556 1tF  (0,1,2)* I,
3(s/d), P+ 4678 17 (0,1,2)"* TI,X;
A(s/d), P 4755 17— (0,1,2)~* TI,Z;
4p S 4774 1= (0,1,2)""  xf
3p, P 4912 1+t (0,1,2)* I,
5(s/d), Pt 5087 17— (0.1,2)"* TIZ;
5p S 5130 1= (0,1,2)*  xf
1d S 3762 2 (1,23 %)
2d S 4209 2 (1,23 %
1(p/f), P+ 4245 2+t (1,2.3)" I
1d, PO 4369 27 (1,2,3)7* I,
2(p/f), P+ 4601 2+ (1,2,3)" I,Z;
3d S 4608 7 (1,237 %
2d, PO 4739 27— (1,2,3) 11,
3(p/f), Pt 4892 2+t (1,2,3) T
4d S 4974 2 (1,23 %
a(p/f), P 4945 2+t (1,2,3)" I
3d, PO 5083 2 (1,2,3)~F I,
1f S 4029 3 (23,477
2f S 4441 3 (23,47 3
3f S 4817 3 (2,347 3
4f S 5166 3 (2,347 %)

(Table continued)

TABLE 1. (Continued)

S=0 S=1
nL; wf Mo Mg, JC Jre A
1g s 47 4 (3,457 %
2 S 4658 4~ (3,457 %
3g S 5015 4t (345 %

(a) Charmonium (S) and hybrid (P*~°) spectrum computed with
m, = 1.47 GeV.

S=0 S=1
nL, w-f My, My, JRC Jre AS
Ls S 9551 0+ 1 F
2s S 10017 0+ 1- =f
3s S 10355 0t 1= =5
4s S 10643 0t - zf
5s S 10901 0t 1 5
1po Pt 10977 0t 1t b
6s S 11139 0t 1 5
2p0 Pt 11261 0O*+ 1t P
3p0 Pt 11525 0t+ 1t P
4po Pt 11782 0*+ 1 b
1p S 9879 1= (0,1.2)*"  =f
2p S 10234 1= (0,1,2)*" =f
3p S 10532 1= (0,1,2)*" xf
1(s/d), P* 10704 17—  (0,1,2)~* TI,X;
1p, PO 10772 1+ (0,1,2)*~ I,
4p S 10798 1= (0,1,2)*"  Zf
2(s/d), Pt 10905 1  (0,1,2)~" T1I,Z;
2p, PO 10995 1t+  (0,1,2)*~ TI,
5p S 11041 1= (0,1,2)*" =
3(s/d), P*- 11103 1=  (0,1,2)~*" TI,%;
A(s/d), Pt 1131 1—  (0,1,2)~* T1I,%;
3, PO 11209 1+t (0,1,2)*- TI,
6p S 11268 1= (0,1,2)*F xf
5(s/d), P 11318 1=  (0,1,2)~* T1I,Z;
1d S 10106 27t (L,2.3) %
2d S 10416 27t (1,237 =
3d S 10689 27t (1,23 =
1(p/f), P+ 10823  2++  (1,2,3)*" TIL.Z;
1d, PO 10880 2—— (1,2,3)"" I,
4d S 10939 27t (L2.3) =
2(p/f), P 11023 2+ (1,2,3)*~ TI,Z;
2d, PO 11100 27— (1,2,3)~F T,
5d S 11171 27t (1L,2.3)7 %)
3(p/f), P 11220 2+ (1,2,3)* T1I,%;
3d, PO 11310 27— (1,2,3)~t TI,
4(p/f), Pt 11258 2+ (1,2,3)* T1I,%;
1f S 10297 3t (23,470 =f
2f S 10579 3t (23,47 =f

(Table continued)
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TABLE 1. (Continued)

S=0 S=1
nLJ w-f MbE Mbl_;g jPC jPC A;
3f S 10835 3t (2,347 xF
4f S 11072 3t (2,347 =
lg S 10624 47t (3,45 =
29 S 10873 4=t (3,4,5) Zg*
3g S 11104 47t (3,45 =

(b) Bottomonium (S) and hybrid (P*~°) spectrum computed with
my, = 4.88 GeV.

III. HYBRID TO QUARKONIUM
TRANSITION RATES

The lower lying heavy quarkonium states are amenable
to a weak coupling treatment. Since the singlet and octet
potentials are attractive and repulsive respectively, a gap is
expected between hybrids and lower lying quarkonium
states. If we build an effective theory for hybrids, the lower-
lying quarkonium states can be integrated out, which
produces new octet-octet interaction terms. The relevant
diagrams are depicted in Fig. 2. Because the quarkonium
states are lighter, this term will have an imaginary part that
is related to the hybrid decay rate into quarkonium plus
light hadrons. For spin-conserved transitions, this term
reads [14]

2a,T , ”
ImAV = —g‘N—fzn:r’lSnﬂSnlr’(l@, -E,) (6)

where we have already taken V,(r)~1. For spin-flip
transitions, which are suppressed by a factor 1/ (mQr)z,
we have [22]

2a,Tr % D
ImAV = 3N, m_ZQZn:(Sl —85)[S,)

x (S,](S) = $5)(id; — E,,)*. (7)

Note that from the formulas above one gets the hybrid to
quarkonium inclusive decay width. However, since the
contribution of each quarkonium state is easy to identify by
picking up a single term in the sum, we are going to use it to
calculate semi-inclusive decay rates. Let us then write

ImAV = "ImAV,, (8)

where Im AV, stands for the contribution of the S,
quarkonium state to the inclusive decay width. Hence,
the semi-inclusive decay width to a single quarkonium state
S, reads

[(H = S, + X) = —2(H|Im AV, |H), 9)

where we denote |H) the decaying hybrid state.

From now on we remove the subindex n from the
quarkonium state that we focus on and just call it S. In
order to establish the validity of our calculation we must
make sure that the conditions which lead to the diagram
displayed in Fig. 2 hold. These are the expansion in 1/m
inherited from NRQCD, the expansion in r of pNRQCD,
and the perturbative calculation of the diagram. Concerning
the latter, we must restrict ourselves to quarkonium and
hybrid states for which AE > Aqcp, where AE is the mass
difference between the hybrid and the quarkonium states
and Aqgcp the typical hadronic scale. Otherwise the pertur-
bative calculation does not hold. Concerning the expansion
in r, we must require that the emitted gluon cannot resolve
the quark-antiquark pair distance, i.e., the matrix element of
the heavy quark-antiquark distance r between the hybrid
and the quarkonium states must be much smaller than
1/AE, i.e.,

(H|r|S)AE < 1. (10)
Finally, concerning the 1/m, expansion, we require
(H|S)AE/mg < 1, (11)

namely, that the nonrelativistic expansion holds. If these
conditions are fulfilled, the transition H — S can be treated
in weakly-coupled pNRQCD, and the gluon at the scale AE
is perturbative. In practice we are going to require that
AE > 800 MeV, and that Eq. (10) is fulfilled for spin-
conserved transitions, and Eq. (11) for spin-flip transitions
[see Egs. (21), (37), and (48) for the precise implementa-
tion]. We will take into account errors due to higher
order terms in the a,, r, and 1/ mo expansions. A
comprehensive discussion of the error estimation is rel-
egated to Appendix A. We emphasize that the dominant
source of theoretical uncertainty in our computed decay
widths comes from the mismatch between the weak- and
strong-coupling regimes. Specifically, matching the per-
turbative evaluation of the transition matrix elements (using
Coulombic potentials) to the nonperturbative confining
potential (used to compute the physical spectrum) intro-
duces substantial uncertainties, particularly for highly
excited states or transitions with small energy gaps.

IV. SPIN-CONSERVED TRANSITIONS

The spin-conserved decay is computed following
Egs. (6), (8), and (9),

4o
C(Hjy = Suw) = 3N

TFAE3<H§M|ri/|SL'M’>*
c

x (Hp e [Suar). (12)
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Charmonium Spectrum

4.8 -I- 4p i 4p -I- 4p -I- 4p
3(s/d), T OR 3(s/d), Xeo(4700 Xe1(4685/@
4.6 X630 4’4550 d -I- 3d -I- 3d
Y(4500) ]
1po X450 1p,
44 ><(4350)* 2(s/af} ‘3‘&8}' 2(sld)s :I: P xuss0 @ 3P + 3p + 3p
Xc1(4274)@
_ 420 ) * 3s #l4%e0) * X(4160) +1p1 Xc1(4140*1p1 + 2d + 2dh
2 40 i 1(s/d} 040§ 1(s/d),
o X(3940) X(3940) @ 2P 3915)* P )‘.I‘ 2p Xc2(3930)* 2p
» 3.8 X0(3860)@ X1(3872 (3823) w5(3842)
@ > 4'(3770): 1d 1d 1d
25
2,6l DRI B

ho(1P) ¥ . ) Xc‘(1P)¥ ) Xd(w); ;
3.4} P Xco(1p)% P P P

EPDG ®PDG (?)

