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We demonstrate that generic two-dimensional Horndeski theories can arise from the reduction of pure
gravities in d > 4 dimensions, and therefore generic on shell configurations for the two-dimensional metric
and scalar field correspond to genuine d-dimensional gravitational vacuum solutions. We discuss
separately the two-dimensional Horndeski theories which can arise from the reduction of d-dimensional
generally covariant gravitational actions built only from curvature invariants without covariant derivatives
and possessing second-order equations of motion on 2 + (d —2) warped-product backgrounds. The
discussion is subsequently extended to generic d-dimensional gravitational actions with this latter property.
We establish a Birkhoff theorem for all gravitational theories whose reduction yields an integrable two-
dimensional Horndeski theory, in which case static spherically symmetric solutions satisfy g,,g,, = —1 in
Schwarzschild gauge whereby the metric function g,, = —f is determined by an algebraic equation. We
therefore propose to refer to all such theories as quasitopological gravities. These results can be used to
show in reverse that any d-dimensional static spherically symmetric and asymptotically flat spacetime
satisfying g,,9,, = —1 in Schwarzschild gauge with an invertible dependence of f on the Arnowitt-Deser-
Misner mass can be reconstructed explicitly as a vacuum solution to a d-dimensional gravitational theory.
We discuss examples of regular black holes such as the Bardeen spacetime, which could not be obtained
from polynomial and nonpolynomial quasitopological gravities involving only curvature invariants without

covariant derivatives.

DOI: 10.1103/v3j1-j6jg

I. INTRODUCTION

Horndeski theory [1] is the most general theory for a
metric and a scalar field whose field equations are of no
more than second order in derivatives. In two dimensions
one may view the Horndeski action expressed as a
generalized Galileon [2,3] as the most general extension
of two-dimensional dilaton theory [4]. See the related
discussion in [5] and also [6] for a review on generaliza-
tions of two-dimensional dilaton theory.

Generalized two-dimensional dilaton models may be
viewed as effective theories for the degrees of freedom of
d-dimensional warped-product spacetimes composed out of
a (d — 2)-dimensional compact space of constant curvature
and a two-dimensional orbit space. On shell configurations
for the two-dimensional metric and scalar field can then be
interpreted as effective d-dimensional vacuum solutions.
Our particular interest here lies in two-dimensional dilaton
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models as relevant to the discussion of d-dimensional black
holes. Geometries in this effective solution space include
for instance d-dimensional static regular black holes with
spherical or more generally toroidal horizon topology [7].
However, such spacetimes a priori represent only effective
d-dimensional vacuum solutions in that their degrees of
freedom solve a two-dimensional Horndeski theory rather
than a d-dimensional generally covariant gravitational
theory.1

Our main goal here is to demonstrate that generic two-
dimensional Horndeski theories can arise from the reduc-
tion of generally covariant gravitational theories in d > 4
dimensions with no additional fields beyond the spacetime

'The variations of the two-dimensional Horndeski action can
be used to construct a symmetric second-order and covariantly
conserved rank-two tensor as a generalization of the Einstein
tensor [8], in terms of which the two-dimensional Horndeski
equations of motion can be written as effective generalized
Einstein equations on this class of 2 + (d — 2) warped-product
backgrounds [9]. Our discussion here shows that this tensor for
any choice of two-dimensional metric and scalar field is equiv-
alent to, and can be explicitly reconstructed as, the reduction of
the equation of motion tensor of a d-dimensional gravitational
theory with second-order equations on this class of 2 4 (d — 2)
warped-product backgrounds.
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metric. Therefore generic on shell configurations of two-
dimensional Horndeski theory in the absence of additional
two-dimensional matter degrees of freedom correspond
to genuine d-dimensional gravitational vacuum solutions.
We will focus in particular on the subset of integrable
two-dimensional Horndeski theories and corresponding
solutions in Schwarzschild gauge, which after eliminat-
ing a residual time dependence can be “lifted” as the
unique static spherically symmetric solutions satisfying
9ugrr = —1 whereby the metric function g, = —f(r) is
determined through an algebraic equation.” We will there-
fore refer to gravitational theories with second-order
equations of motion on 2 + (d — 2) warped-product back-
grounds satisfying such a Birkhoff theorem as quasitopo-
logical gravities (QTGs).

Particular subclasses of two-dimensional Horndeski the-
ories are known to arise from standard notions of QTGs
[10-18] as gravitational theories built from polynomial
functions of curvature invariants without covariant deriva-
tives and possessing second-order equations of motion
on spherically symmetric backgrounds [18]. The two-
dimensional Horndeski theories arising from the spherical
reduction of such gravities are automatically integrable and
in particular the unique static spherically symmetric sol-
utions satisfy g,,9,, = —1 whereby f is determined through
an algebraic equation involving a single one-variable func-
tion of the eigenvalue y(r, f) = (1 — f)/r* of the Riemann
tensor [18]. This same function is sufficient to parametrize
all two-dimensional Horndeski actions which can arise from
the spherical reduction of such theories [18]. We will
henceforth refer to this particular subclass of QTGs as
polynomial curvature quasitopological gravities (polyno-
mial CQTGs). Polynomial CQTGs beyond general relativity
exist only in d > 5 dimensions [14,17].

CQTGs can be constructed also in d = 4 dimensions if
the action is allowed to depend nonpolynomially on
curvature invariants [19,20]. In fact an extended subclass
of two-dimensional Horndeski theories can arise from d >4
gravitational theories involving nonpolynomial functions
of curvature invariants without covariant derivatives and
possessing second-order equations of motion on spheri-
cally symmetric backgrounds. This subspace of two-
dimensional Horndeski theories can be subdivided into
integrable and nonintegrable ones, and we will refer to
those pure-curvature gravities which yield integrable two-
dimensional Horndeski theories as nonpolynomial curva-
ture quasitopological gravities (nonpolynomial CQTGs).
The metric function f of static spherically symmetric
solutions to these theories is determined through an
algebraic equation involving generically two one-variable

’Here and below we refer to spherically symmetric back-
grounds for concreteness, but more generally the reduction can be
performed on 2 4 (d — 2) warped-product backgrounds with a
(d — 2)-dimensional transverse compact space other than the
sphere.

functions of w(r, f). We will establish these statements
here for d > 4 as an extension of [20] for d = 4.

Moreover we will demonstrate that generic two-dimensional
Horndeski theories can arise from d >4 gravitational
theories with second-order equations of motion on spheri-
cally symmetric backgrounds if the action is allowed in
addition to depend on curvature-derivative invariants. This
can be understood intuitively as such invariants can
produce separate instances of the variables f and r in
w(r, f). The gravitational theories of this generic type
whose reduction yields an integrable two-dimensional
Horndeski theory then provide our definition of all
QTGs. We will show that the metric function f of static
spherically symmetric solutions in this case is determined
through an algebraic equation involving in general two
functions of r and f as independent variables.

In summary, we can draw the landscape of d >4
gravitational theories with second-order equations of
motion on spherically symmetric, or more generally on
2 + (d — 2) warped-product backgrounds, shown in Fig. 1.

These results will allow us moreover to conclude in
reverse that any d-dimensional static spherically symmetric
and asymptotically flat spacetime satisfying g,,g,, = —1 in
Schwarzschild gauge with an invertible dependence of f on
the Arnowitt-Deser-Misner (ADM) mass can be recon-
structed explicitly as a vacuum solution to a d-dimensional
generally covariant gravitational theory. To that end, one
may relate the ADM mass to the integration constant
arising in solutions to the equations of motion of an
associated integrable two-dimensional Horndeski theory.
Such a reverse construction of solutions to two-dimensional
Horndeski theories has been developed in [9,21] and has
been applied also in [20,22]. The main statement here then
follows from the fact that these two-dimensional Horndeski
theories are reduced d-dimensional gravities. As a follow
up of this central result, in [23] we discuss the thermody-
namics of generic asymptotically flat and anti-de Sitter
black holes satisfying g;,g,- = —1 in Schwarzschild gauge
as solutions to the extended notion of QTGs introduced
here, and derive a first law of thermodynamics for any such
black hole.

The remainder of this article is structured as follows.
Section II provides a review of two-dimensional Horndeski
theory. In Sec. II A we state the general two-dimensional
Horndeski action and covariant equations of motion. In
Sec. IIB we evaluate these in extended Schwarzschild
gauge and state the condition for their integrability. The
reverse construction of particular classes of solutions
to integrable two-dimensional Horndeski theories is sum-
marized in Sec. I C. These discussions are applied exem-
plarily to a subclass of two-dimensional dilaton actions in
Sec. IID. In Sec. Il we discuss how two-dimensional
Horndeski actions can be generated from the reduction
of d-dimensional gravitational actions on 2+ (d —2)
warped-product backgrounds. The reduced action on these
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FIG. 1.
backgrounds.

backgrounds is displayed in Sec. III A. In Secs. III B
and IIIC we discuss curvature and curvature-derivative
invariants for these spacetimes and describe a procedure by
which generic sets of Horndeski theories arising from the
reduction of gravitational actions built from such types of
invariants can be generated. As an explicit example, in
Sec. III D we construct four-dimensional Lagrangian den-
sities which are able to produce generic two-dimensional
Horndeski theories upon reduction. In Sec. IV we focus on
the subset of Horndeski theories which can arise from the
reduction of pure-curvature gravities. Section IV A derives
the general structure of the two-dimensional Horndeski
equations of motion which can arise from the reduction of
such theories, whereas Sec. IV B discusses the integrability
condition. This allows us to rederive a Birkhoff theorem for
polynomial CQTGs and generalize this theorem to a
Birkhoff theorem for nonpolynomial CQTGs. In Sec. V
we proceed to discuss the general space of two-dimensional
Horndeski theories which can arise from the reduction of
curvature-derivative gravities. The equations of motion and
integrability condition are discussed in Sec. VA and V B.
This allows us to derive a general Birkhoff theorem for any
type of QTG. In Sec. VI we illustrate how these results can
be applied to reconstruct any static spherically symmetric
and asymptotically flat spacetime satisfying ¢,,9,, = —1
and with an invertible dependence of f on the ADM mass
as a vacuum solution to a d-dimensional gravitational
theory. The regular Hayward spacetime is reviewed as a
solution to polynomial and nonpolynomial CQTGs in
Sec. VIA. In Sec. VIB we discuss the Dymnikova
spacetime as a solution to nonpolynomial CQTGs.
Finally, in Sec. VIC we discuss the Bardeen spacetime

Landscape of d >4 gravitational theories with second-order equations of motion on 2+ (d —2) warped-product

as a solution which cannot not be obtained from CQTGs
but requires the generalization to QTGs involving curva-
ture-derivative invariants. We finish with a discussion in
Sec. VIL

I1. 2D HORNDESKI THEORY AND EQUATIONS
OF MOTION

A. Action and covariant equations of motion

In this subsection we provide a review of two-dimen-
sional Horndeski theory and its covariant equations of
motion. Different representations of the action are dis-
cussed to emphasize that physical inequivalence of theories
must be inferred from the distinctiveness in structure of the
equations of motion. This structure will be central to our
discussion of two-dimensional Horndeski theories arising
from the reduction of d-dimensional gravitational theories.

