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Recent years have seen significant advances in models of gravitational waveforms emitted by
quasicircular compact binaries in two regimes: the weak-field, post-Newtonian regime, in which the
gravitational wave energy flux has now been calculated to fourth-and-a-half post-Newtonian order (4.5PN)
[L. Blanchet et al., Phys. Rev. Lett. 131, 121402 (2023)] and the small-mass-ratio, gravitational self-force
regime, in which the flux has now been calculated to second perturbative order in the mass ratio (2SF)
[N. Warburton et al., Phys. Rev. Lett. 127, 151102 (2021)]. We compare these results and find evidence of
mutual consistency between the two (very distinct though both first-principle) perturbative calculations.
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I. INTRODUCTION

Future gravitational-wave (GW) detectors will demand
improved waveform models, both due to improved instru-
ment sensitivity and due to a larger variety of systems that
will be observed [1,2]. This has motivated continual
progress in modeling the waveform emission from binary
systems of black holes (BHs) and neutron stars [3].
Recently, two important milestones were achieved in this

effort, specifically in perturbation methods for general rela-
tivity (GR) applied to gravitational waves from compact
binary systems on quasicircular orbits: (i) the gravitational
self-force (GSF) approach was pushed to second order in the
small mass ratio, both for the binary’s conservedmass-energy
[4] and the GW emission [5,6], and (ii) the post-Newtonian
(PN) approximation was completed at 4PN order for the
equations of motion [7–12] and at 4.5PN order (beyond the
Einstein quadrupole formula) for the energy flux [13–19],

while the dominant ðl; mÞ ¼ ð2; 2Þ mode of the waveform
was obtained at 4PN order [18,19]. The aim of this paper is to
compare the salient results of the two approaches, confirming
the preliminary agreement found in Ref. [20].
For the purposes of the comparison, we focus on a binary

system of two nonspinning black holes of massesm1 andm2

on a bound orbit. We assume that there is no incoming
radiation and that the spacetime is asymptotically flat. By
convention, we assume m1 ≥ m2 (and m1 ≫ m2 in the GSF
case); we denote the total mass mtot ¼ m1 þm2 and the
symmetric mass ratio ν ¼ m1m2=m2

tot. Far away from the
binary, we assume a linearized metric around Minkowski,
gαβ ¼ ηαβ þ hαβ, and introduce a spherical coordinate system
ðu; r; θ;ϕÞ such that u is a null coordinate (i.e., guu ¼ 0). We
will also use the usual spherical harmonics Ylmðθ;ϕÞ as well
as the spin-weighted ones Ylm

−2 ðθ;ϕÞ, where the integer m
should not be confused with a mass. We often setG ¼ c ¼ 1

and pose OðnÞ≡Oðc−nÞ for small PN remainders.
We write the asymptotic gravitational waveform in a

transverse traceless (TT) gauge and decompose it into a
“plus” mode hþ and a “cross” mode h×. We can then
expand the waveform h≡ hþ − ih× into spin-weighted
spherical harmonics (with weight −2) as follows:
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h ¼ 1

r

Xþ∞

l¼2

Xl
m¼−l

hlmðuÞYlm
−2 ðθ;ϕÞ þO

�
1

r2

�
; ð1Þ

where h is dimensionless and hlm has dimension of length
since we have factored out the dependence on the radial
distance in order to state purely asymptotic results. Each
mode can be factorized as

hlmðuÞ ¼ mtotĥlmðuÞe−imψðuÞ; ð2Þ

where the ĥlm are dimensionless and we choose by
convention that ĥ22 is real valued. Thus, the imaginary
parts of the other ĥlm modes account for higher-order
dephasing between the different modes. We define the
dimensionless parameter

x≡ ðmtotωÞ2=3; ð3Þ
which is related to the frequency ω≡ dψ=du associated to
the (2,2) mode and represents the small PN parameter
x ¼ Oð2Þ.
In the case of quasicircular orbits to which we will now

specialize, the time dependence of ĥlm is entirely captured
by xðuÞ and νðuÞ; namely, we can write ĥlm ≡ ĥlmðx; νÞ.
The frequency variable x and masses mi evolve secularly,
following equations of the form

dx
du

¼ Ξðx; νÞ
mtot

; ð4aÞ

dmi

du
¼ FHi

ðx; νÞ; ð4bÞ

whereFHi
ðx; νÞ is the flux of energy into the horizon of the

black hole of mass mi. Here, ĥlm, FHi
, and the forcing

function Ξ are dimensionless and therefore can only be
functions of dimensionless combinations of the binary’s
frequency ω and masses mi—and all such combinations
can be written in terms of x and ν. Equations (4) allow us to
apply the chain rule

d
du

¼ Ξðx; νÞ
mtot

∂

∂x
þ

X
i¼1;2

FHi
ðx; νÞ ∂

∂mi
; ð5Þ

when acting on hlm with derivatives of u.
The asymptotic energy flux carried by GWs is

F ¼ 1

16π

Z
dΩ2jḣj2 ¼

Xþ∞

l¼2

Xl
m¼1

F lmðx; νÞ; ð6Þ

where the dot stands for d=du and where we have defined

F lmðx; νÞ ¼
1

8π
jḣlmj2: ð7Þ

Note that m ¼ 0 modes do not contribute for quasicircular
orbits at the orders we consider, and a factor of 2 has
appeared when expressing the sum in terms of positive m
modes, due to the relationship hlð−mÞ ¼ ð−Þmh�lm (the star
� indicates complex conjugation). Also note that, although
ḣlm is a function of ðx; ν;ψÞ, the modulus squared jḣlmj2
depends only on ðx; νÞ; these fluxes are related in a one-to-
one manner to the moduli of the hlm modes but do not carry
any information about the phases.
In the PN approach, which assumes small orbital

frequencies, we obtain the fluxes as an expansion in the
small parameter x of Eq. (3), with coefficients that are
functions of ν:

F lmðx; νÞ ¼
32

5
ν2x5

�
1þ

X
q≥2;k≥0

F qk
lmðνÞxq=2ðln xÞk

�
: ð8Þ

Conversely, the self-force approach assumes small mass
ratios and obtains the flux as an expansion in ν, with
coefficients that are functions of x,

F lmðx; νÞ ¼ ν2½F ð1Þ
lmðxÞ þ νF ð2Þ

lmðxÞ þOðν2Þ�; ð9Þ

where the SF order “(n)” indicates the order in ν at which
the field equations are solved in order to obtain the

corresponding flux contribution F ðnÞ
lm.

