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Relaxation for massive particles: Transport and causality
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Correlators at finite density and temperature encode important information about a physical system, such
as transport and causality. For a massive gas of particles in the relaxation time approximation of kinetic
theory, we provide complete analytic results for all first order transport coefficients, including
thermoelectric coefficients. We demonstrate the first complete picture of the complex structure of the
correlators as a function of mass, providing an interpretation in terms of the causal structure of light cones.
We provide a simple criterion to extract the effective light cone velocity from the cut of the retarded

correlator.
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I. INTRODUCTION

The emergence of collective phenomena from micro-
scopic dynamics has been a key research frontier, leading to
robust characterization of near-equilibrium and nonequili-
brium physics. To that end, an often utilized microscopic
description is kinetic theory [1,2], which describes the
ballistic trajectories of (quasi)particles under the influence
of external fields and scattering against other microscopic
degrees of freedom.

Over the years, a crucial theoretical laboratory in kinetic
theory has been the relaxation time approximation (RTA)
[3]. RTA kinetic theory dramatically simplifies the collision
kernel by focusing on a single relaxation time for which the
system relaxes to equilibrium. As such, it captures the near
equilibrium behavior of a gas, while remaining analytically
tractable. This is a valid approximation when there is a
well-defined lowest eigenvalue of the collision kernel [4,5].
There have been numerous recent results including the
determination of retarded correlators due to charge and
momentum transport [6], the exact analytic solution in
0+ 1 dimensions for transversely homogeneous boost-
invariant systems [7,8] (and additionally the massive case
[9]), extensions to energy dependent relaxation time [10-17],
analytic analysis of the Bjorken attractor [18,19], deter-
mining the dissipative fluid dynamics from the massive RTA
gas [20-22], serving as a useful benchmark for numerical
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methods [23], the extraction of thermoelectric coeffici-
ents from analytic retarded correlators in systems with
momentum relaxation [24], analytic determination of
the three point function in the Schwinger-Keldysh for-
malism [25], and developing a multispecies RTA [26].
Phenomenological applications vary from, e.g., the hadron
resonance gas [27,28] to the Nernst effect in band structures
of semiconductors [29].

In the present work, we provide a complete under-
standing of the analytic structure of correlators in the RTA
for a massive gas, both in terms of transport as well as
providing a link between the complex structure of the
correlator and causality. Previous works, e.g. [30], have
computed the thermodynamic quantities and some trans-
port coefficients in the massive gas. We add to these results
by providing closed form expressions for transport coef-
ficients (in all spatial dimensions d > 1; see Appendix A),
as well as computing the thermoelectric coefficients for a
massive gas. We would like to point out some inaccuracies
in [31], which among other claims, indicated that the
diffusive mode in RTA kinetic theory becomes unstable
for a certain value of mass. We show that this is not the case
for any d > 1. Furthermore, we demonstrate that the
correlators in the massive case possess a cut in the complex
o plane along which the correlator has a discontinuity. We
find this cut to be undeformable and therefore refrain from
using the term “branch cut,” opting to refer to it as simply
the “cut,” unlike the proposed recent findings of [32],
where they propose an undeformable branch cut arises as a
“condensation” of continuously many branch points. We
furthermore find that the discontinuity cut ends in what
were branch points in the massless case @ = +k — i/7 and
provide a physical interpretation of the endpoints as well as
the discontinuity profile along the cut. The essential picture
is as follows:
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FIG. 1. The structure of the RTA energy-energy correlator G%OO in the complex frequency plane (left) can be related to the causal
structure (right). The end points of the cut, denoted by crosses at w = +ck — i/7p, encode the maximal propagation speed. This sets the
causal light cone, depicted in gray on the right figure. Furthermore, the discontinuity profile of the correlator along the cut, provides us
with an effective velocity. The discontinuity becomes substantial at @ = +wv.,k — i/7x. We interpret this v, as typical finite ballistic

00,00

propagation, which sets an “effective’ light cone, denoted with blue on the right figure. Finally, the green dots denote the poles of G,
which capture the collective hydrodynamic modes, including the speed of sound.

(i) the location of the end points of the cut in complex
frequency space corresponds to the fastest a signal
can travel, i.e., the speed of light;

(ii) the profile of the discontinuity along the cut provides
a measure of the effective velocity of the particles;

(iii) and the poles correspond to collective, i.e., hydro-

dynamic, excitations.

We illustrate this by considering the energy-energy corre-
lator for the massive gas in the complex frequency plane,
shown in Fig. 1. The analytic structure in the left panel is
given by two hydrodynamic poles (shown in green) and a
cut deeper in the complex plane, stretching between the two
crosses. From the hydrodynamic modes it is straightfor-
ward to extract the speed of sound, which corresponds to
the effective speed of collective excitations in this channel.
The end points of the cut denote the maximal speed of the
propagation of particles in the present system. Additionally,
we show the discontinuity profile along the cut. In the
present paper, we study the properties of the discontinuity
profile as a function of mass and show, amongst other
results, that increasing mass leads to less support along the
cut. We then propose a condition, (90), which defines the
velocity, v, which encodes the effective light cone of
massive particle propagation. To the best of our knowledge,
the extraction of physical information from the disconti-
nuity profile of the retarded correlator is novel. It will
be curious to understand how general causal arguments
[34-36] are modified in the RTA and the presence of cuts.

We would like to stress that although the results of
this work are based in RTA kinetic theory, the analytic
structures found therein are ubiquitous, especially at weak

'As was the case in the m = 0 case [24], we additionally find
gapped, quasihydrodynamic poles [33] in two spatial dimensions.

coupling. For example, it is known that gluon propagators
in free Yang-Mills theory exhibit a regular tower of branch
cuts at finite temperature [37] and that a single branch cut
dominates the nonhydrodynamic response of massless ¢*
scalar field theory in linearized kinetic theory [38].
Moreover, it will be curious to see how the massive
RTA case corresponds to massless conformal field theory
39,40]] and massive field theory results; see, e.g., [41-43].

The structure of the paper is as follows: in Sec. II, we
provide the necessary machinery to determine the retarded
correlators in massive RTA kinetic theory and provide an
overview of the thermodynamic properties. In Sec. 111, we
compute the explicit mass-dependent thermal, electric, and
thermoelectric transport coefficients in RTA kinetic theory.
In Sec. IV, we discuss the shape of the discontinuity along
the cut due to the mass and provide a physical interpre-
tation. In Appendix A, we provide the expression for the
charge and shear diffusion and discuss the stability of
the massive theory in arbitrary dimensions. In Appendix B
we describe the procedure to determine the discontinuity
profile with explicit illustrative examples.

II. SETUP

In this section we provide the reader with a brief overview
of RTA kinetic theory with a constant relaxation time. We
will follow the discussion and conventions from [24].