Horndeski theory [1] is the most general theory for a
metric and a scalar field with field equations of no more
than second order in derivatives. In 1 + 1 dimensions the
Horndeski action for a metric ¢,,(y) and a scalar field ¢(y)
can be written as [2,3]

SHorndeski [q’ (,0] = /dzy\/__q [hZ ((pJf)
= h3(@. )0 + ha(e. x)R
—20,h(0.2)[(Cp)? = VV,09 Vg .
(1)

where R is the Ricci scalar and
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x=V.pVi (2)

is the scalar kinetic term. The functions h; are general

functions of ¢ and y. The equations of motion are obtained

by setting the respective field variations of the action to

zero, i.e.,

£ 1 5SHorndeski7 _ 1 5SH0mdeski -0 (3)
llb — _—— .

I Ve
These variations satisfy the off shell Bianchi identity,
1
VaE, + §5¢Vb€0 =0, (4)

implied by general covariance of the action (1). Therefore
solving the equation of motion for the metric is sufficient to
ensure that also the equation of motion for the scalar field is
satisfied provided the latter is nonconstant. The former can
be written as [9]

1
gab = - E [a + 2ﬂD(p]Qab + a)va(pvb(p + ﬂvaqu)

=0, (5)
where
a(p.y) = hy + x0,(hs — 20,hy).
Bl@.x) = x9,(hy —20,hy) — 0, hy. (6)
and
o(9.)) = @ = 9,f. ()

In two dimensions the last two terms in the Horndeski action
(1) representing the quartic Galileon contribution [24], i.e.,

Scaenld-01 = [ 3= [he(00)R = 20,192
X [(00)* = V.V,09 V) . ®)

are redundant and can be recast into a form that resembles the
structure of the first two terms by performing partial
integrations in (1) [25]. This can be anticipated already as
the equations of motion (5) depend only on two functions
a(@, y) and (¢, y) defined in (6). Consider for example the
redefinition,

hy(@. %) = Ha(@.x) = +x/d;([ 0%4], )

1

X
1

hs(@.x) = H3(@.y) = h3 —20,hy— [ dy )?0¢h4, (10)

which results in

alp.x) = Hy + x0,Hs,  Plo.x) =x0,H;, (11)
and therefore effectively eliminates the contribution from the
nonminimal coupling /4. Such redefinitions of the functions
h; amount to performing partial integrations in the action and
do not affect the equations of motion. The only physical
quantities are the functions a and f. In particular, the
equations of motion derived from the action (1) where Ay
is set to zero are equivalent to the equations of motion derived
from the full action (1) for appropriately redefined functions
h, and h;. The former representation of the action is
identical to the one for kinetic gravity braiding [26]. Here
we purposely choose to display the two-dimensional
Horndeski action as in (1), as this is the most general
functional resulting in second-order equations of motion
that can arise from the reduction of d-dimensional gravita-
tional actions with second-order equations of motion on
2 4 (d — 2) warped-product backgrounds composed from
qu(v) and @(y) prior to performing partial integrations
following this reduction. This will allow us later to formulate
Birkhoff theorems concerning spherically symmetric solu-
tions to d-dimensional QTGs in terms of functions which
can be deduced from the evaluated d-dimensional
Lagrangian density on such spacetimes, similarly as the
Birkhoff theorems for the subclass of polynomial CQTGs
derived in [18].”

A careful distinguishment between different representa-
tions of the action versus actual inequivalence of corre-
sponding Horndeski theories will be central for what
follows. By inequivalent Horndeski theories we will refer
to theories i for which the functions @; as well as the
functions f; entering the equations of motion (5) are
distinct up to a possible identical numerical factor arising
from the overall normalization of the action.

B. Equations of motion in extended Schwarzschild
gauge and Birkhoff theorem

In this subsection we state the equations of motion (5)
explicitly in the extended Schwarzschild-type gauge,

dr?

f(t.r)’
p(y) =r. (13)

This form of the two-dimensional metric and scalar field will
be relevant later for the description of d-dimensional spheri-
cally symmetric spacetimes, or more generally 2 + (d — 2)
warped-product spacetimes with a constant-curvature

qap(y)dy* dy? = —n(1, r)*f (1, r)dr* + (12)

’In general there is an additional term parametrized by a
function hs(¢, y) in the Horndeski action [2,3]. This term consists
of the Einstein tensor and additional contractions involving
covariant derivatives of the scalar field which vanish in two
dimensions.
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transverse space. The above ansatz in this case provides a
parametrization for a general dynamical d-dimensional line
element compatible with these symmetry assumptions and
capable of describing a black-hole geometry.

The central equations and statements reviewed below
have been discussed using different notation in [9] and
in advanced coordinates in [21,22]. The discussion of the
t-independent subcase can also be found in [20].

The scalar kinetic term in the above choice of gauge is
given by

x(t,r) = f(t,r). (14)

The independent components of the equations of motion
tensor in (5) are

2
£y =" la+ po,f] =0, (15)
_pos_
£ =55 =0, (16)

1 arn —
Err = —oplat BOf == mp+ =0 f=0. (17)

where the functional dependence a(r, f) and f(r, f) is
implied on shell. In the following we will assume that the
function S is nonzero." Then the second equation requires
that f be t-independent and thus we continue to write
f = f(r). Asaresult, a and f§ as well as their derivatives do

not depend on the coordinate ¢. The remaining two
independent equations can then be written as

a+pf =0, (18)

on_ 0pa—0,p
no )/

The second equation can be solved in the form,

(19)

d a0,
» fﬂﬁ P

n(t,r) = v(t)e 4 (20)

where the function v(7) can be absorbed by a redefinition of
the coordinate ¢. Without loss of generality one may thus

“This assumption is central for the validity of a Birkhoff
theorem for theories satisfying the integrability condition d,a —
0,8 = 0 off shell. In this case f = f(r) is t-independent and the
residual 7-dependence contained in n = n(t) can be gauge-fixed
to n = 1. If for a theory satisfying the off shell integrability
condition, however, f(r, f) = 0 on shell, which fixes f, then the
first equation implies that also a(r, f) = 0 on shell, and thus the
last equation is automatically satisfied with n = n(z,r) left
unconstrained. Vacuum solutions to a d-dimensional theory
whose reduction yields such a two-dimensional Horndeski theory
will be in general nonstatic spacetimes with g,,g,, # —1.

set n=n(r) in (12) and in particular this function is
determined entirely by the solution f of the first
equation (18).

The above discussion shows that generic dynamical
configurations of the form (12) in the solution space of
the Horndeski equations of motion (5) are in fact static after
gauge-fixing the residual time dependence of n [9]—
whereby the notion of staticity becomes meaningful when
interpreting two-dimensional Horndeski theory as describ-
ing the dynamics of d-dimensional spacetimes g, (x)
composed as a warped product out of the degrees of
freedom ¢,;,(y) and @(y). In other words, if the equations
of motion of a given two-dimensional Horndeski theory
evaluated for this type of ansatz can arise from the
reduction of a d-dimensional gravitational theory for a
spacetime metric, then the therefrom composed vacuum
solutions to this gravitational theory will be necessarily
static modulo the above residual time dependence. The
possibility of obtaining two-dimensional Horndeski theo-
ries from the reduction of d-dimensional gravities is the
main focus of this paper.

Let us emphasize that for configurations of the form
(12)—(13) with n = 1, already imposing f = f(r) accord-
ing to (16), i.e.,

2

qap(y)dy* dy? = —f(r)di* + ;l(rr)’ (21)

p(y) =r, (22)

to be a solution to a given two-dimensional Horndeski
theory, this theory must satisfy the integrability condition,

d,a—0,p = 0. (23)

Here we use the off shell notation a(¢, y) and (¢, ). This
statement follows immediately from (19).

Vice versa, if a given two-dimensional Horndeski theory
satisfies the integrability condition (23), then the unique
configurations of the form (12) in the solution space of this
theory are characterized by

po.f =0, (24)
Bo,n =0, (25)
a+po.f =0, (26)

whereby these equations hold for generic f.

The previous observations are at the core of uniqueness
theorems for spherically symmetric solutions to polynomial
CQTGs [18]. The spherical reduction of such theories
yields two-dimensional Horndeski actions which not only
satisfy the integrability condition (23), but also admit a
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parametrization of @ and f in terms of a single one-variable
function which determines the function f through an
algebraic equation. We will elaborate on these aspects later
and show that for nonpolynomial CQTGs the functions a
and f admit a reparametrization in terms of two one-
variable functions, which results in a generalized algebraic
equation for f. Finally, we will extend these results to state
the most general algebraic equation satisfied by f for
generic QTGs.

C. Reverse construction of solutions
to integrable theories

In the following we will demonstrate how configurations
characterized by a single function f as in (21) can be
reverse-constructed as solutions to a two-dimensional
Horndeski theory. This reconstruction will allow us later
to generate d-dimensional static spherically symmetric and
asymptotically flat spacetimes satisfying g,,9,, = —1 with
an invertible dependence of f on the ADM mass as vacuum
solutions to a d-dimensional generally covariant gravita-
tional theory.

The procedure described below has been developed
in [9,21] and has been applied also in [20,22].

The integrability condition (23) which has to be satisfied
for the existence of solutions of the form (21) can be solved
by means of a characteristic function Q(¢, y) satisfying

Blp.x) =0, x). (27)

With ¢ = r and y = f on shell for (21), the remaining
equation of motion (26) can then be written as

a(¢?Z> = a(pg((p?)(),

2 10 1) = 0,90 1) + 0,00 F)f
=a(r.f)+p(r.f)f =0, (28)

and can be solved by requiring the function Q(¢,y) to
evaluate to an integration constant on shell, i.e.,

Q(r, f) = 2M. (29)

The integration constant M will be related later to the ADM
mass of d-dimensional static spherically symmetric and
asymptotically flat spacetimes. Notice that for any given
theory-dependent choice of functions a(¢, ) and f(¢,y)
satisfying the integrability condition (23), the above is an
algebraic equation determining f.

