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Fate of Schwarzschild—de Sitter black holes: Nonequilibrium evaporation
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We present a fully analytic treatment of Schwarzschild—de Sitter (SdS) black-hole evaporation in two-
dimensional dilaton gravity with anomaly-induced backreaction. Starting from the spherical reduction of
four-dimensional Einstein gravity with a cosmological constant, we construct an exactly solvable 2D model
that captures the full causal and thermodynamic structure of the SdS static patch, including both black-hole
and cosmological horizons. Incorporating the trace anomaly of N conformal matter fields via the Polyakov
action, we determine the evolution of the black-hole mass and geometry in the Unruh—de Sitter state, track
the steady nonequilibrium Hawking flux, and compute local thermodynamic observables for static
observers. The conserved Killing energy flux drives an irreversible heat current from the black hole to the
cosmological horizon whenever their surface gravities differ, ensuring monotonic entropy growth and
satisfaction of the generalized second law. We prove that x;, > k. throughout the physical static patch, so
the only zero-flux configuration is the Nariai limit where the horizons coincide. Extending the framework
to the quantum-information regime, we construct a thermo-controlled estimate of the Page curve and show
how quantum extremal surfaces and entanglement islands emerge naturally within the anomaly-induced
steady state. These results constitute a fully analytic, backreacted solution for SAS evaporation that unifies
semiclassical thermodynamics and information flow in a cosmological setting, thereby elucidating the

ultimate fate of evaporating black holes in de Sitter space.
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I. INTRODUCTION

The discovery by Bekenstein and Hawking that black
holes radiate thermally and carry entropy revolutionized our
understanding of gravity and thermodynamics, revealing
that classical event horizons are inherently quantum objects
[I-5]. In an accelerating de Sitter universe, black holes
coexist with a cosmological horizon, each characterized by
its own surface gravity and associated temperature. Unlike
asymptotically flat black holes, this dual-horizon structure
places the system in intrinsic nonequilibrium: both horizons
radiate, but generally at different temperatures. Despite
significant progress, a complete understanding of black-hole
evaporation in de Sitter space and of how the second law of
thermodynamics is realized in such spacetimes remains a
fundamental open problem.

A powerful framework for addressing semiclassical
backreaction is provided by the two-dimensional trace-
anomaly method pioneered by Polyakov [6] and developed
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in many subsequent works [7-11]. In this approach, the
backreaction of N conformal matter fields is encoded in an
anomaly-induced effective action that captures quantum
stress-energy effects in a geometrically transparent form,
allowing controlled calculations of Hawking flux and
backreaction in both asymptotically flat and cosmological
settings (see, e.g., [9,12-14]). Yet an analytic, self-
consistent treatment of Schwarzschild—de Sitter (SdS)
evaporation that simultaneously tracks both horizons,
real-time mass evolution, and the thermodynamic response
of local observers has not yet been achieved.

Two-dimensional dilaton gravity has long served as a
laboratory for exploring black-hole thermodynamics, semi-
classical backreaction, and departures from classical singu-
lar behavior, including early studies of Hawking radiation,
nonsingular geometries, and regular Schwarzschild and
Schwarzschild—de Sitter solutions [15-23]. While these
works provide important conceptual and technical insights
into regularity, backreaction, and effective descriptions of
black-hole interiors, they do not incorporate the full SdS
static patch or yield a closed-form, globally backreacted,
two-horizon evaporation solution.

In parallel, four-dimensional studies of Schwarzschild—
de Sitter and Kerr—de Sitter evaporation have analyzed
Hawking emission using graybody factors and mode-by-
mode fluxes for scalar, electromagnetic, and gravitational
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perturbations [24-27], demonstrating consistency with the
generalized second law. Related semiclassical analyses have
constructed perturbatively self-consistent SdS solutions by
solving backreaction equations for quantum fields on a fixed
background [28]. However, these approaches rely on
numerical computation or perturbative control and do not
yield closed-form expressions for the evaporation fluxes,
mass evolution, or local thermodynamic observables.

Here we construct an analytic framework that addresses
these limitations. Starting from the spherical reduction of
four-dimensional Einstein gravity with a cosmological con-
stant, we obtain an exactly solvable two-dimensional dilaton
gravity model that reproduces the causal and thermodynamic
structure of the SdS static patch. Incorporating the Polyakov
effective action, we determine the anomaly-induced energy
flux, derive the evolution equation for the black-hole mass,
and compute local temperatures, energy densities, and fluxes
measured by static observers. In two dimensions, the
anomaly-induced action captures the complete semiclassical
dynamics of the s-wave sector [6,10,29], enabling a self-
consistent treatment of backreaction.

The resulting system realizes a nonequilibrium steady
state with constant energy flow from the hotter black hole to
the cooler cosmological horizon. The mass-loss law admits
a single equilibrium point, the Nariai configuration, where
the horizons coincide and their surface gravities vanish. We
construct the (M,A) phase diagram, identify its fixed
points, and verify that the generalized second law is satisfied
throughout the evaporation process.

Quantum extremal surfaces (QES) and entanglement
islands in de Sitter-like settings have been analyzed pre-
viously in simplified two-dimensional models, most promi-
nently in the near-Nariai Jackiw-Teitelboim (JT) limit
[30,31] and in related treatments of cosmological or near-
extremal throats [32,33], as well as in studies of vacuum-
dependent evaporation and island formation in near-extremal
Reissner—Nordstrom—de Sitter or JT-like reductions [34].
These works exploit the analytic tractability of near-horizon
geometries, where the dilaton takes a simple form and the
generalized entropy can be extremized explicitly.

Our framework differs in several essential respects. We
employ the full spherical reduction of four-dimensional SdS
and incorporate anomaly-induced backreaction throughout
the entire static patch, rather than restricting to a near-
horizon JT limit. In our Eddington-Finkelstein formulation,
the Unruh—de Sitter (UdS) state is implemented through
constant state functions 7, (equivalently the conserved flux
J), so the backreacted solution satisfies the UdS regularity
conditions without requiring an additional state-defining
coordinate transformation. Consequently, our discussion
of islands emphasizes the thermodynamic necessity of
the Page transition in a global nonequilibrium steady state,
rather than a microscopic extremization of Sy, in a near-
horizon throat. A detailed QES extremization in the fully
backreacted SAS geometry is left for future work.

The remainder of this paper is organized as follows.
Section II reviews the spherical reduction to two-dimensional
dilaton gravity. Section III develops the semiclassical
anomaly framework and the mass-loss law. Section IV
analyzes evaporation dynamics, Sec. V the quasistationary
geometry, and Sec. VI equilibrium and stability. Sections VII
and VIII discuss observer thermodynamics and the gener-
alized second law, followed by Sec. IX on quantum extremal
surfaces, entanglement islands, and the Page curve. Technical
derivations appear in Appendixes A-D.

II. FROM 4D SCHWARZSCHILD-DE SITTER
TO 2D DILATON GRAVITY

To fix notation and for completeness, we briefly summa-
rize the spherical reduction of four-dimensional Einstein-
Hilbert gravity with a cosmological constant to its
two-dimensional dilaton formulation, following standard
treatments, and recover the Schwarzschild—de Sitter (SdS)
solution within the reduced theory."

Starting from the 4D EH action with cosmological

constant,
1
Sy = d*x\/—gW(R® —2A), 1
4 ]6HG4/ xy/ =g ( ) (1)

we assume a spherically symmetric metric ansatz

ds?

= Gap(X)dxdx? + r(x)?dQ3,

a,be{0,1}, (2)
and define the dilaton as the area variable,
X(x) = r(x)*. (3)

The four-dimensional Ricci scalar decomposes (up to total
derivatives) as

2 1 2
RY=R-V2X+_— (VX)24+= 4

X + 2X2( ) +X ’ )
where all derivatives refer to the two-dimensional metric
gap- Integrating over the angular coordinates, [ dQ, = 4,
yields

S, d*x\/=g[XR + U(X)(VX)* +2V(X)], (5)

1.
with?

V(X) =1 - AX. (6)

'We closely follow the standard spherically reduced gravity
(SRG) formalism [35-37].

