
Hybrid to quarkonia transitions

Rubén Oncala 1 and Joan Soto 2,3

1Department of Mathematics and Data Science, Universidad CEU San Pablo,
CEU Universities, Calle Julián Romea 23, 28003 Madrid, Spain
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Hybrid quarkonia—exotic hadrons with explicit gluonic degrees of freedom—have gained increasing
attention in hadron spectroscopy, particularly with the ongoing discovery of new XYZ mesons. In this
work, we update the spectrum of heavy hybrid mesons in the charmonium and bottomonium sectors using
the Born-Oppenheimer effective field theory framework, by incorporating the latest lattice QCD results for
hybrid static potentials. We refine earlier calculations and analyze allowed transitions from hybrids to
conventional quarkonia, including both spin-conserved and spin-flip decays. We carry out a comprehensive
error analysis and discuss the reliability of our results. We compare them to experimental data of the
Particle Data Group, which allows us to identify hybrid candidates among the observed XYZ states. We
provide hybrid or quarkonium interpretations for nearly all heavy isospin-zero mesons observed and
incorporate new hybrid candidates.
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I. INTRODUCTION

Understanding the nature of exotic hadrons is one of
the key challenges in modern hadron spectroscopy. The
quark model originally formulated by Gell-Mann [1] and
Zweig [2] classifies hadrons into mesons (quark-antiquark
states) and baryons (three-quark states). However, quantum
chromodynamics (QCD) permits more complex configu-
rations, such as hybrid mesons that incorporate explicit
gluonic degrees of freedom [3,4]. The presence of an
excited gluon field endows hybrids with quantum numbers
that are distinct from those of conventional quarkonia,
making their experimental identification and theoretical
description especially compelling.
In recent years, several exotic candidates collectively

known as the XYZ states have been observed [5–8]. These
discoveries have spurred extensive studies aimed at deci-
phering the internal structure of such states. Among the
various theoretical approaches, effective field theories like
potential nonrelativistic QCD (pNRQCD) [9,10] and the
Born-Oppenheimer effective field theory (BOEFT) [11–19]
offer systematic frameworks for describing heavy quarko-
nium and hybrid states. In these approaches, the hybrid

spectrum, decay rates, and transition amplitudes (including
both spin-conserved and spin-flip processes) can be com-
puted with inputs from lattice QCD studies [14,20–24].
In this work, we update the hybrid spectrum presented in

Refs. [14,25] for charmonium and bottomonium incorpo-
rating recent lattice data of Refs. [26–28]. We next focus on
the impact of the new data in the decay amplitudes of heavy
hybrid mesons into conventional quarkonia. We recalculate
the spin-conserved transitions presented in [14,25], and
extend the calculation to spin-flip transitions in [21,22].
The latter, despite being suppressed by powers of the
heavy-quark mass, can be phenomenologically significant.
We perform a comprehensive error analysis that includes
uncertainties in the masses of the bound state, higher-order
corrections in the strong coupling, higher-order terms in
the multipole expansion, relativistic corrections, and the
replacement of the perturbative potential by the full
(confining) potential. The latter contribution turns out to
be significantly high. Finally, we compare our theoretical
predictions with other approaches, and with experimental
candidates listed in the Particle Data Group (PDG) [8], in
order to identify potential hybrid states among the observed
resonances.
The paper is organized as follows. In Sec. II, we outline

the two relevant effective field theories needed in our
developments, the weak coupling pNRQCD and the
BOEFT. In Sec. III, we describe the amplitude for hybrid
to quarkonium transitions. Section IV details the compu-
tation of decay widths for spin-conserved transitions, while
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Sec. V addresses spin-flip transitions. In Sec. VI, we
compare our results with experimental data and discuss
their implications for identifying exotic hadrons. Finally,
Sec. VII summarizes our results and conclusions.

II. EFFECTIVE FIELD THEORIES

We briefly describe here the two effective field theories
that we need for our developments.

A. Weak coupling pNRQCD

pNRQCD is a nonrelativistic effective field theory that
describes quark-antiquark (Q-Q̄) pairs at small relative
distance (see [29,30] for reviews). It is obtained from
NRQCD [31,32] after integrating out the energy scale
1=r ∼mQv, where r ¼ jrj and mQv, v ≪ 1, are the typical
distance and the typical relative momentum between
quark and antiquark, and mQ the heavy quark mass. If
1=r ≫ ΛQCD, the typical hadronic scale, the integration
can be carried out in perturbation theory of αsð1=rÞ at any
order of the 1=mQ expansion. The degrees of freedom of
pNRQCD are Q-Q̄ pair with energy much smaller than 1=r
and relative momentum ∼mQv and ultrasoft gluons and
light quarks, with energy and momentum much smaller
than 1=r. The Q-Q̄ pair can be decomposed into a singlet
field SðR; r; tÞ and an octet field OðR; r; tÞ, in relation to
color gauge transformation with respect to the center-of-
mass coordinate,R. The ultrasoft fields are evaluated atR,
i.e., Aμ ¼ AμðR; tÞ, and hence they do not depend on r.
This is due to the fact that the typical size of the system r is
small with respect to the typical hadronic distance 1=ΛQCD,
and hence gluon fields can be multipole expanded with
respect to this variable. Consequently, the pNRQCD
Lagrangian, LpNRQCD, can be organized as a sum of

Lðk;lÞ
pNRQCD, where k and l denote the order in the 1=mQ and

multipole (r) expansion respectively. The singlet and octet
field dynamics is dictated by the singlet (Vs) and octet (Vo)
potentials respectively (the latter also interacts with static
ultrasoft gluons) at leading order (LO),

Lð0;0Þ
pNRQCD ¼ Tr

�
S†
�
i∂0 −

p2

mQ
− VsðrÞ þ…

�
S

þ O†
�
iD0 −

p2

mQ
− VoðrÞ þ…

�
O

�
; ð1Þ

where iD0O≡ i∂0O − g½A0ðR; tÞ;O�, VsðrÞ ≃ −Cfαs=r,
VoðrÞ ≃ 1=2Ncr, Cf ¼ ðN2

c − 1Þ=2Nc and Nc ¼ 3 is the
number of colors. At next-to-leading order (NLO), singlet-
octet interaction terms occur that will be relevant to us,
namely,

Lð0;1Þ
pNRQCD ¼ gVAðrÞTr

�
O†r · ESþ S†r ·EO

�
; ð2Þ

Lð1;0Þ
pNRQCD ¼ g

cF
mQ

Tr
�
S†ðs1 − s2Þ ·BOþO†ðs1 − s2Þ ·BS

�
:

ð3Þ

The trace is over the spin and the color indices, VAðrÞ ¼
1þOðα2sÞ and cF ¼ 1þOðαsÞ are matching coefficients.
The latter is inherited from NRQCD. E and B are the
chromoelectric and the chromomagnetic fields. The matri-
ces s1 ¼ σ1=2 and s2 ¼ −σT2=2 are the spin of the heavy
quark and heavy antiquark, respectively.

B. BOEFT

When 1=r ∼ ΛQCD the integration of this scale cannot be
carried out in perturbation theory. However, an effective
theory can still be built. It was called strong coup-
ling pNRQCD in Ref. [10]. Nowadays it is known as
BOEFT, since the leading order corresponds to the Born-
Oppenheimer approximation [11,33–35]. For heavy quar-
konium, at leading order in the 1=mQ expansion, it reads

L ¼ S†
�
i∂0 −

∇2

mQ
− VΣþ

g
ðrÞ

�
S: ð4Þ

S ¼ SðR; r; tÞ. At short distances, VΣþ
g
ðrÞ ≃ VsðrÞ, namely

it must approach the singlet potential in Eq. (1). At
distances 1=ΛQCD ≲ r, VΣþ

g
ðrÞ must be evaluated non-

perturbatively, for instance in lattice QCD.
Analogous Lagrangians can be built for states whose

heavy quark content approaches the octet field in Eq. (1) at
short distances. A general construction at order 1=mQ can
be found in [18,19]. Here, we only need the LO Lagrangian
for hybrids with JPC ¼ 1þ− light degrees of freedom,

L ¼ tr
�
Hi†ðδiji∂0 − hHijÞHj

	
;

hHij ¼
�
−
∇2

mQ
þ VΣ−

u
ðrÞ

�
δij

þ ðδij − r̂ir̂jÞ


VΠu

ðrÞ − VΣ−
u
ðrÞ�: ð5Þ

Hi ¼ HiðR; r; tÞ. At short distances, VΠu
ðrÞ ≃ VΣ−

u
ðrÞ ≃

VoðrÞ in Eq. (1). At distances 1=ΛQCD ≲ r, VΣ−
u
ðrÞ and

VΠu
ðrÞ must be evaluated nonperturbatively, for instance in

lattice QCD.
We have recalculated the quarkonium and hybrid spec-

trum provided in Ref. [14] with the VΣþ
g
ðrÞ, VΠu

ðrÞ, and
VΣ−

u
ðrÞ potentials given in Ref. [28]. They are obtained

from recent lattice data [26,27] and account for finite lattice
spacing corrections. The outcome is displayed in Table I
and Fig. 1. The differences with respect to Ref. [14] fall
within the expected errors.
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TABLE I. Quarkonium (S) and Hybrid quarkonium (Pþ−0)
spectrum. States which only differ by the heavy quark spin
ðS ¼ 0; 1Þ are degenerated. Units are in MeV. n is the principal
quantum number, L the orbital angular momentum of the heavy
quarks, J is L plus the total angular momentum of the gluons, S
the spin of the heavy quarks, and J the total angular momentum.
For quarkonium, J coincides with L, and it is not displayed. The
last column shows the relevant static potentials for each state. The
ðs=dÞ1, p1, p0, ðp=fÞ2, and d2 states are usually named H1, H2,
H3, H4, and H5 respectively [11,13,22]. The spectrum is an
update of [14] computed using the static potentials [28]. We shall
associate a precision of about 110 MeV for charmonium and
33 MeV for bottomonium masses, as we discuss in Appendix A 1.

S ¼ 0 S ¼ 1

nLJ w-f Mcc̄ Mcc̄g J PC J PC Λϵ
η

1s S 3068 0−þ 1−− Σþ
g

2s S 3674 0−þ 1−− Σþ
g

3s S 4149 0−þ 1−− Σþ
g

1p0 Pþ 4455 0þþ 1þ− Σ−
u

4s S 4562 0−þ 1−− Σþ
g

2p0 Pþ 4917 0þþ 1þ− Σ−
u

5s S 4937 0−þ 1−− Σþ
g

3p0 Pþ 5315 0þþ 1þ− Σ−
u

4p0 Pþ 5650 0þþ 1þ− Σ−
u

1p S 3457 1þ− ð0; 1; 2Þþþ Σþ
g

2p S 3958 1þ− ð0; 1; 2Þþþ Σþ
g

1ðs=dÞ1 Pþ− 4028 1−− ð0; 1; 2Þ−þ ΠuΣ−
u

1p1 P0 4171 1þþ ð0; 1; 2Þþ− Πu

2ðs=dÞ1 Pþ− 4394 1−− ð0; 1; 2Þ−þ ΠuΣ−
u

3p S 4388 1þ− ð0; 1; 2Þþþ Σþ
g

2p1 P0 4556 1þþ ð0; 1; 2Þþ− Πu

3ðs=dÞ1 Pþ− 4678 1−− ð0; 1; 2Þ−þ ΠuΣ−
u

4ðs=dÞ1 Pþ− 4755 1−− ð0; 1; 2Þ−þ ΠuΣ−
u

4p S 4774 1þ− ð0; 1; 2Þþþ Σþ
g

3p1 P0 4912 1þþ ð0; 1; 2Þþ− Πu

5ðs=dÞ1 Pþ− 5087 1−− ð0; 1; 2Þ−þ ΠuΣ−
u

5p S 5130 1þ− ð0; 1; 2Þþþ Σþ
g

1d S 3762 2−þ ð1; 2; 3Þ−− Σþ
g

2d S 4209 2−þ ð1; 2; 3Þ−− Σþ
g

1ðp=fÞ2 Pþ− 4245 2þþ ð1; 2; 3Þþ− ΠuΣ−
u

1d2 P0 4369 2−− ð1; 2; 3Þ−þ Πu

2ðp=fÞ2 Pþ− 4601 2þþ ð1; 2; 3Þþ− ΠuΣ−
u

3d S 4608 2−þ ð1; 2; 3Þ−− Σþ
g

2d2 P0 4739 2−− ð1; 2; 3Þ−þ Πu

3ðp=fÞ2 Pþ− 4892 2þþ ð1; 2; 3Þþ− ΠuΣ−
u

4d S 4974 2−þ ð1; 2; 3Þ−− Σþ
g

4ðp=fÞ2 Pþ− 4945 2þþ ð1; 2; 3Þþ− ΠuΣ−
u

3d2 P0 5083 2−− ð1; 2; 3Þ−þ Πu

1f S 4029 3þ− ð2; 3; 4Þþþ Σþ
g

2f S 4441 3þ− ð2; 3; 4Þþþ Σþ
g

3f S 4817 3þ− ð2; 3; 4Þþþ Σþ
g

4f S 5166 3þ− ð2; 3; 4Þþþ Σþ
g

(Table continued)

TABLE I. (Continued)

S ¼ 0 S ¼ 1

nLJ w-f Mcc̄ Mcc̄g J PC J PC Λϵ
η

1g S 4272 4−þ ð3; 4; 5Þ−− Σþ
g

2g S 4658 4−þ ð3; 4; 5Þ−− Σþ
g

3g S 5015 4−þ ð3; 4; 5Þ−− Σþ
g

(a) Charmonium (S) and hybrid (Pþ−0) spectrum computed with
mc ¼ 1.47 GeV.

