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Dirac mode localization in QCD near the crossover temperature
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We study the localization properties of the low-lying Dirac eigenmodes in QCD near the crossover
temperature, using stout-smeared staggered fermions and Symanzik-improved gauge action on the lattice.
On N, = 8 lattices we find that localized low modes, absent at low temperature, appear at a temperature 7.
in the range 150 MeV < Ty, < 160 MeV, well within the chiral crossover range as determined from the

chiral condensate and from the light-quark susceptibility. Since with our choice of lattice action neither the
chiral transition region nor the renormalized mobility edges change significantly above N, =8, our
conclusion that T, is in the chiral crossover region is expected to remain valid in the continuum limit.
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I. INTRODUCTION

The finite-temperature transition in QCD and the proper-
ties of the high-temperature phase are of central importance
for a number of physical phenomena, ranging from heavy-
ion collisions to the physics of the early Universe, and have
been the subject of intense research since the early days of
QCD. Using nonperturbative lattice methods, the nature of
the transition at vanishing chemical potential has been
identified as an analytic crossover [1-6]. Doubts may still
remain due to the “bad” chiral properties of the staggered
fermion discretization [7—-10] used in these studies, and
investigations using a chiral fermion discretization are
ongoing [11]. On the other hand, the microscopic degrees
of freedom and the mechanism behind the transition are still
somewhat mysterious. Several authors have also proposed
the existence of an intermediate phase between the low-
temperature, hadronic phase, and a truly quark-gluon-
plasma phase appearing at higher temperatures [12-18].
Although based on very different arguments, these proposals
qualitatively agree on the temperature range of interest.

Of course, distinguishing phases is affected by ambi-
guities in the presence of an analytic crossover, as there is
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no sharply defined temperature where the thermodynamic
properties of the system change in a singular manner.
Similarly, order parameters associated with the symmetries
of QCD that are relevant to the transition, namely chiral
symmetry and Z; center symmetry, cannot sharply dis-
tinguish the two sides of the crossover. These symmetries
are exact respectively in the chiral (massless quark) limit
and in the quenched (static quark) limit of QCD, but are
only approximate at the physical point, and so the behavior
of the various order parameters, although qualitatively
different in the two phases, cannot be used to unambig-
uously associate a critical temperature with the transition.

Even though there are no thermodynamic observables or
order parameters sharply distinguishing the low and high
temperature phases of QCD, one may still be able to
identify observables of a different nature that display a
singular behavior at a well-defined temperature, allowing
for an unambiguous separation between the hadronic and
the plasma phase. The study of these quantities can still
lead to useful insights, even though their connection to
physically observable properties may not be direct. This is
the idea, for example, behind the study of center-vortex or
monopole condensation as a signature of the onset of
confinement [16,17]. Unfortunately, these approaches are
still affected by theoretical ambiguities due to the con-
struction used to reveal vortices and monopoles not being
gauge invariant.

An appealing possibility to characterize unambiguously
and in a gauge-invariant way the low- and high-temperature
phases of QCD are the localization properties of the low
Dirac modes. There is by now a large amount of evidence
showing that these localization properties change across the
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finite-temperature transition in a wide variety of gauge
theories, including QCD [19-46] (see Refs. [47,48] for a
review). While only delocalized low modes are present at
low temperature, at high temperature modes become
localized in a symmetric spectral range around the origin,
up to critical points in the spectrum known as “mobility
edges;” modes in the bulk of the spectrum beyond these
points remain delocalized.

Eigenmode localization is a well-known phenomenon in
condensed-matter systems with disorder, intensely studied
since Anderson’s seminal paper [49]. This phenomenon has
important consequences for the transport properties of
metals with impurities and other disordered systems (see,
e.g., the reviews [50-53]). Although its physical signifi-
cance in the context of gauge theories has not been fully
elucidated yet (see, however, Refs. [54,55]), it has been
argued theoretically [26,54,55] and demonstrated numeri-
cally [26,39,43] that localization is not just a lattice artifact,
but a physical feature of (Euclidean) gauge theories in the
continuum limit. Since either there are localized low modes
or there are not, their appearance is associated with a well-
defined critical temperature, although one corresponding to
some “‘geometric” rather than thermodynamic transition. (A
different geometric approach to the transition is discussed
in Ref. [56].)

In theories with a genuine finite-temperature deconfining
phase transition, localized low modes appear exactly at the
deconfinement critical temperature [31,32,34-40,42,45].
This indicates a close connection between low-mode
localization and deconfinement, and parallels the connec-
tion between the density of low modes and chiral symmetry
breaking embodied by the Banks—Casher relation [57].
Even though a full quantitative characterization of this
connection is still lacking, the basic mechanism is well
understood [58]: it is the ordering of the Polyakov loop,
which opens a pseudogap of low spectral density at the
low end of the Dirac spectrum, and allows the localization
of the low modes on suitable gauge-field fluctuations
[40,48,58-61].