*Note our V differs by a factor of 1/2 from some SRG
conventions; this is absorbed into w and & below.
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A. Weyl frame and SdS solution

In 2D it is possible to eliminate the dilaton kinetic term
by performing a simple Weyl rescaling

- 1
9w = eQ(X)g/w’ Q/(X) = _U(X) = T 5y (7)
2X
so that Q(X) = —1InX and 2% = x-1/2,
In this Weyl frame, the action becomes (up to boundary

terms)

S, = 4G4/d2x\/7XR+2V (8)

V(X) = e2XV(X) = X~1/2(1 — AX). 9)

Introducing the auxiliary functions

1.
WX) =3 V(X). EX) = W w(X) =2G.M),  (10)
the general static solution reads

ds> = =&(r)de? + E(r)7tdr?, X =12 (11)

Integration of (10) gives

(X) = le/()d— Lo Ar)2ra
w(X) = SVO)dy = [ S —Ar|2rdr
A
= r—§r3 + const. (12)
Choosing the constant to vanish and using e? = 1/r, the

metric function becomes

1 2G,M A
&) =~ (w=2G,M) = 1 - =22 22 (13)
r r

which reproduces the familiar Schwarzschild—de Sitter
blackening function.

III. SEMICLASSICAL TRACE-ANOMALY
BACKREACTION

We work in the large-N semiclassical expansion of our
spherically reduced gravity, in which the backreaction of N
conformal matter fields is encoded by the two-dimensional
Polyakov anomaly action. The full 2D effective action is

Seff = SZ + Sanomv (14)

where S, is given by (5) with (6), and the Polyakov term
captures the trace anomaly of N massless conformal fields,

N

~5es | xv/=gROR. (15)

Sanom [g} =

whose variation yields the anomalous trace (T*,) =
(N/24x)R. For practical computations we employ the
equivalent local (auxiliary-field) form of S,,,, given in
Appendix A.

In conformal coordinates (u, v) with ds?> = —e*“") dudv,
the renormalized expectation values of the stress tensor are

N () - 320 + tu(a),

T, =-—
< uu> 12”

(7)== fzv @) = 820] + 1,(0),

T,,)=——7" 1
(Tus) = =15-0.00p. (16)

where ¢, and ¢, encode the quantum state (e.g., Unruh—dS
thermal values). Regularity on the appropriate future Kruskal
horizons fixes these constants: for the Unruh—de Sitter state,
the future black-hole and cosmological horizons are regular,
producing a steady flux between them.

Note that in contrast to near-Nariai JT gravity analyses,
where an explicit closed-form solution for the dilaton
evaluated in the Unruh—de Sitter state is required in order
to compute the generalized entropy exactly, our analysis does
not rely on an explicit UdS-state dilaton profile. Instead, we
work directly with the spherically reduced dilaton gravity
model describing the full Schwarzschild—de Sitter static
patch and determine the semiclassical geometry and stress
tensor in the UdS state via the anomaly-induced effective
action and Killing energy conservation. This is sufficient
to fix the stationary Hawking flux, local thermodynamic
observables, and entropy production without requiring an
explicit analytic expression for the dilaton as a function of
spacetime coordinates in the UdS state.

Combining the classical and anomaly actions yields a
closed, covariant system describing Hawking radiation,
backreaction, and mass evolution in the Schwarzschild—de
Sitter spacetime. In what follows, we develop this frame-
work to derive the conserved energy flux, the covariant
mass-loss law, and the nonequilibrium thermodynamics of
the system.

A. Conserved flux and mass-loss law

The steady Killing energy current admits a simple
covariant formulation that directly yields the semiclassical
mass—loss law. In the ingoing Eddington-Finkelstein (EF)
gauge we have flux

T =1X)X' (AT, I(X)= e 2%,
0'(X) = -U(X), (17)

which is radially constant (and, to leading adiabatic order,
slowly varying in »). For the Schwarzschild—de Sitter

reduction X = 2 and I(X) = VX = r, giving
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J =2rT",. (18)

The conserved Killing energy current is j# = —T# y* with
x = 0,. In ingoing EF coordinates one has y = d,, so the
radial Killing flux is j” = —T",, yielding

J J
77, =— =—. 19
voIX! 2 (19)
The EF Casimir (mass-function) balance law yields the
covariant mass-loss relation

M=-7. (20)

Here M denotes the mass parameter appearing in the
Schwarzschild—de Sitter metric; equivalently, in the
reduced two-dimensional description the Casimir is C =
2G4M (up to an additive constant).

The detailed radial first integrals underlying this relation
appear in Appendix A. Because the field equations do not
admit a strictly static solution with J # 0 (as proved
in Appendix A), we work in the adiabatic steady-state
regime, where M evolves slowly and the geometry remains
quasi-static.

For the Schwarzschild—de Sitter metric the surface
gravities at the horizons rj, € {r,,r.} are k, =3|&(r;)|.
The geometry contains a finite static patch bounded by the
black-hole and cosmological horizons (see Fig. 1), repre-
senting the causal domain of a stationary observer.

In the Unruh—de Sitter state, the anomaly-induced stress
tensor admits a steady flux

N

_ N~ — 2 _ .2
T =g AM),  AM) =G -k (21)

directed outward for «x;, > k.. Identifying M with the
Casimir mass parameter controlling the SdS geometry,
the evolution follows

M= (k= ). (22)

so M < 0.
Linearizing near a fixed point M, gives

d N
—6M = ———A'(M,)éM, 23
dt 48r (M.) (23)

which is stable if A’(M,) > 0 and unstable if A’(M,) < 0.
For neutral SdS, k;, = k. occurs only in the degenerate
Nariai limit; thus no finite-temperature equilibrium exists
within the static patch.

We assume the evaporation is slow (|M| < k, M), so that
at each instant the geometry remains approximately static
(adiabatic approximation). This justifies treating the Hawking

r=20

e, r=

A
d

{ Static
\ Patch |

15U0D
15U0D

J>0

FIG. 1. Portion of the Penrose diagram for Schwarzschild—de
Sitter emphasizing the static patch (blue). The patch is bounded
by the black-hole (r;,) and cosmological (r,) horizons. The black-
hole singularity is at r = 0 (horizontal dashed line). Dashed
curves represent surfaces of constant r. In the Unruh—de Sitter
state, the anomaly-induced flux 7 > 0 propagates outward from
the hotter black-hole horizon to the cooler cosmological horizon,
establishing a steady nonequilibrium state.

flux as spatially and temporally constant during the slow
evaporation of M 3

The locally measured manifestation of this flux, together
with the Tolman blueshift experienced by static observers,
is analyzed in Sec. VII A.

B. Local temperatures and Tolman redshift

In conformal null coordinates, ds> = —e*du dv (so that
e’ = ¢ in the static patch), the Polyakov stress tensor
involves two state functions 7,(«) and ¢,(v) which deter-
mine the flux components (7,,,) and (T,,). Regularity on a
future horizon with surface gravity «;, fixes the correspond-
ing function to #,/, = Nx}/(48x), i.e., a thermal popula-
tion at temperature

Kn
T, = o (24)
Different quantum states correspond to different choices
of (t,,1,):
(1) Boulware-dS: t, =t, =0, static but singular on
both horizons.
(2) Hartle-Hawking-dS: ¢, =, with x, =k, (global
thermal equilibrium, realized only at the Nariai point).
(3) Unruh-dS: 7, = Nx3/(48x), t, = Nx?/(48x), regu-
lar on the future horizons and describing steady
outward flux.

3This approximation is well justified for large, slowly radiating
black holes. As M approaches the Planck scale or the minimal mass
allowed by the effective theory, the semiclassical and adiabatic
descriptions necessarily break down and quantum-gravity effects
are expected to dominate the final stage of evaporation.
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Static observers at r € (r,, r.) measure locally redshifted
temperatures according to the Tolman-Ehrenfest relation

Tloc AV const [38],
Ty K,

B 2n e

The ratio Tpioe/Tc10c = Kp/Ke 18 position independent,
revealing the intrinsic nonequilibrium between the two
horizons: only in the degenerate Nariai limit do the local
temperatures coincide everywhere. This two-dimensional
model exactly reproduces the four-dimensional temperature
hierarchy and equilibrium condition of Schwarzschild—de
Sitter spacetime, providing a faithful semiclassical reduction
of the 4D thermodynamics. The resulting steady state carries
a constant energy flux between the horizons, whose locally
measured form is analyzed in Sec. VII A.