To compare the two expansions of the flux, we note that
formally one can perform a double expansion in x and ν, so
as to obtain an expression of the form

F lm ¼ 32

5
ν2x5

X
p≥0;q≥0;k≥0

Fpqk
lm νpxq=2ðln xÞk: ð10Þ

As both the PN and GSF methods are first-principle
perturbation methods of GR, they should yield strictly the
same coefficients Fpqk

lm in the expansion (this statement still
holds when applied to each individual F lm). The 4.5PN
expression [18] and the first-order self-force (1SF) results of
analytical black hole perturbation [21,22] theory have been
shown to agree [18]; namely, the coefficientsFpqk

lm forp ¼ 0

and q∈ ½½0; 9�� are strictly identical. Reference [5] addition-
ally showed numerical agreement between the flux at
second-order self-force (2SF) and 3.5PN.
The goal of this article is to confirm agreement up to

4.5PN. Our central conclusion is that the 2SF and 4.5PN
results are consistent with each other at each available
order: i.e.,

P
lmFpqk

lm agrees between the two methods for
p ¼ 1 and q∈ ½½0; 9�� (and k ¼ 0 or 1). However, at 4.5PN
in particular, the comparison is hampered by poor overlap
of the regions of validity of the two approximations: the
4.5PN flux is only in its asymptotic regime of validity for
small values of x in which numerical error in the 2SF data
becomes significant enough that it interferes with the
comparison.
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II. REVIEW OF 4.5PN FLUX

The 4.5PN flux and waveform of compact binaries have
been obtained by combining two approximation methods:
the classic PN expansion which assumes small orbital
velocities (v=c → 0), equivalent to large separations
between the two bodies, and the multipolar post-
Minkowskian (MPM) method which combines the PM
or nonlinearity expansion (G → 0) with multipolar series
parametrized by specific multipole moments. The PN
expansion is implemented in an inner domain (or near
zone) covering the matter source but whose radius is much
less than a gravitational wavelength. The MPM expansion
is valid in an external domain which overlaps with the near
zone of the source and extends into the far wave zone. The
MPM field represents the most general solution of the
Einstein field equation (say, in harmonic coordinates) in the
exterior zone. The PN and MPM expansions are matched in
the exterior part of the near zone, which is the region of
common validity of both expansions; the whole procedure
is called the post-Newtonian-multipolar-post-Minkowkian
(PN-MPM) formalism [23–27].
The MPM construction of the metric is carried out as a

functional of a set of parameters, called the “canonical”
mass and current type multipole moments MLðtÞ and SLðtÞ,
which are symmetric and trace-free (STF) with respect to
their l indices (where L≡ i1 � � � il). The canonical
moments are defined from the linearized approximation
hαβ1 ½ML; SL� of the MPM construction,

hαβMPM ¼
Xþ∞

n¼1

Gnhαβn ½ML;SL�; ð11Þ

where hαβ ¼ ffiffiffiffiffiffi−gp
gαβ − ηαβ is the “gothic metric

deviation,” and each PM approximation is computed
iteratively [23]. The time dependence of the metric includes
many nonlocal integrals over the moments ML, SL, from
t ¼ −∞ up to the current time. The matching to the PN
field in the source’s near zone determines the relations
between ML, SL and the actual “source” mass and current
multipole moments IL, JL, say,

ML ¼ IL þOð5Þ; SL ¼ JL þOð5Þ; ð12Þ

where the PN remainder terms are entirely controlled with
the 4PN precision [19,28]. Here, IL, JL are functionals of
the matter plus the gravitation stress-energy pseudotensor
τ̄αβ (the overbar means the PN expansion),

IL ¼ FP
B¼0

Z
ddx

�
r
r0

�
B
x̂L½τ̄00 þ τ̄ii� þ � � � ; ð13Þ

where x̂L is the STF projection of xL ¼ xi1…xil , the finite
part (FP) denotes a particular IR regularization when B → 0
depending on an arbitrary regularization scale r0, and the

ellipsis denotes other terms, known to all orders for general
systems.
Once the external MPMmetric is determined, we expand

it to leading order in the distance between source and
observer, to obtain the asymptotic waveform and the GW
observables at infinity. Because harmonic coordinates
asymptotically exhibit logarithms of the radial coordinate,
which spoil the multipolar structure of the asymptotic
waveform, we introduce a (nonharmonic) “radiative” coor-
dinate system adapted to the falloff of the metric at infinity.
By radiative coordinate system, we mean one such that the
retarded time u ¼ t − r is a null (or asymptotically null)
coordinate, thus avoiding the logarithmic deviation of the
retarded time in harmonic coordinates with respect to the
true light cone. Alternatively, a different MPM construction
defined in Ref. [24] corrects the coordinate light cones at
every PM order so as to iteratively build the null coordinate
u, with the far zone logarithms therefore automatically
canceled. This construction has played a crucial role in our
calculation of the 4PN flux.
The TTwaveform can be uniquely decomposed into two

sets of STF radiative multipole moments UL, VL, which
encode all the information about the asymptotic metric.
These moments can straightforwardly be expressed in
terms of the spherical harmonic modes as in Eq. (1); see
(2.5)–(2.7) of Ref. [29]. The MPM construction determines
(in principle up to any order) their relation to the canonical
moments. For instance, the leading term is the well-known
nonlocal quadrupole tail integral arising at the 1.5PN order,

UijðuÞ ¼ Mð2Þ
ij ðuÞ þ 2M

Z
u

−∞
dτMð4Þ

ij ðτÞ

×

�
ln

�
u − τ

2b0

�
þ 11

12

�
þOð5Þ; ð14Þ

where M is the monopole of the multipole expansion (i.e.,
the Arnowitt-Deser-Misner mass of the spacetime) and b0
is an arbitrary constant length scale linked to the definition
of radiative coordinates. Beyond the tail term in (14), one
finds the nonlinear memory effect at orders 2.5PN and
3.5PN; the tail of tail at 3PN order (a cubic interaction
between two masses M and the time-varying quadrupole);
the tails of memory at 4PN order, which is a cubic
interaction between M and two varying quadrupoles
[17]; the spin quadrupole tail at 4PN order (interaction
M × Si ×ML); and at 4.5PN order the quartic tail-of-tail-
of-tail interaction, composed of three masses M and the
quadrupole [14].
The PN-MPM formalism is applied to compact binary

sources. The compact objects are modeled by point
particles (we neglect spins and other finite size effects).
Furthermore, in a first stage of the calculation, the two
massesmi are considered to be constant; i.e., we neglect the
black hole absorption, which should be added separately at
the end of the PN calculation.
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The first manifestation of BH absorption is that the
individual masses mi evolve according to (4b). We know
that the horizon flux FHi

for nonspinning BHs is compa-
rable to a 4PN orbital effect (beyond the 2.5PN Einstein
quadrupole formula). For circular orbits, it reads