The Polyakov loop is an exact order parameter for
confinement in pure SU(3) gauge theory, but only an
approximate one for real-world QCD: at low temperature
there is only limited ordering induced by the presence of
dynamical quarks, while at high temperature this ordering
gets stronger. While qualitatively clear, a quantitative
distinction between the two is obviously ambiguous. In
a sense, low-mode localization gives a definite answer to
the question of how ordered the Polyakov loop has to be, to
be identified as ordered and to indicate that the system is
deconfined: enough to lead to the appearance of localized
low modes.

The discussion above concerns the well-established
mobility edge separating the localized low modes from
the delocalized modes in the bulk of the spectrum. It is
worth noting that theoretical arguments [62—64] suggest the

presence of another mobility edge in the low Dirac
spectrum, much closer to (but not exactly at) the origin.
The motivation behind this proposal is the observation of a
power-law singular near-zero peak in the spectral density,
both in quenched and in full QCD [11,14,15,32,38,65-78],
originating from the mixing of the approximate zero modes
associated with isolated instantons and anti-instantons
[11,32,65-67,69,72-74,76,79]. Such a peak provides a
viable mechanism for the effective breaking of the anoma-
lous U(1), symmetry in the chiral limit in the symmetric
phase [79]. However, for U(1), to remain effectively
broken, the constraints imposed on the spectrum by chiral
symmetry restoration require that near-zero modes be not
persistently localized all the way to the chiral limit [62—-64].
In the presence of a singular spectral peak this most likely
requires the presence of another mobility edge closer to
zero, and that the lowest modes be delocalized at nonzero
quark mass.' Numerical evidence [75] supports the exist-
ence of this mobility edge; however, this is so close to the
origin that its direct study is rather challenging. Moreover,
the topological origin of the peak makes its detection even
more challenging when using staggered fermions.

Note that the emergence of this power-law singular near-
zero peak in the spectral density is special to QCD and
other theories with nontrivial topological properties. As is
well known, the Dirac spectrum of free fermions at finite
temperature is bounded from below by the Matsubara
frequency. The interaction with the gauge field is expected
to make this sharp lower bound fuzzy, but a strong
suppression of the spectral density is still expected at the
low end of the spectrum at high temperature. The appear-
ance of this Matsubara pseudogap makes it possible for the
topology-related near-zero eigenvalues to form a sharp
peak at zero, separated from the bulk of the spectrum. In
this way, the appearance of the power-law peak and of the
lowest mobility edge (if confirmed) are then also closely
connected to the ordering of the Polyakov loop and to
deconfinement.”

Whether or not this other mobility edge very close to
zero is confirmed, it is the appearance of the mobility edge
farther up in the spectrum that signals the appearance of
localized low modes, separating them from the delocalized
bulk modes, and marking the transition to the high-temper-
ature phase. In this paper we will then focus exclusively on
this mobility edge. Through its connection to the Polyakov
loop, a characterization of the QCD transition in geometric
terms is not only possible, but also well motivated. One

"This is different from the proposal of Refs. [80,81], according
to which a mobility edge appears exactly at zero when the system
transitions to the “IR phase” discussed in Refs. [14,15].

’Based on the results of Refs. [37,40,45], one expects yet
another mobility edge in the ultraviolet region of the spectrum,
but independently of the confining properties of the theory, so
that such a mobility edge should have no bearing on the transition
to the quark-gluon plasma phase.
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may then go as far as identifying the “localization temper-
ature” where localized low modes appear, T, as the point
where the system deconfines. Admittedly, at the present
stage this would offer only some intriguing clue, rather than
a full understanding of the approximate chiral-symmetry
restoration and of the deconfinement of quarks and gluons
taking place at the crossover. Nonetheless, the fact that both
deconfinement and chiral symmetry restoration are related
to the behavior of low Dirac modes provides a connection
between the two phenomena, and could help in under-
standing their relation, and why they take place in the same
temperature range.

Existing studies of localization in QCD [26,41] lead one
to expect, by extrapolating the temperature dependence of
the mobility edge, that the localization temperature should
not be far from the crossover temperature 7. ~ 155 MeV,
defined in terms of the chiral susceptibility or of the quark
entropy [1-6], in line with the discussion above. The
localization temperatures obtained via these extrapolations
are indeed in the correct ballpark, although covering a
rather wide range from 7', &~ 130-140 MeV [41] to T}, ~
170 MeV [26]. Surprisingly, however, a direct measure-
ment of the localization temperature has not been per-
formed. Such a measurement is particularly interesting in
light of the fact that both chiral and confinement observ-
ables lead to the same, or at least very close pseudocritical
temperatures. Finding a localization temperature close to
these two would be a strong indication that restoration of
chiral symmetry and spontaneous breaking of center
symmetry in QCD (in the loose sense warranted by their
approximate nature) originate in the same microscopic
mechanism, and that this is reflected in the behavior of the
low Dirac modes.

