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Unpaired Weyl fermion on an axion string in a finite lattice
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Domain wall fermions use a 2n-dimensional spacetime defect embedded in (2n + 1)-dimensional
spacetime to realize massless lattice Dirac fermions. Recent work has extended this idea to realize a single
unpaired Weyl fermion in a finite lattice. Here, we realize the same using a 2n-dimensional string defect
embedded in (2n + 2)-dimensional spacetime on a finite lattice for n = 1. This string is a lattice version of
the continuum axion string described in Callan-Harvey [Nucl. Phys. B250, 427 (1985)]. Our results are
obtained in a Hamiltonian formulation in Minkowski spacetime. Extending the results to Euclidean
spacetime and to n > 1 is straightforward. This work has applications to lattice chiral gauge theories and

axion cosmology.
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I. INTRODUCTION

Formulating quantum field theories on the lattice is
essential to extracting nonperturbative physics out of them.
However, ensuring that the lattice path integral has the
correct continuum limit is a nontrivial task. Among the
many challenges that one faces while attempting to con-
struct these lattice formulations, one pertains to formulating
light chiral fermions. While lattice chiral fermions are
primarily pursued for simulations in lattice gauge theory,
their significance extends far beyond this field. In particu-
lar, chiral fermions play a crucial role in cosmology and
early universe physics—appearing, for example, on topo-
logical defects such as cosmic strings and domain walls [1],
where they can significantly influence phenomenology
[2-5]. To date, the phenomenological implications of chiral
fermions have been explored mostly in the continuum.
However, lattice-regulated chiral fermions can alter these
implications in substantial ways, especially since the lattice
regulator typically modifies anomaly inflow in a nontrivial
manner. For this reason, lattice chiral fermions are of broad
theoretical and phenomenological interest.

It turns out formulating lattice chiral fermions with good
chiral symmetry, whether this is a global symmetry or a
gauged one, is challenging. The obstacle can be traced back
to the fermion doubling problem and the Nielsen-Ninomiya
theorem [6—8], which appears to preclude the existence of a
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single Weyl fermion or even a single massless Dirac
fermion on the lattice without sacrificing some of the other
desirable features of the theory, e.g., locality or chiral
symmetry. The challenge of realizing a massless lattice
Dirac fermion with good global chiral symmetry was
overcome using the idea of domain wall fermions [9—11]
and overlap fermions in the 1990s [12-15]. The two
approaches are in fact related to each other. For reasons
that we will explain below, we will refer to these ideas as
the extra dimension approach.

The topic of lattice regulated chiral gauge theories, e.g., a
lattice formulation of the standard model of particle
physics, remains a topic of ongoing research. A consistent
proposal for Abelian lattice chiral gauge theories was
formulated by Luscher in [16]. However, its consistency
for non-Abelian theories has not been verified. Some of
the other promising directions include symmetric mass
generation, [17-24], bosonization-based approaches [25],
gauge-fixed approaches [26-31], etc. In recent work, a
lattice regulator for chiral gauge theories was proposed that
relied on the extra dimension approach [32,33] along the
lines of domain wall fermions [9]. This paper concerns
itself with generalizing this extra dimension idea beyond
domain wall fermions.

The conventional extra dimension approach to engineer-
ing a 2n-dimensional massless lattice Dirac fermion is
based on the idea of domain wall fermions (DWF). It
involves introducing a massive Dirac fermion in 2n + 1
spacetime dimensions where one of the spatial dimensions,
e.g., x*"*! is considered to be an extra dimension. The
mass of this Dirac fermion is made to depend on the
extra dimension x>"*! such that it changes sign at some
¥ eg., ¥ =0. It is well known that the low
energy spectrum of this theory realizes a 2n-dimensional
Weyl fermion localized on the defect/domain wall at
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x?*t1 =0 [1,9,34]. In a finite volume analysis with
periodic boundary conditions, a wall necessarily appears
with an antiwall, which realizes an opposite chirality Weyl
fermion. As a result the low energy spectrum of the two
defects together is massless and Dirac-like. A similar
spectrum can be obtained on the lattice with analogous
mass defects for (2n + 1)-dimensional Wilson fermions, as
shown in [9]. This construction enables the realization of an
arbitrary number of (2n)-dimensional massless Dirac
fermions on the lattice by introducing as many (2n + 1)-
dimensional massive Dirac fermions with domain wall
mass defects. This idea has been extensively used for
simulating vectorlike gauge theories, where the gauge
interactions with right and left chirality fermions are
identical, e.g., quantum chromodynamics (QCD). This
construction, however, is not suitable for chiral gauge
theories where chiral symmetry is gauged, or in other
words when the gauge field interaction with fermions
discriminates between different chiralities. However, recent
work has demonstrated that the domain wall based extra
dimension approach can be suitably modified to realize a
single unpaired Weyl fermion on a finite lattice [33] which
in turn can be used to formulate lattice chiral gauge
theories [32]. Index theorems and anomalies of this con-
struction have been explored in [35,36].