FHi
¼ 32

5

�
mi

mtot

�
2

x5½κx4 þOðx5Þ�; ð15Þ

where x is the orbital frequency (3) and κ ¼ 1 has been
computed in the test mass limit in Ref. [30]. By integrating
Eqs. (4b)–(15) using the dominant radiation reaction effect
on the orbit (ẋ ∝ x5), one finds

mi ¼ m̄i þ
κ

10
mtotνx5 þOðx6Þ; ð16Þ

where m̄i denotes the initial mass before the GW emission
(say, when x → 0). Thus, the evolution of the mass by black
hole absorption is comparable to a very small 5PN orbital
effect. We can ignore this effect and consider the masses to
be constant in our 4.5PN calculation. The second impact
of BH absorption is that the energy flux balance law is
modified as

dE
dt

¼ −F −
X
i¼1;2

FHi
; ð17Þ

where F denotes the energy flux at infinity and E is the
binding energy. Therefore, when solving Eq. (17) to obtain
the expression of the frequency evolution (or chirp), i.e., ẋ
expressed in terms of x, we shall obtain extra 4PN corrections
due to the horizon fluxes. Those will affect the equations of
motion at 4PN order beyond the dominant 2.5PN radiation
reaction, i.e., corresponding to 6.5PN radiation reaction
terms. When obtaining the 4.5PN flux at infinity, Eq. (21)
below, we only required the expression of the frequency chirp
at 1.5PN order beyond the dominant order (see (5.3b) of
Ref. [19]); hence, the above 6.5PN radiation reaction terms
can be safely discarded in our calculation. Our conclusion is
that the BH absorption plays no role in the derivation of the
energy flux at infinity (21) at this order, so we shall directly
compare it with the GSF result in Sec. IV.
The equations of motion of the compact binary system

have already been obtained at 4PN order [7–12], and we
extensively use the result. The most important task is the
computation of the source multipole moments IL, JL for the
binary source; see Eq. (13). The source moments
represent the seed of the full construction through the
steps (12)–(14). The 4PN mass quadrupole moment Iij has
been obtained in Refs. [13,15,16]. Previous works had
determined that UV divergences, due to the modelling of
compact objects by point masses, appear at the 3PN order
and require the use of dimensional regularization. After
regularization, a shift of the particle’s worldlines permits

absorbing the divergences. The works [13,15,16] showed
that at the 4PN-order IR divergences appear as well. For
reasons explained in Refs. [9,10], we have used a variant of
dimensional regularization called the “Bϵ” regularization,
where the finite part at B ¼ 0 in Eq. (13) is applied on the
top of the calculation performed in d ¼ 3þ ϵ dimensions.
An important point is that the regularization constant r0
in (13) is finally cancelled in the radiative moment (14), due
notably to the r0 dependence of the tails of memory.
Besides the 4PN mass quadrupole moment, we also need
the 3PN mass octupole Iijk and 3PN current quadrupole Jij,
which have been obtained in Refs. [31,32], respectively.
It is known that the GW half-phase ψ , defined by the

decomposition of Eq. (2), and the orbital phase ϕ, which is
used in the computation to parametrize the circular motion
of the binary, differ by a logarithmic phase modulation at
order 1.5PN, which is due to the propagation of tails in the
wave zone [33–35],

ψ ≡ ϕ − 2Mln

�
ω

ω0

�
þOð5Þ: ð18Þ

The constant ω0 is related to the constant b0 in (14) by
ω−1
0 ¼ 4b0eγE−11=12 (where γE is the Euler constant).

While the GW phase ψ and the corresponding frequency
ω ¼ dψ=du are directly measurable, the orbital phase ϕ can
only be inferred via the theoretical prediction (18).
Taking the time derivative of Eq. (18), and using the fact

that the time evolution of the phase occurs on a 2.5PN
radiation reaction timescale, we find that the orbital
frequency ωorb ¼ dϕ=du and GW frequency ω ¼ dψ=du
differ by a small 4PN term, which thus enters for the first
time in the 4PN waveform. A consequence is that the
frequency parameter x defined by (3) differs from its
counterpart y ¼ ðmtotωorbÞ2=3 by a small 4PN correction,

x ¼ y

�
1 −

192

5
νy4

�
ln

�
y
y0

�
þ 2

3

�
þOðy5Þ

�
; ð19Þ

where y0 ¼ ðmtotω0Þ2=3 and Oðy5Þ ¼ Oð10Þ. When
expressing physical results in terms of the GWobservables
ψ and ω, the arbitrary scale b0 is canceled out (see
Refs. [19,36] for details).
Another subtlety that arises at 4PN order is the treatment

of the tail integral (14). To compute it explicitly at 3.5PN
order for a quasicircular orbit, it is sufficient to assume that
the orbital frequency and orbit radius are constant—this is
the “adiabatic” approximation. However, this approxima-
tion is no longer valid at relative 2.5PN precision, because
this is the order of radiation reaction; one must then
consistently account for the time evolution of the orbital
frequency as well. Since the tail term enters at the 1.5PN
order, the first “postadiabatic” correction will affect the
waveform at the 4PN order, and it needs to be properly
evaluated in order to control the 4PN flux and modes [19].
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The end result for the dominant mode ðl; mÞ ¼ ð2; 2Þ at 4PN order, following the definition (1) and (2), reads

ĥ22 ¼
ffiffiffiffiffiffiffiffi
64π

5

r
νx

�
1þ

�
−
107

42
þ 55

42
ν

�
xþ 2πx3=2 þ

�
−
2173

1512
−
1069

216
νþ 2047

1512
ν2
�
x2 þ

�
−
107

21
þ 34

21
ν

�
πx5=2

þ
�
27027409

646800
−
856

105
γE þ

2π2

3
þ
�
−
278185

33264
þ 41π2

96

�
ν −

20261

2772
ν2 þ 114635

99792
ν3 −

428

105
lnð16xÞ

�
x3

þ
�
−
2173

756
−
2495

378
νþ 40

27
ν2
�
πx7=2 þ

�
−
846557506853

12713500800
þ 45796

2205
γE −

107

63
π2 þ 22898

2205
lnð16xÞ

þ
�
−
336005827477

4237833600
þ 15284

441
γE −

9755

32256
π2 þ 7642

441
lnð16xÞ

�
ν

þ
�
256450291

7413120
−
1025

1008
π2
�
ν2 −

81579187

15567552
ν3 þ 26251249

31135104
ν4
�
x4 þOðx9=2Þ

�
: ð20Þ

Unlike in previous works, e.g., Refs. [18,19], we have chosen the convention that the amplitude of the (2,2) mode be real
valued. The amplitude given in Eq. (20) is thus equal (up to a global prefactor) to the modulus of the amplitude given by
Eq. (11) of Ref. [18]. This difference of course leads to corrections to the phase evolution ψðuÞ, but these are very small 5PN
modulations beyond the leading order in the phase (which is ∝ x−5=2), for instance comparable to neglected terms in
Eq. (19). The result (20) is in perfect agreement with linear black-hole perturbation theory at first order (i.e., 1SF) in the
mass ratio [21,22]. For the other modes up to 3.5PN order, we refer to Refs. [29,37].
Finally, adding up all pieces together, we obtain the quasicircular 4.5PN flux [18,19]

F ¼ 32

5
ν2x5

�
1þ

�
−
1247

336
−
35

12
ν

�
xþ 4πx3=2 þ

�
−
44711

9072
þ 9271

504
νþ 65

18
ν2
�
x2 þ

�
−
8191

672
−
583

24
ν

�
πx5=2

þ
�
6643739519

69854400
þ 16

3
π2 −

1712

105
γE −

856

105
lnð16xÞ þ

�
−
134543

7776
þ 41

48
π2
�
ν −

94403

3024
ν2 −

775

324
ν3
�
x3

þ
�
−
16285

504
þ 214745

1728
νþ 193385

3024
ν2
�
πx7=2 þ

�
−
323105549467

3178375200
þ 232597

4410
γE −

1369

126
π2

þ 39931

294
ln 2 −

47385

1568
ln 3þ 232597

8820
ln xþ

�
−
1452202403629

1466942400
þ 41478

245
γE −

267127

4608
π2

þ 479062

2205
ln 2þ 47385

392
ln 3þ 20739

245
ln x

�
νþ

�
1607125

6804
−
3157

384
π2
�
ν2 þ 6875

504
ν3 þ 5

6
ν4
�
x4

þ
�
265978667519

745113600
−
6848

105
γE −

3424

105
lnð16xÞ þ

�
2062241

22176
þ 41

12
π2
�
ν −

133112905

290304
ν2 −

3719141

38016
ν3
�
πx9=2

þOðx5Þ
�
: ð21Þ

The decomposition of the total flux into mode contributions
F lm is relegated to Appendix A.