It is precisely the purpose of this work to carry out such a
direct measurement. In this paper we determine the
localization temperature in QCD using 2 + 1 flavors of
rooted staggered fermions on the lattice. In Sec. II we
briefly review localization in disordered systems, focusing
on the eigenmodes of the staggered operator. In Sec. Il we
provide details on our numerical simulations, and present
our results. In Sec. IV we summarize our results and draw
our conclusions.

II. LOCALIZATION OF DIRAC EIGENMODES

We are interested in the localization properties of Dirac
eigenmodes in QCD, discretized on a lattice using stag-
gered fermions [7-10]. In this Section we briefly review
how these properties are studied, referring the interested
reader to the reviews [47,48] for further details.

A. Lattice QCD with rooted staggered fermions

We discretize QCD on a hypercubic lattice of lattice
spacing a. Lattice sites are labeled by coordinates
ax,, p= I,...,4, with 0<x;,3 <N;—1 the spatial

coordinates and 0 < x; < N —1 the time coordinate in
lattice units. Both N and N, are taken to be even integers.
The lattice volume in lattice units is denoted by V = N3.
Link variables U, (x) € SU(3) corresponding to the gauge
fields are associated with the lattice edges (x, x + j1), where
[t is the unit lattice vector in direction u. Periodic boundary
conditions, both in the temporal and in the spatial direc-
tions, are imposed on U, (x). The temperature of the system
equals the inverse of the temporal size in physical
units, T = 1/(aN,).

The staggered lattice Dirac operator for fermions trans-
forming in the fundamental representation reads

(aDstag [U] )xc,x’C' = % Z My (x) [(Uﬂ (x))c'c"6x+ﬁ’x/
1
(Ui

4
(Uu(x = )7) Brppe]. (1)

where U denotes the link variables collectively, 7,(x) =

(—I)Zw ** are the usual staggered phases, and boundary
conditions periodic in space and antiperiodic in time are
understood in the Kronecker deltas. The spacetime indices,
x, x', run over the lattice sites, while color indices take the
values ¢,¢’ =1, 2, 3. The dependence on U is mostly
omitted in the following. The staggered operator is anti-
Hermitian and so has purely imaginary eigenvalues,
D%y, = il w,. A ER, (2)
where the components of the eigenvectors y,, are denoted
with (y,(x)).. Since {e, D} =0, where &, =
4

(—I)Zazlxaéx,x/écc/, one has D*¢ey, = —il, ey, and so
the spectrum is symmetric about zero.

Expectation values in the sense of the lattice QCD path
integral with rooted staggered fermions [82-84] read as
follows for observables depending only on the gauge fields,

(0) —Z—l/DUe-SW)M(U, m)o(U),

Z= /DUe-S<U>M(U, m),

M(U.m) = [ [[det(D**¢[U] + m)i], (3)
f

where DU is the product over the lattice edges of the Haar
measures associated with the link variables, the product
over f runs over the flavors of dynamical quarks with m
the corresponding bare quark masses, and S(U) is a
suitable discretization of the continuum Yang-Mills action.
To improve the discretization and obtain results closer to

the continuum limit, suitably smeared gauge fields, U,(f) (x),
are often used in the fermionic determinant, M, as well as
for certain observables, amounting to the replacements
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M(U,m) - M(U®,m) and O(U) - O(UY) in Eq. (3).
Details on smearing and on the gauge action are given in
Sec. IIL.

B. Localization and spectral statistics

Formally, (—i times) the staggered operator in a gauge-
field background is exactly like a disordered Hamiltonian,
with purely off-diagonal disorder provided by the link
variables. Eigenmode localization is a common phenome-
non in systems of this type [85-92].

The localization properties of the eigenmodes in a given
spectral region can be seen in the scaling with volume of
the inverse participation ratio (IPR),

IPR, = >[Iy, (x)II*: (4)

averaged over modes in the spectral region of interest
and over gauge configurations. Here [y, (x)|]> =

3 |(w,(x)).]? is the local eigenvector magnitude and
the normalization Y ||y, (x)||*> =1 is understood. The
IPR averaged locally in the spectrum is obtained as

<z:n5(’1 - ﬂn)IPRn>

IPR(4N,) = o(A;Ny) ’

(5)

where

o(4:Ny) = <;m—ﬂn>> (6)

is the (unnormalized) spectral density. Here and below only
the dependence on the spectral region and on the lattice
spatial size are shown. For the system under consideration
there are additional dependences on the temporal size, N,,
and on the lattice spacing, a, that play no role in the present
discussion and are therefore omitted for notational sim-
plicity. In the present context, the expectation value (...)
defined in Eq. (3) corresponds to averaging over disorder
realizations.

