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In this paper we continue the study of particlelike topological solitons with degenerate masses and their
mixing due to worldline instantons. Previously, this phenomenon was studied in (1þ 1)-dimensional
setups. Here we take a step further and consider degenerate vortices in 2þ 1 dimensions. We find that,
while classically such vortices may be degenerate, they generally mix and split at the quantum level.
Supersymmetry protects BPS-saturated vortices only when the number of supercharges in the bulk is
large enough.
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I. INTRODUCTION

Whenever a theory has multiple vacua that are degen-
erate in energy at the classical level, it typically also admits
quasiclassical field configurations of nontrivial topology,
interpolating between these vacua. A familiar example
comes from (0þ 1)-dimensional quantum mechanics
(QM) with a double-well potential: in the purely bosonic
system, instantons generate a nonzero overlap between the
two perturbative ground states, while in the supersymmetric
counterpart the tunneling amplitude is suppressed. If the
tunneling is not suppressed, the would-be degenerate
ground states become split in energy.
In higher dimensions, it becomes possible to have

multiple solitons (kinks, etc.) that are degenerate in energy.
As such, they may mix on the quantum level—an effect that
is known in condensed matter [1–3], and that recently
gained attention in the particle physics community [4,5].
While the previous field-theoretic studies focused on

1þ 1D theories, here we take a step further and con-
sider the 2þ 1D setup. In this case, one can consider
codimension-1 and codimension-2 solitons. The former are
the domain lines (walls); however, they are not the main
focus of this paper. Here, we concentrate on vortices, which
fall into the latter category above.
We cover several examples where the vortices have

internal features. This can occur in both Abelian and

non-Abelian gauge theories. Classically, the presence of
the internal structure (like discrete moduli) leads to having
several species of vortices with the same mass and topo-
logical charge. On the quantum level, the mass degeneracy
is generically lifted. This can happen due to worldline
instantons, which are the instantons in the effective
quantum mechanics living on the vortex worldline.
The instanton tunneling amplitude can be suppressed

in supersymmetric quantum mechanics, e.g. in the case
with a double-well potential. Therefore, if the vortex is
Bogomol’nyi-Prasad-Sommerfield (BPS) saturated in a
theory with large enough supersymmetry in the bulk, we
can expect that the degeneracy will be protected.We find that
with eight supercharges the vortices stay degenerate, while
for lesser supersymmetry their degeneracy may be lifted.
We begin this paper by discussing some basic 3D models

in Sec. II. We focus on the cases withN ¼ 1 supersymmetry
and their bosonic counterparts. The issue of BPS-saturated
vortices is also discussed there. After that, we turn to the
main subject of this paper, namely, degenerate vortices,
starting with Abelian examples in Sec. III. In Sec. IV we
continue with non-Abelian gauge theories, which can sup-
port vortices with large degeneracy. Our conclusions are
summarized in Sec. V. The Appendix provides some details
on N ¼ 1 supersymmetry in three spacetime dimensions.

II. MODELS WITH N = 1 SUPERSYMMETRY

We are going to start here by reviewing some basic
setups for three-dimensional models with and without
supersymmetry. These models (and their generalizations)
will be studied in more detail below. Additional details
on three-dimensional supersymmetry are reviewed in the
Appendix.
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A. Scalar model and its gauging

The minimal example is an N ¼ 1 supersymmetric
Wess-Zumino type model (two supercharges). The
Lagrangian for such a model can be written as

S ¼ 1

2

Z
d3x

�
∂μφ

a
∂
μφa þ ψ̄aiγμ∂μψa − ½∂aWðφcÞ�2

− ð∂a∂bWðφcÞÞψ̄aψb
�
; ð2:1Þ

where φa are real scalar fields, a is a flavor index, and
WðφaÞ is the superpotential depending on all the φa fields.
Below we will discuss an example with

WðφaÞ ¼ m
2
ðφaφaÞ − g

8
ðφaφaÞ2: ð2:2Þ

Finally, ψ̄ ¼ ψ†γ0 ¼ ψγ0 and ψ is a Majorana two-
component spinor. This model has two real supercharges.
In 3D there is no chirality; therefore, no chiral subspace can
be constructed.
When the number of flavors in (2.1) is even, one can

define a Uð1Þ symmetry, which then can be gauged. Of
course, the superpotential must be invariant with respect to
the symmetry transformations. For example, in the case
with two flavors, we can combine two real fields into one
complex field ϕ and two Majorana spinors into a complex
two-component spinor Ψ,

ϕ ¼ 1ffiffiffi
2

p ðφ1 þ iφ2Þ; Ψ ¼ 1ffiffiffi
2

p ðψ1 þ iψ2Þ: ð2:3Þ

There is a natural global Uð1Þ symmetry acting on these
complex fields. Gauging this symmetry brings up the
gauge field (photon) Aμ which in 3D carries one physical
component, together with its superpartner—a neutral
Majorana field λ (photino). The Lagrangian of 3D
N ¼ 1 supersymmetric quantum electrodynamics (SQED)
in the Wess-Zumino gauge takes the form

L3DSQED ¼ 1

e2

�
−
1

4
FμνFμν þ

i
2
λα∂αβλ

β

�

þ ðDμϕÞ†Dμϕþ i
�ðΨαÞ†ðDÞαβΨβ

�
−Uðϕ;ϕ†Þ

þ ½λγ0Ψϕ† þH:c:�− i
2

∂
2W

∂ϕ∂ϕ†Ψ
†γ0Ψ; ð2:4Þ

where

Fμν ¼ ∂μAν − ∂νAμ; Dμ ¼ ∂μ−Aμ; ∂αβ ¼ ðγ0γμÞαβ∂μ;
ð2:5Þ

and the potential

U ¼ ðϕϕ†Þ½m − gðϕϕ†Þ�2 ð2:6Þ

follows directly from the superpotential (2.2). Note that this
potential is sextic, which is renormalizable in 2þ 1D.
The theory (2.4) can be obtained from the 4D N ¼ 1

SQED (four supercharges) upon dimensional reduction
and discarding the fields that are absent in 3D N ¼ 1
SQED1 or, alternatively, constructed directly in 3D; see the
Appendix.
The model under consideration has two vacua with hϕi

given by

ϕ�sym ¼ 0; ð2:7aÞ

ϕ�as ¼ veiα; v ¼
ffiffiffiffi
m
g

r
: ð2:7bÞ

These vacua are degenerate in energy, at least at the
classical level.
The first vacuum, Eq. (2.7a), is the normal, or symmetric,

or nonsuperconducting phase. It is invariant under theUð1Þ
phase rotations. The photon in this phase is massless, while
the complex scalar has mass m.
The second vacuum, Eq. (2.7b), is the asymmetric, or

superconducting, or Higgs phase. Strictly speaking, it is a
whole manifold, but all its points are gauge equivalent to
each other. The Uð1Þ symmetry is realized nonlinearly;
alternatively, one can say it is spontaneously broken. A
standard redistribution of degrees of freedom occurs in this
vacuum. The phase of the ϕ field will be eaten up by the
photon (thus acquiring a longitudinal degree of freedom
and a mass Mph ∼ ev). The physical Higgs field with mass

mjϕj ¼ 2m ¼ 2gv2 ð2:8Þ

remains the lower component of the real Higgs superfield.
The vacuum expectation value (VEV) v is large at weak
coupling, i.e., g ≪ 1. This paves the way to study, in

1Equation (2.4) may be compared with Ref. [6] where vortices
in a 3D reduction of 4D SQED with four supercharges were
considered (see Eq. (7) in [6] and Sect. 10.6.9 in [7]). In 4D the
photino field λ is described by a four-component Majorana
spinor, while in 3D N ¼ 1 SQED the photino is a two-
component Majorana spinor. In passing from 4D to 3D with
two supercharges we discard the A2 component of the gauge
field—it is absent in 3DN ¼ 1 (it becomes a scalar field N in the
notation of a [6]). Finally, all tilded fields present in Eq. (7) of [6]
disappear. Note that in N ¼ 1 3D SQED there is no Fayet-
Iliopoulos term and its D-term companions. It is also important
to emphasize that in N ¼ 1 SQED in three dimensions no bona
fide chiral superpotential exists because there are no chiral sub-
spaces. Instead, we have a superpotential (A45). Our definition
of 4D → 3D reduction is as follows: out of four coordinates we
drop y and each vector loses its y component, see Ref. [7]. In
colloquial language, the corresponding Zμ [see Eq. (A49)] is
often referred to as central charge, although it is not quite accurate
because Zμ does not commute with the generators of rotations. A
more accurate name in this case is the brane charge suggested by
Seiberg and Komargodski [8,9], see also Appendix A 5 here.
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addition to vortices in the Higgs phase, also domain lines
separating the two phases.
In three dimensions, vortices are particles with finite

masses. Below we will see that, in some modified versions
of this theory, the Higgsed regime exhibits a number of
mass-degenerate vortices. When supersymmetry is absent,
these vortices mix through instantons. In 3D this is a new
phenomenon similar to that discussed in 2D in [4,5].
Supersymmetrizing the model, one can force the instanton
contribution to vanish because of the fermion zero modes.
The model under consideration exhibits other interesting

phenomena, such as the erasure of vortices crossing the
domain line from the Higgsed to the un-Higgsed phase [10]
and nontrivial effects associated with the inclusion of the
Chern-Simons term. These two topics will be considered in
a forthcoming publication [11].