S ¼ 0 S ¼ 1

nLJ w-f Mbb̄ Mbb̄g J PC J PC Λϵ
η

1s S 9551 0−þ 1−− Σþ
g

2s S 10017 0−þ 1−− Σþ
g

3s S 10355 0−þ 1−− Σþ
g

4s S 10643 0−þ 1−− Σþ
g

5s S 10901 0−þ 1−− Σþ
g

1p0 Pþ 10977 0þþ 1þ− Σ−
u

6s S 11139 0−þ 1−− Σþ
g

2p0 Pþ 11261 0þþ 1þ− Σ−
u

3p0 Pþ 11525 0þþ 1þ− Σ−
u

4p0 Pþ 11782 0þþ 1þ− Σ−
u

1p S 9879 1þ− ð0; 1; 2Þþþ Σþ
g

2p S 10234 1þ− ð0; 1; 2Þþþ Σþ
g

3p S 10532 1þ− ð0; 1; 2Þþþ Σþ
g

1ðs=dÞ1 Pþ− 10704 1−− ð0; 1; 2Þ−þ ΠuΣ−
u

1p1 P0 10772 1þþ ð0; 1; 2Þþ− Πu

4p S 10798 1þ− ð0; 1; 2Þþþ Σþ
g

2ðs=dÞ1 Pþ− 10905 1−− ð0; 1; 2Þ−þ ΠuΣ−
u

2p1 P0 10995 1þþ ð0; 1; 2Þþ− Πu

5p S 11041 1þ− ð0; 1; 2Þþþ Σþ
g

3ðs=dÞ1 Pþ− 11103 1−− ð0; 1; 2Þ−þ ΠuΣ−
u

4ðs=dÞ1 Pþ− 11131 1−− ð0; 1; 2Þ−þ ΠuΣ−
u

3p1 P0 11209 1þþ ð0; 1; 2Þþ− Πu

6p S 11268 1þ− ð0; 1; 2Þþþ Σþ
g

5ðs=dÞ1 Pþ− 11318 1−− ð0; 1; 2Þ−þ ΠuΣ−
u

1d S 10106 2−þ ð1; 2; 3Þ−− Σþ
g

2d S 10416 2−þ ð1; 2; 3Þ−− Σþ
g

3d S 10689 2−þ ð1; 2; 3Þ−− Σþ
g

1ðp=fÞ2 Pþ− 10823 2þþ ð1; 2; 3Þþ− ΠuΣ−
u

1d2 P0 10880 2−− ð1; 2; 3Þ−þ Πu

4d S 10939 2−þ ð1; 2; 3Þ−− Σþ
g

2ðp=fÞ2 Pþ− 11023 2þþ ð1; 2; 3Þþ− ΠuΣ−
u

2d2 P0 11100 2−− ð1; 2; 3Þ−þ Πu

5d S 11171 2−þ ð1; 2; 3Þ−− Σþ
g

3ðp=fÞ2 Pþ− 11220 2þþ ð1; 2; 3Þþ− ΠuΣ−
u

3d2 P0 11310 2−− ð1; 2; 3Þ−þ Πu

4ðp=fÞ2 Pþ− 11258 2þþ ð1; 2; 3Þþ− ΠuΣ−
u

1f S 10297 3þ− ð2; 3; 4Þþþ Σþ
g

2f S 10579 3þ− ð2; 3; 4Þþþ Σþ
g

(Table continued)

HYBRID TO QUARKONIA TRANSITIONS PHYS. REV. D 113, 116004 (2026)

116004-3



III. HYBRID TO QUARKONIUM
TRANSITION RATES

The lower lying heavy quarkonium states are amenable
to a weak coupling treatment. Since the singlet and octet
potentials are attractive and repulsive respectively, a gap is
expected between hybrids and lower lying quarkonium
states. If we build an effective theory for hybrids, the lower-
lying quarkonium states can be integrated out, which
produces new octet-octet interaction terms. The relevant
diagrams are depicted in Fig. 2. Because the quarkonium
states are lighter, this term will have an imaginary part that
is related to the hybrid decay rate into quarkonium plus
light hadrons. For spin-conserved transitions, this term
reads [14]

ImΔV ¼ −
2

3

αsTF

Nc

X
n

rijSnihSnjriði∂t − EnÞ3; ð6Þ

where we have already taken VAðrÞ ≃ 1. For spin-flip
transitions, which are suppressed by a factor 1=ðmQrÞ2,
we have [22]

ImΔV ¼ −
2

3

αsTF

Nc

c2F
m2

Q

X
n

ðSi1 − Si2ÞjSni

× hSnjðSi1 − Si2Þði∂t − EnÞ3: ð7Þ

Note that from the formulas above one gets the hybrid to
quarkonium inclusive decay width. However, since the
contribution of each quarkonium state is easy to identify by
picking up a single term in the sum, we are going to use it to
calculate semi-inclusive decay rates. Let us then write

ImΔV ¼
X
n

ImΔVn; ð8Þ

where ImΔVn stands for the contribution of the Sn
quarkonium state to the inclusive decay width. Hence,
the semi-inclusive decay width to a single quarkonium state
Sn reads

ΓðH → Sn þ XÞ ¼ −2hHj ImΔVnjHi; ð9Þ

where we denote jHi the decaying hybrid state.
From now on we remove the subindex n from the

quarkonium state that we focus on and just call it S. In
order to establish the validity of our calculation we must
make sure that the conditions which lead to the diagram
displayed in Fig. 2 hold. These are the expansion in 1=mQ

inherited from NRQCD, the expansion in r of pNRQCD,
and the perturbative calculation of the diagram. Concerning
the latter, we must restrict ourselves to quarkonium and
hybrid states for which ΔE ≫ ΛQCD, where ΔE is the mass
difference between the hybrid and the quarkonium states
and ΛQCD the typical hadronic scale. Otherwise the pertur-
bative calculation does not hold. Concerning the expansion
in r, we must require that the emitted gluon cannot resolve
the quark-antiquark pair distance, i.e., the matrix element of
the heavy quark-antiquark distance r between the hybrid
and the quarkonium states must be much smaller than
1=ΔE, i.e.,

hHjrjSiΔE ≪ 1: ð10Þ

Finally, concerning the 1=mQ expansion, we require

hHjSiΔE=mQ ≪ 1; ð11Þ

namely, that the nonrelativistic expansion holds. If these
conditions are fulfilled, the transition H → S can be treated
in weakly-coupled pNRQCD, and the gluon at the scaleΔE
is perturbative. In practice we are going to require that
ΔE > 800 MeV, and that Eq. (10) is fulfilled for spin-
conserved transitions, and Eq. (11) for spin-flip transitions
[see Eqs. (21), (37), and (48) for the precise implementa-
tion]. We will take into account errors due to higher
order terms in the αs, r, and 1=mQ expansions. A
comprehensive discussion of the error estimation is rel-
egated to Appendix A. We emphasize that the dominant
source of theoretical uncertainty in our computed decay
widths comes from the mismatch between the weak- and
strong-coupling regimes. Specifically, matching the per-
turbative evaluation of the transition matrix elements (using
Coulombic potentials) to the nonperturbative confining
potential (used to compute the physical spectrum) intro-
duces substantial uncertainties, particularly for highly
excited states or transitions with small energy gaps.

IV. SPIN-CONSERVED TRANSITIONS

The spin-conserved decay is computed following
Eqs. (6), (8), and (9),

ΓðHJM → SL0M0 Þ ¼ 4αs
3NC

TFΔE3hHi
JMjri0 jSL0M0 i�

× hHi
JMjri0 jSL0M0 i: ð12Þ

TABLE I. (Continued)

S ¼ 0 S ¼ 1

nLJ w-f Mbb̄ Mbb̄g J PC J PC Λϵ
η

3f S 10835 3þ− ð2; 3; 4Þþþ Σþ
g

4f S 11072 3þ− ð2; 3; 4Þþþ Σþ
g

1g S 10624 4−þ ð3; 4; 5Þ−− Σþ
g

2g S 10873 4−þ ð3; 4; 5Þ−− Σþ
g

3g S 11104 4−þ ð3; 4; 5Þ−− Σþ
g

(b) Bottomonium (S) and hybrid (Pþ−0) spectrum computed with
mb ¼ 4.88 GeV.
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FIG. 1. Spectrum of charmonium (up) and bottomonium (down) from Table I put on top of the experimental XYZ mesons reported by
the PDG. We show in green the states with known JPC and in orange the states with unknown or partially known JPC. We show an error
of �110 MeV (�33 MeV) for charmonium (bottomonium) according to our expected precision. The ðs=dÞ1, p1, p0, ðp=fÞ2
and d2 states are usually named H1, H2, H3, H4. and H5 respectively [11,13,22]. Our identifications are summarized in
Tables VII, VIII, and IX.

FIG. 2. Octet field self-energy diagram in pNRQCD. Double line represents octet propagator (hybrid), while single lines represent
singlet propagator (quarkonium). The curly line is a gluon of energy larger than ΛQCD, the vertices are chromoelectric dipole vertices
Eq. (2) for spin-conserved transitions or chromomagnetic dipole ones Eq. (3) for spin-flip transitions. Gluons with energy similar to
ΛQCD are not displayed. They are necessary to make the initial and final state gauge invariant.
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The matrix element is the expected value of r ¼ rr̂ computed between the wavefunctions of the hybrid initial state hHJMj,
which can be expressed in terms of vector spherical harmonics (VSH) as in Eq. (C3), and the quarkonium final jSL0M0 i
states, that is written with the usual scalar spherical harmonics (SH) form as in Eq. (C1), hence

hHi
JMjri0 jSL0M0 i ¼

Z
1

r

h
Pþ
J ðrÞY�iL¼Jþ1

JM þ P0
JðrÞY�iL¼J

JM þ P−
J ðrÞY�iL¼jJ−1j

JM

i
rr̂i

0 RL0 ðrÞ
r

YL0
M0r2drdΩ: ð13Þ

Using the radial projection of the SH in Eq. (C7) together with the expansion of the VHS in Eq. (C4), we shall get six terms
from Eq. (13), which coefficients CLl

0ii0
JM→L0M0 are the angular integrals, where the index L ¼ fJ þ 1; J; jJ − 1jg runs for the

initial hybrid components of the wave function, while l0 ¼ fL0 þ 1; jL0 − 1jg for the final quarkonium components.

ΓðHJM → SL0M0 Þ ¼ 4αs
3NC

TFΔE3

"X
L;l0

CLl
0ii0

JM→L0M0

Z
PL
J ðrÞrRL0 ðrÞdr

#"X
L;l0

CLl
0ii0

JM→L0M0

Z
PL
J ðrÞrRL0 ðrÞdr

#�
: ð14Þ

The first angular integral shall read as

CLþii0
JM→L0M0 ≡ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L0 þ 1

2L0 þ 1

r Z
Ω
Y�iL

JMY
i0L

0þ1

L0M0

¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L0 þ 1

2L0 þ 1

r Z
Ω

X
μ

Y�L
M−μCðL; 1; J;M − μ; μÞχ�iμ

X
μ0
YL0þ1
M0−μ0CðL0 þ 1; 1; L0;M0 − μ0; μ0Þχi0μ0 ; ð15Þ

which gives rise to two deltas for angular and magnetic momentum conservation. By squaring in Eq. (14), we shall get
ð2 × 3Þ2 ¼ 36 terms: 6 noncrossed and 30 crossed terms. Each of them carries an angular momentum selection rule, and
some conservation of the spinor indices, i.e., ½χ�iμχi0μ0 �� · ½χ�iνχi

0
ν0 � ¼ δνμδ

ν0
μ0 .