We begin by considering the RTA Boltzmann equation
for the one particle distribution function f = f(z, x,p),

"
Prof+Fiouf =L ”: (f = feo)- (1)

T

where F' is the external force, e.g., the electric and
gravitational force can be encoded via
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FH = Fp, —=Thp*pl. (2)

Here F*[A,] is the field strength tensor and I”;4[g,,] is the
Christoffel symbol. Note that the four velocity, u”, is
timelike normalized u*u, = —1, and 75 is the relaxation
time which we take to be constant. In writing the above,
we have assumed the mass-shell condition p3 = p? + m>.
At present, we will work with an equilibrium distribu-
tion function given by the Maxwell-Jiittner distribution,
feq = €P1t#0)/To. Moments of the one-particle distribu-
tion function correspond to macroscopic quantities, such as
the number current and energy momentum tensor

P y p'p”
S AR & S
P P

where [, = [d’p(27)~

We are interested in extracting the linear response of the
RTA kinetic theory in the case of massive particles. To do
this, we turn on an external gauge potential, 5A,, and/or
an external metric, g,,. The presence of external fields
induces a change in the macroscopic quantities via

pu(t.x) = po + ou(t, x), (4)
T(t,x) =Ty + 6T(1.%), (5)
uh(1,X) = uly + Sut(t,x), (6)

where u, = (1,0,0,0). This in turn shifts both distribution
functions,

f(f,X,p) :fO(p)+5f(t’X’p)’ (7)

feq(t.X,P) = fo(p) + 6fcq(2, X, D), (8)

0_

_tom ey
where f, =e 7o, and the change to the equilibrium
distribution function is given by

fo

6feq 5/" + (p - /"0) + pi 6u'’ (9)

We parametrize the four momentum via o = p#/
= (1,&v'), where

P
¢=1 (10

and v'v; = 1. The linearized Boltzmann equation around
the flat background 7,, = diag(—1, 1) and at finite density

A,(P) = (up,0) is then given by

Of p-u
p”0ﬂ5f+f’a—?=—(5f—5feq). (11)
P TR
Note that the zeroth order solution is given by the
equilibrium distribution f, = feq. The solution of (11)
in Fourier space2 is

of

 fobEv =T p 00 + (S + p'oui + 5 (p° — o))/ T

T, —iw+ ik - V+1/TR ’
(12)

where E' = FO = ikiA, + iwA' is the electric field. In the

following computations, we will without loss of generality
assume that perturbations are aligned with the z direction,
i.e., that k points along the z direction. It is then straightfor-
ward to compute changes to the conserved operators, namely
the number current and the energy momentum tensor from
(3). Additionally, requiring the conservation of the respective
currents leads to the RTA matching conditions

/p”pf(f—feq):o, /ppﬂ”

u
—o(f_feq) =0. (13)

To compute correlators, we will use the variational
approach (see, e.g., [6,24]), where we expand the conserved
operators in powers of the external perturbations. Explicitly,

1 Q)
I =T = GlroA, =S Gl ogey . (14)

1
T = T _ EG’}Z}"ﬂéga/; — G SA,+ ..., (15)

which leads to the definition of the correlators

G _ O jwa _ O™
o sA) " A,
. S . sT™
Gl =—2—"— G =_2—. (16)
6gaﬁ 69(1[}

A. Thermodynamics at finite mass

Here, we present the thermodynamics of a massive
kinetic theory, restating known results in the literature;
see, e.g., [30]. We note that the static susceptibility is a
function of the mass

~

0 d% o/ To
(m) =5, = 0/4/( )sfeq*T%ezz meKy(m).  (17)

*Our convention for the Fourier transform is f(w,k) =
[, dt [ dPxe™ %X (1, x).
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where K,(x) is the modified Bessel function of the second
kind and m = m/T,. From (3), the equilibrium number
density JO = ny is

=xTy. (18)

Similarly we can determine the equilibrium energy density,
T% = ¢, and pressure, P, = T% (no sum), from (3) to be

2

= TH5 5 (mE (m) + 3K, (), (19)
Py = T4 Ka(m). 20)

in the absence of chemical potential. In the limit m — 0 we
recover the conformal equation of state, Py = &7/3 and
€y « Tg. From these expressions we can immediately
determine the speed of sound squared at zero chemical
potential, ¢2 = dP/de, evaluated at local equilibrium

2 m>K;(m) (21)
T (m? 4 12m)Ko(m) + (Sm? + 24)K, (m)’

which agrees identically with the result from [30]. For
clarity, we plot the speed of sound in Fig. 3 with the small/
large mass asymptotic behavior given by

(1 =gm?) +O(m*
= (1= 30 + O(m=/2),

), m<l,
¢, = (22)

m> 1.

ITII. TRANSPORT PROPERTIES AT FINITE MASS

In the present section, we provide the necessary steps to
extract transport coefficients as a function of mass from the
retarded correlators.

A. Charge transport

Here, we study the response in the presence of an
external electric field only, which induces a change in
the chemical potential. In other words we turn off the
external metric perturbations 6g,, = 0, which in turn sets

8T =0 and 6u’ = 0. In this case, (12) reduces to

fo  ou/tr+ EE'v;

)
f= To—iw+ifK-v+ 1/t

(23)

Recalling that the change in the number density is related to
the change in the chemical potential via the susceptibility,
6J° = én = ySu, a simple calculation leads to the density-
density correlator:

2fo 03
iky Jo° 3 E PP 1l
oty = B3 > (24)
¥ - fO 55 p2 0 IOO
where the static susceptibility y is given in (17) and
1(p) = aQ PP (25)
PI= | 421 1 tp(—iw + ikécos )
where 7, = (1, &v'). Explicitly,
1 l —iwt 1
00 L., 03 _ R . (26
Qitkry ° 20K%c% ° + iktg (26)

where we defined the shorthand for the mass dependent
logarithm

B w—Ek+i/7p
Le=log (a) Fek+ i/rR)' @)

Therefore the pole of the correlator (24) is given
implicitly by

/°° dpp? L2 (1= 1) — o, (28)
0 T

In the massless case, I° does not depend on p. Therefore
the above integral equation is satisfied when

Ti(krR cot(krg) — 1),  (29)

where we used &|,,_, = 1. Expanding for small & to quad-
ratic order leads to the value of the charge diffusion con-
stant D = 7 /3. This agrees with the massless result [6].
Returning to the massive case, we can expand (28) in
small @ and k up to quadratic order, which leads to

A ™ dppfo(p)(ERg + 3a(egw — 1) = 0. (30)

The above equation can be solved analytically after
integration to obtain

w(k) = —iD(m)k* + O(k*), (31)
where
, 1
G2,1 £|
D(m) 1 1’3<4 —-1.3 0> 7
3T M MmO

where G%g is the Meijer G—function (see [44] for defi-
nitions). In the limit m — O the above equation reduces to
the known result w(k) = —itgzk?/3 [6]. One can obtain the
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analytic expressions for the two limits m — 0 and m — oo,
namely

m<l1,

(33)
+ O(m™2), m> 1.

We would like to stress that the diffusion coefficient
remains positive for all values of the mass. There is no
instability arising from a negative value of mass, as claimed
by [31]. We believe that this claim came from an erroneous
extrapolation of the small mass result. Furthermore, we can
determine the diffusion coefficient in arbitrary dimension,
the details of which we present in Appendix A, where we
also comment on the absence of instability in arbitrary
spatial dimensions d > 1.