For modes delocalized over the whole lattice one has
lw,(x)||> ~1/(NV) everywhere, so IPR~1/V = 0 in
the large-volume limit in the delocalized regime of the
spectrum. For modes localized in a finite spatial region of
volume V,, one has instead |jy,(x)||> ~1/(N.V,) inside
this region and negligible outside, so IPR ~ 1/V,, remains
finite in the large-volume limit in the localized regime of
the spectrum. Since for the staggered eigenmodes the local
eigenvector magnitude and so the IPR are the same for v,
and ey, their localization properties are symmetric about
the origin.

Instead of studying the IPR directly, it is convenient to
exploit the connection between the localization properties
of the eigenvectors in a given spectral region and the

statistical properties of the corresponding eigenvalues [93].
For a general disordered system, in a spectral region where
modes are delocalized the spectral statistics are the same as
those of a dense random matrix, and are determined by the
statistical properties of the Gaussian ensemble of random
matrix theory (RMT) [94-96] in the same symmetry class
as the Hamiltonian of interest. For the staggered operator in
the background of SU(3) gauge fields for fermions in the
fundamental representation, this is the unitary class [96].°
In a spectral region where modes are localized the eigen-
values obey instead Poissonian statistics [94,95].

To uncover these universal features of the spectrum, one
should remove the typical scale of the local eigenvalue
spacings, which is specific to the given system. This is done
by unfolding the spectrum, i.e., by performing the mon-
otonic mapping 4; — x; defined by

A
X = / dio(i:Ny). (7)
lmin

where A, is the lowest end of the spectrum, and ¢ is
given in Eq. (6). By construction, the unfolded spectrum
has unit spectral density throughout the spectrum, i.e.,
0(4;Ng) % = 1 identically. The statistical properties of the
unfolded spectrum are universal [94-96], determined only
by the symmetry class of the system and by the localization
properties of the eigenmodes, and so one can see how these
properties change along the spectrum by studying how the
spectral statistics change.

A particularly convenient approach is to study the
probability distribution of the unfolded level spacings,
§; = X;,1 — X;, locally in the spectrum. This probability
distribution is known exactly both for RMT and Poisson
statistics, and one can compare estimates in various spectral
regions of the system of interest with the corresponding
predictions. In the RMT case a closed expression is not
available, but a good approximation is provided by the so-
called Wigner surmise, which for the unitary class reads

Prvr(s) = As e, (8)

with A = i—% and B :% determined by the normalization
Je° dsp(s) =1 and by the property [ dsp(s)s =1 that
holds in the infinite-volume limit. In the Poisson case one
finds instead the exponential distribution,

pPoisson<s) =e™. (9)

One can then compute the unfolded level spacing distri-
bution locally in the spectrum,

*More precisely, this operator belongs to the chiral unitary
class. However, chiral classes have the same bulk statistical
properties as the corresponding nonchiral classes, so the dis-
tinction is unimportant for our purposes.
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(32,8(A—2,)8(s = s,,))
o(4;Ny) ’

p(s; s Ng) = (10)

extract a convenient feature of the distribution, and monitor
how it changes as 4 moves along the spectrum.

A particularly simple choice is the integrated unfolded
level spacing distribution [97],

So
ISO(A;NS):A dsp(s;A;Ny)

o <2:n5(/1 - ’171)9(30 - Sn)>
a o(4: Ny) )

where 0(s) is the Heaviside function. To maximize the
difference between the RMT and the Poisson predictions, in
Eq. (11) one chooses sq ~ 0.508, finding

RMT)

I ~0.117, 150" ~0.398. (12)

So

As the volume of the system increases, the unfolded level
spacing distribution tends to the RMT form in the delo-
calized regime of the spectrum, and to the Poisson form in
the localized regime. At a mobility edge, i.e., a point in the
spectrum separating localized and delocalized modes, the
spectral properties are scale invariant [53]. One can exploit
this to determine the mobility edge by means of a finite-size
scaling analysis of [, or of other features of the distri-
bution [97].

The spectral statistics at the mobility edge are neither of
RMT nor of Poisson type, but are governed by some critical
statistics that is expected to be universal. For QCD the
universality class is the same as for the three-dimensional
unitary Anderson model, and it was shown in Ref. [28] that
the critical statistics of the two models match precisely. For
theoretical arguments backing the universality of the
critical statistics and for numerical studies verifying it
explicitly, see the discussion in Ref. [28] and references
therein. The critical value of I for the unitary class was
determined in Ref. [27] by a finite-size scaling study of the

mobility edge in QCD, and reads 7\ = 0.1966(25). This
can be used to efficiently estimate the position of the
mobility edge for systems in the unitary class using finite-
volume results, as the point where [, takes its critical
value, without the need of a full-fledged finite-size scaling
analysis. As a matter of fact, any value intermediate
between those corresponding to RMT or Poisson statistics
can be used to give a finite-volume estimate of the mobility
edge, which eventually converges to the same position in
the thermodynamic limit, since Iy converges to a step
function in that limit. Using the critical value is advanta-
geous as it reduces the finite-volume systematic effects.