B. Vortices in gauged 3D model, Higgs regime

As explained in [7], Sec. 11.1.2.2, in three-dimensional
N ¼ 1 supersymmetric QED (SQED) there is no central
charge corresponding to vortices. This implies that the
vortices cannot be BPS saturated. However, we will see
later that they still can be approximately BPS with a
judiciously chosen superpotential.
Recall that the model (2.4) has two vacua, one symmetric

at ϕ�sym ¼ 0, and another asymmetric with ϕ�as ¼ veiα. Let
us have a closer look at the second vacuum.
First, we will study the possibility of the Bogomol’ny

completion for the vortex equation. For static field con-
figurations, the energy functional takes the form (in the
gauge A0 ¼ 0)

E½A⃗ðx⃗Þ;ϕðx⃗Þ� ¼
Z

dx1dx2

	
1

4e2
FijFij þ jDiϕj2 þ UðϕÞ



;

ð2:9Þ

where UðϕÞ is presented in Eq. (2.6). It is rather obvious
that with this superpotential the BPS completion is
impossible.
Thus, to find the vortex solution we have to solve a

second-order differential equation. The relevant ansatz and
the boundary conditions are the same as in Sec. 3.1.3 of [7]
[here, ðr;αÞ are the polar coordinates on the 2D space]:

ϕðr;αÞ ¼ vfϕðrÞeiα; Aiðr; αÞ ¼ −εij
xj
r2
½1 − fAðrÞ�;

ð2:10Þ

fϕð0Þ ¼ 0; fϕð∞Þ ¼ 1;

fAð0Þ ¼ 1; fAð∞Þ ¼ 0: ð2:11Þ

However, the profile functions are different from the
BPS case.

Since the BPS completion is impossible, both super-
charges are broken on the vortex solution. Then on such a
vortex we will have two fermion zero modes. Can we
change the superpotential in such a way that the BPS
saturation becomes possible, at least at the classical level?
The answer is yes, provided we add to the theory one extra
scalar field h, neutral under the gauge Uð1Þ, and choose the
superpotential as follows,

Wh ¼ ghðΦ†Φ − v2Þ; ð2:12Þ

implying

U ¼ 1

2
g2ðv2 − ϕ†ϕÞ2 þ g2h2ϕ†ϕ ð2:13Þ

with the ground state at jφvacj ¼ v, h ¼ 0 and dim
g ¼ ½m1=2�. Then in the classical solution we can put h ¼ 0,
arriving at basically the same classical first-order equations
in the bosonic sector as in Sec. 11.5.1 of [7]2 (cf. also
Sec. 3.1.3 there),

B − g2ðjϕj2 − v2Þ ¼ 0;

ðDx þDzÞϕ ¼ 0: ð2:14Þ

The bosonic profile solution is also the same as in the BPS
case, only supplemented by h ¼ 0 for the extra scalar field
that we introduced here. The difference from the BPS case
is going to show up in the zero modes and quantum
corrections.
From the action (2.4) we obtain a pair of coupled

equations of motion for the fermion fields,

i∂αβλβ þ e2ðΨ† þΨÞα ¼ 0;

iDαβΨβ þ ϕλα þ
∂
2W

∂ϕ∂ϕ†Ψα ¼ 0: ð2:15Þ

On the vortex background, these equations describe the
fermion zero modes.
To conclude this section, let us note that the theory

described here has a domain line (wall) solution separating
the two phases in Eqs. (2.7a) and (2.7b); see Appendix A 5.
It would be interesting to study the degenerate “domain
wall” vortices, which would be the analogs of the objects
studied in [12] in the context of 4D gauge theories.

III. DEGENERATE VORTICES INSIDE AN
ABELIAN SUPERCONDUCTOR

In this section we come to the main topic of this study,
namely, degenerate vortices. We are going to start with the

2The emergence of the term g2ðv2 − φ†φÞ2 in the potential in
Sec. 11.5.1 of [7] is due to the Fayet-Iliopoulos ξ term. In our case
it cannot be introduced; we have to generate it from F terms.
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case of the Uð1Þ gauge theory. Vortices inside a non-
Abelian superconductor will be described in the next
section.

A. Z2 vortices

Here we extend the analysis presented in [5] and study
another example—perhaps more realistic for a condensed
matter system. This example is motivated by the study of
degenerate vortices in gauged sigma models [13,14]. In the
setup of [13,14], the sigma model target space imposes a
rigid constraint on the fields, and worldline instantons are
not possible. We will relax the rigid constraint, introducing
a penalizing term in the potential, which will make the
instanton-induced tunneling possible. A similar model was
studied in [15] (in a somewhat different notation) and the
vortex solutions were constructed. Here, we go one step
further and discuss a possible mixing of these vortices.

1. The model

We consider a 2þ 1D Abelian theory with the U(1)
gauge group, a complex scalar field ϕ of charge 1, and a
real scalar χ (charge 0). The Lagrangian L consists of two
parts [16–18],

L ¼ LQED þ Lχ : ð3:1Þ

The first piece is the standard scalar QED, for now without
SUSY:

LQED ¼ −
1

4e2
F2
μν þ jDμϕj2 − VðϕÞ; ð3:2Þ

V ¼ e2ðjϕj2 − v2Þ2; ð3:3Þ

where

Fμν ¼ ∂μAν − ∂νAμ; Dμϕ ¼ ð∂μ − iAμÞϕ: ð3:4Þ

The second piece describes an extra real scalar field χ
coupled to the QED sector in a special way,

Lχ ¼
1

2
∂μχ∂

μχ −Uðχ;ϕÞ; ð3:5Þ

U ¼ γ½ð−μþ jϕj2Þχ2 þ βχ4�; ð3:6Þ

where χ is a real scalar field, γ is a (positive) coupling
constant, and for simplicity we will assume β ≳ 1. The
parameters μ and v are also real and positive. In order to
obtain desired degenerate vortices, we impose the follow-
ing constraints3 on the couplings:

μ≲ v2; e2 ≲ γ: ð3:7Þ

Note the similarity of the two potentials in Eq. (2.13) on
one hand, and in Eqs. (3.3) and (3.6) on the other hand.
The nonvanishing vacuum expectation value of ϕ,

jϕjvac ≠ 0, Higgses the gauge field. In the vacuum

jϕj2vac ¼ v2; χ ¼ 0: ð3:8Þ

The Lagrangian (3.1) has a Z2 symmetry acting as

χ → −χ; ð3:9Þ

and it is unbroken in the vacuum (3.8). The expectation
value of ϕ and Eq. (3.7) imply that χ is stable, no vacuum
condensate of χ develops, and the global Z2 symmetry
remains unbroken. The masses of the photon, physical
Higgs, and the neutral scalar boson χ are

mA ¼ mϕ ¼
ffiffiffi
2

p
ev; mχ ¼

ffiffiffiffiffi
2γ

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 − μ

q
: ð3:10Þ

2. Vortices

The minimal winding-one vortex in this theory has the
following structure. Asymptotically far from the vortex
core, we have

ϕ ¼ veiα; χ ¼ 0; B ¼ 0: ð3:11Þ

where B ¼ F12 is the magnetic field. Here, α is the polar
angle on the spatial plane, while B is the magnetic field.
Inside the vortex core, however,

ϕ ≈ 0; B ≠ 0: ð3:12Þ

From the potential (3.6) one can see that the mass term for χ
turns negative at the vortex core. Therefore, χ ≠ 0 and is
double valued there.
Thus, one can explicitly see the appearance of a

degeneracy: inside the vortex, the field χ is determined
only up to a sign. This means that a vortex spontaneously
breaks the Z2 symmetry (3.9). Now recall that the vortices
in 2þ 1D, being localized in space, are particlelike states
(in much the same way as kinks in 2D, see Ref. [5]).
Therefore, they may or may not tunnel into each other by
virtue of quantum-mechanical instantons on the vortex
worldlines. The mixing depends on whether the instanton
action is finite or infinite.
Let us study the vortex properties in more detail. For a

short while let us forget about the Lagrangian Lχ in (3.5),
i.e. we set γ ¼ 0. To obtain a (minimal) vortex one must
find the field ϕ at large distances from the origin, ϕ → veiα,
where α is the polar angle. By the Poincare-Hopf theorem,
this implies in turn that ϕ must vanish in (at least) one
point of the spatial plane. Conventionally, we consider the