Noncrossed terms shall survive the given selection rule in the angular momentum conservation,

½CLþJM→L0M0 �2 ≡ CLþii0�
JM→L0M0CLþii0

JM→L0M0 ¼ L0 þ 1

2L0 þ 1

X
μμ0

C2ðL; 1; J;M − μ; μÞC2ðL0 þ 1; 1; L0;M − μ; μ0ÞδLL0þ1
δM−μ
M0−μ0 ; ð16Þ

½CL−JM→L0M0 �2 ≡ CL−ii
0�

JM→L0M0CL−ii
0

JM→L0M0 ¼ L0

2L0 þ 1

X
μμ0

C2ðL; 1; J;M − μ; μÞC2ðjL0 − 1j; 1; L0;M − μ; μ0ÞδLjL0−1jδ
M−μ
M0−μ0 : ð17Þ

Notice that we keep explicitly the delta of angular momentum conservation to remember what channel is allowed in each
case (for example δL¼Jþ1

L0þ1
is allowed for J ¼ L0).

Crossed terms vanish, and they shall generally arise from the structure:

½CLþii0
JM→L0M0 ��½CL̃−ii0JM→L0M0 � ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðL0 þ 1ÞL0p
2L0 þ 1

X
μμ0

CðL; 1; J;M − μ; μÞCðL0 þ 1; 1; L0;M − μ; μ0Þ

× CðL̃; 1; J;M − μ; μÞCðjL0 − 1j; 1; L0;M − μ; μ0ÞδLL0þ1
δL̃jL0−1jδ

M−μ
M0−μ0 ; ð18Þ

where L and L̃ can take any value in fJ þ 1; J; jJ − 1jg.
(1) For J ¼ 0, L and L̃ can only take the value

L ¼ L̃ ¼ J þ 1 ¼ 1, but this leads to L0 ¼ 0
given the delta of angular momentum conser-
vation, and this term vanishes for the prefactor
in Eq. (18).

(2) For J ¼ 1, the accessible cross term comes from
L0 ¼ 0, 1. Nevertheless, these terms also vanish: the
case L0 ¼ 0 due to the prefactor in Eq. (18), while
L0 ¼ 1 when doing the Clebsch-Gordan sums.

Spin average: for S ¼ 0 hybrids, the initial hybrid state
is characterized by JML while the final quarkonium state
by L0M0, where JML and L0M0 are fixed in each transition.
If one does not know the M of the initial state or does not
measure the M0 of the final state, the spin average of the
squared amplitudes is done by

½CLlJL0 �2 ≡ 1

2J þ 1

XJ
M¼−J

XL0

M0¼−L0



CLlJM→L0M0

�
2: ð19Þ
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The coefficients of Eq. (19) can be computed for each
combination of JL and L0 and are given in Table II. Putting
all together, the general expression for the spin-conserved
transition reads as

ΓðHJ → SL0 Þ ¼ 4αs
3NC

TFΔE3
X
Ll

½CLlJL0 �2

×


Z
PL
J ðrÞrRL0 ðrÞdr

�
2

: ð20Þ

In the following sections we apply this formula to the
hybrid states p0, p1, and ðs=dÞ1. The results can be found
in Table III, and the particular values for CLlJL0 in Table II.

In order to estimate the reliability of our calculation, we use
in Table III,

jhHJjrjSL0 ij ¼
X
Ll

����CLlJL0

Z
PL
J ðrÞrRL0 ðrÞdr

����: ð21Þ

The expressions for the S ¼ 1 hybrids depend on the same
integrals, but with different Clebsch-Gordan coefficients.
The identified PDG states listed in Table VII with S ¼ 1,
which may decay through spin-conserved channels, are
all subject to large corrections in Γ, especially due to the
contributions arising from the difference between weak-
and strong-coupling regimes. Further details on these
specific transitions are provided in Ref. [36].

A. The decay of the hybrid states p0
The hybrid state with J ¼ 0 and L ¼ J þ 1 ¼ 1 feels the

potential Σ−
u . It can be studied with a decoupled

Schrödinger equation, with the only wave-function Pþ
0 ,

giving rise to the hybrid states ðnp0Þ. It is a state
JPC ¼ 0þþ at spin 0, and JPC ¼ 1þ− at spin 1. Its decay
to quarkonium has two possible channels L0 ¼ 0, 2 with
wave-function R0;2 labeled as ðnsÞ and ðndÞ. From Eq. (20)
the expression for the decay width is

Γðp0 → sÞ ¼ 4αs
3NC

TFΔE3 ×
1

3


Z
Pþ
0 ðrÞrR0ðrÞdr

�
2

; ð22Þ

Γðp0 → dÞ ¼ 4αs
3NC

TFΔE3 ×
2

3


Z
Pþ
0 ðrÞrR2ðrÞdr

�
2

: ð23Þ

B. The decay of the hybrid states p1
The hybrid state with J ¼ 1 and L ¼ J ¼ 1 feel the

potential Πu. It can be studied with a decoupled
Schrödinger equation, with the only wave-function P0

1,
giving rise to the hybrid states ðnp1Þ. It is a state
JPC ¼ 1þþ at spin 0, and JPC ¼ ð0; 1; 2Þþ− at spin 1. Its
decay to quarkonium has two possible channels L0 ¼ 0, 2
with wave-function R0;2 labeled as ðnsÞ and ðndÞ. From
Eq. (20), the expression for the decay width is

Γðp1 → sÞ ¼ 4αs
3NC

TFΔE3 ×
1

3


Z
P0
1ðrÞrR0ðrÞdr

�
2

; ð24Þ

Γðp1 → dÞ ¼ 4αs
3NC

TFΔE3 ×
2

3


Z
P0
1ðrÞrR2ðrÞdr

�
2

: ð25Þ

C. The decay of the hybrid states ðs=dÞ1
The hybrid state with J ¼ 1 and L ¼ J � 1 ¼ 0, 2 feel

the potential Πu and Σ−
u . It can be studied with a coupled

Schrödinger equation, with the wave-functions Pþ−
1 , giving

TABLE II. Selection rules and numerical coefficients for spin-
conserved hybrid to quarkonium transitions. We mark with “x”
the transitions that are not allowed, while we mark with “� � �” the
cases that do not exist.

PL¼Jþ1
J PL¼J

J PL¼J−1
J

J L0 ½Cþþ
JL0 �2 ½Cþ−

JL0 �2 ½C0þJL0 �2 ½C0−JL0 �2 ½C−þJL0 �2 ½C−−JL0 �2
0 0 1=3 � � � � � � � � � � � � � � �
0 1 x x � � � � � � � � � � � �
0 2 x 2=3 � � � � � � � � � � � �
1 0 x � � � 1=3 � � � x � � �
1 1 2=5 x x x x 1
1 2 x x x 2=3 x x
1 3 x 3=5 x x x x

TABLE III. Table of spin-conserved transitions for hybrid
charmonium and bottomonium. Units in MeV. In the table we
only show the transitions that satisfy constraints in ΔE >
800 MeV and hHjrjSiΔE < 1. Last column includes theoretical
error associated to imprecision in ΔE, higher orders in αs, the
multipole expansion, relativistic corrections, and the difference
between weak and strong coupling regimes, which dominates the
error budget, see Appendix A.

Hybrid Quarkonium Decay

nLJ E n0L0 E0 ΔE hHjrjSiΔE Γ� δΓ

Charm

2p0 4917 1s 3068 1849 0.54 37� 29
3p0 5315 1s 3068 2247 0.26 9� 6

2p1 4556 1s 3068 1488 0.70 54� 52
3p1 4912 1s 3068 1844 0.42 22� 18

Bottom

2p0 11261 1s 9551 1710 0.46 25� 13
3p0 11525 1s 9551 1974 0.29 11� 5

1p1 10772 1s 9551 1221 0.72 52� 38
2p1 10995 1s 9551 1444 0.55 32� 20
3p1 11209 1s 9551 1658 0.39 18� 10
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rise to the hybrid states nðs=dÞ1. It is a state JPC ¼ 1−− at
spin 0, and JPC ¼ ð0; 1; 2Þ−þ at spin 1. Its decay to
quarkonium has two possible channels L0 ¼ 1, 3 with
wave-function R1;3 labeled as ðnpÞ and ðnfÞ. From
Eq. (20), the expression for the decay width is

Γ½ðs=dÞ1 → p� ¼ 4αs
3NC

TFΔE3 ×

�
2

5


Z
Pþ
1 ðrÞrR1ðrÞdr

�
2

þ 1


Z
P−
1 ðrÞrR1ðrÞdr

�
2
�
; ð26Þ

Γ½ðs=dÞ1 → f� ¼ 4αs
3NC

TFΔE3 ×
3

5


Z
Pþ
1 ðrÞrR3ðrÞdr

�
2

:

ð27Þ

V. SPIN-FLIP TRANSITIONS

The chromomagnetic-dipole interaction in the
Lagrangian Eq. (3) is responsible for spin-flip decays of
hybrid to quarkonium (spin 0 hybrid decaying to spin 1
quarkonium and vice versa). Spin-flip transition widths are,
in principle, suppressed by powers of the heavy-quark mass
due to the heavy-quark spin symmetry. They turn out to be
smaller than spin-conserved transition widths because in
any nonrelativistic system r ≫ 1=mQ. How smaller they
are depends on the relative size of hSjHi=mQ with respect
to hSjrjHi, and on the size of the energy gap between the
hybrid and the quarkonium state. The spin-flip decay is
given by

ΓðHJ → SL0 Þ ¼ 4αs
3NC

TFΔE3
hHJjsj1 − sj2jSL0 i�

mQ

×
hHJjsj1 − sj2jSL0 i

mQ
; ð28Þ

where sj1 and s
j
2 are the spin vectors of the heavy quark and

antiquark. In Appendix D, we expand the spin-flip matrix
element. The only nonvanishing results correspond to
spin 0 hybrids decaying into spin 1 quarkonium as

Γ
�
Hspin0

J → Sspin1L0
	 ¼ 4αs

3NC
TF

ΔE3

m2
Q
½Sk�Hn��½Sk�Hn�; ð29Þ

and spin 1 hybrids decaying into spin 0 quarkonium as

Γ
�
Hspin1

J → Sspin0L0
	 ¼ 4αs

3NC
TF

ΔE3

m2
Q
½S�Hnk��½S�Hnk�; ð30Þ

where k and n are the vector/tensor indices of the wave
function.