3.2t H Quarkonium S=0
B Quarkonium S=1

i 15 SRS ® Hybrid S=0

3.0f s B Hybrid S=1
JPC= ’ 0+ 1‘—— 1-;-— 0-;-+ 1-;-+ 2-;-+ 2‘-— 3‘-—

Bottomonium Spectrum

11.2
F 6.0, $ g%sldh
11.0} 11023 ¢2(ﬂgg)z + 10 +2(pif). |
+ sésid) vioseoly Hsidn
L 1 1

10.8 Y(1075 EF %)2 + 4 + 15 F1@:

1(s/d)4 4dsld),

106 * Y(4$) - @ 2f
—_ + 3 Xeo(3P)® 3p Xor 3P 3p X9 2]
>
o 10.4 2d
S ° nes)® 38 YGS)* 3s .
» 10.2 hn(2P) @ 2p x02P)® 2p Xo1(2P)@ 9 XbZ(ZP)¥ 2p
3 + 1d
= 100 wes)b 28 Y(25) @ 2s

hb(1P)’ 1p Xbu(WP)* 1p XM“F’), 1p XDZ(1P)¥ 1p
9.801
E PDG
9.601 H Quarkonium S=0
T 1 S)t Is B Quarkonium S=1 |
Y(1 ] id S=
9.40¢ (1) @ ] :;g::g §=(1)
JPC= ' o—+ 1‘-— 1;— o;-+ 1-;-+ 2;+

FIG. 1. Spectrum of charmonium (up) and bottomonium (down) from Table I put on top of the experimental XYZ mesons reported by
the PDG. We show in green the states with known J”C and in orange the states with unknown or partially known J”€. We show an error
of £110 MeV (£33 MeV) for charmonium (bottomonium) according to our expected precision. The (s/d),, pi, po. (P/f)>
and d, states are usually named H;, H,, H;, H,. and Hs respectively [11,13,22]. Our identifications are summarized in
Tables VII, VIII, and IX.

= (ko, k)

SECTU
{X\/ggg Pk @O\A

) \%%

P =(E.0) : P =(E,0)

FIG. 2. Octet field self-energy diagram in pNRQCD. Double line represents octet propagator (hybrid), while single lines represent
singlet propagator (quarkonium). The curly line is a gluon of energy larger than Agcp, the vertices are chromoelectric dipole vertices
Eq. (2) for spin-conserved transitions or chromomagnetic dipole ones Eq. (3) for spin-flip transitions. Gluons with energy similar to
Aqcp are not displayed. They are necessary to make the initial and final state gauge invariant.
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The matrix element is the expected value of r = r#* computed between the wavefunctions of the hybrid initial state (H s/,
which can be expressed in terms of vector spherical harmonics (VSH) as in Eq. (C3), and the quarkonium final |S; /)
states, that is written with the usual scalar spherical harmonics (SH) form as in Eq. (C1), hence

S 1 _ L=l 2 Ry '
(Hipg 2" |Spar) = /— [Pj(r) YL+ PO Y + Py (Y, "} o By 2 grgr (13)
r r
Using the radial projection of the SH in Eq. (C7) together with the expansion of the VHS in Eq. (C4), we shall get six terms

from Eq. (13), which coefficients CEIT" , J — 1]} runs for the
initial hybrid components of the wave function, while /' = {L’ — 1|} for the final quarkonium components.

*

> Ciiiw / P?(r)rRu(r)dr] [ZC%’;LL,M, / Pg(r)rRL,(r)dr] . (14)

Ll Ll

4a;

F(HJM - SL’M’) = 3N,

The first angular integral shall read as

L+ii — L'+1 yL'+1

— - *l 1
IM-L'M" — 2L 41 JMY LM

11 _/
2L’:1/ZY*L—M (L LT M = o)y ZYL“ C(L+ L, LLM =y )y, (15)

which gives rise to two deltas for angular and magnetic momentum conservation. By squaring in Eq. (14), we shall get
(2 x 3)2 = 36 terms: 6 noncrossed and 30 crossed terms. Each of them carries an angular momentum selection rule, and
some conservation of the spinor indices, i.e., [y*lr,]" - [r'lxy,] = 6,5,

Noncrossed terms shall survive the given selection rule in the angular momentum conservation,

. L'+1 -
(Cht P = Chlite, it = =1 D CL AT M = p)CA(L + 1,1, LM =l )8%, Sy (16)
'

L

[CJM—>L M’] = CngL*L M’CgMiL’M’ oL T IZCz LM =) C3 (L =1

M
LM = )8yt (1)

Notice that we keep explicitly the delta of angular momentum conservation to remember what channel is allowed in each

case (for example 55111“ is allowed for J = L’).

Crossed terms vanish, and they shall generally arise from the structure:

113 113 L/
[CEE VT ] = NACRL 4 2L’+1 Zc (L1 JsM = p ) C(L' + 1,1, L5 M — )
xC(I:,I,J;M—u,,u)C(|L’—1|,1,L’;M—//L,/4’)5L,+1 Oy (18)

where L and L can take any value in {J + 1,J,[J — 1}. Spin average: for S = 0 hybrids, the initial hybrid state
(1) For J=0, L and L can only take the value is characterized by JML while the final quarkonium state
L=L=J+1=1, but this leads to L'=0 by L'M’, where JML and L'M’ are fixed in each transition.

given the delta of angular momentum conser-  If one does not know the M of the initial state or does not
vation, and this term vanishes for the prefactor  measure the M’ of the final state, the spin average of the
in Eq. (18). squared amplitudes is done by

(2) For J =1, the accessible cross term comes from
L’ =0, 1. Nevertheless, these terms also vanish: the

case L' = 0 due to the prefactor in Eq. (18), while [CEL)? = =571 Z Z [ch ] (19)
L' = 1 when doing the Clebsch-Gordan sums. J+ ==
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TABLE II.  Selection rules and numerical coefficients for spin-
conserved hybrid to quarkonium transitions. We mark with “x”
the transitions that are not allowed, while we mark with - - -” the
cases that do not exist.

P‘I;:J-%—l P‘[i:] P‘II‘:!_I

A 471 ) ) ) T T
0 O 1/3

0 1 X X

0 2 X 2/3

1 1 2/5 X X X X 1
1 2 X X X 2/3 X X
1 3 X 3/5 X X X X

The coefficients of Eq. (19) can be computed for each
combination of JL and L’ and are given in Table II. Putting
all together, the general expression for the spin-conserved
transition reads as

]2

4a
I(H; - Sp) = SNSC TrAE®Y [CH,
Ll

y [ / Pg(r)rRL,<r)dr]2. (20)

In the following sections we apply this formula to the
hybrid states pg, p1, and (s/d),. The results can be found
in Table 111, and the particular values for C%!, in Table IL

TABLE III. Table of spin-conserved transitions for hybrid
charmonium and bottomonium. Units in MeV. In the table we
only show the transitions that satisfy constraints in AE >
800 MeV and (H|r|S)AE < 1. Last column includes theoretical
error associated to imprecision in AE, higher orders in a;, the
multipole expansion, relativistic corrections, and the difference
between weak and strong coupling regimes, which dominates the
error budget, see Appendix A.

Hybrid Quarkonium Decay

nL, E n'L E AE  (H|r|S)YAE T %6
Charm

2py 4917 ls 3068 1849 0.54 37+£29

3po 5315 s 3068 2247 0.26 9+6

2p; 4556 s 3068 1488 0.70 54 £52

3py 4912 s 3068 1844 0.42 22+18
Bottom

2py 11261 s 9551 1710 0.46 25+13

3pg 11525 s 9551 1974 0.29 11£5

Ip, 10772 s 9551 1221 0.72 52 £38

2p; 10995 s 9551 1444 0.55 32+£20

3p; 11209 ls 9551 1658 0.39 18+ 10

In order to estimate the reliability of our calculation, we use
in Table III,

[CHENDIEDY)

Ll

(21)

C%,/Pf(r)rRL«(r)dr.

The expressions for the S = 1 hybrids depend on the same
integrals, but with different Clebsch-Gordan coefficients.
The identified PDG states listed in Table VII with S =1,
which may decay through spin-conserved channels, are
all subject to large corrections in I', especially due to the
contributions arising from the difference between weak-
and strong-coupling regimes. Further details on these
specific transitions are provided in Ref. [36].

