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The evolution of the event horizon when two black holes merge can be determined by resorting to ray-
tracing techniques on a single black hole spacetime, under the assumption that the binary’s mass ratio is
infinite and the underlying gravity theory respects the equivalence principle. We extend this analysis to the
collision of nonspinning hairy black holes in Einstein-scalar-Gauss-Bonnet gravity. In such theories the
scalar field is coupled to a higher curvature operator, leading to possible modifications of the background
geometry and consequently of photon propagation. We study three families of coupling functions: linear,
quadratic, and a particular exponential form. The first choice enjoys a shift symmetry and forces the
presence of scalar hair in the spectrum of black hole solutions. The latter two couplings break the shift
symmetry and allow for spontaneously scalarized hairy black holes, which coexist with the Schwarzschild
black hole. For all three classes of theories studied, we find a merger duration that is longer than the
corresponding time in general relativity, when keeping the size of the small black hole fixed and for viably
small values of the coupling constant. However, the case of the exponential coupling yields a
nonmonotonic merger duration, which can become shorter than the general relativity value for a
sufficiently large coupling constant. We observe that the merger duration and the area increment
generically track the behavior of the small black hole’s photon ring. Finally, we also compare our results
with recent numerical simulations by other groups, despite the dissimilar mass ratios considered.

DOI: 10.1103/twfc-xd1g

I. INTRODUCTION

The advent of gravitational wave (GW) astronomy has
promoted coalescing compact binaries to precision probes
of gravity in the strong-field, highly dynamical regime,
making them natural laboratories to search for corrections
to general relativity (GR) [1–4]. The LIGO-Virgo-KAGRA
(LVK) network has already produced a rich catalog of
detections and stringent tests of GR [5,6], and its sensitivity
will improve in the coming years [7–10] delivering orders-
of-magnitude gains in reach and measurement accuracy.

Existing GW observations significantly constrain broad
classes of deviations (see, for example, Refs. [11,12]),
indicating that very precise modeling and data analysis will
be required to uncover potential departures from GR.
Among the many proposed extensions of GR, Einstein-

scalar-Gauss-Bonnet (EsGB) gravity provides a particularly
well-motivated and theoretically controlled framework. In
thesemodels, whichwewill focus on—andwhich fall within
the well-known classes of scalar-tensor theories (broadly
defined), quadratic gravity and Horndeski theories (see,
for instance, Refs. [13–15])—a scalar field couples non-
minimally to the Gauss-Bonnet invariant, introducing
higher-curvature interactions while preserving second-order
equations of motion in four dimensions. These theories
support black hole (BH) solutions endowed with nontrivial
scalar hair [16–22]. Depending on the choice of scalar-
Gauss-Bonnet coupling, this phenomenon is reminiscent of
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the spontaneous scalarization found by Damour and
Esposito-Farèse [23,24], but in this case it is curvature-
induced and may be active for BHs, as well as for neutron
stars. The presence of the scalar field modifies both the
dynamics and the radiative signature of compact binaries
[25], potentially altering their inspiral, merger, and ring-
down. Yet, the theory can remain compatiblewithweak-field
tests [26,27]. This makes strong-field GW observations of
compact binaries a particularly powerful probe, provided
their dynamics are modeled with sufficient accuracy.
Substantial effort has therefore been devoted to modeling

GW signals in EsGB gravity, starting with early analytical
studies [25] and numerical investigations under some
approximations [28,29]. In the context of EsGB gravity,
confrontation of theoretical waveform models with obser-
vational data has led to increasingly stringent bounds on
the Gauss-Bonnet coupling (see, e.g., Refs. [30–36]), and
EsGB-specific waveform models have been developed
within the effective-one-body framework and applied to
selected LVK events [34,37]. Dynamical scalarization poten-
tially occurring in nearly equal-mass binary BHmergers was
recently suggested to be observable with third-generation
ground-based gravitational-wave detectors, in a narrow
window of the coupling parameter of one of the models
we consider below [38]. Beyond semi-analytical modeling,
recent theoretical progress has established that higher-
derivative scalar-tensor theories, including EsGB, admit a
well-posed initial value formulation in the weak-coupling
regime [39,40], enabling fully nonlinear numerical simu-
lations of compact binaries [38,41–46] and direct compar-
isons with GWobservations. Nevertheless, such simulations
are computationally demanding and theory-specific, under-
scoring the importance of complementary approaches that
enable scanning quickly a broad range of parameters. These
considerations lead us to investigate mergers of scalar-hairy
BHs in EsGB gravity from a different perspective.
In this paper, we perform a complementary study of BH

mergers in EsGB gravity, by extending the analysis to the
extreme mass-ratio (EMR) limit, where semianalytical
methods can be used. Specifically, we investigate collisions
of such hairy BHs when one companion is infinitely more
massive than the other by resorting to the ray tracing
technique developed in this context by Emparan and
Martínez [47]. Our results are valid for more general
(non-head-on) plunges, which can be obtained from the
head-on configuration by performing a Lorentz boost along
a direction parallel to the large horizon [47]. We will
restrict, without loss of generality, to the head-on setup, for
simplicity. This approach is valid for theories respecting the
weak equivalence principle, which is the case for EsGB
gravity if matter is minimally coupled to the spacetime
metric, and thus not coupled directly to the scalar field, nor
to the Gauss-Bonnet invariant. Hence, in these theories
photons follow geodesics, which is the key ingredient

required to trace back in time the generators of the event
horizon describing the merger. This technique has been
employed in a number of more recent works [48–55].
As mentioned above, the theories we shall consider fall

within the class of Horndeski theories, but the mapping that
makes this connection explicit is nonanalytic [15]. Yet, a
parametrized post-Newtonian (PPN) analysis that takes this
hurdle into account has been performed for these theories in
[56] (and in [57] including coupling to additional matter).
Specifically, for the scalarized Einstein-Gauss-Bonnet the-
ories the PPN parameters exactly match those of GR and so
these theories are indistinguishable from GR in the weak
field, quasistatic regime. This provides a strong motivation
for our study of suchmodels, as they display departures from
GR only in the strong gravity (or highly relativistic) regime,
where effects at the horizon scale should be noticeable.
Hence, solar system observations, for instance, can hardly
place any bounds on the coupling constants of these theories.
Nevertheless, post-Newtonian corrections do arise at higher
order and these have been used to constrain the couplings of
some EsGBmodels. This illustrates the synergy between the
post-Newtonian analysis and our study of the merging
horizons as a way to explore a wider range of theories
and the dynamics of binary systems.
We study three different families of EsGB theories for

which quantitative results are obtained for the merger
duration and area increase as a function of the scalar-
Gauss-Bonnet coupling constant. We find that, when the
scalar field is either linearly or quadratically coupled to the
Gauss-Bonnet invariant, the highly nonlinear merger phase
proceeds slower than in GR, keeping the size of the small
BH fixed, for comparison. While the linear coupling is
natural from an effective field theory perspective [46] and
motivated by the desire to evade no-hair theorems [18], the
quadratically coupled model is known to be afflicted by
instabilities and is considered here only as a benchmark for
the study of the third family. The last class of models
considered involves a particular exponential type of cou-
pling that induces spontaneous scalarization of sufficiently
small BHs (compared to the coupling constant). The
interest in this form of coupling is phenomenologically
justified at astrophysical scales, allowing for spontaneous
scalarization of BHs resulting in linearly stable solutions
[38], as well as affecting binary pulsar dynamics by
possibly endowing neutron stars with scalar charge
[58,59]. For this third theory two distinct outcomes are
possible: for sufficiently small values of the (dimension-
less) coupling constant the merger is delayed when com-
pared to GR, but there also exists a parameter range in
which the merging time is accelerated, while not being
ruled out by known instabilities of the BH geometry.
In the case of a linear coupling, Ref. [46] found that the

merging times for such binaries are longer than post-
Newtonian expectations—which predict that the inspiral
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phase should be accelerated due to the additional emission
of dipole scalar radiation—, but still shorter than in GR. In
the case of the special exponential coupling, recent
numerical simulations [38] similarly find shorter merging
times for EsGB than in GR, which is also a possibility
revealed by our analysis.
The structure of the paper is as follows. In Sec. II we

review the literature concerning BH solutions in EsGB
gravity. These geometries will be used in Sec. III to construct
the time evolution of the event horizon in EMR mergers. In
this section we also include a brief description of how the ray
tracing technique is implemented, and extract our main
observables: the merger duration and the relative area
increase of the small BH. We study three different families
of EsGB theories for whichweobtain quantitative results as a
function of the scalar-Gauss-Bonnet coupling constant.
Section IV is dedicated to the comparison with recent
numerical relativity (NR) results for the case of the shift-
symmetric theory and EsGB with a particular exponential
form of the scalar-Gauss-Bonnet coupling function. Finally,
Sec. V is devoted to conclusions and some discussion. We
relegate to fourAppendices the details about the procedure to
obtain the numerical solutions for the hairy black holes, and
about the conversion of our results to units better adapted to
NR simulations.
Throughout the manuscript we adopt geometrical units,

in which Newton’s constant of gravitation and the speed of
light are set to unity, G ¼ c ¼ 1.