III. REVIEW OF 2SF FLUXES

In the GSF formulation of the binary problem, the
primary object is taken to be a black hole, the secondary
object is reduced to a point particle, and the spacetime
metric is expanded in powers of the binary’s mass ratio.
We denote the zeroth-order, background metric as

̊gαβðxiÞ, representing the spacetime of the primary black
hole in isolation, meaning a Schwarzschild geometry with

constant mass m̊1. The variables xi ¼ ðr=m̊1; θ;ϕÞ are the
usual Schwarzschild spatial coordinates, adimensionalized
with the background mass m̊1. We define the mass ratio ε in
terms of this background mass as ε≡m2=m̊1.
The first- and second-order corrections to ̊gαβ, due

to the orbiting particle, are obtained using a multiscale
formulation of the expansion in ε, detailed in Refs. [38,39].
In this approach, powers of ε represent postadiabatic (PA)
orders [40,41]; the leading (0PA) order is the traditional
adiabatic approximation, in which the system adiabatically
evolves through a smooth sequence of test-particle
orbits. Concretely, our multiscale approach assumes the

COMPARISON OF 4.5PN AND 2SF GRAVITATIONAL … PHYS. REV. D 113, 084050 (2026)

084050-5



spacetime’s evolution arises entirely from the evolution of
the binary’s mechanical variables ðϕp;Ω; δm1Þ, where ϕp

is the particle’s orbital (azimuthal) phase,

Ω≡ m̊1

dϕp

dt
ð22Þ

is its (adimensionalized) slowly evolving orbital frequency,
and

δm1 ≡ ðm1 − m̊1Þ=m2 ð23Þ

is an adimensionalized correction to the black hole’s mass
parameter, which evolves due to the black hole’s absorption
of radiation.1 The mass evolves by an amount of order m2

over the course of the inspiral, and we adimensionalize δm1

using m2 to make it order unity. The mass m2, on the other
hand, is constant at 2SF order.
In terms of these mechanical variables and the spatial

coordinates xi, the metric is expanded as

gαβ ¼ ̊gαβðxiÞ þ εhð1Þαβ ðϕp;Ω; δm1; xiÞ
þ ε2hð2Þαβ ðϕp;Ω; δm1; xiÞ þOðε3Þ: ð24Þ

Because the mass only changes by an amount ∼m2 over the
inspiral time ∼1=ε, the evolving correction is treated
perturbatively rather than altering ̊gαβ. No explicit depend-
ence on a time coordinate appears in the metric (24)
because time dependence is subsumed into the dependence
on ðϕp;Ω; δm1Þ.
As described in Refs. [38,39], the mechanical variables

are treated as functions of a hyperboloidal time coordinate s
that reduces to Schwarzschild time t on the particle,
retarded Eddington-Finkelstein time u at future null infin-
ity, and advanced Eddington-Finkelstein time v at the
horizon, adimensionalized by m̊1. Their time evolution
(and hence, the spacetime’s evolution) is governed by
equations of the form

dϕp

ds
¼ Ω; ð25aÞ

dΩ
ds

¼ ε½FΩ
0 ðΩÞ þ εFΩ

1 ðΩ; δm1Þ þOðε2Þ�; ð25bÞ

dδm1

ds
¼ εF ð1Þ

H1
ðΩÞ þOðε2Þ: ð25cÞ

Here, F ð1Þ
H1

is the standard energy flux carried by hð1Þαβ across
the primary’s event horizon [42]. The forcing function

FΩ
0 ðΩÞ is the standard adiabatic (0PA) rate of change of the

orbital frequency, which is related to the emitted energy
flux by

FΩ
0 ¼ −

F ð1Þ þ F ð1Þ
H1

dE0=dΩ
; ð26Þ

where F ð1Þ is the standard energy flux carried by hð1Þαβ to
future null infinity [42] and E0 is the specific orbital energy
of a test mass on a circular geodesic with frequency Ω. This
forcing function FΩ

0 enters the Einstein field equations for

hð2Þαβ and into explicit expressions for the 2SF flux below; the
first post-adiabatic (1PA) forcing function FΩ

1 , on the other
hand, does not enter into the calculation of the 2SF fluxes.
Note that herewe have factored out powers of ε such thatFΩ

n ,

F ð1Þ
H1
, F ð1Þ, and E0 are all ε-independent functions of Ω.

The waveform in the multiscale expansion, in analogy
with Eq. (24), takes the form

hlm¼ m̊1½εhð1ÞlmðΩÞþε2hð2ÞlmðΩ;δm1ÞþOðε3Þ�e−imϕp ; ð27Þ

where hðnÞlm is obtained from the coefficient of 1=r in the

large-r limit of the metric perturbation hðnÞαβ in a Bondi-Sachs
(radiative) gauge [43]. In practice, we solve the Einstein

equations for hðnÞαβ in the Lorenz gauge,2 which is not well
behaved at large r [38,39,44] (as in the PN case in Sec. II),
and then transform to a Bondi-Sachs gauge to eliminate the
ill-behaved pieces of the Lorenz-gauge solution.
The transformation to the Bondi-Sachs gauge is

explained in Ref. [45]. In that reference, we also discovered
an unforeseen contribution to hð2Þlm, due to the interaction
between oscillatory modes and gravitational-memory

modes in hð1Þαβ . The new “memory distortion” term con-

tributes to the flux F ð2Þ, but we do not include it in our
comparisons in this paper because (i) numerical results for
it have only recently been obtained and are not yet
published and (ii) the contribution is numerically very
small and appears to enter only at 5PN [46].
It is possible to obtain the flux directly from the wave-

form (27). Explicitly, substituting Eq. (27) into the flux
formula (7), one finds

F lm ¼ 1

8π
fε2jmΩhð1Þlmj2 þ 2ε3ℜðm2Ω2hð2Þlmh

ð1Þ�
lm

þimΩFΩ
0 h

ð1Þ�
lm ∂Ωh

ð1Þ
lmÞ þOðε4Þg: ð28Þ

1The Einstein equations dictate that a nonzero spin δs1 also
arises due to absorption of angular momentum, and our complete
2SF flux calculations include this correction. However, to
compare with PN results, we artificially set it to zero.