B. Momentum transport

In the present section, we turn to momentum transport,
which is mediated via a background metric perturbation.
The background metric perturbation induces a change in
the temperature and the four velocity. We turn off the
background electric field, and consequently, 64 = 0. Then
(12) reads as

fo (p'oui+ p°F)/7x = T P9
Ty —iw+ifk - v+ 1/7p

of = (34)

1. Shear channel

We perform a similar derivation of the diffusion constant
equation as in the charge diffusion case. The simplest
case is the shear diffusion channel, schematically denoted
with 679, where L is one of the transverse components
to our chosen axis aligned with the wave vector k. For
concreteness, we fix the transverse direction to 1 =y;
other choices are physically equivalent. Because of the
decoupled nature of the spin 1 channel, we turn off sources
that couple to 8T as well as Su/ = 0 with j # y. In this case,
the self-consistency condition, §T% = (gy + Py)du’, is
trivially solved. A short calculation then shows

dp [ 2
sy — R i rf) P°)*E g (35)
d b
E— 2—§—p (P
where 7¢” was defined in (25) and
dQ T, 5+

1= | g . (6)

4 1+ tx(—iw + ikEcos 0)

The denominator structure encodes all the information
about the collective modes in the spin 1 channel. Using

0y d . .
g0+ Po=%05 =353 ;ﬁ p?(p®)2&%, we obtain the inte-

gral equation describing shear diffusion:

wd 2
A Z—;JTC—ZPZ(pO)2<%_I“> =0 7

The above equation can be generalized to arbitrary spatial
dimensions; see Appendix A. The integral can be solved
analytically in the hydrodynamic limit by expanding the lhs
up to cubic terms with respect to k and @ in order to obtain
the diffusive dispersion relation:

w(k) = —iDg,(m)k*> + O(k*), (38)
where
1
G (71 )
Dy 1 2 % % 0 m2—"
Dy _ 1 e
5T 40Ky (m 0K, (m)” )

The small and large mass limits of (39) are given by

Dy, {é—gomz + O(m*)
L4+ 0(m™?) m>> 1.

m<l1,

(40)

TR

We show this result in the left panel of Fig. 2, where we
note that shear diffusion is positive for all values of the
mass for any number of spatial dimensions d > 1 (see
Appendix A). This is in decided contrast to the results of
[31], who predicted that the shear diffusion should become
negative for a certain value of m/T,. Comparing with
results obtained from hydrodynamics [45], we can identify
Dy, = n/(&y + Py). An independent calculation will cross
check and confirm this result in Sec. III B 3.

2. Sound channel

We now consider the longitudinal channel, i.e., the sound.
Here we only turn on sources that induce 67 and du?, since
k' o 8. In order to solve the self-consistency condition and
obtain the analytic structure of the correlators in this channel,
one must solve two coupled linear equations for the pertur-
bations 6T and su* or equivalently for 57% and 67 using

ST = 58T and 8T% = (g + Py)du:
0 8T
ST — a;O OT = Too 7+ Tosdu” + 7,

oT
OT% = (&0 + Po)ou’ = Loy =+ Iysou® + J3,  (41)
0

where

dp fo o

T,=[" 02y 42
ab A 271_2 T0p (p ) ab ( )
TR l0, M1

a — 1 f a 0
Js = _O_ P N N )
p P°To 1 + tx(—iw + ik&rg cos 0)
a=0,z.

(43)
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0.15

0.10F

Dsh/TR

0.051

0.00 £

m/Ty m/Toy

FIG. 2. Left: the diffusion coefficient D(m), as a function of mass at Tyzz = 1. The black line denotes the full solution (32), while the
two red dashed lines denote the asymptotic behavior (33). Right: the shear diffusion coefficient Dg,(m) = 5/ (&g + Py), as a function of
mass in units where 7x7 = 1. The black line denotes the full solution (39), while the red dashed lines denote the asymptotic
behavior (40).

For the sake of completeness we explicitly write out the (k) = ay £ ajk — il k> + O(k%). (46)
solution to the above system from which one can deduce the

sound channel correlators: One can again use insight from hydrodynamics [45] to

%0 (T a0 — T d? — (€9 + Po)J?) identify
5T — %o 0\+£33J5 03Js — (&0 o)Js (44)
(Fo? = (oo =5 o) =0 = o) _l=adnte 4, L ¢
0 Iy = =Dy + , (47)
&g + Py 3 g + Py
5T01 — _ (80 + PO)(I(BJE - IOOJQ + SLT(())TO‘Ig)

)- (45) where { is the bulk Viscosity.3
The coefficients of the dispersion relation (46) are given
by

(Z03)* = (Zoo - g—?f]To)(IB —¢& — Py

To extract the information about the collective excita-
tions in this channel it is enough to study the deter-
minant of the linear system (41), or rather the denom-
inator in (44). In the hydrodynamic limit, where we
expand in collective powers of w and k, we can extract a, = c;, (49)
the dispersion relation

ay =0, (48)

¢ R 21 (M 1 1
= 3mAGrL [ — —
et Py T2mK, U 13\ g -3.1,0)  ((m*+8)K, +4mK,)(m(m?+ 12)K, + (5Sm? + 24)K)
x 4(24(m? 4 8)%(m? + 12)K; — 36mOK3 + n(5m* + 64m? + 192)m*K7 — 96(m? — 24)m>K}
+ mKyK | (zm*(m* + 40m? + 192) — 6(m® — 40m* — 960m? — 4608)K )

+ 4K3(zm®(m? + 12) — 12m?(m* — 24m? — 288)K1))>, (50)

where the Bessel functions depend only on m and we have omitted the arguments for brevity. We note that as expected, the
coefficient ¢, is given by the speed of sound c;, calculated from the equation of state (21). Using the above and (39), one can
reconstruct the full attenuation I'y. Alternatively, the bulk viscosity can be extracted via the Kubo formula

1 .
{ = ~lim lim -~ Im Gy (51)

w—0 k=090

3Using the notation of [45] we have I'y = %fs.
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Top left: speed of sound squared with asymptotics given by (22). Top right: dimensionless combination of attenuation with

asymptotics given by (52). Bottom left: the dimensionless combination of bulk viscosity { over the entropy density s as a function of
mass in units where the relaxation time is Ty = 1. The red dashed lines correspond to the analytic asymptotics given by (53). Bottom

right: mass dependence of the sound pole in the G(}(}OO

which we find agrees with (50). Both the shear viscosity and
the attenuation are plotted as a function of mass in Fig. 3. The
modes are gapless and propagating with the speed of sound
(21), calculated from the thermodynamic properties of our
system. The attenuation is non-negative for any mass m.

As before, we compute the small and large mass
expansion for the transport coefficients. For the attenuation,
I, the asymptotics are given by

%(1 —%m2+0(m3)>, m< 1,

Fs = TR (52)
1 -2
wt O(m™), m> 1,
and the bulk viscosity ¢
. Smt—Zm’+0(mf), m<l,
g t+Py * Im™ - Bm2 4+ O(m3), m>1
(53)

correlator in the complex w7y plane with k7 = 0.1 as a function of m/T,.