The quantities T), = k;,/2n appearing in the first law
(45) are the standard Killing temperatures, defined by the
surface gravities of the two horizons. Local static observ-
ers, however, measure Tolman-redshifted temperatures
Tyoo(r) =Ty/+/f(r), which differ from 7, except in
special equilibrium cases (e.g., the Nariai limit). Because
de Sitter space lacks a preferred asymptotic region, the
distinction between Killing, Tolman, and other proposed
“global” temperature notions (e.g., the one advocated
in [39]) is conceptually important.

In the present work, this ambiguity does not affect the
evaporation dynamics: the mass-loss law is controlled
entirely by the conserved Killing energy flux 7, which
is a radially invariant quantity and therefore independent of
which temperature convention one adopts. The horizon
Clausius relations and the generalized second law follow
directly from J and the geometric relation between «;,
and k., rather than from any particular observer-adapted
temperature definition. For recent discussions of observer-
dependent thermodynamics in multihorizon Reissner-
Nordstrom—de Sitter spacetimes, see [40].

Thioc(r) = (25)

IV. EVAPORATION DYNAMICS AND
MASS EVOLUTION

From this point onward, unless explicitly restored,
we work in Planck units G4, = i = ¢ = 1. Using the flux
Eq. (20), we now analyze the time evolution of the system
under the anomaly-induced backreaction. The evolution
of the mass parameter M(z) follows from the interplay
between the black-hole and cosmological surface gravities,
which depend implicitly on M and A through the horizon
equation &(ry,; M, A) = 0.

The static-patch metric with Ref. (13) admits two
positive real roots r, < r. when 0 < 9M?A < 1, defining
the black-hole and cosmological horizons, bounding the
causal diamond of a static observer. For fixed A, increasing
M enlarges r;, and shrinks 7., until they coincide at the
Nariai limit 9M?A = 1.

The surface gravities at the horizons are

M A A M
= —" — — s C:_ -, 26
Kp 7’12, 3rb K 3rc r% ( )

with «;,,k. > 0 inside the static patch. Their difference
determines the flux direction via A(M) [Eq. (21)].

As the black hole evaporates (M decreases), the black-
hole horizon r;, contracts while the cosmological horizon r.,.
expands. Consequently x,, rises rapidly, whereas k. increases
from its small Nariai value toward the asymptotic limit
v/A/3. The growing temperature contrast A amplifies the
Hawking flux, Eq. (21).

A. Flux, equilibrium, and evolution timescales

The qualitative behavior of the system is governed by the
sign of A(M):

A > 0: M < 0 = evaporation (enery flow b — c),
A =0: M = 0 = thermal equilibrium,

A < 0: M > 0 = antievaporation.

Fixed points M, satisfy «;, (M) = k.(M.,), and linearization
yields the stability condition A’(M,) > 0 (stable) or
A'(M,) <0 (unstable) [see Eq. (23)]. Importantly, for
uncharged SdS, k;, > k. throughout the static-patch domain,
so A > 0 and the mass decreases monotonically toward
M — 0. The sole equilibrium occurs at the Nariai boundary,
where x, = k. =0 and J = 0.

The adiabatic evaporation timescale follows from Eq. (20):

M 487M

oo ™ i~ NI

NAGDT (27)

Evaporation is slow when the temperature contrast |A|'/? is
small and accelerates as k7 > k2. Near equilibrium, the
relaxation is exponential with characteristic time

L A8
TNA' (M)

Ty

As M — 0, one finds r,~2M, x,~(4M)~", and

K. =~ +/A/3, giving

1 A . N

~ _ ~ -2
16M% 3’

= 7687

Hence ey, ~ 7687M° /N, reproducing the familiar M?
scaling of four-dimensional Schwarzschild evaporation.
In principle, while three generic regimes exist:
(1) Monotonic evaporation: A > 0 everywhere = M
decreases to zero (neutral SdS).
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(2) Stable equilibrium: A(M) crosses zero with
A'(M,) > 0.

(3) Unstable equilibrium: A(M) crosses zero with
A'(M,) <0,

only the first regime occurs in the neutral black hole case.
Charged (Reissner-Nordstrom—de Sitter) black holes or
modified-gravity extensions are known to admit interior
solutions with k;, = k. # 0 (“lukewarm” configurations),
and may therefore realize the latter two regimes, but a
detailed analysis of such cases lies beyond the scope of
this paper.

We now analyze these equilibria in detail and identify the
Nariai configuration as the unique zero-flux limit.

V. QUASISTATIONARY GEOMETRY FROM
LOCALIZED POLYAKOV ACTION

In a strictly static metric ansatz, the off-diagonal (tr)
equation enforces 7", = 0, so any exact static configuration
must have vanishing flux (/ = 0). The nonzero Unruh—de
Sitter flux 7 (the conserved energy current in the quasista-
tionary state) therefore arises consistently only when time
dependence is retained in Eddington-Finkelstein gauge, or
within a quasistationary (adiabatic) approximation in which
M (v) evolves slowly compared to the local curvature scale.
Throughout this section we use the term “steady state” in
this adiabatic sense.

To describe this quasistationary configuration from first
principles, we solve the field equations derived from the
localized Polyakov action. The resulting geometry represents
a fully backreacted, adiabatic steady state of the Unruh—de
Sitter type, in which the flux 7 is constant across the static
patch and mediates a net flow of energy from the black hole
to the cosmological horizon. This solution demonstrates that
the nonequilibrium evaporation dynamics of Schwarzschild—
de Sitter spacetime in the Unruh—de Sitter state emerge self-
consistently from the (dimensionally reduced) Einstein
equations. In this analysis, all leading quantum effects are
incorporated through a large-N, one-loop treatment of N
conformal fields.

A. Localized action and semiclassical equations

The anomaly-induced Polyakov action can be written in
local form by introducing an auxiliary field y:

Sp = d*x/=g|(Vy)* +2wR],  (28)

- 96

whose equation of motion [y = R reproduces the trace
anomaly. The full semiclassical action is

S d’x\/=g[XR +2V(X)] + Sp.  (29)

:4-—(;4

Variation yields the coupled dilaton and metric equations

R+2V'(X) =0,
1 -
E (vﬂvI/X - g/wDX - Vguv) = T}(zj) + Tlsslftate)' (30)

with 70, = R and TS = 0. Details of the first
integrals and the static momentum constraint appear in
Appendix A.

Near any simple horizon where f(r) ~«(r — r},), regu-
larity requires C, =0 in the local solution fy' =
—f'+ C,, giving y ~ —In f + const. In the strictly static
ansatz this implies 77, =0, while in the adiabatic
Eddington-Finkelstein solution the physical flux is J,
related to the static-frame component Eq. (42).

B. Solution structure and horizon regularity

The equations derived from (29) form a closed ordinary
differential equation system for (f, X,y ) that admits first
integrals and a reduction to quadratures. Regularity of the
renormalized stress tensor on the appropriate future
Kruskal horizons (black hole and cosmological) imposes
state-dependent boundary conditions consistent with the
Unruh—de Sitter state. These conditions fix the state
functions r., equivalently the conserved EF flux J,
yielding an adiabatic (quasistationary) solution that is exact
at leading order in slow time.* The instantaneous geometry
is parametrized by the Casimir (mass) and flux, e.g.,
(M,A,J), and continuously deforms the classical SdS
spacetime while maintaining a radially conserved energy
flux across the static patch. The first-integral structure
and explicit quadratures are given in Appendix A, and the
finiteness of the backreacted curvature invariants in the
backreacted geometry is verified in Appendix D.

This adiabatic solution (closed form up to quadrature)
provides a self-consistent, analytic framework for gener-
alized-entropy and extremal-surface calculations: given
(T,,) and the Polyakov field, we compute Sy, =
Swad(X) + Sou(R U I) in the Unruh—de Sitter state, locate
QES via 0,8y, = 0, and estimate Page-like behavior in a
two-horizon setting at leading semiclassical order.