Although the most widely known higher-dimensional
framework, as described above, uses a (2n 4+ 1)-dimensional
spacetime manifold to engineer 2n-dimensional chiral fer-
mions, it is possible to achieve the same using a (2n + 2)-
dimensional manifold. In the latter case, the chiral fermions
are localized on a defect known as an axion string [1]. The
idea is to begin with a (2n 4 2)-dimensional fermion which
allows one to write two types of “mass” terms. One of them is
the conventional mass term which we can refer to as a scalar
mass term; the other is a pseudoscalar mass term. When the
two masses are uniform, one can redefine the fermion fields
to set the pseudoscalar mass or the Dirac mass to zero while
keeping the spectrum unchanged. However, this is not
possible when the masses have spatially varying profiles.
Interestingly, the two mass terms can be combined to mimic
an axion-fermion coupling [1] by replacing the two masses
by two real scalar/pseudoscalar field operators. In the
presence of an axion string where the “axion” field winds
by 2z around a 2n-dimensional string defect embedded in
(2n + 2)-dimensional infinite spacetime, the low energy
spectra again realizes a single Weyl fermion localized on
the defect [1]. On the lattice the string defect can most easily
be realized using crossed domain walls [37-40], where the
scalar mass is x*"*!-dependent and has a domain wall at
x*"*1' =0 and the pseudoscalar mass is x*"*2-dependent
with a domain wall at x>**2 = 0. The lattice analysis, of
course, requires Wilson-like mass terms for the fermions, as
discussed in [37]. It was shown in [37] that the low-lying
spectra on the infinite spacetime lattice string matches that of
the domain wall fermion on an infinite (2n + 1)-dimensional

lattice qualitatively, in the sense that both realize a single
Weyl fermion at long wavelength. However, in a finite
volume with periodic boundary conditions for the string,
each domain wall will be accompanied by an antiwall, and in
general will result in two string and two antistring configu-
rations. The two strings will host two positive (right) chirality
Weyl fermions and the two antistrings will host two negative
(left) chirality Weyl fermions. As a result, the low-lying
spectra will diverge from that of the DWF in finite volume,
realizing two massless Dirac fermions as opposed to a single
massless Dirac fermion in the case of a DWFE. The absence of
a single massless Dirac fermion for the simple string defect
on a finite space appears to preclude the realizability of an
unpaired Weyl fermion on a finite lattice string. The goal of
this paper is to circumvent these obstructions. We achieve
this in two steps:

(1) We first demonstrate how one can engineer a single
massless Dirac fermion using string defects in a
finite lattice.

(2) We then show how this lattice defect can be modified
to engineer a single Weyl fermion.

Although the entire analysis of this paper can be performed in
Euclidean spacetime, we will work in Minkowski spacetime
and Hamiltonian framework. We will denote x! as the time
direction; the rest of the directions are spatial.

The organization of the paper is as follows. We begin
with a brief review of chiral fermions on domain walls and
string defects in continuous infinite spacetime. We then
discuss the same in an infinite spatial lattice. Since we are
working in Minkowski Hamiltonian framework, we do
not discretize time. This discussion is followed by a
spatial lattice with finite volume for both the domain wall
and the string defect. We contrast the low energy spectra of
the two and highlight their differences. In the following
section, we introduce modifications of the string defect to
engineer a single massless Dirac fermion on a finite lattice
string. This defect is then further modified to engineer a
single Weyl fermion. We conclude with a discussion of our
results.

II. CHIRAL EDGE STATES IN INFINITE SPACE:
CONTINUUM AND LATTICE

We first consider a (2n + 1)-dimensional massive Dirac
fermion in infinite continuous space-time where the Dirac
mass m has the spatial profile

m = moe(x>"*1). (1)

Here e(x*"!) gives the sign of x>"*!. It is well known that
the low energy spectrum of such a mass defect exhibits a
Weyl fermion localized on the wall at x*"*! =0 [1]. To
achieve the same with a string defect in infinite 2n 4 2
continuous dimensions, one can begin with a massive
fermion y in 2n 4 2 dimensions with the action
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Here I'* are gamma matrices and I = i"["'% - - . T2"*2, In
2n + 2 dimensions we can write two types of “mass” terms:
the “scalar” mass term, which we denote as ¢, and the
“pseudoscalar mass” term, which we denote as ¢,. They
can be combined into a complex mass ¢p = ¢; + i¢h,. It was
shown in [1] that when log ¢ winds around a string defect
localized at some x*"*1, x?"*2 e.g., x>+ = x?"2 = (), the
low energy spectrum exhibits a Weyl fermion of a specific
chirality localized on the string defect. Specifically, [1]
considered an ansatz of the form ¢ = v(r)e in cylindri-
cal coordinates, where 6 is the azimuthal angle
arctan(x*"*2/x***1) and r is the radial coordinate with

r=+/(x**1)? 4+ (x**2)2, and found a single Weyl fer-
mion in the low energy spectrum. The details of the
spectrum may change depending on the specific form of
the defect. However, the Weyl nature of the spectrum is
topological and persists as long as the phase of ¢ completes
a 2z winding around the defect.

