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The shape function and the light-cone distribution amplitude of the heavy meson jointly characterize the
nonperturbative structure of the heavy meson on the light cone, with the former being essential for
theoretical predictions of inclusive decays and the latter for exclusive decays. While first-principles lattice
QCD results for the heavy meson LCDA have become available in recent years, lattice results for the shape
function remain absent. In this work, we establish a two-step factorization scheme—known as the
HQLaMET framework—for computing the B-meson shape function on the lattice, which separates the
three scales Pz

B, mb, and ΛQCD at leading power. For illustration, starting from a phenomenological model
for the shape function in HQET, we provide a graphical presentation of the entire procedure of this
framework. The results of the current work lay the foundation for nonperturbative lattice QCD
determinations of the shape function in the near future.
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I. INTRODUCTION

The shape function (SF) and the light-cone distribution
amplitude (LCDA) of a heavy-light meson defined in heavy
quark effective theory (HQET) are fundamental nonper-
turbative inputs underlying precision studies of inclusive
and exclusive B-meson decay processes, respectively [1,2].
Inclusive decays, such as the semileptonic process B →
Xulν̄ and the radiative process B → Xsγ, are of great
importance for the determination of the Cabibbo–
Kobayashi–Maskawa (CKM) matrix element jVubj and
for probing new physics beyond the Standard Model at
B factories. Notably, the SF governs the photon energy
spectrum and the lepton invariant-mass spectrum in these
channels [3–6]. In the exclusive decays, the LCDAs are
indispensable ingredients in the factorization theorems
[7–14]. It is well known that the discrepancy between this

CKM matrix element extracted from inclusive and exclu-
sive B decays—known as the “jVubj puzzle”—has per-
sisted for many years [15–17]. A simultaneous
improvement in our understanding of both the SF and
the LCDA represents a critical step toward resolving this
discrepancy. In addition, any theoretical insight into the SF
that could sharpen the analysis of inclusive B decays would
also enhance analysis sensitivity to potential signatures of
physics beyond the Standard Model [18–20].
However, both the SF and the LCDA are intrinsically

nonperturbative objects and have resisted first-principles
determination for more than three decades since their
introduction. The difficulty is fundamental: these quantities
are defined through matrix elements of nonlocal operators
along the light cone, which obstructs the standard lattice
QCD approaches. As a result, phenomenological analyses
have long relied on model parametrizations with poorly
constrained SF and LCDA [21–33], and the selection of
specific models inevitably introduces uncertainties and
biases. The model dependence of these two quantities
constitutes one of the dominant limitations in precision
predictions for B-meson decays. Therefore, a significant
task in heavy flavor physics is to establish methods for
accessing these quantities in a model-independent manner.
The development of large-momentum effective theory

(LaMET) and related approaches has opened a new path
for computing light-cone quantities from lattice QCD
[34–36]. LaMET establishes a framework in which a
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quasidistribution, defined through equal-time spatial cor-
relators, can be related to the corresponding light-cone
distribution through a factorization formula. Extensive
expertise has been accumulated in applying the LaMET
formalism to compute parton distribution functions of
nucleons and distribution amplitudes of light hadrons
[37–41]. However, its application to heavy mesons remains
limited, primarily because preserving the heavy quark mass
in lattice simulations notably increases the complexity of
computation [42–50].
A decisive advance was made in the past few years when

the two-step factorization scheme—the heavy quark large
momentum effective theory (HQLaMET) framework—was
introduced for simulating the B-meson LCDA on the lattice
[51,52]. In this framework, the first step connects the lattice
computable quasi-distribution amplitude to the QCD
LCDA through LaMET matching, while the second step
converts the QCD LCDA into the HQET LCDA via a
factorization formula that separates the heavy quark mass
scale from the soft scale ΛQCD. The preliminary findings
within this scheme are qualitatively consistent with phe-
nomenological models and with experimental constraints
from B → γlνl [53], demonstrating a promising prospect.
Very recently, this program has been elevated from proof-
of-concept to precision determination through a precise
lattice QCD calculation that incorporates systematic error
control [54,55]. The HQLaMET framework has enabled
rapid progress in the first-principles lattice calculation of
LCDAs of heavy mesons over the past two years.
Despite the fact that both SF and LCDAwere introduced

in the same period (the 1990s), no first-principles lattice
calculation of the B-meson SF has been performed to date.
In a similar spirit, this work aims to establish a complete
two-step factorization scheme for the B-meson SF, thereby
advancing lattice simulations in the near future. We
demonstrate that the HQLaMET framework, originally
formulated for LCDAs, is equally applicable to SF com-
putations. Specifically, we derive the one-loop matching
coefficient between the quasi-SF in LaMET and the QCD
SF, which constitutes the first step of this framework.
Combined with the second step matching between the QCD
SF and HQET SF which has been given in our earlier work
[47], the complete HQLaMET framework is realized. We
also derive a differential equation governing the depend-
ence of the QCD SF on its heavy quark mass, and solve this
equation analytically in momentum space. This is a result
of particular interest for lattice calculations where simu-
lations at the physical b quark mass may not be feasible
[56]. Furthermore, starting from a phenomenological
model for the HQET SF, we graphically illustrate the
complete framework of this framework, which will serve as
a reference for future lattice simulations. The results
presented in this paper provide a realistic method for
enabling reliable first-principles predictions of the SF, with

a systematic way to access its nonperturbative form under
theoretical control.
This paper is organized as follows. In Sec. II, we present

the definitions of the B-meson SFs in LaMET, QCD, and
HQET, followed by the factorization formulas that relate
them and the tree-level matching results. In Sec. III, we
calculate the one-loop matching coefficient between the
quasi-SF and the QCD SF. In Sec. IV, we present the
factorization between the QCD and HQET SFs at next-to-
leading order. In Sec. V, we derive the mass dependence
equation and its solution. In Sec. VI, we provide a
numerical illustration of the entire HQLaMET framework.
We conclude with a summary and outlook in Sec. VII. The
Appendix collects supplementary results of one-loop
calculations.