A. The decay of the hybrid states p,

The hybrid state with J = 0 and L = J + 1 = 1 feels the
potential X,. It can be studied with a decoupled
Schrodinger equation, with the only wave-function P,
giving rise to the hybrid states (npy). It is a state
JPC€ =0+ at spin 0, and JP€ = 17~ at spin 1. Its decay
to quarkonium has two possible channels L' = 0, 2 with
wave-function R, labeled as (ns) and (nd). From Eq. (20)
the expression for the decay width is

4a;
I(py—s)= 3

T AR x% [ / Pa’(r)rRO(r)dr} ()

4a;

F(po g d) = 3Nc

TLAE x% [ / Pg(r)rRz(r)dr} " 23)

B. The decay of the hybrid states p;

The hybrid state with / =1 and L =J =1 feel the
potential II,. It can be studied with a decoupled
Schrodinger equation, with the only wave-function PY,
giving rise to the hybrid states (np;). It is a state
JPC =17+ at spin 0, and J¥€ = (0,1,2)" at spin 1. Its
decay to quarkonium has two possible channels L' = 0, 2
with wave-function R, labeled as (ns) and (nd). From
Eq. (20), the expression for the decay width is

T(p,—s)= 34;0 T AES x% U P(l)(r)rRO(r)drr, (24)
I'(py—d) = ;}3; TrAE? X% [/ P?(r)rRz(r)dr]z. (25)

C. The decay of the hybrid states (s/d),

The hybrid state with J =1and L =J £ 1 =0, 2 feel
the potential I1, and X,. It can be studied with a coupled
Schrodinger equation, with the wave-functions P ~, giving
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rise to the hybrid states n(s/d),. It is a state J*© = 17~ at
spin 0, and JP¢ = (0,1,2)~* at spin 1. Its decay to
quarkonium has two possible channels L' =1, 3 with
wave-function R;; labeled as (np) and (nf). From
Eq. (20), the expression for the decay width is

l(s/d)y = p] = 34 ch TpAE® x (% { / PT(r)rRl(r)dr]z
+1V Pf(r)rRl(r)dr]z), (26)
4a

Cl(s/d)y = f] = 5y

STRAR x % { / PT(r)rR3(r)dr] y

(27)

V. SPIN-FLIP TRANSITIONS

The chromomagnetic-dipole interaction in the
Lagrangian Eq. (3) is responsible for spin-flip decays of
hybrid to quarkonium (spin O hybrid decaying to spin 1
quarkonium and vice versa). Spin-flip transition widths are,
in principle, suppressed by powers of the heavy-quark mass
due to the heavy-quark spin symmetry. They turn out to be
smaller than spin-conserved transition widths because in
any nonrelativistic system r > 1/m,. How smaller they
are depends on the relative size of (S|H)/m with respect
to (S|r|H), and on the size of the energy gap between the
hybrid and the quarkonium state. The spin-flip decay is
given by

4a H,|s] = s}|Sy)"
F(HJ—>SL,)—3]3“CTFAE3< slot ~ 5l50)

Mo
Hild — IS,
X < Jlsl s2|SL>’ (28)
Mo
where s-{ and sé are the spin vectors of the heavy quark and
antiquark. In Appendix D, we expand the spin-flip matrix

element. The only nonvanishing results correspond to
spin O hybrids decaying into spin 1 quarkonium as

- - 4a AE?
spin0 spinl s S« TIn]* * TN
L(HP™ - 5P = N, TFm—ZQ[S" H"|*[S*H"), (29)

and spin 1 hybrids decaying into spin O quarkonium as

4 AE3
_ % Tp—[S"H™]*[S*H™], (30)
3Nc mQ

F<H;pinl N SSL}ziHO) _

where k and n are the vector/tensor indices of the wave
function.

A. Spin 0 hybrid to spin 1 quarkonium

The hybrid wave function for spin 0 is a vector wave
function as in Eq. (C3) and the spin 1 quarkonium wave
function is also a vectorial wave function as in Eq. (C2).
The amplitude for the transition shall read as

Sk Hn = / % [Pj(r)m;/“ + PY(r) Y=l P](r)Y"f;Iu_lq R%(r) YR 2drdQ, (31)
The angular integral shall be
K?AZI{—»J’L’M’ = Lynh[ : Yk*?’,M’ = ZC(L, LJiM = pp)C(L' 1,5 M —M,7/4/)5é/5%/__’;/)(ﬁ)(£7‘. (32)
!
By squaring, the noncrossed terms are
Koy = Koy Kt = ZCZ(L’ LM = p ) CL LT M = ”’”/)52’5%’1” (33)

'

where L can take the values L = {J + 1,J,|J — 1|} for the initial hybrid components of the wave function.
Crossed terms: The delta of angular momentum conservation does not allow the existences of any crossed term for J > 0,

[’C+nk ] [,C—nk

IM—J'L'M’

IM—=J'L'M’

J-1
| ~as ! = o. (34)

Spin average: the initial state in our transition is characterized by JLM and the final state by J'L'M’, where JLM and J'L'M’
are fixed in each transition. If one does not know the M of the initial state or does not measure the M’ of the final state, the

spin average of the squared amplitudes is done by
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HYBRID TO QUARKONIA TRANSITIONS

PHYS. REV. D 113, 116004 (2026)

TABLE IV. Table of selection rules for spin-flip transitions:
Spin 0 hybrid to spin 1 quarkonium. Notice that for J = 0 only

exists the state L = J + 1 = 1. We mark with “x” the transitions
that are not allowed, while we mark with “- - - the cases that do

not exist.

;7 ik Kz [S=nik

0 0 1/3

0 1 1

0 2 5/3

1 0 X 1/3 X

1 1 3/5 1 3

1 2 1 5/3 X

1 3 7/5 X X
& 8, 5!l
1 J J'

[Kf—u'y}z = Z Z VC?M—J’L’M’P‘ (35)
2J + lM:_j M

The coefficients of Eq. (35) can be computed for each
combination of J and J'L’ and are given in Table IV. Putting
all together, the general expression for spin 0 hybrid to
spin 1 quarkonium transition is

r ( HipinO

i 4o AE3
spinl\ _ : L 2
= Sy ) = 3N; T ng ZL:[KJ—»J’L’]

x [ / P§(r)RL/(r)dr] y (36)

To get the inclusive decay rate, we can sum all the final J/
states that contribute to the same L’ of the quarkonium
wave-function. Notice that L can take the values J + 1, J
and |J — 1|. In the following sections we apply this formula
to the hybrid states po, p; and (s/d),. The results can be
found in Table VI(a) and the particular values for IC?_) 0
Table IV. In order to estimate the reliability of our
calculation we use in Table VIa

(H IS =S NED)

L

,Cﬁ_)j/L/\/‘P‘Ii(r)RL!(r)dr

1. The decay of the hybrid state p,

The hybrid state with J = Qand L = J 4+ 1 = 1 feels the
potential X;. It can be studied with a decoupled
Schrodinger equation, with the only wave-function P
giving rise to the hybrid states (npy). It is a state J°€ =
0" at spin 0. Its spin-flip decay to quarkonium has one
possible channel to L’ = 1 with wave-function R; labeled
as (np). The expression for the decay width is

. B da, . AE3 (/1 5
r(pgpmo N psplnl) — 3N; TF sz X <§+ 1 _|_§)

x [ / Pg(r)Rl(r)dr]z. (38)

In the parentheses, the 1/3 count for the final state J' = 0,
the 1 for the final state J/ =1 and 5/3 for J' = 2.

2. The decay of the hybrid state p,

The hybrid state with /=1 and L =J =1 feels the
potential II,. It can be studied with a decoupled
Schrédinger equation, with the only wave-function P!
giving rise to the hybrid states (np;). It is a state JF¢ =
17" at spin 0. Its spin-flip decay to quarkonium has one
possible channel to L’ = 1 with wave-function R, labeled
as (np). The expression for the decay width is

. da, . AE> (1 5
- 1)
2
X [/ P?(r)Rl(r)dr] . (39)

In the parentheses, the 1/3 count for the final state J' = 0,
the 1 for the final state J' =1, and 5/3 for J' = 2.

3. The decay of the hybrid state (s/d),

The hybrid state with J=1 and L=J£1=0, 2
feels the potential IT, and X;. It can be studied with a
coupled Schrodinger equation, with the wave-function
P /Py giving rise to the hybrid states n(s/d),. It is a
state JP€ = 17~ at spin 0. Its spin-flip decay to quarkonium
has two possible channels to L' = 0 and L’ = 2 with wave-
function Ry and R, labeled as (ns) and (nd) respectively.
The expression for the decay width is

4a; AE3
Tr—s-
3Nc mQ

« { / Pl‘(r)RO(r)dr]z, (40)

F[(s/d)ipino - sSpinl} = x 3

. . 4 AE? 3 7

3Ne Fmdy TS 5

« { / P,+(r>R2(r>dr]2. (41)

In the parenthesis, the 3/5 count for the final state J' = 1,
the 1 for the final state J' = 2, and 7/5 for J' = 3.
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B. Spin 1 hybrid to spin 0 quarkonium

We can express the wave function for the spin 1 hybrid in terms of tensor spherical harmonics Eq. (C9), and the spin 0
quarkonium state in terms of scalar spherical harmonics Eq. (C1). Then the amplitude is

1 R / !

S Hk — / IS U L TIM =)L L IM = = ) Y (0 Ry 2arag @2)
r r

v
and the angular integral for the transition is
JCLInk = ZC(J 1, TIM = 0,0)C(L, 1, JIM = v = p, ) x 858 pnzk (43)
JM_,L/M/ s Lo ’ s Ly ) L'YMm /UYV'
722

We recall that J = |7 — 1

T J+1and L=1J-1

,J,J 4+ 1 that correspond to the hybrid components of the wave

function. For each 7 we get up to 3* = 9 possibilities that contribute to the amplitude. Hence, the squared amplitude may
have up to 92 = 81 terms, and the noncrossed contributions shall read as

[]Clj(/\/t—)L']

=K L KR e = ZCZ(J, 1L JIM =0, 0)CH (L, JM = v — ) x 85842 (44)
)24

Crossed terms: For a given J we may have some crossed terms corresponding to the components of the hybrid wave

functions that shall read as

K K

jM—»L/MI] = ZC(le 1,\7|M _I/,U)C(Jz, 1’j|M _l/,IJ)
i

X C(Ly, 1, Jy M = v = p, ) C(Loy, 1, Jo|[ M = v = i, ) x 851802, 800727, (45)

Crossed terms arise from more than one contribution to the
amplitude JJL — L'. This can only happen for the states
L =J *1, since they have two components in the wave
function. However, angular momentum conservation
implies J + 1 = L’ = J — 1 which is not accessible.