C. Continuum limit: Taste symmetry
and renormalization

An important source of systematic effects in the study of
the spectral statistics of the staggered operator is the
approximate taste symmetry of staggered fermions, which
manifests in the spectrum through the formation of nearly
degenerate multiplets of eigenvalues (doublets at first, then
quartets) as one gets closer to the continuum limit. This
near degeneracy deforms the unfolded level spacing dis-
tribution [26,98], as it favors level spacings smaller than the
average spacing in the spectral region of interest, as long as
the multiplets do not overlap; see Ref. [43] for a detailed
discussion. This, however, is only a technical complication,
which one could avoid by studying the localization proper-
ties of the eigenmodes directly by looking at how the IPR
scales with the system size. However, here we still made the
choice of using the spectral statistics for determining the
mobility edge, as it is numerically more efficient.

Using the spectral statistics reduces the numerical cost
required to identify the mobility edge when the usual
relation between statistical properties of the eigenvalues
and localization properties of the eigenmodes applies. In
that case, the mobility edge can be extracted rather
accurately even using a single lattice volume. As shown
in Ref. [43], the deformation of the spectral statistics due to
the taste multiplets can be avoided by working with
sufficiently large volumes, so that the would-be multiplets
overlap and the effects of the approximate taste symmetry
get washed out in the spectrum. The statistical properties of
the spacings are then unaffected by taste symmetry, and one
recovers the usual universal behavior corresponding to the
localization properties of the eigenmodes. This procedure
has been justified in detail in Ref. [43], where it was argued
that the estimates of the mobility edge in the thermody-
namic and continuum limit should not depend on the order
in which these limits are taken.

As the lattice spacing tends to zero, the spectrum must be
multiplicatively renormalized like the quark masses, in
order for spectral observables to have a finite continuum
limit [99,100]. This applies in particular to the mobility
edge [54,55], and so the mobility edge in units of any bare

A

quark mass, -<, is a renormalization-group invariant quan-
q

tity [26,55]. In Ref. [43] it was shown numerically that this
ratio has a nonzero continuum limit in QCD above the
crossover temperature.

III. NUMERICAL RESULTS

A. Simulation details

We simulated QCD with 2+ 1 flavors of quarks at
physical quark masses using rooted staggered fermions. We
used the tree-level Symanzik improved Wilson gauge
action [101-104], and applied two steps of stout smearing
[105] with p = 0.15 to the gauge fields used in the fermion
determinant M (see Ref. [106] for details), as well as in the
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TABLE 1. Lattice ensembles used for the present study. The
columns are the temperature (7), the temporal (N,), and spatial
(N,) linear extension of the lattice, the number of configurations
(N¢ont) in each ensemble and the number of computed eigen-
values (N.,) per configuration. In the last column we report our
results for A./m,g.

T (MCV) Nl Ns Nconf Nev l(r/mud
150.15 8 48 400 48

150.15 8 64 423 52

150.15 8 80 316 160

154.87 8 48 6856 68

154.87 8 64 9952 52

154.87 8 80 1944 160

157.85 8 48 6528 48 0.243(47)
157.85 8 64 10016 52 0.233(32)
157.85 8 80 5000 100 0.171(36)
159.90 8 48 31192 48 0.486(45)
159.90 8 64 12456 52 0.412(44)
159.90 8 80 2440 100 0.45(12)
163.08 8 48 27768 48 0.945(46)
163.08 8 64 10784 52 0.855(40)
163.08 8 80 2440 150 0.838(92)
165.00 6 48 50080 50 2.085(95)
165.27 8 32 18832 60 1.54(21)
165.27 8 48 26912 100 1.270(77)
165.27 8 64 9632 48 1.232(43)
165.55 10 40 2608 48 1.58(82)
165.55 10 60 9712 50 1.166(69)
165.55 10 80 5992 48 1.155(63)
167.52 8 48 35672 48 1.67(18)
183.77 8 48 19056 120 6.7(1.5)

determination of the staggered spectrum. We generated
ensembles at several temperatures in order to locate the
critical point for localization, i.e., the temperature T,
where localized low modes appear. To assess finite-volume
effects we carried out simulations at three aspect ratios,
N¢/N,=06, 8, 10, for most of the temperatures. We
checked for discretization effects carrying out simulations
at three different lattice spacings, corresponding to N, = 6,
8, 10, at T = 165 MeV. The ensembles employed in this
work are listed in Table L.

In this study the temperature is varied by changing the
gauge coupling $, while the continuum limit is approached
by varying the temporal lattice extent. Since changing /3
changes the lattice spacing, the bare light and strange quark
masses, m,,; and m; = 28.15m,,;, must be tuned to remain
on the line of constant physics. Details about scale setting
and the determination of the line of constant physics can be
found in Ref. [106].