II. DEFINITIONS AND TREE-LEVEL MATCHING

In this Section, we present the definitions of the B-meson
SFs in LaMET, QCD, and HQET, followed by the
factorization formulas that relate them. We then display
the matching coefficients at tree level, which serve as
preliminaries for the one-loop calculation in the next
Section.

A. B-meson shape functions defined in LaMET,
QCD, and HQET

We first introduce the quasi-SF, which is both calculable
on the lattice and amenable to matching onto the QCD SF.
In the HQLaMET framework, the B-meson quasi-SF is
defined as [47]

S̃LaM:ðx;μÞ ¼
Z

dzPz
B

2π
e−ixzP

z
B

×
hBðPBÞjðb̄WÞðzÞ γt

2
ðW†bÞð0ÞjBðPBÞi

hBðPBÞjðb̄WÞð0Þ γt
2
ðW†bÞð0ÞjBðPBÞi

; ð1Þ

where the Dirac matrix γt ≡ γ · nt with the spatial coor-
dinates,

ntμ ¼ ð1; 0; 0; 0Þ; nzμ ¼ ð0; 0; 0; 1Þ:

PB denotes the momentum of the B meson, with Pz
B being

its spatial z component; the Wilson line W is along the z
direction, ensuring gauge invariance. The quasi-SF is
constructed from the spatial correlation function of two
heavy quark fields defined in QCD, and we work in a
Lorentz-boosted frame of the B-meson in which Pz

B ≫ mQ.
Unlike the QCD SF defined below, which is invariant under
a boost along the z direction, the quasi-SF changes
dynamically under such a boost, encoded in its nontrivial
dependence on Pz

B.
Another quantity that captures the nonperturbative

structure of the heavy meson is the SF defined in QCD,

XIONG, DING, XU, ZENG, and ZHAO PHYS. REV. D 114, 074013 (2026)

074013-2



which includes short-distance physics at energy scales near
the heavy quark mass [47]. The QCD SF is defined as

SQCDðy;μÞ ¼
Z

dz−Pþ
B

2π
e−iyz

−Pþ
B

×
hBðPBÞjb̄ð0Þn=þWð0; zÞbðzÞjBðPBÞi

hBðPBÞjb̄ð0Þn=þbð0ÞjBðPBÞi
: ð2Þ

Here z2¼0 denotes the light cone separation and 0 ≤ y ≤ 1
signifies the light cone momentum fraction of the b quark
inside the hadron. The Dirac matrix Γ ¼ n=þ is chosen
such that the above definition is analogous to that of the
quark PDFs of a nucleon [57]. The notations for light cone
coordinates are

nþμ ¼
1ffiffiffi
2

p ð1; 0; 0; 1Þ; n−μ ¼
1ffiffiffi
2

p ð1; 0; 0;−1Þ:

Lastly, we introduce the SF defined in HQET, which is
the ultimate nonperturbative target of this framework. The
HQET SF is defined in terms of the forward matrix
elements of nonlocal operators along the light cone, i.e.,
a hadron-to-hadron matrix element in the infinite quark
mass limit [1],

SHQETðω; μÞ ¼
Z þ∞

−∞

dtvþ

2π
eiωtv

þ

×
hBðvÞjh̄vð0ÞWð0; tnþÞhvðtnþÞjBðvÞi

hBðvÞjh̄vð0Þhvð0ÞjBðvÞi
;

ð3Þ

where hv denotes the effective heavy quark field with
four-velocity v satisfying v2 ¼ 1; the Wilson line W is
Wð0; tnþÞ ¼ Pfexp ½−igs

R
tnþ
0 dsnþ · AðsnþÞ�g that ensures

gauge invariance; jBðvÞi is the B-meson state in HQET. We
denote vþ ≡ nþ · v and v− ≡ n− · v for convenience.
The SF describes the distribution of residual light cone

momentum ω of the b quark inside the B meson, and has
support for −∞ < ω ≤ Λ̄ with Λ̄ ¼ mB −mb [4]. In some
literature, it is called the “Fermi motion” of the b quark
inside the B meson, which is analogous to the motion of
nucleons within an atomic nucleus or the role of parton
distribution functions in a nucleon. Here, “Fermi motion”
provides only an intuitive description. The shape function
in Eq. (3) is a full gauge-invariant nonlocal HQET matrix
element rather than a one-particle probability distribution.
Its nonperturbative content can include a kinetic-energy
distribution as well as quark-gluon and more general
multiparton correlations [58,59]. In HQET, conventional
twist counting is not a useful organizing principle.
Although analogous to higher-twist correlations in deep-
inelastic scattering, these multiparton contributions form

part of the full leading-power shape function rather than
constituting separate 1=mQ corrections.

B. Factorization formulas

The quasi-SF and the QCD SF exhibit distinct ultraviolet
behaviors. Nevertheless, these two quantities share the
same infrared behavior, which necessitates a factorization
formula.
Starting from the quasi-SF, the first step integrates out

the large spatial momentum Pz
B and yields the QCD SF

[34],

S̃LaM:ðx; μÞ ¼
Z

1

0

dyZΓðx; y; μÞSQCDðy; μÞ: ð4Þ

This factorization separates the large momentum scale Pz
B

from mb and ΛQCD. The matching coefficient ZΓðx; y; μÞ
can then be determined reliably through the perturbative
matching procedure. The factorization formula in Eq. (4) is
understood at leading power in the large-momentum
expansion. At fixed momentum fractions away from the
endpoints, the leading kinematic target-mass corrections
start at m2

H=ðPz
HÞ2 and more generally form a series in

m2n
H =ðPz

HÞ2n. Dynamical higher-twist corrections are
generically of order Λ2

QCD=ðPz
HÞ2 [60]. In momentum-

fraction space, these corrections may be enhanced when
the relevant partonic momentum becomes small, although
their detailed endpoint structure has not been derived for
the present quasi-shape function. Their coefficient func-
tions and nonperturbative matrix elements are not deter-
mined by the leading-power matching coefficient
calculated in this work.
In the second step, the QCD SF is related to the HQET