This same anomaly-induced backreaction that governs
the semiclassical dynamics of the SdS patch also plays a
decisive role in other multihorizon systems. An analogous
mechanism destabilizes the inner (Cauchy) horizons of
charged and rotating black holes, where the trace anomaly
is the minimal quantum enforcer of strong cosmic censor-
ship by converting inner horizons into null curvature
singularities [15,41-48].

“In conformal gauge, the renormalized stress tensor depends on
two state functions 7, that encode the choice of quantum state
(Boulware, Hartle-Hawking, or Unruh). In a stationary patch these
are constants related by J =, —¢_ in our normalization, so
specifying the flux 7 is equivalent to fixing (7,,7_).
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VI. EQUILIBRIUM CONFIGURATIONS
AND STABILITY

Evaporation halts when the net Hawking flux between the
black-hole and cosmological horizons vanishes. As derived
in Eq. (21), this occurs when the two surface gravities
coincide,

Kb(M*) :KC(M*)' (31)

Such equal-temperature configurations define equilibrium
points M, for fixed A. In charged (Reissner-Nordstrom—
de Sitter) spacetimes, these correspond to the well-known
lukewarm black holes with x, = k. # 0. For the uncharged
Schwarzschild—de Sitter case considered here, however, this
equality is achieved only at the degenerate Nariai limit
(OM>A = 1), where the two horizons merge (r, = r.) and
both surface gravities vanish. Hence, the Nariai geometry
represents the unique zero-flux equilibrium configuration of
the neutral SdS family.

To discover the sign of the flux away from equilibrium,
we derive an explicit analytic expression for A = k3 — k2.
Eliminating M from the two horizon equations,

gives the fundamental horizon relation
1= A 2 32
_g(rb_‘_rbrc"i_rc)' ( )

Using this identity, the surface gravities satisfy

- 1
Ky + K, = ¢ 2 m (A - ) >0, (33)
and, independently,
ry 4 r. 1
—K, = - A 0, 34
o e 2 (rbrc ) ” ( )

so that k, > «, for all 0 < 9M?A < 1.
Hence,

A(M) = (kp = k) (K + &) > 0,

and (as one may have anticipated) the semiclassical flux

N
=—AM
J 4871 (M)
is positive throughout the static patch, implying strictly
monotonic mass loss (M < 0) for all nonextremal con-
figurations. Linearizing the evolution confirms that no
finite-temperature equilibrium exists: the only zero-flux

configuration is the degenerate Nariai state, which we
discuss next.

A. The Nariai limit and zero-flux equilibrium

We have shown the SdS family admits a single equilib-
rium configuration where the black hole and cosmological
horizons coincide. This extremal geometry, known as the
Nariai spacetime [24,49,50], arises at the maximal mass

1 1
— ry ="r,=——, 35

for which the surface gravities vanish x;, = k. = 0. In this
limit the SdS coordinates become degenerate, but after a
suitable rescaling the metric factorizes as

Nariai —

1 1
ds* = A [—sin’yde® + dy*] + XdQZ, (36)

describing the direct product dS, x S? with constant curva-
ture R = 2A. The Nariai geometry therefore represents a
zero-temperature equilibrium configuration of the SdS
family in the standard static normalization, corresponding
to the unique fixed point of the mass-loss equation.
Perturbations away from this limit split the horizons and
produce nearby SdS solutions with k;, > k., initiating non-
equilibrium energy flow from the black hole to the cosmo-
logical horizon.

In our dilaton gravity description, the Nariai state is
realized when the effective potential satisfies

V(Xy) =0, Xy= % (37)
so that w/(Xy) = 0 and the Killing function £(X) develops
a double root. The anomaly-induced flux, Eq. (21), then
vanishes 7 = 0, confirming that the Nariai limit marks the
sole equilibrium point in the (M, A) phase diagram.

For the observed cosmological constant, A ~ 1075 m~2,
the Nariai horizon radius is rygig = 1/VA ~ 1020 m,
and the corresponding mass is My = ¢2/(3G4VA) =
2.3 x 102M,. This mass is cosmologically large, compa-
rable to the total mass contained within the observable
universe, and represents the unstable upper mass bound for a
black hole in the Schwarzschild—de Sitter family. All known
black holes (from stellar to supermassive, ~10-10'°M ) lie
deep in the M < My, regime. As the semiclassical flux
law [Eq. (22)] is shown in Appendix B to remain evaporative
(M < 0) for this entire physical range, the Nariai configu-
ration is never approached dynamically. Consequently,
the only physically attainable endpoint of SdS black-hole
evaporation in our de Sitter background is the empty de
Sitter state.

We now map these regimes across (M, A) parameter

space and identify the Nariai line 9M>A = 1 as the boundary
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separating the evaporation domain from the degenerate
equilibrium configuration.

B. Phase diagram

The equilibrium set A(M,A) = 0 reduces, for neutral
SdS, to the Nariai curve 9M2A = 1, which forms the
boundary of the physical static-patch domain. Within the
domain 0 < 9M2A < 1 one has A > 0, so the flux direc-
tion does not change sign.

The sign of A’(M) above and below this line determines
whether the evolution is attractive or repulsive, yielding a
semiclassical phase diagram of SAS evaporation (see Fig. 2).
The values of A shown are far larger than the observed
cosmological constant but the analysis cleanly isolates the
qualitative structure of the evaporation dynamics. No non-
degenerate equilibrium configuration exists within the static
patch: the anomaly-induced flux drives the black hole mass
monotonically toward M — 0 (empty de Sitter), with the
Nariai boundary marking the unique zero-flux limit that
separates evaporating from unphysical regions of param-
eter space.

Having established the global structure of evaporation
and the location of equilibrium boundaries in (M, A) space,
we now turn to the thermodynamics experienced by local
static observers within the de Sitter static patch.

VII. OBSERVER-DEPENDENT
THERMODYNAMICS

In the static patch of SdS, stationary observers experi-
ence distinct local thermodynamic conditions depending on

030 Schwarzschild-de Sitter Evaporation Phase Portrait
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FIG. 2. Evaporation phase diagram for Schwarzschild—de Sitter
black holes. Each point (M, A) with 0 < 9M>A < 1 represents a
physical static patch. Throughout this domain A > 0, corre-
sponding to a steady energy flux from the black-hole to the
cosmological horizon (M = —7 < 0). The dashed curve marks
the Nariai boundary 9M 2A = 1, where the two horizons coincide
and attain equal surface gravities (see Sec. VI A). All quantities
are in Planck units (G4 =h =c = 1).

their position between the black hole and cosmological
horizons. The region r, < r < r. admits the timelike
Killing field y# =0, with norm y? = g, "z = —&(r).
Static observers follow orbits of y# with four-velocity

x 1 "

- é(r)(l’o)’ ey = VEr)(0.1), (38)

defining the orthonormal frame {u*, ¢(; }.

A. Local temperatures and steady flux

Building on the Tolman relation introduced in
Sec. III B, we now evaluate the locally measured energy
flux and density experienced by static observers in the
Schwarzschild—de Sitter static patch.

Each Killing horizon r, €{r;,, r.} possesses surface
gravity «j, =1|&(r,)| and Hawking temperature T =
k,/(2m). A static observer at radius r measures the
redshifted temperature

T, _ Kp
Er) 2m\/&(r)

sothat Ty 0c/T ¢ 10c = Kp/K.. The patch is therefore intrinsi-
cally out of equilibrium whenever k;, # k.; only in the
Nariai (lukewarm) limit do the local temperatures coincide.

To quantify this nonequilibrium steady state, let (7,,)
denote the renormalized stress tensor in the chosen quantum
state. For static observers with four-velocity u* = (1/+/£,0)
and orthonormal radial vector e’(‘}) = (0, /&), the locally

measured energy density and radial flux are

Th,loc (}’) =

(39)

p(r) = (Tyu)u'u”,

Fioelr) = =T ety = =<
loc - 1174 (# — 5 (r) .

Stationarity implies conservation of the SRG Killing flux, so

J is constant throughout the patch and

J

T2

(40)

T,

(41)
Projecting onto the local frame gives

J

2r2¢(r)’

which blueshifts as 1/&(r) toward either horizon. Hence the
SdS static region acts as a finite thermal cavity bounded by
two horizons at unequal Tolman temperatures, linked by a
conserved heat current 7 that vanishes only in the Nariai
equilibrium configuration.