3Couplings in the inequalities (3.7) should not be vastly
different; however, a factor of 2 or so between them is acceptable.
This will guarantee that mχ ∼mϕ, cf. Eq. (3.10).
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minimal case where ϕ has a single zero, and we choose the
coordinate system so that this zero is positioned at the
origin.
The solution to the corresponding equations of motion is

discussed in detail in [7]. In fact, the solution turns out BPS
saturated, ϕ ¼ ϕcrit vort, with the unit value of the magnetic
flux, so our “prevortex” mass can be found without
calculations, just from the boundary conditions,

Mvort 0 ¼ 2πv2: ð3:13Þ

Now, let us reinstate the χ field and consider the coupling
γ > 0. Since the ϕ field still has to vanish at the vortex
center, χ has a nonzero VEV there, as was mentioned
above. This VEV can be found from the potential (3.6):

ðχ2Þvort core ≈
μ

2β
; ðχÞvort core ≈�

ffiffiffiffiffi
μ

2β

r
; ð3:14Þ

see Fig. 1. An “effective mass” inside the core is

mχ;vort core ∼
ffiffiffiffiffi
μγ

p
: ð3:15Þ

We have enough parameters to guarantee that the latter
is close to mχ in Eq. (3.10) which, in turn, is close
to mA ¼ mϕ.
To estimate the actual vortex mass (with the field χ

included), observe that the expectation value of χ in the
core, see Eq. (3.14), diminishes the prevortex mass (3.13)
by some fraction of 2πv2, namely,

Mvort 0 → Mvort ¼ Mvort 0ð1 − κÞ; 0 < κ < 1; ð3:16Þ

where κ is a dimensionless parameter which is smaller
than 1, but not significantly smaller. In this estimate we take
into account all constraints on various parameters intro-
duced above, so that the masses mA ¼ mϕ ∼mχ , which in

turn implies that the size of the vortex core

R ∼m−1
ϕ : ð3:17Þ

3. Tunneling between degenerate vortices
in Euclidean time

In 3D models, the vortices of the Abrikosov type can be
viewed as particles. From the standpoint of topology, they
are ground states in the sector with the unit winding of ϕ
which is disconnected from sectors with other windings, for
instance, from the topologically trivial sector, or sectors
with windings 2, 3, etc.
Recall that, in our model, the globalZ2 symmetry (3.9) is

spontaneously broken in the vortex core, and ðχÞvort core is
double valued [see (3.14)]. Therefore, even if we arrange
the topology to be the winding-1 sector, two distinct
degenerate vortices coexist in this model. Let us call them
Vþ and V−. Classically, they are exactly degenerate
because they are related to each other by the Z2 symmetry.
Now we will discuss whether Vþ and V− can mix with

each other quantum-mechanically. The mixing is realized
through instantons, interpolating (in the Euclidean time τ)
between

fϕ; χginst ¼
�
V− at τ → −∞
Vþ at τ → ∞

: ð3:18Þ

If the instanton action is finite, Sinst < ∞, the tunneling
obviously does happen in the model under consideration.
The instanton profile can of course be found numerically.

We leave this exercise for future work, limiting ourselves to
some quantitative arguments.
First, the field profiles on the instanton depend on the

Euclidean time τ. As τ evolves from −∞ to þ∞, the
instanton profile must continuously evolve from V− to Vþ
without changing the winding of ϕ and the corresponding
asymptotic behavior of the gauge field.
The potentials V and U in Eqs. (3.3) and (3.6) are

nonsingular. The evolution of ϕ is expected to be small and,
in any case, the asymptotic behavior of ϕ and Aμ stays the
same. Therefore, the dominant contribution in the instanton
action Sinst comes from the evolution of χ.
In this evolution, the energy functional reaches its maxi-

mum at χ ¼ 0. The corresponding field configuration was
referred to as the “prevortex” above. Now we see that the
prevortex is unstable and is nothing other than the spha-
leron. Its energy is given in Eq. (3.13). Thus, the barrier
separating V− and Vþ has the height κMvort 0, cf. Eq. (3.16).
The instanton is localized in the Euclidean time τ with the
characteristic size of Δτ ∼m−1. As a result,

Sinst ∼ ΔτκMvort 0 ∼ 2π
mϕ

e2
: ð3:19Þ

Below we will provide a method for deriving this formula.

FIG. 1. Schematic vortex profile functions in the model (3.1).
Here r is the radial coordinate, R is the size of the vortex core. The
existence of two profile functions, χ�, demonstrates the sponta-
neous Z2 symmetry breaking on the vortices.

DEGENERATE VORTICES AND WORLDLINE INSTANTONS IN … PHYS. REV. D 113, 105024 (2026)

105024-5



The quasiclassical approximation we rely on is valid
under the condition

v
e
≫ 1: ð3:20Þ

Under this assumption, the instanton action (3.19) is large,
and the tunneling amplitude is in the controlled regime.

4. Effective quantum mechanics for vortex tunneling

To illustrate how Eq. (3.19) can be derived, let us
consider an effective quantum-mechanical model that
describes the τ evolution from −∞ to þ∞. This quantum
mechanics is supported on the worldline of the vortex.
We will represent each interpolation trajectory (field

profile) by a certain τ-dependent parameter; for this
purpose, we can choose the value of the χ field at the
vortex center, χðr ¼ 0Þ. Let us denote

χðr ¼ 0Þ≡ η; ð3:21Þ

ηðτ → −∞Þ ¼ −ðμ=2βÞ1=2; ηðτ → ∞Þ ¼ ðμ=2βÞ1=2;
ð3:22Þ

see Eq. (3.14). The model we suggest is the standard two-
hump potential

H ¼ 1

2

∂
2

∂η2
þ λðη2 − η20Þ2; ð3:23Þ

see Fig. 2. This model follows from the discussion above as
a phenomenological model. The parameter λ will be fixed
shortly, see Eq. (3.25). The model in Eq. (3.23) is quite
primitive; however, it captures all qualitative features of the
instanton representing the tunneling phenomenon.
Let us pause here to make two important clarifications.

First of all, let us comment on the validity of the
worldline instanton approximation. The full instanton in
Eq. (3.18), strictly speaking, involves interpolation of all
the fields in the theory. Both the magnetic field profile B
and the complex scalar ϕ are deformed when χ evolves in
Euclidean time τ.
However, at any χ, the boundary conditions on the other

fields stay the same. The magnetic field B vanishes at the
spatial infinity, and the total flux is fixed. The scalar ϕ
vanishes in the vortex center, while away from the vortex
it approaches the same VEV jϕj ¼ v at all times, and its
winding stays the same.
Therefore, in the instanton background, the fields ϕ and

B are not deformed significantly. On the other hand, the
field χ changes drastically—its boundary condition at the
origin changes on the instanton Eq. (3.18). This boundary
condition plays the role of the order parameter.
This justifies using the χð0Þ≡ η as the order para-

meter for the effective description. The phenomenological
Hamiltonian (3.23) is expressed in terms of this η; how-
ever, this does not mean that the dynamics of ϕ and B is
ignored—the dynamics of this fields affects the value of the
effective coupling λ in Eq. (3.23). In principle, this coup-
ling can be computed microscopically (e.g. by numerical
methods). In this paper we focus only on some qualitative
aspects of the vortex dynamics, so we do not determine this
coupling in a precise way, constraining ourselves only with
an estimate in Eq. (3.25) below.
The second point that we wanted to clarify concerns

the dimensionality of the parameters discussed below. All
quantities we use in the original 3D theory have dimensions
inherent to 3D field theory, while in Eq. (3.23) we deal
with one-dimensional quantum mechanics. To avoid the
discrepancy, we will measure all relevant quantities in the
natural units of mass, i.e., in units of ev. For simplicity, all
numerical factors will be omitted in the remainder of this
subsection. In these units,

η0 ¼ v→ e−1; Mvort ¼ v2 → e−2; mχ ∼mϕ ∼m¼ 1:

ð3:24Þ

In the topological sector, Mvort is the background value
of the energy, which is there even at τ → �∞. We can
subtract this value, much in the same way as was done
in [5]. The top of the potential hump in (3.23) corres-
ponds toMsphaleron ¼ 2πv2 [cf. Eq. (3.13)]; comparing with
(3.23), we see that

λ ¼ e2: ð3:25Þ

From the above data, the instanton action in the effective
quantum mechanics can be easily obtained. It is given by

Sinst ¼ m3
χ=λ ¼

1

e2
→

m
e2

; ð3:26ÞFIG. 2. Effective quantum mechanics for the instanton tunnel-
ing from V− to Vþ, see Eqs. (3.23) and (3.24).
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which is dimensionless (as required) and coincides
with Eq. (3.19).
Thus, we can see that the mixing of the vortices does

happen in the bosonic model. While the model with the
potential (3.6) cannot be directly supersymmetrized, one
can obtain a close N ¼ 1 cousin by deforming the super-
symmetric model in Eq. (2.12) as

W ¼ α1hðΦ†Φ − v2Þ þ α2h2 þ α3h3; ð3:27Þ

where α1;2;3 are parameters. However, we do not expect that
this supersymmetry would protect the vortex degeneracy.
We postpone the discussion of supersymmetric models
to Sec. IV C.