Infinite lattice: It was first pointed out in [9] that domain
wall defects embedded in 21 + 1 dimensions can be used to
simulate lattice chiral fermions. The higher-dimensional
theory in this case consists of Wilson fermion with a mass
defect. Without loss of generality we can consider n = 1. In
infinite 2n + 1 =3 dimensions with a two-dimensional
spatial lattice the Wilson-Dirac Hamiltonian has the form

. . R
Hwitson = 7' (—172V2 —iy’Vy+m+ 5 (Ay + A3)> (3)

where y''>3 are gamma matrices, the lattice spacing has

been set to 1 and for i = 2, 3

(V)w = S(xt, (X)) =1) ;5()(’, (xX) + 1)’ ()

and
A =68(x (&) = 1) +8(x", () +1)=28(x", (x)).  (5)

R is typically set to 1. We can make the choice y' = o5,
y? = ioy, y® = —icy where o, are Pauli matrices. The low
energy spectrum includes localized chiral edge states
[41-43]. We define o5 to be the chirality matrix. The
chiral edge states have the form

w(x?, )
= p(ps)e* ( (1= moe(x) + (1 = cos p,))* )
P2 0
(6)
These states are normalizable within the range

(I —cospy) <my <24 (1 —cosp,). If we set mg =1,

the defect realizes a single (1 + 1)-dimensional positive
chirality Weyl fermion, i.e., eigenstates of the chirality
operator o3 with an eigenvalue of +1 [41]. Its dispersion is
given by E = sin p, for |p,| < z/2.

The analysis of a 2n-dimensional defect embedded in
2n + 2 dimensions with an infinite lattice was worked out
in [37]. We specialize to n = 1. Here, one constructs the
string defect by introducing domain walls in ¢; and ¢, of
the form

¢y = me(x?)

b = mae(x). (7)

It was shown in [37] that the crossed domain wall defects
specified by Eq. (7) create a vortex at x> = x* = 0 such that
the phase of ¢ winds by 2z around this defect. To see this,
one can reparametrize ¢ as

¢ = h(cosa + isina); h=|¢| (8)
and show that fc adl = 2z where C is a closed contour
encircling the defect at x> = x* = 0. The lattice analog of
the action of Eq. (2) will include a fermion with Wilson
terms. E.g., [37] introduced Wilson-like terms, which result
in the lattice Hamiltonian,

Hg, =T (=il?V, — il3V5 — iT*V, + (¢, — i) + W)
9)

where W has a form inspired by the standard Wilson term
and is given by

| X

with R = 1. We will use the chiral basis for the gamma
matrices

0 1 | 0 ,»
Fl:<1 0)’ Fl+1:( 6>’ (11)
—0; 0

for i = 1, 2, 3. To measure the chirality of string modes, we
use ™" =12,

As shown in [37], if we set m; = m, = 1, the low energy
spectrum in the background of this mass defect exhibits a
Weyl fermion localized at x* = x* = 0. Thus, we see that
the spectrum of the domain wall defect embedded in
2n 4+ 1 = 3-dimensional infinite spacetime and the string
defect embedded in (2n + 2)-dimensional infinite space-
time are qualitatively the same, in the continuum and on the
lattice.
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III. CHIRAL EDGE STATES
ON A FINITE LATTICE

Let us now consider a finite spatial lattice with periodic
boundary conditions (PBC) for all spatial directions. The
lattice size in each spatial direction can be taken to equal L,
identifying L/2 with —L/2. If we attempt to embed a
domain wall defect in the extra dimension x> for n = 1, we
inevitably end up with a wall and an antiwall due to the
periodic nature of the manifold, e.g.,

m(x*) = moe(x*) = 2my®(x> — L/2), (12)

where © is a step function taking the value of 41 for
positive argument and O for negative argument. Thus we are
left with a wall at x* = 0 and an antiwall at x> = £L/2, the
separation between the two defects being L/2. As a result,
with mg = R =1 we realize a positive (right) chirality
Weyl fermion on the wall as well as a negative (left)
chirality Weyl fermion on the antiwall. The wall and the
antiwall together lead to the realization of a single massless
Dirac fermion in the low energy spectrum.

Placing the string defect of Eq. (7) on a periodic lattice
will, however, lead to a spectrum that is qualitatively
different from the above domain wall case. In the case
of the string, each of the domain walls, one for ¢; and the
other for ¢,, will lead to an antiwall resulting in four string
defects, e.g.,

d1 = me(x®) —2m0(x* - L/2)
¢y = mae(x*) = 2m,0(x* — L/2). (13)

Two of the strings have positive net winding for the phase
of ¢ and are located at x> = x* = O and x* = x* = L/2: we
can refer to these as vortices. The other two are located at
x*=0,x* =L/2and x* = L/2,x* = 0, and will have net
negative winding: we can refer to these as antivortices. As a
result, the low energy spectrum will include two Weyl
fermions of each chirality: positive (right) ones located on
the vortices and negative (left) ones on the antivortices.
Thus, the spectrum realizes two massless Dirac fermions as
opposed to a single massless Dirac fermion.

Finally, the program of DWF, i.e., engineering a massless
2n-dimensional Dirac fermion by embedding mass defects
in a (2n + 1)-dimensional spacetime manifold was modi-
fied to realize a single unpaired Weyl fermion on a finite
lattice in [33]. For n = 1, the modification can be imple-
mented by a mass defect of the form

(2, 5%) = { my )2+ (F)2<r "

—my (x*)? + (¥*)? > 1

This engineers a disk defect with a circular boundary
and can be placed in a manifold with PBC in x? and x*
without encountering another defect, as shown in [32,33].