II. BLACK HOLES IN EINSTEIN-SCALAR
GAUSS-BONNET GRAVITY

EsGB theories can be viewed as an extension of the
effective field theory (EFT) approach to gravity [60,61]
to the case of scalar-tensor theories, in which the scalar-
Gauss-Bonnet coupling appears naturally as the leading-
order, higher-derivative correction to GR [62]. Such
couplings are also characteristic of low-energy effective
actions from string theory [63,64]. In this language, the
scalar-Gauss-Bonnet coupling plays the role of an EFT
coefficient, and the resulting equations of motion are
understood as a controlled low-energy expansion [39,40].
The action describing EsGB theory can be written

as [21,65]

S ¼ 1

16π

Z
d4x

ffiffiffiffiffiffi
−g

p �
R −

1

2
∂aΦ∂

aΦþ αfðΦÞR2
GB

�
; ð1Þ

which contains the usual Einstein-Hilbert term, given by
the Ricci scalar, R, as well as the Gauss-Bonnet term,
defined by

R2
GB ¼ R2 − 4RabRab þ RabcdRabcd; ð2Þ

where Rab and Rabcd are the Ricci tensor and the Riemann
tensor, respectively. Furthermore, the theory involves a
scalar field, Φ, which is coupled to the Gauss-Bonnet
term through a generic function, fðΦÞ, which is rendered
dimensionless upon pulling out the multiplicative coupling
constant, α, with dimensions of length squared.
Variation of the action with respect to the metric field,

gab, and the scalar field, Φ, yields the equations of motion
for the theory, namely

∇a∇aΦþ αḟðΦÞR2
GB ¼ 0; ð3Þ

Rab −
1

2
Rgab ¼ TΦ

ab þ αTGB
ab ; ð4Þ

where ∇a denotes the covariant derivative and the dot
denotes a derivative with respect to Φ. The stress-energy
tensor has contributions both from the metric and the scalar
field [21],

TΦ
ab ¼

1

2
∂aΦ∂bΦ −

1

4
gab∂cΦ∂

cΦ; ð5Þ

TGB
ab ¼ 1

2g
ðgcagdb − gdagcbÞϵedghϵckijRijgh∇k∇ef; ð6Þ

where ϵ is the completely antisymmetric tensor in four
dimensions.
Assuming a static and spherically symmetric spacetime

with line element

ds2 ¼ −eΓðrÞdt2 þ eΛðrÞdr2 þ r2ðdθ2 þ sin2 θ dφ2Þ; ð7Þ

the metric field equations read

8αḟ½ðeΛ − 3ÞΛ0Φ0 − 2ðeΛ − 1ÞΦ00� þ 4eΛðrΛ0 þ eΛ − 1Þ
¼ Φ02½16αðeΛ − 1Þf̈ þ r2eΛ�; ð8Þ

r2eΛΦ02 þ 4eΛð−rΓ0 þ eΛ − 1Þ ¼ 8ðeΛ − 3ÞαḟΓ0Φ0; ð9Þ

4αḟ½−2Γ0Φ00 −Φ0ð2Γ00 − 3Γ0Λ0 þ Γ02Þ�
þ eΛ½2rΓ00 þ ðrΓ0 þ 2ÞðΓ0 − Λ0Þ� ¼ Φ02ð8αf̈Γ0 − reΛÞ;

ð10Þ

and the scalar field equation reads

4e−Λαḟ½ðeΛ − 3ÞΓ0Λ0 − ðeΛ − 1Þð2Γ00 þ Γ02Þ�
¼ −2r2Φ00 − rΦ0ðrΓ0 − rΛ0 þ 4Þ; ð11Þ

where the primes denote derivatives with respect to r, and
we omitted the functional dependence on r and Φ, i.e.
Λ ¼ ΛðrÞ, Γ ¼ ΓðrÞ, Φ ¼ ΦðrÞ and f ¼ fðΦÞ.
Depending on the choice of coupling function f in

Eq. (1), the EsGB theory may admit, or not, the same BH
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solutions as those of GR. When it does, the hairy BHs
branch out from the GR solutions at specific points in the
parameter space determined by the perturbative instabilities
of the unscalarized BHs [19]. There is a countable infinity
of such unstable points and so there are infinite branches of
hairy black holes in such theories, labeled by n∈N0, the
number of zeroes in the scalar field profile. These are
so-called spontaneously scalarized BHs. However, for a
shift-symmetric theory, the GR BHs do not solve the
equations of motion and the hairy BHs only exist along
a single branch of solutions.
In this work, we focus on three different subclasses of

EsGB gravity, distinguished by the choice of coupling
functions. Specifically, we study coupling functions that
are either linear in the scalar field [17], quadratic [20],
or of a special exponential form [19]. The latter two
coupling functions satisfy ḟð0Þ ¼ 0, which ensures that
the Schwarzschild spacetime, having Φ ¼ 0, is also a
solution of EsGB, along with additional hairy BHs.
In the remainder of this section, we describe the BH

solutions that arise in each of these theories. This is done by
solving the system of Eqs. (8)–(11), demanding regularity
at the horizon, r ¼ rh, and imposing that the scalar field
asymptotes to zero at infinity. The solutions obtained
numerically fall along lines in the two-dimensional space
parametrized by ΦðrhÞ ¼ Φh and

α̃≡ α

r2h
: ð12Þ

More details about the numerical construction of the
solutions are given in Appendix A and Appendix B.

A. Linear coupling

For our first choice of the coupling function we adopt a
linear form,

fðΦÞ ¼ Φ
4
; ð13Þ

which gives rise to the shift-symmetric EsGB solutions
obtained in [18,66]. The theory in this case is invariant
under Φ → Φþ c, where c is an arbitrary constant, and the
normalization in Eq. (13) is conventional. One can restrict
to coupling constant α ≥ 0 without loss of generality, since
the equations of motion are invariant also under the Z2

transformation ðα;ΦÞ → ð−α;−ΦÞ.
Shift-symmetric EsGB has attracted considerable inter-

est. An important property of this theory is that the linear
coupling forces static BHs to be hairy, and hence distinct
from those of GR.1 In addition, previous studies have found
that EsGB BH solutions with linear coupling are free from
ghosts and Laplacian instabilities for small coupling [67],

and do not suffer from any quasinormal mode (QNM)
instabilities [68,69], further motivating their study.
Figure 1 shows the domain of existence of EsGB BHs

with a linear coupling in the (Φh, α̃) space. These solutions
exist along a single branch, developing from the origin until
condition (A3) is no longer satisfied, for jα̃j ¼ 1=

ffiffiffi
6

p
.

Radial profiles of the metric functions and scalar field
are shown in Fig. 2 for different values of the coupling
constant. Given that α̃ is restricted to a finite interval, the
deviation of the metric functions from their GR counterpart

FIG. 1. Single branch of BH solutions of EsGB with linear
coupling, fðΦÞ ¼ Φ=4, plotted in the (Φh, α=r2h) parameter
space. These develop in the (Φh, α=r2h) plane from the point
(Φh ¼ 0, α=r2h ¼ 0) until Eq. (A3) is no longer satisfied, i.e. for
jαj=r2h ≥ 1=

ffiffiffi
6

p
, represented by the red-dashed curves. The

Schwarzschild spacetime, with Φ ¼ 0, is a solution of the theory
only for α=r2h ¼ 0.

FIG. 2. Top: radial profile of the metric functions eΓðrÞ and eΛðrÞ
for several EsGB BH solutions with a linear coupling. The
Schwarzschild solution corresponds to the red dashed line.
Bottom: radial profile of the scalar field, ΦðrÞ, for the same
BH solutions.

1This can be readily seen from Eq. (3), as the coupling to the
Gauss-Bonnet invariant never vanishes.
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(α ¼ 0) is bounded from above, with only mild departures
in this shift-symmetric case. Moreover, the scalar field
profile is bounded from above and below by the solutions
for ΦðrÞ with α̃ ¼ �1=

ffiffiffi
6

p
. Our numerical results are in

agreement with those of [18].
The most constraining observational bound on the

coupling constant in shift-symmetric EsGB theory is
ffiffiffi
α

p
≤

1.49 km [34]. For a 5 solar mass black hole, this translates
into α=r2h ≤ 10−2. (For even smaller BH masses, as
suggested to exist in the lower mass gap in [70], this
bound increases.) Note, however, that this bound relies on
post-Newtonian results, and has been challenged in [46].