B. CPð1Þ vortices
Before passing to the study of non-Abelian supercon-

ductors in the next section, we want to mention another
example. In this setup, non-Abelian degrees of freedom can
emerge in a Uð1Þ superconductor.
This example was essentially worked out in [13,14].

Here we will briefly review it using an alternative language
and give some additional comments with regard to instan-
tons in a topologically nontrivial sector.
Let us start with the so-called n-field model, which is

often referred to as Oð3Þ or CPð1Þ ¼ SUð2Þ=Uð1Þ in 3D.
The target space is a two-dimensional sphere S2 which can
be parametrized by a unit vector

n⃗ ¼ fn1; n2; n3g; n⃗2 ¼ 1: ð3:28Þ

The Euclidean action of the Oð3Þ model is given by

A ¼
Z

d3x
1

2g2
∂μn⃗∂μn⃗: ð3:29Þ

In fact, this model has two independent real degrees of
freedom which can be presented in geometric form as
a complex field endowed with the Fubini-Study metric.
In three dimensions, it has a localized static soliton (a
particle) formally coinciding with the Belavin-Polyakov
instanton [19]. However, this instanton is not what we are
interested in.
To get to our main point, let us first deform (3.29) in two

ways. We introduce the so-called “real mass” term

Lm ¼ −m2ðn3Þ2; in Euclidean Lm ¼ m2ðn3Þ2:
ð3:30Þ

This term explicitly breaks Oð3Þ symmetry down to Uð1Þ.
The energy is minimized at n3 ¼ 0. If we introduce a
complex field

S ¼ n1 þ in2; ð3:31Þ

then due to the constraint (3.28) the vacuum field configu-
ration takes the form

SS̄ ¼ jSj2 ¼ 1; ðn3Þvac ¼ 0; Svac ¼ eiα: ð3:32Þ

Deformation (3.30) is different from the setup of
Refs. [13,14] where certain potentials are used. The real
mass term allows for generalization to N ¼ 2 supersym-
metry. Note that the “standard” way of adding the twisted
mass term [7] would change the sign in front of m2 in
(3.30); the model then would have just two vacua, the north
and the south poles.
The next step is to gauge the Uð1Þ symmetry. The

corresponding Lagrangian can be written as

Lgauged ¼ −
1

4e2
FμνFμν

þ 1

2g2
�
DμS†DμS þ ∂μn3∂μn3 −m2ðn3Þ2


DμS ≡ ð∂μ − AμÞS: ð3:33Þ

TheUð1Þ gauging makes the physical vacuum state unique,
i.e. α in (3.32) can be put to zero by a gauge rotation. The
photon eats up the phase of the S field, acquiring the mass

mγ ¼
e
g
: ð3:34Þ

The mass of the physical Higgs particle is

MH ¼ mffiffiffi
2

p : ð3:35Þ

We assume they are of the same order of magnitude,
mγ ∼MH.
Now, let us verify that two distinct static vortices exist in

this model (in the quasiclassical approximation eg ≪ 1).
To build a vortex, we must wind S at large distances

from the vortex center, i.e. S ¼ eiαðxÞ at r ≫ m−1, where α
is now the polar angle, and the radius r ¼ ðxixiÞ1=2. To
guarantee that the energy is finite, at r → 0 we require
jSj → 0. Then ðn3Þ2 → 1 and n3 → �1. Thus, the Z2

symmetry

n3 → −n3 ð3:36Þ

is spontaneously broken in the vortex core, giving rise to
two distinct mass-degenerate vortex solutions, much in the
same way as in Sec. III A above. The vortex massMvortex ∼
1=g2 ≫ mγ in the quasiclassical limit eg ≪ 1.
The issue of the interpolating instanton is more subtle.

We introduce the Euclidean time τ which varies between
−∞ and þ∞. The instanton is localized in a region around
the origin of the Euclidean space, with the characteristic
size ∼m−1

γ ×m−1
γ . It must interpolate between n3 ¼ −1 and
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n3 ¼ þ1 vortices in such a way that the corresponding
action is finite; otherwise, there is no tunneling. The
subtlety occurs near the sphaleron trajectory (at τ ¼ 0), a
situation similar to that discussed in [5] (see Sec. 4.4.2
there).
The sphaleron trajectory is as follows:

ðn3Þsph ¼ 0; S ¼ eiαðxÞ; ð3:37Þ

i.e. S winds. As a result,Msph is infinite, because the energy
density has a singularity 1=r2 near the origin, and the
integral

Z
d2x

1

r2
ð3:38Þ

is logarithmically divergent. The sphaleron does not exist
on its own.
However, this singularity is integrable in the instanton

action, which is determined by
R
d3x. Thus, the action is

finite, and the two distinct vortices described above mix
through tunneling.

C. Stability of excited vortices

To conclude, let us make a brief remark on the following
curiosity. In our weakly coupled setup the bulk gap is large,
while the vortex splitting is exponentially small.
This implies that, if we prepare a vortex in an excited

state, it can just stay there and be stable. This happens
because there is no suitable decay channel. If such vortex
were to decay into the ground-state vortex, it would have to
emit some light particle into the bulk, which is impossible
when the bulk gap is sufficiently large.

IV. DEGENERATE VORTICES IN A
NON-ABELIAN SUPERCONDUCTOR

In this section, we move to non-Abelian models, where
vortices with higher multiplicity can be easily constructed.

A. Classical ZN vortices in a non-Abelian
superconductor

We start with a model motivated by studies of N ¼ 2
supersymmetric QCD (SQCD) in 3þ 1D; see, e.g., [20,21]
for a review. For now, we will be discussing only the
bosonic version of this model. Later, we will discuss what
happens when we actually add the corresponding fermionic
fields and restore supersymmetry.
This is a relativistic field theory in 2þ 1 dimensions.

However, relativism is actually not important for most of
the present discussion, as we will focus on static field
configurations.

1. Model 1

We start with a UðNÞ gauge theory coupled to scalar
matter,

S ¼
Z

d3x

�
1

4g22
ðFa

μνÞ2 þ
1

4g21
ðFμνÞ2 þ jDμφ

Aj2

þ g22
2
ðφ̄ATaφAÞ2 þ g21

8
ðjφAj2 − NξÞ2

�
: ð4:1Þ

Here, Fμν and Fa
μν are the Abelian and the non-Abelian

parts of the UðNÞ gauge field strength. Generators of
SUðNÞ are normalized as

trTaTb ¼ 1

2
δab: ð4:2Þ

The matter fields φA transform in the fundamental repre-
sentation of the gauge group, and the covariant derivative is
given by

Dμ ¼ ∂μ −
i
2
Aμ − iAa

μTa: ð4:3Þ

A ¼ 1;…; Nf is the flavor index; we focus on the case
Nf ¼ N. The action (4.1) enjoys SUðNÞF global flavor
symmetry. Each flavor has N color components; denoting
the color index as k ¼ 1;…; N, we can view φA

k as an
N × N matrix.
The parameter ξ triggers condensation of φ ¼ fφA

kg,

hφi ¼
ffiffiffi
ξ

p
0
BBBBB@

1 0 � � � 0

0 1 � � � 0

..

. ..
. . .

. ..
.

0 0 � � � 1

1
CCCCCA
: ð4:4Þ

This VEV breaks both the color symmetry and the flavor
symmetry to a diagonal (color-flavor locked) global sub-
group:

UðNÞC × SUðNÞF → SUðNÞCþF ð4:5Þ

The spectrum around this vacuum is gapped, with masses
of order ∼g1;2

ffiffiffi
ξ

p
.