A. Spin 0 hybrid to spin 1 quarkonium

The hybrid wave function for spin 0 is a vector wave
function as in Eq. (C3) and the spin 1 quarkonium wave
function is also a vectorial wave function as in Eq. (C2).
The amplitude for the transition shall read as

Sk�Hn ¼
Z

1

r

h
Pþ
J ðrÞYnL¼Jþ1

JM þ P0
JðrÞYnL¼J

JM þ P−
J ðrÞYnL¼jJ−1j

JM

iRL0 ðrÞ
r

Yk�L0
J0M0r2drdΩ; ð31Þ

The angular integral shall be

KLnk
JM→J0L0M0 ≡

Z
Ω
YnL

JM · Yk�L0
J0M0 ¼

X
μμ0

CðL; 1; J;M − μ; μÞCðL0; 1; J0;M0 − μ0; μ0ÞδLL0δ
M−μ
M0−μ0χ

n
μχ

k�
μ0 : ð32Þ

By squaring, the noncrossed terms are

½KL
JM→J0L0M0 �2 ≡KLnk�

JM→J0L0M0KLnk
JM→J0L0M0 ¼

X
μμ0

C2ðL; 1; J;M − μ; μÞC2ðL; 1; J0;M − μ; μ0ÞδLL0δ
M−μ
M0−μ0 ; ð33Þ

where L can take the values L ¼ fJ þ 1; J; jJ − 1jg for the initial hybrid components of the wave function.
Crossed terms: The delta of angular momentum conservation does not allow the existences of any crossed term for J > 0,



Kþnk

JM→J0L0M0
�

K−nk

JM→J0L0M0
�
∼ δJþ1

L0 δjJ−1jL0 ¼ 0: ð34Þ

Spin average: the initial state in our transition is characterized by JLM and the final state by J0L0M0, where JLM and J0L0M0
are fixed in each transition. If one does not know theM of the initial state or does not measure theM0 of the final state, the
spin average of the squared amplitudes is done by
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½KL
J→J0L0 �2 ¼ 1

2J þ 1

XJ
M¼−J

XJ0
M0¼−J0

½KL
JM→J0L0M0 �2: ð35Þ

The coefficients of Eq. (35) can be computed for each
combination of J and J0L0 and are given in Table IV. Putting
all together, the general expression for spin 0 hybrid to
spin 1 quarkonium transition is

Γ
�
Hspin0

J → Sspin1J0L0
	 ¼ 4αs

3NC
TF

ΔE3

m2
Q

X
L

½KL
J→J0L0 �2

×


Z
PL
J ðrÞRL0 ðrÞdr

�
2

: ð36Þ

To get the inclusive decay rate, we can sum all the final J0
states that contribute to the same L0 of the quarkonium
wave-function. Notice that L can take the values J þ 1, J
and jJ − 1j. In the following sections we apply this formula
to the hybrid states p0, p1 and ðs=dÞ1. The results can be
found in Table VI(a) and the particular values forKL

J→J0L0 in
Table IV. In order to estimate the reliability of our
calculation we use in Table VIa

jhHJjSJ0L0 ij ¼
X
L

����KL
J→J0L0

Z
PL
J ðrÞRL0 ðrÞdr

����: ð37Þ

1. The decay of the hybrid state p0
The hybrid state with J ¼ 0 and L ¼ J þ 1 ¼ 1 feels the

potential Σ−
u . It can be studied with a decoupled

Schrödinger equation, with the only wave-function Pþ
0

giving rise to the hybrid states ðnp0Þ. It is a state JPC ¼
0þþ at spin 0. Its spin-flip decay to quarkonium has one
possible channel to L0 ¼ 1 with wave-function R1 labeled
as ðnpÞ. The expression for the decay width is

Γ
�
pspin0
0 → pspin1

	 ¼ 4αs
3NC

TF
ΔE3

m2
Q

×

�
1

3
þ 1þ 5

3

�

×


Z
Pþ
0 ðrÞR1ðrÞdr

�
2

: ð38Þ

In the parentheses, the 1=3 count for the final state J0 ¼ 0,
the 1 for the final state J0 ¼ 1 and 5=3 for J0 ¼ 2.

2. The decay of the hybrid state p1
The hybrid state with J ¼ 1 and L ¼ J ¼ 1 feels the

potential Πu. It can be studied with a decoupled
Schrödinger equation, with the only wave-function P0

1

giving rise to the hybrid states ðnp1Þ. It is a state JPC ¼
1þþ at spin 0. Its spin-flip decay to quarkonium has one
possible channel to L0 ¼ 1 with wave-function R1 labeled
as ðnpÞ. The expression for the decay width is

Γ
�
pspin0
1 → pspin1

	 ¼ 4αs
3NC

TF
ΔE3

m2
Q

×

�
1

3
þ 1þ 5

3

�

×

Z

P0
1ðrÞR1ðrÞdr

�
2

: ð39Þ

In the parentheses, the 1=3 count for the final state J0 ¼ 0,
the 1 for the final state J0 ¼ 1, and 5=3 for J0 ¼ 2.

3. The decay of the hybrid state ðs=dÞ1
The hybrid state with J ¼ 1 and L ¼ J � 1 ¼ 0, 2

feels the potential Πu and Σþ
u . It can be studied with a

coupled Schrödinger equation, with the wave-function
Pþ
1 =P

−
1 giving rise to the hybrid states nðs=dÞ1. It is a

state JPC ¼ 1−− at spin 0. Its spin-flip decay to quarkonium
has two possible channels to L0 ¼ 0 and L0 ¼ 2 with wave-
function R0 and R2 labeled as ðnsÞ and ðndÞ respectively.
The expression for the decay width is

Γ

ðs=dÞspin01 → sspin1

� ¼ 4αs
3NC

TF
ΔE3

m2
Q

× 3

×


Z
P−
1 ðrÞR0ðrÞdr

�
2

; ð40Þ

Γ

ðs=dÞspin01 → dspin1

� ¼ 4αs
3NC

TF
ΔE3

m2
Q

×

�
3

5
þ 1þ 7

5

�

×


Z
Pþ
1 ðrÞR2ðrÞdr

�
2

: ð41Þ

In the parenthesis, the 3=5 count for the final state J0 ¼ 1,
the 1 for the final state J0 ¼ 2, and 7=5 for J0 ¼ 3.

TABLE IV. Table of selection rules for spin-flip transitions:
Spin 0 hybrid to spin 1 quarkonium. Notice that for J ¼ 0 only
exists the state L ¼ J þ 1 ¼ 1. We mark with “x” the transitions
that are not allowed, while we mark with “� � �” the cases that do
not exist.

J J0


KL¼Jþ1

J→J0L0
�
2



KL¼J

J→J0L0
�
2



KL¼J−1

J→J0L0
�
2

0 0 1=3 � � � � � �
0 1 1 � � � � � �
0 2 5=3 � � � � � �
1 0 x 1=3 x
1 1 3=5 1 3
1 2 1 5=3 x
1 3 7=5 x x

δJþ1
L0 δJL0 δjJ−1jL0
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B. Spin 1 hybrid to spin 0 quarkonium

We can express the wave function for the spin 1 hybrid in terms of tensor spherical harmonics Eq. (C9), and the spin 0
quarkonium state in terms of scalar spherical harmonics Eq. (C1). Then the amplitude is

S�Hnk ¼
Z

1

r

X
νμ

CðJ; 1;J jM − ν; νÞCðL; 1; JjM − ν − μ; μÞYM−ν−μ
L χnμχ

k
νPLJ

JMðrÞRL0 ðrÞ
r

Y�M0
L0 r2drdΩ ð42Þ

and the angular integral for the transition is

KLJnk
JM→L0M0 ≡

X
μν

CðJ; 1;J jM − ν; νÞCðL; 1; JjM − ν − μ; μÞ × δLL0δ
M−ν−μ
M0 χ̂nμχ̂

k
ν: ð43Þ

We recall that J ¼ jJ − 1j;J ;J þ 1 and L ¼ jJ − 1j; J; J þ 1 that correspond to the hybrid components of the wave
function. For each J we get up to 32 ¼ 9 possibilities that contribute to the amplitude. Hence, the squared amplitude may
have up to 92 ¼ 81 terms, and the noncrossed contributions shall read as

½KLJ
JM→L0 �2 ≡KLJ nk�

JM→L0M0KLJ nk
JM→L0M0 ¼

X
μν

C2ðJ; 1;J jM − ν; νÞC2ðL; 1; JjM − ν − μ; μÞ × δLL0δ
M−ν−μ
M0 : ð44Þ

Crossed terms: For a given J we may have some crossed terms corresponding to the components of the hybrid wave
functions that shall read as



KL1J1nk

JM→L0M0
�

KL2J2nk

JM→L0M0
� ¼ X

μ

CðJ1; 1;J jM − ν; νÞCðJ2; 1;J jM − ν; νÞ

× CðL1; 1; J1jM − ν − μ; μÞCðL2; 1; J2jM − ν − μ; μÞ × δL1

L0 δ
L2

L0 ; δ
M−ν−μ
M0 : ð45Þ

Crossed terms arise from more than one contribution to the
amplitude J JL → L0. This can only happen for the states
L ¼ J � 1, since they have two components in the wave
function. However, angular momentum conservation
implies J þ 1 ¼ L0 ¼ J − 1 which is not accessible.
The spin average squared amplitude only contributes the

noncrossed terms and shall read as



KLJ

J→L0
�
2 ¼ 1

2J þ 1

XJ
M¼−J

XL0

M0¼−L0



KLJ

JM→L0M0
�
2: ð46Þ

Putting all together, the general expression for the transition
rate is

Γ
�
Hspin1

J J → Sspin0L0
	 ¼ 4αs

3NC
TF

ΔE3

m2
Q

X
L

½KLJ
J→L0 �2

×


Z
PLJ
1J ðrÞRL0 ðrÞdr

�
2

: ð47Þ

In the following sections we apply this formula to the
hybrid states p0, p1, and ðs=dÞ1. The results can be found
in Table VIb and the particular values forKLJ

J→L0 in Table V.
In order to estimate the reliability of our calculation we
use in Table VIb,

jhHJ JjSL0 ij ¼
X
L

jKLJ
J→L0

Z
PL
J ðrÞRL0 ðrÞdrj: ð48Þ

1. The decay of the hybrid state p0
The decay of the hybrid state p0 arises from the

combinations of quantum numbers J JL ¼ 001 and 101.
It can be studied with a coupled Schrödinger equation with
wave-function components Pþ0

0 and Pþ−
1 , which may be

approximated to Pþ
0 . Its spin-flip decay to quarkonium

has L0 ¼ 1 angular momentum conservation with wave-
function R1, labeled as ðnpÞ. The expression for the decay
width is

Γ
�
pspin1
0 → pspin0

	 ¼ 4αs
3NC

TF
ΔE3

m2
Q

× ½1�

×


Z
Pþ
0 ðrÞR1ðrÞdr

�
2

: ð49Þ

2. The decay of the hybrid state p1
The decay of the hybrid state p1 arises from the

combinations of quantum numbers J JL ¼ 011 and 111.
It can be studied with a coupled Schrödinger equation with
wave-function components P0þ

0 and P00
1 approximated to

P0
1. Its spin-flip decay to quarkonium has L0 ¼ 1 angular
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momentum conservation with wave-function R1, labeled
as ðnpÞ. The expression for the decay width is

Γ
�
pspin1
1 → pspin0

	 ¼ 4αs
3NC

TF
ΔE3

m2
Q

× ½1�

×


Z
P0
1ðrÞR1ðrÞdr

�
2

: ð50Þ

3. The decay of the hybrid state ðs=dÞ1
The decay of the hybrid state ðs=dÞ1 arises from the

combinations of quantum numbers J JL ¼ 010, 012, 110,
and 112. It can be studied with a coupled Schrödinger
equation with wave-function components P−þ

0 and P−0
1

approximated to P−
1 , plus Pþþ

0 and Pþ0
1 approximated

to Pþ
1 . Its spin-flip decay to quarkonium has L0 ¼ 0 or 2

angular momentum conservation with wave-function R0 or
R2, labeled as ðnpÞ or ðndÞ. The expression for the decay
width is

Γ

ðs=dÞspin11 → sspin0

� ¼ 4αs
3NC

TF
ΔE3

m2
Q

× ½1�

×


Z
P−
1 ðrÞR0ðrÞdr

�
2

; ð51Þ

Γ

ðs=dÞspin11 → dspin0

� ¼ 4αs
3NC

TF
ΔE3

m2
Q

× ½1�

×


Z
Pþ
1 ðrÞR2ðrÞdr

�
2

: ð52Þ

VI. COMPARISON WITH EXPERIMENT

We compare our theoretical predictions with the exper-
imental results reported by the PDG in the section
“Spectroscopy of Mesons Containing Two Heavy
Quarks” [8], updated through July 2025. Our analysis
includes all heavy mesons listed with zero isospin, which
we match to hybrid states with compatible masses and
quantum numbers JPC. Some XYZ mesons may corre-
spond to more than one possible theoretical state. We use
decay pattern compatibility to distinguish between hybrid
and conventional quarkonium assignments. We present
below our hybrid assignments. The uncertainty in this
section does not include the δΔE term from Eq. (A1) since
we replace the mass of involved states with the mass of the
assigned PDG resonances.
Before detailing specific assignments, it is important to

contextualize our hybrid approach within the broader
landscape of XYZ phenomenology. Many of these exotic
states also admit alternative theoretical interpretations, such
as hadronic molecules (loosely bound states of two heavy
mesons) or compact multiquark configurations (e.g., tightly
bound diquark-antidiquark tetraquarks) [6,7]. While our
present work focuses exclusively on the hybrid quarkonium
hypothesis, a definitive identification of the internal struc-
ture of XYZ states will require a global analysis including
hybrid, molecular, and tetraquark components for a given
isospin zero candidate. Furthermore, we stress that when
our computed transition rates are labeled as Not Reliable
(NR) or subject to Large Corrections (LC), assignments are
primarily based on mass proximity.
(1) Xð3940Þ (JPC ¼ ???, Γ ¼ 43� 20 MeV). It may be

identified with our hybrid 1ðs=dÞ1 (4028 MeV) in
any spin configuration. We find that neither the spin-
conserved nor the spin-flip decays can be calculated
reliably. An assignment as 2p (3958 MeV) charmo-
nium remains possible.