SF through another factorization formula that separates the
heavy quark mass scale mb from the nonperturbative scale
ΛQCD. It is convenient to consider the QCD SF separately in
different kinematic regions. The region where 1 − y ∼
OðΛQCD=mbÞ is referred to as the “peak region,” charac-
terized by large momentum fractions of the heavy quark.
The region 1 − y ∼Oð1Þ is termed the “tail region,” in
which the behavior of SQCDðy; μÞ can be computed per-
turbatively. The factorization formula takes the form [47],

SQCDðy; μÞ

¼
�R Λ̄

−∞ dωZpeakðy;ω; μÞSHQETðω; μÞ; 1 − y ∼OðλÞ;
Ztailðy; μÞ; 1 − y ∼Oð1Þ;

ð5Þ

where λ ¼ ΛQCD=mb ≪ 1. We emphasize that the tail
region is fully computable in perturbation theory and is
not our primary focus. The nonperturbative information
resides entirely in the peak region. At leading power,
Eq. (5) matches the QCD SF onto the complete bilocal
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HQET matrix element defined in Eq. (3), including its
implicit quark-gluon and multiparton content. Accordingly,
these correlations are already included in SHQET and do not
require additional nonperturbative functions in the leading-
power matching relation. This should be distinguished from
genuine 1=mQ corrections, which introduce additional
subleading HQET operators and subleading shape func-
tions. Their natural size is set by ΛQCD=mQ, corresponding
parametrically to about 5%–10% at the bottom scale and
25%–35% at the charm scale, although coefficients and
endpoint enhancement may alter these estimates. The latter
are not included in the present matching relation.
The matching coefficients ZΓðx; y; μÞ, Zpeakðy;ω; μÞ, and

Ztailðy; μÞ are insensitive to infrared physics and can be
determined through standard perturbative matching. Since
they are free of long-distance effects, the B-meson state can
be replaced with a free bq̄ quark state, allowing both sides
of the factorization formulas to be computed in perturbation
theory. Expanding in powers of αs, we have,

S̃LaM:ðx;μÞ ¼ S̃LaM:ð0Þðx;μÞþαsCF

2π
S̃LaM:ð1Þðx;μÞþOðα2sÞ;

ð6aÞ

SQCDðy; μÞ ¼ SQCDð0Þðy; μÞ þ αsCF

2π
SQCDð1Þðy; μÞ þOðα2sÞ;

ð6bÞ

SHQETðω; μÞ ¼ SHQETð0Þðω; μÞ þ αsCF

2π
SHQETð1Þðω; μÞ

þOðα2sÞ: ð6cÞ

One is then able to solve the matching coefficients order
by order in αs,

ZΓðx; y; μÞ ¼ Zð0Þ
Γ ðx; y; μÞ þ αsCF

2π
Zð1Þ
Γ ðx; y; μÞ þOðα2sÞ;

ð7aÞ

Zpeakðy;ω; μÞ ¼ Zð0Þ
peakðy;ω; μÞ þ

αsCF

2π
Zð1Þ
peakðy;ω; μÞ

þOðα2sÞ; ð7bÞ

Ztailðy; μÞ ¼ Zð0Þ
tailðy; μÞ þ

αsCF

2π
Zð1Þ
tailðy; μÞ þOðα2sÞ: ð7cÞ

We identify the momenta of the B-meson and b quark as
Pþ
B ¼ mBvþ, Pþ

b ¼ mbvþ þ kþ, and similarly Pz
B ¼ mBvz,

Pz
b ¼ mbvz þ kz, where k denotes the residual momentum

of b quark with k̃ ¼ kþ=vþ ¼ kz=vz.
At tree level, the results are straightforward. For the first

step, the quasi-SF and QCD SF take the forms,

S̃LaM:ð0Þðx; μÞ ¼ δ

�
x −

mb

mB
−

k̃
mB

�
; ð8aÞ

SQCDð0Þðy; μÞ ¼ δ

�
y −

mb

mB
−

k̃
mB

�
; ð8bÞ

which immediately yield the tree level matching coefficient
for the first step,

Zð0Þ
Γ ðx; y; μÞ ¼ δðx − yÞ: ð9Þ

This simple result confirms that the quasi-SF reduces to the
QCD SF at leading order.
For the second step, the tree level matching coefficient is

[47],

Zð0Þ
peakðy;ω; μÞ ¼ δ

�
ω

mB
þ mb

mB
− y

�
; ð10aÞ

Zð0Þ
tailðy; μÞ ¼ 0: ð10bÞ

These tree level results are consistent with intuitive
expectations: the first step pins x to y, while the second
step relates the light cone fraction y to the HQET residual
momentum ω through a kinematic mapping. It is worth
noting that, since the typical momentum of ω is soft, the
QCD SF has support primarily in a small region near the
endpoint.

III. MATCHING RELATION BETWEEN S̃LaM

AND SQCD AT NEXT-TO-LEADING ORDER

This Section presents the matching coefficient between
S̃LaMðx; μÞ and SQCDðy; μÞ at the one-loop level. Here we

determine Zð1Þ
Γ ðx; y; μÞ through the matching formula in

Eq. (4). Before delving into the details, we outline several
key points to help clarify the results presented below.

(i) We regulate the ultraviolet divergences dimension-
ally in space-time dimension d ¼ 4 − 2ϵ and em-
ploy the MS scheme. In order to identify the relevant
infrared (IR) singularities, we keep v · k nonzero as
the IR regulator throughout the main text.

(ii) It is convenient to regulate the singularity that arises
when x → y by a plus distribution. We employ the
plus distribution defined by

½Fðx; yÞ�⊕ ¼ Fðx; yÞ − δðx − yÞ
Z þ∞

−∞
dtFðt; yÞ:

(iii) A model-independent description of the asymptotic
behavior (tail region) of SHQETðω; μÞ for large jωj
has been given in Ref. [4]. Since the present work
focuses primarily on the peak region, we omit
further discussion of the tail region.
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(iv) As a nontrivial cross-check, we also evaluate the matching in a complementary scheme in which the heavy quark
mass is set to zero and a nonzero gluon mass mg ≠ 0 is used as the IR regulator. The results, collected in Appendix
VII, are found to be consistent with those obtained in the main text.