For mg = 1 with R = 1 the circular defect realizes a single
Weyl fermion localized at r = /(x*)? + (x*)* = r that
circulates in the azimuthal direction. One could rephrase
the idea from the point of view of conventional domain wall
as follows. Consider the defect of Eq. (12) and restrict it to
hold only for x*> = 0, i.e.,

m(0,x3) = mye(x®) = 2my0(x> — L/2) (15)

Then the separation between the two defects is L/2 at
x*> = 0. One can now demand that as we move away from
the slice of spacetime at x> = 0, we retain the two mass
defects in x?, but reduce their x* separation with increasing
|x?|. Eventually the separation reduces to zero, which
implements a singly connected boundary/defect instead
of two disconnected boundaries as in Eq. (12). This is what
is implemented by Eq. (14). The difference of topology
between the two cases, i.e., two disconnected defects/
boundaries in Eq. (12) vs a singly connected defect/
boundary in Eq. (14), leads to a crucial difference in the
spectra, namely a pair of opposite chirality Weyl fermions,
i.e., a Dirac fermion in the former vs a single unpaired Weyl
fermion in the latter.

If we apply an analogous modification to the string
defect of (13), e.g., by demanding that the separation
between the vortex string at x> = x* = 0 and the one at
x* = 0,x* = L/2 reduces as a function of |x?|, while being
maximum at x> = 0 and disappearing for some finite |x?|,
and similarly, the separation between the vortex string at
x*=L/2,x*=0 and the one at x> =L/2,x*=L/2
reduces as a function of |x?|, while being maximum at
x*> =0 and disappearing for some finite |x?|, we end up
with two singly connected defects. There appears to be no
way to reduce the number of singly connected defects down
to 1. The absence of a single unpaired singly connected
defect means that without further modification, the defect
of Eq. (13) cannot realize a single unpaired Weyl fermion.

This leads us to the goal of this paper: to modify the
defects of Egs. (7) and (13) in such a way as to match onto
the spectrum of a single massless Dirac fermion, similar to
that produced by the defect in Eq. (12), and then further
modify the defect along the lines of [33] to engineer a
single unpaired Weyl fermion.

IV. NEW DEFECT

We first construct a defect that realizes a single massless
Dirac fermion at low energy on a manifold with PBC. We
will then modify this defect to engineer an unpaired Weyl
fermion spectrum.

A. Dirac fermion

Before we write the profile for the modified defect, for
convenience we will rewrite the defect in Eq. (13) in a
different form. We begin by shifting
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¥ = xP—-L/4 (16)
and set m; = m, = 1. Then the defect of Eq. (13) becomes

¢ = e(x* —L/4) —20(x* —3L/4)
¢, = e(x*) —20(x* — L/2). (17)

Anticipating the form of the modification needed to
engineer a single massless Dirac fermion, we choose to
reexpress the profile for ¢; in Eq. (17) in a slightly altered
form while keeping the form of ¢, unchanged

¢ (0. x%) = 14 h(x*)P(x2. %),
P2(xg) = e(x*) —=20(x* — L/2) (18)

where we set P(x?,x3) and h(x*) to

B 2
P =01 )

h(x*) = —2. (19)

We provide a figure showing the mass profile for ¢; and
¢, in Fig. 1. To produce the figure, we consider a spatial
square lattice of lattice spacing 1. The number of lattice
sites in each direction is N. Therefore, the lattice profile for
¢ and ¢, is simply given by Eq. (18), (19) with L replaced
by N. We take N =28 and use tanh in place of step
functions for illustration. The profile of Eq. (18), (19)
includes four string defects, i.e., lines where the two
domain walls cross. Two of the string defects are vortices
with positive winding (colored blue) and two are anti-
vortices with negative winding (colored red). For the
purpose of illustration, in the figure we have replaced
the step functions in the mass profiles with a smoother tanh
function.

We now introduce a modified mass profile by altering / to

h(x*) = (e(x* =3L/4) —e(x* = L/4)) (20)

in Eq. (18) without altering the form of P. We provide a
corresponding picture in Fig. 2. It shows the mass profile on
the top panel and the locations of the defects in the bottom
panel. Once again, we have used tanh in place of step
functions. This defect retains a single vortex and a single
antivortex separated in x> by a distance of L /2. We color the
vortex blue and the antivortex red in Fig. 2. We expect to find
a Weyl fermion of positive (right) chirality on the vortex and a
Weyl fermion of negative (left) chirality on the antivortex,
resulting in a single Dirac fermion in the low energy
spectrum.

To verify this explicitly, we will have to diagonalize
the Hamiltonian Hg, in Eq. (9) to obtain the spectrum.
Fourier transforming in the x? direction we can write the
Hamiltonian as

24
20
2.0
4 16+
x o ® 15
121 1.0
8f 0.5
al 0.
e e
0 4 8 12 16 20 24
3
X
FIG. 1. Top: crossed domain walls Eq. (17) producing two

vortex-antivortex pairs for N = 28. ¢, is shown in orange and ¢,
is shown in blue. We have used a tanh profile for the domain walls
instead of step functions. Bottom: a top-down view of ¢? + ¢3,
showing the domain wall defects and where they cross, i.e., the
vortex defects. The vortices are colored blue, the antivortices red.