2Here, the Lorenz gauge condition is ̊gβγ∇̊βh̄αγ ¼ 0, where ̊gβγ is
the inverse of the backgroundmetric ̊gβγ , ∇̊β is the covariant derivative
compatiblewith ̊gαβ, and h̄αβ ≡ ð̊gαμ ̊gβν − 1

2
̊gαβ ̊gμνÞðgμν − ̊gμνÞ. This

gauge shares many essential features with the harmonic coordinate
condition gαβΓγ

αβ ¼ 0 used in PN theory.
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To recast this in a form suitable for comparison with
the PN flux, we can reexpress it in terms of the common
variables ðx;mtot; νÞ and reexpand in powers of ν at
fixed ðx;mtotÞ.
However, before proceeding to the flux, it will be

instructive to instead reexpress the waveform itself in terms
of the shared variables. This will provide a more intuitive
link between the waveform and the flux. We start by
expressing the waveform in terms of ðmtot; νÞ and an orbital
frequency parameter (as opposed to the waveform fre-
quency). The various masses are related by

m̊1 ¼ m1 −m2δm1; ð29aÞ

m1 ¼
mtot

2

	
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4ν

p 

; ð29bÞ

m2 ¼
mtot

2

	
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4ν

p 

: ð29cÞ

Reexpanding (27) in powers of ν at fixed mtot leads to

hlm ¼ mtot½νh̃ð1ÞlmðyÞ þ ν2h̃ð2ÞlmðyÞ þOðν3Þ�e−imϕp ; ð30Þ

where

h̃ð1ÞlmðyÞ ¼ hð1Þlmðy3=2Þ; ð31aÞ

h̃ð2ÞlmðyÞ ¼ hð2Þlmðy3=2; δm1Þ þ hð1Þlmðy3=2Þ
− ð1þ δm1Þy3=2∂Ωhð1Þlmðy3=2Þ: ð31bÞ

Here, y is the parameter introduced above Eq. (19); it is
related to our dimensionless Ω by

y ¼
�
mtot

m̊1

Ω
�

2=3
: ð32Þ

Note that the dependence on δm1 cancels on the right-hand
side of Eq. (31b), leaving only a dependence on the
frequency variable y.3

To express the waveform in terms of the waveform
frequency, we go one step further by writing the waveform
(30) in terms of a real amplitude and complex phase factor,

hlm ¼ mtotAlme−imψlm; ð33Þ

where Alm ¼ jhlmj=mtot and mψlm ¼ − argðhlmÞ. This
corresponds to Eq. (2) with the identifications ψ ¼ ψ22

and Alm ¼ jĥlmj. Substituting Eq. (30), we then find the
analog of the PN phase modulation (18):

mψlm ¼ mϕp − ν0 argðh̃ð1ÞlmÞ

þ ν
ℜh̃ð2Þlmℑh̃

ð1Þ
lm − ℑh̃ð2Þlmℜh̃ð1Þlm

jh̃ð1Þlmj2
þOðν2Þ: ð34Þ

We can assess the importance of each term on the right-
hand side by noting that the phases ψlm and ϕp are both
Oðν−1Þ quantities; on the radiation-reaction timescale
mtot=ν, the phases evolve by an amount of order 1=ν.
Hence, the order-ν0 term in Eq. (34) represents a relative
1PA phase correction, while the order-ν term represents a
relative 2PA phase correction. Likewise, the order-ν term
will only affect the waveform frequency at 2PA order (∼ν2)
because it only involves the slowly evolving quantities
(y;mtot; ν), with no direct dependence on ϕp. Hence, we
only require the first two terms in Eq. (34).
Finally, we relate the waveform frequency to the orbital

frequency by applying a time derivative to Eq. (34) and
using (25b) together with dν=du ¼ Oðν3Þ. This yields the
result previously presented in Ref. [47] (generalized to
generic lm),

ψ̇lm ≡ ωlm ¼ ϕ̇p þ νωð1Þ
lm þOðν2Þ; ð35Þ

with

mωð1Þ
lm¼ 2FΩ

0

3y1=2jh̃ð1Þlmj2
ðℑh̃ð1Þlmℜ∂yh̃

ð1Þ
lm−ℜh̃ð1Þlmℑ∂yh̃

ð1Þ
lmÞ: ð36Þ

Following the general discussion in the Introduction, we
define the waveform frequency as ω ¼ ω22. The analog of
the PN equation (19) then reads

x ¼ y

�
1þ 2mtotω

ð1Þ

3y3=2
νþOðν2Þ

�
; ð37Þ

with ωð1Þ ≡ ωð1Þ
22 . We can also express the general ωlm as a

function of ω:

ωlm ¼ ωþ νΔωð1Þ
lm þOðν2Þ; ð38Þ

where Δωð1Þ
lm ≡ ωð1Þ

lm − ωð1Þ.
Substituting Eq. (37) into Eq. (30), we obtain hlm in

terms of the waveform frequency:

hlm ¼ mtot½νAð1Þ
lmðxÞ þ ν2Að2Þ

lmðxÞ þOðν3Þ�e−imψlm; ð39Þ

3We emphasize that this only represents the elimination of the
split of the physical, evolving mass m1 into a constant back-
ground mass and an evolving correction. The mass’s evolution
enters directly in the waveform’s time dependence via Eq. (25c).
The rate of change of the mass also enters the l ¼ 0 field
equations for hð2Þαβ when time derivatives act on the metric
perturbation (24) [38], but the resulting contribution to the
l ¼ 0 mode only enters the Oðν4Þ flux. Finally, the horizon
absorption enters into the field equations and the Oðν3Þ flux to
infinity via FΩ

0 in Eq. (26), but FΩ
0 can equivalently be calculated

from the local first-order dissipative self-force rather than from
fluxes.
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where

Að1Þ
lm ¼ jh̃ð1Þlmj; ð40aÞ

Að2Þ
lm ¼ 1

2jh̃ð1Þlmj

�
h̃ð1Þ�lm

�
h̃ð2Þlm −

2mtotω
ð1Þ

3x1=2
∂xh̃

ð1Þ
lm

�
þ c:c:

�
:

ð40bÞ

Functions of y or Ω on the right side are evaluated at x or
x3=2, respectively.
In terms of the real amplitudes Alm, the flux (7) takes a

simple form,

F lm ¼ m2
tot

8π

�
m2ω2

lmðAlmÞ2 þ
�
dx
du

�
2

ð∂xAlmÞ2 þOðν4Þ
�

¼ m2m2
totω

2
lm

8π
ðAlmÞ2 þOðν4Þ; ð41Þ

where we have used Alm ¼ OðνÞ together with dν=du ¼
Oðν3Þ and dm1=du ¼ Oðν2Þ to neglect time derivatives of ν
and mtot in the first line and dx=du ¼ OðνÞ in the second
line. After substituting the expansions of Alm and ωlm, we
can rewrite this in the form (9):

F lm ¼ ν2m2m2
tot

8π
fω2ðAð1Þ

lmÞ2 þ 2ν½ω2Að1Þ
lmA

ð2Þ
lm

þ ωΔωð1Þ
lmðAð1Þ

lmÞ2� þOðν2Þg: ð42Þ

IV. COMPARISON

We present the results of our extensive comparison
between the numerical 2SF data and the analytic 4.5PN
flux given by Eq. (21). In computing the total 2SF flux, we
sum the ðl; mÞ modes up to l ¼ 6 (the contribution from
modes with higher l is numerically small and does not
substantially affect the comparison). For the purpose of the
GSF and PN comparison, we define the Newtonian-
normalized flux as