For later reference, let us consider concretely how the
characteristic function Q(¢, y) defined through (27) can be
expressed in terms of the functions h;(¢,y) entering the
Horndeski action (1). To that end, we observe that the first
equation in (27) implies

Qp.z) = / dgpalp.y) + F(x) (30)

for an a priori generic function F of y. Making use of the
second equation in (27) and invoking (23), it follows
however that F' = 0, and thus we may set F = 0 without
loss of generality. Any other constant choice of F can be
absorbed by a redefinition of the integration constant 2M.
Hence we can express the characteristic function as

Qp.z) = / dpalp.y) = / deplhs + 70, (hs — 20,hy)

Analogously we can conclude,

Qp.z) = / d Blo.z) = / a0, (s — 20, hy) — 9, h]

— y(hy = 20,hs) - / dlhs — 0, h). (32)

Both expressions are equivalent up to a constant, provided
the functions h; satisfy,

a)(h2 + a[ﬂh3 - 6$,h4 == 0 (33)

This is just the integrability condition (23) expressed in
terms of the functions /; using the definitions of a and f
in (6).

Finally, let us reverse the logic and consider a given a
function f(r) involving a constant parameter M. Assume
the existence of an inverse M = M(r, f). Therefrom,
according to (29) one may identify the characteristic
function Q(¢,y) = 2M (@, y) off shell and compute the
generating functions a(@,y) and p(¢,y) from (27) which
describe this configuration as a solution to the equations of
motion (5) of an integrable two-dimensional Horndeski
theory, i.e., for the ansatz (21) and (22), concretely,
Eq. (26). An explicit realization of the functions h;(¢, y)
in the corresponding Horndeski action (1) is provided
by [22]

h2((pv)() = a(gO,)(), h3((ﬂ,){) = —Zﬂ((p,)(),
1) = - [ doplo.n) (34)

For this specific realization of the functions #;, the first term
in brackets in (31) vanishes and therefore in this case the
characteristic function can be expressed in terms of &, as

Qp.x) = / do hy. (35)
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D. Example: 2D dilaton theories

As an examplary application of the previous discussion,
let us consider a generalized action for two-dimensional
dilaton (D) theory [4],5

Solg. ] = / &y /GD@)R - Vp.x)l.  (36)

where D denotes a nonminimal coupling of the scalar field
to the two-dimensional metric and V is a generic function of
@ and y. A review on generalized two-dimensional dilaton
theories can be found in [6].° Identifying the functions &, by
comparison with (1) and computing @ and f§ according
to (6) leads to

ap(.y) ==V —=2¢D", (37)

Polw.x) = =D/, (38)

where a prime denotes the derivative with respect to the
argument of a function. Notice that the function S for the
these particular dilaton models depends only on ¢. For
these theories it holds,

d,ap — 0,pp = —0,V — D" (39)

Thus, the integrability condition (23) is satisfied if and only
if D" = —0,V. In particular integrability requires ) to
depend at most linearly on y.

A prominent example of a dilaton theory satisfying the
integrability condition is Jackiw-Teitelboim (JT) gravity
[29,30] with action

Srlg. 0] = / @y/=gplR+2.  (40)

In this case a;t = 2¢ and gt = —1.

Another example satisfying the integrability condition is
the Callan-Giddings-Harvey-Strominger (CGHS) model
[31] with action

Sconsla. ¢l = / dPyy/=qe[R + 4y +42%].  (41)
In this case ACGHS — 46_2(/)(/12 —)() and ﬁCGHS = 26_2¢.

*It is well-known that a kinetic term of the form U(g)y in the
dilaton action (36) can be eliminated by a reparametrization of the
field ¢ together with a ¢-dependent conformal transformation of
the metric [4,27]. Here we do not consider such field redefini-
tions. Two theories related by a field redefinition do not need to
be physically equivalent and the physical interpretation of a
solution should be performed in the original field variables.

See also [28] for a review on the quantum properties of these
models. We consider two-dimensional dilaton theories as purely
classical theories in this work.

III. 2D HORNDESKI THEORY FROM
d-DIMENSIONAL GRAVITY

Two-dimensional Horndeski theory can be viewed as an
effective theory for the degrees of freedom of d-dimensional
warped-product spacetimes,

G (X)dX* dx¥ = g, () dy® dy? + p(y)?dZ2_,.
%2, = 7,,(0)d0'dey, (42)

where dX2_, is the surface element of a (d — 2)-dimensional
compact space of constant sectional curvature k with unit
metric denoted by y;;(#) and g,,(y) is the metric on a two-
dimensional orbit manifold under the isometries of that
space. We will here assume that k is nonzero for reasons
which will become clear later. Moreover ¢(y) is a scalar field
on this two-dimensional manifold whose value ¢ =0
defines the boundary of spacetime. We refer here to space-
times of the above form as 2 + (d —2) warped-product
spacetimes and assume d > 4 throughout.

Our goal is to demonstrate that generic two-dimensional
Horndeski theories can arise from the reduction of a
d-dimensional generally covariant action for a spacetime
metric,

Slgl = / gL, L= L(g" Rup V). (43)

The Lagrangian density will be in general a function of
curvature invariants without and with covariant derivatives of
the metric, and not necessarily analytic. We will implicitly
assume its restriction to spacetimes such that the variational
principle is well-defined and permits to evaluate the equa-
tions of motion for g for an ansatz in terms of ¢ and ¢ of the
form (42). Therefrom we can conclude that generic con-
figurations ¢ and ¢ in the solution space of the Horndeski
equations of motion (5) can be associated with spacetimes g

composed as in (42), which are actual vacuum solutions to a
generally covariant d-dimensional gravitational theory.

A. Reduced action on 2+ (d-2)
warped-product backgrounds

The reduced action (43) on warped-product backgrounds
(42) is given by

Slg. o) = Al / 2y /=q9"2L(q. p).
L(q,p) = £|(42)» (44)

where AS_Z is the constant surface area of the (d — 2)-
dimensional compact product space. We will drop this overall
normalization factor from now on. The equations of motion for
q and ¢ derived from the reduced action (44) are equivalent
to the equations of motion for g derived from the covariant
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action (44) and evaluated on (42). This equivalence of reduced
field equations to field equations of the reduced Lagrangian is
the principle of symmetric criticality, which applies when the
symmetry group is compact [32-36].

Stomas .91 = [ @3y 0.2 = (0.0 =L+l R =200t () -

= /d2y\/_qEHomdeski(q’ §0),

where the functions h;(¢, y) are defined as

hi(.x) = ¢*hs3(e. %),
= 0> hy(p.x). (46)

= 0> hy(p.x).
Ih4((p’)()

hZ((p’){)

Note that with the above definition L] 45, = >~ Liomdeski-

B. Invariants for 2 + (d —2) warped-product spacetimes

In this subsection we discuss properties of curvature
invariants for the warped-product spacetimes (42). Latin
indices a, b, ... are used to refer to the two-dimensional
subspace, whereas i, j, ... refer to the (d — 2)-dimensional
compact transverse subspace.

We begin by stating the components of the Riemann
tensor,

Rabcd|(42) = Rabcas Raibj|(42) = —€0vavb(ﬂ7tj,
Rijkl{(42) =2¢*(k—y itk (47)
The Ricci tensor has components
\Y% Vb(p

Rah}(@) = Rab (d 2)

Rij‘(42) = [_(PD(P + (d - 3)(k _Z)b/ijv (48)

and the Ricci scalar is given by

S R-2(d-2)22 4 (4- 3Nd-) X

R
) @ @

(49)

Therefrom the components of the Weyl tensor are
obtained as

d-3
Cabcd|(42) = m‘f%[c%]h’
d-3 ’
Caibj|(42> = —mtﬂﬂ 9ab?ij» (50)
2
Ciulany = gpy@—p @ rawrn 5

To make the translation later between reduced
d-dimensional gravitational actions and two-dimensional
Horndeski actions (1), it will be convenient to express the
latter in the form,

V.V, V“V”(p} }
@ @ @
(45)
[
where
Lo k
o= 52
” (52)

The Weyl tensor vanishes in dimensions lower than four
and will be used later for the construction of d-dimensional
covariant densities, which is the reason for our assumption
d>4. In the previous expressions R,p.q» Rap and R
denote the Riemann tensor, Ricci tensor and Ricci scalar of
the two-dimensional metric qab.7
For future reference we also state the inverse spacetime
metric used to raise indices. It has the block-diagonal form,
_ -~ ) 1
g = diag{g”, ¢"} = dlag{q"b ,(pzr”}- (54)
From now on we will use the following terminology. We
will refer to curvature invariants constructed from the
Riemann tensor without covariant derivatives as curvature
invariants, and will refer to curvature invariants involving

covariant derivatives explicitly as curvature-derivative
invariants.

1. Curvature invariants

From the expressions for the components of the Riemann
tensor (47) and the inverse metric (54) it follows that all
curvature invariants for the warped-product spacetimes (42)
are functions of the four scalars

{R & V.V,pVVlp k- )(}
o @ o )

(55)

In particular such invariants depend on y only through the
combination

w(p.x) = unt (56)

"Remember that in two dimensions the Riemann tensor
consists only of the trace component, i.e.,

Rabea = Rqa[ch]lr (53)
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This quantity can be interpreted physically as the Misner-
Sharp mass density [37] for spacetimes (42) in general
relativity.

Remark. The fact that curvature invariants cannot pro-
duce instances of y alone can be understood physically as
follows. Consider a static spacetime with line element

2
G (x)dx* dx¥ = —f(r)df* + J% + R(r)*dx2_,. (57)

The kinetic term of the scalar field ¢(y) = R(r) in this case
is given by

x(r) = (R (r)? (58)

and vanishes on event horizons and wormbhole throats of (57).
The existence of a curvature invariant proportional to y would
not be compatible with the local equivalence principle.

2. Curvature-derivative invariants

Curvature-derivative invariants of the warped-product
spacetimes (42) will be in general functions of additional
scalar combinations beyond the four in (55). One such
combination is

d(@.x) = %- (59)

This can be seen for instance by computing the square of the
covariant derivative of the Weyl tensor in (50)—(51).
Alternatively one may see this by forming scalar contractions
involving covariant derivatives out of the four combinations
in (55) such as V,yV¥y. Later in Sec. IIl D we will use that
there exist curvature-derivative invariants proportional to ¢.