For every configuration we obtained the low-lying
spectrum of the staggered operator (for the smeared gauge
fields) using the Krylov-Schur algorithm [107]. For every

ensemble we computed sufficiently many low-lying pos-
itive eigenvalues to be able to identify the mobility edge 4.
in the bulk, if present at the given temperature. The number
of eigenvalues N, (T, N, a) computed for different lattice
spatial sizes at the same temperature was chosen in order to
keep the explored spectral range approximately fixed (see
Table I for details).

B. Determination of the mobility edge

We implemented the procedure outlined above in Sec. 11
as follows. For each of our ensembles, we unfolded the
spectrum by ranking the eigenvalues of all the available
configurations and replacing them by their rank divided by
the number of configurations in the ensemble. This makes
the unfolded spectral density unity by construction, and the
mean level spacing should also be unity in the large volume
limit. To obtain the various quantities locally in the
spectrum we divided the spectrum into small disjoint bins
and averaged observables over modes in each bin as well as
over gauge configurations in the ensemble.

At the low end of the spectrum we observe a small
deviation of the mean unfolded level spacing from unity. As
can be seen in the lower panels of Fig. 1, this is a finite
volume effect, due to the sparseness of the spectrum in that
region. This did not affect the determination of the mobility
edge: as shown in the upper panels of Fig. 1, we found
consistent results for 4. on our largest volumes, indicating
that finite-volume effects were under control.

For each ensemble we estimated the position of the
mobility edge as the solution of the equation

L, (Ae(N; Ny = 1™ (13)

This is obtained by performing a correlated linear fit of our
numerical data for /; near the crossing point, using three
points near the mobility edge. For each ensemble we
performed six such correlated fits, using either two points
below and one above or two points above and one below
the putative mobility edge, and using three different bin
sizes for the local spectral estimates. Following Ref. [108],
we then obtained our final estimate for A. by a model
average of the estimates (4.); obtained with our six fits,
weighting each fit with

i

pi X e_X2/2+Ndala_Nparanl’ (14)

where N gy, is the number of data points in the fit, Npyram 18

the number of fit parameters, and y> is the total sum of
residuals in the fit. We estimated the uncertainty as

eron(1,) = Y (o1 + G = | (15)

i i
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Upper panels: Integrated unfolded level spacing distribution, I, [see Eq. (11)], below (left) and above (right) the pseudocritical

transition temperature. The values corresponding to Poisson, RMT, and critical statistics are also shown. Lower panels: First moment of
the level spacing distribution, (s) = [5° dssp(s;4; Ny), below (left panel) and above (right panel) the pseudocritical transition

temperature. Data in all panels correspond to N; = 8 simulations.

where o; is the statistical uncertainty on (4.); from the
linear fit.

We focused our attention on temperatures around the
pseudocritical temperature known from the literature. Since
the transition is a crossover, the definition of 7, is
ambiguous, and several methods are used in the literature
to define it. The most widely used is the position of the
inflection point of the renormalized chiral condensate,

myg

(wir = —— & (@)l — (i) lr—o)

myq

= ——7 ((dd)|; = (dd)|7—). (16)

my

yielding T, = 155(4) MeV [4]. Another possibility is to
use the peak of the renormalized light-quark chiral sus-
ceptibility, normalized by T?*m*=2k k=0, 1, 2, i.e.,

) m\*m2, o0 (my _
) (M) " Mg O .7
)(1//1,/ ( T ) mi amm] My <l//lll>R ( )

yielding similar pseudocritical temperatures Té’é), namely

T = 157(4) MeV, T\ =152(4) MeV, and T =
146(4) MeV [3]. (The statistical and systematic errors
reported in Refs. [3,4] have been added in quadrature.)
Our procedure for extracting the mobility edge is
illustrated in Figs. 1 and 2. In Fig. 1 we show the integrated
unfolded level spacing distribution, I, [see Eq. (11)],
computed locally in the spectrum, at one temperature

below and one above T.. At T =150 MeV ~0.97T

(Fig. 1, top left panel) one finds I, = Ig}MT) within

numerical errors for the whole low-lying spectrum, and
so all low modes are delocalized. At T = 165 MeV =~
1.06T ;. (Fig. 1, top right panel) one finds instead that while

7 — jRMT)

so = s within errors in the bulk of the spectrum, it

(Poisson)

rises toward I

So as one gets closer to the origin,

crossing the critical value 7 Eﬁnt) along the way. In Fig. 2 we
show the six linear interpolations used to determine A, at
T = 165 MeV (only the data points corresponding to one
choice of spectral bin size are shown for clarity). Our

results for A./m,, are reported in Table I.
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FIG. 2. Determination of the mobility edge from I, [see
Eq. (11)] at T = 165 MeV. Pairs of lines with the same dashing
pattern correspond to the two different choices of the three points
used in the linear interpolation, while different patterns corre-
spond to different spectral bin size. Shaded areas denote the
corresponding error bands.

= T =158MeV
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FIG. 3. Dependence of our estimate of the mobility edge on the

lattice spatial size, for the three lowest temperatures above T, for
the N, = 8 lattices.