The spin average squared amplitude only contributes the
noncrossed terms and shall read as

1 L&

ST K ew]? (46)
M=-J M'=-L'

LJ 2 __
[ICJQL/] - 27 + 1

Putting all together, the general expression for the transition
rate is

. , da,  AE?
spinl spin0\ LJ 2
C(HY) = SP™) = 3N2 Tp—m2Q > IKE ]
L

« [ / Pﬁg(r)RL,(r)drr. (47)

In the following sections we apply this formula to the
hybrid states pg, pi, and (s/d),. The results can be found
in Table VIb and the particular values for K%/, in Table V.
In order to estimate the reliability of our calculation we
use in Table VIb,

L

(HalSu) = YKy, [ PHORu(drl. @9

1. The decay of the hybrid state p,

The decay of the hybrid state p, arises from the
combinations of quantum numbers JJL = 001 and 101.
It can be studied with a coupled Schrédinger equation with
wave-function components Pg 0 and Pf_, which may be
approximated to Pj. Its spin-flip decay to quarkonium
has L' = 1 angular momentum conservation with wave-
function R/, labeled as (np). The expression for the decay
width is

4o AE3
3NC m2Q

x [ / Pg(r)Rl(r)drr. (49)

F(pépinl N pspiHO) —

2. The decay of the hybrid state p,

The decay of the hybrid state p; arises from the
combinations of quantum numbers JJL = 011 and 111.
It can be studied with a coupled Schrédinger equation with
wave-function components Pg+ and PY° approximated to
P(1)- Its spin-flip decay to quarkonium has L’ = 1 angular
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TABLE V. Table of selection rules for spin-flip transitions: spin
1 hybrid to spin 0 quarkonium. We perform the approximation

P/ ~ P in the wave functions. We mark with “- - the cases
that do not exist.

J J L=L (KL TP Wave function  State
0 0 - K%, = PO~PI=3

0 0 1 KPP =0 PO~ Pf Po

0 1 0 KL =1 Py~ Py (s/d),
N S e L L
0 1 2 K P =1 Pt~ P} (s/d),
1 0 - K )P=- Py ~P)=%

1 0 1 K, P =1 P~ ~P§ Po

1 1 0 KPP =1 PO~ Py (s/d),
I R N Lk S LIS B
11 2 KH 12 =1 PO~ pf (s/d),
1 2 1 K =1 Pyt ~pP;  (p/f)
2 2 Ko P =1 Pyt~ PY dy

1 2 3 Ko P =1 Pit~P;  (p/f)

momentum conservation with wave-function R;, labeled
as (np). The expression for the decay width is

4a; AE?
LT —
3Nc mQ

x U P(l)(r)Rl(r)drr. (50)

D(pP™ > ) = q0

3. The decay of the hybrid state (s/d),

The decay of the hybrid state (s/d), arises from the
combinations of quantum numbers JJL = 010, 012, 110,
and 112. It can be studied with a coupled Schrodinger
equation with wave-function components P;* and P7°
approximated to Py, plus Pj" and P approximated
to P{. Its spin-flip decay to quarkonium has L' = 0 or 2
angular momentum conservation with wave-function R, or
R,, labeled as (np) or (nd). The expression for the decay
width is

spinl in 4as AE3
i)™ = 5] = S0 7 [
2
X [/ Pl_(r)RO(r)dr] , (51)
spinl i 4-615 AE3
Clls/ ™ = @] = 3 1S )

x { / PT(r)Rz(r)dr]z. (52)

VI. COMPARISON WITH EXPERIMENT

We compare our theoretical predictions with the exper-
imental results reported by the PDG in the section
“Spectroscopy of Mesons Containing Two Heavy
Quarks” [8], updated through July 2025. Our analysis
includes all heavy mesons listed with zero isospin, which
we match to hybrid states with compatible masses and
quantum numbers JPC. Some XYZ mesons may corre-
spond to more than one possible theoretical state. We use
decay pattern compatibility to distinguish between hybrid
and conventional quarkonium assignments. We present
below our hybrid assignments. The uncertainty in this
section does not include the SAE term from Eq. (A1) since
we replace the mass of involved states with the mass of the
assigned PDG resonances.

Before detailing specific assignments, it is important to
contextualize our hybrid approach within the broader
landscape of XYZ phenomenology. Many of these exotic
states also admit alternative theoretical interpretations, such
as hadronic molecules (loosely bound states of two heavy
mesons) or compact multiquark configurations (e.g., tightly
bound diquark-antidiquark tetraquarks) [6,7]. While our
present work focuses exclusively on the hybrid quarkonium
hypothesis, a definitive identification of the internal struc-
ture of XYZ states will require a global analysis including
hybrid, molecular, and tetraquark components for a given
isospin zero candidate. Furthermore, we stress that when
our computed transition rates are labeled as Not Reliable
(NR) or subject to Large Corrections (LC), assignments are
primarily based on mass proximity.

(1) X(3940) (JP€ = 2", T = 43 4+ 20 MeV). It may be
identified with our hybrid 1(s/d), (4028 MeV) in
any spin configuration. We find that neither the spin-
conserved nor the spin-flip decays can be calculated
reliably. An assignment as 2p (3958 MeV) charmo-
nium remains possible.

(2) w(4040) (JP€ = 177,T = 84 4+ 12 MeV). It may be
identified as our hybrid 1(s/d), (4028 MeV) with
spin 0. We find that neither the spin conserved nor
the spin flip decays can be calculated reliably. If this
identification is made, then X(3940) can be one of
the spin-1 partners, most likely the 0~*, according to
hyperfine splitting pattern found in [15,16,37].

(3) xe1(4140) (JP€ =171, T'=1947 MeV). It may
be identified as our hybrid 1p; (4171 MeV) with
spin 0.' We find that neither the spin conserved nor
the spin flip decays can be calculated reliably.

(4) X(4160) (JP€ =727, T = 13673 MeV). It may be
identified as our hybrid 1p; (4171 MeV) at any spin
configuration. If y,., (4140) is assigned to the spin-0
1p, hybrid, then X(4160) can be one of the spin-1

'Tn Ref. [14] this identification was ruled out because of a
selection rule which was due to an oversimplification in the
derivation of the spin-conserved transitions [22].
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&)

TABLE VI.

Table of spin-flip transitions. Units in MeV. We only show transitions that satisfy the constraints [see

discussion below Eq. (11)] and have error <100%. For final quarkonium with spin 1, we present the inclusive decay
rates (sum over possible total angular momentum J' in the final state). Last column includes theoretical error
associated to imprecision in AE, higher orders in «,, the multipole expansion, relativistic corrections, and the
difference between weak and strong coupling regimes, which dominates the error budget, see Appendix A.

Hybrid [S = 0] — Quarkonium [S = 1]

Hybrid Quarkonium Decay
nL; E n'Ll’ FE AE (H|S)AE/mg (f|r]i)AE r+6ér
Charm
2(s/d), 4394 s 3068 1326 0.56 0.33 33 £36
3(s/d), 4678 s 3068 1610 0.05 0.57 03+0.3
Bottom
2po 11261 1p 9879 1382 0.12 0.08 1.5£14
3po 11525 Ip 9879 1646 0.06 0.18 0.5+04
1(s/d), 10704 ls 9551 1153 0.32 1.43 10£7
2(s/d), 10905 s 9551 1354 0.24 0.65 6+4
3(s/d), 11103 s 9551 1552 0.10 0.26 1£0.6
(a) Spin-flip transitions for initial hybrid spin O to final quarkonium spin 1.
Hybrid [S = 1] - Quarkonium [S = 0]
Hybrid Quarkonium Decay
nL; E n'L’ F' AE (H|S)AE/mg (f|r|i)AE r+or
Charm
2(s/d), 4394 s 3068 1326 0.33 0.33 11+12
3(s/d), 4678 s 3068 1610 0.03 0.57 0.1 £0.1
Bottom
2po 11261 1p 9879 1382 0.07 0.08 0.5+05
3po 11525 Ip 9879 1646 0.04 0.18 0.2+0.1
3p; 11209 Ip 9879 1330 0.06 0.17 04+04
1(s/d), 10704 s 9551 1153 0.18 1.43 32+£25
2(s/d), 10905 s 9551 1354 0.14 0.65 241
3(s/d), 11103 s 9551 1552 0.06 0.26 0.3+0.2

(b) Spin-flip transitions for initial hybrid spin 1 to final quarkonium spin 0.

partners, most likely the 17F, according to the
hyperfine splitting pattern found in [15,16,37]. We
find that neither the spin conserved nor the spin flip
decays can be reliably calculated. An assignment as
35 (4149 MeV) or 2d (4209 MeV) charmonium, or
1(p/f), (4245 MeV) hybrid remains possible.