A. One-loop results for the quasishape function S̃LaM in LaMET

The one-loop Feynman diagrams consist of the heavy-quark sail graph, Wilson-line self-energy graph, box graph, and
local vertex graph, as shown in Fig. 1. The calculation involves the same Feynman diagram structures for all three kinds
of SFs.
In the following, we will list the results of these graphs one by one. Starting from the quasi-SF S̃LaM:ðx; μÞ, its heavy-

quark sail graph in Fig. 1(a) gives,

S̃LaM:ð1;aÞðx; μÞ ¼

8>>>>>>>><
>>>>>>>>:

�
−mB

�
1

mbþk̃−xmB
þ xmB

ðmbþk̃Þðmbþk̃−xmBÞ ln
ðmbþk̃−xmBÞ2

ðxmBÞ2

�
θ

�
x − mb

mB
− k̃

mB

��
⊕
;

�
−mB

�
2xmB−mb−k̃

ðmbþk̃Þðmbþk̃−xmBÞ þ
xmB

ðmbþk̃Þðmbþk̃−xmBÞ ln
m2

bðv·kÞ2ðmbþk̃Þ2
4Pz4

B ðxmBÞ2

�
θ

�
mb
mB

þ k̃
mB

− x

�
θðxÞ

�
⊕
;

�
−mB

�
− 1

mbþk̃−xmB
− xmB

ðmbþk̃Þðmbþk̃−xmBÞ ln
ðmbþk̃−xmBÞ2

ðxmBÞ2

�
θð−xÞ

�
⊕
:

ð11Þ

The Wilson-line self-energy graph in Fig. 1(b) yields,

S̃LaM:ð1;bÞðx; μÞ ¼

8>>>>><
>>>>>:

�
mB

xmB−mb−k̃
θ

�
x − mb

mB
− k̃

mB

��
⊕
;

�
mB

mbþk̃−xmB
θ

�
mb
mB

þ k̃
mB

− x

��
⊕
:

ð12Þ

The result of box graph in Fig. 1(c) reads,

S̃LaM:ð1;cÞðx; μÞ

¼

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

�
mB

�
1

mbþk̃
þ mbþk̃−xmB

ðmbþk̃Þ2 ln −xmB

mbþk̃−xmB

�
θ
�
x − mb

mB
− k̃

mB

	�
⊕

þ R∞
mb
mB

þ k̃
mB

dt

�
mB

�
1

mbþk̃
þ mbþk̃−tmB

ðmbþk̃Þ2 ln −tmB

mbþk̃−tmB

	�
δ
�
x − mb

mB
− k̃

mB

	
;

�
mB

�
xmBmb

ðmbþk̃Þ2
1
v·k þ 1

ðmbþk̃Þ2

�
3xmB − 2mb − 2k̃þ ðmb þ k̃ − xmBÞ ln 2xmBP

z2
B

mbðmbþk̃Þð−v·kÞ

��
θ
�
mb
mB

þ k̃
mB

− x
	
θðxÞ

�
⊕

þ R mb
mB

þ k̃
mB

0 dt

�
mB

�
tmBmb

ðmbþk̃Þ2
1
v·k þ 1

ðmbþk̃Þ2

�
3tmB − 2mb − 2k̃þ ðmb þ k̃ − tmBÞ ln 2tmBP

z2
B

mbðmbþk̃Þð−v·kÞ

���

×δ
�
x − mb

mB
− k̃

mB

	
;�

mB

�
− 1

mbþk̃
− mbþk̃−xmB

ðmbþk̃Þ2 ln −xmB

mbþk̃−xmB

�
θð−xÞ

�
⊕

þ R
0
−∞ dt

�
mB

�
− 1

mbþk̃
− mbþk̃−tmB

ðmbþk̃Þ2 ln −tmB

mbþk̃−tmB

	�
δ
�
x − mb

mB
− k̃

mB

	
:

ð13Þ
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The local vertex graph in Fig. 1(d) gives,

S̃LaM:ð1;dÞðx; μÞ

¼

8>>>>>>>>>>><
>>>>>>>>>>>:

R
∞
mb
mB

þ k̃
mB

dt

�
mB

�
1

mbþk̃
þ mbþk̃−tmB

ðmbþk̃Þ2 ln −tmB

mbþk̃−tmB

��
δ

�
x − mb

mB
− k̃

mB

�
;

R mb
mB

þ k̃
mB

0 dt

�
mB

�
tmBmb

ðmbþk̃Þ2
1
v·k þ 1

ðmbþk̃Þ2

�
3tmB − 2k̃ − 2mb þ ðmb þ k̃ − tmBÞ ln 2tmBP

z2
B

mbðmBþk̃Þð−v·kÞ

���

×δ

�
x − mb

mB
− k̃

mB

�
;

R
0
−∞ dt

�
mB

�
− 1

mbþk̃
− mbþk̃−tmB

ðmbþk̃Þ2 ln −tmB

mbþk̃−tmB

��
δ

�
x − mb

mB
− k̃

mB

�
:

ð14Þ

Equations (11)–(14) constitute the one-loop results for the quasi-SF. One can observe that the IR divergences lnð−v · kÞ
appear in the individual diagram results. As we shall see below, these will cancel in the matching procedure, rendering the
matching coefficient free of IR dependence. Furthermore, the explicit dependence on the heavy quark mass also cancels in
the matching, ensuring that the matching coefficient is also independent of mb, as discussed in the previous Section.