Remark. Notice that ¢ vanishes on event horizons and
wormhole throats of (57). The existence of a coordinate
invariant which vanishes on event horizons of static and
more generally stationary spacetimes is only possible
because an event horizon in a stationary spacetime is also
an apparent horizon. The latter notion refers to a quasilocal
surface characterized solely by the behavior of the expan-
sions of ingoing and outgoing null geodesics [38—40]. In
dynamical spacetimes the notions of an event and apparent
horizon are generally distinct, and only apparent horizons,
or more generally geometric surfaces [41], can be
detected by means of particular combinations of curva-
ture-derivative invariants [41-55] N

$This observation has been used in [56] based on a dynamical
suppression mechanism in Lorentzian path integrals described in
[57,58] to emphasize that the no-global-symmetry conjecture in
quantum gravity [59-67] may not hold universally across generic
effective field theories, and in particular those featuring non-
localities. See also [68,69] for related discussions.

C. Expressing 2D Horndeski densities as reduced
d-dimensional covariant densities

1. Curvature Lagrangian densities

In the following we will describe an abstract procedure that
allows us to generate the generic sets of two-dimensional
Horndeski theories which can arise from the reduction of a
d-dimensional Lagrangian density built only from curvature
invariants. Such an approach has been considered for d = 4
in [20]. Here we consider its generalization applicable
for d > 4.

From the discussion in Sec. III B 1 and the Riemann
scalars (55), we see that combinations of the first three
scalars can produce the tensorial structures multiplying
—hs, hy and —20){[(p2h4] in square brackets of the action
functionals (45). By taking any four independent curvature
invariants for the spacetimes (42) and solving for the four
scalars (55) one may therefore generate d-dimensional
curvature Lagrangian densities whose evaluation on (42)
produces a Horndeski action (45) with functions h; con-
strained to depend on ¢ and y in the form

hi(@,x) = hi(w). (60)

This constraint must be understood prior to performing
partial integrations following the reduction. Let us denote
by Z; below four d-dimensional covariant densities whose
evaluation on (42) yields the scalars (55),

Ir| e = R, (61)

O
Tuoy = _407 (62)

» 1(42) @

V.V,p VeV
IV&V},({’V“V}’(;) ) = TbT’ (63)
k—x

Iv1|(42) = P (64)

Then a d-dimensional gravitational action which produces
the subclass of Horndeski actions (45) satisfying the
constraint (60) is

Slal = [ atv=g[(Z,) ~ (T, T+ (T, )T

+2W,(T,,) [I@ - Ivavhwuvb,,,} } . (65)

P P

The functions h;(Z,,) can be chosen arbitrarily to produce
any desired Horndeski actions (45) with h;(¢,y) = h;(w)
upon reduction on (42).

This is of course a cumbersome way of generating two-
dimensional Horndeski theories and it requires in general
nonpolynomial d-dimensional covariant densities Z; which
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may not be well-defined on arbitrary backgrounds. As
emphasized previously, we only consider these nonpoly-
nomial theories on backgrounds for which the variational
principle is well-defined. There do not exist polynomial
d-dimensional curvature Lagrangian densities which
upon reduction on (42) can produce the entire class of
two-dimensional Horndeski actions (45) characterized by
(60)—the only two-dimensional Horndeski actions
which can arise from the reduction of polynomial curvature
gravities are those generated by polynomial CQTGs [18].
In this case the functions h;(y) identified after the
reduction can be parametrized in terms of a single analytic
function of . This parametrization singles out a strictly
smaller subset of all Horndeski actions (45) satisfying (60).
It is therefore necessary to go beyond polynomial curvature
gravities in order to exhaust the space of two-dimensional
Horndeski theories which can arise from the reduction of
pure-curvature gravities. That this is in principle possible is
the main statement here.

An exemplary realization of the above construction has
been performed for d =4 in [20] and is reviewed in
Sec. IIID. Therein we will further generalize this con-
struction to generate generic two-dimensional Horndeski
theories from four-dimensional gravities by allowing in
addition curvature-derivative invariants in the action. These
considerations can be straightforwardly generalized to
d > 4. The concrete realization of the covariant densities
Z; is however irrelevant for later our purposes.

2. Curvature-derivative Lagrangian densities

The procedure described in the previous subsection can
be extended to generate generic two-dimensional
Horndeski theories from a reduction of d-dimensional
curvature-derivative Lagrangian densities. To that end, it
only remains to see that a arbitrary dependence on ¢ and y
of the functions h; (¢, y) in the Horndeski action (45) can be
achieved. It is possible to construct curvature-derivative
covariant densities which upon evaluation on (42) produce
the scalar ¢ defined in (59), i.e.,

X
I¢|(42) = ? (66)

By forming the inverse sum of any given realization of the
invariants 7,, and Z 4 one may thus construct an invariant
satisfying’

k
Igz,,| :

= = ¢, 67
(42) IW+I¢ @ ( )

(42)

These considerations assume k to be nonzero, as stated
previously. If k£ = 0, it would be y = ¢ and thus ¢ and y cannot
be separated in this way.

This squared invariant multiplied by Z; in turn can be used
to construct an invariant satisfying
— 2 _
Ix|(42) =1yTol ) = x- (68)
Then a d-dimensional gravitational action which produces

generic Horndeski actions (45) with functions h;(¢, )
upon reduction on (42) is

Slal = [ a'x/=g[e(Z,.Z,)
— Ih]3(:z-(/,, IX)I% —|— [h]4(Iqu;()IR

—2720; hy(Z,. (T2, - zvavb,ﬂvavbw] } . (69)

4 4

Notice that this particular construction requires specifying
the nonzero constant sectional curvature k of the compact
transverse space with respect to which the reduction will be
performed, as this constant enters the Riemann scalar y in
(56) and is needed in order to separate the variables p” and
y through (67) and (68).

The covariant actions arising from the construction
above even for simple choices of functions h; are generally
complicated nonpolynomial actions of curvature and cur-
vature-derivative invariants. As emphasized previously,
here we are only interested in a proof of principle that
generic two-dimensional Horndeski theories can be gen-
erated in this way from the reduction of a d-dimensional
generally covariant gravitational action.

D. Example: Explicit construction in d =4

For completeness, in this subsection we provide an
explicit example for a construction of d-dimensional
gravitational theories which can produce a given two-
dimensional Horndeski theory (45) upon reduction on (42).
We will focus here concretely on d =4, but this con-
struction can be generalized to d > 4. Thus, we consider
2 4 2 warped-product spacetimes

G (X) A dX” = g (v) dy* dy” + () dE5.  (70)
Explicit realizations of the scalars Z; in (61)—(64) have been
constructed in [20] and are sufficient to generate the
subclass of two-dimensional Horndeski theories which
can arise from the reduction of curvature Lagrangian
densities.'” Here we review the relevant definitions and
supplement these by providing explicit realizations for the
scalars Z,, 7, and 7, in (66)—(68) which allow us to
generate the general set of two-dimensional Horndeski
theories from four-dimensional gravitational actions (69).

""The construction in [20] assumed spherical symmetry, i.e.,
k =1, but its application extends to generic k as the derivation
depends only on the scalar quantity .
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Let us define the following curvature invariants,

Tr =R, (71)
T =RYRS (72)
T = CpppeCH9°, (73)
Tp = RIRIRY. (74)
T = Cf"Cp™Cog®, (75)
Tic = RR7C,,, (76)

where R denotes the traceless Ricci tensor, i.e.,

A 1
R, =R, - ZRgm,. (77)

Then an exemplary choice of invariants Z; defined through
(61)—(64) is [20]

1 1 !
T —IRT L joc+5IRT L
R LoZippe+2TpTes [6 e R2C+3 e
IpI,
+4 ) +2L I3 +2L 5L jec | (78)
1 T
T~ —gTat 7o 7
1 1 1 ZxZ s
. o 1_2 7. - trtc
A T A S
2
lIC3 _’_LICZIRZC (80)
21%2 12 I
1 I AP =
T, = —Tp+7C e (81)

Y12 Icz IC21R2C+2IkzIC3 '
The action (65) built from these invariants with d = 4
upon reduction on (70) then yields the subclass of two-
dimensional Horndeski actions (45) with generic func-
tions h; = h;(w).

Now we extend this construction by stating an invariant
7, satisfying the defining relation (66) and following the
steps described in the previous subsection to arrive at an
action (69) whose reduction produces (45). To that end,
consider in addition the following curvature-derivative
invariants,

IVC»VC =V Cyup{;vacﬂypgv (82)
Ichsz = vazczvaICz. (83)

Then an exemplary realization of the invariant 7, defined
through (66) is''

1

Ty=~s
? 2472,

4T Tvcve — Iyevel- (86)

To see this explicitly, one may use (50)—(51) for the
covariant components of the Weyl tensor and compute
its contravariant components using the inverse metric in
(54). It is then straightforward to see

1
Zea o) = 30 (87)

! X
Ivc.VC|(7()) = gvgdved + 202 ? s (88)

Iyeve|q = 0 V., 0V, (89)

where ¢ was defined in (52). Therefore, altogether

X
I¢|(70) —Z 2 (90)

By using the exemplary realizations of the invariants Z,,
and Z, provided above, one may construct invariants 7,
and 7, satisfying the defining relations (67) and (68).
Therefrom we obtain a four-dimensional generally covar-
iant action (69) whose reduction on (70) produces a given
desired two-dimensional Horndeski action (45).12

Before closing this subsection, let us mention that
related observations concerning the possibility of lifting

""This invariant has been constructed in [41] as a detector for
black-hole apparent horizons and wormhole throats in spherical
symmetry. Concretely, for a spherically symmetric line element in
advanced coordinates of the form

G (X)dx# dx* = —n(v, r)*f (v, r)dv? + 2n(v, r)dvdr
R(r)?dQ?, (84)

this invariant evaluates to

fRIZ

Ty) 4 -

: (85)

and thus vanishes whenever f = 0 or R’ = 0.

As an example, the JT action (40) can then be obtained from
the reduction on (70) of a four-dimensional generally covariant
action,

Snld = [ dxy=a- (T +2), (1)

with Z7p given in (78) and Z,
in (81) and (86).