Hg, = T''(I%sin(p,) — il*V; —il*V,
+ (¢ — D) + W) (21)

where
R — -
WZE(A?,—IA“F)—FR(COSPZ— 1)(1 —lr) (22)

We then diagonalize H, on an N lattice with N = 28.
The corresponding low energy spectrum is shown in Fig. 3.
The momenta p, take values p, = kﬁ”, where k takes integer
values from —N to N — 1. As expected for a Dirac fermion
on a finite lattice, every energy eigenvalue, except the
lowest, is doubly degenerate. In the infinite volume/
continuum limit the lowest energy eigenvalue approaches
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24}
20+
2.0
16+
x4 1.5
121 10
8k 0.5
Al 0.
0

FIG. 2. Top: the domain walls given by Eq. (18), (20) with P
given in Eq. (19), for N = 28. ¢; is shown in orange and ¢, is
shown in blue. We have used tanh profile instead of step function
for the domain wall illustration. Bottom: a top-down view of
@3 + ¢3. The vortices are located at the blue (vortex) and red
(antivortex) points, where the domain walls cross.

zero and is also doubly degenerate, as expected for a
continuum Dirac fermion. We find the cutoff scale to be
E ~0.63 in units of the inverse lattice spacing.

We expect the low lying modes to be localized on the
vortex defects, whereas the modes at the cutoff and above
have no reason to be so. To illustrate this, we compute the
fermion number charge density w'y in Fig. 4 for some of
the low lying eigenstates y. These states have energy well
below the cutoff of ~0.63. In particular, we plot a
normalized fermion number charge density, defined as
the fermion number charge density divided by its maximum
value. As seen from the figure, these low-lying states are
well localized on the string defects. We have also shown a
state which is not localized on any of the string defects,
instead appearing to localize on one of the domain walls.

-1.0 -0.5 0.0 0.5 1.0

sin po

FIG. 3. The low-lying energies for the string defects described
by Eq. (18), (20) with P given in Eq. (19) for N = 28. The plot
shown uses p, = % with k going from —N to N — 1 for a lattice
with N = 28. The dotted black lines indicate the energies of the
lowest nonvortexlike solutions.

It should be noted that this state has an energy close to the
cutoff scale.

B. Weyl fermion

In the previous section we were able to engineer a single
pair of string defects, a vortex and an antivortex that stretch
in the x? direction. Thus translational invariance in x> was
preserved. This allowed us to construct the dispersion
plotted in Fig. 3. In order to engineer a singly connected
defect, as required for an unpaired Weyl fermion, we break
translation invariance in x>. More specifically, we demand
that the separation between the two defects, the vortex and
the antivortex, become a function of x?, being maximum
in the x> = L/2 plane, reducing as a function of grow-
ing [x? — L/2|, and then vanishing at some |x* — L/2| # 0.
To implement this we modify the expression of P in
Eq. (19) to

XL (2oL
P2,3:®1—( - -1 (23

w2ty =o(1- T - @
This profile mimics Eq. (14) for r, = L/4, and implements
an x>-dependent separation between the two strings (vortex
and antivortex), their separation being L/2 at x> = L/2,
and in general given by

D= \/ <2x2 - %) (%L - 2x2> (24)

This produces the desired unpaired singly connected
defect we were aiming to construct. We can refer to it as a
vortex loop. We can now diagonalize the Hamiltonian H g,
given this mass profile. Since we have broken translation
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E =sin(pe) =0.434 E = —sin(py) = 0.434

E =0.653,sin(py) = 0

24| 24| 24|
201 201 201
16} 16} 16}
.’L'4 12f . 12t u 121 1.0
8 8r = 0.8
4t 7
0 4 8 12 16 20 24 0 4 8 12 16 20 24 0 4 8 12 16 20 24
24+ 24} ol 0.4
201 201 201 0.2
16} 161 16
22 12 12 12} 0
8t 8 8H
4 4 4l
O =™ @ o, ., , = opme=s B - B
0 4 8 12 16 20 24 0 4 8 12 16 20 24 0 4 8 12 16 20 24
333 $3 IS

FIG. 4. Fermion number charge density yy for some of the low-lying eigenstates y shown in Fig. 3, with N = 28. We have
normalized the fermion number charge density with respect to its maximum value in each plot. Bright orange indicates larger density.
The top three plots are plotted in an x>x* plane, and the bottom three plots are plotted in the x>x? plane for x* = N/2 = 14. The mode in
the left figures lies on the positive-chirality branch of the dispersion, while the mode in the center figures lies on the negative-chirality
branch. In the right figures we are showing a mode which is not localized on the strings and has energy close to the cutoff.

invariance in x?, a dispersion relating energy eigenvalues
E with momentum p, is not meaningful. Instead,
following [33], we compute the expectation value of the
angular momentum operator in the x* direction for the
eigenstates of the Hamiltonian. The angular momentum
operator J* is given by
4 4l
J'=L*+=5%,
2
L4 = —i(.X'ZV3 — X3V2),
l

S$*=-1 =1, ® o3. (25)

N |

We use an N lattice of size N = 28 with PBC in all of
the spatial directions and plot the dispersion in Fig. 5. For
E £0.6 we have a right-handed Weyl-like dispersion
relation. The associated states are localized on the string
defects. This is illustrated in Fig. 6, where we have again
computed the normalized fermion number charge density.
The upper panel shows the density profile in the x> = N/2
plane, whereas the lower panel shows the density in the
x* = N/2 plane for three different states, two of which lie
on the Weyl branch with energy well below the cutoff; the
remaining state has energy just above the cutoff. The
former are well localized on the defect while the latter is
not. One can construct an antivortex loop by simply

flipping the sign of one of the masses ¢; or ¢,. On the
antivortex loop we find a negative chirality Weyl fermion.