B. One-loop results for the shape function SQCD in QCD

We now present the one-loop results for the QCD SF SQCDðy; μÞ. The result of the heavy-quark sail graph in Fig. 1(a) is,

SQCDð1;aÞðy; μÞ ¼
�

2ym2
B

ðmb þ k̃ − ymBÞðmb þ k̃Þ

�
1

ϵ
þ ln

ðmb þ k̃Þμ2
2mbðmb þ k̃ − ymBÞð−v · kÞ

�
θ

�
mb

mB
þ k̃
mB

− y

�
θðyÞ

�
⊕
: ð15Þ

The contribution of the Wilson-line self-energy graph in Fig. 1(b) vanishes for the QCD SF, since the amplitude is
proportional to n2þ ¼ 0.
The result of box graph in Fig. 1(c) is,

SQCDð1;cÞðy; μÞ ¼ mB

mb þ k̃

��
mb þ k̃ − ymB

mb þ k̃

1

ϵ
þ ymBmb

mb þ k̃

1

v · k
þmb þ k̃ − ymB

mb þ k̃

�
−2þ ln

ðmb þ k̃Þμ2
2mbðmb þ k̃ − ymBÞð−v · kÞ

��

× θ

�
mb

mB
þ k̃
mB

− y

�
θðyÞ

�
⊕
þ mB

mb þ k̃

Z mb
mB

þ k̃
mB

0

dt

�
mb þ k̃ − tmB

mb þ k̃

1

ϵ
þ tmBmb

mb þ k̃

1

v · k
þmb þ k̃ − tmB

mb þ k̃

×

�
−2þ ln

ðmb þ k̃Þμ2
2mbðmb þ k̃ − tmBÞð−v · kÞ

��
δ

�
y −

mb

mB
−

k̃
mB

�
: ð16Þ

(a) (c)(b) (d)

FIG. 1. One-loop Feynman diagrams for the B-meson SFs. From left to right: (a) heavy-quark sail graph, (b) Wilson-line self-energy
graph, (c) box graph, and (d) local vertex graph. The b quark is denoted as solid line, while the Wilson line appears as dotted line.
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The result of local vertex graph in Fig. 1(d) is,

SQCDð1;dÞðy; μÞ ¼ mB

mb þ k̃

Z mb
mB

þ k̃
mB

0

dt

�
mb þ k̃ − tmB

mb þ k̃

1

ϵ
þ tmBmb

mb þ k̃

1

v · k
þmb þ k̃ − tmB

mb þ k̃

×

�
−2þ ln

ðmb þ k̃Þμ2
2mbðmb þ k̃ − tmBÞð−v · kÞ

��
δ

�
y −

mb

mB
−

k̃
mB

�
: ð17Þ

Equations (15)–(17) constitute the one-loop results for the QCD SF. Similar to the quasishape function case, the IR
divergences lnð−v · kÞ appear in the individual diagram results. These will cancel when forming the matching.

C. One-loop results for the matching coefficient

Based on the above results of quasi-SF and QCD SF, as well as the one-loop matching formula, which is derived from the
factorization formula in Eq. (4)

Zð1Þ
Γ ðx; y; μÞ ¼ ½S̃LaM:ð1Þðx; μÞ − SQCDð1Þðy; μÞjy→x�jmb

mB
þ k̃

mB
→y; ð18Þ

the matching coefficient at one-loop can be obtained,

Zð1Þ
Γ ðx; y; μÞ ¼

8>>>>>>>><
>>>>>>>>:

�
1

y2ðy−xÞ ðyðxþ yÞ þ ðx2 þ y2Þ ln x−y
x Þ

�
⊕
θð−xÞ;

�
1

y2ðy−xÞ

�
2y2 − xy − x2 − ðx2 þ y2Þ ln y2μ2

4Pz2
B xðy−xÞ

��
⊕
θðy − xÞθðxÞ;

�
1

y2ðy−xÞ

�
−yðxþ yÞ − ðx2 þ y2Þ ln x−y

x

��
⊕
θðx − yÞ:

ð19Þ

Remarkably, the matching coefficient retains no dependence on the heavy quark or heavy meson mass, which aligns
precisely with the idea of scale separation in the HQLaMET framework. The above expression can be written more
compactly by introducing ξ ¼ x=y, which yields,

Zð1Þ
Γ ðξ; y; μÞ ¼

8>>>>>>>><
>>>>>>>>:

1
y

�
1

ξ−1

�
−1 − ξþ ð1þ ξ2Þ ln ξ

ξ−1

��
⊕
θð−ξÞ;

1
y

�
1

ξ−1

�
−2þ ξþ ξ2 þ ð1þ ξ2Þ ln μ2

4Pz2
B ð1−ξÞξ

��
⊕
θð1 − ξÞθðξÞ;

1
y

�
1

ξ−1

�
1þ ξ − ð1þ ξ2Þ ln ξ

ξ−1

��
⊕
θðξ − 1Þ:

ð20Þ

The one-loop matching coefficient Zð1Þ
Γ ðξ; y; μÞ in Eq. (20) presents one of the main results of this work. Several features

are noteworthy. First, the result is free of any IR divergences, confirming the validity of the factorization formula. Second,
the matching coefficient depends solely on the large momentum Pz

B and is independent of the heavy quark massmb. This is
consistent with the design of the two-step factorization scheme: the first step integrates out only the hard scale Pz

B, while the
heavy quark massmb is carried entirely from the quasi-SF into the QCD SF and would be separated out subsequently in the
second step.
It should be emphasized that, the matching coefficient obtained in the v · k ≠ 0 scheme is identical to the result obtained

in the mg ≠ 0 scheme (Appendix VII). This serves as a nontrivial cross-check of our calculation.

IV. MATCHING RELATION BETWEEN SQCD AND SHQET AT NEXT-TO-LEADING ORDER

The QCD SF incorporates dependence on the heavy quark mass and encapsulates hadronic physics at two distinct scales,
mb and ΛQCD. To separate these scales, the second step factorization connects SQCDðy; μÞ to SHQETðω; μÞ through the
matching formula given in Eq. (5). Intuitively, one expects the heavy quark to carry most of the light cone momentum in the
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B-meson, localizing the SF near y ∼ 1. In this peak region,
where 1 − y ∼ ΛQCD=mb, the factorization reduces from a
convolution to a simple multiplication [47]. In contrast, the
tail region where 1 − y ∼Oð1Þ is fully perturbative.
As derived in Ref. [47], the one-loop matching coef-

ficient in the peak region takes a remarkably simple form,

SQCDðy;μÞjpeak ¼
�
1þαsCF

2π

�
1

2
ln2

μ2

m2
b

−
3

2
ln

μ2

m2
b

þ π2

12
−2

��

×mBSHQETðω;μÞjω→ymB−mb
; ð21Þ

with

Zð1Þ
peakðy;ω; μÞ ¼

�
1

2
ln2

μ2

m2
b

−
3

2
ln

μ2

m2
b

þ π2

12
− 2

�

× δ

�
y −

mb

mB
−

ω

mB

�
: ð22Þ

Through the HQLaMET framework, the effects from
three disparate scales—Pz

B, mb, and ΛQCD—are fully
disentangled: Pz

B enters the first step matching coefficient
ZΓðx; y; μÞ, mb enters the second step matching coefficient
Zpeakðy;ω; μÞ, and ΛQCD is encoded in the nonperturbative
HQET SF SHQETðω; μÞ.