F̂ ≡ F
FN

; F̂ lm ≡ F lm

FN
; ð43Þ

where the Newtonian flux reads

FN ¼ 32

5
ν2x5: ð44Þ

In Fig. 1, we plot the GSF data for F̂ ð2Þ ¼ F ð2Þ=FN, i.e.,
corresponding to the terms in the normalized flux (43) that
are subleading in the mass ratio, together with the PN
predictions at various orders, up to 4.5PN. We find that
both the 4PN and 4.5PN are numerically very close to the
2SF prediction until the relativistic regime at around
x ≃ 0.15. For x≲ 0.12, the 4.5PN series is in better

agreement with the numerical data than the 4PN series,
but around x ≃ 0.15, it is the opposite. Lower-order PN
approximations clearly agree less well. While the 3PN
prediction is still rather good, the half-integer (odd-parity)
3.5PN is off. By contrast, 2.5PN is surprisingly close to the
2SF result, while the even-parity 2PN is the worst approxi-
mation in the series. We also note that 1PN does relatively
well. Here, the PN expansion is in Taylor-expanded form,
without resummation techniques applied.
Figure 2 goes further in the comparison by checking the

residuals between the GSF data and PN series. We find
that the residual obtained by subtracting the 3.5PN result
from the numerical GSF data clearly follows the 4PN
term. When further subtracting the 4PN series from the
numerical GSF data, we observe that the amplitude of the
residual is subdominant (with respect to the 4PN term)
and close to the 4.5PN term. However, over the range of
frequencies where we have GSF data, we cannot ascertain
the slope nor conclusively say that the residual is tending
to the 4.5PN result. Finally, after subtracting the 4.5PN
term from the numerical GSF data, we again observe that
the amplitude of the residual is subdominant, but again,
we cannot ascertain how the residual scales with x. Our
inability to conclusively determine the scaling of the 4PN
and 4.5PN residual stems from the limited range of
frequencies over which we have accurate numerical
GSF data. As the PN series is an asymptotic expansion,
we only expect agreement with the numerical data for

SF

1PN 2PN 2.5PN 3PN

3.5PN 4PN 4.5PN

0.05 0.08 0.10 0.12 0.15

0.05

0.10

0.50

1

FIG. 1. Comparison between GSF and PN for the 2SF OðνÞ
contribution to the (Newtonian-normalized) total flux (43). The
2SF results are shown with (blue) dots. The PN results are shown
with colored curves; integer PN orders are shown with solid
curves and corresponding half-integer orders are shown with
dashed curves.
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sufficiently small values of x. How small x has to be
depends on the PN residual being considered. In particu-
lar, the scaling of the residual will only become apparent
for values of x below which there are no more zero
crossings. For example, in Fig. 2, there is a zero crossing
in the 4.5PN residual at x ≃ 0.11. These zero crossings can
in fact occur at much smaller values of x than we have
access to; we give an illustration of this by studying
equivalent plots for the first-order flux in Appendix C.
Thus, firmly establishing the scaling of the 4PN and
4.5PN residuals would require accurate GSF data at much
smaller values of x than we currently have access to. The
level of this noise is consistent with the error in each
ðl; mÞ being similar to the estimated error in the (2,2)
mode as shown in Fig. 7 of Ref. [5].
Although the comparison with the total flux in Fig. 2

provides evidence of mutual consistency between the GSF

and PN results, the precise scaling of the residual with 4PN
and 4.5PN cannot be clearly established. Fortunately, we
can build further confidence in our results by making
comparisons at the level of individual ðl; mÞ modes,
because each PN order and each ðl; mÞ mode exhibits
different zero crossings. The comparison with the (2,2)
mode is shown in Fig. 3. For this mode, the comparison
with the 3.5PN term pushes the residual into the numerical
noise of the GSF data at small values of x. There is also

0.05 0.08 0.10 0.12 0.15

10- 5

10- 4

0.001

0.010

0.100

1

FIG. 2. Detailed comparison of F̂ ð2Þ, theOðνÞ coefficient of the
(Newtonian-normalized) total flux, computed from (i) numerical
GSF and (ii) PN theory. The 2SF data are shown by (blue) dots,
and the corresponding 3.5PN series is plotted as a solid (blue)
curve. As ever higher-order PN series are subtracted from the 2SF
results, the residuals are compared with the next term in the PN
series at small x. After subtracting the 3.5PN series from the 2SF
data, one gets the (yellow) squares which follow the 4PN term
(yellow curve). Subtracting the 4PN series from the SF data, one
gets the (green) diamonds, which are compared against the 4.5PN
term (green curve). The amplitude of the residual with the 4PN
series is consistent with the amplitude of the 4.5PN term,
although the slope of the residual is unclear, partly due to
numerical noise. Further subtracting the 4.5PN series gives the
(red) triangles. For sufficiently small values of x, we would
expect the residual to scale as x5. We plot a (red) dashed reference
x5 curve here, but the accuracy of our numerical data is
insufficient to claim agreement. One reason that the agreement
with 4.5PN is not clear can be seen by considering the dominant
(2,2) mode: over the frequency range of our numerical GSF data,
there is evidence that the residual with 4PN has not reached the
asymptotic regime—see Fig. 3. The agreement between PN and
GSF results is clearer for some individual ðl; mÞ modes—see
Figs. 3, 4 and the figures in Appendix B.

10–5

10- 4

0.001

0.010

0.100

1

0.05 0.08 0.10 0.12 0.15
–6 10–3
–3 10–3

0
3 10–3

FIG. 3. Top: detailed comparison of F̂ ð2Þ
22 , the OðνÞ coefficient

of the ðl; mÞ ¼ ð2; 2Þ mode of the (Newtonian-normalized) flux,
computed from (i) numerical GSF and (ii) PN theory. The
conventions and colorings are the same as in Fig. 2, but the
blue curve now shows the 3PN series and the additional upside-
down (purple) triangles show the residual after subtracting the
3PN series from the 2SF data. The latter residual closely follows
the 3.5PN term (purple curve). The results of comparisons with
higher PN orders are more ambiguous due to numerical noise in
the GSF data. For example, the residual after subtracting the 4PN
series from the 2SF result (green diamonds) appears at first sight
to approach the 4.5PN term (before degrading again for even
smaller values of x, due to numerical noise), but this is in fact an
illusion caused by plotting the absolute magnitude of the residual.
Bottom: a subset of the above data (without taking the absolute
magnitude) on a linear-log scale. Over the range of frequency
values where we have numerical data, the residual between the
GSF and 4PN is negative, but the 4.5PN term is positive. Thus, in
order for these to agree asymptotically, there must be a zero
crossing in the residual data at smaller values of x than we have
access to. Only after this zero crossing would we expect the
residual and the 4.5PN curve to agree. The agreement between
GSF and PN for other ðl; mÞ modes is clearer—see Appendix B.
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evidence that there must be a further zero crossing in the
4PN residual at smaller values of x than we have access to.
The comparison with the (3,3) and (3,2) modes is much less
noisy, even down to the 4.5PN residuals, as shown in Fig. 4.
Similarly, good agreement is seen for many other modes—
see the figures in Appendix B. We note here that agreement
between the ðl; mÞ modes is not guaranteed unless the
waveforms are computed in the same asymptotic Bondi-
Metzner-Sachs (BMS) frames [48]. At present, in second-
order GSF calculations, this is not well understood and
requires more work; we briefly discuss this further in
Appendix B.
In Fig. 5, we assess the accuracy and convergence of the