=45 iz —%_]* with Z,, and Z,, given
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two-dimensional Horndeski theories to four-dimensional
nonpolynomial gravities have been made in [70] and have
been generalized to d > 4 in [71]. The discussions therein
are focused on the particular subcase when the reduced
theory features second-order equations of motion with
functions h; which are polynomial in ¢ and ¢ +y. A
similar statement applies to the four-dimensional non-
polynomial curvature gravities constructed in [19] for
which the functions h; in the reduced action are polynomial
in y at each finite effective order n in the curvature.”” In
particular the characteristic function determining static
spherically symmetric solutions in this case is a polynomial
in y at each finite order n. However, one may construct
nonpolynomial characteristic functions by a resummation
of the nonpolynomial curvature quasitopological densities
constructed in [19] as n — co, which resembles the
mechanism of resummation of polynomial curvature qua-
sitopological densities in d > 5 necessary for obtaining
regular black holes [72].

We do not make any assumptions on the reduced theory
here and in particular later when stating a Birkhoff theorem
for generic d-dimensional gravities with second-order
equations on 2+ (d —2) warped-product backgrounds
(42) with g and ¢ of the form (12)—(13). The discussions
in [19,70,71] are aimed at emphasizing the possibility of
reducing four-dimensional nonpolynomial higher-order
densities to polynomial second-order densities in the
spherically symmetric sector, which permits to view these
theories as extensions of Lovelock or more generally
polynomial CQTGs existing in d > 5, on this particular
class of four-dimensional backgrounds, whereas here we
are interested in making a general statement about the
possibility of generating the equations of motion of two-
dimensional Horndeski theories on (12)—(13) from the
reduction of d-dimensional gravities, as well as in an
interpretation of the corresponding on shell configurations
as d-dimensional gravitational vacua.

It should also be emphasized that the Weyl invariants
appearing in the denominators of the covariant densities
constructed above, similarly as for the constructions con-
sidered in [19,70,71], vanish on conformally flat back-
grounds. In our subsequent discussions we consider only
on shell configurations g and ¢ of the type (12)—(13)
corresponding to on shell configurations g with nonvanish-
ing Weyl tensor generically. This is motivated by our main
goal of discussing two-dimensional Horndeski theories as
reduced gravities in the context of black holes. In appli-
cations of the two-dimensional Horndeski framework to
d-dimensional cosmology, one should first reduce the

BSee concretely Eqs. (24)—(26) in [19] with the characteristic
function given in (27), where the term associated with n = 2 is
absent as the topological Gauss-Bonnet invariant is used at
second order in the curvature. This can be seen for instance
also from the expression (125) later.

gravitational action on (70) and subsequently implement
the cosmological ansatz, as e.g., in [19,71,73,74].14

IV. SUBSET OF 2D HORNDESKI THEORIES FROM
GRAVITIES L(g",R,,,,)

From the discussion in Secs. III B 1 and IIT C 1 it follows
that for the Horndeski actions (45) which can arise from the
evaluation of a d-dimensional pure-cuvature Lagrangian
density with second-order equations of motion on (42), it
must hold

L(gﬂy’R;wpa) - [h]l((/)v)() = hl(l)”)’ (92)

1.e., these Horndeski actions take the form

N Horndeski [q’ §0]

= / &yy/=q9 {hz (w) —hs(w) % +hy(y)R
| (2) ST o

The constraint (92) must be understood prior to preforming
partial integrations following the reduction. Partial integra-
tions will generally spoil this particular functional depend-
ence of the functions h;. In order to determine which
physically inequivalent Horndeski theories can be gener-
ated from the reduction of a pure-curvature Lagrangian
density, in the following we consider the structure of the
functions a(@,y) and f(p,y) entering the Horndeski
equations of motion (5).

A. Structure of the equations of motion

It will be convenient to perform the change of variables
used already implicitly in (65) and (93),

2y 1
((,0,)() - ((P, W)7 (aqwa)() - <a(p _?al//’ _an/> ’ (94)

where the variable y is defined in (56). The functions « and
p defined in (6) for the subclass of Horndeski theories with
action (93) are then given by

alp.w) = ¢*2g, (w) + " kay (w). (95)

Blo.w) = o a5 () + 0 kgy(w), (96)

“Similarly, the density Z. cZLie+2TpTces used in the
denominators of the above examples of invariants reducing to
I and Z,, vanishes when ¢, and ¢ are given by (21)~(22). See
also [19] for a construction with similar properties. However,
when varying an action involving this particular realization of
invariants, the ansatz (21)—(22) must in any case be inserted only
after the reduction on a general background (70).
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where

g1 (y) = hy — (d = 3)yhs + 2y} +2(d - 3)(d - 2)yhy
—4(2d = T)y*h}, + 8y hy”, (97)

@ (y) = (d = 3)h3 = 2yh} —2(d = 3)(d — 2)hy
+ 4(2d — T)yh), — 8y>hy", (98)

03 (w) =wh'y — (d—2)hy —2(d - 5)yh), +4y*h,",  (99)

9a(y) = —h3 + 2(d — )by — 4y/h,". (100)
These expressions are the first the main statement in
this section. For any two-dimensional Horndeski theory
arising from the reduction of a d-dimensional curvature
Lagrangian density, the functions a(¢, y) and (¢, y) must
be of the above form. This complements the discussion in
Sec. III C 1 showing that for generic Horndeski theories
relevant to the description of black holes with a(¢,y) and
B(p,y) of the above form, it is possible to explicitly
construct a d-dimensional curvature Lagrangian density
whose reduction on (42) generates this theory.

B. Integrability condition

We will now discuss the integrability condition (23) for
the subset of Horndeski actions (93) which can be
generated from the reduction of a d-dimensional curvature
Lagrangian density. From the discussion in Sec. II B, it
follows that this condition is necessary and sufficient for
the existence of solutions

dr?
G (X)dxtdx? = —n(t, r)2f(t, r)de* +
H ( ) f(t, 7")
+ r2dx2_,, (101)
satisfying
pof=0,  pon=0, a+po.f=0, (102)

i.e., if the function 8 is nonzero, then f = f(r) and n =
n(t) whereby n = 1 can be achieved by a redefinition of the
coordinate ¢. The last equation in this case can be integrated
to yield an algebraic equation for f which amounts to the
statement that the generating function Q(¢, y) discussed in
Sec. IIC evaluates to an integration constant on shell,
cf. Egs. (28) and (29).

The integrability condition (23) can be expressed in
terms of the variables (94) as

1 2y
—?6,,,0{ -9, +—9,p=0. (103)

@

Therein inserting the expressions for a and S in (95)—(96)
leads to

W, — (d — 3)hs + 2yl + (d — 3)(d — 2)hy

—2(2d - T)yh), + 4y*h," = 0. (104)
Different from (103), this expression is not invariant under
redefinitions of the functions h; which amount to perform-
ing partial integrations in the reduced action. As empha-
sized previously, performing partial integrations in the
Horndeski action will generally spoil the particular func-
tional dependence h;(¢,y) = h;(y). However, the above
constraint is still meaningful when we refer to the functions
h; as those defined by the immediate evaluation of the
d-dimensional Lagrangian density on (42) without per-
forming partial integrations following this evaluation. This
will allow us later to state the algebraic equation satisfied
by the function f in (101) in terms of functions which can
be derived from that evaluated Lagrangian density.

The above constraint on the functions h; can be written in
terms of the functions g; defined in (97)—(100) as

g) + (d-3)gs — 2yg; = 0. (105)

Its integrated version is

g +(d—3)/dll/9]3—2/dll/l//9]/3

=g +(d-1) / dwgs —2wg; =0  (106)

up to a constant. This constant will be irrelevant later, as it
only amounts to a constant shift of the generating function
Q(@, y) which can be absorbed by a redefinition of the
integration constant arising in the solution to the last
equation of motion in (102).

We will now discuss separately the solutions of the form
(101) to polynomial and nonpolynomial CQTGs.
Concretely, in Sec. IV B 1 we first review statements about
spherically symmetric solutions to polynomial CQTGs
derived in [18] whereby the action is assumed to be an
analytic function of curvature invariants. Subsequently, in
Sec. IV B 2 we will discuss more generally solutions (101)
to generic nonpolynomial CQTGs.

1. Polynomial curvature quasitopological gravities

In the following we will review statements on spherically
symmetric solutions

dr?

G (X)dx*dx” = —n(z,r)* f (1, r)ds* +f(t, 7

+ Q2. (107)
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derived for polynomial CQTGs in [18]. In this case k = 1,
but the discussion can be straightforwardly generalized to
(d — 2)-dimensional compact spaces of nonzero constant
sectional curvature k other than the sphere, as its derivation
depends only on the scalar y. We will take this into account
when generalizing these statements to nonpolynomial
CQTGs in the next subsection.

If a d-dimensional curvature Lagrangian density with
second-order equations of motion on (107) is a polynomial
function of curvature invariants, the functions h; in (93) are
constrained to satisfy [18]

ho(w) = (d— Dh—2ul',  bs(y) = 21,

1 b’

hy(w) = _Ewm—z)/z/dV,W, (108)

where the function h(y) can be deduced by evaluating the
d-dimensional Lagrangian density on a single-function
static spherically symmetric ansatz

dr?

G (x)dxtdx” = —f(r)d* + m +r2dQ2,,  (109)
in which case ¢ = r, y = f and
1—
wirf) =150 (110)
The relevant formula is [18]
h(y(r. f))
1
= i—1 {[£|(109)]|f’=0.f”=0 —ry(r.f) [af’£|(109)]|f’=0}-
(111)

In other words, the reduced actions (93) for polynomial
curvature gravities with second-order equations of
motion on (107) can be parametrized in terms of a
single one-variable function of . Polynomial higher-
curvature extensions of general relativity beyond standard
Lanczos-Lovelock theories [8,75,76] with second-order
equations of motion on spherically symmetric backgrounds
[10,12-18,77], to which we refer here as polynomial
CQTGs, exist only in d > 5 dimensions [14,17]. From
(108) it follows that

1
Wy = (d=3)by — i, (12)

which can be used to verify explicitly that these theories
satisfy the integrability condition (104)." Using the pre-
vious identities as well as (108) to compute the functions «
and f according to (95)—(96), results in

alp.w) = ¢72[(d = Dh(y) - 2ph'(y)], (114)

Blo.w) = ¢l (). (115)
These expressions are manifestly of the form (95)—(96).
The last equation of motion determining f in (102)

becomes
() B (1) o
(116)

where y(r, f) = (1 — f)/r* has been used. This equation
can be integrated to obtain the algebraic equation character-
izing spherically symmetric solutions to polynomial

CQTGs [18],
1-f\ 2M
() -5

where M is an integration constant related to the ADM
mass of the solution.