B. Quadratic coupling

The quadratic coupling

fðΦÞ ¼ Φ2

4
ð14Þ

is the simplest choice that allows GR BHs to persist as
solutions of EsGB gravity [20]. Again, the multiplicative
factor 1=4 is purely conventional.
The values of α̃ and Φh for which hairy BH solutions

exist in this theory are shown in Fig. 3, for the fundamental
branch (n ¼ 0) and for the first two overtones (n ¼ 1, 2).
As n increases, the parameter range narrows in Φh but
widens in α̃. For the n ¼ 0 solution branch, which intro-
duces the most noticeable changes to Schwarzschild,
the coupling parameter is only allowed to vary within
0.346580≲ α̃≲ 0.362811, corresponding to values of the
scalar field at the horizon that satisfy jΦhj≲ 0.588967. At

the scales shown in Fig. 3, the n ¼ 0 branch appears as an
almost straight vertical line, but a zoom-in reveals that it
bends to the left away from the branching point, similar to
the n ¼ 1, 2 branches.
In Fig. 4, we show the radial profiles of the metric

functions and the scalar field for BH solutions for several
values of α̃ and n. Note that the metric functions deviate
only slightly from Schwarzschild, as the scalar field
remains relatively small throughout. The scalar field profile
qualitatively changes as we consider higher n, exhibiting an
increasing number of nodes. However, its amplitude is
correspondingly reduced, which prevents a significant
impact on the metric functions. For this reason, we only
display the metric functions for the n ¼ 0 branch of
solutions. These numerical results are in agreement with
the findings of [20,21].

FIG. 4. Top: radial profile of the metric functions eΓðrÞ and eΛðrÞ
for several n ¼ 0 EsGB BH solutions with a quadratic coupling.
The Schwarzschild solution corresponds to the red-dashed line.
Middle: radial profile of the scalar field,ΦðrÞ, for the same n ¼ 0
BH solutions. Bottom: radial profile of the scalar field, ΦðrÞ, for
n ¼ 1 and n ¼ 2 EsGB BH solutions with a quadratic coupling.

FIG. 3. First three branches of BH solutions of EsGB with
quadratic coupling, fðΦÞ ¼ Φ2=4, plotted in the (Φh, α=r2h)
parameter space. The Schwarzschild solution, represented in blue
along the Φh ¼ 0 axis, is a solution for all α, but it becomes
unstable at specific values of α=r2h, leading to the emergence of
BHs with scalar hair. These hairy solutions branch out from the
Φh ¼ 0 axis until Eq. (A3) is no longer satisfied. Hairy BHs are
restricted to lie within the two red-dashed curves determined
by Φh ¼ �ð24α2=r4hÞ−1=2.
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It is worth noting that all hairy BHs in EsGB with a
purely quadratic coupling function are known to be
unstable [71–73]. Therefore, we will consider these space-
times mainly as a benchmark for BHs in EsGB with a
special exponential coupling (see next section).

C. Special exponential coupling

Our last choice of coupling function has a particular
exponential form [19],

fðΦÞ ¼ 1

6
ð1 − e−3Φ

2=2Þ: ð15Þ

The BHs in this theory are more interesting than with the
quadratic coupling discussed in the previous subsection
for two reasons. First, some of these hairy BHs are believed
to be stable, as we discuss shortly below. The second
reason is related to Fig. 5, where we plot the domain of
existence of BH solutions in the (Φh, α̃) plane. Note that, if
jΦhj ≪ 1, we obtain a similar behavior as the one found
for the quadratic coupling. For instance, the hairy BHs
branch out at exactly the same points. This is expected
since jΦhj ≪ 1 implies jΦðrÞj ≪ 1 for all r > rh, in which
case the coupling function is well approximated by
fðΦÞ ¼ ð1 − e−3Φ

2=2Þ=6 ≃Φ2=4. For n ≥ 1 solutions, Φh
remains bounded to small values, and so the parameters
covered in α̃ are very similar to those in the quadratic case.

However, for n ¼ 0 BH solutions, there is no upper
bound on α̃ and consequently Φh can take arbitrarily large
values. This leads to solutions that significantly differ
from Schwarzschild, see Fig. 6, whereas n ≥ 1 solutions
remain very similar to those obtained in Fig. 4. The
n ¼ 0 family of hairy BH solutions branches off from
Schwarzschild at a critical value of the coupling constant,
given by α̃c ¼ 0.362811, exactly the same value as in the
quadratic coupling case. These numerical results are in
agreement with [19].
It has been shown that all such hairy BHs with n > 0 are

unstable [71]. On the other hand, the fundamental mode
n ¼ 0 yields a stable hairy BH when the coupling is
sufficiently small, specifically α̃ ≲ 13.834.2

FIG. 5. First three branches of BH solutions of EsGB with
exponential coupling, fðΦÞ ¼ ð1 − e−3Φ

2=2Þ=6, plotted in the
(Φh, α=r2h) parameter space. The Schwarzschild solution, repre-
sented in blue in the Φh ¼ 0 axis, is a solution for all coupling
parameters α=r2h. The Schwarzschild solution becomes unstable
for α=r2h > 0.362811, leading to the emergence of BH solutions
with scalar hair. For n ≥ 1 solutions, these develop in the (Φh,
α=r2h) plane from the Φh ¼ 0 axis until Eq. (A3) is no longer
satisfied. On the other hand, n ¼ 0 solutions exist for all values of
Φh. The red, dashed curves were obtained by solving numerically
the equality in Eq. (A3).

FIG. 6. Top: radial profile of the metric functions eΓðrÞ and eΛðrÞ
for several n ¼ 0 EsGB BH solutions with an exponential
coupling. The Schwarzschild solution corresponds to the red,
dashed line. Middle: radial profile of the scalar field,ΦðrÞ, for the
same n ¼ 0 BH solutions. Bottom: radial profile of the scalar
field,ΦðrÞ, for several n ¼ 1 and n ¼ 2 EsGB BH solutions with
an exponential coupling.

2This threshold was obtained by converting the bound reported
in Refs. [71,74,75], where it was expressed in units of M instead
of rh, and taking into account differences in the definition of the
coupling constant.
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Observational constraints on the coupling constant in
this specific EsGB theory have been placed by considering
GW data from binary BH mergers, strongly disfavoring
117 km ≤

ffiffiffi
α

p
≤ 200 km [35]. The most stringent con-

straints in this case come from binary pulsar observations,
allowing values of

ffiffiffi
α

p
up to a few tens of kilometers

[36,58]. These bounds are less sharp because of their
dependence on the incompletely known equation of state of
neutron stars. Nevertheless, they suggest that in this model
there is a narrow window of coupling constants allowing
for spontaneously scalarized BHs (with ∼10 solar masses)
that is not ruled out observationally.

III. BLACK HOLE MERGERS IN ESGB

The event horizon describing the merger between a small
BH in EsGB and an infinitely large BH is obtained by
computing a particular congruence of null geodesics in the
spacetime defined by the small BH in isolation [47]. The
congruence is selected by the condition that the event
horizon approaches a null plane at future null infinity. By
taking progressive constant time slices, one obtains the time
evolution of the merging horizon, as done previously for
modified gravity, namely for Einsteinian cubic gravity, in
[54]. Determining the location of the merging event horizon
by integrating its null generators backwards in time from a
late-time stationary state is a robust technique also used
occasionally in NR [76–78].
In our analysis, we will take the large BH to be nonhairy.

While this is not a matter of concern for the quadratic and
exponential couplings considered, for the shift-symmetric
theory this assumption requires some explanation, because
its BH solutions are necessarily distinct from those of GR.
However, in the linear case this is justified precisely for
infinitely large BHs: when rh → ∞ the scalar field becomes
infinitely suppressed (see Figs. 1 and 2). Indeed, EMR
mergers whose primary component is a supermassive BH
are prime targets of LISA and thus are expected to be
nonhairy.