Physically, J > 0 corresponds to an outward flux of
Killing energy from the hotter black-hole horizon to the

Floc(r) - (42)
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cooler cosmological horizon. The same flux governs the
global mass-loss law M = —7 derived in Sec. III A, ensur-
ing that the locally observed nonequilibrium and the global
evaporation dynamics are two aspects of the same con-
served-energy flow.

B. Near-horizon behavior and regularity

Near each Killing horizon, it is convenient to express the

metric in conformal gauge,
ds* = —e¥dudv, e = ¢(r).

The anomaly-induced stress tensor then takes the form (16),

where ¢, and ¢, are the state-dependent constants specifying

the ingoing and outgoing flux components in a station-

ary patch.

Regularity on a given future horizon fixes the corre-
sponding constant to its thermal value at T, = «,,/(2x): 1,
at the future black-hole horizon and ¢, at the future
cosmological horizon. The Unruh—de Sitter state enforces
regularity on both future horizons while remaining singular
on the past ones, yielding the steady flux (21). In contrast,
the Boulware—de Sitter state has ¢, = ¢, = 0 and is singular
on all horizons, while the Hartle-Hawking-de Sitter state
occurs only at the Nariai limit [51].

C. Detector response

A standard static Unruh-DeWitt detector following the
worldline x#(7) with four-velocity u* interacts locally with
the quantum field and can become excited by absorbing a
quantum of energy Q. The quantity P(Q;r) denotes the
corresponding transition probability, and P(Q; r) its exci-
tation rate per unit proper time. At leading order in
perturbation theory this rate is given by

P(Qir) = /:o dr e G (x(2),x(0),  (43)

where G is the Wightman function in the chosen quantum
state. In the stationary patch (Unruh—de Sitter state), the
response decomposes into thermal contributions from each

horizon, each redshifted by the Tolman factor 1/+/&(r) as
in (25). The resulting detailed-balance condition encodes
the conserved flux J: the net excitation probability is
nonzero whenever the two horizon temperatures differ and
vanishes at thermal equilibrium (the Nariai boundary; see
Sec. VIA).?

>Static detectors have infinite proper acceleration near the
horizons, so their locally measured flux diverges as 1/+/&. This is
a coordinate effect; the renormalized stress tensor remains finite
in freely falling frames.

VIII. ENTROPY FLOW AND THE GENERALIZED
SECOND LAW

The coexistence of two horizons in SdS raises subtle
questions about how gravitational entropy evolves during
evaporation. Here we show that the anomaly-induced flux J
automatically satisfies the generalized second law (GSL)
throughout the evaporation process, as expected. In a
quasistationary process, the Hawking radiation within the
static patch forms a steady flow rather than an accumulating
bath; its entropy therefore remains constant in time, S, = 0.
The only entropy changes arise from the horizons them-
selves, so that the generalized entropy evolves as

Seen = Sy + S... (44)

A. Entropy balance and first-law structure

Let S, = 7X,/G, and S. = 7nX./G, denote the Wald
entropies of the black-hole and cosmological horizons
(X = r?). At fixed A, the static SdS family obeys the
parametric identity

26M = T,3S), — T,S.., (45)

where the minus sign reflects the opposite Killing orienta-
tion of the cosmological horizon.’ This “first law” describes
variations among nearby static configurations and should
not be interpreted as a dynamical evolution equation. The
time-dependent semiclassical evolution is governed instead
by the conserved energy flux.

1. Flux balance and horizon Clausius relations

Energy conservation implies a single radially conserved
flux of Killing energy across the patch. Defining 7 > 0 as
the outward (increasing-r) flux measured by static observ-
ers, each horizon obeys its own local Clausius relation,

T,8, =-J, T.S, =+J, (46)
expressing that the black hole loses heat while the cosmo-

logical horizon gains the same amount. The net Killing-
energy balance of the entire patch is

®Different conventions exist for defining temperatures and
entropies in 2D dilaton gravity. Some authors define the Wald
entropy as S = 2xX, which leads to a first law of the form
OM = 2T6S, whereas in the spherical-reduction normalization
used here S = X/(4G,) (equivalently S = zr>/G,) reproduces
the standard 4D area law and yields 26M = T,6S, — T.6S..
Similarly, the temperatures T, = k;,/2z are the Killing temper-
atures that enter the geometric first law, while local static observers
measure Tolman-redshifted values T, = T),/+/f(r). This dis-
tinction does not affect the mass-loss law, which depends only on
the conserved Killing flux 7.
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M=-7, (47)
so that each relation in (46) may equivalently be written as
M — TbSb — —TCSC.

Equation (45) therefore serves as a geometric identity
among neighboring static configurations, whereas (46)—
(47) govern the true time-dependent evolution driven by the
anomaly-induced flux.

2. Generalized second law

Combining (46) gives the total gravitational entropy
production rate,

, . . 1 1
Seen =8p +S.=T|7—7) >0 (kp > K.), (48)
Tc Tb

showing that after the decrease in black-hole entropy, the
cosmological horizon’s increase more than compensates,
ensuring the monotonic growth of the total generalized
entropy. When T, =T, (the Nariai limit), J =0 and
Sgen = 0, indicating exact thermal equilibrium.

For conformal matter, the anomaly-induced flux J =
(7N /12)(T? — T?) reproduces the steady-state relation of a
1 4 1-dimensional CFT, and the entropy production rate
becomes

S _ N (Tb - Tc)z(Tb =+ Tc)
g2 T,T.

>0, (49)

with equality only in the Nariai configuration. Thus, through-
out the physical static-patch domain 0 < 9M?A < 1, the
Unruh—de Sitter state satisfies 7 > 0 and Sgen > 0, while in
the degenerate Nariai limit (where the horizons coincide
and the temperature contrast vanishes) the flux and
entropy production both go to zero. These relations hold
on the two-horizon patch domain. In the formal endpoint
M — 0, the black-hole horizon disappears and 7, is no
longer defined; the steady two-horizon flux formula is
therefore inapplicable, and the state smoothly reduces to
the de Sitter vacuum with no inter-horizon flux. The 2D
anomaly framework provides a fully analytic and self-
consistent realization of the generalized second law for
spacetimes with multiple horizons.

IX. QUANTUM EXTREMAL SURFACES AND
ENTANGLEMENT ISLANDS

The SdS solution constructed above naturally lends itself
to the study of quantum extremal surfaces and entanglement
islands in a cosmological setting. Recent developments in
semiclassical gravity have shown that these quantum surfa-
ces (stationary points of the generalized entropy functional)

play a central role in the unitary description of black hole
evaporation [52-54]. While most existing analyses are
carried out in asymptotically flat or AdS spacetimes, the
Schwarzschild—de Sitter geometry provides a conceptually
distinct testing ground with two horizons and a finite
static patch.

A. Generalized entropy and QES conditions

In our 2D effective theory, the generalized entropy of a
region R with boundary dR is

X(dR)

Sgen [aR] = 4G2

+ Sout {R] ’ (50)

where the first term represents the Bekenstein-Hawking
(dilaton) entropy of the boundary surface, and S, is the
von Neumann entropy of quantum fields in R. The
two-dimensional Newton constant G, is defined so that
Sgu = X/4G, reproduces the usual four-dimensional area
law; for spherical reduction one has G, = G,/(4x),
ensuring Spy = 7X/G4 = X/(4G,).

A quantum extremal surface (QES) is a stationary point
of the generalized entropy,

1

4G, 0.X +0:80 =0, (51)

04 Sgen =

where 0 denote derivatives along the outgoing and ingoing
null directions k% of the metric ds®> = —e* (") du dv (with
0. =k V,). These equations express the vanishing of the
“quantum expansions” of Sy, and reduce to the usual
extremality of the area term when quantum effects are
neglected.