In summary, and for later comparison with nonpolyno-
mial CQTGs, we can state the following result derived
in [18] in adapted formulation and notation.

Theorem [18]. The unique spherically symmetric sol-
utions of a d>35 dimensional gravitational theory
L(g",R,,,,) constructed from analytic functions of cur-
vature invariants without covariant derivatives and with
second-order equations of motion on (107), are given by

(117)

W()on=0, ~[rTh(y)] =0,

W ()0, =0, 2 (118)

where h is a theory-dependent analytic function given by

(111) and yw = (1 — f)/r>.

Example. As a prototype example of a polynomial
CQTG, we can consider the FEinstein-Gauss-Bonnet
(EGB) action [8,76],

Secelgl = /ddx\/—_g[R + 74,

G = R> — 4R, R™ + R, ), R™",

(119)

HUpC

13See for instance also explicitly the constraint equation (32) in
[78] concerning the Horndeski functions G;(¢,y) « h;j(¢, ).
This constraint implies the integrability condition (33). Alter-
natively, one may directly verify (33) by using the expressions for
the functions G;(¢, ) stated in [78,79].
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where R is the Ricci scalar and G the Gauss-Bonnet
invariant. Their evaluation on (42) is given by

R’(42) = (d_3)(d—2)l//—2(d—2)%+72’ (120)
g|<42> =(d-3)(d-2) {(d —4)(d - 5)y?
—4(d—4)w%+2w7z
Op\2 V,V,p ViVl
+4[<7) _TTH- (121)

Comparing with (93), we can identify the functions h; as

hy(w) = (d=3)(d=2)[y +y(d—4)(d-5y*. (122)
hy(w) = (d—2)[2+4y(d - 4)(d - 3)y], (123)
hy(w) =1+ 2y(d =3)(d - 2)y. (124)

One may verify that these satisfy the relations (108) with

1
hege () = 71 [, + why]

= (d=D)ly +7(d-4)d=3?.  (125)
which in particular confirms the integrability condition
(104). The functions a and £ computed according to
(114)—(115) are

agy (@ w) = (d = 3)(d = 2)[w +y(d —4)(d = 5)y? "2,
(126)

Brcs(p.y) =—(d=2)[1+2y(d=4)(d=3)ylp?>. (127)
The terms proportional to the EGB coupling y in (125) and
(126)—(127) involve a factor (d — 4) indicating that there is
no contribution to the equations of motion coming from the
Gauss-Bonnet invariant in the action (119) for d = 4. It is
well-known that this term is a topological invariant in
d = 4."° From (125), by using the algebraic equation (117),
we obtain the familiar static spherically symmetric
Boulware-Deser black-hole metric [103],

72

2y(d—4)(d-3)

- \/1 +8yM(d—4)(d—3) .

rd—l

feee(r) =1+

X

(128)

16See, however, [80-101] for discussions on defining EGB
gravity in d =4 and [102] for a review.

2. Nonpolynomial curvature quasitopological gravities

For a generic d-dimensional nonpolynomial curvature
Lagrangian density with second-order equations of motion
on (101), the functions h; () in the reduced action (93) can
be generic. In this case one may distinguish between
theories satisfying the integrability condition (103) and
hence the constraint (104) on the functions h;, and those
that do not satisfy this condition, as observed in [20]. We
refer here to the former theories as nonpolynomial CQTGs.
From the discussion in Sec. IIB it follows that non-
polynomial curvature gravities with second-order field
equations on (101) which are not of quasitopological type
admit solutions of the form (101) with d,n # 0. We do not
discuss such theories here.

To solve the integrability condition (23) expressed in
terms of the variables ¢ and y in (103) for generic curvature
theories with second-order equations of motion on (101),
we will resort to the construction of a characteristic
function Q(¢,y) as discussed in Sec. I C. The defining
relations (27) expressed in terms of ¢ and y are

2y
a(p,w) = 0,Q(p,y) —?%Q(fp,w),

m@w:—%%m@m. (129)

The last equation can be integrated to obtain

Qp.w) = —rpz/dwﬂ(ca,w) +F(e),  (130)

where F is an a priori arbitrary function of ¢. The first
equation in (129) imposes however F' =0, and thus
without loss of generality we may set /' = 0. Any other
constant choice of F can be absorbed into the integration
constant arising when solving the remaining equation of
motion in (102) in the form Q(r,f) =2M on shell.
Therefrom, by using the expression for the function f in
(96), we compute

Qp,y) = —¢? / dyB(e.y)
= —p*! / dygs — ¢k / dygy

1
=——[g; — 2wa;]e”" + k[hy — 2(d - 2)hy

d—1
+ 4y
d-2
= {h—dllﬂ@]](ﬂd_l + kgg*?, (131)

where in the second line (100) and (106) were used, and
moreover we have defined
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h(y) = —— [y + ). (132)

d—1

g(y) = hy —2(d — 2)hy + 4yh). (133)
The function h coincides with the previously defined
function for polynomial CQTGs (108), and for these
theories it holds g = 0 according to (113).

With the above definitions, the functions a and f in (129)
for nonpolynomial CQTGs can be written as

alp.y) = = 10" (d = 3)(d = 2y - 2d - 2’y

—(d=1h+2(d - Dyl
+ o k((d - 3)g - 2yg']. (134)
Ploy) = 9 [(d -2+ (d = yg - (d = W]

-1
- ¢ kg. (135)
One may verify that these reduce to (114)-(115)
when g = 0.
Finally, as described in Sec. II C, the remaining equation
of motion in (102) can be integrated to yield the following
algebraic equation determining f,

B L)

k—
+rd—3kg]( 5 >:2M,
r

(136)

where we have used w = (k— f)/r?>. This is our key
result generalizing statements on polynomial CQTGs in
d > 5 [18] and statements on nonpolynomial CQTGs in
d = 4 [20] to nonpolynomial CQTGs in d > 4.

We can collect these results in the following theorem.

Theorem. Let L(¢", R,,,,) be a d-dimensional gravita-
tional theory constructed from curvature invariants without
covariant derivatives and possessing second-order equations
of motion on (101). Assume the two-dimensional Horndeski
theory obtained from its reduction on these backgrounds
satisfies the integrability condition (23), i.e., £ is of quasi-
topological type. Then the unique solutions satisfy

po.f =0, po.n =0,
ar . d-2 _ _

where f is given in terms of two theory-dependent functions
h and g as in (135) and y = (k — f)/r>. Moreover the
functions h and g can be computed from the reduced
Lagrangian density evaluated on a single-function static
ansatz

dr?

f(r)

concretely £; = [¢*™ Lyomdeski) (138) defined through (45),
as follows,

G (x)dxtdx? = —f(r)de* + + r2d=2 ,,  (138)

W) =[] o)

d—1 F1=0.f"=0
(139)
0 (r.f) = =ropLy| | +2ru(r PBL
+2(d—=2)0p Ly, (140)

The last formula in (137) is understood with the replacement
f = f(r) iny before taking the total derivative with respect
tor.

Proof. Symmetric criticality implies that any d-dimensional
gravitational action with second-order equations of motion on
(101) reduces to a Horndeski theory for the two-dimensional
metric g, (y) and scalar field ¢(y) given in (12)—(13). If this
Horndeski theory satisfies the integrability condition (23),
then the equations of motion (5) for the ansatz (12)—(13) are
explicitly (24)—(26). Equations (24) and (25) are identical to
the first two equations in (137), whereas Eq. (26) is equivalent
to the last equation in (137) written in terms of the generating
function Q(¢, y) defined in (27)—see (129) in the variables ¢
and y—according to (28), with ¢ = r and y = f on shell,
i.e., = (k — f)/r* on shell. We have seen that this function
is uniquely determined up to an additive constant which is
irrelevant when taking the total derivative with respect to r
in (137).

ThatQ(r, w(r, f)) for two-dimensional Horndeski theories
arising from the reduction of a d-dimensional gravitational
action constructed from curvature invariants without covariant
derivatives with second-order equations of motion on (101)
can be expressed as in the square brackets in (137), was the
content of the discussion in Sec. III B 1 and the derivativion
presented in this section leading to (131) with functions h and
gdefinedin (132) and (133). It only remains to show that these
functions can be expressed as in (139)—(140). To that end, we
note that the Riemann scalars in (55) evaluated for the metric
(138) are given by
{ O V,V,p ViVl }

R’ R W
@ @ @

LS
(138) ’r’2r2’ r2

(141)

Therefore the reduced Lagrangian density evaluated on (138)
is given by17

"Here we use that in fact Lyomgeski aS given in (93) is the most
general functional which can arise from the evaluation of a
curvature gravitational action with second-order equations of
motion on (42).
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!

£y =y (r. ) = sy (. )~ Balu ()"

12
P )Ly

(142)
Therefrom h and g defined in (132) and (133) can be
straightforwardly expressed in the form (139)—(140). [ ]

Example. Let us consider exemplarily what is the subset
of integrable dilaton theories of the specific form (36) and
correspondingly solutions (101) which can be generated
from the reduction of a d-dimensional pure-curvature
Lagrangian density with second-order equations of motion
on (57). In terms of the variables (94), the generating
functions ap and fp in (37)-(38) are given by

ap(p.y) = =V = 2(k - ¢y)D". (143)

Po(e.w) = -D". (144)

The integrability condition (23) requires D" = =0,V =
0, V/%*. In particular V must be of the form

V(p.w) = ¢*D'y + (o), (145)

where /' is an a priori arbitrary function of ¢. Thus, the
functions (143)—(144) for integrable dilaton theories (36)
can be expressed as

ap(@,w) = ¢*D"w — [V + 2kD"], (146)

Pole.y) = =D". (147)
The algebraic equation for the metric function f in (138)
can be deduced by applying the derivation in terms of a

|

characteristic function Qp (¢, ) as described in Sec. II C,
cf. equation (27) leading to (29), and in the previous
subsection, cf. concretely Eq. (129) in terms of the variables
@ and y. Hence, we compute

Qp(.y) = —¢* / dypp(p.w) =¢@*D'y+F(p).  (148)