A. Construction of the merging event horizon

As just mentioned, the determination of the event
horizon hinges upon the calculation of certain null geo-
desics. Let xa ¼ ðt; r; θ;φÞ be the coordinates of one such
geodesic, parametrized by an affine parameter κ, and ua ¼
dxa=dκ denote its tangent velocity vector, in terms of which
the geodesic equations are ub∇bua ¼ 0.
Given the spherical symmetry of the background BH

considered, we may take the geodesic to lie on the
equatorial plane without loss of generality, so that
θðκÞ ¼ π=2. The three remaining components of the
geodesic equations can be written as

dt
dκ̃

¼ e−ΓðrÞ

q
; ð16Þ

dφ
dκ̃

¼ −
1

r2
; ð17Þ

eΓðrÞþΛðrÞ
�
dr
dκ̃

�
2

þ VeffðrÞ ¼
1

q2
; ð18Þ

where κ̃ ¼ κL is a rescaled affine parameter and q ¼ L=E
is the impact parameter of the geodesic. Here, E and L
denote the conserved energy and angular momentum of the
geodesic, associated with the Killing vectors ∂=∂t and
∂=∂φ, respectively, whereas VeffðrÞ ¼ eΓðrÞ=r2 represents
the effective potential controlling the radial dynamics.
After specifying the function fðΦÞ and the coupling

parameter α̃, the metric functions ΓðrÞ and ΛðrÞ can be
obtained using the procedure from Sec. II, and the geodesic
equations can be solved for each impact parameter q. To
this end, it is useful to parametrize the geodesics with the
radial coordinate r instead of the affine parameter κ̃. With
this substitution, the geodesic equations for the t and φ
coordinates become

dt
dr

¼ � e
ΛðrÞ−ΓðrÞ

2

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
q2 − VeffðrÞ

q ;
dφ
dr

¼ ∓ e
ΓðrÞþΛðrÞ

2

r2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
q2 − VeffðrÞ

q :

ð19Þ

The radial coordinate that maximizes Veff is the photon
sphere radius rph of the small BH. For sufficiently small
impact parameters q, such that 1=q2 > VeffðrphÞ≡ 1=q2ph,
the denominators in Eq. (19) never vanish and the inte-
gration can be performed readily. This situation corre-
sponds to generators that do not bounce off the potential
barrier of the small BH. As a consequence such generators
either end up at r ¼ rh, at the infinite past, or they intersect
the caustic line3 φ ¼ π at some finite time. In the language
of [47] (see Fig. 5 therein), the former have q ≤ qc whereas
the latter have qc < q < qph. Here, qc is the critical impact
parameter separating noncaustic generators from caustic
generators.
Generators with impact parameters q ≥ qph can be

analyzed similarly. The characteristic novel feature of these
geodesics is the presence of a turning point at some radius
of closest approach to the small BH. There are two cases to
be distinguished: either the turning point occurs before
reaching the caustic line (i.e., jφj < π), or it occurs after-
wards (and will, therefore, not be part of the event horizon).
The threshold separating these two classes of generators
happens at some impact parameter q�, determined by
having its turning point exactly on the caustic line, at
some radial coordinate r�.

3Caustic points correspond to events at which multiple gen-
erators cross and enter the event horizon [79].
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In summary, we can divide generators into two different
categories: noncaustic generators, with impact parameters
q ≤ qc, and caustic generators, with q > qc. The latter can
further be subdivided based on whether qc < q < q� or
q > q�, corresponding to whether they enter the caustic
from the side of the small BH or from the side of the large
BH, respectively.
An important conclusion of the above discussion is that

qc < qph < q�: ð20Þ

Since qph is a local quantity, it is easier to compute than qc
or q�, and can therefore be used to interpret the results of
the latter.
To solve the geodesic equations (19), we must provide

boundary conditions that ensure that the congruence of null
geodesics approaches a null plane at future null infinity.
This is done by expanding the geodesic equations for large
r, in which case the functions tðrÞ and φðrÞ can be
straightforwardly integrated to give [47]

φqðr → ∞Þ ¼ φ∞ þ q
r
þOðr−3Þ; ð21Þ

tqðr → ∞Þ ¼ t∞ þ rþ 2M lnðr=2MÞ þOðr−1Þ; ð22Þ

where we have used the asymptotic behavior of eΓðrÞ and
eΛðrÞ. To satisfy the boundary conditions, the constants φ∞
and t∞ must be independent of q so that the generators are
asymptotically parallel to each other and all reach future
null infinity at the same retarded time. Since the spacetime
of the small BH is static and spherically symmetric, we can
choose φ∞ ¼ t∞ ¼ 0 without loss of generality.
A final technical comment is in order regarding the

integration of the geodesic equations. As explained above,
generators with impact parameter q > q� reach a turning
point before hitting the caustic line at φ ¼ π. In these cases,
Eq. (19) becomes singular, which is just a result of having
parametrized the geodesics with the radial coordinate instead
of the affine parameter κ̃. This issue can be circumvented by
exploiting the spherical symmetry of the small BH. Indeed,
since the geodesics must exhibit symmetry about their
turning point, we can continue the integration by a simple
reflection that ensures continuity of the functions t andφ and
of their derivatives at the turning point.

B. Merger characterization

As noted in the previous section, caustic generators have
impact parameters q > qc and enter the horizon through the
caustic line φ ¼ π at finite times t. The generators with
impact parameter q ¼ q� determine the event where the
two individual premerger horizons pinch on. At this event,
the turning point r ¼ r� lies exactly at the caustic line and
determines the maximum radial distortion of the small BH
due to the gravitational pull of the large BH, whereas the

time t ¼ tðr�Þ≡ t� defines the instant at which the pinch
occurs. Thus, numerically, we can determine q�, r� and t�
by solving the system:

Veffðr�Þ ¼ 1=q2�; φðr�Þ ¼ π; tðr�Þ ¼ t�: ð23Þ

Using this, one can introduce two other quantities [47]
which are central to our analysis: (1) the duration of the
merger, Δ�, is defined as the retarded time interval between
the pinch-on instant t� and the asymptotic retarded time of
the central generator with q ¼ 0; and (2) the increase in
area of the small BH during the merger can be computed by
noting that, at early times, the small BH horizon has an area
Ain ¼ 4πr2h, whereas at late times this area has grown by an
amount ΔAsmallBH ¼ ½q2�=ð4r2hÞ − 1�Ain. The additional
area is due to the contribution of those generators that
enter the horizon from the side of the small BH, yielding a
final area given by the area of a disk with radius q�.
This analysis allows us to quantify the impact of the

coupling function fðΦÞ on the defining characteristics of a
horizon-fusing process, and to scan the whole α̃ parameter
space. Below, we study the BH merger properties in EsGB
for the three models described in Sec. II.

1. Linear coupling

Recall that, for the linear coupling function fðΦÞ ¼ Φ=4,
the BH solutions are necessarily hairy if α̃ ≠ 0. Additionally,
they all belong to a single branch that connects to the GR
black holes at α̃ ¼ 0, in contrast to those from theories that
admit spontaneously scalarized BHs.
We plot the impact parameters qph, qc, and q�, intro-

duced before, against the coupling parameter α̃ in Fig. 7.
It is manifest that qc < qph < q�, as expected from the

FIG. 7. Critical impact parameters, qc=rh and q�=rh, as a
function of the coupling constant α=r2h, for the merger of an EsGB
BHwith a linear coupling function, fðΦÞ ¼ Φ=4. Also shown are
the impact parameter related to the maximum of Veff , qph, as well
as the line marking the upper threshold of α=r2h for which BH
solutions exist, α=r2h < 1=

ffiffiffi
6

p
.
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discussion above. Additionally, all three functions exhibit a
similar monotonic growth with increasing α̃.
Figure 8 shows the maximal radial distortion, the

duration of the merger, and the increase in the small BH
area, defined in the beginning of this section, as functions
of α̃. It is manifest that larger coupling constants yield
longer merging phases. The two other quantities follow a
similar trend, with the small BH undergoing a larger radial
distortion and experiencing a larger increase in area.
It is interesting to compare results for the merger

duration to those obtained using NR in [46]. However,
such a comparison is challenging because that study
considered comparable mass binaries, while we work in
the extreme mass ratio regime. More importantly, the strict
EMR limit does not allow us to normalize physical
quantities with respect to the total mass of the binary
system, which is the normalization adopted in [46]. We
attempt to make a sensible comparison in Sec. IV.
The coupling and mass of the small BH chosen in [46]

correspond to α̃ ¼ 0.145168. This gives r�=rh ¼ 1.77417,
Δ�=rh ¼ 6.00111, and ΔAsmallBH=ð4πr2hÞ ¼ 0.828108,
which, relative to the Schwarzschild values, represent
increments of 0.79%, 0.91%, and 4.35%, respectively.