(2) ψð4040Þ (JPC ¼ 1−−, Γ ¼ 84� 12 MeV). It may be
identified as our hybrid 1ðs=dÞ1 (4028 MeV) with
spin 0. We find that neither the spin conserved nor
the spin flip decays can be calculated reliably. If this
identification is made, then Xð3940Þ can be one of
the spin-1 partners, most likely the 0−þ, according to
hyperfine splitting pattern found in [15,16,37].

(3) χc1ð4140Þ (JPC ¼ 1þþ, Γ ¼ 19� 7 MeV). It may
be identified as our hybrid 1p1 (4171 MeV) with
spin 0.1 We find that neither the spin conserved nor
the spin flip decays can be calculated reliably.

(4) Xð4160Þ (JPC ¼ ???, Γ ¼ 136þ90
−35 MeV). It may be

identified as our hybrid 1p1 (4171 MeV) at any spin
configuration. If χc1ð4140Þ is assigned to the spin-0
1p1 hybrid, then Xð4160Þ can be one of the spin-1

TABLE V. Table of selection rules for spin-flip transitions: spin
1 hybrid to spin 0 quarkonium. We perform the approximation
PLJ
J ≃ PL

J in the wave functions. We mark with “� � �” the cases
that do not exist.

J J L ¼ L0 ½KLJ
J→L0 �2 Wave function State

0 0 � � � ½K00
J→L0 �2 ¼ � � � P00

0 ∼ P0
0 ¼ ∄ � � �

0 0 1 ½Kþ0
J→L0 �2 ¼ 0 Pþ0

0 ∼ Pþ
0

p0

0 1 0 ½K−þ
J→L0 �2 ¼ 1 P−þ

0 ∼ P−
1

ðs=dÞ1
0 1 1 ½K0þ

J→L0 �2 ¼ 1 P0þ
0 ∼ P0

1
p1

0 1 2 ½Kþþ
J→L0 �2 ¼ 1 Pþþ

0 ∼ Pþ
1

ðs=dÞ1
1 0 � � � ½K0−

J→L0 �2 ¼ � � � P0−
1 ∼ P0

0 ¼ ∄ � � �
1 0 1 ½Kþ−

J→L0 �2 ¼ 1 Pþ−
1 ∼ Pþ

0
p0

1 1 0 ½K−0
J→L0 �2 ¼ 1 P−0

1 ∼ P−
1

ðs=dÞ1
1 1 1 ½K00

J→L0 �2 ¼ 1 P00
1 ∼ P0

1
p1

1 1 2 ½Kþ0
J→L0 �2 ¼ 1 Pþ0

1 ∼ Pþ
1

ðs=dÞ1
1 2 1 ½K−þ

J→L0 �2 ¼ 1 P−þ
2 ∼ P−

2
ðp=fÞ2

1 2 2 ½K0þ
J→L0 �2 ¼ 1 P0þ

2 ∼ P0
2

d2
1 2 3 ½Kþþ

J→L0 �2 ¼ 1 Pþþ
2 ∼ Pþ

2
ðp=fÞ2

1In Ref. [14] this identification was ruled out because of a
selection rule which was due to an oversimplification in the
derivation of the spin-conserved transitions [22].
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partners, most likely the 1−þ, according to the
hyperfine splitting pattern found in [15,16,37]. We
find that neither the spin conserved nor the spin flip
decays can be reliably calculated. An assignment as
3s (4149 MeV) or 2d (4209 MeV) charmonium, or
1ðp=fÞ2 (4245 MeV) hybrid remains possible.

(5) Xð4350Þ (JPC ¼ ??þ, Γ ¼ 13þ18
−10 MeV). It may be

identified as the hybrid 2ðs=dÞ1 (4394 MeV) at spin
1. We find a spin-flip decay into charmonium
ηcð1SÞ, with a width of 12� 12 MeV. Even though
this value is consistent with the total decay width, it
leaves little room for spin-conserved transitions and
for decays to D-meson pairs. An assignment as 3p
(4388 MeV) spin-1 charmonium is favored, and an

assignment as 1p0 (4455 MeV) spin-0 hybrid
remains possible.

(6) ψð4360Þ and ψð4415Þ, (JPC ¼ 1−−, Γ ¼ 120�
12 MeV, and Γ ¼ 110� 13 MeV, respectively).
They both may be identified as our hybrid
2ðs=dÞ1 (4394 MeV) at spin 0. We find a spin-flip
decay into charmonium J=ψð1SÞ, with a width of
Γ ¼ 30� 32 MeV and Γ ¼ 32� 33 MeV, respec-
tively, which is consistent with the observed total
decay width in both cases.

(7) χc0ð4500Þ (JPC ¼ 0þþ, Γ ¼ 77� 10 MeV). It may
be identified with our 1p0 hybrid (4445 MeV) at
spin 0. We find that neither the spin conserved
nor the spin flip decays can be reliably calculated.

TABLE VI. Table of spin-flip transitions. Units in MeV. We only show transitions that satisfy the constraints [see
discussion below Eq. (11)] and have error ≲100%. For final quarkonium with spin 1, we present the inclusive decay
rates (sum over possible total angular momentum J0 in the final state). Last column includes theoretical error
associated to imprecision in ΔE, higher orders in αs, the multipole expansion, relativistic corrections, and the
difference between weak and strong coupling regimes, which dominates the error budget, see Appendix A.

Hybrid [S ¼ 0] → Quarkonium [S ¼ 1]

Hybrid Quarkonium Decay

nLJ E n0L0 E0 ΔE hHjSiΔE=mQ hfjrjiiΔE Γ� δΓ

Charm

2ðs=dÞ1 4394 1s 3068 1326 0.56 0.33 33� 36
3ðs=dÞ1 4678 1s 3068 1610 0.05 0.57 0.3� 0.3

Bottom

2p0 11261 1p 9879 1382 0.12 0.08 1.5� 1.4
3p0 11525 1p 9879 1646 0.06 0.18 0.5� 0.4

1ðs=dÞ1 10704 1s 9551 1153 0.32 1.43 10� 7
2ðs=dÞ1 10905 1s 9551 1354 0.24 0.65 6� 4
3ðs=dÞ1 11103 1s 9551 1552 0.10 0.26 1� 0.6

(a) Spin-flip transitions for initial hybrid spin 0 to final quarkonium spin 1.

Hybrid [S ¼ 1] → Quarkonium [S ¼ 0]

Hybrid Quarkonium Decay

nLJ E n0L0 E0 ΔE hHjSiΔE=mQ hfjrjiiΔE Γ� δΓ

Charm

2ðs=dÞ1 4394 1s 3068 1326 0.33 0.33 11� 12
3ðs=dÞ1 4678 1s 3068 1610 0.03 0.57 0.1� 0.1

Bottom

2p0 11261 1p 9879 1382 0.07 0.08 0.5� 0.5
3p0 11525 1p 9879 1646 0.04 0.18 0.2� 0.1

3p1 11209 1p 9879 1330 0.06 0.17 0.4� 0.4

1ðs=dÞ1 10704 1s 9551 1153 0.18 1.43 3.2� 2.5
2ðs=dÞ1 10905 1s 9551 1354 0.14 0.65 2� 1
3ðs=dÞ1 11103 1s 9551 1552 0.06 0.26 0.3� 0.2

(b) Spin-flip transitions for initial hybrid spin 1 to final quarkonium spin 0.
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An assignment to the nearby 3p quarkonium
(4388 MeV) is less favored.

(8) Xð4630Þ (JPC ¼ ??þ, 174� 78 MeV). It may be
identified as our hybrid 3ðs=dÞ1 (4678 MeV) at
spin 1. We find a spin-flip decay into charmonium
ηcð1SÞ, with a width of Γ ∼ 0.12� 0.1 MeV, which
is consistent with the observed total decay width.

An assignment as 4s (4562 MeV) or 3d (4608 MeV)
spin-0 charmonium remains possible.

(9) ψð4660Þ (JPC ¼ 1−−, Γ ¼ 55� 9 MeV). It may be
identified as our hybrid 3ðs=dÞ1 (4678 MeV) at spin
0. We find a spin-flip transition channel into charmo-
nium J=ψð1SÞ with a width of Γ ∼ 0.3� 0.27 MeV,
which is consistent with the observed total decay

TABLE VII. Table for XYZ mesons, as presented by the PDG, and the corresponding states from our calculation.
All units are in MeV. Hybrids are labeled by their quantum numbers nLJ½S�, while quarkonium states are labeled as
nL½S�. The values of Γ, along with their associated uncertainties, are refined by replacing our calculated masses in
ΔE with the corresponding experimental value. Uncertainties include higher-order corrections in αs and in the
multipole expansion, relativistic corrections, and the difference between weak and strong coupling regimes, which
dominates the error budget. We use the notation not reliable (NR) if ΔE ≲ 800 MeV or if hHjrjSiΔE ≳ 1
(hHjSiΔE=mQ ≳ 1) for spin-conserved (spin-flip) transitions. Large corrections (LC) means δΓ≳ 100%, which is
discussed in Appendix A. For details of each transition, we refer the reader to the table decay_tables_
full.pdf in Ref. [36].

PDG Our estimate

Name Mass JPC Γ Hybrid Quarkonium decay channel Γqq̄g→qq̄

Charm

Xð3940Þ 3942� 9 ??? 43� 20 1ðs=dÞ1½S ¼ 1� 1s½S ¼ 0� NR
1p½S ¼ 1� NR

ψð4040Þ 4040� 4 1−− 84� 12 1ðs=dÞ1½S ¼ 0� 1p½S ¼ 0� NR
1s½S ¼ 1� NR

χc1ð4140Þ 4146� 3 1þþ 19� 7 1p1½S ¼ 0� 1s½S ¼ 0� NR
1p½S ¼ 1� NR

Xð4160Þ 4153� 20 ??? 136þ60
−35 1p1½S ¼ 1� 1p½S ¼ 0� NR

1s½S ¼ 1� LC

Xð4350Þ 4351� 5 ??þ 13þ18
−10 2ðs=dÞ1½S ¼ 1� 1s½S ¼ 0� ηcð1SÞ½2984� 12� 12

1p½S ¼ 1� LC

ψð4360Þ 4374� 7 1−− 120� 12 2ðs=dÞ1½S ¼ 0� 1p½S ¼ 0� NR
1s½S ¼ 1� J=ψð1SÞ½3097� 30� 32

ψð4415Þ 4415� 5 1−− 110� 13 2ðs=dÞ1½S ¼ 0� 1p½S ¼ 0� NR
1s½S ¼ 1� J=ψð1SÞ½3097� 32� 33

χc0ð4500Þ 4474� 4 0þþ 77� 10 1p0½S ¼ 0� 1s½S ¼ 0� NR
1p½S ¼ 1� LC

Xð4630Þ 4626þ24
−110 ??þ 170þ140

−80 3ðs=dÞ1½S ¼ 1� 1s½S ¼ 0� ηcð1SÞ½2984� 0.12� 0.1
1p½S ¼ 1� LC

ψð4660Þ 4623� 10 1−− 55� 9 3ðs=dÞ1½S ¼ 0� 1p½S ¼ 0� NR
1s½S ¼ 1� J=ψð1SÞ½3097� 0.3� 0.27

Bottom

ϒð10753Þ 10753� 6 1−− 36� 15 1ðs=dÞ1½S ¼ 0� 1p½S ¼ 0� NR
1s½S ¼ 1� ϒð1SÞ½9460� 13� 9

ϒð10860Þ 10885� 2 1−− 37� 4 2ðs=dÞ1½S ¼ 0� 1p½S ¼ 0� hbð1PÞ½9899� LC
1s½S ¼ 1� ϒð1SÞ½9460� 7� 4

ϒð11020Þ 11000� 4 1−− 24� 7 3ðs=dÞ1½S ¼ 0� 2p½S ¼ 0� hbð2PÞ½10260� LC
1s½S ¼ 1� ϒð1SÞ½9460� 1� 0.6
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width. An assignment as 4s (4562 MeV) or 3d
(4608 MeV) spin-1 charmonium remains possible.