Satisfying the defining equation for ap, in (129) requires

2y
ap (@, w) = 0,Qp — ?GWQD = ¢*D"y +0,F

= F = —[v+ 2kD/], (149)

up to an irrelevant integration constant. The algebraic
equation Q(r,y(r, f)) = 2M then becomes

oM
D'y (r,f) = [v+2kD'] = 2M < fp(r) = _k_F_%’
(150)

where we assume that D’ and thus the function fp is
nonzero. However, for the above algebraic equation and
accordingly solution for f to arise from the reduction of a
d-dimensional pure-curvature Lagrangian density, we must
require the functional form of Q(¢, ) specified in (131)
which lead to the algebraic equation (136). In other words,
only those integrable dilaton theories for which (150) can
be written in the form (136) for some functions h and g of
can arise from the reduction of a d-dimensional Lagrangian
density built only from curvature invariants without covar-
iant derivatives. We see that naively there are two pos-
sibilities. The first one is

INIVVEEIN {—[v+2kD’] x rd3, g = const # 0, hxy or h=0, (151)
D xr
v=-=-2kD', g=0, hxy.
The second one is
g Xy, —[v+2kD'] & r¢-1, h = const + 42 yqg,
21y ~ d-3
r*D «r :>{ o oy b d2 (152)
g] VI’ v ’ d_ll//g’

In any of these subcases by a rescaling of the integration
constant M one may cast the solution for f into the form

2M

fD(r):k—i—c—ﬁ, (153)

where ¢ is a constant depending on the particular on the
subcase. This just a topological generalization of the
d-dimensional Schwarzschild-Tangherlini metric [104].

|

Therefore, while there exist infinitely many inequivalent
generally covariant d-dimensional actions built from cur-
vature invariants whose reduction yields an integrable
dilaton theory of the form (36), these dilaton theories
for the considered type of ansatz only produce the above
solution. This restricted solution space is on the one hand
a consequence of the assumption that the nonminimal
coupling D in the dilaton action (36) depends only on ¢.
On the other hand, we have here explicitly imposed the
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requirement that the integrable dilaton theory arises from
a d-dimensional gravitational theory built only from
curvature invariants without covariant derivatives—once
curvature-derivative invariants are allowed in the gravita-
tional action, one may generate the equations of motion
on (21)—-(22) of anP/ desired integrable two-dimensional
dilaton theory (36). 8

V. ALL 2D HORNDESKI THEORIES
FROM GRAVITIES L(g", Ry, V,)

The discussion in Secs. [II B2 and III C2 shows that
for the Horndeski actions (45) which can arise from
the reduction of a generic d-dimensional Lagrangian
density involving curvature invariants as well as
curvature-derivative invariants, and possessing second-
order equations of motion on (42), the functions h;(¢, y)
defined in (46) can be generic, i.e.,

'C(gm/? R;wpm vﬂ) - hz(%ﬁ() = generic’ (154)

and in particular generic two-dimensional Horndeski the-
ories relevant to the description of black holes can be
generated in this way.

A. Structure of the equations of motion

The discussion about the structure of the equations of
motion on (42) for such theories thus amounts to a
discussion of the general Horndeski equations of motion
(5) with a(¢@,y) and B(¢@,y) defined in (6) and rewritten
optionally in terms of the functions h;(¢,y) in (46) as
follows,

ale.x) = 0" q1 (0. x) + 0@ (.x) + 9 a3 (0. 2).

(155)
Bo.x) = 9" au(w.2) + ¢ as(. ). (156)
where
91(¢.x) = hy = 2505y, (157)
G (@.2) = 19, (h; — 4(d — 2)hy), (158)
93(¢.7) = (d = 3)y(h; —=2(d = 2)hy).  (159)
Ga (9. 7) = =0, (hy + 2r0,hy). (160)
95 (@ 7) = —(d = 2)hy + 49, (b — 2(d = 2)by).  (161)

"®In fact, by constructing d-dimensional generally covariant
densities 7z and Z,, which upon reduction on (42) reduce to R
and y, one may generate more general two-dimensional dilaton
theories of higher order in the curvature and in derivatives of the
scalar field.

The variable change (94) at this point is not particularly
convenient.

B. Integrability condition

The integrability condition (23) can be written in terms
of the functions h; in (46) which determine the reduced
action (45) as

(d—=3)hy = (d = 3)(d - 2)h, + ¢?0,h, + @0, h;
X p

—2(d —2)@o,hy — p*2hy = 0. (162)

As before, this representation of the integrability condition
in terms of functions h; is not invariant under partial
integrations performed in the two-dimensional Horndeski
action. However, this equation is still meaningful if we
define the particular choice of representation of the func-
tions h; as the one arising from the immediate evaluation of
the d-dimensional Lagrangian density £ on the ansatz (42)
without performing partial integrations following this
evaluation. This representation is the one that allows us
to state the algebraic equation satisfied by f in terms of
functions which can be derived from the evaluated
Lagrangian density."’

The above constraint can be expressed in terms of the
function f defined as

= (h; — (d = 2)hy — 99, h,)

1
= f= -0 (9?0, + @0, f]. (163)
One may integrate this constraint twice to write
/d)(ﬁ = ¢ {/ d(p(pd_z[hlz], (164)

where we have set any integration functions to zero as we
are interested only in stating an expression for the char-
acteristic function Q(¢, y) which determines f in terms of
the functions h; defined as those arising from the evaluation
of the d-dimensional Lagrangian.

1. All quasitopological gravities

We now repeat the discussion about the derivation of the
algebraic equation for f in terms of the characteristic
function Q(¢p,y) satisfying the defining relations (27).
As described in Sec. I1 C, we compute

As a cross check, one may verify that changing variables
according to (94) in (162) and requiring that d,,[h]i((p, w) =0
reproduces the previously stated special subcase of the integra-
bility condition for CQTGs in (104).
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Qp.x) = / dyp(@. x)
= =y

B / dy[h; = (d = 2)hy — @0, hy]

—2(d = 2)hy — 20, h,]

E)(gad_SG _ ¢d—3 / d)ﬂf

=19 G + / dpg=? (165)

where in the last step we have used (164) and moreover
have defined

G(g.x) = hy —2(d = 2)hy — 20, by, (166)

H(p,x) = h,. (167)
The remaining equation of motion (28) integrated to yield
Q(r,f) =2M then amounts to the following algebraic
equation determining f,

rSfG(r, ) + / drri2H(r, f) = 2M.  (168)

This is our key result for generic quasitopological gravities
ind>4>

We can collect the previous results in the following
theorem.

Theorem. Let L(¢",R ywpo V,) be a d-dimensional
gravitational theory possessing second-order equations of
motion on (101). Assume the two-dimensional Horndeski
theory obtained from its reduction on these backgrounds

*One may verify explicitly that this equation recovers the
previously derived algebraic equations for f in polynomial and
nonpolynomial CQTGs as a special subcase. Changing variables
as in (94) and requiring h; to depend only on y, the function G is
given by

G(p.y) = hs(w) = 2(d = 2)hy(y) + 4w (y) = g(w).

Consider first g = 0 and h, given as in (108). Then

(169)

/ drr =ty (y (r. )

_ / drrd=2[(d = 1)h — 2yl

_ /drrd—4 [(d 1)rh (k f) +2(f - )W (f k)]
d lh k— f

2 )

and we recover (117) from (168). In the more general case when

g # 0, one may use the definitions (132)—(133) and the integrated
version of (104) to express h, and analogously recover (136).

(170)

satisfies the integrability condition (23), ie., £ is of
quasitopological type. Then the solutions satisfy
pof =0,  po,n=0
d
O [rd‘3f6(r,f) + /drrd‘zl]-ﬂ(r,f)} =0 (171)
p

where the functions H and G can be computed from the
reduced Lagrangian density evaluated on a single-function
static ansatz

2
—f(r)de® + ar + r2dx?
£(r) -

concretely £ = [¢*™ Lyomaesii (172) defined through (45),
as follows,

G (X)dxtdx” = (172)

173
M =L, (173)
6(r,f) = —raf,zf‘flio +2(d—2)0p Ly

+ 2r0,6fu£f. (174)

The last formula in (171) is understood as first performing
the r-integral in square brackets and subsequently replacing
f — f(r) before taking the total derivative with respect
to r.

Proof. The first half of the proof is identical to the first
half of the proof of the theorem stated in Sec. IV B 2. It
remains to see that the characteristic function Q(r,f)
derived in (165) can be expressed on shell in terms of H
and G as in (173)—(174). These expressions may be verified
by noticing that the reduced Lagrangian density evaluated
on (172) is given by

£y = ol f) sl )y )7

f/2

—2r20f|h4(r,f)7 (175)
Therefrom H and G defined in (167)—(166) can be
straightforwardly expressed in the form (173)—(174). =

VI. RECONSTRUCTION OF STATIC
SPHERICALLY SYMMETRIC SOLUTIONS
WITH 8u8rmr =~ 1

The previous results imply that any d-dimensional static
spherically symmetric and asymptotically flat spacetime,

d 2
G ()AFA = =f () 5 A0,
r

with an invertible dependence on the ADM mass can be
generated as a solution to a purely gravitational d-dimensional

(176)
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theory. The ADM mass can be computed from the expansion
of f at asymptotic infinity as

(d - 2)g201—2

f(r)zl—ﬁ+“‘:>MADM= lorG_ M

(177)
where Q,;_, is the surface area of the (d — 2)-dimensional unit
sphere. Inverting f = f(r;u) in the form y = u(r, f), one
may thus identify the parameter 4 with the integration constant
2M arising in solutions of two-dimensional Horndesi theo-
ries satisfying the integrability condition (23), cf. Eq. (28)
which integrates to (29).21 This then allows a posteriori the off
shell identification of the characteristic function,

Qg.x) = u(@.x). (178)
Therefrom the generating functions a(¢, y) and (¢, y) which
describe this configuration as a solution to the Horndeski
equations of motion can be obtained from the defining
relations (27). Such a reverse construction of solutions to
two-dimensional Horndeski theories has been proposed and
developed in [9,21] and has also been applied in [20,22]. A
particular realization of the functions /;(¢, y) in the corre-
sponding Horndeski action was stated at the end of Sec. I[I C
and can be found in [22].

We have shown here that the equations of motion on
(176) of generic two-dimensional Horndeski theories can
be generated from the spherical reduction of d-dimensional
gravitational actions by following the procedure described
in Sec. III C. Thus it follows that in reverse-constructing a
given configuration for ¢,,(y) and ¢(y) as in (176) as
solution to a two-dimensional Horndeki theory, one is
actually constructing it as a vacuum solution to a
d-dimensional gravity. In particular it is possible to explic-
itly state a d-dimensional gravitational action which yields a
given such spacetime as a vacuum solution [cf. (69)]. An
exemplary application of this approach in the context of
nonpolynomial CQTGs in d = 4 can be found in [20].