3. Tensor channel

To determine the shear viscosity, it is enough to turn on
just the metric perturbation, &g, (@, k). This does not
induce any change in the macroscopic variables (67,
du'), so there is no need to solve the matching conditions.
The correlator is given by the following integral:

5§ [ d&p pp
GV =—— | L §5f, 54
5gxy/ (27)° p° / 34
3wy s 0 pp’
= _/ d p p p égx'v ap pO E (55)
(2z)3 p° —iw+ifkcosO+ 1/t Ty’
:_/ d3p pxp)’ 2 2 @ (56)
273\ p* ) —iw+ifkcosO+ 1/t Ty

Evaluating the integration over angles leads to
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. @ il . .
G = =gt [ dpp(o?) liken(1 - o)
R

x (1082k*7% + 6(1 — itpw)?)
3(82k% 7% + (1 — itgw)?)Le], (57)

where L; was defined in (27). It is more useful to change

integration variable p — p® = \/p? + m>. Expanding in
small k and using the Kubo formula, we then determine the
shear viscosity via

1
n = =lim lim ~Im Gy, (58)
= %/w dxx~!(x2 = m?)5/2e 7. (59)

Note that the logarithm, L., does not contribute in this limit.
We note that the behavior of the shear viscosity over the
entropy density, s = (&9 + Po)/Ty, where the energy
density and pressure are given by (19) and (20), is identical
to the shear diffusion coefficient in Eq. (39). We note that
the calculated transport coefficients, namely # and £, agree
with the results obtained using the Chapman-Enskog
expansion presented in [46].*

Similar to [6], we can consider higher order transport
coefficients, such as x and 7,, which we find to be
independent of mass
k=0. (60)

Tr = TR,

C. Thermoelectric transport

Finally, we turn our attention to the thermoelectric
coefficients in the massive case, following the conventions
of [24]. The thermoelectric effect is determined by simul-
taneously turning on an external gauge field and metric
perturbation. This means that we use the entire (12), unlike
in the previous subsections. The matching conditions (13)
relate the hydrodynamic fields (6n,de,du’) to the con-
served operators (8J°,6T%, §T%) via

8J° = éon, 0T = e, 6T = (gy + Py)ou’.  (61)
The hydrodynamic fields need to be in turn related to the

temperature and chemical potential via [45]

5}10 5}10
on =—>ou+—0oT, 62
" OHo 5T0 (62)
580 580
oe = —ou +—0oT, 63
B " 6Ty (©3)

“Note that similar results for the bulk viscosity in the literature
can be found, e.g., [47], which however vary slightly due to a
different normalization convention of the distribution function.

where the equilibrium number and energy density are given
in (18) and (19), respectively.

The thermoelectric response, relating the change in the
number flux and the heat current §Q° = 8T% — p,6J" due to
an external electric field and temperature gradients, is

captured via the following:
8J! o'/ Tyall E;
(o)~ (i) (pwr )
00" Toa"  Tok" —T—OV ;0T
Recalling the relationship between the external electric and
temperature fields to the gauge and metric perturbations
[24,48], we have in Fourier space

. . . oT
E; = iwdA; + iowpyoy,;, —ik; — =

iT iwdg,;.  (65)

This then leads directly to the Kubo formula for the
thermoelectric transport coefficients

61(@) = ———1im (G (@, k) — G, (0.K)),  (66)

ol
#(0) = =~ lim(GY (0.k) = G4, 0.0). (67)
@) = = (G0, )~ Gl (0.K). (68)
Bi() =~ lim(Gljp(@. k) ~ G (0.K)).  (69)

iwT k=0

where the correlators are defined in (16), and we use the
shorthand

X! B 85X X!
507~ “g,; sA;
For convenience, we express the thermoelectric coef-

ficients in terms of the following integral, which we
determined previously to be the diffusion coefficient (32):

(70)

. 2 2\3/2
& / dre/ T M p
6 TO m X

The above equality is a consequence of D satisfying
Eq. (A10) in the d = 3 case. Using (66) and (69) and
the fact that the correlators satisfy Ward identities

(Hoo + Toa)iw = —ny, (72)
(kK + poa)io = —so, (73)
we observe that the thermoelectric transport can be para-

metrized in terms of one microscopic variable, namely the
DC conductivity 6, and thermodynamic quantities [48,49]
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0.06

0.00 £

m/Ty

FIG. 4. The microscopic contribution to the conductivity (77),
with asymptotics given by Eq. (79).

1
GZGQ—,*L, (74)
iwey+ Py
1
a=a=-2g, % (75)
TO la)T0€0+P0
2 1 T 2
l?:&O'Q—.— 0% ’ (76)
T() la)T0€0+P0

where nq is the equilibrium number density and s, =
(&9 + Py — uong)/ Ty is the equilibrium entropy density.
The frequency dependent terms correspond to the Drude
pole. We determine the zero frequency DC conductivity
to be

g
& + P 0 '

oo(m) =D — g (77)

This is shown in Fig. 4. We note that in the zero mass limit,
this agrees with the result from [24]

o0(m = 0) = y(m = 0). (78)

The small and large mass expansion of the zero frequency
o 1s given by

XTR ‘3+O(

m?), m<l, (719)
4, m> 1.

IV. NONHYDRODYNAMIC MODES

Having determined the transport coefficients as a func-
tion of mass, we move the discussion away from the poles
of the correlators, which are captured by the underlying
hydrodynamic theory, and focus our attention on the typical
nonhydrodynamic signature of kinetic theory: the presence
of cuts. For the present purposes, we will limit our atten-

tion to the correlator G27 77> which is a particularly simple
correlator due to the absence of matching conditions. Its
nontrivial analytic structure is given solely by the RTA cut.
We note that similar considerations outlined below will
qualitatively apply to all other correlators.

The correlator is given by

22 IOTR dp , fo
GJJ = — 4 A 2ﬂ2p2—111, (80)
wip  [® e p? .
=R [T ape L2k
SﬂzTokST%/) pe 0 é: ( 5 TR(TRa)+ l)
— (&K1} — (g +0)*) Le). (81)

We can extract the discontinuity profile by using the
procedure described in Appendix B 1. In this case, the
discontinuity profile is

disc G37(w, k)

(aT——
2ﬂk3TR

, (82)

% e To (K2 —(Rew)?)~1/?

where Re o denotes the real part of @ when positioned on
the cut, i.e., ® = Rew — i/7x. As such, the above result is
valid for Re w € [k, k]. Since the discontinuity profile is
exponentially suppressed with mass m, we will normalize
it by N (m) = disc G77|ge,—o- In Fig. 5, we compare the
above analytic result explicitly with numeric integration.

Taking a step back and leaving the integral over
the polar angle € unevaluated, we can rewrite our corre-
lator as

) Ldcos® dp fo
Gi,z ——la)TR/_l 2 A 2P p? 52

1 —cos?8

. 83
1= iwrg + ikeg cos O (83)

Introducing a new variable u =& = /1 — ’:—22 and denoting

y = cos @ for brevity,

ld Vdu  miu®
2.2 ay
Gy = ___/ / 75/2

1—
_m 84
e ( To/1 - u2> u— "‘”R_l (84)

iktgy

= /_i dyG(y; o). (85)

Following the discussion from Appendix B 2, we find that for
fixed angle y = yj, the integration over p provides a cut at
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FIG. 5. The normalized real and imaginary part of the discontinuity of the Gi’f correlator for different values of m in units where
Ty =1 and 7z = 1 at fixed momentum k7, = 1. The dashed line corresponds to the analytic result (82).

® = skyy —i/7g, s€10,1], (86)
with the discontinuity profile given by
discG(y0: @) o—skyyi/zy
_ m3s*(y3 - l)e_;?’\/_llﬁ(l + ikstryg) ‘ (87)

4rk(1 — S2)5/2T0TRy0

This discontinuity arising from the momentum integration is
consistent with the physical interpretation of the branch cut
from [10], which we comment on in the next section. We note
that studying a similar example in Fig. 14, we see that taking
the mass to zero corresponds to the support of the disconti-
nuity decreasing everywhere except in the vicinity of the end
points, where it becomes more strongly peaked. This can be
interpreted that in the massless case, particles travel at a
single speed (that of light), while in the massive case there is a
distribution of velocities.