2. Quadratic coupling

We now move on to the case of a quadratic coupling
function, fðΦÞ ¼ Φ2=4. Since all the BH solutions arising
from a purely quadratic coupling are unstable [71–73],
these results mainly serve to connect with those for the
special exponential coupling. As discussed in Sec. II, the
parameter space (Φh, α̃) for which BHs exist is rather small,
see Fig. 3. Additionally, in contrast to the linear coupling
theory, decreasing the coupling parameter increases the
value of the scalar field at the horizon for all solution
branches.
Proceeding as for the linear case, Fig. 9 shows how the

impact parameters qph, qc, and q� depend on the coupling
constant α̃ for the n ¼ 0 branch solutions. All the impact
parameters decrease monotonically with α̃, and consistently

with our previous discussion, qc < qph < q�, until they
merge with the corresponding Schwarzschild values
at α̃ ¼ α̃c ¼ 0.362811.
The characteristic quantities of the merger introduced in

the beginning of this section are plotted as a function of α̃ in
Fig. 10, for n ¼ 0, 1, 2. We note that increasing α̃ results
in faster mergers, with the small BH undergoing less
distortion and experiencing a smaller increase in area.
This is consistent with the results of Fig. 9. Note that, in this
case, decreasing the coupling constant increases the value
of the scalar field at the horizon for all solution branches
(see Fig. 3). This explains why the merger properties follow
the opposite trend compared to the linear coupling theory.
Additionally, the rate of decrease in these quantities is

steeper for lower branches, which translates into the fact
that Φh changes faster with α̃ for lower-branch solutions
than for higher-branch ones, see Fig. 3. It is worth
mentioning that in the Φh → 0 limit—in which case α̃ is

FIG. 8. Left: maximum distortion of the small BH, r�; middle: duration of the merger, Δ�; and right: increase in the small BH
area, ΔAsmallBH, as functions of the coupling constant, α=r2h, for EsGB solutions with linear coupling, fðΦÞ ¼ Φ=4. The dotted red
lines correspond to the values obtained for the Schwarzschild solution in [48], namely r� ¼ 1.76031rh, Δ� ¼ 5.94676rh,
and ΔAsmallBH ¼ 0.79356 × ð4πr2hÞ.

FIG. 9. Critical impact parameters, qc=rh and q�=rh, as a
function of the coupling parameter α=r2h, for the merger of an
n ¼ 0 branch EsGB BH with a quadratic coupling function,
fðΦÞ ¼ Φ2=4. Also shown are the impact parameter related to
the maximum of Veff , qph, as well as the lines marking the
lower and upper thresholds of α=r2h for which BH solutions
exist, 0.346580≲ α=r2h ≲ 0.362811.
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the maximum value allowed for each branch—we recover
the Schwarzschild results, obtained in [47].

3. Special exponential coupling

Here we perform the same analysis as before, but for
the special exponential coupling function, fðΦÞ ¼
ð1 − e−3Φ

2=2Þ=6, which also admits spontaneously scalar-
ized BH solutions. As before, we plot the impact param-
eters qph, qc and q� in Fig. 11 as a function of α̃, for
n ¼ 0 branch solutions. These impact parameters show
similar qualitative behavior, and satisfy the ordering
qc < qph < q�, in agreement with our previous discussion.
Moreover, we observe that q� asymptotes qph for large α̃.
Figure 12 shows how the maximal radial distortion of the

small BH, the merger duration, and the area increment
depend on α̃, for n ¼ 0, 1, 2 solutions. An interesting
feature to note is that, for n ¼ 0 solutions, all these
quantities attain a maximum at a finite value of α̃.
Starting from the Schwarzschild value at α̃ ¼ α̃c ¼
0.362811, they increase with α̃ and reach their respective

FIG. 10. Left: maximum distortion of the small BH, r�; (middle) duration of the merger, Δ�; and right: increase in the small BH area,
ΔAsmallBH, as functions of the coupling parameter, α=r2h, for n ¼ 0 (blue), n ¼ 1 (yellow) and n ¼ 2 (green) EsGB solutions with
quadratic coupling, fðΦÞ ¼ Φ2=4. The dotted red lines correspond to the values obtained for the Schwarzschild solution in [48], namely
r� ¼ 1.76031rh, Δ� ¼ 5.94676rh, and ΔAsmallBH ¼ 0.79356 × ð4πr2hÞ.

FIG. 12. Left: maximum distortion of the small BH, r�; (middle) duration of the merger, Δ�; and (right) increase in the small BH area,
ΔAsmallBH, as functions of the coupling parameter, α=r2h, for n ¼ 0 (blue), n ¼ 1 (yellow) and n ¼ 2 (green) EsGB solutions with
exponential coupling, fðΦÞ ¼ ð1 − e−3Φ

2=2Þ=6. The dotted red lines correspond to the values obtained for the Schwarzschild solution
in [48], namely r� ¼ 1.76031rh, Δ� ¼ 5.94676rh, and ΔAsmallBH ¼ 0.79356 × ð4πr2hÞ.

FIG. 11. Critical impact parameters, qc=rh and q�=rh, as a
function of the coupling parameter α=r2h, for the merger of an
n ¼ 0-branch EsGB BH with an exponential coupling function,
fðΦÞ ¼ ð1 − e−3Φ

2=2Þ=6. Also shown are the impact parameter
related to the maximum of Veff , qph, as well as the line marking
the lower threshold of α=r2h for which BH solutions
exist, α=r2h ≳ 0.362811.
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maxima at distinct values: at α̃ ¼ 1.66034 for r�=rh; α̃ ¼
2.09473 for Δ�=rh; and α̃ ¼ 2.29254 for ΔAsmallBH=
ð4πr2hÞ. This mismatch highlights the nonlinearities of
the merging process. For larger α̃, they decrease and
eventually drop below their corresponding Schwarzschild
values. Nevertheless, we observe that the maximum of r�
tracks very closely the maximum of qph. Similarly, the
maximum of Δ� closely follows the maximum of qc. And
from the definition ofΔAsmallBH it is clear that its maximum
occurs at the same value of the coupling constant that
maximizes q�.
The nonmonotonicity displayed in all the quantities

analyzed can be attributed to a similar behavior of the
photon sphere radius of an isolated hairy BH, rph, which is
also plotted in Fig. 12. Consistently with the behaviors of
q� and qph, we note that r� appears to asymptote rph for
large α̃.

IV. COMPARISON WITH NUMERICAL
SIMULATIONS

In all plots displayed up to now, we have represented all
length (and time) scales in units of the horizon radius of the
small BH, rh. In order to connect with recent numerical
simulations of hairy BH mergers [38,46] it is desirable to
express our results in units of the total initial Arnowitt-Deser-
Misner (ADM) mass, Mtot, which is the convention usually
adopted in NR studies.
In this section we perform a conversion of our results

to make a crude comparison with NR simulations. In
performing such a comparison, one should keep in mind
that Refs. [38,46] evolved inspiralling comparable-mass
binaries with a finite total initial mass, whereas we
considered head-on EMR mergers with an infinite total
mass. Moreover, our approach does not account for the
emission of gravitational and scalar radiation in the process.
These differences imply that a precise comparison is out of
reach at present. Nevertheless, we attempt a qualitative
comparison in the regime where the small hairy BH is
perturbatively close to the Schwarzschild solution of GR.
Since the coupling constant α has dimensions of ðlengthÞ2,
we also need to convert our results from α̃ to

α̂≡ α

M2
tot
: ð24Þ

First, let us focus on the linear coupling case, where
fðΦÞ ¼ Φ=4. Our results (see Fig. 8) indicate that, for
small α̃, Δ�=rh grows quadratically,

Δ�
rh

¼ 5.94676þ 2.4α̃2 þOðα̃3Þ: ð25Þ

Our aim is to obtain Δ�=Mtot from this, as a function of α̂.
Such a relation is nontrivial, and this is where working
perturbatively in α becomes advantageous. It is important
to keep in mind thatMtot is distinct from the massM of the

small BH, which was used in all previous sections. These
two masses are related through Mtot ¼ M∞ þM, where
M∞ is the (formally infinite) ADM mass of the large BH,
and was argued to be α independent in Sec. III. Clearly,
Mtot is also formally infinite, but we are mainly interested
in its dependence on α, which is entirely dictated by the
mass of the small BH as a function of α. Further details are
provided in Appendix C.
We start by noting that M is related to the coupling

constant α̃ through [18,80]4

M
rh

¼ 1

2
þ 49

160
α̃2 þOðα̃3Þ: ð26Þ

Here we used the fact that for GR one hasMð0Þ=rh ¼ 1=2.
This perturbative expansion is in excellent agreement with
our numerical results shown in the left panel of Fig. 13 in
Appendix C. Given the simple relation between M and
Mtot, we have

Mtot

rh
¼ bþ cα̃2 þOðα̃3Þ; ð27Þ

with b > 0 and c > 0 being α-independent quantities. For
further details about the derivation, including estimates for
the gravitational and scalar radiation, see Appendix C.
There it is also shown that it is appropriate to neglect the
energy emitted in both channels for the purposes of this
section, and in the EMR regime.
The relation (27) allows one to translate the local

behavior of any function of α̂ into the corresponding local
behavior in terms of α̃ and vice versa, using the chain rule
of differentiation. It is also necessary for relating the
behaviors of Δ�=Mtot and Δ�=rh. Since the coefficient b
in (27) is formally infinite, it is only possible to describe
how the dimensionless combination Δ�=Mtot depends on
the coupling α̂ in terms of a formal series expansion in the
coupling constant α̂,