(10) ϒð10753Þ (JPC ¼ 1−−, Γ ¼ 36� 15 MeV). It may
be identified2 as our hybrid state 1ðs=dÞ1
(10704 MeV) at spin 0 (49 MeV ∼ 1σ away). We
find a spin-flip decay into bottomonium ϒð1SÞ, with
a width of Γ ∼ 13� 9 MeV, which is consistent with
the observed total decay width. An assignment as
bottomonium 3d (10689 MeV) spin 1 (64 MeV ∼ 1σ
away) may also be possible.

(11) ϒð10860Þ (with JPC ¼ 1−−, Γ ¼ 37� 4 MeV). It
may be identified (see footnote 2) as our hybrid
2ðs=dÞ1 (10905 MeV) at spin 0. We find a spin-flip
decay into bottomoniumϒð1SÞ, with a width of Γ ¼
7� 4 MeV. Since the total decay width to non-BB̄
states is Γnon−BB̄ ¼ 6.5� 1 GeV, our numbers dis-
favor the assignment as a pure hybrid state. An
assignment as bottomonium 5s (10901 MeV) is
favored.

(12) ϒð11020Þ (JPC ¼ 1−−, Γ ¼ 24� 5 MeV). It may
be identified (see footnote 2) as our hybrid 3ðs=dÞ1
(11103 MeV) at spin 0 (103 MeV ∼ 3σ away). We
find a spin-flip decay into bottomonium ϒð1SÞ,
with a width of Γ ¼ 1� 0.6 MeV. An assignment
as bottomonium 4d (10939 MeV) (61 MeV ∼ 1σ
away) is favored.

VII. SUMMARY AND CONLCUSIONS

Within the Born-Oppenheimer effective field theory
(BOEFT) framework we update and extend the results
of Ref. [14]. In particular we revise the calculation for
spin-conserved transitions and address the spin-flip ones
[21,22]. Our analysis extends previous works [11–14,22] in
several important ways:
(1) Updated hybrid potentials. We incorporate a recent

evaluation of the hybrid static potentials [28], which
uses the latest lattice QCD data [26,27]. This
improves the accuracy of the energy spectrum and
wave functions used in our decay width calculations.
The differences with respect to the energy spectrum
reported in [14] fall within the expected theoretical
uncertainties.

(2) Spin-flip transitions. We treat spin-flip transitions
with greater care, particularly those originating from
spin-0 hybrids and leading to spin-1 quarkonium

final states, which form multiplets with different
total angular momenta J. We calculate the decay
width for every J, which allows us to make precise
comparisons with PDG data. In Ref. [22] only the
sum of decay widths for all J is displayed.

(3) Inclusion of the d-wave decay channel. We include
the d-wave final states in the decay channel both in
spin-conserved and spin-flip transitions, which have
not been considered before. This channel allows
transitions from the hybrid initial state pJ through
spin-conserving processes and from ðs=dÞ1 through
spin-flip ones. Nevertheless, the figures obtained for
these transitions turn out to be unreliable (either
because the transitions do not fulfill the constraints
or because the figures are produced with large errors,
see Ref. [36]).

(4) Comprehensive error analysis for the decay widths.
We make a systematic analysis of errors, including
theoretical errors associated to higher orders in the
strong coupling, imprecision in the mass spectrum,
the multipole expansion, the relativistic corrections,
and the difference between weak and strong cou-
pling regimes. The last error source turns out to be
very important. It arises from the fact that the
transition vertices are calculated in the weak cou-
pling regime because the transition energy is large,
but the states, both hybrid and quarkonia, are
obtained in the strong coupling one. In Ref. [22],
only the first three error sources are considered. As a
consequence, a number of decay widths figures that
are used to rule out possible hybrid candidates in that
reference become unreliable once the remaining
error sources are taken into account, in particular
the last one. In Ref. [14], the relativistic corrections
are not discussed either. Even though ΔE are
comparable tomc in quite a few cases, the relativistic
corrections do not have a major impact in the final
error. However, due to numerical factors, in most
cases the error from the relativistic corrections turns
out to be more important than the one from the
multipole expansion, which is parametrically larger.
Hence, it is important to take it into account. We
carefully discuss here for which decay channels our
calculation produces reliable results.

We also recalculate the spin-conserved transitions,
which are now in agreement with Ref. [22]. These improve-
ments lead to more accurate assignments of XYZ
resonances to quarkonium or hybrid states, and help
resolve some ambiguities in the state identification.
We confirm the assignments of Ref. [14] with the follow-
ing exceptions: χc1ð4140Þ, which was left with no assign-
ment is now identified with the spin zero 1p1 hybrid (see
footnote 1); ψð4040Þ and ψð4415Þ, which were assumed
to be quarkonium states, are now identified with the spin

2For the three bottomonium hybrids 1ðs=dÞ1, 2ðs=dÞ1, and
3ðs=dÞ1, our mass predictions do not match well with the
experimental values. This mismatch might be due to strong
mixing effects, as the ðs=dÞ1 hybrid states lie close in energy
to the nearby s and d bottomonium levels [14]. Such mixing
could shift the predicted mass positions and alter decay widths
accordingly.

RUBÉN ONCALA and JOAN SOTO PHYS. REV. D 113, 116004 (2026)

116004-14



zero 1ðs=dÞ13 and 2ðs=dÞ14 hybrids; Xð3940Þ, which was
assigned to 2p state, now it can also be a 1ðs=dÞ1 hybrid.
Let us mention that the spectrum presented here

describes the higher bottomonium resonances less accu-
rately than the one in Ref. [14]. This may be due to the fact
that the potential we use here is obtained entirely from
fits to quenched lattice data [28]. This delivers a string
tension σ ∼ 0.22 GeV2, whereas in Ref. [14] a value σ ∼
0.18 GeV2 was used, which is closer to the values obtained
by lattice calculations with dynamical fermions [42] (see
[43] for a discussion on the light-quark mass dependence
of the string tension). In addition, the proximity of several
quarkonium s and d levels to hybrid ðs=dÞ1 levels may
make mixing important [14]. We expect that the mixing
issue will be resolved once the recent lattice data on the
mixing potentials of Ref. [44] is incorporated in the
approach.
The usefulness of the semi-inclusive decay widths to

quarkonium in order to identify hybrid states among the
XYZ resonances is limited. This is due to the fact that only
a few transitions can be reliably calculated, and they not
always correspond to XYZ candidates. Nevertheless, we
find, for instance, that the calculated spin-flip decay width
of ϒð10860Þ is comparable to the branching fraction
to non-BB̄ states reported in the PDG. Since there should
also be room for the decay width of the spin-conserved
transitions, its interpretation as a purely hybrid state is
disfavored. Xð4350Þ is a similar case: the spin-flip decay
width is similar to the total decay width. However, most of
the calculated semi-inclusive decay widths that correspond
to XYZ states are compatible with the total decay width
reported in the PDG. In this case, we provide predictions
for particular channels. The remaining semi-inclusive
decay widths that we have calculated stand as predictions
for these hybrid states, which may be eventually tested if
they are identified with new XYZ resonances in the future.
In summary, we keep finding an overall good agreement

with the experimental data reported by the PDG [8]. Based
on mass proximity and allowed quantum numbers, we
propose either hybrid or conventional quarkonium inter-
pretations for nearly all heavy isospin-zero states in the
XYZ meson spectrum. In addition, we have been able to
reliably estimate a limited number of semi-inclusive decay
widths for both spin-conserved and spin-flip hybrid to
quarkonium transitions by carrying out an exhaustive error
analysis. Let us finally mention that alternative interpreta-
tions, such as molecular or tetraquark models, may corre-
spond in our framework to missing components of the same
state that we have not taken into account.
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APPENDIX A: UNCERTAINTIES

1. Uncertainty in the mass spectrum

We have used the leading-order potential for both
quarkonium and hybrids; the potentials we neglect start
at order 1=mQ. For hybrids, the error we assign to this
calculation is Λ2

QCD=mQ, since ΛQCD is the next relevant
scale. For quarkonium, this is not always the case, as the
typical momenta can be larger than ΛQCD. A detailed error
analysis is carried out in Appendix A of [14]. For
simplicity, we stick toΛ2

QCD=mQ to estimate the uncertainty
for quarkonium as well. Taking ΛQCD ∼ 400 MeV, we
obtain a precision of about 110 MeV for charmonium and
33 MeV for bottomonium.
ΔE is the energy gap between the initial hybrid and the

final quarkonium states in the transition. In most of our
transitions ΔE typically lies in the range of 1–2 GeV, and is
never smaller than 800 MeV. To estimate uncertainties, we
vary ΔE by δΔE ¼ ffiffiffi

2
p

× 110 MeV for charmonium and
δΔE ¼ ffiffiffi

2
p

× 33 MeV for bottomonium.

a. Quarkonium

We compare the quarkonium spectrum from our calcu-
lation with the particles listed by the PDG [8]. Since we
work at leading-order in the 1=mQ expansion for the
potentials, the states in our calculation are spin degenerate,
so they may correspond to various JPC configurations for
S ¼ 0 or S ¼ 1, as shown in Table I.
We observe that most of the computed states do not differ

from the experimental candidates by more than the expected
precision, see Table VIII. For charmonium, we obtain a
mean absolute error (m.a.e.) of 57 MeV, which is well below
the expected theoretical uncertainty of 110 MeV. In the
bottomonium sector, we find a m.a.e. of 34 MeV, slightly
above the expected uncertainty of 33 MeV. However, it is
important to note that the bottomonium ground state (1s) is
expected to deviate more significantly due to its large mass
and stronger binding effects.5 If we exclude the ð1sÞ states3This state was identified with Yð4008Þ in Ref. [14]. Yð4008Þ

was reported by Belle in Refs. [38,39], but it has not been
confirmed by other experiments (see, for instance, [40,41]) and it
is not listed in the PDG.

4It was assigned to 4s in Ref. [14].

5ϒð1SÞ and ηbð1SÞ are better understood in the weak coupling
regime of pNRQCD, see for instance [45,46].
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from the statistics, the resulting subset yields a reduced
m.a.e. of 26 MeV, which lies below the expected
precision.

b. Hybrids

The static potentials may be fitted to lattice data with
various approximations for the long- and short-distance
behavior. Variations in the assumed potential lead to
differences in the predicted spectrum. In Table IX, we
summarize the hybrid spectrum for different fits and
associate each state with its most likely experimental
candidate.
For hybrid charmonium, we obtain a m.a.e of 35 MeV,

which is well below the expected theoretical uncertainty of
110 MeV. In the bottomonium sector, however, we find
fewer possible identifications, and some are further from
the predicted energy levels. In this case, the m.a.e. is
35 MeV, slightly above the expected uncertainty of
33 MeV. It is important to note that these statistical
estimates are based only on the identified hybrid candi-
dates (10 for charmonium and only 2 for bottomonium) so
the statistical significance of the bottomonium result is
limited.

2. Uncertainty in Γ
For the decay rate Γ ∼ αsðΔEÞΔE3 × ½multipole

expansionþ relativistic expansion�, we consider uncer-
tainties arising from the following:
(1) The transition energy ΔE� δΔE, where δΔE is the

uncertainty in the binding energies discussed
in Sec. A 1.

TABLE VIII. Comparative table for the quarkonium spectrum
(in MeV) showing our predicted states and the experimental
candidates listed by the PDG [8] with compatible JPC and close
mass. We only include uncertainties in PDG masses when they
are bigger than 1 MeV. We consider an expected precision (1σ) of
about 110 MeV for charmonium and 33 MeV for bottomonium.
We use the following symbol code: dagger (†) for PDG states that
could correspond to several of our candidates, either quarkonia or
hybrid; an asterisk (�) for PDG states that are more than 1σ away
from our mass prediction; italics the bottomonium ground states
(1s), which are better understood in the weak coupling regime.

Our prediction PDG

nL Mcc̄ � 110 MeV Mass PDG name JPC

1s 3068 2984 ηcð1SÞ 0−þ
3097 J=ψð1SÞ 1−−

2s 3674 3638 ηcð2SÞ 0−þ
3686 ψð2SÞ 1−−

3s 4149 4153þ23
−21 Xð4160Þ (†) ???