A. Physical interpretation of analytic structure
in the massive case

Here, we interpret the behavior of the cut in the previous
section for the massive gas. To build intuition, we begin with
a noninteracting massless gas, restating the arguments in
[10]. Particles are traveling in ballistic trajectories at the
speed of light. Now, consider a plane wave perturbation in the
sound channel. The response at some spacetime location
(1, x) depends on the contribution over the sphere of radius cz.
Maximal signal, @ = k, will correspond to particles moving
along the direction of the perturbation. Any other direction
will have a reduced signal, @ = v - k. This corresponds to a
pole in the complex frequency plane. Integrating over all
angles, the poles assemble into a logarithmic branch cut,

dQ 1 1 w—k

dr—iw+iv-k 2k otk (88)

Including interactions via relaxation to equilibrium in the
RTA leads to damping, which pushes the branch cut deeper
into the lower half plane. Practically, this amounts to shift-
ing w — o+ i/7p.

In the massive noninteracting case, particles move at a
distribution of speeds slower than the speed of light. As
such, in addition to the angular integration, the situation in
the complex plane is further complicated by needing to
integrate over all momenta

12[9) 1

_ 1 o —&(p)k
= / PP S0P Sk T ek

We see that the branch cut structure arises both from the
angular and momentum integration, which should be
contrasted to the massless case where the continuous
spectrum assembles from the continuous set of poles from
solely the angular integration. The continuous string of
signals coming from the momentum integration is a
consequence of finite mass m > 0 since now the speed
of propagation of the individual particles between colli-
sions is energy dependent (and not fixed to the speed of
light as was the case in the massless theory); cf. Eq. (87).

While the explicit expression of the integral in Eq. (89)
is unattainable in closed form, one can again follow
the discussion from the previous sections as well as
Appendix B 1 to extract the discontinuity profile. We see
generically from Fig. 5 that for increasing mass, the support
is exponentially suppressed until some value of v,. Taking
(82) as an example, we determine the cut velocity via the
following criterion:

(89)

disc G} (w,, k) = e, (90)

from which we find @, = vk + O(k*). We extract the
effective cut velocity via v, = dw/dk|,_,. For a simpler,
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0 10 20 30 10
m/Ty

FIG. 6. Comparison of the various speeds of the massive gas:
the dynamical speed determined from the cut (90), v, the
typical speed (91), vy, rms speed of a gas (92), ¥y, and the
speed of sound (21).

explicit and analytic example in the case of a logarithm,
see (B16).

Interestingly, it seems that the structure of the disconti-
nuity along the cut seems to encode causal information
from the propagator. In the massless case, the branch points
of the logarithm (88) correspond to the maximum possible
speed attainable by particles in the system, namely @ = +k.
It would seem natural that in the massive case a similar
causal structure holds. Indeed, we find that the end points
are the same as in the massless case. The major difference is
that in the massive case, the argument of the logarithm is
momentum dependent. As there is a distribution of particles
of all different velocities, particles from different directions
contribute with varying weight. The contribution of veloc-
ities 2w, 1S exponentially suppressed due to the distri-
bution function. For velocities below v, more signal
reaches the spacetime point.

We interpret this in terms of causal structure, with a picture
in terms of light cones found in Fig. 1. The essential idea is
that the location of the end points of the cut denotes the
maximum speed of propagation. Further, the profile of the
discontinuity takes into account the distribution of velocities
of the massive particles, setting roughly the size of the
effective light cone at the typical velocity (91). Finally, within
the effective light cone one finds the collective excitations of
the system, such as that due to the speed of sound. To show
that v, is distinct to the typical velocities computed in
kinetic theory, in Fig. 6 we compare the velocity determined
from the cut, v, to the (normalized) typical and root-mean-
square (rms) velocity in the absence of external fields

d}
f(z,[)fpo ﬁfo ~ m?Ei(-m) +e™(m+1)
| =
f(zt,j)—fpofo mK,(m)

El

Utyp = <U> =

(1)

FIG. 7. Top: usual dogbone contour integral used to evaluate
integrals. Bottom: contour chosen following the v, criteria, (90).

S a5k (%) Fo

3 (92)
[

respectively, where Ei(x) is the exponential integral, defined
in (A12).

To gain some intuition in the real time domain, we turn to
the Fourier transform of (81). We integrate in two different
ways to better understand the pseudobranch point deter-
mined by v, first, we take the standard dogbone contour
integral over the whole cut for |@| < k (see the top of
Fig. 7), which provides the correct Fourier transform. Next,
we evaluate the dogbone contour as if the end points were
at the value of w, determined by (90).

We show the result of these different procedures in Fig. 8
via the absolute value of the real part of the Fourier
transform of (82) for two different masses m/T, = 1, 10
and for a variety of cutoffs, defined in (90). We see that
there is excellent agreement for e = 10~ over multiple
oscillations and relaxation times for both masses. This
agreement is even more impressive when one takes into
account how much of the cut we are integrating over as
shown in the bottom of Fig. 7—for the bottom right panel
of Fig. 8, we are integrating only around @ ~ +0.8k, which
represents approximately 20% less cut than taking the full
contour. Finally, we note that we are only considering the
nonhydrodynamic cut. As such, the disagreement at late
times occurs both when the contribution of the nonhydro-
dynamic mode becomes small and in the regime when the
hydrodynamic modes become dominant.

B. Indeformability of the cut at finite mass

In this subsection, we discuss the freedom one has in
usually choosing the branch cut. We begin by considering the
branch cut in the correlators at zero mass. Such a structure
stems from integrals over complex variables of the form

1 1
d . 93
/_1 ¢ 1-— i(l)TR + ikTRZ ( )

Since the contour of the above can be freely deformed, this
results in the deformation of the branch cut of the correlator in
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FIG. 8. Real part of the Fourier transform of the Gi} normalized by its maximum value of the discontinuity for (top plots) m/T, = 1
and (bottom plots) m /Ty = 10 for increasingly smaller values of (90) (from left to right).

the complex w plane, which is given by solving for the zero of
the denominator of the integrand; see Appendix B 2 (and also
Appendix A of [24]).

At finite mass m > 0 the situation changes substantially,
since we now have an integral schematically of the form

1 1 - 1
du dze "Vi-i? - - .
0 _1 1 —iwtg + iktpzu

For simplicity, we take u € [0, 1] and deform the angular
integration contour  [!, dz > [, dz with a general

(smooth) path &.: [0,1] — C. We see that the integral is
not well defined for an entire two-dimensional area in the
complex @ plane. Indeed, not only must @ not lie on the
contour &, it must also not lie within the region swept by
the ray from the origin to the contour, courtesy of u € [0, 1].
Deforming the integration contour therefore cuts out a
whole region of the complex w plane where the correlator is
not defined. Different choices of integration contour cut out
different regions of the complex plane, which can be made
arbitrarily large (see also [14] for the discussion on two-
dimensional areas of nonanalyticity in the complex w
plane). This may be inconsistent with the general properties
of the causal correlators.