Δ�
Mtot

¼ Δ�
Mtot

����
α̂¼0

þ α̂2

2

d2

dα̂2

�
Δ�
Mtot

�
α̂¼0

þOðα̂3Þ: ð28Þ

In Appendix C we show that the coefficient of the linear
term in this expansion indeed vanishes, and that the
coefficient of the quadratic term is strictly positive.
Thus, our results from Sec. III B 1 predict that Δ�=Mtot

increases as a function of α=M2
tot, at least for small coupling

constant.
Now we repeat the preceding analysis for the case of the

special exponential coupling function (15), which is the
general type of scalar-Gauss-Bonnet coupling adopted in
Ref. [38]. Note, however, that none of the simulations

4The difference in the numerical coefficient in front of α̃2 as
compared to [18] is only due to the distinct normalization of the
terms in the action (1). Upon making the necessary conversions,
our results match precisely.
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performed there considered a coupling function that
matches expression (15) exactly.
We relegate details of this analysis to Appendix D, high-

lighting here only the main results. First, Fig. 12 indicates
that, for α̃ ≃ α̃c ¼ 0.362811, Δ�=rh grows linearly,

Δ�
rh

¼ 5.94676þ 3.0ðα̃ − α̃cÞ þOððα̃ − α̃cÞ2Þ: ð29Þ

Furthermore, in the special exponential case we have the
following relation between Mtot and α̃:

Mtot

rh
¼ β þ γðα̃ − α̃cÞ þOððα̃ − α̃cÞ2Þ; ð30Þ

where β and γ are reported in Eq. (D4). Using Eqs. (29) and
(30), and once again converting from α̃ to α̂, we obtain

Δ�
Mtot

¼ Δ�
Mtot

����
α̂¼α̂c

þ ðα̂ − α̂cÞ
d
dα̂

�
Δ�
Mtot

�
α̂¼α̂c

þOððα̂ − α̂cÞ2Þ; ð31Þ

where the coefficient of the linear term in α̂ − α̂c is strictly
positive. Thus, our results from Sec. III B 3 predict that
Δ�=Mtot increases as a function of α=M2

tot, at least when the
small hairyBH is perturbatively close to Schwarzschild. This
is not apparent in the outcome of the numerical simulations
of [38].
As a final remark, we note that if all quantities were

expressed in units of the small black hole’s mass, M,
instead of the total initial mass,Mtot, the characterization of
the merger would change significantly. For instance, the
dimensionless merger duration Δ�=M as a function of the
dimensionless coupling constant α=M2 is always shorter
than in GR. This is a consequence ofM=rh departing faster
from its corresponding GR value than Δ�=rh. We have
confirmed numerically this to happen with all the coupling
functions considered: linear, quadratic and exponential.

V. CONCLUSIONS AND DISCUSSION

In this paper we studied the merger phase of two
nonspinning hairy black holes, in the context of EsGB
gravity and taking the extreme mass ratio limit. Using ray-
tracing techniques valid in this regime, we characterized the
evolution of the event horizon during a plunge. In particu-
lar, we quantified the merger duration and the area increase
of the small BH as a function of the coupling constant of the
theory. The importance of the plunge phase in the gen-
eration of gravitational waveforms has been recently
underlined [81,82] in connection with prompt direct waves
resulting from binary mergers.
Our results indicate that, for the three EsGB models

studied, the plunge phase lasts longer than in GR, for
sufficiently small coupling constants α that still allow for
hairy black holes. However, for the model featuring a
special exponential coupling, the merger duration reveals a
nonmonotonic behavior, and for α=r2h ≳ 7 it becomes
shorter than in GR. This feature makes this model par-
ticularly interesting for the analysis of the whole merger
since it suggests that both longer or shorter merging times
are possible, depending on the coupling constant. These
results hold when normalizing all quantities with respect to
the horizon radius of the small BH, rh. We speculate that
numerical simulations of this model, as those of Ref. [38],
might also identify a nonmonotonic behavior in the
duration of the merger phase.
The longer plunging times we found for EsGB mergers

(for sufficiently small α) are not generic among modified
theories of gravity. In fact, by using the same techniques,
the merger duration in Einsteinian cubic gravity [83]
(which is a particular example of a higher derivative theory
that has a well-posed initial value formulation [40]) was
found to be shorter than in GR, for all values of the
coupling constant studied, and again keeping rh fixed [54].
We have now accumulated considerable evidence, both

in this paper and in [54], that the merger phase duration and
the area increment both track the behavior of the photon
ring of the small black hole, as a function of the coupling

FIG. 13. The ratio between mass M and horizon radius rh as a function of the dimensionless coupling constant α=r2h for the EsGB
BHs with the different coupling functions studied: linear, shown only for α ≥ 0 (left), quadratic (middle) and exponential (right). The
middle and right panels show the fundamental branch (n ¼ 0) of EsGB BH solutions, while branches with n ¼ 1 and n ¼ 2 nodes in
their radial profile are displayed in the inset.
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constant. It is well known that the properties of the photon
ring control the QNM ringdown [84–86]. Our findings
indicate that the photon ring also has important bearing on
the merger dynamics, similar in spirit to what was pointed
out in [87] for general relativity BH collisions. This also
aligns well with recent work arguing that the observed
simplicity and universality of merger waveforms may be
governed by strong-field mechanisms, thus motivating
analytic control [88]. It would be interesting to know if
similar behavior is obtained for other black hole horizons,
such as the apparent horizon and other marginally outer
trapped surfaces considered in the literature [89–93], for
these modified theories of gravity.
To compare with NR simulations we converted our

results (normalized with respect to rh) to express all
quantities in units of the total initial mass of the binary,
Mtot. Within the regime of validity of our calculations, we
find that normalizing with respect to rh is a good indicator
of the behavior of the merger duration as a function of the
coupling constant if we had instead normalized with respect
toMtot. The inclusion of estimates of the radiated energy to
infinity yields negligible corrections in the extreme mass
ratio regime.
Black hole mergers are among the best physical systems

to study and constrain modified theories of gravity, such as
the EsGB models. While perturbative approaches have
been applied in this context for more than a decade to
address the inspiral and ringdown phases, the first firm
steps are being now taken to evolve these systems numeri-
cally through the nonlinear merger phase. The methods we
have employed complement those of numerical simula-
tions, while allowing for much faster exploration of the
parameter space of modified theories. We expect that a two-
way exchange of ideas between NR studies and alternative
approaches such as this one will play a key role in
advancing the field.
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APPENDIX A: ESGB BLACK HOLE SOLUTIONS

In this appendix we provide a few details about the
numerical construction of the static hairy BHs described in
Sec. II. In the shift-symmetric theory these spacetimes
necessarily depart from the vacuum solutions of GR [18].
In other cases, in particular with the quadratic or the special
exponential coupling, the Schwarzschild geometry is also a
solution, but it suffers from a tachyonic instability induced
when the Kretschmann scalar exceeds a critical value, thus
triggering the appearance of BH solutions with nontrivial
scalar hair [19,20]. All of these solutions can be obtained
by numerically integrating Eqs. (8)–(11).
Start with Eq. (9), which can be readily solved for eΛ,

giving

eΛ ¼ −A�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 − 4B

p

2
; ðA1Þ

with A ¼ −1þ 1
4
r2Φ02 − Γ0ðrþ 2αḟΦ0Þ, B ¼ 6αḟΓ0Φ0. In

Eq. (A1), the plus sign must be chosen to ensure that
e−ΛðrÞjr¼rh ¼ 0, as it should for a BH solution [21,22]. In
turn, regularity of Φ00ðrhÞ provides a relation between
Φ0ðrhÞ and ΦðrhÞ,

Φ0ðrhÞ ¼
rh

4αḟðΦðrhÞÞ

0
B@−1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

96α2ḟðΦðrhÞÞ2
r4h

s 1
CA:

ðA2Þ
We must choose the plus sign in Eq. (A2) to guarantee that
the Schwarzschild solution can be obtained from the
ΦðrhÞ → 0 limit. Additionally, solutions must obey the
condition

96α2ḟðΦðrhÞÞ2
r4h

≤ 1 ðA3Þ

to guarantee reality of (A2).
Using Eq. (A1), the system of Eqs. (8), (10), and (11)

reduces to a coupled system of two second-order differ-
ential equations for Φ and Γ. In practice, none of the
equations depends on Γ explicitly, only on its derivatives.
Thus, we can solve the system for Φ and Γ0 and integrate
the latter independently to obtain Γ. Near the horizon we
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have eΓðrÞ ∼ ðr − rhÞ þOðr − rhÞ2, so that Γ0ðrÞ ¼ 1=
ðr − rhÞ þOð1Þ. For numerical convenience, we define
the function ΨðrÞ ¼ Γ0ðrÞðr − rhÞ and integrate the system
of equations for the functions Φ and Ψ up to a large radius,
rf, giving as initial conditions [94]