4191� 5 ψð4160Þ 1−−

4s 4562 4626þ24
−110 Xð4630Þ (†) ??þ

4415� 5 (�) ψð4415Þ (†) 1−−

1p 3457 3525 hcð1PÞ 1þ−

3415 χc0ð1PÞ 0 þþ
3511 χc1ð1PÞ 1þþ
3556 χc2ð1PÞ 2þþ

2p 3958 3942� 9 Xð3940Þ (†) ???

3862þ50
−35 χc0ð3860Þ 0þþ

3922� 2 χc0ð3915Þ 0þþ
3872 χc1ð3872Þ 1þþ

3922� 1 χc2ð3930Þ 2þþ
3p 4388 4474� 4 χc0ð4500Þ (†) 0þþ

4286� 9 χc1ð4274Þ 1þþ
4351� 5 Xð4350Þ (†) ??þ

4p 4774 4694þ16
−5 χc0ð4700Þ 0þþ

4684þ15
−17 χc1ð4685Þ 1þþ

1d 3762 3774 ψð3770Þ 1−−

3823 ψ2ð3823Þ 2−−

3842 ψ3ð3842Þ 3−−

2d 4209 4222� 2 ψð4230Þ 1−−

3d 4608 4623� 10 ψð4660Þ (†) 1−−

(a) Charmonium spectrum and candidates.

Our prediction PDG

nL Mbb̄ � 33 MeV Mass PDG name JPC

1s 9551 9399� 2 ηbð1SÞ 0−þ
9460 ϒð1SÞ 1−−

2s 10017 9999� 4 ηbð2SÞ 0−þ
10023 ϒð2SÞ 1−−

3s 10355 10330 ηbð3SÞ 0−þ
10355 ϒð3SÞ 1−−

4s 10643 10579� 1 (�) ϒð4SÞ 1−−

5s 10901 10885� 2 ϒð10860Þ (†) 1−−

(Table continued)

TABLE VIII. (Continued)

Our prediction PDG

nL Mbb̄ � 33 MeV Mass PDG name JPC

1p 9879 9899 hbð1PÞ 1þ−

9859 χb0ð1PÞ 0þþ
9893 χb1ð1PÞ 1þþ
9912 χb2ð1PÞ 2þþ

2p 10234 10260� 1 hbð2PÞ 1þ−

10233 χb0ð2PÞ 0þþ
10256 χb1ð2PÞ 1þþ

10269 (�) χb2ð2PÞ 2þþ
3p 10532 10530 χb0ð3PÞ 0þþ

10513 χb1ð3PÞ 1þþ
10524 χb2ð3PÞ 2þþ

1d 10106 10164� 1 (�) ϒ2ð1DÞ 2−−

3d 10689 10753� 6 (�) ϒð10753Þ (†) 1−−

4d 10939 11000� 4 (�) ϒð11020Þ 1−−

(b) Bottomonium spectrum and candidates.
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(2) Higher orders in the strong coupling constant αs,
δαs ¼ αsðΔE=2Þ−αsð2ΔEÞ

2
, see Sec. A 2 a. This error

includes the one due to the variation of αs from δΔE.
(3) Higher orders in the multipole expansion, see

Sec. A 2 b.
(4) The use of eigenstates of the full (confining) poten-

tial in Eq. (4) rather than eigenstates of the singlet
(perturbative) potential in Eq. (1), see Sec. A 2 c.
This is estimated by calculating the average of the
confining potential in the quarkonium state over the
transition energy.

(5) Relativistic corrections, see Sec. A 2 d. There are
two contributions, one proportional to the energy
tranfer (ΔE) and one proportional to the average
kinetic energy of the quark-antiquark pair in the
initial and final states hfj∂2r jii, we use the notation
V ≡ 2

mQ
jhfj∂2r jiij ≃ Ei − hijVhjii þ Ef − hfjVΣþ

g
jfi,

h ¼ Σ−
u ;Πu, see Eq. (A14).

We add in quadrature the above errors and estimate the
uncertainty of the decay width as follows:
Spin conserved:

δΓ
Γ

∼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
3
δΔE
ΔE

�
2

þ
�
δαs
αs

�
2

þ
�jhfjrjiij2ΔE2

120

�
2

þ
�
3
σjhfjrjfij þ μ

ΔE

�
2

þ
�

ΔE2

16m2
Q

�
2

þ
�

V
8mQ

�
2

s
: ðA1Þ

TABLE IX. Comparative table for the hybrid spectrum. For each state nLJ we show the predicted energy (in
MeV) for different potentials: those used in the present work, showed in Appendix B, the one used in our previous
paper [14], and the one used in Ref. [22]. The ðs=dÞ1, p1, p0, ðp=fÞ2, and d2 states are named H1, H2, H3, H4 and
H5 respectively in [13,22]. The last columns show our best PDG candidate [8]. The expected precision of
predictions is about 110 MeV for charmonium and 33 MeV for bottomonium. In orange: PDG states that could
correspond to several of our candidates, either quarkonia or hybrid. In gray: PDG states that are more than 1σ away
from our mass prediction.

Our prediction PDG

nLJ Mqq̄g Mqq̄g [14] Mqq̄g [22] Mass PDG Name JPC

�110 MeV Charm

1p0 4455 4486 4590 4474� 4 χc0ð4500Þ (†) 0þþ

2p0 4917 4920 5054
3p0 5315 5299 5473

1ðs=dÞ1 4028 4011 4155 4040� 4 ψð4040Þ 1−−

3942� 9 Xð3940Þ (†) ???

2ðs=dÞ1 4394 4355 4507 4374� 7 ψð4360Þ 1−−

4415� 5 ψð4415Þ (†) 1−−

4351� 5 Xð4350Þ (†) ??þ
3ðs=dÞ1 4678 4692 4812 4623� 10 ψð4660Þ (†) 1−−

4626þ24
−110 Xð4630Þ (†) ??þ

1p1 4171 4145 4286 4146� 3 χc1ð4140Þ 1þþ

4153þ23
−21 Xð4160Þ (†) ???

2p1 4556 4511 4667
3p1 4912 4863 5035

�33 MeV Bottom

1p0 10977 11011 11065
2p0 11261 11299 11352
3p0 11525 11551 11616

1ðs=dÞ1 10704 10690 10786 10753� 6 (�) ϒð10753Þ (†) 1−−

2ðs=dÞ1 10905 10885 10976 10885� 2 ϒð10860Þ (†) 1−−

3ðs=dÞ1 11103 11084 11172

1p1 10772 10761 10846
2p1 10995 10970 11060
3p1 11209 11175 11270
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Spin flip:

δΓ
Γ

∼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
3
δΔE
ΔE

�
2

þ
�
δαs
αs

�
2

þ
�jhfjrjiij2ΔE2

24

�
2

þ
�
3
σjhfjrjfij þ μ

ΔE

�
2

þ
�

ΔE2

16m2
Q

�
2

þ
�

5V
24mQ

�
2

s
: ðA2Þ

We use

jhfjrjiij ¼
����X

L

Z
PL
J ðrÞrRL0 ðrÞdr

����; jhfjrjfij ¼
Z

rR2
L0 ðrÞdr: ðA3Þ

Note that in contrast with Eq. (21), Eq. (A3) does not
include Clebsch-Gordan factors, see Sec. A 2 b. We esti-
mate hijVhjii, h ¼ Σ−

u ;Πu as follows, hijVhjii ∼ VhðrminÞ,
the minimum of the average potential for the hybrid
initial state, and hfjVΣþ

g
jfi ∼ VΣþ

g
ðhfjrjfiÞ for the quarko-

nium final state. VhðrminÞ≡ 1
2
Min½VΣ−

u
þ VΠu

� ≃ 2mQ þ
Eqq̄
g þ 1.2 GeV, where the numerical factor is estimated

by analyzing the lattice data associated to the poten-
tials used to compute hybrid and quarkonium states,
see Fig. 3.

a. Uncertainty in the strong coupling constant

The strong coupling constant αsðΔEÞ is evaluated at the
scale of the energy difference between the hybrid and
quarkonium states, we use the AlphasExact function from the
RunDec package [47–49] with 5 fixed flavor number and
4-loop running, corresponding to evolution from MZ down

to ΔE. This setup ensures consistency with the flavor
scheme and scale hierarchy adopted in Ref. [22]. To
estimate the uncertainty on αsðΔEÞ, we vary the renorm-
alization scale in the range ½ΔE=2; 2ΔE�. This accounts for
both the uncertainty in the energy gap ΔE and the effect of
higher-order corrections in the running of αs. The resulting
variation in αs is then propagated into the decay width as a
theoretical uncertainty.

b. Higher orders in the multipole expansion

For the spin-conserved case, higher order terms in the
multipole expansion that we need to estimate the error can
be found in [50]

Lsc
multipole¼Tr

�
O†r ·gESþ 1

24
O†rirjrkgDiDjEkSþH:c:

�
:

ðA4Þ

FIG. 3. Left: the blue and green lines show the fit of the hybrid potentialsΠu and Σu, respectively. The solid red line shows the fit of the
static potential Σþ

g in Eq. (B1) proposed in Ref. [28] on top of the lattice data (dots) from Ref. [26,27]. The energy gap of ∼1.2 GeV
corresponds to the energy difference between the minimum of the hybrid potentials and the value of the Σþ

g potential at the distance
where the minimum occurs. Right: the red dash-dotted lines show the Coulomb potential and the red dotted lines the confining potential
in order to illustrate the energy gap between long- and short- distance regimens, μ ¼ E0 − E0þþ ¼ −28 MeV. We also show in black the
expected long (EST) and short (perturbative) distance behavior. The red dashed line shows the corresponding Cornell approximation
that we use in Sec. A 2 c to estimate the error.
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Recall that D and E depend only on the center of
mass coordinate R. The ΔL ¼ 1 piece of rirjrk reads
r2ðδijrk þ δjkri þ δkirjÞ=5. At leading order in g,DiDjEk≃
−∂i∂j∂0Ak. Since Ak is transverse, the only remaining
contraction is −r2r∂2∂0A=5, The relative size of the higher
order term is then

ðΔEÞ2jhfjr3jiij
120jhfjrjiij ≃

ðΔEÞ2jhfjrjiij2
120

: ðA5Þ

For the spin-flip case, we have

Lsf
multipole ¼

cF
2m

Tr

�
O†ðσ1 − σ2Þ

�
gBþ rirj

8
DiDjgB

�
S

þ H:c:

�
: ðA6Þ

Recall that B depends only on the center of mass co-
ordinate R. The ΔL ¼ 0 piece of rirj reads r2δij=3, and at
leading order in g of DiDjgB ≃ ∂i∂jgB. Hence the relevant
piece of the correction reads r2∂2gB=24, which leads to a
higher order term of the following size:

ðΔEÞ2jhfjr2jiij
24

≃
ðΔEÞ2jhfjrjiij2

24
: ðA7Þ

c. Confining versus Coulomb potential

The diagram in Fig. 2 produces an imaginary part to the
hybrid potential, which is related to the total decay width to
quarkonium plus anything else. This imaginary part is
calculated in weak coupling pNRQCD and is proportional
to [14],

ImðVÞ ∼ ðE − hsÞ3; hs ¼
p2

mQ
−
Cfαs
r

; ðA8Þ

and E is the energy of the hybrid. In the case of spin-
conserved transitions this expression appears between

two ri, and in the case of spin-flip transitions between
two ðσi1 − σi2Þ=mQ. In order to estimate the contribution of
a single quarkonium state to the decay width, we can
project it into this state, say jni. However, our quarkonium
states are calculated in the (LO) BOEFT with a confining
potential given in Eq. (B1), which corresponds to the
strong coupling regime of pNRQCD. They are approxi-
mate eigenstates of the Cornell potential Hs ¼
hs þ σrþ μ, Hsjni ¼ Enjni, with μ ¼ E0 − EJPC ¼
−0.07=r0 ¼ −28 MeV and σ ¼ 0.215 GeV2. Hs is a very
good approximation to the confining potential in Eq. (B1),
see Fig. 3. For the lowest lying states the confining term can
be treated as a perturbation,

hnjðE − hsÞ3jni ¼ hnjðE −Hs þ σrÞ3jni
≃ ðE − EnÞ3 þ 3ðE − EnÞ2½σhnjrjni þ μ�:

ðA9Þ

Hence the relative error made by replacing the Coulomb
potential by the Cornell potential is 3½σhfjrjfi þ μ�=ΔE,
where we have identified jni with the final quarkonium
state jfi. This error accounts for the difference between
weak and strong coupling regimes.

d. Relativistic corrections

The relativistic corrections are better discussed at the
NRQCD level. For the quark piece of the spin-conserved
transitions we have

Lsc
relativistic ¼ ψ†

�
D2

2mQ
−

D4

8m3
Q

�
ψ

≃ ψ†
�f∂; igAg

2mQ
−
ff∂; igAg; ∂2g

8m3
Q

�
ψ ; ðA10Þ

where we only keep the terms contributing to the leading
order in the multipole expansion. Upon projection to the
quark-antiquark sector [9], we have (time dependence is
implicit)

Lsc
relativistic ¼ ψ†ðx1;x2Þ

�f∂1; igAðx1Þg
2mQ

−
ff∂1; igAðx1Þg;∂21g

8m3
Q

−
f∂2; igAðx2Þg

2mQ
þff∂2; igAðx2Þg;∂22g

8m3
Q

�
ψðx1;x2Þ: ðA11Þ

At leading order in the multipole expansion Aðx1Þ ≃ Aðx2Þ ≃ AðRÞ. In terms of the center of mass R and relative coordinate
r, ∂1 ¼ ∂R=2þ ∂r, ∂2 ¼ ∂R=2 − ∂r

Lsc
relativistic ¼ ψ†ðR; rÞ

�
2∂rigAðRÞ

mQ
−
∂2R∂rigAðRÞ

8m3
Q

−
4∂rigAðRÞ∂2r

8m3
Q

�
ψðR; rÞ; ðA12Þ

where we have used that the gluon field is transverse and assumed that eventually the initial state will be at rest. The middle
term has the same dependence in the relative coordinate as the leading one. Hence it leads to a correction of relative size,
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ðΔEÞ2
16m2

Q
ðA13Þ

The last term in Eq. (A12) is estimated as

jhfj∂r∂2r jiij ≃ j hfj∂rjiijjhij∂
2
r jiij þ jhfj∂2r jfijjhfj∂rjiij

2
≡ jhfj∂rjiijmQV

2
: ðA14Þ

The relevant terms for calculating the relativistic corrections to the spin-flip transitions can be found in [51]. For the quark
sector they read

Lsf
relativistic ¼ ψ†

�
g
σ ·B
2mQ

þ g
fD2; σ ·Bg

8m3
Q

− g
Diσ ·BDi

4m3
Q

þ g
σ ·DB ·DþD · Bσ ·D

8m3
Q

�
ψ : ðA15Þ

Following the same procedure as for the spin-conserved ones, we obtain for the quark-antiquark sector,

Lsf
relativistic ¼ ψ†ðR; rÞ

�ðσ1 − σ2ÞgB
2mQ

þ ðσ1 − σ2Þ∂2RgB
32m3

Q
þ 5ðσ1 − σ2Þ∂2rgB

24m3
Q

�
ψðR; rÞ: ðA16Þ

We have focused on corrections to the leading term. In
particular, we have projected onto the ΔL ¼ 0 sector the
contributions arising from the last term in Eq. (A15). The
term in the middle leads to a correction,

ðΔEÞ2
16m2

Q
ðA17Þ

The size of the last term is estimated as

jhfj∂2r jiij ≃
jhij∂2r jiij þ jhfj∂2r jfij

2
¼ mQV

2
: ðA18Þ

APPENDIX B: POTENTIALS

The spectrum of quarkonium states can be obtained by
solving a Schrödinger equation with an appropriate poten-
tial. This potential generally incorporates nonperturbative
QCD dynamics and thus cannot be derived using pertur-
bation theory alone. Nonperturbative methods, such as
lattice QCD, have been employed to compute the static
potential in the intermediate regime [52,53]. In the short-
distance region (r ≪ 1=ΛQCD), perturbative QCD is reli-
able and can be applied successfully [54]. At long distances

(r ≫ 1=ΛQCD), the gluonic field between the heavy quarks
forms a flux tube, whose dynamics can be described using
effective string theory [55,56].
To span the entire range of quark-antiquark separations,

we use piecewise-defined potentials that interpolate
between the short- and long-distance behaviors. These
potentials are fitted to recent lattice QCD results for the
static energies [28],

ṼΛϵ
η
ðrÞ ¼ κ

r
þ EJPC þ AΛϵ

η
r2 þ BΛϵ

η
r4 þ CΛϵ

η
r6 r < rΛϵ

η
;

¼ VNðrÞ þ E0 þ
DΛϵ

η

r4
r > rΛϵ

η
;

ðB1Þ

corresponding to Σþ
g , Πu and Σ−

u . The potential of the string

is VNðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2r2 þ 2πðN − 1

12
Þσ

q
; σ is the string tension,

and N is the quantum number for transverse vibrational
excitations of the string. EJPC is the energy of the gluelump
with quantum numbers JPC. The potential parameters are
summarized in Table X. We find that the energy shift

TABLE X. Dimensionless parameters for the Σþ
g , Πu, and Σ−

u potentials in pure SUð3Þ gauge theory. Where the Sommer scale
r0 ¼ 0.5 fm and hence the string tension σ ¼ 0.215 GeV2 is used throughout. Since the cutoff in the potentials are established at
different points, VΣ−

u
shall be defined from its difference with VΠu

i.e., VΣ−
u
¼ VΠu

þ ΔVΣ−
u
, as determined in [28].

JPC Λϵ
η N r20σ r0E0 κ r0EJPC r30A r50B r70C D=r30 rΛϵ

η
=r0

0þþ Σþ
g 0 1.384 −0.057 −0.240 0.013 3.20 −4.69 3.49493 0.02874 0.713

1þ− Πu 1 1.384 −0.057 0.037 2.984 −0.010 0.209 −0.05314 0.12717 1.298
1þ− Σ−

u 3 1.384 −0.057 0.037 2.984 0.683 0.009 −0.03246 −16.96753 2.216
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VΛϵ
η
ðrÞ ¼ ṼΛϵ

η
ðrÞ þ 2mQ þ EQQ̄

g ðB2Þ

that yields the best agreement between the predicted and
experimental spectra for both charmonium and bottomo-
nium. Usingmc ¼ 1.47 GeV for the charm quark mass and
mb ¼ 4.88 GeV for the bottom, we extract the gluonic
energy shifts as Ecc̄

g ¼ −428 MeV for charmonium and

Ebb̄
g ¼ −423 MeV for bottomonium.

APPENDIX C: SCALAR, VECTOR, AND TENSOR
SPERICAL HARMONIC PROPERTIES

Quarkonium (spin-0) wave functions can be expressed in
terms of scalar spherical harmonics,

S≡X∞
L¼0

XL
M¼−L

RLðrÞ
r

YL
M ðC1Þ

while the spin-1 quarkonium wave function has a vector
form and shall be expressed in terms of vector spherical
harmonics,

Si ¼
X∞
J¼0

XJ
M¼−J

YiL
JM

RLðrÞ
r

ðC2Þ

where L can take the values of L ¼ jJ − 1j; J; J þ 1 for
J > 0, and only L ¼ J þ 1 for J ¼ 0. The hybrid (spin-0)
wave function has also a vector form and admits the follow
decomposition [14]:

Hi ¼
X∞
J¼0

XJ
M¼−J

1

r

h
Pþ
J ðrÞYiL¼Jþ1

JM þ P0
JðrÞYiL¼J

JM

þ P−
J ðrÞYiL¼jJ−1j

JM

i
ðC3Þ

where PL
J ðrÞ is the radial L ¼ J þ 1 and transversal

L ¼ J; jJ − 1j components of the vector field. We recall
that for J ¼ 0, only the radial component L ¼ J þ 1 ¼ 1

contributes. Vector spherical harmonics YiL
JM can be

expanded in terms of scalar spherical harmonics YL
M using

Clebsch-Gordan coefficients,

YiL
JM ¼

X
μ

CðL; 1; J;M − μ; μÞYL
M−μχ

i
μ: ðC4Þ

The index i is the one from the VSH. μ sums for f−1; 0; 1g,
while C are Clebsch-Gordan coefficients and χiμ is the
unitary director vector base of VSH, defined as

χþ1 ¼ −
x̂þ iŷffiffiffi

2
p ; χ0 ¼ ẑ; χ−1 ¼

x̂ − iŷffiffiffi
2

p : ðC5Þ

Vector spherical harmonics obey orthogonality

Z
Ω
Yi�L0

J0M0YjL
JM ¼ δLL0δJJ0δ

M
M0δ

j
i : ðC6Þ

The radial projection on the spherical harmonics is

r̂i · YL
M ≡ −

X
l

CðL; 1; l; 0; 0ÞYil
LM

¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Lþ 1

2Lþ 1

r
YiLþ1

LM þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

L
2Lþ 1

r
YijL−1j

LM ; ðC7Þ

while the radial projection on the vector spherical
harmonics is

r̂iYjJ
JM ¼ 0; r̂iYjJþ1

JM ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

r
YJ
M;

r̂iYjjJ−1j
JM ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J

2J þ 1

r
YJ
M: ðC8Þ

We can express the wave function for the hybrid state with
spin 1 in terms of tensor spherical harmonics:

Hji ¼
X∞
J¼0

XJ
M¼−J

PLJ
J ðrÞ
r

YjiLJ
JM: ðC9Þ

For a given J , we get J ¼ J − 1;J ;J þ 1 and L ¼
J − 1; J; J þ 1 components. Notice that for J ¼ 0 only the
J ¼ J þ 1 ¼ 1 component exists, and for J ¼ 0 only the
L ¼ J þ 1 component exists. Tensor spherical harmonics
are defined following the notation in [57] as

YijLJ
JM ¼

X
ν

CðJ; 1;J jM − ν; νÞYiL
JM−νχ

j
ν ðC10Þ

and so using Eq. (C4),

YijLJ
JM ¼

X
νμ

CðJ; 1;J jM − ν; νÞ

× CðL; 1; JjM − ν − μ; μÞYL
M−ν−μχ

i
μχ

j
ν: ðC11Þ

APPENDIX D: SPIN-FLIP MATRIX ELEMENT

Being s⃗1 ¼ σ⃗=2 and s⃗2 ¼ −σ⃗T=2 the Pauli matrices, and
using the notation aTjj0 ¼ ajj0 , the total spin operator can be
written as

s⃗1 − s⃗2 ¼
�
σ⃗

2

�
i0

i
δjj0 − δi

0
i

�
−
σ⃗T

2

�
j

j0

¼ 1

2
ðσ⃗i0 iδjj0 þ δi

0
iσ⃗

j
j0 Þ: ðD1Þ

Consider
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HJ ¼
1ffiffiffi
2

p ðHn þHnlσlÞij; ðD2Þ

S�L0 ¼ 1ffiffiffi
2

p ðS� þ Sl
0 �
σl

0 Þj0 i0 : ðD3Þ

The matrix element is

hSL0 js⃗1 − s⃗2jHJi ¼
1

4
ðS�δj0 i0 þ Sl

0 �
σl

0 j0
i0
	ðσ⃗1i0 iδjj0 þ δi

0
iσ⃗2

j
j0
	ðHnδij þHnlσlij

	
¼ 1

4

�
S�δj

0
i0 þ Sl

0 �
σl

0 j0
i0
	�
Hnðσ⃗1 þ σ⃗2Þi0 j0 þHnlðσ⃗1σl þ σlσ⃗2Þi0 j0

	
¼ 1

4

�
S�Hnðσ⃗1 þ σ⃗2Þj0 j0 þ S�Hnlðσ⃗1σl þ σlσ⃗2Þj0 j0

	
þ 1

4

�
Sl

0�Hn
�
σl

0 ðσ⃗1 þ σ⃗2Þj0 j0
	þ Sl

0�Hnl
�
σl

0 ðσ⃗1σl þ σlσ⃗2Þ
	
j0
j0

�
¼ S�H⃗n þ S⃗�Hn; ðD4Þ

where ðH⃗nÞk ¼ Hnk and ðS⃗Þk ¼ Sk. From Eq. (D4) we see transitions from hybrid spin 0 to quarkonium spin 1 (Sk�Hn) and
from hybrid spin 1 to quarkonium spin 0 (S�Hnk).
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