For conformal matter, S, can be computed directly from
the conformal factor and the state-dependent functions that
determine (7). In a smooth metric ds* = —e*du dv, the
entropy of an interval with endpoints p; = (u;, v;) is

|u1 - M2||Ul - Uz|

C
Sout(pl7p2) = 6 p(pl) +,0(p2) + In €165

+ 5Stﬂle ’ (52)

where ¢ = N is the central charge, ¢; are short-distance
cutoffs, and &, encodes the conformal transformation to
coordinates regular on the relevant future horizons. In our
setup, the state is characterized by the constants (7,,, t,) that

"In four dimensions the Bekenstein-Hawking entropy is
S =A/(4G,), with A =4zr}. Under spherical reduction the
dilaton is defined by X = 7%, so that A = 42X and the reduced
coupling G, = G,/ (4r) yields Sgy = 7X/G, = X/(4G,). Thus
X plays the role of the horizon area in the two-dimensional
theory.
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fix the Unruh—de Sitter flux and determine both (7,,) and
the additive terms in Som.8

B. Islands in the static patch

In the SdS static patch, a natural entanglement region R
is the domain accessible to a static observer at fixed
r < r., bounded by the cosmological horizon. Radiation
emitted from the black-hole horizon propagates outward
and becomes causally inaccessible to the static observer
beyond r,.. Our explicit anomaly-induced backreaction and
steady flux framework provides a background to analyze
the information flow.

As the coarse-grained entropy of the outgoing radiation
increases, a stationary point of the generalized entropy S,
can develop just inside the black-hole horizon r;, marking
the formation of an island whose interior lies beyond the
horizon but whose entanglement wedge is contained within
the static patch accessible to the observer.”

At this point the dominant saddle in the path integral
shifts from the no-island configuration to one that includes
the island. This transition represents the de Sitter analog of
a Page transition. Because both the anomaly-induced stress
tensor and the Polyakov field are known analytically in our
model, the framework is ideally suited to a fully analytic
treatment of QES and the Page curve in multihorizon
spacetimes.

1. Entanglement structure

In the de Sitter static patch, the radiation field is not
entangled solely with the black-hole interior (as in asymp-
totically flat evaporation) but also with degrees of freedom
associated with the cosmological horizon. The global state of
the full SdS spacetime is pure, yet a static observer has access
only to the inter-horizon region. The relevant entanglement
structure is therefore tripartite, (Hpy ® Hpg ® Has), where
each H denotes the Hilbert space of the corresponding
subsystem and the fine-grained entropy accessible within
the static patch is bounded by the black-hole entropy,
Swa(t) < 8,(1), up to correlations with the cosmological
horizon. The Page transition corresponds to the point at
which an island forms near the black-hole horizon, incor-
porating its interior into the entanglement wedge of the
radiation and restoring unitary information balance within
the patch.

*In the stationary Unruh—de Sitter state, the local energy and
entropy densities are time independent, but the coarse-grained
entropy carried by the steady radiation flow increases linearly
with time at the rate S0 = J (7 — Tib) In the time-dependent
island analysis, S,,q denotes this ‘coarse-grained von Neumann
entropy of the emitted radiation.

In the two-dimensional reduction, the quantum extremal
surface is a single spatial point r; (or a pair of points on opposite
sides of the Penrose diagram), so the “island” corresponds to the

interval between this point and the observer’s region R.

Our Page-curve analysis employs a two-dimensional
dilaton reduction in which gravity has no local propagating
degrees of freedom; the only fields with long-range tails are
the conformal matter sectors entering the Polyakov action.
In this setting, the Gauss-law constraints and gravitational
dressings that obstruct Hilbert-space factorization in the-
ories with dynamical (massless) gravitons are absent.
Although diffeomorphism constraints remain, there is no
soft-graviton sector, so the standard island prescription can
be applied without additional edge-mode bookkeeping.
Consequently, our results should be read as evidence within
this controlled model that, when long-range dressings are
under control, the island mechanism operates consistently
in the de Sitter static patch.

Recent work has emphasized conceptual issues for mass-
less gravity and gauge theories, where factorization fails due
to soft modes and global constraints (see, e.g., [S5-59]). Our
2D dilaton model sidesteps these issues by construction,
providing a semiclassical test bed in which the island
mechanism is unambiguous. Extending the analysis to retain
four-dimensional soft-graviton sectors (including edge modes
at the cosmological horizon and their charges) is an interest-
ing open problem that would more directly address concerns
specific to massless gravity.10

2. Cosmological counterpart

By symmetry, a complementary QES can lie just inside
the cosmological horizon r,, corresponding to an island for
observers whose algebra is anchored outside the static
patch, in the neighboring de Sitter region. In the Unruh—de
Sitter state considered here, the steady flux is directed
outward from the black-hole horizon toward the cosmo-
logical horizon. For observers within the static patch, this
makes the inner island near r;, the dynamically relevant
saddle, while a cosmological-side island would instead be
relevant to observers anchored beyond r,. In time-reversed
Unruh states the roles of the horizons interchange.

While cosmological- and black-hole-side quantum
extremal surfaces have been identified in equilibrium and
near-horizon models, the role of a conserved, anomaly-
induced nonequilibrium flux in selecting the physically
relevant island saddle for a given observer in the full SdS
static patch has not been explicitly analyzed previously.

In true equal-temperature (lukewarm) equilibrium there
is no net flux: symmetric island saddles may then exist, for
instance in charged Reissner-Nordstrom—de Sitter families.
For the neutral Schwarzschild—de Sitter geometry, however,
equality of the horizon temperatures occurs only in the
degenerate Nariai limit. In all cases, candidate island

'%Some brane world constructions realize islands alongside an
effectively massive graviton on the brane, but islands do not
require massive gravity. In the present 2D dilaton model, there is
no propagating graviton at all, and the island construction
remains consistent.
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endpoints satisfy the extremality conditions 04 S,e, = 0;
which saddle dominates and the onset of the island phase
(Page time) depend on the choice of quantum state and the
flux orientation, and will be quantified below.

C. A thermo-controlled Page-curve estimate

We refer to this construction as thermo-controlled
because the growth and turnover of the radiation entropy
are determined entirely by macroscopic thermodynamic
quantities: the horizon temperatures and steady flux, rather
than by microscopic unitary dynamics.

As we have determined, in the Unruh—de Sitter state
with x;, > k., the static patch supports a steady outward
Killing flux

N Nr K
j:@(xi—xﬁ):E(Ti—Ti), ThZﬁ‘ (53)
The corresponding irreversible (local) entropy production
rate (Sec. VIII) is

. 1 1
Sprod:j<F_T_h> >0

c

(ky >k. or T,>T,.),

(54)

representing a steady flow of heat and entropy from the
black-hole to the cosmological horizon.

To leading adiabatic order, the same rate governs the
growth of the coarse-grained radiation entropy observed
within the static patch,

w27 (- 1). Sl =T (=) (59

Tc Tb Tc Tb

yielding a linear pre-Page growth whose slope is set
entirely by the two-horizon thermodynamics. (Graybody
effects or nonconformal corrections modify only the
numerical coefficients).

1. Refined Page condition

The Page time fp,, is defined as the moment when
the generalized entropies of the two competing saddles
become equal,

(no—island) _ f(island)
Sgen (tPage) - Sgen (tPage)'

At the semiclassical level this equality is well approximated
by two standard assumptions: (i) the no-island saddle is
dominated by the coarse-grained radiation entropy S,,4, and
(ii) the island saddle is dominated by the black hole’s
Bekenstein-Hawking entropy S;. Under these approxima-
tions, the Page condition simplifies to

Srad(tPage) = Sb(tPage)' (56)

Using M = —-J(M) and §,4 = I M) (6m — 701>
one can eliminate 7 (M) to obtain
S (1 1 57
am T.(M) T,M))

which integrates to

The Page condition (56) therefore becomes

/MO (i N L) dm = Sp(Mpage), (59)

M, Page TC Tb

Srad (M)

with  S,(M) = nr,(M)?/G4 and r,(M) defined by
E(rys M, A) = 0.

The corresponding Page time follows from the adiabatic
relation

, My dm 48z Mo dm
P: = —_— = — &> .
O I T(m) Ny, kG (m) — k2 (m)

(60)
Because T, increases as the black hole shrinks, S,y grows
faster than the frozen-temperature estimate predicts, so

Sp(tpage) < S5(0) and the true Page time occurs earlier than
the naive constant-slope approximation.