SF fluxes when benchmarked against PN and numerical
relativity (NR); this complements the analogous assess-
ment of PN in Fig. 1. Here, we include the normalized
total flux at 1SF [i.e., neglecting OðνÞ] and 2SF [neglect-
ing Oðν2Þ] alongside 4.5PN and NR results for two mass
ratios: q ¼ 1 (left panel) and q ¼ 10 (right panel). We see
that for both mass ratios the 2SF flux provides a marked

improvement over the 1SF result. The SF expansion,
moving from 1SF to 2SF, converges well toward the NR
result, achieving nice agreement with NR for the large
mass ratio q ¼ 10 throughout the strong field regime
x≳ 0.07 where the NR data are available. The SF
expansion also converges nicely toward the PN result
in the weak field, with the PN and 2SF results agreeing
extremely well in the mildly relativistic regime, say,
x≲ 0.07, for both mass ratios. To further illustrate the
convergence, we also include curves for the 4.5PN flux
truncated at 1SF and at 2SF. The latter agrees extremely
well with the full 4.5PN flux for all values of x, showing
that higher-order corrections Oðν2Þ are numerically small
even at q ¼ 1. We note that for q ¼ 1 the 4.5PN flux
remains more accurate than the 2SF flux, when measured
against NR, even in the strong field up to x ≃ 0.1 (a very
relativistic value by PN standards). Figure 5 thus illus-
trates the importance of synergies between the PN, SF, and
NR approaches to cover the whole range of scenarios of
compact binary coalescences.

FIG. 4. Left panel: detailed comparison of F̂ ð2Þ
33 , theOðνÞ coefficient of the (3,3) mode of the (Newtonian-normalized) flux, computed

from (i) numerical GSF and (ii) PN theory. The residuals between the GSF data and the various PN series (dotted lines) do not clearly
follow the next term in the PN series (full lines) in this frequency range. However, the relative difference between the dotted lines and the
corresponding full lines become smaller as one goes to smaller frequencies. This suggests that at smaller frequencies, one could credibly
reach the asymptotic regime where the two curves overlap. Finally, the residual with the 4.5PN term approaches a 5PN slope, as shown
by theOðx5Þ reference line. Right panel: same as the left panel but for the (3,2) mode. The residual with the 3PN series (purple triangles)
agrees perfectly with the 3.5PN term (purple line). The residual with the 3.5PN terms (orange squares) undergoes a passage through
zero, then becomes noisy for x < 0.05, so it is not possible to claim agreement with the 4PN term (yellow line). Nonetheless, when going
to the next order, we find that the residual with the 4PN series (green diamonds) agrees fairly well with the 4.5PN term (green line).
Although the asymptotic regime is not yet reached, the relative error between the two curves decreases for smaller frequencies and
suggests better agreement deeper in the weak field regime. Finally, the residual with the 4.5PN term exhibits a very clear 5PN slope, as
shown by the perfect fit with aOðx5Þ reference line. [There should be also some logarithmic termsOðx5 ln xÞ, but one cannot distinguish
the slopes of x5 and x5 ln x on the scale of the plot.].
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V. CONCLUSION

We have compared the results of two significant recent
advances in perturbative techniques for GWs emitted by
compact binary systems, focusing on the energy flux for
quasicircular orbits: on the one hand, the analytical slow-
motion weak-field post-Newtonian approximation, pushed
to 4.5PN order beyond the Einstein quadrupole formula
[18,19], and, on the other hand, the numerical gravitational
self-force approach developed to second order in the small
mass ratio limit [5,6].
To 1SF level, the GSF flux has been derived analytically

to high order in the PN expansion [21,22,52,53], and the
PN coefficients are perfectly consistent up to 4.5PN order
with direct PN calculations valid for arbitrary mass ratios.
Note that at 1SF/0PA order, the flux at infinity for
quasicircular inspirals is identical to the flux generated
by a particle on a fixed background geodesic.
The new comparisons at the 2SF level reported in this

paper are numerical, building4 on earlier comparisons with
the 3.5PN flux in Ref. [5]. The 2SF fluxes take into account
the contribution coming from the 1SF deviation in the

motion of the particle generating the GWs and flux at
infinity, as well as quadratic nonlinearities in waveform
generation and propagation.
Over the considered range of frequencies

(0.3 < x < 0.16), we found that the 4PN and 4.5PN series
agree much better with the numerical SF plot than any other
lower-order PN truncation; see Fig. 1. We then studied the
weak-field scaling of the residuals between the SF data and
PN series at different orders and found that the numerical
data are compatible with the PN coefficients for the total
flux, although we cannot conclusively demonstrate that the
residual with the 4PN and 4.5PN results scale as expected
over the range of frequencies for which we have GSF data.
This is most likely due to the presence of zero crossings,
which indicate that we have not yet reached the asymptotic
regime where the comparison can be performed. Reaching
this regime would require reducing the numerical noise in
the 2SF data to levels significantly lower than what is
currently achievable. To avoid any doubt, this does not
mean that the numerical and PN fluxes disagree; one should
keep in mind that near a zero crossing the truncated PN
series happen to agree numerically with the GSF data better
than what is predicted by the asymptotic PN scaling.
Finally, further comparisons at the level of the individual
ðl; mÞmodes add further weight to the agreement, since the
residuals for some ðl; mÞ modes do scale in the expected
way—see Figs. 3, 4, 6, and 7.
Finally, note that a key aspect of our analysis is that

invariant comparisons require precise knowledge of how
the orbital frequency relates to the waveform frequency.
Agreement between the 4.5PN and 2SF fluxes is only
achieved when the fluxes are computed as functions
of an invariant waveform frequency, eliminating the
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FIG. 5. Left panel: comparison between the (Newtonian-normalized) GSF and PN total flux at different orders in the mass ratio
expansion for q ¼ 1 (ν ¼ 0.25). It is interesting to note that the 4.5PN expansion, including all orders in ν (black, dashed curve), is
closely approximated by the PN expansion truncated at Oðν2Þ (yellow, solid curve), despite the equal mass ratio. The two gray curves
show the flux computed from an NR simulation by the SXS Collaboration [49], specifically SXS:BBH:1132 [50]. The two gray curves
are computed using, third- and fourth-order polynomials to extrapolate the NR waveform from the edge of the computational domain to
null infinity, and thus the shaded gray region between them is an estimate on the numerical error in the simulation. Right panel: the same
as the left panel but for q ¼ 10 (ν ¼ 0.0826). The NR simulation in this plot is SXS:BBH:1107 [51].