Since the Uð1Þ∈UðNÞ is spontaneously broken by this
VEV, this model supports conventional Abrikosov vortices.
Such vortices would correspond to all diagonal components
of φ winding with the same phase. However, the most
elementary vortices correspond to field configurations
where just one component has nontrivial winding at spatial
infinity:
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hφivor ¼
ffiffiffi
ξ

p
0
BBBBB@

eiα 0 � � � 0

0 1 � � � 0

..

. ..
. . .

. ..
.

0 0 � � � 1

1
CCCCCA
; r → ∞: ð4:6Þ

Here, ðr; αÞ are the polar coordinates on the 2D space.
The winding (4.6) suggests the following ansatz for the

field configuration:

φðr;αÞvor ¼
ffiffiffi
ξ

p
0
BBBBB@

ϕ2ðrÞiα 0 � � � 0

0 ϕ1ðrÞ � � � 0

..

. ..
. . .

. ..
.

0 0 � � � ϕ1ðrÞ

1
CCCCCA
; r→∞

ð4:7Þ

and a corresponding ansatz for the gauge field. Such a field
configuration further breaks the global symmetry (4.5)
down to SUðN − 1Þ ×Uð1Þ. This suggests that the internal
moduli space of such field configurations is

CPðN − 1Þ ¼ SUðNÞ
SUðN − 1Þ ×Uð1Þ : ð4:8Þ

And indeed, one can show this quite explicitly; see
Refs. [20,21] for a review.
The mass of this vortex is given by

Mvort ¼ 2πξ; ð4:9Þ

cf. Eq. (3.13). Naturally, (4.8) is supplemented by two
translational zero modes, as for the usual Abrikosov vortex.
These modes decouple and will not be important for the
considerations here.

2. Model 2 (mass deformation)

As we will see below, the model (4.1) (in the purely
bosonic case) does not lead to degenerate vortices, because
quantum mechanics on the vortex worldline (4.8) has a
unique ground state. In order to have nontrivial vortex de-
generacy, we introduce a mass deformation of this model.
To further simplify the model, we also take g1 ¼ g2 ¼ g.
For the deformation, we introduce a complex scalar field

a transforming in the adjoint representation of the gauge
group UðNÞ,

S ¼
Z

d3x

�
1

4g2
ðFa

μνÞ2 þ
1

g2
jDμaj2 þ jDμφ

Aj2

þ g2

2
ðφ̄ATaφAÞ2 þ g2

8
ðjφAj2 − NξÞ2

þ
XN
A¼1

jðaþMÞφj2
�
: ð4:10Þ

Here, Dμ is a covariant derivative in the adjoint represen-
tation, while M is a mass matrix. We take M to be in a ZN
symmetric form, with the masses evenly spaced on a circle
of some radius m:

M ¼

0
BBBBB@

m1 0 � � � 0

0 m2 � � � 0

..

. ..
. . .

. ..
.

0 0 � � � mN

1
CCCCCA

ð4:11Þ

mk ¼ me2πik=N; m > 0: ð4:12Þ

The last term in (4.10) forces the adjoint scalar to have
a VEV

hai ¼ −M: ð4:13Þ

If the mass matrix M were proportional to an identity
matrix, the VEV of a would not change the low-energy
theory. However, in the present discussion the diagonal
elements ofM are given by (4.12). The VEVof a breaks the
gauge group to an Abelian subgroup,

UðNÞ → Uð1ÞN: ð4:14Þ

Thus, the color-flavor locked global symmetry (4.5) is also
broken to Uð1ÞN−1.
What happens from the point of view of the vortices

(4.6)? Strictly speaking, the CPðN − 1Þ moduli space (4.8)
gets lifted. Only N isolated points remain, corresponding to
the N possible vortices where just one particular diagonal
component of φ is nontrivial. These correspond to the
degenerate vortices that we are interested in.

B. Worldline action and mixing of vortices

Now let us discuss the low-energy theory on the vortex
world sheet in more detail. Of course, a vortex has two
translational zero modes (bosonic), the same as an ordinary
Abrikosov vortex. These modes are decoupled in the small-
momentum limit.
On the other hand, the internal moduli space on the

vortex gives rise to a nontrivial theory living on the vortex
worldline. We start by writing down the low-energy theory
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corresponding to the model without mass deformation;
see (4.8). This situation is analogous to the study of the
two-dimensional world sheet of non-Abelian strings in 4D
SQCD; there, the effective theory comes out to be the
CPðN − 1Þ sigma model [22–25]; see Refs. [20,21,26–28]
for a review. We can adapt these results to the present case,
where the effective theory lives on a one-dimensional
worldline. The (Euclidean) action for this theory is

Svort ¼
Z

dτ

�
jð∂τ þ iAτÞnkj2 þ iD

�X
k

jnkj2 − β

��
:

ð4:15Þ

Here, Aτ is an auxiliary gauge field, together with the real
scalar D (they play the role of Lagrange multipliers). The
coupling constant β > 0 is related to the coupling of the
bulk 2þ 1D theory as

β ∼
2π

g2
: ð4:16Þ

The theory (4.15) has SUðNÞ global symmetry [there is no
Uð1Þ factor because the overall phase of nk is gauged
away]. Naively, the constraint imposed by the last term
in (4.15) forces nk to have a nonzero VEV

�X
k

jnkj2
�

¼ β; ð4:17Þ

thereby spontaneously breaking this SUðNÞ. However,
we know that continuous global symmetries cannot be
spontaneously broken in quantum mechanics. We stress
that the theory (4.15), while having a nontrivial target
space, lives on the one-dimensional worldline of the vortex.
This means that the ground state of the effective theory
in (4.15) is unique, and there is only one stable species of
vortices.
To have a more interesting scenario, let us introduce the

mass deformation discussed in Sec. IVA 2, explicitly
breaking the global SUðNÞ down to ZN . The effective
action reads, in this case,

Svort ¼
Z

dτ

�
jð∂τ þ iAτÞnkj2 þ

X
k

jσ −mkj2jnkj2

þ iD

�X
k

jnkj2 − β

��
: ð4:18Þ

Here, mk are the mass parameters from the model (4.10),
which are given by (4.12). The complex scalar σ is a new
auxiliary field. Now, the classical minima of the model
(4.18) are given by

hjnkj2i ¼ βδkk0 ; k0 ∈ZN is fixed: ð4:19Þ

Classically, there are N ground states, where only one
flavor of n’s has a nonzero VEV. These ground states are
permuted by ZN symmetry generated by shifts of the
index k.
On the quantum mechanical level, these ground states

may mix. Let us discuss this question in more detail.
It is known that the(1þ 1)-dimensional version of the

theory (4.18) has kinks; see Ref. [29]. Each kink inter-
polates between a pair of neighboring vacua (4.19).
In the present case, the model is one dimensional. The

kinks mentioned above become instantons—classical sol-
utions localized in Euclidean time τ. They lead to mixing of
the N ground states.
Perturbatively, each ground state jψpert

k i is localized near
the corresponding minimum. The corresponding low-
energy Hamiltonian is simply proportional to an identity
matrix,

Hpert
eff ≈ Eð0Þ

pertIN×N; ð4:20Þ

where Eð0Þ
pert is the perturbative part of the ground state

energy in each of the N minima.
In the nonperturbative sector, instantons induce mixing

between these states. This will induce a splitting of a
would-beN-fold degenerate ground state into a band with a
unique4 ground state, as we will see shortly.
To understand this splitting quantitatively, let us write

down the low-energy Hamiltonian that takes the non-
perturbative effects into account. The first step is comput-
ing the instanton actions. Fortunately, the 0þ 1D model at
hand is closely related to a dimensional reduction of the
1þ 1D CPðN − 1Þ model—or, more precisely, the reduc-
tion of the bosonic part of a supersymmetric model. In that
supersymmetric model, the spectrum of kinks is known
exactly [29]. As mentioned above, kinks in 1þ 1D become
instantons in 0þ 1D, and the instanton action coincides
with the mass of the “parent” kink. The action of an
instanton interpolating from the perturbative vacuum num-
ber i to the vacuum number j is given by

Sij ¼ βjmi −mjj; ð4:21Þ

where β is the coupling, cf. Eq. (4.15). The quantity Sij is
smallest when i ¼ j� 1, while the tunneling amplitudes
between more distant states are suppressed, at least
for N > 3. This allows us to write down the following
low-energy Hamiltonian (leading order, with exponential
accuracy):

4On the one-instanton level the ground state may turn out to be
degenerate in some special cases, but such degeneracy is lifted by
multi-instanton effects.
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Heff ¼

0
BBBBBBBBBBBB@

Eð0Þ −Δ 0 � � � 0 −Δ

−Δ Eð0Þ −Δ . .
.