V. MASS DEPENDENCE OF SQCD

The QCD SF depends on two scales: the factorization
scale μ and the heavy quark mass mQ. The scale depend-
ence is governed by the standard DGLAP evolution
equation; here we focus on the mass dependence.
Understanding the heavy quark mass dependence is of
particular interest for lattice calculations, where simulations
at the physical b quark mass may be computationally
prohibitive and one must instead evolve results obtained at
lower masses (e.g., charm quark mass) to the physical
point. This constitutes the central objective of the present
Section.
In the following derivation, we will explicitly write down

the dependence of the QCD SF on the heavy quark mass.
The definition of SQCDðy;mQ; μÞ has been given in Eq. (2),
where the mass dependence enters through the heavy quark
field. In this work the heavy-quark mass entering the peak-
region matching and the variable mapping is understood as
the pole mass. The resulting mass-dependence equation is
therefore a fixed-order, leading-power relation in the pole-
mass scheme. For precision phenomenology, the pole-mass
renormalon should be removed by converting to a short-
distance mass scheme, which induces a corresponding shift
of the HQET shape-function argument.
In the peak region, the QCD SF is related to the HQET

SF through,

SQCDðy;mQ; μÞjpeak ¼ JSðmQ; μÞmHSHQETðω; μÞ; ð23Þ

where the matching coefficient is

JSðmQ; μÞ ¼ 1þ αsCF

2π

�
1

2
ln2

μ2

m2
Q
−
3

2
ln

μ2

m2
Q
þ π2

12
− 2

�

þOðα2sÞ; ð24Þ

and the variable mapping is ω ≃ Λ̄ − ð1 − yÞmQ at leading
power in ΛQCD=mQ. HeremQ denotes the heavy quark pole
mass and Λ̄ ¼ mH −mQ with mH being the heavy
meson mass.
Since the HQET SF depends on ω but not on mQ

explicitly, one can construct a differential operator that
preserves ω. Noting that

mQ
∂ω

∂mQ
þ ð1 − yÞ ∂ω

∂y
¼ 0; ð25Þ

we define

Ô ¼ mQ
∂

∂mQ
þ ð1 − yÞ ∂

∂y
:

Applying Ô to the matching formula Eq. (23), and using
Ôω ¼ 0 together with the fact that JSðmQ; μÞ depends only
on mQ and μ, one obtains the mass dependence equation,

�
mQ

∂

∂mQ
þ ð1 − yÞ ∂

∂y
− 1 − γSðmQ; μÞ

�

× SQCDðy;mQ; μÞ ¼ 0; ð26Þ

where

γSðmQ; μÞ≡ ∂ ln JSðmQ; μÞ
∂ lnmQ

:

At fixed order in αs, we obtain

γSðmQ; μÞ ¼
αsCF

2π

�
3 − 4 ln

μ

mQ

�
: ð27Þ

After Renormalization Group Equation (RGE) improve-
ment, which resums potentially large logarithms between μ
and mQ, the result becomes

γSðmQ; μÞ ≃
3αsðmQÞCF

2π
þ 4CF

β0
ln

αsðμÞ
αsðmQÞ

; ð28Þ

where β0 ¼ 11 − 2nf=3.
The mass dependence in Eq. (26) is a first-order linear

partial differential equation that can be solved by the
method of characteristics. The characteristic lines satisfy
mQð1 − yÞ ¼ const, giving the initial-point relation,
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y0 ¼ 1 −
mQ

mQ0

ð1 − yÞ: ð29Þ

Along the characteristics, the solution is,

SQCDðy;mQ; μÞ ¼ exp
�Z

mQ

mQ0

dm0

m0 γSðm0; μÞ
�

×
mQ

mQ0

SQCDðy0; mQ0
; μÞ: ð30Þ

If we expand to fixed order with αs evaluated at mQ0
,

defining R≡ lnðmQ=mQ0
Þ and L0 ≡ lnðμ=mQ0

Þ, the sol-
ution takes the form,

SQCDðy;mQ; μÞ ¼
�
1þ αsðmQ0

ÞCF

2π
ð2R2 − 4L0Rþ 3RÞ

�

×
mQ

mQ0

SQCD
�
1 −

mQ

mQ0

ð1 − yÞ; mQ0
; μ

�
:

ð31Þ

This result allows one to evolve the QCD SF from an initial
mass mQ0

(where lattice data or model input is available) to
a different mass mQ, with the argument of the initial SF
being rescaled according to the characteristic solution.
The matching relation and the mass dependence equation

derived above are valid at leading power in ΛQCD=mQ.
Beyond this accuracy, power corrections may introduce
additional nonperturbative functions and modify Eq. (31).
Besides, the mass dependence derived here applies to the
peak region at leading power inΛQCD=mQ. In the tail region
where 1 − y ∼Oð1Þ, the SF can be computed perturba-
tively and its mass dependence is explicit. A unified
treatment connecting the peak and tail regions requires
incorporating subleading power corrections and is left for
future study.