In Fig. 7 we plot the fermion number charge density for
one of the low-lying Weyl modes to show its localization in
three dimensional space. As seen from the figure, the state
is localized along the core of the vortex.

FIG. 5. The dispersion for low-lying fermion modes with the
crossed domain walls given by Eq. (23). We see a Weyl branch
below E = 0.6. The states on this line are localized on the string
defect. The dotted black lines indicate the energies of the lowest
nonvortexlike solutions.
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FIG. 6. The fermion number charge density 'y for some of the low-lying eigenstates y shown in Fig. 5, with N = 28. We have
normalized the fermion number charge density with respect to its maximum value in each plot. Bright orange indicates larger density.
The top three plots are plotted in the x> = N/2 = 14 plane, and the bottom three plots are plotted in the x* = N/2 = 14 plane. The left
and center figures are modes which lie in the linear Weyl region of the dispersion, and are well-localized on the singly connected vortex
loop defect, cf. Fig. 4. The right figures show the lowest-energy mode not on the linear Weyl branch. It is not localized

on the vortex loop.

We repeated our numerical calculations with a usual
Wilson term and found that the stringlike modes were not
qualitatively affected by the change. The cutoff energy
scale was not affected, but the higher-energy modes above
the cutoff tended to have lower energy.

FIG. 7. The fermion number charge density y Ty for one of the
modes on the Weyl branch of Fig. 5 with N = 28. 2D slices for
x* = 14 and x*> = 14 are shown in the left column of Fig. 6.

V. CONCLUSION

In this paper we demonstrated how one can engineer a
2n-dimensional massless lattice Dirac fermion and a
2n-dimensional unpaired lattice Weyl fermion by embed-
ding a 2n-dimensional mass defect in 2n + 2 dimensions.
These defects are analogs of the axion string defect in the
continuum. The results of this paper suggest that, much
like the domain wall mass defect in 2n 4+ 1 dimensions,
lattice axion strings embedded in 2n + 2 dimensions can
potentially be used to regulate chiral gauge theories. To
implement this, one has to begin with several (2n + 2)-
dimensional massive Dirac fermions with coinciding mass
defects. More specifically, every Dirac fermion will be
associated with either a vortex loop (a defect with positive
winding) or an antivortex loop (negative winding). Thus,
the coinciding vortex/antivortex loop defect will host either
a right or a left chirality Weyl fermion for each of the
(2n + 2)-dimensional Dirac fermions. Then one can engi-
neer the Weyl fermion content of the desired chiral gauge
theory by introducing higher-dimensional Dirac fermions
with appropriate vortex or antivortex defects. One can then
gauge the appropriate anomaly-free chiral symmetry group
of interest. Note that, for the purpose of application to chiral
gauge theories, the gauge fields have to be 2n-dimensional:
they fluctuate on the defect with the 2n-dimensional
gauge field action and propagate only in 2n dimensions.
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Away from the loop defect, one will have to continue the
gauge fields into the (2n + 2)-dimensional bulk in a way
that preserves 2n-dimensional gauge invariance. A natural
choice may be to use the (2n + 2)-dimensional gauge field
equation of motion to continue the defect gauge fields into
the bulk. The details of adding the gauge field is left to
future work. Furthermore, it will be interesting to explore
the Euclidean spacetime behavior of this defect in the
presence of gauge fields. In particular, we expect zero
modes in the spectrum if the gauge field configuration on
the defect has a net instanton number.

Finally, axion strings/loops and the localized chiral edge
states are important to the phenomenology of the early
universe, e.g., that of superconducting cosmic strings [2-5].
Thus far, phenomenological studies have focused on chiral
edge states of continuum axion strings. Lattice regularized
axion strings may have a much richer phenomenology. In
particular, it is known that varying the parameters m, m,
with respect to the Wilson parameter can alter the number

of localized Weyl fermions and the net chirality on lattice
axion strings [37]. Evidently, the associated anomaly
inflow and the Goldstone-Wilczek current will be altered
as well [37]. This is likely to impact the properties of the
superconducting cosmic strings and is worth investigating.

ACKNOWLEDGMENTS

S. S. acknowledges support from the U. S. Department of
Energy, Nuclear Physics Quantum Horizons program
through the Early Career Award No. DE-SC0021892.
J. K. acknowledges support from the U.S. Department
of Energy under Grant No. DE-SC0023692.

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available. The data are available from the authors
upon reasonable request.

[1] C.G. Callan, Jr. and J. A. Harvey, Anomalies and fermion
zero modes on strings and domain walls, Nucl. Phys. B250,
427 (1985).

[2] E.J. Copeland, N. Turok, and M. Hindmarsh, Dynamics of
superconducting cosmic strings, Phys. Rev. Lett. 58, 1910
(1987).

[3] P. Agrawal, A. Hook, J. Huang, and G. Marques-Tavares,
Axion string signatures: A cosmological plasma collider,
J. High Energy Phys. 01 (2022) 103.

[4] H. Fukuda, A.V. Manohar, H. Murayama, and O. Telem,
Axion strings are superconducting, J. High Energy Phys. 06
(2021) 052.