X(4350) (JP€ =27+, T = 1378 MeV). It may be
identified as the hybrid 2(s/d), (4394 MeV) at spin
1. We find a spin-flip decay into charmonium
1.(18), with a width of 12 + 12 MeV. Even though
this value is consistent with the total decay width, it
leaves little room for spin-conserved transitions and
for decays to D-meson pairs. An assignment as 3 p
(4388 MeV) spin-1 charmonium is favored, and an
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assignment as 1p, (4455 MeV) spin-0 hybrid
remains possible.

w(4360) and w(4415), (JPC=1", =120+
12 MeV, and T'= 110+ 13 MeV, respectively).
They both may be identified as our hybrid
2(s/d), (4394 MeV) at spin 0. We find a spin-flip
decay into charmonium J/w(1S), with a width of
I'=30+32 MeV and I" = 32 £+ 33 MeV, respec-
tively, which is consistent with the observed total
decay width in both cases.

(7) x0(4500) (JP€ =07+, T =77 £+ 10 MeV). It may

be identified with our 1p, hybrid (4445 MeV) at
spin 0. We find that neither the spin conserved
nor the spin flip decays can be reliably calculated.
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TABLE VIL

full.pdf in Ref. [36].

Table for XYZ mesons, as presented by the PDG, and the corresponding states from our calculation.
All units are in MeV. Hybrids are labeled by their quantum numbers nL;[S], while quarkonium states are labeled as
nL[S]. The values of I', along with their associated uncertainties, are refined by replacing our calculated masses in
AFE with the corresponding experimental value. Uncertainties include higher-order corrections in @, and in the
multipole expansion, relativistic corrections, and the difference between weak and strong coupling regimes, which
dominates the error budget. We use the notation not reliable (NR) if AE <800 MeV or if (H|r|S)AE 2 1
((H|S)AE/mg Z 1) for spin-conserved (spin-flip) transitions. Large corrections (LC) means 8I" Z 100%, which is
discussed in Appendix A. For details of each transition, we refer the reader to the table decay tables

PDG Our estimate
Name Mass Jre r Hybrid Quarkonium decay channel | A
Charm
X(3940) 394249 97 43+£20 I(s/d),[S=1] 1s[S=0] NR
1p[S = 1] NR
w(4040)  4040+4 1  84+12  1(s/d),[S=0] 1p[S=0] NR
15[S = 1] NR
7o (4140)  4146+3  1HF 1947 Ip[S=0  1s[S=0] NR
1p[S = 1] NR
X (4160) 4153420 9 136+ Ipi[S=1] 1p[S = 0] NR
15[S = 1] LC
X(4350) 435145 % 13718 2(s/d)[S=1] 1s[S=0]  n.(15)[2984] 12412
1p[S = 1] LC
w(4360)  4374+7 1 120£12  2(s/d),[S=0] 1p[S=0] NR
Is[S=1  J/p(15)[3097]  30+32
w(4415)  4415+5 1  110+13  2(s/d),[S=0] 1p[S=0] NR
s[S=11  J/w(S$)B097] 32433
20(4500)  4474+4  0YF 7710 1pS=0]  1s[S=0] NR
1p[S = 1] LC
X(4630) 462612 2 170740 3(s/d)[S=1] 1s[S=0]  5(15)2984]  0.12+0.
19[S = 1] LC
w(4660)  4623+10 1 5549  3(s/d),[S=0] 1p[S=0] NR
Is[s=1  J/w(1$)[3097] 03 +0.27
Bottom
Y(10753) 1075346 1— 36+15 1(s/d),[S=0] 1p[S=0] NR
Is[S=1]  T(15)[9460] 1349
Y(10860) 10885+2 1=  37+4  2(s/d),[S=0] 1p[S=0]  h,(1P)[9899] LC
Is[s=1]  T(15)[9460] 7+4
T(11020) 1100044 1=  24+7  3(s/d),[S=0] 2p[S=0]  h,(2P)[10260] LC
Is[S=1  Y(15)[9460] 1+0.6

An assignment to the nearby 3p quarkonium
(4388 MeV) is less favored.

X(4630) (JP€ =2"F, 1744+ 78 MeV). It may be
identified as our hybrid 3(s/d), (4678 MeV) at
spin 1. We find a spin-flip decay into charmonium
1.(18), with a width of ' ~ 0.12 £ 0.1 MeV, which
is consistent with the observed total decay width.

€))
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An assignment as 4s (4562 MeV) or 3d (4608 MeV)
spin-0 charmonium remains possible.

w(4660) (JP€ =177, = 5549 MeV). It may be
identified as our hybrid 3(s/d), (4678 MeV) at spin
0. We find a spin-flip transition channel into charmo-
nium J/w(1S) with a width of ' ~ 0.3 4+ 0.27 MeV,
which is consistent with the observed total decay
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width. An assignment as 4s (4562 MeV) or 3d
(4608 MeV) spin-1 charmonium remains possible.

(10) Y(10753) (JP€ =177, T =36 4+ 15 MeV). It may
be identified” as our hybrid state 1(s/d),
(10704 MeV) at spin 0 (49 MeV ~ 1o away). We
find a spin-flip decay into bottomonium Y (15), with
awidth of I ~ 13 £ 9 MeV, which is consistent with
the observed total decay width. An assignment as
bottomonium 3d (10689 MeV) spin 1 (64 MeV ~ lo
away) may also be possible.

(11) Y(10860) (with JF€ =177, T =37+ 4 MeV). It
may be identified (see footnote 2) as our hybrid
2(s/d), (10905 MeV) at spin 0. We find a spin-flip
decay into bottomonium Y(15), with a width of I' =
7 & 4 MeV. Since the total decay width to non-BB
states is I'y,,_pg = 6.5 = 1 GeV, our numbers dis-
favor the assignment as a pure hybrid state. An
assignment as bottomonium 5s (10901 MeV) is
favored.

(12) T(11020) (J€ =177, ' =244+ 5 MeV). It may
be identified (see footnote 2) as our hybrid 3(s/d),
(11103 MeV) at spin 0 (103 MeV ~ 30 away). We
find a spin-flip decay into bottomonium Y(1S),
with a width of ' =1 £ 0.6 MeV. An assignment
as bottomonium 4d (10939 MeV) (61 MeV ~ lo
away) is favored.

VII. SUMMARY AND CONLCUSIONS

Within the Born-Oppenheimer effective field theory
(BOEFT) framework we update and extend the results
of Ref. [14]. In particular we revise the calculation for
spin-conserved transitions and address the spin-flip ones
[21,22]. Our analysis extends previous works [11-14,22] in
several important ways:

(1) Updated hybrid potentials. We incorporate a recent
evaluation of the hybrid static potentials [28], which
uses the latest lattice QCD data [26,27]. This
improves the accuracy of the energy spectrum and
wave functions used in our decay width calculations.
The differences with respect to the energy spectrum
reported in [14] fall within the expected theoretical
uncertainties.

(2) Spin-flip transitions. We treat spin-flip transitions
with greater care, particularly those originating from
spin-0 hybrids and leading to spin-1 quarkonium

*For the three bottomonium hybrids 1(s/d),, 2(s/d),, and
3(s/d),, our mass predictions do not match well with the
experimental values. This mismatch might be due to strong
mixing effects, as the (s/d), hybrid states lie close in energy
to the nearby s and d bottomonium levels [14]. Such mixing
could shift the predicted mass positions and alter decay widths
accordingly.

final states, which form multiplets with different
total angular momenta J. We calculate the decay
width for every J, which allows us to make precise
comparisons with PDG data. In Ref. [22] only the
sum of decay widths for all J is displayed.

(3) Inclusion of the d-wave decay channel. We include
the d-wave final states in the decay channel both in
spin-conserved and spin-flip transitions, which have
not been considered before. This channel allows
transitions from the hybrid initial state p; through
spin-conserving processes and from (s/d), through
spin-flip ones. Nevertheless, the figures obtained for
these transitions turn out to be unreliable (either
because the transitions do not fulfill the constraints
or because the figures are produced with large errors,
see Ref. [36]).

(4) Comprehensive error analysis for the decay widths.
We make a systematic analysis of errors, including
theoretical errors associated to higher orders in the
strong coupling, imprecision in the mass spectrum,
the multipole expansion, the relativistic corrections,
and the difference between weak and strong cou-
pling regimes. The last error source turns out to be
very important. It arises from the fact that the
transition vertices are calculated in the weak cou-
pling regime because the transition energy is large,
but the states, both hybrid and quarkonia, are
obtained in the strong coupling one. In Ref. [22],
only the first three error sources are considered. As a
consequence, a number of decay widths figures that
are used to rule out possible hybrid candidates in that
reference become unreliable once the remaining
error sources are taken into account, in particular
the last one. In Ref. [14], the relativistic corrections
are not discussed either. Even though AE are
comparable to m, in quite a few cases, the relativistic
corrections do not have a major impact in the final
error. However, due to numerical factors, in most
cases the error from the relativistic corrections turns
out to be more important than the one from the
multipole expansion, which is parametrically larger.
Hence, it is important to take it into account. We
carefully discuss here for which decay channels our
calculation produces reliable results.