VI. PERSPECTIVES FOR LATTICE
CALCULATIONS

The SF is a nonperturbative object that has not been
predicted from first-principles up to now. However, valu-
able phenomenological models exist [4,18,29] and can
serve as starting points for illustrating the full HQLaMET
framework. In this section, we provide a numerical dem-
onstration by starting from an HQET SF model and
working backwards through the complete chain of this
framework.
Here, we adopt the widely used parametric model for the

HQET SF at the soft scale μi ¼ 1.5 GeV [4],

ŜHQETðω̂;μÞ ¼N
A

�
ω̂

A

�
b−1

exp

�
−b

ω̂

A

�

−
αsCF

π

θðω̂−A− μ=
ffiffiffi
e

p Þ
ω̂−A

�
2 ln

ω̂−A
μ

þ 1

�
;

ð32Þ

with the normalization factor

N ¼
�
1 −

αsCF

π

�
π2

24
−
1

4

��
bb

ΓðbÞ : ð33Þ

The model parameters at the intermediate scale μi ¼
1.5 GeV are A ¼ 0.685 GeV and b ¼ 2.93. The variable
ω̂ ¼ Λ̄ − ω ≥ 0 corresponds to the momentum fraction via
the relation ω̂ ¼ ð1 − yÞmB. We take mB ¼ 5.28 GeV,
mb ¼ 4.78 GeV, andmc ¼ 1.67 GeV. The strong coupling
constant is evaluated using the three-loop running (from
RUNDEC [61]).
We start with the HQET SF model at the soft scale μi ¼

1.5 GeV and evolve it within HQET to the matching scale
μ ¼ mB. The solution to the evolution equation for the
HQET SF is [4],

SHQETðω̂; μiÞ ¼ eVSðμi;μ0Þ 1

ΓðηÞ
Z

ω̂

0

dω̂0 S
HQETðω̂0; μ0Þ

μη0ðω̂ − ω̂0Þ1−η ;

where VS and η are defined through the anomalous
dimension and the cusp anomalous dimension; for their
explicit expressions we refer the reader to Ref. [4]. The
evolution result is illustrated in Fig. 2, where the red solid
curve shows the HQET SF at the initial scale μ0 ¼ 1.5 GeV

mBSHQET 1 y mB, 1.5 GeV

mBSHQET 1 y mB, mb

SQCD y, mQ mb, mb

SQCD y, mQ mc, mb

SQCD y, mQ mc, mc

0.0 0.2 0.4 0.6 0.8 1.0
1

0

1

2

3

4

5

6

y

FIG. 2. Illustration of the second step of the HQLaMET
framework. The red solid curve is model of HQET SF given
at μ0 ¼ 1.5 GeV; The red dotted curve is HQET SF evolved to
μ ¼ mb; The green dotted curve is QCD SF matched at
mQ ¼ mb, μ ¼ mb; The green solid curve is QCD SF evolved
to mQ ¼ mc, μ ¼ mb; The blue solid curve is the QCD SF
evolved to μ ¼ mc with mQ ¼ mc.
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and the red dotted curve shows the evolved result
at μ ¼ mb.
Utilizing the second step matching result from Eq. (21),

the HQET SF at μ ¼ mb (red dotted curve in Fig. 2) is
matched onto the QCD SF at mQ ¼ mb, μ ¼ mb (green
dotted curve in Fig. 2). Subsequently, the mass dependence
solution in Eq. (31) is applied to evolve from mQ ¼ mb

down to mQ ¼ mc, yielding the QCD SF with mQ ¼ mc,
μ ¼ mb (green solid curve in Fig. 2).
The scale evolution of the QCD SF is governed by the

standard DGLAP equation. Employing this equation, we
evolve the QCD SF from μ ¼ mb (green solid curve in
Fig. 2) to μ ¼ mc (blue solid curve in Fig. 2), thereby
completing the final preparation for matching to the quasi-
SF. Finally, applying the first step matching result from
Eq. (20), we obtain the quasi-SFs from the QCD SF at
mQ ¼ mc, μ ¼ mc. The results for two representative
values of Pz

B are displayed in Fig. 3. As shown in
Fig. 3, the quasi-SFs exhibit a clear dependence on the
large momentum Pz

B, which is a characteristic feature of the
HQLaMET framework. Furthermore, they develop nonzero
support in the unphysical regions x < 0 and x > 1, analo-
gous to the behavior observed in quasidistribution ampli-
tudes. One may anticipate that future lattice simulations of
the quasi-SF will display similar features.
Figures 2 and 3 together constitute a model-dependent

numerical illustration of the HQLaMET framework for the
B-meson SF. While the starting point relies on a phenom-
enological model, the entire chain of operations—the scale
evolution in HQET, second step matching, mass depend-
ence, DGLAP evolution, and first step matching—is built
on rigorous theoretical analyses. This numerical illustration
will serve as a valuable guide for future lattice simulations,
which will eventually replace the model with first-princi-
ples nonperturbative results for the HQET SF, thereby

facilitating future phenomenological studies of inclusive
B-meson decays.
We would like to note that, the curves shown here omit

finite-momentum power corrections and are intended only
to illustrate the leading-power matching procedure. In the
present framework, the first matching is applied after the
heavy-quark mass has been evolved to mQ ¼ mc. With
Λ̄ ¼ mB −mb ≃ 0.50 GeV, the corresponding heavy-
hadron mass is estimated as mHðmcÞ ≃mc þ Λ̄ ≃
2.17 GeV at leading power. The target-mass parameters
are then m2

H=ðPz
HÞ2 ≃ 0.19 and 0.047 for Pz

H ¼ 5 and
10 GeV, respectively. These values suggest that finite-
momentum effects may naturally be at the 10%–20% level
at the lower momentum and at the few-percent level at the
higher momentum, but they are not rigorous uncertainty
estimates. A future lattice extraction should use several
momenta to constrain the 1=ðPz

HÞ2 dependence and several
heavy-quark masses to control corrections of order
ΛQCD=mQ.