[5] M. Ibe, S. Kobayashi, Y. Nakayama, and S. Shirai, On
stability of fermionic superconducting current in cosmic
string, J. High Energy Phys. 05 (2021) 217.

[6] H.B. Nielsen and M. Ninomiya, Absence of neutrinos on a
lattice. 2. Intuitive topological proof, Nucl. Phys. B193, 173
(1981).

[7]1 H. B. Nielsen and M. Ninomiya, Absence of neutrinos on a
lattice. 1. Proof by homotopy theory, Nucl. Phys. B185, 20
(1981); B195, 541(E) (1982).

[8] H.B. Nielsen and M. Ninomiya, No go theorem for
regularizing chiral fermions, Phys. Lett. B105, 219 (1981).

[9] D.B. Kaplan, A method for simulating chiral fermions on
the lattice, Phys. Lett. B 288, 342 (1992).

[10] Y. Shamir, Chiral fermions from lattice boundaries, Nucl.
Phys. B406, 90 (1993).

[11] V. Furman and Y. Shamir, Axial symmetries in lattice QCD
with Kaplan fermions, Nucl. Phys. B439, 54 (1995).

[12] H. Neuberger, Vector—like gauge theories with almost
massless fermions on the lattice, Phys. Rev. D 57, 5417
(1998).

[13] H. Neuberger, Exactly massless quarks on the lattice, Phys.
Lett. B 417, 141 (1998).

[14] R. Narayanan and H. Neuberger, Chiral fermions on the
lattice, Phys. Rev. Lett. 71, 3251 (1993).

[15] R. Narayanan and H. Neuberger, Chiral determinant as an
overlap of two vacua, Nucl. Phys. B412, 574 (1994).

[16] M. Luscher, Abelian chiral gauge theories on the lattice with
exact gauge invariance, Nucl. Phys. B549, 295 (1999).

[17] E. Eichten and J. Preskill, Chiral gauge theories on the
lattice, Nucl. Phys. B268, 179 (1986).

[18] X.-G. Wen, A lattice non-perturbative definition of an
SO(10) chiral gauge theory and its induced standard model,
Chin. Phys. Lett. 30, 111101 (2013).

[19] Y.-Z. You and C. Xu, Symmetry protected topological states
of interacting fermions and bosons, Phys. Rev. B 90, 245120
(2014).

[20] Y.-Z. You and C. Xu, Interacting topological insulator and
emergent grand unified theory, Phys. Rev. B 91, 125147
(2015).

[21] J. Wang and X.-G. Wen, A solution to the 1 + 1D gauged
chiral fermion problem, Phys. Rev. D 99, 111501 (2018).

[22] S. Catterall, Chiral lattice fermions from staggered fields,
Phys. Rev. D 104, 014503 (2021).

[23] J. Wang and Y.-Z. You, Symmetric mass generation,
Symmetry 14, 1475 (2022).

[24] S.S. Razamat and D. Tong, Gapped chiral fermions, Phys.
Rev. X 11, 011063 (2021).

[25] E. Berkowitz, A. Cherman, and T. Jacobson, Exact lattice
chiral symmetry in 2D gauge theory, Phys. Rev. D 110,
014510 (2024).

[26] Y. Shamir, The Standard Model from a new phase transition
on the lattice, Phys. Rev. D 57, 132 (1998).

034510-9


https://doi.org/10.1016/0550-3213(85)90489-4
https://doi.org/10.1016/0550-3213(85)90489-4
https://doi.org/10.1103/PhysRevLett.58.1910
https://doi.org/10.1103/PhysRevLett.58.1910
https://doi.org/10.1007/JHEP01(2022)103
https://doi.org/10.1007/JHEP06(2021)052
https://doi.org/10.1007/JHEP06(2021)052
https://doi.org/10.1007/JHEP05(2021)217
https://doi.org/10.1016/0550-3213(81)90524-1
https://doi.org/10.1016/0550-3213(81)90524-1
https://doi.org/10.1016/0550-3213(81)90361-8
https://doi.org/10.1016/0550-3213(81)90361-8
https://doi.org/10.1016/0550-3213(82)90011-6
https://doi.org/10.1016/0370-2693(81)91026-1
https://doi.org/10.1016/0370-2693(92)91112-M
https://doi.org/10.1016/0550-3213(93)90162-I
https://doi.org/10.1016/0550-3213(93)90162-I
https://doi.org/10.1016/0550-3213(95)00031-M
https://doi.org/10.1103/PhysRevD.57.5417
https://doi.org/10.1103/PhysRevD.57.5417
https://doi.org/10.1016/S0370-2693(97)01368-3
https://doi.org/10.1016/S0370-2693(97)01368-3
https://doi.org/10.1103/PhysRevLett.71.3251
https://doi.org/10.1016/0550-3213(94)90393-X
https://doi.org/10.1016/S0550-3213(99)00115-7
https://doi.org/10.1016/0550-3213(86)90207-5
https://doi.org/10.1088/0256-307X/30/11/111101
https://doi.org/10.1103/PhysRevB.90.245120
https://doi.org/10.1103/PhysRevB.90.245120
https://doi.org/10.1103/PhysRevB.91.125147
https://doi.org/10.1103/PhysRevB.91.125147
https://doi.org/10.1103/PhysRevD.99.111501
https://doi.org/10.1103/PhysRevD.104.014503
https://doi.org/10.3390/sym14071475
https://doi.org/10.1103/PhysRevX.11.011063
https://doi.org/10.1103/PhysRevX.11.011063
https://doi.org/10.1103/PhysRevD.110.014510
https://doi.org/10.1103/PhysRevD.110.014510
https://doi.org/10.1103/PhysRevD.57.132

JONATHAN D. KROTH and SRIMOYEE SEN

PHYS. REV. D 112, 034510 (2025)

[27] M. E.L. Golterman and Y. Shamir, A Gauge fixing action
for lattice gauge theories, Phys. Lett. B 399, 148 (1997).