We carefully checked that finite-volume and finite-
spacing effects were under control by estimating the
mobility edge using different aspect ratios and lattice
spacings. In Fig. 3 we show our estimate of the mobility
edge for the three lowest temperatures above T, for spatial
sizes Ny = 48, 64, 80 at fixed temporal size N, = 8. For
each temperature, our estimates using the two largest
available aspect ratios are compatible within statistical
errors. In Fig. 4 we show our estimate of the renormalized
mobility edge at 7 = 165 MeV as a function of the lattice
spacing for aspect ratios 6 and 8. While N, = 6 is outside of
the scaling regime, the estimates obtained using the two
finest lattices and both aspect ratios are compatible with
each other within statistical errors. With the lattice action
used in this paper, N, = 8 lattices already provide a good
approximation of the relevant continuum physics [3,4].

2.2

|-—= Ny/N. =6
O.7+ Ns/Nt :8
o
|
§ —
E o
,<‘3 —
<
N* #+
0.010 0.015 0.020 0.025
(1/Ny)?

FIG. 4. Renormalized mobility edge as a function of the
lattice spacing (1/N, = aT) for different aspect ratios at
T = 165 MeV. Data points are slightly shifted horizontally to
improve readability.

Moreover, A./m,,; depends mildly on the lattice spacing
[26,43], and so a mobility edge present at N, = 8 is very
likely surviving the continuum limit.

C. Localization temperature

The results for 4. obtained as discussed in Sec. III B can
be used to determine the localization temperature at N, = 8
with two different methods.

The first method is to bracket the localization temper-
ature in the window between the highest 7 where one does
not find a mobility edge, and the lowest 7" where one does.
The resolution of this method is of course limited by the
available temperatures. Since this method requires only
establishing the existence of a mobility edge, it is not
plagued by any possible uncertainties (finite volume,
interpolation of data, etc.) that affect the determination
of the exact position of the mobility edge. With this method
we determined that the critical temperature of localization
at N, = 8 is in the range 155 MeV < Ty, < 158 MeV. To
assess the reliability of this interval, we inspect in more
detail how /; changes across the spectrum for temperatures
near the transition. In Fig. 5 we show [ for T = 155 MeV
and T = 158 MeV for N = 8 and the largest available
volume. Close to T),. one expects that the localization
properties of the lowest modes fully stabilize only in a
large enough volume: localized low modes right above 7',
have a large localization length, and delocalized low modes
right below T),. start being lumpy. These features of the
eigenvectors change how the corresponding eigenvalues
respond to a fluctuation in the gauge configuration, with
stronger (respectively, weaker) correlations with the neigh-
boring eigenvalues right above (respectively, right below)
Toc» leading in turn to deformations in the unfolded level
spacing distribution in a finite volume. These reflect in I
near A = 0, which on the available volumes does not reach
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FIG. 5. Integrated unfolded level spacing distribution, / [see

Eq. (11)], for the four temperatures closest to 7'
and Ny = 80.

pe» Tor Ny =8

the Poisson value at 7 = 158 MeV, and is visibly above the
RMT value at T = 155 MeV. However, while I crosses
the critical value at 7T = 158 MeV, it does not at
T = 155 MeV, showing a qualitatively different strength
in the eigenvalue correlations. This supports the presence of
a mobility edge at T = 158 MeV, and its absence
at T = 155 MeV.

In Fig. 5 we show I also for the temperatures second
closest to T',., namely 7 = 160 MeV and T' = 150 MeV.
Since for these temperatures there is little doubt about the
presence or not of a mobility edge, we can quote as a more
conservative estimate for 7', the interval

150 MeV < T, <160 MeV. (18)
The result Eq. (18) is in good agreement with the
continuum-extrapolated pseudocritical temperature 7). =
155(4) MeV obtained in Ref. [4] as the inflection point of
the renormalized chiral condensate in units of m?, Eq. (16),

and with the determination Tég) = 157(4) MeV of Ref. [3]
obtained from the renormalized light-quark chiral suscep-
tibility in units of m?, Eq. (17) for k = 0. These estimates
use fully renormalized fermionic quantities made dimen-
sionless without including any additional temperature
dependence, and seem therefore the most natural ones to
compare to. Our result is also in good agreement with the
pseudocritical temperature obtained from a gluonic observ-

able, namely the static quark entropy, whose maximum is

found at T}(;? = 153*_’56'5 MeV in the continuum limit [6],

and is also compatible with T&;) = 152(4) MeV obtained
from the renormalized light-quark chiral susceptibility in
units of m27?, Eq. (17) for k =1 [3].