0

0 −Δ Eð0Þ . .
. . .

. ..
.

..

. . .
. . .

. . .
.

−Δ 0

0 . .
.

−Δ Eð0Þ −Δ
−Δ 0 � � � 0 −Δ Eð0Þ

1
CCCCCCCCCCCCA

: ð4:22Þ

Here, Eð0Þ is the energy in a particular perturbative ground
state given by the matrix element hψpert

k jHjψpert
k i, while

Δ is the absolute value of the transition amplitude
hψpert

k jHjψpert
kþ1i, which is the same for any pair of adjacent

minima,

Δ ∼ e−S12 ¼ e−βjmk−mkþ1j ∼ e−2βmj sinðπ=NÞj: ð4:23Þ

Minus signs in front of Δ in (4.22) are not essential and
simply reflect a convenient choice5 of the phases of the
perturbative ground states jψpert

k i.
The matrix (4.22) is a real symmetric circulant matrix,

whose spectrum is well known (this is basically the Bloch
theorem),

Ek ¼ Eð0Þ − 2Δ cos

�
2πk
N

�
; k ¼ 1;…; N: ð4:24Þ

In either case, the ground state wave function is a
symmetric combination of our basis jψpert

k i, with the ground
state energy

Eground ≈ Eð0Þ − 2Δ ∼ Eð0Þ − 2me−2βmj sinðπ=NÞj: ð4:25Þ

This formula gives a good approximation at least when
N is large enough. When N is small, the approximate
form (4.22) does not work that well [the target space of
CPðN − 1Þ relevant at low energies becomes very different
from a circle]. Still, a more careful analysis shows that the
ground state is again unique [31].
From the point of view of the 2þ 1D bulk, these

worldline instantons are nothing but monopole-instantons.
These monopole-instantons cannot exist in the bulk by
themselves—instead, they are confined to the vortex
worldlines; see also [24]. The worldline then resembles
a vine or a churchkhela sweet; see Fig. 3.
Let us reiterate what we observe here. We have a

superconducting medium with vortices which classically
appear to have N-fold degeneracy with respect to some

internal quantum numbers. However, because of the world-
line instantons, this degeneracy is lifted, and the lowest-
energy vortex is unique.

C. Supersymmetric case

Having discussed the vortices in bosonic theories, let us
now add supersymmetry and see what changes.

1. Eight supercharges in the 3D bulk (N = 4)

Now, let us ask the question: what happens if we
consider a supersymmetric version of the setup above?
It often happens that, in the presence of fermions, the
instantons acquire fermionic zero modes, which suppress
the tunneling amplitudes between perturbative ground
states.
As mentioned above, the model in Eq. (4.10) is moti-

vated by the bosonic part of the 3þ 1D SQCD withN ¼ 2
supersymmetry (eight supercharges). Basically, one can
arrive at the action (4.10) by a dimensional reduction from
3þ 1D and setting the holonomy of the gauge field to zero
(it is not turned on in the vortex background that we are
interested in).
Let us now consider a reduction of the full super-

symmetric SQCD by compactifying it on a circle. After
the reduction, we will arrive at 2þ 1D SQCD with N ¼ 4
supersymmetry (again, eight supercharges). The vortices
discussed above become 1=2 BPS objects. The worldline
CPðN − 1Þ quantum mechanics (4.18) becomes super-
symmetric with four supercharges. In the context of the
dimensional reduction, this QM can be viewed as descend-
ing from the world sheet effective CPðN − 1Þ theory on
the non-Abelian vortex in 3þ 1D SQCD; the latter has
N ¼ ð2; 2Þ supersymmetry.

FIG. 3. Churchkhela tunneling process (schematically). The
vertical axis is the Euclidean time τ. The vortex worldline has
“lumps” representing the instantons. The line color represents the
vortex species. Winding around every vortex is the same (shown
by red curvy lines with arrows).

5Strictly speaking, this is true when N is even. For odd N,
naively a two-fold degeneracy persists on the nonperturbative
level, but in this case it will be lifted by further corrections,
cf. [30]. Anyway, it is not important for the qualitative picture.
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Since the vortex configuration is determined first of all
by its bosonic profiles, and these do not change when we
include fermions, classically we still have degenerate
vortices exchanged by the internal ZN symmetry. In the
purely bosonic case, these vortices mix due to worldline
instantons. Let us see what happens in the supersymme-
trized version of the model.
Consider the supersymmetric quantum mechanics on

the vortex worldline. In principle, supersymmetry does not
automatically guarantee that all classical ground states
persist at the quantum level. The vacua with different
fermionic structure do not mix in supersymmetric QM,
but vacua with the same fermionic structure do mix. For
example, this happens in a theory with one complex
supercharge and a quartic superpotential; see, e.g., [32].
In general, the surviving degeneracy of ground states in
quantum theory cannot exceed the number of linearly
independent structures that one can form from the fer-
mionic degrees of freedom at hand.
The CPðN − 1Þ QM with four real supercharges (two

complex) has 4ðN − 1Þ fermionic degrees of freedom,
which can be enough to save all N ground states. In this
case, the ground states are in one-to-one correspondence
with the space of harmonic forms on CPðN − 1Þ [33] (see
also [32,34]), and the number of ground states is given by
the Witten index, which coincides with the Euler character-
istic of the target space:

#ground ¼ χðCPðN − 1ÞÞ ¼ N: ð4:26Þ

All ground states are described by even-degree forms.
The instanton has exactly one fermionic zero mode, and
because of that all transition amplitudes vanish.
The above argument for CPðN − 1Þ QM and the ground

state counting (4.26) turns out to be correct not only in the
mass-deformed model, but also persists in the limit m → 0.
We can conclude that when the 2þ 1D theory has eight

supercharges, the BPS vortices remain degenerate at the
quantum level.

2. Less supersymmetry (N = 2 or N = 1 in 2 + 1D)

What happens if we reduce the number of supercharges
in the bulk? Depending on the details, different scenarios
are possible.
One can break N ¼ 4 to N ¼ 2 by deforming the bulk

2þ 1D theory. This can be achieved, e.g., by deforming the
3þ 1D SQCD and then dimensionally reducing to 2þ 1D.
Wewill mention here two well-studied examples, where the
supersymmetry is softly broken by a mass term for the
adjoint supermultiplet.
In the first example [35], the deformation in 3þ 1D

keeps two supercharges on the flux tube world sheet. Two
fermionic zero modes from the translational sector mix
with internal CPðN − 1Þ moduli, breaking the other two
of the four supercharges from the undeformed case.

The supersymmetry on the world sheet turns out to be
spontaneously broken, and, consequently, the Witten index
is zero. However, the ground state degeneracy remains N,
as the energies of all vacua become shifted from zero by the
same amount. These ground states are associated with
spontaneous breaking of the chiral symmetry on the world
sheet, Z2N → Z2.
When we perform a dimensional reduction, the flux

tubes with 1þ 1D world sheets become vortices with
0þ 1Dworldlines. Chiral symmetry disappears. Therefore,
we expect that the ground state degeneracy is not protected
and becomes lifted.
In the second example [36], the deformation just

eliminates the world sheet supersymmetry completely.
There are no massless fermions in the CPðN − 1Þ internal
sector. Therefore, the ground state degeneracy is lifted from
the start.
Moving further, consider the case where the supersym-

metry in the 2þ 1D theory reduces to N ¼ 1 (two super-
charges). In this situation, the vortex cannot be BPS. This
can be seen from the fact that in 2þ 1D, a vortex with
winding number one always has two translational zero
modes, and therefore it can be 1=2 BPS only in a theory
with four (or more) supercharges; see also the discussion in
Sec. II.A of [37] or in Sec. 2.2.2 of [21]. In this case, while
it may be possible that the instanton mixing is still sup-
pressed (cf. the discussion in Sec. 3.8 of [5]), generically
we cannot expect that. Rather, the most natural assumption
is that the degeneracy is lifted in this case as well.
To reiterate, in the example of a non-Abelian super-

conductor considered here, we see degenerate vortices on
the classical level. However, this degeneracy persists on the
quantum level only in the case withN ¼ 4 supersymmetry
in 2þ 1D (eight supercharges), which gives four super-
charges on the vortex.
When the amount of supersymmetry in the bulk is

lowered, the degenerate vortices mix due to worldline
instantons. As a result, the degeneracy is lifted, and there
is a single lowest-energy vortex.
We expect that it should be possible to have an N ¼ 2

model where the Witten index of the worldline quantum
mechanics does not vanish (cf. [38]) and the vortices stay
degenerate. We leave detailed investigation of this pos-
sibility to future work.