Thermo-controlled Page curve: coarse-grained vs unitary
20001 ,
Coarse-grained Sraq(t)

1750} =" Unitary (island) Sraq(t)

— Sp(t)

x Page point
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FIG. 3. Thermo-controlled Page curve for Schwarzschild—de

Sitter. The solid (yellow) curve shows the coarse-grained radi-
ation entropy S.q(7) obtained from the steady-state flux
[Egs. (53), (55)]. The dashed (blue) curve depicts the unitary

(island) entropy S (1) = min{Sq (7). S, ()}, which turns
over at the Page point (red marker) where the island saddle
dominates [Egs. (56)—(60)]. The (green) curve is the black-hole
entropy S,(7). The cosmological horizon enters through T,
and the anomaly-induced flux; no additional fit parameters are
introduced. (Parameters shown are representative; the qualitative

behavior is robust for all 0 < 9M?A < 1.)
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Figure 3 contrasts the coarse-grained radiation entropy,
obtained by integrating the adiabatic relation

Sra(t) = T (M(1)) (TC(M(t)) N Tb(M(t)))’

with J (M) given by Eq. (53), against the unitary (island)
result

St (1) = min{ (1), S (1)}
The turnover at fp,, (red marker) realizes the saddle switch
implied by Eqgs. (56)—(60), restoring unitarity in the late-
time regime where the island contribution dominates. In
this construction, the cosmological horizon is accounted for
through 7. and the anomaly-induced flux J, so no addi-
tional radiation reservoir needs to be introduced. The
qualitative features—linear pre-Page growth determined
by the two-horizon temperature contrast, followed by an
island-controlled decrease tracking S,(z)—are insensitive
to graybody effects and persist throughout the neutral
Schwarzschild—de Sitter domain 0 < 9M?A < 1."!

Since both J(m) and (1/T.—1/T,)(m) increase as
M decreases, freezing them at their initial values under-
estimates the slope of S,,4(7). Consequently,

S,(0)

Ippoe < —F—————,
Page j R
0\T,, ™ Ty

which serves as a conservative upper bound rather than a
precise prediction.

A few comments are in order: (i) The slope in (55)
matches the 1 4 1-dimensional CFT nonequilibrium steady-
state relation J = %5 (T7 — T2) with central charge ¢ = N,
now obtained directly from the Polyakov stress tensor in a
curved two-horizon geometry. This provides the first fully
analytic, anomaly-induced demonstration that the general-
ized second law is satisfied in Schwarzschild—de Sitter
evaporation. (ii) Equations (59)-(60) show that increasing
N or the temperature contrast (7, — T'.) shortens fp,,, While
larger initial entropy S, (0) delays it. (iii) A microscopic QES
XD+ Sou(RUT); in
the adiabatic limit, the island endpoint lies exponentially
close to the black-hole horizon, reproducing the same
turnover at fpyge.

(61)

derivation extremizes See,[0Z] =

""The Page point in Fig. 3 does not occur when the black hole
has lost half of its initial entropy. In Schwarzschild—de Sitter
spacetime, the presence of the cosmological horizon and the
steady flux modify the entropy balance, so the condition S,,q4 ~ S,
replaces the heuristic S, ~15,(0) of single-horizon models.

The inclusion of quantum extremal surfaces restores a
Page-like entropy evolution within the semiclassical frame-
work, ensuring that the generalized entropy of the radiation
obeys unitarity bounds. However, this construction remains
an effective resolution of the information paradox: the
island prescription reproduces the fine-grained Page curve
using semiclassical gravity supplemented by the Polyakov
anomaly and replica-wormhole saddles, but it does not yet
reveal the microscopic mechanism by which information
escapes in Hawking quanta. In this sense, islands verify the
consistency of semiclassical gravity with unitarity, rather
than proving unitarity from first principles.

Although a full evaluation of S, and the exact island
geometry is beyond the present scope, our solvable
SdS model provides a controlled solvable setting for
exploring Page-like behavior in cosmological spacetimes,
extending the modern island paradigm to multi-horizon
backgrounds [60].

X. CONCLUSIONS

Here we summarize our main conclusions and discuss
possible future research directions. While our results accord
with general expectations from black-hole thermodynam-
ics, the framework developed here provides a fully analytic,
backreacted realization of Schwarzschild—de Sitter evapo-
ration, demonstrating explicitly that the anomaly-induced
flux, horizon Clausius relations, and generalized second
law coexist consistently within a single solvable model.

A. Main conclusions

(1) The conserved Hawking flux 7 (Sec. III) drives the
semiclassical evolution of the mass according to
Eq. (20), representing steady energy transport from
the black hole to the cosmological horizon. Since
A > 0 for all neutral SdS configurations, the flux is
always outward and the black-hole mass decreases
monotonically.

(2) The system generically occupies a steady nonequi-
librium state with «;, > k., in which radiation flows
from the hotter to the cooler horizon. True thermal
equilibrium occurs only when «;, = k., i.e., at the
Nariai boundary where both surface gravities vanish
and J = 0.

(3) The (M,A) phase diagram shows that the entire
static-patch region 0 < 9M?A < 1 lies in the evapo-
ration regime. The Nariai configuration marks the
unique zero-flux fixed point where the horizons
coincide.

(4) Locally measured quantities, such as temperature,
flux, and energy density, obey Tolman redshift and
behave as expected for a finite thermal cavity
bounded by walls at unequal temperatures.

(5) The GSL holds throughout the semiclassical evolu-
tion: although S, decreases, S, increases more rapidly,
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ensuring that the total generalized entropy S,., =
S, + S, grows monotonically.

(6) Extending beyond thermodynamics, the same
framework reproduces Page-like information recov-
ery: the radiation entropy grows linearly at a rate
fixed by the temperature contrast and steady flux,
and saturates at the Page time when the island
contribution is consistent with unitarity. This unifies
semiclassical thermodynamics and information flow
in a single analytic model.

These results highlight the effectiveness of the two-
dimensional anomaly-induced framework for capturing both
the thermodynamic and informational aspects of black holes
with multiple horizons. Within the semiclassical approxi-
mation the mass decreases monotonically and the black hole
evaporates completely, leaving an empty de Sitter static
patch. Once M becomes comparable to the Planck mass,
however, the effective two-dimensional description ceases to
be reliable, and phenomena such as a final burst of Hawking
radiation or a short-lived Planck-scale remnant would
require a full quantum-gravity treatment beyond the present
analysis.

In contrast to fully four-dimensional analyses, which are
often numerical or state-dependent, the present model
provides analytic control of flux, backreaction, entropy flow,
and Page-like behavior while remaining conceptually trans-
parent. The effective action encodes evaporation, entropy
production, and information transfer within a solvable setting
that isolates the dominant s-wave sector. The inclusion of
graybody corrections or nonconformal matter, while beyond
the exact 2D anomaly framework used here, would provide
natural directions for extending the model toward more
realistic four-dimensional physics.

B. Future directions

(1) Charged and nonsingular black holes in de Sitter.
Extending the present framework to charged
(Reissner-Nordstrom—de Sitter) and regular (e.g.,
Bardeen or Hayward) geometries, either directly
in four dimensions or through their two-dimensional
dilaton reductions, would enable a unified treatment
of inner and cosmological horizons within the
anomaly-induced semiclassical theory. In these
cases, the trace anomaly provides a natural mecha-
nism for destabilizing the inner (Cauchy) horizon,
potentially enforcing strong cosmic censorship and
yielding a fully analytic account of the coupled
mass-charge evolution and horizon thermodynam-
ics. For nonsingular geometries, embedding them in
a de Sitter background could reveal novel evapora-
tion endpoints, horizon mergers, or long-lived rem-
nants within a controlled semiclassical setting.

(2) Entanglement islands and quantum extremal surfa-
ces. A full QES analysis using the explicit Polyakov
field and stress tensor developed here could

determine the precise island location and Page time,
extending recent island-paradigm results to cosmo-
logical spacetimes with multiple horizons.

(3) Beyond the conformal anomaly. Including massive
or nonconformal fields, through perturbative or
numerical treatments, would test the universality of
the anomaly-driven results and connect with realistic
matter sectors.