We also recalculate the spin-conserved transitions,
which are now in agreement with Ref. [22]. These improve-
ments lead to more accurate assignments of XYZ
resonances to quarkonium or hybrid states, and help
resolve some ambiguities in the state identification.
We confirm the assignments of Ref. [14] with the follow-
ing exceptions: y.(4140), which was left with no assign-
ment is now identified with the spin zero 1p; hybrid (see
footnote 1); w(4040) and w(4415), which were assumed
to be quarkonium states, are now identified with the spin
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zero 1(s/d),” and 2(s/d),* hybrids; X(3940), which was
assigned to 2p state, now it can also be a 1(s/d), hybrid.

Let us mention that the spectrum presented here
describes the higher bottomonium resonances less accu-
rately than the one in Ref. [14]. This may be due to the fact
that the potential we use here is obtained entirely from
fits to quenched lattice data [28]. This delivers a string
tension ¢ ~ 0.22 GeV?, whereas in Ref. [14] a value ¢ ~
0.18 GeV? was used, which is closer to the values obtained
by lattice calculations with dynamical fermions [42] (see
[43] for a discussion on the light-quark mass dependence
of the string tension). In addition, the proximity of several
quarkonium s and d levels to hybrid (s/d), levels may
make mixing important [14]. We expect that the mixing
issue will be resolved once the recent lattice data on the
mixing potentials of Ref. [44] is incorporated in the
approach.

The usefulness of the semi-inclusive decay widths to
quarkonium in order to identify hybrid states among the
XYZ resonances is limited. This is due to the fact that only
a few transitions can be reliably calculated, and they not
always correspond to XYZ candidates. Nevertheless, we
find, for instance, that the calculated spin-flip decay width
of Y(10860) is comparable to the branching fraction
to non-BB states reported in the PDG. Since there should
also be room for the decay width of the spin-conserved
transitions, its interpretation as a purely hybrid state is
disfavored. X(4350) is a similar case: the spin-flip decay
width is similar to the total decay width. However, most of
the calculated semi-inclusive decay widths that correspond
to XYZ states are compatible with the total decay width
reported in the PDG. In this case, we provide predictions
for particular channels. The remaining semi-inclusive
decay widths that we have calculated stand as predictions
for these hybrid states, which may be eventually tested if
they are identified with new XYZ resonances in the future.

In summary, we keep finding an overall good agreement
with the experimental data reported by the PDG [8]. Based
on mass proximity and allowed quantum numbers, we
propose either hybrid or conventional quarkonium inter-
pretations for nearly all heavy isospin-zero states in the
XYZ meson spectrum. In addition, we have been able to
reliably estimate a limited number of semi-inclusive decay
widths for both spin-conserved and spin-flip hybrid to
quarkonium transitions by carrying out an exhaustive error
analysis. Let us finally mention that alternative interpreta-
tions, such as molecular or tetraquark models, may corre-
spond in our framework to missing components of the same
state that we have not taken into account.

3This state was identified with ¥ (4008) in Ref. [14]. Y (4008)
was reported by Belle in Refs. [38,39], but it has not been
confirmed by other experiments (see, for instance, [40,41]) and it
is not listed in the PDG.

It was assigned to 4s in Ref. [14].
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APPENDIX A: UNCERTAINTIES

1. Uncertainty in the mass spectrum

We have used the leading-order potential for both
quarkonium and hybrids; the potentials we neglect start
at order 1/mg. For hybrids, the error we assign to this
calculation is AéCD /mg, since Agcp is the next relevant
scale. For quarkonium, this is not always the case, as the
typical momenta can be larger than Agcp. A detailed error
analysis is carried out in Appendix A of [14]. For
simplicity, we stick to AéCD /mg to estimate the uncertainty
for quarkonium as well. Taking Agcp ~ 400 MeV, we
obtain a precision of about 110 MeV for charmonium and
33 MeV for bottomonium.

AE is the energy gap between the initial hybrid and the
final quarkonium states in the transition. In most of our
transitions AE typically lies in the range of 1-2 GeV, and is
never smaller than 800 MeV. To estimate uncertainties, we
vary AE by AE = /2 x 110 MeV for charmonium and
SAE = /2 x 33 MeV for bottomonium.

a. Quarkonium

We compare the quarkonium spectrum from our calcu-
lation with the particles listed by the PDG [8]. Since we
work at leading-order in the 1/mg, expansion for the
potentials, the states in our calculation are spin degenerate,
so they may correspond to various J©C configurations for
S =0or S =1, as shown in Table L.

We observe that most of the computed states do not differ
from the experimental candidates by more than the expected
precision, see Table VIII. For charmonium, we obtain a
mean absolute error (m.a.e.) of 57 MeV, which is well below
the expected theoretical uncertainty of 110 MeV. In the
bottomonium sector, we find a m.a.e. of 34 MeV, slightly
above the expected uncertainty of 33 MeV. However, it is
important to note that the bottomonium ground state (1s) is
expected to deviate more significantly due to its large mass
and stronger binding effects.” If we exclude the (1s) states

>Y(15) and 1, (1S) are better understood in the weak coupling
regime of pNRQCD, see for instance [45,46].
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TABLE VIII. Comparative table for the quarkonium spectrum
(in MeV) showing our predicted states and the experimental
candidates listed by the PDG [8] with compatible J”C and close
mass. We only include uncertainties in PDG masses when they
are bigger than 1 MeV. We consider an expected precision (1) of
about 110 MeV for charmonium and 33 MeV for bottomonium.
We use the following symbol code: dagger (*) for PDG states that
could correspond to several of our candidates, either quarkonia or
hybrid; an asterisk (*) for PDG states that are more than 16 away
from our mass prediction; italics the bottomonium ground states
(1s), which are better understood in the weak coupling regime.

Our prediction PDG
nL M. £ 110 MeV Mass PDG name  JPC
ls 3068 2984 n.(18) (s
3097 J/w(18) 1=
2s 3674 3638 1.(2S) 0t
3686 w(29) 1=
3s 4149 415313 X(4160) ()
4191 +5 w(4160) 1
4s 4562 462671, X(4630) () 7**
4415£5 () w(4415) () 17~
1p 3457 3525 h.(1P) 1=
3415 Xeo(1P) 0+t
3511 Xei(1P) 1
3556 Xe2(1P) PARS
2p 3958 3942 +£9 X(3940) () 7
3862130 X0(3860)  OFF
3922 +2 Z20(3915) 0
3872 201(3872) 1t
3922 £ 1 X2(3930) 2+
3p 4388 4474 £4  y,(4500) () O+F
4286 +9 2e1(4274) 1+
435145 X(4350) () 7*F
4p 4774 469410 X0(4700) 0T
4684+ Xe1(4685) 1
1d 3762 3774 w(3770) 1
3823 w,(3823) 27"
3842 w3(3842) 3
2d 4209 422242 w(4230) 1—
3d 4608 462310  y(4660) () 17

(a) Charmonium spectrum and candidates.

Our prediction PDG

nL M, +33 MeV Mass PDG name  JPC
1s 9551 9399 + 2 1y (1S) 0"

9460 T(15) 1—
2s 10017 9999 + 4 1 (25) 0+

10023 T(25) 1—
3s 10355 10330 15(3S) 0"

10355 T(35) 1
4s 10643 10579 £1 (%) Y (45) 1—
5s 10901 10885+2  T(10860) () 17~

(Table continued)

TABLE VIII. (Continued)

Our prediction PDG

nL  My; +33 MeV Mass PDG name  JPC
1p 9879 9899 h,(1P) 1+-
9859 X0(1P) 0+

9893 21 (1P) 1+

9912 202(1P) 2t

2p 10234 10260 + 1 hy,(2P) 1=
10233 X00(2P) 0+

10256 X61(2P) 1

10269 (%) 202(2P) 2

3p 10532 10530 200(3P) 0+t
10513 201 (3P) 1

10524 X02(3P) 2+

1d 10106 10164 + 1 (*) T,(1D) 27"
3d 10689 10753 £6 () T(10753) () 17~
4d 10939 11000 +4 (*)  T(11020) 1=

(b) Bottomonium spectrum and candidates.

from the statistics, the resulting subset yields a reduced
m.a.e. of 26 MeV, which lies below the expected
precision.

b. Hybrids

The static potentials may be fitted to lattice data with
various approximations for the long- and short-distance
behavior. Variations in the assumed potential lead to
differences in the predicted spectrum. In Table IX, we
summarize the hybrid spectrum for different fits and
associate each state with its most likely experimental
candidate.