V. CONCLUSIONS

In this paper, we extended the study of quantum lifting of
classical soliton multiplicity from 1þ 1 dimensions to
genuinely (2þ 1)-dimensional settings, focusing on vorti-
ces. The central message is that whenever the classical
vortex sector contains several distinct species with identical
mass and topological charge, the effective 0þ 1D dynam-
ics on the vortex worldline can typically admit Euclidean-
time instantons that interpolate between these would-be
distinct states, splitting the classical degeneracy.
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We illustrated this mechanism first in Abelian super-
conductors. In the Uð1Þ model supplemented by a neutral
scalar with an unbroken Z2 symmetry in the vacuum, the
vortex core spontaneously breaks this Z2 and supports
two classically degenerate vortices. These states can tunnel
into each other through a finite-action worldline instanton,
so the corresponding vortex “doublet” is not protected in
the purely bosonic theory. A simple effective quantum-
mechanical description captures the parametric behavior of
the tunneling action, Sinst ∼m=e2, with the splitting con-
trolled at weak coupling. Interestingly, when the bulk gap is
larger than the vortex splitting, excited vortices stay stable.
We then analyzed non-Abelian superconductors, where

internal moduli are naturally present. In theUðNÞ setup, the
undeformed vortex has a CPðN − 1Þ internal moduli space,
while an appropriate mass deformation lifts the moduli
space to N isolated classical vortices, providing an explicit
realization of an N-fold classical multiplicity. The resulting
worldline theory admits instantons [descended from
CPðN − 1Þ kinks], which generate mixing and split the
N classical vacua into a band with a unique lowest-energy
state in the generic bosonic case. From the bulk viewpoint,
these worldline instantons can be understood as monopole-
instantons confined to the vortex. Supersymmetry, if
present, can still protect the vortex degeneracy.
Logically, the next step would be a discussion of

degenerate monopoles in a 3þ 1D setting, where they
become particlelike states. One can generalize the basic
idea of Sec. III. Namely, the simplest way is to introduce
an extra field that vanishes in the vacuum, but which has
a nonzero VEV at the monopole core. If there is a dis-
crete symmetry associated with this extra field, then that
symmetry is spontaneously broken by the monopole, and
one can obtain multiple monopole species, degenerate in
energy.
Another potentially interesting avenue could be an

investigation of 2D theories with N ¼ ð0; 2Þ supersym-
metry. An example of this is a heterotic CPð1Þ with
“matter” [e.g. a CPð1Þ × C model]. It may be possible
to construct degenerate kinks that are BPS and hence
conserve one supercharge. In this case, it would be
interesting to understand the structure of the fermion zero
modes on the kink, and also what happens to the worldline
instantons and tunneling in this case.
We leave these questions for future work.
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APPENDIX: N = 1 SUPERSYMMETRY IN THREE
DIMENSIONS

In this appendix, we are going to review some basic
constructions used in 3D theories with N ¼ 1 supersym-
metry (two supercharges). For the most part, we are going
to follow [39], although our notation is somewhat mod-
ernized to be consistent with the generally accepted 4D
conventions; see, e.g., [40] and Secs. 10.2-10.6 of [7].

1. Spinors in 3D

The superspace is parametrized by coordinates xμ and θα,
where

xμ ¼ fx1; x2; x3g≡ ft; x; zg;

and the fermion directions of superspace are parametrized
by two real Grassmann numbers θ1 and θ2 forming a
Majorana spinor in 3D,

θα ¼
�
θ1

θ2

�
: ðA1Þ

We use Greek letters from the beginning of the Greek
alphabet (α; β;…) as spinorial indices for 3D Majorana
spinors, while those from the end of the alphabet (μ; ν;…)
are used as vectorial indices.
Our convention for the metric tensor is (note that it is

different from the one used in [39])

gμν ¼ diagf1;−1;−1g: ðA2Þ

The gamma matrices satisfy the standard algebra

γμ for μ ¼ 0; 1; 3 and fγμγνg ¼ 2gμν: ðA3Þ

It is convenient to choose the Majorana representation
where the γ matrices are purely imaginary, and γ0 is
Hermitian while γ1 and γ3 are anti-Hermitian. Explicitly,

ðγ0Þαβ ¼ ðσ2Þαβ; ðγ1Þαβ ¼ iðσ1Þαβ; ðγ3Þαβ ¼−iðσ3Þαβ:
ðA4Þ

Dirac conjugation is defined as

ψ̄ ¼ ψ†γ0 ¼ ðiψ2;−iψ1Þ: ðA5Þ

Raising and lowering of spinorial indices is performed as
usual—by multiplying a spinorial quantity from the left by

εαβ ¼ iðσ2Þαβ ¼
�

0 1

−1 0

�
;

εαβ ¼ −iðσ2Þαβ ¼
�
0 −1
1 0

�
: ðA6Þ
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With this convention,

εαβεβδ ¼ δαδ : ðA7Þ

In 4D supersymmetric theories, along with the gamma
matrices it is very convenient to use σμ matrices, namely
(see e.g. [7]) ðσμÞαβ̇ ¼ f1; σ1; σ2; σ3gαβ. In three dimen-
sions we can define the analogous tensor as follows:

ðΓμÞαβ ¼ ðγ0γμÞαβ ¼ f1; σ3; σ1gαβ;
ðΓμÞαβ ¼ εαδεβρðΓμÞδρ ¼ f1;−σ3;−σ1gαβ: ðA8Þ

All Γμ matrices defined this way are Hermitian, real, and
symmetric. With their help we can convert 3D vectors into
the spinor representation, where they become symmetric
2 × 2 matrices. For example, a vector Aμ ¼ fA0;−A⃗g
becomes

Aαβ ≡ AμðΓμÞαβ ¼ ðA0 − A1σ1 − A3σ3Þαβ; ðA9Þ

while the inverse transformation is

Aμ ¼ 1

2
AαβðΓμÞαβ: ðA10Þ

Other useful identities involving vectors include

AμBμ ¼ A0B0 − A⃗ B⃗ ¼ 1

2
AαβBβα;

∂αβ∂
γβ ¼ δγα∂μ∂μ: ðA11Þ

Other useful spinorial identities include

ðΓμÞαβðΓνÞαβ ¼ 2gμν;

θαθβ ¼ −
1

2
εαβðθ1θ1 þ θ2θ2Þ≡ −

1

2
εαβθf2g;

θf2g ≡ ðθ1θ1 þ θ2θ2Þ ¼ −2θ1θ2 ¼ iθ̄θ;

θαθ0α ¼ θ0βθβ;
∂

∂θα
i
2
θf2g ¼ iεαβθβ: ðA12Þ

Note that in three dimensions with one real superfield,
the measure dθ1dθ2 would be anti-Hermitian.6 To make it
Hermitian in the superaction, we will replace it by

idθ1dθ2 ⟶
≡def

d2θ: ðA13Þ

Then we will normalize the Berezin integral as

Z
dθ1dθ2θ1θ2 ¼ i

2

Z
d2θθf2g ¼ 1: ðA14Þ

2. Superspace and superfields

There is no chirality in the minimal 3D theory. The
superspace is based on five coordinates—c-numerical
ðt; x1; x3Þ and two Grassmann θ1;2. Supercoordinate trans-
formations are defined as

M ¼ fxμ; θαg⟶susy fxμ þ δxμ; θα þ δθαg;
δθα ¼ ϵα; δxαβ ¼ −iðθαϵβ þ θβϵαÞ;

xαβ ¼ xμðΓμÞαβ; xμ ¼ 1

2
xαβðΓμÞαβ; ðA15Þ

with fermionic parameters ϵα. It is easy to see that under the
above transformations the components of the real scalar
superfield,

Φr ¼ φþ iθαψα þ
i
2
θf2gF; ðA16Þ

transform through each other as

δφ¼ ϵαψα; δψα¼−iϵβ∂αβφþ ϵαF; δF¼−iϵβ∂αβψα:

ðA17Þ

Here we omit the “flavor” supersript a introduced in (2.1).
Spin-covariant derivatives on the superspace are

defined as

Dα ¼
�
i
∂

∂θα
þ θβ∂αβ

�
; ∂αβ ¼

∂

∂xμ
ðΓμÞαβ: ðA18Þ

With this definition at hand,

DαΦr ¼ −ψα − θαF þ θβð∂αβφÞ −
i
2
θf2g∂αβψβ: ðA19Þ

Other useful expressions include

DαDβ ¼ i∂αβ − εαβDf2g; fDαDβg ¼ 2i∂αβ: ðA20Þ

3. Wess-Zumino type model

Now we have all we need to write down the kinetic part
of the action for a real matter field in superspace,