4The second-order self-force data used in Ref. [5] contained an
error that was numerically small but had a significant impact on
some of the PN comparisons in that paper. An erratum giving full
details is currently in preparation. The same error affected an
earlier version of this paper [arXiv:2407.00366v1]. Using the
incorrect data, we found good agreement at the level of the total
flux, but stark disagreement at the level of individual modes. We
interpreted this as mode mixing and suggested that it could arise
from differences in the asymptotic frames used in the two
calculations. Correcting this error in the data removed this
apparent mode mixing; we have therefore revised some of our
conclusions.
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gauge/slicing dependence of the relationship between the
orbit and the waveform [36].
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APPENDIX A: PN EXPANSIONS FOR
INDIVIDUAL MODE CONTRIBUTIONS

TO THE FLUX

Some of the comparisons in this paper involve individual
ðl; mÞ modes of the flux. As these were not given
previously in the literature, we give them explicitly here.
At 4PN order, the modes can be straightforwardly obtained

by inserting the (2,2) mode amplitude (20) and Eqs. (3.4) of
Ref. [37] for the other modes, into Eq. (7). Moreover, we
can extend this result at 4.5PN order with the sole knowl-
edge of the hereditary part of the first time derivative of the
radiative moments [14]. Using (2.6)–(2.7) of Ref. [29], it
becomes

F lm ¼ 1

16π
½jU̇lmj2 þ jV̇lmj2�; ðA1Þ

where

Ulm ¼ 4

l!

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ 1Þðlþ 2Þ

2lðl − 1Þ

s
αlmL UL; ðA2aÞ

Vlm ¼ −
8

l!

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 2Þ

2ðlþ 1Þðl − 1Þ

s
αlmL VL: ðA2bÞ

We have defined the STF tensorial coefficient
αlmL ¼ R

dΩ2n̂Lðθ;ϕÞY�
lmðθ;ϕÞ; see, e.g., Eq. (4.7) of

Ref. [32] for an explicit expression.
The explicit 4.5PN expressions of the decomposition of

the total flux are given in Eq. (A3) hereafter; we have
verified that these expressions agree perfectly with
Eqs. (A.3)–(A.27) of Ref. [22] at first order in the mass
ratio. We present the results in terms of the normalized
fluxes F̂ lm defined in Eq. (43). We also provide the modes
of the normalized fluxes in a digital format in the
supplemental material [55],
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APPENDIX B: COMPARISON OF INDIVIDUAL
MODE CONTRIBUTIONS TO THE FLUX

Most of the comparisons in the body of the paper are for
the total flux to infinity, summed over ðl; mÞ mode
contributions. However, additional information about the
PN and SF waveform amplitudes can be gleaned by
comparing the individual ðl; mÞ contributions.
Comparisons for the individual modes can be found in

Fig. 3 for the (2,2) mode, Fig. 4 for the (3,3) and (3,2)
modes, Fig. 6 for the l ¼ 4 modes, and Fig. 7 for the (5,5)
and (6,6) modes. In contrast with the total flux, we find that
we are able to resolve the expected scaling of the 4PN and
4.5PN residuals for many of these modes for small values
of x. However, one should note that the most challenging
results to compute at 4.5PN (such as the renormalized
source quadrupole moment, the tails of memory, or the
quartic tails) are entirely contained in the (2,2) mode at this
order. Moreover, we do not find clear agreement for all the
ðl; mÞ modes, but as we highlight in Appendix C, there are
sometimes zero crossings in the residuals that occur at very
small values of x and the correct residual scaling only
becomes apparent for yet smaller values of x.
We note here that the agreement between the ðl; mÞ

modes of the GSF and PN calculations is not guaranteed, as
little work has been done to control the BMS frame in GSF
calculations, which have mostly used intuition from the
Newtonian-order analysis in Ref. [56]. A BMS trans-
formation, whether an ordinary Poincaré transformation
or a supertranslation, can significantly alter the individual
ðl; mÞ modes of the waveform [48,57], and this freedom

remains unexplored in GSF calculations. Nonetheless, the
good agreement we see at the level of modes suggests that
the BMS frames of the PN and GSF calculations are not too
distinct. An analysis of the BMS frame of the GSF
calculation is left for future work.

APPENDIX C: COMPARISON AT FIRST-ORDER
IN THE MASS RATIO

PN and GSF calculations will agree in the asymptotic
regime of sufficiently small values of x. Exactly which
values of x are sufficiently small depends on the order at
which the PN comparison is being made and also the
quantity, e.g., total flux or the flux for a given ðl; mÞmode.
In particular, there can be zero crossings in the residual
between the GSF data and the PN series such that the
expected asymptotic behavior in the residual will only be
apparent for values of x which are smaller than all the zero
crossings. These zero crossings can occur at quite small
values of x, thus limiting our comparison with the 2SF data,
as we only have accurate data from x ¼ 0.02 to x ≃ 0.162.
To illustrate the effect of the zero crossings on the

comparison, we take advantage of the fact that 1SF fluxes
are known at much smaller value of x and that the PN
results at leading order in the mass-ratio have been also
obtained at very high orders by GSF-PN methods [22]; see,
e.g., Eqs. (A2)–(A27) therein. In Fig. 8, we show the
comparison with the first-order flux for the (2,2) and (4,4)
mode in Fig. 8. The numerical 1SF flux for these compar-
isons was computed using the TEUKOLSKY package [58]
from the Black Hole Perturbation Toolkit [59].
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FIG. 6. Detailed comparison of F̂ ð2Þ
4m for m∈ f4; 3; 2; 1g, namely, the OðνÞ coefficients of the l ¼ 4 modes of the (Newtonian-

normalized) flux, computed from (i) numerical GSF and (ii) PN theory. For the (4,4), (4,2), and (4,1) modes, the residual after
subtracting the 4.5PN series exhibit a clear 5PN slope, as shown by the dashed (red) x5 curve. In the comparison for the (4,3) mode, there
is a zero-crossing around x ≃ 0.055, and we do not have GSF data for sufficiently small values of x to see if the residual settles down to
the expected falloff rate.
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FIG. 7. Detailed comparison of F̂ ð2Þ
55 and F̂ ð2Þ

66 , theOðνÞ coefficients of the (5,5) and (6,6) modes of the (Newtonian-normalized) flux,
computed from (i) numerical GSF and (ii) PN theory.

FIG. 8. Detailed comparison of F̂ ð1Þ
22 and F̂ ð1Þ

44 , the Oðν0Þ coefficients of the (2,2) mode (left plot) and (4,4) mode (right plot) of the
(Newtonian-normalized) flux, computed from (i) numerical GSF and (ii) PN theory. The range of the 2SF data shown in the other figures
in this paper is restricted to the white region between x ¼ 0.02 and x ≃ 0.162. For the 1SF flux, we can accurately compute numerical
data for x < 0.02, and these extra data are shown in the gray shaded region. For the (2,2) mode, we see that the residuals with the 3PN
and the 4.5PN series have zero crossings in the gray region at x ≃ 0.0065 and x ≃ 0.0035, respectively. The correct scaling of the residual
only becomes apparent for yet smaller values of x. We also note that, although there is a zero crossing in the residual with 3PN, further
subtracting the 3.5PN and 4PN terms can result in residuals which settle more quickly to the expected scaling. For the (4,4) mode, we see
that there is a zero crossing in the 3.5PN residual within the white region but that the correct scaling of the residual does not become
apparent until very small values of x (within the gray region). These two plots serve to highlight how zero crossings in the residual can
delay the onset of the asymptotic regimewhere the PN and GSF results agree to very small values of x, and in particular smaller values of
x than we have 2GSF data for.
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