However, keeping both integration variables z and u on
the real axis bypasses the aforementioned problems, since
this choice cuts out a finite curve in the complex plane,
where the correlator is not defined, namely,

(94)

(95)

® = kzu —i/7p,

where zu € [—1, 1]. The fact that the angular and momen-
tum/energy integration are nontrivially coupled in the
m > 0 case implies a unique choice of the cut—the straight
line between +k — i/zp. This is in partial agreement with
[32]; however we disagree with their interpretation of a
“branch point condensate” forming a branch cut. In our
view, the unique (or preferred) choice of the cut is
inconsistent with the characteristic property of a branch
cut, namely the ability to deform its shape. We also note
that this nonanalytic structure stems solely from the
numerator, as the denominator is trivial and analytic in

the case of G%} The change in the analytic structure when
m >0 is, at least in this case, indeed abrupt and not
regulated by the numerator/denominator canceling effects.

This unique choice for the cut at m > 0 has deep
consequences that were first noticed in the context of
massless particles [6], where it was proposed, that the
hydrodynamic (charge diffusion) pole ceases to exist at
certain values of kzp as it merges with the branch cut.
However, as we discussed above, in the massless case the
cut can be freely deformed, in particular in such a way that
the pole never reaches the branch cut. On the other hand, in
the massive case, the straight cut provides a cutoff on %,
since the (diffusive) poles of the retarded correlators
can reach it at a finite value of the (modulus of the) wave
vector, k,, which is analogous to the statement of [6].
Conservatively, the behavior of the pole and cut interacting
in the massive case is not clear as it lays outside the domain
of the usual theory and crashes into the cut. We find that the
cutoff wavelength k., at which the poles merge with the cut,
i.e., when Imw = —i/7y, increases both with mass m and

065002-12



RELAXATION FOR MASSIVE PARTICLES: TRANSPORT AND ...

PHYS. REV. D 112, 065002 (2025)

with the number of spatial dimensions d > 2, although the
large mass asymptotics seem to agree for arbitrary d.

We interpret this marked contrast between m = O and m >
0 as a consequence of conformal symmetry breaking in the
equation of state.” It seems natural for a conformal theory
(m = 0) to be in principle valid for arbitrary large k. The
branch cut can in this case be deformed freely, allowing the
poles of the correlators to be valid for arbitrary large &, as they
do not hit the cut for any finite k. On the other hand, any finite
m > 0 breaks the conformal symmetry and introduces a
cutoff in our theory. This is manifested in the inability to
deform the cut. We note again that this inability itself stems
from the analytic properties of the retarded correlators.

V. CONCLUSION

In this work, we computed retarded correlators at finite
temperature and chemical potential in the case of a massive
gas in the RTA. We demonstrated via analytic expressions
that the transport coefficients are monotonically decreasing
positive functions of mass, which corrects the results of
[31], where they predicted, e.g., the shear diffusion mode
becoming negative for some value of mass. Furthermore, as
we had the complete expression for the retarded correlators,
we were able to extract analytically the profile of the
discontinuity of the cut, which we showed corresponded to
physical information from the cut, leading to an interpre-
tation of the profile of the discontinuity as additional causal
structure of the correlator.

The overall picture in the massive case is that the
hydrodynamic poles correspond to collective phenomena.
The nonhydrodynamic behavior due to the ballistic motion
of the particles is captured in the correlator by the cut,
which spans between the end points situated at v = +k —
i/ 7 that indicate the maximal speed of causal propagation.
The cut has a particular profile due to the mass, which we
show has most of its support between w = v .k — i/75.
From a technical perspective, an important take home
message is that, as we demonstrated in Sec. IV, multivalued
functions stemming from an integral equation should be
studied on the level of the integrand in order to avoid
confusion about the analytic structure of the result.

It will be interesting to explore what hidden structures can
be uncovered from the perspective developed here. It seems
clear that a natural first step is to consider RTA with an energy
dependent relaxation time [10,11,14,15,50]. The integration
over momenta in this case is more nuanced, since the branch
cut of the integrand is being driven deeper in the complex
plane for typically studied relaxation times of the form
7z « (p°)?. Moreover, the causal structure of the correlators
is largely unexplored in extensions to higher levels in the
Bogoliubov-Born-Green-Kirkwood-Yvon hierarchy [51]
and in the kinetic theory of scalar field theory, including in

SWe thank Saso Grozdanov for this comment.

the expanding Friedmann-Lemaitre-Robertson-Walker back-
ground [52]. It would be curious to further explore the
complex structure in models where it is explicitly known
that interactions lead to dynamical light cones, e.g., in the two
fluid model with dynamical effective metrics [53].
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APPENDIX A: MASSIVE TRANSPORT
IN ARBITRARY DIMENSIONS

In this appendix, we collect results for transport in
dimensions other than three spatial dimensions.

1. Charge diffusion
We first consider the charge diffusion in arbitrary
dimensions by focusing on the diffusive pole given by

Eq. (28). The integral /% can be generalized to an arbitrary
dimension:

0 _ /d9<d> 1
@ = | Q@ 1 4 1p(—iw + ick - V)’

(A1)

where dQ(? is the d-dimensional solid angle differential

and Q@) = 1_2(’5//; We define the hyperspherical coordinates

in d dimensions in standard fashion:

x! = rcos 6, (A2)

x? = rsin#, cos 6,,
(A3)
x? = rsiné,...sinf,_,sinf,_,, (A4)

065002-13



MATEJ BAJEC and ALEXANDER SOLOVIEV

PHYS. REV. D 112, 065002 (2025)

where 0, ; €[0,27z) and the rest 6; € [0, 7). The z coor-
dinate in the case d =3 would correspond to x'. The
measure is given by

dQ¥) =sin?=20, sin?30,...

Sin2 0d—3 Singd_zdgl .. 'dgd—l .

(AS)

Let us choose our wave vector to be aligned with the x!
axis, i.e., k - v=kcos@,. Then

Q-1 rz sin?2 0
700 — / 46 A6
(d) Q(d) 0 1-— ia)TR —+ ingR cos@ ( )
o~ ~1\2 7
_ Qa1 i24 2F<%) oF (1’(121 vd - Lk&jﬁ?ﬁ;)
Q) Ektp + TR + i '
(A7)

where 2F , denotes the hypergeometric regularized function
defined by

F (ay,...,a,;by....b,; x
poorfa@e o dpbibpx)
P q F(bl)...l“(bq)

and qu is the hypergeometric function [54]. Then the

charge diffusion equation (28) becomes

Ry |
/O dpp? 172(1—1?%) = 0. (A9)

As explained in the main text, we expand the above
equation in the hydrodynamic limit to extract the dispersion
relation @ = —iD 4 (m)k* + O(k*):

/oo dx & (x — m?)7T <D(d)x2 - %R(xz - mz)) =0.

X

(A10)

Clearly the above equation implies D 4 (m = 0) = 75/d as
expected as well as D4 (m) > 0 for any m >0 and any
d > 2. We explicitly write out the result for d = 2:

D(z) - 1
TR 2

, e/ ToEi(—m)

Srm) (A1)

where Ei(z) denotes the exponential integral function

. —t
Ei(—z)E—/ i
z t

The difference between the d = 3 case in the main text is
most noticeable in the asymptotic limit, where the d = 2
case obtains logarithmic corrections to the massless result:

(A12)

Dp _ 14+ (log(m?) + &) + O(m?), m< 1,
TR =2+ O(m™), m> 1,
(A13)

where &g denotes the Euler-Mascheroni constant.
Additionally, we find in d = 2 another gapped mode
given by

2i
R

(Al14)

The above dispersion relation is analogous to the massless
case [24]. In this case however, the two poles do not seem
to collide, as the indeformable cut stands between them. We
comment on this in Sec. IV B.