[28] W. Bock, M. F. L. Golterman, and Y. Shamir, On the phase
diagram of a lattice U(1) gauge theory with gauge fixing,
Phys. Rev. D 58, 054506 (1998).

[29] W. Bock, M. E. L. Golterman, and Y. Shamir, Lattice chiral
fermions through gauge fixing, Phys. Rev. Lett. 80, 3444
(1998).

[30] M. Golterman and Y. Shamir, SU(N) chiral gauge theories
on the lattice, Phys. Rev. D 70, 094506 (2004).

[31] M. Golterman and Y. Shamir, Running couplings in
equivariantly gauge-fixed SU(N) Yang-Mills theories, Phys.
Rev. D 73, 014510 (2006).

[32] D.B. Kaplan, Chiral gauge theory at the boundary between
topological phases, Phys. Rev. Lett. 132, 141603 (2024).

[33] D.B. Kaplan and S. Sen, Weyl fermions on a finite lattice,
Phys. Rev. Lett. 132, 141604 (2024).

[34] R. Jackiw and C. Rebbi, Solitons with fermion number %,
Phys. Rev. D 13, 3398 (1976).

[35] N. Kan, S. Aoki, and H. Fukaya, Lattice Weyl fermion on a
single spherical domain-wall, Proc. Sci. LATTICE2024
(2025) 379 [arXiv:2502.03045].

[36] S. Aoki and H. Fukaya, Curved domain-wall fermion and its
anomaly inflow, Prog. Theor. Exp. Phys. 2023, 033B05
(2023).

[37] S. Sen, Chiral fermions on lattice axion strings, Phys. Rev.
D 107, 014509 (2023).

[38] S. Sen and S. Valgushev, Generalized Hall current on a finite
lattice, Phys. Rev. D 108, 114502 (2023).

[39] D.B. Kaplan and S. Sen, Index theorems, generalized Hall
currents, and topology for gapless defect fermions, Phys.
Rev. Lett. 128, 251601 (2022).

[40] D.B. Kaplan and S. Sen, Generalized Hall currents in
topological insulators and superconductors, Phys. Rev. D
108, 045019 (2023).

[41] D.B. Kaplan, Chiral symmetry and lattice fermions, in
Les Houches Summer School: Session 93: Modern Per-
spectives in Lattice QCD: Quantum Field Theory and
High Performance Computing (2009), pp. 223-272, arXiv:
0912.2560.

[42] K. Jansen and M. Schmaltz, Critical momenta of lattice
chiral fermions, Phys. Lett. B 296, 374 (1992).

[43] K. Jansen, Chiral fermions and anomalies on a finite lattice,
Phys. Lett. B 288, 348 (1992).

034510-10


https://doi.org/10.1016/S0370-2693(97)00277-3
https://doi.org/10.1103/PhysRevD.58.054506
https://doi.org/10.1103/PhysRevLett.80.3444
https://doi.org/10.1103/PhysRevLett.80.3444
https://doi.org/10.1103/PhysRevD.70.094506
https://doi.org/10.1103/PhysRevD.73.014510
https://doi.org/10.1103/PhysRevD.73.014510
https://doi.org/10.1103/PhysRevLett.132.141603
https://doi.org/10.1103/PhysRevLett.132.141604
https://doi.org/10.1103/PhysRevD.13.3398
https://doi.org/10.22323/1.466.0379
https://doi.org/10.22323/1.466.0379
https://arXiv.org/abs/2502.03045
https://doi.org/10.1093/ptep/ptad023
https://doi.org/10.1093/ptep/ptad023
https://doi.org/10.1103/PhysRevD.107.014509
https://doi.org/10.1103/PhysRevD.107.014509
https://doi.org/10.1103/PhysRevD.108.114502
https://doi.org/10.1103/PhysRevLett.128.251601
https://doi.org/10.1103/PhysRevLett.128.251601
https://doi.org/10.1103/PhysRevD.108.045019
https://doi.org/10.1103/PhysRevD.108.045019
https://arXiv.org/abs/0912.2560
https://arXiv.org/abs/0912.2560
https://doi.org/10.1016/0370-2693(92)91335-7
https://doi.org/10.1016/0370-2693(92)91113-N

	Unpaired Weyl fermion on an axion string in a finite lattice
	I. INTRODUCTION
	II. CHIRAL EDGE STATES IN INFINITE SPACE: CONTINUUM AND LATTICE
	III. CHIRAL EDGE STATES ON A FINITE LATTICE
	IV. NEW DEFECT
	A. Dirac fermion
	B. Weyl fermion

	V. CONCLUSION
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	References