ΦðriÞ ¼ Φh; Φ0ðriÞ ¼ Φ0
h; ΨðriÞ ¼ 1; ðA4Þ

where ri ¼ rhð1þ ϵÞ, ϵ ≪ 1,Φh is a free parameter, andΦ0
h

is given by Eq. (A2) with the appropriate substitution by
rh → ri. Close to rf, the metric functions and the scalar field
are given by their asymptotic behavior, i.e. eΓðrÞ ¼
1–2M=rþOð1=r2Þ, eΛðrÞ ¼ 1þ 2M=rþOð1=r2Þ, and
ΦðrÞ ¼ Φ∞ þD=rþOð1=r2Þ, where M, Φ∞ and D are,
respectively, the mass of the black hole, the value of the
scalar field at infinity, and the charge of the scalar field.
In turn, the function Ψ behaves asymptotically as
ΨðrÞ ¼ 2M=rþOð1=r2Þ. The values for M, Φ∞ and D
can be obtained by matching the asymptotic behavior of Ψ
andΦ to their numerical solutions close to rf. Note that these
quantities will generically depend on the choice ofα. OnceΨ
is computed, eΓ can be obtained through

eΓðrÞ ¼
�
1 −

2M
rf

�
exp

�
−
Z

rf

r

Ψðr0Þ
r0 − rh

dr0
�
; ðA5Þ

while Φ and Γ determine eΛ according to Eq. (A1).
We demand an asymptotically flat scalar field, with

Φ∞ ¼ 0. This last condition selects specific values of
ðΦh; α=r2hÞ, for which asymptotically flat black hole
solutions endowed with nontrivial scalar hair exist. In
the case of a linear coupling function, there is only a
1-parameter family of regular BH solutions, as shown
in [18]. Once the horizon radius (or equivalently, the
mass M) is fixed, regularity allows only one value of Φh
(or correspondingly, the scalar charge D) for any given α.
Therefore, hairy BHs in shift-symmetric EsGB gravity fall
along a single line in the ðΦh; α=r2hÞ plane.
When adopting the quadratic or the special exponential

coupling function, the space of solutions becomes richer.
The Schwarzschild geometry Φh ¼ 0 is still a solution of
the EsGB field equations in those cases, independently of
the value of α=r2h. Nevertheless, it becomes unstable for
specific discrete values of α=r2h, triggering BH solutions
withΦh ≠ 0 (and thus nontrivial scalar hair sinceΦ∞ ¼ 0).
These “spontaneously scalarized” solutions exist in
branches, starting at Φh ¼ 0 and some critical α=r2h, and
developing in the ðΦh; α=r2hÞ plane until the inequality
in Eq. (A3) is no longer satisfied. The different coun-
table solution branches correspond to distinct scalar field
profiles—solutions along the n ¼ 0 branch exhibit a scalar
field profile with zero nodes, solutions on the n ¼ 1 branch
have a profile with one node, and so on. While there should
be an infinite number of branches associated with the

different modes triggering the tachyonic instability of the
Schwarzschild solution, they increasingly resemble their
GR counterpart as the range of Φh allowed by Eq. (A3)
narrows.
In Fig. 13 we show the dependence of the massM on the

coupling constant α, both expressed in units of rh, for the
three EsGB models considered. These results are used in
Sec. IV and in Appendices C and D.

APPENDIX B: NUMERICAL IMPLEMENTATION

In this appendix, we describe the numerical implemen-
tation of the methods presented in the main text and
in Appendix A. All computations were performed using
Wolfram Mathematica 13.2, with units fixed by setting
rh ¼ 1.
For each coupling function fðΦÞ considered in the main

text, we first determined the region of parameter space
ðΦh; αÞ that admits asymptotically flat BH solutions with
an asymptotically flat scalar field, i.e. with Φ∞ ¼ 0. To this
end, we constructed a routine that takes the pair ðΦh; αÞ
as input and integrates the system of equations for the
functions Φ and Ψ (see Appendix A) using the NDSolve
method from Mathematica. The integration is performed
from ri ¼ 1þ ϵ, with ϵ ¼ 10−8, to rf ¼ 105, subject to the
initial conditions given in Eq. (A4). The routine returns the
value Φðr ¼ 105;Φh; αÞ, which is then evaluated on a grid
in the ðΦh; αÞ parameter space. The zeros of this function,
determined with the FindRoot routine, identify the param-
eter combinations that satisfy the asymptotic condition
Φ∞ ¼ 0, and hence the parameters that correspond to the
desired BH solutions (see Figs. 1, 3, and 5). Having the
functions Ψ and Φ, we determined the BH mass, M, and
the scalar field charge, D, by fitting the radial profiles of
ΨðrÞ and ΦðrÞ to their asymptotic expansions at large r,
ΨðrÞ ¼ 2M=r and ΦðrÞ ¼ D=r, between r ¼ 102 and
r ¼ 105. The metric function eΓðrÞ was then obtained using
the NIntegrate routine to evaluate Eq. (A5), while eΛðrÞ was
computed from Eq. (A1).
We now describe the procedure used to determine the

merger quantities. We first compute the critical impact
parameter separating noncaustic and caustic generators, qc,
by solving

Z
rf

ri

e
ΓðrÞþΛðrÞ

2

r2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=q2c − eΓðrÞ=r2

p dr ¼ π −
qc
rf

ðB1Þ

for qc. This equation is obtained by substituting the
geodesic equation for φ from Eq. (19), together with the
boundary conditions φðriÞ ¼ π and φðrfÞ ¼ qc=rf from
Eq. (21).5 The integral is evaluated numerically using
NIntegrate, and the resulting equation is solved for qc

5As described in the main text, we set φ∞ ¼ t∞ ¼ 0 without
loss of generality.
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FIG. 14. Flowchart illustrating the algorithm used to obtain the numerical ESGB BH solutions and their corresponding merger
properties.
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using the FindRoot routine. In turn, the maximum radial
distortion of the small BH, r�, is determined by solving the
system in Eq. (23) for r�, which can be simplified to

Z
rf

r�

e
ΓðrÞþΛðrÞ

2

r2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eΓðr�Þ=r2� − eΓðrÞ=r2

p dr ¼ π −
r�
rf

e−Γðr�Þ=2: ðB2Þ

Here, we have substituted Eq. (23) along with the con-
ditions φðr�Þ ¼ π and φðrfÞ ¼ ðr�=rfÞe−Γðr�Þ=2. Note that,
although the integrand in Eq. (B2) formally diverges as
ðr − r�Þ−1=2 near r ¼ r�, it can be regularized with the
substitution r ¼ r� þ ðrf − r�Þu2, where u∈ ½0; 1�. The
impact parameter of the corresponding generator is
q� ¼ r�e−Γðr�Þ=2 and the time at which the two BHs pinch
can be obtained from r� as

t� ¼ rf þ 2M lnðrf=2MÞ −
Z

rf

r�

e
ΛðrÞ−ΓðrÞ

2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q2�eΓðrÞ=r2

p dr;

ðB3Þ
where the same regularization procedure can be applied.
Finally, to compute the merger duration, we repeat the
integration of t for the generator with q ¼ 0, from r ¼ rf to
r ¼ r�, and evaluate Δ� ¼ tq¼0ðr�Þ − t�. Note that the
asymptotic behavior of t cancels out identically when
solving for Δ�.
The algorithm used to obtain the numerical BH solutions

and their merger properties is summarized in the flowchart
of Fig. 14.

APPENDIX C: COMPARISON TO SIMULATIONS
WITH LINEAR COUPLING

This appendix gathers some details about the calculations
reported in Sec. IV, including loss of energy in the binary
system due to scalar and gravitational radiation to infinity.
This energy loss,E, enters the expression for the totalmass of
the final (merged) BH, Mtot, in the following way:

MtotðαÞ ¼ M∞ þMðαÞ − EðαÞ: ðC1Þ
Recall that M∞ represents the ADM mass of the larger BH
and is independent ofα. On the other hand, theADMmass of
the scalarized smaller companion, M, and the total energy
radiated, E, are generically α-dependent quantities. If one
neglects the radiated energy, this expression reduces to the
one adopted in Sec. IV.
To derive Eq. (27) in the main text, we begin by

comparing the total mass (C1) to the corresponding relation
in the case of GR (i.e., setting α ¼ 0),

Mtotð0Þ ¼ M∞ þMð0Þ − Eð0Þ: ðC2Þ

From (C1) and (C2) it directly follows that

MtotðαÞ ¼ Mtotð0Þ þ δMðαÞ − δEðαÞ; ðC3Þ

where δMðαÞ ¼ MðαÞ −Mð0Þ and δEðαÞ ¼ EðαÞ − Eð0Þ.
The energy emitted by extreme mass ratio BH binaries

in scalar-tensor theories, EðαÞ, has been studied in [95].
Their results indicate that the relative difference between
the radiated energy flux in EsGB and in GR is proportional
to the square of the dimensionless scalar charge d of the
small BH:

δĖðαÞ
Ėð0Þ ¼ εd2; ðC4Þ

where the overdot denotes a time derivative, and [18,95]

d ¼ 2α

Mð0Þ2 þOðα3Þ: ðC5Þ

The proportionality factor ε depends on the distance
between the binary’s BHs and satisfies 0 < ε < 1, becom-
ing smaller as the distance decreases (see Fig. 1 of [95]).
Combining Eqs. (C3) and (26) and the integrated version

of (C4), one gets

Mtotðα̃Þ ¼ Mtotð0Þ þ
49

160
rhα̃2 − Eð0Þεd2 þOðα̃3Þ; ðC6Þ

where α̃ was defined in (12). Plugging Eq. (C5) into (C6)
and dividing both sides by rh, we obtain Eq. (27), with the
constants b and c given explicitly by

b ¼ Mtotð0Þ
rh

; c ¼ 49

160
− 32ε

Eð0Þ
Mð0Þ : ðC7Þ

In simplifying the expression for c we used the relation
rh ¼ 2M, valid for α ¼ 0. Given that, in the extreme
mass ratio regime, one has Eð0Þ=Mð0Þ ≃ 0.01Mð0Þ=
M∞ ≪ 10−2 [96], and that 0 < ε < 1, we conclude that
c is positive and that the contribution from the energy
radiated to this expression (linear in ε) is negligible
compared to the other contribution at the same quadratic
order in α̃.
To close this appendix, we turn to the derivation of

Eq. (28), starting from (25) and (27). In order to character-
ize the behavior of Δ�=Mtot when α̃ is small, we perform a
Taylor expansion around α̃ ¼ 0:

Δ�
Mtot

ðα̃Þ ¼ Δ�
Mtot

ð0Þ þ α̃
d
dα̃

�
Δ�
Mtot

�
α̃¼0

þ α̃2

2

d2

dα̃2

�
Δ�
Mtot

�
α̃¼0

þOðα̃3Þ: ðC8Þ

Given that the first derivative of Δ�=rh with respect to α̃
vanishes at α̃ ¼ 0 [see Eq. (25)], we have
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d
dα̃

�
Δ�
Mtot

�
α̃¼0

¼ d
dα̃

�
Δ�
rh

�
Mtot

rh

�
−1
�
α̃¼0

¼ 1

b
d
dα̃

�
Δ�
rh

�
α̃¼0

−
2cα̃
b2

Δ�
rh

����
α̃¼0

¼ 0; ðC9Þ

where we used Eq. (27) in the second step. Evaluating the
second derivative, we get

d2

dα̃2

�
Δ�
Mtot

�
α̃¼0

¼ 1

b
d2

dα̃2

�
Δ�
rh

�
α̃¼0

−
2c
b2

Δ�
rh

����
α̃¼0

: ðC10Þ

Once again, in the extreme mass ratio, this expression
formally vanishes. Yet, the second contribution is sup-
pressed compared to the first term by a factor of order
OðM=M∞Þ ≪ 1. Therefore, the second derivative is strictly
positive and we conclude that Δ�=Mtot is locally an
increasing function of α̃, for small enough α̃.
At this point let us discuss what would happen if we

normalized Δ� with respect to the individual mass M
instead of Mtot. The linear term in the expansion of Δ�=M,
equivalent to (C8), still vanishes, but the quadratic term
instead is negative in this case. This can be seen by using
Eqs. (25) and (C7) to evaluate (C10). The numerical results
shown in Fig. 8 can be represented using units ofM, and we
find that it agrees with this analysis.
Finally, we can convert the expansion (C8) into an

equivalent expansion in terms of the variable α̂. The
connection with α̃ is provided by (27), which yields

α̂ ¼ α̃

b2
þOðα̃3Þ: ðC11Þ

With this, we can evaluate

d
dα̂

�
Δ�
Mtot

�
α̂¼0

¼ b2
d
dα̃

�
Δ�
Mtot

�
α̃¼0

¼ 0; ðC12Þ

and

d2

dα̂2

�
Δ�
Mtot

�
α̂¼0

¼ b4
d2

dα̃2

�
Δ�
Mtot

�
α̃¼0

> 0; ðC13Þ

yielding Eq. (28) of the main text.

APPENDIX D: COMPARISON TO SIMULATIONS
WITH EXPONENTIAL COUPLING

In this appendix we repeat the analysis of Appendix C
for the case of the special exponential coupling (15), where
fðΦÞ ¼ 1

6
ð1 − e−3Φ

2=2Þ. The main difference is that all
series expansions will be performed around α̃ ¼ α̃c ¼
0.362811 (where the scalarized BHs with n ¼ 0 branch
off from Schwarzschild) instead of α̃ ¼ 0 and only up to
first order.

Equation (C3) is still valid if one shifts α̃ ¼ 0 to α̃ ¼ α̃c:

Mtotðα̃Þ ¼ Mtotðα̃cÞ þ δMðα̃Þ − δEðα̃Þ; ðD1Þ

where now δMðα̃Þ ¼ Mðα̃Þ −Mðα̃cÞ and δEðα̃Þ ¼ Eðα̃Þ−
Eðα̃cÞ ¼ Eðα̃cÞεd2. As before, we need the expressions to
replace δMðα̃Þ and d2. We will see below that both of these
are linear in ðα̃ − α̃cÞ.
By fitting the results displayed in the third panel of

Fig. 13, we obtain

Mðα̃Þ ¼ Mðα̃cÞ þ 0.3rhðα̃ − α̃cÞ þOððα̃ − α̃cÞ2Þ: ðD2Þ

Next we turn to d ¼ D=M, where D is the dimensionful
scalar charge of the small BH (see Appendix A). From
fitting our numerical results in Sec. III B 3 we find that

d ¼ D
M

¼ 1.65
ffiffiffiffiffiffiffiffiffiffiffiffiffi
α̃ − α̃c

p þOððα̃ − α̃cÞ3=2Þ; ðD3Þ

which is in very good agreement with Fig. 4 of [19] once
the appropriate conversions are made. Therefore, close to
the critical coupling α̃c, d2 grows linearly in ðα̃ − α̃cÞ, as
previously advocated.
Combining (D1)–(D3), we get Eq. (30) in the main text,

with

β ¼ Mtotðα̃cÞ
rh

; γ ¼ 0.3 − ð1.65Þ2 Eðα̃cÞ
2Mðα̃cÞ

ε: ðD4Þ

As in Appendix C, the second term in the expression of γ is
suppressed compared to the first one, in the EMR limit. In
this case, Mtot=rh grows linearly as a function of α̃
when α̃ ≃ α̃c.
In order to characterize the behavior of Δ�=Mtot of

spontaneously scalarized BHs that are perturbatively close
to Schwarzschild, we perform a Taylor expansion around
α̃ ≃ α̃c:

Δ�
Mtot

ðα̃Þ ¼ Δ�
Mtot

ðα̃cÞ þ ðα̃ − α̃cÞ
d
dα̃

�
Δ�
Mtot

�
α̃¼α̃c

þOððα̃ − α̃cÞ2Þ: ðD5Þ

From Eqs. (29) and (30) we can compute the first
derivative:

d
dα̃

�
Δ�
Mtot

�
α̃¼α̃c

¼ d
dα̃

�
Δ�
rh

�
Mtot

rh

�
−1
�
α̃¼α̃c

¼ 1

β

d
dα̃

�
Δ�
rh

�
α̃¼α̃c

−
γ

β2
Δ�
rh

����
α̃¼α̃c

: ðD6Þ

Once again, in the extreme mass ratio, this expression
formally vanishes. Yet, the second contribution is sup-
pressed compared to the first term by a factor of order
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OðM=M∞Þ ≪ 1. Therefore, we conclude that Δ�=Mtot is
locally an increasing function of α̃, for α̃ ≃ α̃c.
Finally, we convert the expansion (D5) into an equivalent

expansion in terms of the variable α̂. In this case, the
connection with α̃ is provided by (30), which yields

α̂ ¼ α̃c
β2

þ
�
1

β2
−
2γα̃c
β3

�
ðα̃ − α̃cÞ þOðα̃ − α̃cÞ2. ðD7Þ

Thus, we obtain

d
dα̂

�
Δ�
Mtot

�
α̂¼α̂c

¼ β2

1 − 2γα̃c
β

d
dα̃

�
Δ�
Mtot

�
α̃¼α̃c

> 0; ðD8Þ

yielding Eq. (31) of the main text, since γα̃c=β ≪ 1 in the
EMR limit.
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[37] F.-L. Julié, L. Pompili, and A. Buonanno, Inspiral-merger-
ringdown waveforms in Einstein-scalar-Gauss-Bonnet
gravity within the effective-one-body formalism, Phys.
Rev. D 111, 024016 (2025).
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