2. Shear diffusion

Start with the solution of the linearized Boltzmann
equation in the case of external metric perturbation:

fo P'Ou; + %po — g0, P00

5 pu—
f TO 1 +TR(—la)+l§k 'V)

(A15)

_fo préuy — gl 00"
C Tyl + (i + ikEcos @)’

(A16)

where we turned off the perturbations that decouple from
the shear channel in the last equality and denoted by L any
coordinate direction perpendicular to the wave vector
which we take to be along the x' direction. For the sake
of concreteness let us pick p* to be aligned along the x?
axis and denote it as p” in order to not confuse it with the
square of the momentum. The diffusive pole in the shear
channel is a consequence of the matching condition 5T% =
(&9 + Py)ou’ and is therefore encoded in the following
integral equation:

1 © dp fo
_ Q) 0y2/0 ;22 -0,
— / @ (I ()

(A17)

where Iﬁ) is the d-dimensional generalization of I

in (25):

dQ ()2
2 = Al8
(@) / QW 1+ 7x(—iw + iké cosO)) (AL8)
ir(d),F (l,d l,d—l-l,#)
_2 2 ktptwrgt (A19)

Ekrp + 10 + 0

065002-14



RELAXATION FOR MASSIVE PARTICLES: TRANSPORT AND ...

PHYS. REV. D 112, 065002 (2025)

T
o’

o0 - fo (&
/0 dpp? 1(p0)2T_(; (E_I%‘%)) =0. (A20)

Using ¢, + Py = we obtain®

Expanding again in the hydrodynamic limit, we can
obtain the equation for the shear diffusion constant @ =

—iD (m)k? + O(k*):

/oo dxe ’ (x* = mz)d/2 (Dgﬁ)xz __'r (x* = m2)> =0.
m X )

The limit m — 0 implies Diﬁ)/rR =1/(d+2), as well as
Diﬁ) >0 for any mass m >0 and any d > 2. We note
that this result also includes a general result for the
shear viscosity through the hydrodynamic relation Dy, =
n/ (e + Po).

We write out the d = 2 case explicitly:

5 m*e™C(0,m) + (—m? + m +6)m + 6
Dsh /TR = ,
8(m(m+3)+3)
(A22)

where T'(0,z) is the incomplete gamma function and
m = m/T,. The asymptotics are given by

m<l1,

1 Lm? 4 O(m?),
D (m) /7y = {i o ) (A23)

-3L+0(m7), m>1.

APPENDIX B: DISCONTINUITY PROFILE,
BRANCH CUTS, AND BRANCH POINTS

1. Integrals of functions with a branch cut

In this appendix we showcase the general procedure to
describe the analytic structure of an integral of a function
with branch points via several examples of increasing
complexity.

a. Example 1

We start with the simplest example,7

1 1

Flw) = /_1 dzlog(z + w) E/_ldzf(z;a)), (B1)

where we choose the branch cut of the complex logarithm
log z to lie along the negative real axis (—oo, 0]. We take the

[ () = 1/d.

"Note that we keep the definition of F(w) local to each
example to avoid introducing excess notation.

A
Rew = -1 Imw

Rew=1"1w

FIG. 9. The analytic structure of the integrand of (B1) at a fixed
720 €[~1,—1+8). The position of w™ is represented by a red
circle and green square respectively. As mentioned in the main
text, the difference f(w,;z9) — f(®@_; zy), in the limit when the
two points approach each other, is 2zi when the branch cut is
separating them and zero otherwise.

domain of w € Q C C to be such that the above integral is
well defined. We will later analytically continue @ to the
whole complex plane. As z varies from —1 to 1, the branch
point of the integrand log(z + @) varies from @ =1 to
@ = —1. In order to determine the discontinuity profile at
w,, we define o, = w, * ie for some ¢ > 0. The purely
imaginary displacement is due to the choice of the branch
cut, which is aligned with the real axis. Then, for z = z,

disc f(z0; @.) = lim(f(z0; ) = f (203 -))
B 2ri,
B {o,

The integral over z of the above is the discontinuity profile
of the integrated function F(w). In practice this reduces to
integrating 2zi over the interval of z, for which the branch
cut separates @,.. We position ourselves at the furthermost
branch point of the integrand f(z,®), denoted @ = @y,
which we define to be the branch point which shares the
branch cut with all the other branch points as we vary z over
the integration interval. In the present case, this means
wy, = 1, when zy = —1. The discontinuity profile at @ =
Wy, —6=1—25 is then the integral of 2zi, over such
interval of z, that the distance of the branch point of the
integrand f(z, w) from the furthermost branch point is not
more than 6 (see Fig. 9). We note that this description with §
is a choice of personal convenience. Therefore, the dis-
continuity of F(w) is given by

. are separated by a branch cut,
otherwise.
(B2)

~145
disc F(0)|,e-1.1) = Zﬂi/l dz =2nis. (B3)
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This result is valid for § € [0,2]. For § > 2, the disconti-
nuity is constant: 2zi [!, dz = 4zi. Therefore, the final
analytic structure of F(w) is a branch cut on the real axis
spanning (—oo, 1], with a linear discontinuity profile in
[—1, 1]. This is in contrast with, for instance, the disconti-
nuity of the complex logarithm, where the discontinuity is
constant along the whole branch cut.

We mention that this analytic structure is compatible
with the “naive” integration

F(w)=(14+w)log(l+ ) - (1+w)
—(-1+w)log(-1+ o)+ (-1+w), (B4)
:wlogzti+log(w+1)+log(w—1)+2, (B5)

where the first term has a linear profile in the discontinuity
between —1 and 1 (due to the factor of w), while the sum of
the following two terms leads to the discontinuity of 4zi
for v < —1.

b. Example 2

The above example naturally generalizes to include
functions of the form

Flw) = / dof(z.0)log(c + ). (B6)

where f(z,w) is any (holomorphic) function. Then the
same argument as above implies the following disconti-
nuity profile between —1 and 1:

~145
discF(®)],_1_s = 2771'/ dzf(z, )| pe1—s-  (B7)
-1
Taking a concrete example of

flz,w) = 22 + e~z + cos z, (B8)

and evaluating the above integral and substituting
0 = 1 — w, we obtain the following result:

2
discF(w) = gin(l + 3sin(1) — @?

+3e”(w—1) —3sin(w)), (B9)

where w € [-1, 1] C R. We provide the numerical check of
the above result in Fig. 10.

c. Example 3

We conclude with the final example, closely related to the
integral found in our kinetic theory setup. Consider now®

%One can reinstate a finite 7x by making a substitution
> o+i/tg.