A. Example: d-dimensional Hayward spacetime

The d-dimensional generalization of the Hayward
metric [105] is given by

2M 2

T =1 o (17)

where [ is a regularization length parameter. Depending on
its value, this metric describes either a regular black hole or
a horizonless compact object.*

*'Notice that, as a result, here and in what follows M has
dimension of [length]¢=3.
This metric arises in notably in applications of renormaliza-
tion-group improvement in asymptotic safety [106], see also
[107,108] for reviews.

The Hayward metric has been obtained as a static
spherically symmetric vacuum solution to polynomial
CQTGs in odd dimensions d >5 [72,78] and to non-
polynomial CQTGs in d =4 [20]. Here we review its
characteristic function in order to distinguish this and other
spacetimes which can be obtained from CQTGs, from the
discussion of the Bardeen spacetime later which cannot be
obtained from CQTGs.

Inverting f(r; M) in (179) in the form M(r, f) allows
us to identify the characteristic function € according
to (178),

d_ll//

1 - Py

Qp.y) = ; (180)

where we have applied the variable transformation (94).
See also [21] and moreover [9,20,22] for the particular
case of d = 4. The dependence of the function Q(¢,y)
on ¢ and y is of the particular form (131). This is a
sufficient condition for the Hayward metric to arise as
a solution to nonpolynomial CQTGs as discussed for d = 4
in [20]. Moreover the algebraic equation (136) is satis-
fied with

g(y) =0. (181)

We have seen that the last identity is a necessary condition
for a spacetime to arise as a solution to polynomial CQTGs.
The sufficient condition for the Hayward spacetime to arise
from such theories is that the function h can be represented
as a resummation series of polynomial curvature quasito-
pological densities in odd dimensions d > 5 evaluated on
shell on (176), in the form [72]

[h](ll/) =y + ZanW”7 a, = lz(”_l), (182)
n=2

which is a geometric series evaluating to (181). It should be
noted that in order to generate the Hayward spacetime as a
solution to polynomial CQTGs, an infinite tower of
curvature terms is needed, whereas in nonpolynomial
CQTGs this is not the case as one may generate functions
h;(w) in the reduced action which are arbitrary and not
necessarily analytic, as observed in [20].

B. Example: d-dimensional Dymnikova spacetime

The d-dimensional generalization of the Dymnikova
metric [109] is given by

f(r) =1 —%(1 —e_%), (183)
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where [ is a regularization length parameter. Depending on
its value, the metric describes either a regular black hole or
a horizonless compact object.”

The Dymnikova metric has been discussed as a solution
to nonpolynomial CQTGs in d = 4 in [20].

As observed in [112], an explicit inversion of f(r; M) in
(183) in the form M(r, f) is possible in terms of the
principal Lambert function W, satisfying the defining
relations Wy(z) = w: < z = we" and W(0) = 0 as well
as Wo(—e~!) = —1. This allows us to identify the charac-
teristic function Q according to (178),

d—1
oty
Qp.w) = l

,2_ N
1+ 12WW0 (_ glzllllw)

(184)

The dependence of the function Q(¢,y) on ¢ and v is of
the particular form (131) and thus the Dymnikova space-
time arises explicitly as a solution to nonpolynomial
CQTGs. Even though the algebraic Eq. (136) can be
satisfied with

h(y) = r__

2
1 + lszO (_ gﬂlwvf)

it is not possible to generate the Dymnikova spacetime from
polynomial CQTGs as the function h cannot be represented
as a resummation series of the form as in the first equation
in (182).

C. Example: d-dimensional Bardeen spacetime

The d-dimensional generalization of the Bardeen
metric [113] is given by

2Mr?

0 == (186)
where ¢ is a regularization parameter which may be
interpreted as a magnetic monopole charge in derivations
of this spacetime as a solution to general relativity coupled
to nonlinear electrodynamics [114—117]. Depending on its
value, the metric describes either a regular black hole or a
horizonless compact object. The Bardeen spacetime
could not be obtained as a solution to polynomial
CQTGs in d > 5 [72,118] and to nonpolynomial CQTGs
in d =4 [20], but can be obtained as a solution to the
extended QTGs in d > 4 discovered here.

“This metric and variants thereof have also been obtained in
the context of renormalization-group improved black holes
[110,111]. We are here deriving these spacetimes as vacuum
solutions to a d-dimensional generally covariant gravitational
theory, the existence of which is a priori not clear when replacing
the classical Newton coupling by a scale-dependent function at
the level of the Schwarzschild spacetime.

To see this explicitly, we invert f(r; M) in the form
M(r,f) and apply (178) to identify the characteristic
function Q off shell,

-y

Q. y) = 7 (¢ + gd—Z)%

= w(p + g, (187)
where in the last step we have applied the variable trans-
formation (94) to ¢ and . See also [9] for the particular
case of d = 4. The dependence of the function Q(¢,y) on
@ and y is not of the particular form (131), which explains
why the Bardeen metric cannot be generated from
CQTGS.24 One may, however, find functions G(¢, ¥) and
H(¢, y) which make this spacetime a solution to (168). An
exemplary choice is

1—y w1 (d=3)g " — 24 ¢*
H(p.x) = (92 + g*2)=
(pd+1 g2(pd+gd(p2

G(g.x) =0.

(188)

This establishes the Bardeen spacetime as a solution to
extended QTGs involving in general curvature and curva-
ture-derivative invariants.

VII. DISCUSSION

We have shown that the generic two-dimensional Horndeski
theories relevant for the description of d-dimensional black
holes can arise from the reduction on 2 + (d + 2) warped-
product backgrounds of purely gravitational theories in
d > 4 dimensions. This makes the corresponding on shell
configurations for the two-dimensional metric and scalar
field genuine gravitational vacuum solutions. Our main
motivation stems from the possibility of thereby recon-
structing d-dimensional static spherically symmetric and
asymptotically flat regular black-hole spacetimes satisfying
9i9,» = —1 as vacuum solutions of a d-dimensional gravi-
tational theory. This applies to any such spacetime with an
invertible dependence on the ADM mass regardless of the

A related observation concerns the failure of Markov’s
limiting curvature hypothesis [119] for the Bardeen spacetime.
Even though curvature invariants are finite, they are not univer-
sally bounded for every solution and diverge as M — oo. In [120]
by a scaling argument it has been shown that if a regular black-
hole spacetime satisfies the algebraic equation h(y) = 2M/r?!,
as does a vacuum solution to polynomial CQTGs, then this
spacetime satisfies the limiting curvature conjecture. See also
[78,118] and moreover [121] for a related sufficient condition.
More recently [122] has performed a detailed analysis concerning
the validity of the limiting curvature conjecture in polynomial
CQTGs coupled to matter. It will be interesting to generalize
these discussions to the extended algebraic equation for f arising
in nonpolynomial CQTGs (136) and to the most general algebraic
equation for f arising in generic QTGs (168).
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specific form of the inversion—provided the gravitational
action is allowed to depend nonpolynomially on curvature
and curvature-derivative invariants. The solution space of
these here discovered extended d > 4 dimensional QTGs is
profoundly greater than the one of polynomial CQTGs which
exist only in d > 5 dimensions, see e.g., the solutions and
applications in [10-18,72,78,79,118,120,123—-131], as well
as the one of d =4 nonpolynomial CQTGs discussed in,
see e.g., [19,20,132—135]. In particular the metric function f
of static spherically symmetric solutions in this case is
determined by an algebraic equation involving an arbi-
trary functional dependence on f and r. Thereby regular
black holes, which would generically require the coupling
for instance to nonlinear electrodynamic matter sources
[114-117,136-141], can be generated as vacuum solutions.
One may therefore in an abstract sense view the gravitational
theories proposed here as effective field theories obtained by
integrating out such matter fields from a gravity-matter
theory.

As a key application one may consider coupling
two-dimensional external matter sources as the spherical
reduction of d-dimensional ones and employ the geo-
metrodynamic framework of two-dimensional Horndeski
theory to describe d-dimensional nonsingular gravitational
collapse. This is perhaps one of the primary motivations for
the generalized effective Einstein equations on the space of
2+ (d—2) warped-product backgrounds constructed
in [9],

G;w(‘]abv (ﬂ) = SﬂGTMD, (189)
where G is a second-order symmetric and covariantly
conserved tensor defined from the variations of the two-
dimensional Horndeski action as

— a 1 — i oJ
Guv(Qab’ (P) = (P2 dgahfsﬂfsf - m(ﬂs dgl/)yij5ﬂ6{/7

(190)

and T is a d-dimensional external source. Regular black-
hole formation has been studied in the context of poly-
nomial CQTGs in d > 5 dimensions [78,79,124] and in the
context of nonpolynomial CQTGs in d =4 dimensions
[19], whereby in all cases the dynamical equations are

included as a subset in the set of equations (189)—(190).
Further applications of regular black-hole formation
described by the above generalized effective FEinstein
equations have been considered in [21,22]. The main
statement which follows from our discussion here is that
solving (189) for generic ¢q,, and ¢ amounts to actually
solving a d-dimensional generally covariant gravitational
theory coupled to matter. In particular, for each choice of
two-dimensional metric ¢, and scalar field ¢ one may find
explicitly a d-dimensional gravitational action with second-
order equations of motion on 2 + (d — 2) warped-product
backgrounds, whose equation of motion tensor &,
obtained by variation with respect to the spacetime metric
gy and evaluated on a 2 + (d — 2) warped-product ansatz
is proportional to (190), i.e., &) x G, We thus
view [9] in combination with this work as a compelling
pathway towards addressing central challenges and open
questions concerning black holes in different theories and
dimensions [142-144]. Particularly appealing future direc-
tions are a unified framework for the thermodynamics of
d-dimensional static black holes satisfying g,,g,, = —1 in
Schwarzschild gauge based on Wald’s Noether charge
formalism [145-147], as initiated in [23], or based on
the Euclidean path integral approach [148,149], as well as
an advanced understanding of the impact of singularity
theorems [150-152] beyond general relativity.

Another application concerns dilaton models discussed
in string theory and holographic approaches such as
[31,153-159]. It will be interesting to consider the
reconstruction of gravitational effective actions resulting
in these models or the deduction of universal structures that
such effective actions must possess. One may expect such
discussions to provide a novel way of addressing swamp-
land criteria [160-162].
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