While, strictly speaking, our results provide a bracket for
Ty at finite lattice spacing for N, = 8, it is meaningful to

o
[\

0
—

A(:/"’nud
1.0

0.5

0.0

15 158 160 162 164 166 168
T[MeV]

FIG. 6. Renormalized mobility edge as a function of the
temperature, using N, = 8 and the largest aspect ratio at each
temperature. The red band indicates the result of an uncorrelated
linear fit to all the plotted data (y?/ndf = 0.4). The grey vertical
band shows our estimate for 7),. and the corresponding un-
certainty, obtained assuming a smoothly vanishing mobility edge.

compare this with continuum-extrapolated estimates of the
pseudocritical temperature. In fact, for the stout improved
action used in this paper, at N, = 8 the pseudocritical
temperatures TI()Q obtained from the chiral susceptibility are
compatible with their continuum extrapolation [2]. Our
conservative bracketing for T),. then certainly includes
T](J(Z)(Nt =8) and Télc)(NI = 8), and so the localization
temperature and these pseudocritical temperatures are
compatible at this lattice spacing. Moreover, the detailed
continuum extrapolation performed in Ref. [43] shows that
Ae/m,q depends only mildly on the lattice spacing for
sufficiently fine lattices (N, > 8). This is also confirmed by
our results for 7 = 165 MeV shown in Fig. 3. We do not
expect then that a mobility edge present at nonzero spacing
will disappear in the continuum limit. Therefore, although
we cannot perform a proper continuum extrapolation, our
conservative bracketing Eq. (18) should remain valid in the
continuum limit, and 7', in the continuum should be well
within the crossover region.

Our second method for extracting 7', at N, = 8 is to fit
the available estimates for 4. at different temperatures and
extrapolate in temperature to the point where 4. vanishes.
This method allows for a higher resolution, but is clearly
affected by finite-volume systematics, finite-spacing sys-
tematics, and other systematics, as well as by the choice of
fitting function. Moreover, it implicitly assumes that 1,
vanishes continuously as a function of 7', and while there is
no reason to expect otherwise in the case of QCD since
thermodynamic properties change in an analytic fashion, it
is known that the mobility edge can disappear discontin-
uously [36,38], even in the presence of a second-order
deconfinement transition [45]. On the other hand, this
method is less affected by the stronger finite-size effects
near T, discussed above.
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In Fig. 6 we show the results of a linear fit to our
estimates of 4. on our N, = 8 lattices with the largest aspect
ratio. Using all the estimates for 1. in the range of
temperatures 158 MeV < T <168 MeV, we found
Tioc = 156.7(3) MeV. We then excluded 7 = 158 MeV
to assess the effect of this data point on the fit, finding
Ti,. = 157(1) MeV, clearly compatible with T, within
errors. This is in agreement with the results found with our
first method, therefore validating our assessment of the 7 =
158 MeV data, and suggests that 4. goes smoothly to zero
at Ty,.. Again, while this is, strictly speaking, a statement
about N, = 8 lattices, it is expected to remain true also in
the continuum limit.

IV. CONCLUSIONS

In the present paper we determined the temperature 7',
where localized eigenmodes of the Dirac operator appear at
the low end of the spectrum. To this end we used lattice
simulations with N, = 2 + 1 flavors of staggered quarks at
the physical point at several temperatures around the
crossover in the range 150 to 184 MeV. To control finite
volume effects we used several lattice spatial volumes, up
to an aspect ratio of N;/N, = 10, finding consistent results
for the largest aspect ratios. At one temperature,
T = 165 MeV, we also simulated at three different lattice
spacings corresponding to N, =6, 8, 10. The results
obtained on the two finer lattices agree within the uncer-
tainties, so we concluded that cutoff effects are also under
control.

Using the unfolded level spacing distribution, for each
of our ensembles above 7 = 155 MeV we located the
mobility edge that separates localized and delocalized
modes in the bulk of the spectrum. At and below 7 =
155 MeV all the low eigenmodes turned out to be
delocalized, and no mobility edge was found. The lowest
temperature where we could detect localized modes in the
spectrum and a mobility edge was T = 158 MeV, so we
conclude that the critical temperature for localization 7',
is between 155 MeV and 158 MeV at N = 8. Accounting
for finite-size uncertainties, a more conservative bracket is

150 MeV < T),. < 160 MeV. Since N, = 8 is close to the
continuum for our choice of lattice action, we expect this
bracket to remain valid in the continuum limit.
Extrapolation in temperature of the mobility edge values
obtained above T, strongly suggests that the mobility
edge goes to zero smoothly, as expected from the cross-
over nature of the transition. This was found again at
N, = 8, but there is no reason to expect any change in the
continuum limit.

Our main result is that the localization critical temper-
ature, above which localized modes are present at the low
end of the Dirac spectrum, is found well within the
crossover region, as determined from the chiral condensate
and from the light-quark susceptibility. This has long been
suspected, but this is the first explicit demonstration of this
fact. This indicates a close connection between deconfine-
ment, chiral symmetry restoration, and localization of the
low Dirac modes.

We used the open source software packages R [109] and
HADRON [110] in the analysis.
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