For hybrid charmonium, we obtain a m.a.e of 35 MeV,
which is well below the expected theoretical uncertainty of
110 MeV. In the bottomonium sector, however, we find
fewer possible identifications, and some are further from
the predicted energy levels. In this case, the m.a.e. is
35 MeV, slightly above the expected uncertainty of
33 MeV. It is important to note that these statistical
estimates are based only on the identified hybrid candi-
dates (10 for charmonium and only 2 for bottomonium) so
the statistical significance of the bottomonium result is
limited.

2. Uncertainty in I'

For the decay rate I ~a,(AE)AE? x [multipole
expansion + relativistic expansion|, we consider uncer-
tainties arising from the following:

(1) The transition energy AE + SAE, where 0AE is the

uncertainty in the binding energies discussed
in Sec. A 1.
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@

3
“

TABLE IX. Comparative table for the hybrid spectrum.

For each state nL; we show the predicted energy (in

MeV) for different potentials: those used in the present work, showed in Appendix B, the one used in our previous
paper [14], and the one used in Ref. [22]. The (s/d);, p1, Po» (P/f),, and d, states are named H,, H,, H;, H, and
Hs respectively in [13,22]. The last columns show our best PDG candidate [8]. The expected precision of
predictions is about 110 MeV for charmonium and 33 MeV for bottomonium. In orange: PDG states that could
correspond to several of our candidates, either quarkonia or hybrid. In gray: PDG states that are more than 1o away

from our mass prediction.

Our prediction PDG
nlL; Mz, M 5, [14] M 5, (22] Mass PDG Name Jre
+110 MeV Charm

1po 4455 4486 4590 4474 + 4 20(4500) (M) 0t

2py 4917 4920 5054

3P0 5315 5299 5473

1(s/d), 4028 4011 4155 4040 + 4 w(4040) 1~
3942 +9 X(3940) (%) 77

2(s/d), 4394 4355 4507 4374 +7 w(4360) 1
4415 +5 w(4415) (1) 1
4351 5 X(4350) (") 7

3(s/d), 4678 4692 4812 4623 + 10 w(4660) () 1
4626171 X(4630) () 7

1p, 4171 4145 4286 4146 £ 3 Xc1(4140) 1+
41533 X(4160) (") 27

2p, 4556 4511 4667

3p) 4912 4863 5035

+33 MeV Bottom

1po 10977 11011 11065

2p 11261 11299 11352

3P0 11525 11551 11616

1(s/d), 10704 10690 10786 10753 £6 (%) T(10753) () 1

2(s/d), 10905 10885 10976 10885 +2 T(10860) () 1

3(s/d), 11103 11084 11172

1p 10772 10761 10846

2p, 10995 10970 11060

3p) 11209 11175 11270

Higher orders in the strong coupling constant o,
Sa, = w, see Sec. A2a. This error
includes the one due to the variation of @, from SAE.
Higher orders in the multipole expansion, see
Sec. A2b.

The use of eigenstates of the full (confining) poten-
tial in Eq. (4) rather than eigenstates of the singlet
(perturbative) potential in Eq. (1), see Sec. A2c.
This is estimated by calculating the average of the
confining potential in the quarkonium state over the
transition energy.

Relativistic corrections, see Sec. A 2d. There are
two contributions, one proportional to the energy
tranfer (AE) and one proportional to the average
kinetic energy of the quark-antiquark pair in the
initial and final states (f|0?|i), we use the notation
V= 2I({floli)] = E; = (ilVyli) + E; = (Vs |£).
h=2%,,11,, see Eq. (A14).

We add in quadrature the above errors and estimate the
uncertainty of the decay width as follows:

Spin conserved:

®

oI’
r

/e

SAENT (oa\? (IfH)PAET)" |
AE a, 120

AE? )%

TN (16%)2 ()
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Spin flip:

or SAE\? Sag\ 2 |<f|r|i>|2AE2 2 ol(f|r|f)] + u\? AE? \? 5V \2

T <3ﬁ> +<a_s> +( 24 Y i 16m?, * 24mgy) (42)
We use

[{fIrlD)] =

Note that in contrast with Eq. (21), Eq. (A3) does not
include Clebsch-Gordan factors, see Sec. A 2b. We esti-
mate (i|V,|i), h = X, 11, as follows, {i|V,]i) ~ V;,(Fmin)-
the minimum of the average potential for the hybrid
initial state, and (f|Vy:|f) ~ Vg ((f[r[f)) for the quarko-
IMin[Vy- + Vi | ~2mg +
E# +1.2 GeV, where the numerical factor is estimated
by analyzing the lattice data associated to the poten-
tials used to compute hybrid and quarkonium states,
see Fig. 3.

nium final state. V(rym) =

a. Uncertainty in the strong coupling constant

The strong coupling constant o (AE) is evaluated at the
scale of the energy difference between the hybrid and
quarkonium states, we use the AlphasExact function from the
RunDec package [47—49] with 5 fixed flavor number and
4-loop running, corresponding to evolution from M, down

V() [GeV]

Z/Pﬁ(r)rRL«(r)dr

(A3)

LN = / /R, (r)dr.

|

to AE. This setup ensures consistency with the flavor
scheme and scale hierarchy adopted in Ref. [22]. To
estimate the uncertainty on o (AE), we vary the renorm-
alization scale in the range [AE/2, 2AE]. This accounts for
both the uncertainty in the energy gap AE and the effect of
higher-order corrections in the running of a,. The resulting
variation in a, is then propagated into the decay width as a
theoretical uncertainty.

b. Higher orders in the multipole expansion

For the spin-conserved case, higher order terms in the
multipole expansion that we need to estimate the error can
be found in [50]

|
ﬁgfumpole:Tr{oTr-gEs+M0TrlrfrnglDJEks+H.c.}.

(A4)

— Short
0.5f

>
3
e 4 —
P 2 ———
< | f e
— %"
_024
_os- - 2 +E, 1
------- 0.22 r+Ep
_____ _Q-fi+0.22 r+Eq-Eqr
-1.0 L e
0.5 1.0 1.5 2.0 2.5 0.0 04 0.6 0.8 1.0
r [fm] .

FIG. 3.

Left: the blue and green lines show the fit of the hybrid potentials I1,, and £, respectively. The solid red line shows the fit of the

static potential £} in Eq. (B1) proposed in Ref. [28] on top of the lattice data (dots) from Ref. [26,27]. The energy gap of ~1.2 GeV
corresponds to the energy difference between the minimum of the hybrid potentials and the value of the £ potential at the distance
where the minimum occurs. Right: the red dash-dotted lines show the Coulomb potential and the red dotted lines the confining potential
in order to illustrate the energy gap between long- and short- distance regimens, y = E; — Eq++ = —28 MeV. We also show in black the
expected long (EST) and short (perturbative) distance behavior. The red dashed line shows the corresponding Cornell approximation

that we use in Sec. A 2 ¢ to estimate the error.
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Recall that D and E depend only on the center of
mass coordinate R. The AL =1 piece of rr/r* reads
r2(8Yr% + §/krt + §%r/) /5. Atleading order in g, D'D/EF ~
—0;0;00AF. Since AF is transverse, the only remaining
contraction is —r’r0*d,A /5, The relative size of the higher
order term is then

(AE?|(fIP]i)]

(AEP[(fIrli)[*

~ A5
120((f|r|i)| 120 (A3)
For the spin-flip case, we have
sf CF 1 U
ﬁrr{ultipole = %Tr{OT(GI - 0-2) (gB + 8 D ngB> S
+H.c. } (A6)

Recall that B depends only on the center of mass co-
ordinate R. The AL = 0 piece of r'r/ reads r*>5'//3, and at
leading order in g of D'D/gB =~ 9,0 ;9B. Hence the relevant

piece of the correction reads r20°gB /24, which leads to a
higher order term of the following size:

(AE|(f1P]D)]  (AE)|(fIr]i)?
24 B 24 '

(A7)

c. Confining versus Coulomb potential

The diagram in Fig. 2 produces an imaginary part to the
hybrid potential, which is related to the total decay width to
quarkonium plus anything else. This imaginary part is
calculated in weak coupling pNRQCD and is proportional
to [14],

2 Cra
h— PG

I ~ (E = hy)?
m(V) ~ (E = h)". o

(A8)

and E is the energy of the hybrid. In the case of spin-
conserved transitions this expression appears between
|

E.YC

{01.igA(x))} {{91.igA(x))}. 07} _{az,igA(xz)}Jr{{az’igA(xz)}’a%}

two r, and in the case of spin-flip transitions between
two (o} — 65)/m. In order to estimate the contribution of
a single quarkonium state to the decay width, we can
project it into this state, say |n). However, our quarkonium
states are calculated in the (LO) BOEFT with a confining
potential given in Eq. (B1), which corresponds to the
strong coupling regime of pNRQCD. They are approxi-
mate eigenstates of the Cornell potential H =
hy+or+pu, Hgn)=E,|n), with pu=Ey—E;c=
—0.07/ry = =28 MeV and ¢ = 0.215 GeV?>. H; is a very
good approximation to the confining potential in Eq. (B1),
see Fig. 3. For the lowest lying states the confining term can
be treated as a perturbation,