.
. A}
12 \
A}
\
10f .
sl
3
5
S 6
Z
S 4t .
.
’
2t N
.
.
’ \\_/II
-2 L
-2 -1 0 1 2
Rew

FIG. 10. An example of the discontinuity profile given by
Eq. (B7) for f(z, w) = 7> 4+ ™%z + cos z. The numerical result is
shown in blue, which is obtained by numerically integrating (B6).
The analytic prediction, given by Eq. (B9), is represented by the
dashed black line.

o0 2 2
F(a);k,m)—/ dze_%log<a)—k 1—m—2>. (B10)

Z

Here we also explicitly state the method to extract the
discontinuity profile:

(1) Choose a branch cut of the integrand and consider all
of its branch points (and cuts) as the integration
parameter varies. Identify the “furthermost” branch
point @y, meaning the branch point that shares the
branch cut with all the other branch points (when
varying the integration parameter).

For the present case, we take log z to have a cut
along the real axis (—oo,0]. Therefore the further-
most branch point is w,, = k, when z — co. We
make the substitution z = % in order to bring infinity
to a finite value:

F(w;m, k) —m/— To"loga) kvV1—u?).
(B11)

Now the furthermost branch point corresponds to the
value of u = 0.

(2) Fix a value 6 > 0 and calculate the interval of u for
which the branch point of the integrand is still less
than 6 away from wy,,. In our case, the limiting value
of u is given by

52
—k\/I—M§:€:>M5: I—F

(3) Finally integrate the discontinuity (in this case 2zi
because of the logarithm) along the calculated
interval:

(B12)

065002-16



RELAXATION FOR MASSIVE PARTICLES: TRANSPORT AND ...

PHYS. REV. D 112, 065002 (2025)

w12 du different ways as shown in Fig. 7. We show the result of
discF(w; k, m)|m:wbp_ s = 2mim / k —e Tou these different procedures in Fig. 12 via the absolute value
0 u of the real part of the Fourier transform of (B17) for two

(B13) different masses, m/T, = 1, 15, and for a variety of cutoffs,

defined in (B15). We see that there is excellent agreement

for € =107 over multiple oscillations and relaxation

— 2ziTyexp | — = 1 (B14) times, which becomes worse for increasing mass and at

TO 52
V' @

The final step is a trivial transformation from 6 to w.
We can use the analytic profile (B14) to establish a criterion
for an effective velocity. After normalizing, we want to define
a scale, 0 < € < 1, which distinguishes between the dom-

inant and the exponentially suppressed part of the branch cut.
Namely,

late times.

2. Complex integrals of meromorphic functions

Here we review and expand upon the discussion from
Appendix A found in [24], which supports the discussion in
Sec. IV B. For the sake of completeness we restate the
origin of the branch cut structure in RTA kinetic theory.
We proceed in a similar fashion to Appendix B 1 by first
considering simple examples.

elo k = €. (B 15)
a. Example 1
Solving for w, we find The prototypical example of an integral sharing key
features with computations encountered in the physical of
w— + \/ (loge —2m)loge k=+v,k (BI6) kinetic theory in RTA approximation is
m —loge
1
Note that the € — 0 limit leads to v, = 1. F(w) = / dz ! . (B13)
We note here that the final result is symmetric in @ and -1 2T

can be applied also in the case of

© . w—ky/1-"5
F(w;k,m) = / dze Tolog| ———— (B17)
" w+ky1-"%

We confirm numerically that the previous expression is

captured by the analytic expression (B14) in Fig. 11.
Finally, similar to the discussion in Sec. IV, we will

discuss the Fourier transform of (B17) by integrating in two

= m=0.1 1

m=1

= m=10
\

\
\
\
[}
|}
[}
[}
)
1
1}
1
]
]
)
1
[}
]
[}
1.

0 15

FIG. 11. The (normalized) discontinuity profile of Eq. (B17)
for different values of mass m. We set Tok = 1. The analytic

Treating the integration variable as complex, we may
deform the above integration contour arbitrarily into the
complex plane. The above integral is then defined for any
, which does not lie on the integration contour, as per
the usual complex analysis arguments; cf. [55]. This
results in the domain of F:Q — C to be a cut complex
plane, with the cut given by the integration contour &,
i.e., Q = C\imy,. This is the basis of the argument why
the logarithmic branch cut can be arbitrarily deformed in
the massless case. The discontinuity of the function F(w)
is deduced from the residue theorem as follows: we
position ourselves with our parameter @ just above and
below a point on the contour w, to define w, = w, + ie
for some infinitesimal &€ > 0.° As we send & — 0, we see
that the difference between the two values is precisely
2zi times the residue of the integrand at the point w,
(see Fig. 13).
In the simple case of Eq. (B18) the discontinuity is
constant 2zi along the contour of integration, which agrees
with the result if we integrate Eq. (B18) to obtain

w+1

w—1

F(w) = log . (B19)

*For simplicity we assume that the tangent to the integration

prediction of (B14) is represented by the dashed black lines.

contour at w, is not parallel to the imaginary axis. Otherwise we
infinitesimally displace (also) the real parts.
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FIG. 12. Absolute value of the real part of the Fourier transform of (B17). The solid color denotes the exact result, i.e., taking the entire
branch cut, while the dashed line is only integrating the part of the branch cut with the most support, parametrized by ¢ in (B16).

b. Example 2

It is then clear that the generalization of the above
example to

f(z, o)

F = d
(@) ZZ—co

Ve

(B20)

Y

Ye

e—0

QS

FIG. 13. A complex integration contour y,. with @, schemati-
cally represented by the red circle and green square, respectively.
An equivalent picture, in the limit where we send the two points
to the integration contour, is a simple infinitesimal deformation of
the integration contour either above (green contour) or below (red
contour) the chosen point on the contour w, (in the plot denoted
as a black dot between the two contours in color). The difference
between the two choices is then, by the residue theorem, 2xi
times the residue of the integrand at w,.

with f(z, w) holomorphic on the integration contour (or
rather in its neighborhood), results in the discontinuity
profile of f(z = w,,® = w,), where w, runs along the
integration contour; w, €imy,.

c. Example 3

We conclude with an example applicable to the dis-
cussion in the main text, where we discuss the discontinuity
profile at the branch cut resulting from energy integration at
a fixed angle:

|disc F(w(s);m)| /N (m)

0.0 0.2 0.4 0.6 0.8 1.0

S

FIG. 14. Absolute value of the normalized discontinuity of the
integral (B21) for different values of mass m as a function of
s = Rew/ (k cos ) which parametrizes the cut. The black dashed
lines denote the analytic result, given by Eq. (B24). We attribute
slight misalignment of the numerical and analytic result at small
m to numerical error. We set T, 7, and cos 6 to unity.
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I
1+ g (=i + iky /1 =2 cos )
(B21)

F(w;k,m) = /oodxe_%

The derivation is clearer if we introduce a new variable,
2
— _m-.
u=/1 o

F(w;k,m) =

1 /1 J mu
u
iktgcos@ Jo (1 —u?)3/?

m 1 1
XEXp | =7 iotg—1 °
Tov1—u?) u—-2=

ikTg cos O

(B22)

Taking the integration contour along the real axis
(u €0, 1]) results in the cut along

S .
TR ™ " 2 10,1] & w = skcosd ——,

— €0, 1].
ikty cos @ TR s€l0.1]

(B23)

Then the discontinuity at this cut, for fixed k and 6, is
given by

discF(w; k, m)]

w=k cos 0-s—L
R

. p< m 1
X e —
To/1 —s2

 2mi ms
 iktgcosO (1 —s2)3/2

). (B24)

We provide a numerical check of consistency of the above
analytic result in Fig. 14.
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