Sr ¼
Z

d3xd2θ
i
4
ðDαΦrÞ†ðDαΦrÞ

¼
Z

d3x
1

2

�
∂μφ∂

μφþ ψαi∂αβψβ þ F2


; ðA21Þ

see also our definition for the θ-measure (A13). The
potential interaction is usually introduced through a super-
potential. Because of the absence of the chiral subspace in
3D, we cannot do it in the standard way. Nevertheless, if we
introduce a functionWðΦrÞ and add it in the Lagrangian as

6Conjugation switches the order of the terms in the product,
and bringing it back to dθ1dθ2 yields an extra minus sign.
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LW ¼
Z

d2θWðΦrÞ; ðA22Þ

some general features of the superpotential survive. For
instance, the mass term is given by

WðΦrÞ ¼
1

2
mΦ2

r ; Lmass ¼
1

2
mψ̄ψ þmφF: ðA23Þ

Note that in the present case with Majorana fermions
ψ̄ψ ¼ 2iψ2ψ1, cf. Eq. (A12). In the case of a more general
superpotential, the scalar potential and the fermion mass
term are given by

UðφÞ ¼ 1

2

�
∂W
∂Φr

�
2
����
θ¼0

; Lψmass ¼
1

2

�
∂
2W
∂Φ2

r

�����
θ¼0

ðA24Þ

where we have eliminated the auxiliary field F by virtue of
its equation of motion.

4. Complexification and gauging

In order to have matter that is charged under a Uð1Þ
gauge group, we, quite plainly, need a Uð1Þ symmetry in
the matter sector. To this end, we consider the above setup
with two real scalar superfields Φa

r , a ¼ 1, 2 defined in
(A16), which we combine into one complex superfield

Φc ¼
1ffiffiffi
2

p ðΦ1
r þ iΦ2

r Þ ¼ ϕþ iθαΨα þ
i
2
θf2gF ; ðA25Þ

the same as was defined in Eq. (2.3). In what follows, we
endow the complex superfield (A25) with unit electric
charge.
The gauge superfield Vα can be constructed following

the line of reasoning of Gates et al. [39]. Recall that in the
nonsupersymmetric QED the photon field is transformed
under the gauge transformation as

ðAμÞgt ¼ Aμ þ ∂μαðt; xÞ; ðA26Þ

here, x ¼ ðx1; x2Þ are the spatial coordinates, and the sub-
script “gt” stands for gauge transformed. This transforma-
tion can be derived, for instance, from the requirement

ðDμϕðxÞÞgt ¼ eiαðxÞðDμϕðxÞÞ if ϕgtðxÞ ¼ eiαðxÞϕðxÞ;
ðA27Þ

where ϕ is a matter field and Dμ is the gauge covariant
derivative,

Dμ ¼ ∂μ − iAμ: ðA28Þ

Next, we do the same for supergauge transformations. In
analogy with the second term in (A27), we have

Φgt ¼ eiKΦ; ðA29Þ

where K is a real scalar superfield,

K ¼ κ þ iθαξα þ
i
2
θf2gχ: ðA30Þ

The gauge covariantization starts from the spinorial deriva-
tive Dα [39],

Dα ⟶ Dα ¼ Dα − iVα: ðA31Þ

In analogy with (A27), we demand that

ðDαΦÞgt ¼ eiKðDαΦÞ: ðA32Þ

This can be achieved provided that

ðDαÞgt ¼ eiKDαe−iK; ðA33Þ

which in turn implies

ðVαÞgt ¼ Vα þ δVα; δVα ¼ DαK: ðA34Þ

Equation (A34) prompts the form of the gauge connection
Vα. Indeed, from Eqs. (A18) and (A30) we conclude that

DαK ¼ −ξα þ θβ∂αβκ − θαχ −
i
2
θf2g∂αβξβ: ðA35Þ

In components, Vα takes the form

Vα ¼ ζα þ θβAαβ þ θασ þ i
2
θf2g

�
λα þ ∂αβζ

β
�
: ðA36Þ

Comparing (A35) and (A36), we see that we can choose
a gauge which is analogous to the Wess-Zumino gauge
in 4D:

ðVαÞWZ ¼ θβAαβ þ
i
2
θf2gλα: ðA37Þ

In what follows, we will omit the subscript WZ.
A superfield representing the gauge field strength can be

defined as

Wα ¼
1

2
DβDαVβ ¼ λα þ F̃μðΓμÞαβθβ þ iθf2g∂αβλβ; ðA38Þ

where F̃μ is the dual photon field tensor,

F̃μ ¼
1

2
εμνρFνρ ¼ εμνρ∂

νAρ: ðA39Þ

The super-Bianchi identity has the form

DαWα ¼ 0: ðA40Þ
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This formula can be trivially verified if we use the
component expansion (A38), the property ∂

μF̃μ ≡ 0 fol-
lowing from (A39), and the fact that all three Γmatrices are
symmetric with respect to the spinorial indices.

a. Three-dimensional N = 1 supersymmetric QED

In three dimensions, the photon field Aμ represents one
physical degree of freedom, and so does the Majorana two-
component spinor λα—the lowest component in the super-
field (A38). The photon/photino kinetic terms in the action
take the form

Sγkin ¼
Z

d3xd2θ
1

2e2
WαWα;

Lγkin ¼
1

2e2
ð−F̃μF̃μ þ iλα∂αβλβÞ: ðA41Þ

The kinetic part of the matter action can be written down
covariantly as

Skin matter ¼
Z

d3x d2θðDαΦ†
cDαΦcÞ; ðA42Þ

where the covariantized spinor derivative DαΦc is defined
above Eqs. (A31) and (A37). The “superpotential” term has
the standard form7

SmatterW ¼
Z

d3x d2θWðΦc;Φ
†
cÞ: ðA43Þ

The θf2g component of the superfield Φc from Eq. (A25)
(i.e. the F term) enters the action without derivatives and,
therefore, can be eliminated by using the classical equation
of motion. In this way, we derive the scalar potential U,

Uðϕ; ϕ̄Þ ¼ ∂W
∂Φc

∂W

∂Φ†
c

����
θ¼0

: ðA44Þ

The “superpotential” W which will be responsible for
Higgsing of the gauge field and its superpartner λ is chosen
as follows. Usually, to this end, we combine quadratic and
cubic matter superfields, but in the case at hand this is

impossible. Indeed, no cubic gauge-invariant term exists
in the case at hand. Therefore, we are forced to invoke a
quartic term,

W ¼ mΦ†
cΦc −

g
2
ðΦ†

cΦcÞ2; ðA45Þ

where m and g are assumed to be real positive parameters.
This yields

Uðϕ; ϕ̄Þ ¼ ðϕϕ†Þ½m − gðϕϕ†Þ�2: ðA46Þ

Since in the case at hand the mass dimension of the
superpotential is 2, and that of the superfield Φc is 1=2, m
has mass dimension 1 while g is dimensionless. The above
expression implies that the scalar potential will have a term
of sixth order in the matter field. This does not spoil
renormalizability of our 3D theory. Moreover, in addition to
the Higgs regime Φvac ≠ 0 we will also have a Φvac ¼ 0
vacuum with the un-Higgsed gauge field.

5. Central (brane) charges

TheN ¼ 1 SUSYalgebra in three dimensions ft; x; zg is
as follows:

fQα;Qβg ¼ ðΓμÞαβðPμ þZμÞ; ½Qα;Pμ� ¼ ½Qα;Zμ� ¼ 0;

μ;ν¼ 0;1;3; ðA47Þ

where Pμ, (μ ¼ 0, 1, 3) is the energy-momentum vector.
If we introduce a topologically (i.e. nondynamically)

conserved two-index tensor

ζμν ¼ εμνρ∂
ρW; ðA48Þ

we find a domain line (wall) charge defined as

Zμ ¼
Z

d2xζμ0: ðA49Þ

For a static domain line stretched along the x axis (i.e. its
profile depends only on z), Zμ reduces to

LZμ¼1 ¼
Z

dz ∂zϕa
∂aW; Zμ¼0 or 3 ¼ 0; ðA50Þ

and PμZμ ¼ 0 as is required.
We can conclude that, while N ¼ 1 superalgebra in 3D

admits codimension-1 BPS objects, there is no central
charge for a codimension-2 state (like a vortex).

7Similar to the discussion of the real superfields above
Eq. (A22), in N ¼ 1 SQED no bona fide chiral superpotential
exists because there are no chiral subspaces. This is the reason for
the quotation marks. The “superpotential” in (A43) depends on
both Φc and Φ†

c . Nevertheless, many conventional relations are
still valid.
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