(nl(E = hy)*|n) = (n|(E = H, + or)*|n)
= (E - E,) +3(E - E, Plo{n|r|n) + 4.
(A9)
Hence the relative error made by replacing the Coulomb
potential by the Cornell potential is 3[c(f|r|f) + u]/AE,
where we have identified |n) with the final quarkonium

state |f). This error accounts for the difference between
weak and strong coupling regimes.

d. Relativistic corrections

The relativistic corrections are better discussed at the
NRQCD level. For the quark piece of the spin-conserved
transitions we have

sc — oyt D2 D4
relativistic — ¥ L4

Bg
0,igA 0,igA}, 0*

where we only keep the terms contributing to the leading
order in the multipole expansion. Upon projection to the
quark-antiquark sector [9], we have (time dependence is
implicit)

o=yt X1, X
relativistic W( 1 2)( 2mQ 8m3Q

)w<x1,x2>. (All)

2mg 8m3Q

At leading order in the multipole expansion A (x;) ~ A (x,) ~ A(R). In terms of the center of mass R and relative coordinate

r, 61 :6R/2+ar, OZZOR/Z—O,

20,igA(R) 0%0,igA(R) 40,igA(R)0>

‘Ciglativistic = WT (R7 I‘) ( m
9]

W(R.r). (A12)
8m, 8m3 )

where we have used that the gluon field is transverse and assumed that eventually the initial state will be at rest. The middle
term has the same dependence in the relative coordinate as the leading one. Hence it leads to a correction of relative size,
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AE)?
(16m)2Q (A13)
The last term in Eq. (A12) is estimated as
. . 2 . 2 . .
(0,68 = LA AR _ i3Dlmg? 14

The relevant terms for calculating the relativistic corrections to the spin-flip transitions can be found in [51]. For the quark

sector they read

- .[ o-B
‘nglativistic =y {g + g

£

relativistic

D’.6-B Dic - BD' -DB-D+D-Bs-D
{ ’63 } - ° 3 ? +3 & }W (AIS)
2mg 8my, 4my, 8my,
Following the same procedure as for the spin-conserved ones, we obtain for the quark-antiquark sector,
s (61 =06,)9B (61 —0,)039B  5(c, —0,)0;gB
=yt (R, R,r). Al6
v (T it Yok (al6)

We have focused on corrections to the leading term. In
particular, we have projected onto the AL = O sector the
contributions arising from the last term in Eq. (A15). The
term in the middle leads to a correction,

AE)?
( )2 (A17)
16mQ
The size of the last term is estimated as
e+ [(f1921A)] — mgV
(1621} = - SSNNT)

2 2

APPENDIX B: POTENTIALS

The spectrum of quarkonium states can be obtained by
solving a Schrodinger equation with an appropriate poten-
tial. This potential generally incorporates nonperturbative
QCD dynamics and thus cannot be derived using pertur-
bation theory alone. Nonperturbative methods, such as
lattice QCD, have been employed to compute the static
potential in the intermediate regime [52,53]. In the short-
distance region (r < 1/Aqcp), perturbative QCD is reli-
able and can be applied successfully [54]. At long distances

|
(r > 1/Aqcp). the gluonic field between the heavy quarks
forms a flux tube, whose dynamics can be described using
effective string theory [55,56].

To span the entire range of quark-antiquark separations,
we use piecewise-defined potentials that interpolate
between the short- and long-distance behaviors. These
potentials are fitted to recent lattice QCD results for the
static energies [28],

~ K
VA;(F):;—f—EJPC +AA;r2+BA57r4—|—CA;~r6 r<rAz,

D/\f
:VN(F)+E0+ 4] r>rA2,

/%

(B1)

corresponding to X/, IT, and ;. The potential of the string

is Vy(r) = \/O,zrz + 27(N — 35)o, o is the string tension,

and N is the quantum number for transverse vibrational
excitations of the string. Erc is the energy of the gluelump
with quantum numbers J”C. The potential parameters are
summarized in Table X. We find that the energy shift

TABLE X. Dimensionless parameters for the X/, I1,, and X; potentials in pure SU(3) gauge theory. Where the Sommer scale
ro = 0.5 fm and hence the string tension ¢ = 0.215 GeV? is used throughout. Since the cutoff in the potentials are established at
different points, Vy- shall be defined from its difference with Vi ie., Vy- = Vi, + AVy-, as determined in [28].

Jre A N r%a roEq K roE jpe rgA rSB rSC D/ rg TS /ro
0t+ zr 0 1.384 —0.057 —0.240 0.013 3.20 —4.69 3.49493 0.02874 0.713
1+ 11, 1 1.384 -0.057 0.037 2.984 -0.010 0.209 —0.05314 0.12717 1.298
1+ pIm 3 1.384 -0.057 0.037 2.984 0.683 0.009 —0.03246 —16.96753 2.216
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Viag(r) = Vg (r) + 2mg + ES© (B2)
that yields the best agreement between the predicted and
experimental spectra for both charmonium and bottomo-
nium. Using m,. = 1.47 GeV for the charm quark mass and
my, = 4.88 GeV for the bottom, we extract the gluonic

energy shifts as EgE = —428 MeV for charmonium and
EEP = —423 MeV for bottomonium.

APPENDIX C: SCALAR, VECTOR, AND TENSOR
SPERICAL HARMONIC PROPERTIES

Quarkonium (spin-0) wave functions can be expressed in
terms of scalar spherical harmonics,

(C1)

while the spin-1 quarkonium wave function has a vector
form and shall be expressed in terms of vector spherical
harmonics,

3l

J=0 M=

(€2)

where L can take the values of L = |J —1|,J,J + 1 for
J >0, and only L = J + 1 for J = 0. The hybrid (spin-0)
wave function has also a vector form and admits the follow
decomposition [14]:

=

J=0 M=

J

L=J
+ P?(”)Y IM

1 iL=J+1
[ Yy

+vaﬁWﬂ (C3)
where PL(r) is the radial L =J+1 and transversal
J — 1| components of the vector field. We recall
that for J = 0, only the radial component L =J +1 =1
contributes. Vector spherical harmonics Y"fM can be
expanded in terms of scalar spherical harmonics Y%, using
Clebsch-Gordan coefficients,

Y= CL LM = p )Yy g (C4)

u

The index i is the one from the VSH. y sums for {-1,0, 1},
while C are Clebsch-Gordan coefficients and )(;, is the
unitary director vector base of VSH, defined as
X+iy R xX—iy
== > =2, -1 = .
X+1 V2 X0 A-1 /2

Vector spherical harmonics obey orthogonality

(C5)

L iL j
A vt v, = 5h6) M5, (C6)
The radial projection on the spherical harmonics is

poyh = —ZC(L, 1,1,0,0)Y",,

lL+1 i|IL=1]
,/ \=——Yi L (CT)
2L + 1 + 2L +1 M

while the radial projection on the vector spherical
harmonics is

o A [T+1
MY =0, MY = - —2J+1Yﬁ4’
nivild=1 J
rlYJ‘JM = 27 lyﬂxf- (C8)

We can express the wave function for the hybrid state with
spin 1 in terms of tensor spherical harmonics:

J PLJ

2323

J=0 M=-J

GiLJ
Y M

(C9)

For a given J, we get J=7-1,7,7+1 and L =
J —1,J,J + 1 components. Notice that for 7 = 0 only the
J =7+ 1 =1 component exists, and for J = 0 only the
L =J + 1 component exists. Tensor spherical harmonics
are defined following the notation in [57] as

YO = CULIM=-v)YE, .  (Cl0)
and so using Eq. (C4),
%,IJ = ZC J,LIM=v,v)
v
X C(L,l,J|/\/l—u—u,ﬂ)YfM_,,_ﬂ)(M- (C11)

APPENDIX D: SPIN-FLIP MATRIX ELEMENT

—o67 /2 the Pauli matrices, and
, the total spin operator can be

Being 5|, = 6/2 and 5, =
using the notation a” =aly

written as
AN , o \/
e (2) iéj’ 5ll< 2>]’
| L
=508y +6867). (D1)
Consider
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HJ:

Nia

1 o
i = — (8" + 8" 6!) .

V2

The matrix element is
(Sp/|s) = 55|Hy) =

Bl= A= K=

1

— S*H" + S*H",

(Hn + I_]nlol)ij7

(D2)

(D3)

(567 + "0 0) (68 + 81651 ) (H"S'; + H' o))
(56} + 8" 6")) (H" (6} + 65)" ; + H" (616" + 6'63)" )
(S*Hn((;l + G_é)j,j’ + S*Hnl(a"lo.l + Gl(;z)j/j/)

T Z (Sl’*Hn (O.l’(o?l + Uz)j/j’) + Sl’*Hnl(O.l’(o?lo.l + 0107)2))]]4)

(D4)

where (H")¥ = H"* and (S)* = S. From Eq. (D4) we see transitions from hybrid spin 0 to quarkonium spin 1 (S¥*H") and

from hybrid spin 1 to quarkonium spin 0 (S*H"™).
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