VII. SUMMARY

The shape function defined in HQET describes the Fermi
motion of the heavy b quark inside the B-meson, encoding
the distribution of its residual light cone momentum arising
from strong interactions. It serves as a fundamental non-
perturbative input in precision studies of inclusive B
decays, playing a role analogous to that of parton distri-
bution functions in nucleon physics. However, the long-
standing model dependence of this essential quantity has
remained a major limitation in phenomenological studies.
In this work, we have extended the HQLaMET frame-

work to facilitate future lattice computations of the
B-meson shape function. This framework allows one to
start from a quasi-shape function computable on the lattice
and, through a systematic sequence of operations, obtain
the desired HQET shape function. The key results of this
paper are: (i) the one-loop matching coefficient ZΓðξ; y; μÞ
between the quasishape function and the QCD shape
function, given in Eq. (20); (ii) the mass dependence
equation and its analytic solution, given in Eqs. (26)
and (30); and (iii) a numerical illustration of the complete
HQLaMET framework. These results lay the theoretical
foundation for first-principles lattice QCD determinations
of the B-meson shape function in the near future.
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APPENDIX: RESULTS WITH GLUON MASS AS
IR REGULATOR

In this Appendix, we present the one-loop results for the
quasi-SF and QCD SF obtained with an alternative infrared
regulator, namely a nonzero gluon mass mg ≠ 0. Here, the
heavy quark mass is set to zero. The calculation in this
Appendix provides a nontrivial cross-check of the results
presented in the main text.

1. One-loop results for the quasishape function S̃LaM

in LaMET with nonzero gluon mass

Here, we present directly the one-loop results for the
individual graphs in Fig. 1 for the quasi-SF. The heavy-
quark sail graph in Fig. 1(a) is,

S̃LaM:ð1;aÞðx; μÞjmg
¼

8>>>>>>>>>>><
>>>>>>>>>>>:

�
− 1−2x ln x

x−1
1−x θðx − 1Þ

�
⊕
;

�
−

2x−1−2x ln
4Pz2

B
ð1−xÞ

m2
g

1−x θðxÞθð1 − xÞ
�
⊕
;

�
1−2x ln x

x−1
1−x θð−xÞ

�
⊕
:

ðA1Þ

The Wilson-line self-energy graph in Fig. 1(b) yields,

S̃LaM:ð1;bÞðx; μÞjmg
¼

8>>><
>>>:

�
1

x−1 θðx − 1Þ
�
⊕
;

�
1

1−x θð1 − xÞ
�
⊕
:

ðA2Þ

The box graph in Fig. 1(c),

S̃LaM:ð1;cÞðx; μÞjmg
¼

8>>>>>>>>>>><
>>>>>>>>>>>:

��
1 − ð1 − xÞ ln x−1

x

�
θðx − 1Þ

�
⊕
þ R

1
0 dt

�
1 − ð1 − tÞ ln t−1

t

�
δðx − 1Þ;

��
3x − 2 − ð1 − xÞ ln m2

g

4Pz2
B ð1−xÞ

�
θðxÞθð1 − xÞ

�
⊕
þ R

1
0 dt

�
3t − 2 − ð1 − tÞ ln m2

g

4Pz2
B ð1−tÞ

�

×δðx − 1Þ;��
−1þ ð1 − xÞ ln x−1

x

�
θð−xÞ

�
⊕
þ R

1
0 dt

�
−1þ ð1 − tÞ ln t−1

t

�
δðx − 1Þ:

ðA3Þ
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The local vertex graph in Fig. 1(d),

S̃LaM:ð1;dÞðx; μÞjmg
¼

8>>>>>><
>>>>>>:

R
1
0 dt

�
1 − ð1 − tÞ ln t−1

t

�
δðx − 1Þ;

R
1
0 dt

�
3t − 2 − ð1 − tÞ ln m2

g

4Pz2
B ð1−tÞ

�
δðx − 1Þ;

R
1
0 dt

�
−1þ ð1 − tÞ ln t−1

t

�
δðx − 1Þ:

ðA4Þ

Equations (A1)–(A4) constitute the one-loop results for the quasi-SF.

2. One-loop results for the shape function SQCD in QCD with nonzero gluon mass

We present the one-loop results for the individual graphs in Fig. 1 for the QCD SF. The heavy-quark sail graph in
Fig. 1(a) is,

SQCDð1;aÞðy; μÞjmg
¼

�
2y

1 − y

�
1

ϵ
þ ln

μ2

m2
gy

�
θðyÞθð1 − yÞ

�
⊕
: ðA5Þ

The Wilson-line self-energy contribution vanishes, since the amplitude is proportional to n2þ ¼ 0.
The box graph in Fig. 1(c),

SQCDð1;cÞðy; μÞjmg
¼

�
ð1 − yÞ

�
1

ϵ
þ ln

μ2

ym2
g
− 2

�
θðyÞθð1 − yÞ

�
⊕
þ δðy − 1Þ

Z
1

0

dtð1 − tÞ
�
1

ϵ
þ ln

μ2

tm2
g
− 2

�
: ðA6Þ

The local vertex graph in Fig. 1(d),

SQCDð1;dÞðy; μÞjmg
¼ δðy − 1Þ

Z
1

0

dtð1 − tÞ
�
1

ϵ
þ ln

μ2

tm2
g
− 2

�
: ðA7Þ

Equations (A5)–(A7) constitute the one-loop results for the QCD SF.

3. One-loop results for the matching coefficient

With the above results at hand, and following the same procedure as in the main text, we now present the one-loop
matching coefficient in this mg ≠ 0 scheme (with y → 1),

Zð1Þ
Γ ðx; y → 1; μÞjmg

¼

8>>>>>>>><
>>>>>>>>:

�
1

x−1

�
−1 − xþ ð1þ x2Þ ln x

x−1

��
⊕
θð−xÞ;

�
1

x−1

�
−2þ xþ x2 þ ð1þ x2Þ ln μ2

4Pz2
B ð1−xÞx

��
⊕
θðxÞθð1 − xÞ;

�
1

x−1

�
1þ x − ð1þ x2Þ ln x

x−1

��
⊕
θðx − 1Þ:

ðA8Þ

This result no longer depends on the gluon mass mg, confirming the regulator independence of the matching coefficient.
One can verify that setting y → 1 in Eq. (20) yields precisely the same expression as Eq. (A8), thereby providing a nontrivial
validation of the calculation. The agreement between two independent IR regularization schemes demonstrates the
robustness of the HQLaMET factorization framework.
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