(4) Cosmological horizon thermodynamics. The SdS
patch behaves as a finite static universe bounded
by two thermal walls. Investigating the thermody-
namic properties of the cosmological horizon from
the interior, including its heat capacity and response
to backreaction, may offer insight relevant to infla-
tionary and late-time cosmology.

In summary, the anomaly-corrected SdS model offers a
uniquely controlled setting in which quantum backreaction,
nonequilibrium thermodynamics, and information recovery
can all be treated analytically. It establishes a foundation for
exploring quantum steady states and Page-like behavior in
spacetimes with multiple horizons, and provides a bench-
mark for future extensions to charged, rotating, regular,
or fully quantum-gravitational systems.
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APPENDIX A: EXACT QUADRATURE
REDUCTION AND THE STATIC
MOMENTUM CONSTRAINT

Here we collect the semiclassical field equations follow-
ing from the localized Polyakov action and reduce them,
in the static gauge, to first integrals suitable for quadratures.
In a static geometry of the form

ds* = —f(r)d* + f(r)~'dr?, (A1)
with X = X(r), the off-diagonal semiclassical Einstein
equation enforces a vanishing total momentum density,
T,, = 0. Thus an exact flux-carrying solution cannot be
strictly static; the nonzero Unruh-dS flux is realized in the
quasistatic regime used in the main text (or in a time-
dependent ansatz, e.g., Eddington-Finkelstein form), while
exact static solutions correspond to zero net flux.
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1. Preliminaries in static gauge

We work with the localized action
1 -
S = —/ V=9lXR +2V(X)]
4G,
N 2
=96, | VIIVw) + 2uR], (A2)

whose variation yields (with T,(,S;a[e)

state contribution)

the conserved, traceless

R+2V'(X) =0, (A3)
I ) o
3G, TN+ VX = V(X)g.) = ) 4 i)
(A4)
Oy = R,
N 1
T;(tylf) = — E [Vﬂvyw - glwl:h// - Evﬂl/]vvw
I
" Zgﬂv(v"’)z} ’ (AS)

so that 7", = (N/24z)R reproduces the conformal
anomaly and T = 0. In the static gauge one has

v/—g =1 and

R =—f"(r).

O® = 90,(f®'(r)) for any scalar ®(r).  (A6)

Notation. A prime on f or y denotes d,, while a prime on V
denotes d/dX.

2. First integrals
From (A5) and (A6),

(fy') =R=~f"(r) = fy' =-f' +C,, (A7)

where C,, is an integration constant fixed by horizon
regularity (in particular C, =0 for regular future
horizons).

Taking the trace of (A4) and using traceless 752
together with (A3) gives

1 (-0X —2V(X)) = Nog- —ﬁ\?’(x),

A8
4G, 24z 127 (A8)

which in the gauge (A1) yields the radial “master” equation

GuN -,

(fX') = =2V(X) + B

(X)- (A9)

Equations (A3) and (A9), together with one diagonal
component of (A4), form a closed system for f(r), X(r),
y(r). Writing out the nontrivial diagonal components and
using (A6) one finds

1 1\ 1 1y ! \/ _ tot
s [FUXY =i gveo| =T (10

1 1" f/ v
— X' — XY - V(X)) | =T, (Al
w6, (XX =y = | = T ()
with T = T 4 T,
a. State choice and flux
Stationarity ~ implies  Killing-current ~ conservation

V,T#, = 0. In the strictly static gauge (A1), this means that
T", is radially constant; the momentum constraint below then
fixes this constant to zero. In the quasistationary Eddington-
Finkelstein formulation used in the main text, the corre-
sponding conserved SRG flux is

J=I1(X)X'("T",,

as in Eq. (17).

3. Static momentum constraint and
a no-go for exact static flux

The (r,t) component of Eq. (A4) reads

] ~
iG, (9,0X = V,V,X = V(X)g,,) = TY + Tl

(A12)

In a static metric ansatz with g, =0 and X = X(r), the
mixed derivative V,V,X vanishes, so the left-hand side of
(A12) is identically zero. The off-diagonal field equation
then enforces

TV L) —o 77, =0, (A13)
It is convenient to define J := —T", as the flux in the static
limit. The momentum constraint (A13) thus requires J = 0,
showing that no exact static solution of the semiclassical
equations (A3)—(AS5) can support a nonzero energy flux.
Although stationarity implies V, 7#, = 0 (so T", is radially
constant), the field equation (A12) fixes that constant to
zero in any strictly static geometry. A nonvanishing,
radially constant flux 7 # 0 becomes consistent only when
strict staticity is relaxed—for instance, in an adiabatic
Eddington-Finkelstein gauge where the mass parameter
evolves slowly, M(v), with M =—J(M,A), or more
generally in a stationary (nonstatic) ansatz containing g,,
or 0, terms that balance the (v, r) field equation. This
quasistationary setting is the framework adopted in the
main text.
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4. Quadratures and horizon regularity
(static, zero-flux case)

In the strictly static case J = 0, regularity on both future
horizons corresponds to a Hartle-Hawking—dS-type con-
figuration, which for neutral SdS exists only at the Nariai
limit. By contrast, the Unruh-dS state (regular on the future
horizons but carrying nonzero flux) requires a time-
dependent ansatz such as Eddington-Finkelstein form
or, equivalently, a quasistatic treatment in which M =
—-J (M, A) at leading adiabatic order.

The pair (A3)-(A9) may be viewed as first-order
equations for fX’ and f:

f1(r) =2V'(X(r)),
(X). (Al4)

Given a (monotone) branch X(r), the first of (Al14)
integrates to

7'(r) = Z/rds V'(X(s)) + Cy,

fU)—2/”d{/2ﬁVKXG»+%yr+Cm (A15)

with constants Cy, Cy. Equivalently, using X as a radial
coordinate (% =X'(r) dix), (A14) reduces to

d N 2V(X) GiN V'(X)
EEUX)_ X’ 3r X

d . 2V(X)

d—X(f)—T- (A16)

These equations are integrable in quadratures once the
branch X(r) [or r(X)] is chosen. The remaining diagonal
equation (A10) [or (A11)] acts as a first integral that fixes
(C,.Cs.Cp) in terms of the state data and horizon
regularity. Regularity of the renormalized stress tensor
on the future horizons H; and H/ fixes the state constants
t, and ¢, (Unruh-dS in the main text) and, by horizon
regularity, sets C,, = 0 via (A7). In the strictly static case,
(A13) enforces J =0, ie., t,=1t, (no net flux/
equilibrium). For neutral SdS a global thermal equilibrium
occurs only at the Nariai zero-temperature limit.

a. Summary

Static solutions necessarily have J = 0; the steady
Unruh—de Sitter flux arises only when strict staticity is
relaxed, as in the quasistationary Eddington-Finkelstein
formulation used in the main text.

5. Dimensional-reduction anomaly

The present analysis employs the standard spherically
reduced two-dimensional dilaton-gravity action augmented

by the Polyakov term, which correctly captures the struc-
ture of the trace anomaly of N conformal matter fields but
omits the so-called dimensional-reduction anomaly: addi-
tional state-dependent terms that arise when integrating out
angular modes in the four-dimensional theory. These
corrections can modify the quantitative relation between
the 4D and 2D fluxes, rescaling the magnitude of J or
shifting the effective dilaton potential. However, they do
not affect the sign structure of the flux or the inequalities
central to our conclusions. The positivity of A = k7 — &2,
the direction of energy flow J o A(M), and the non-
negativity of the generalized entropy production rate
Sgen ~J(1)T.—-1/T,) follow purely from geometric
relations among the Schwarzschild—de Sitter horizons
and thus remain unchanged under any overall normaliza-
tion of the stress tensor. In this sense, the dimensional-
reduction anomaly alters how fast evaporation proceeds but
not which way it goes or whether the generalized second
law holds. This line of thinking is further justified by results
from the four dimensional case [44].

APPENDIX B: ADIABATIC EVOLUTION IN
EDDINGTON-FINKELSTEIN GAUGE
AND THE MASS-LOSS LAW

This appendix complements Appendix A by demonstrat-
ing that a nonzero constant flux 7 is compatible with the
semiclassical equations at leading order in a slow-time
(adiabatic) expansion. In advanced Eddington-Finkelstein
coordinates, time dependence enters the mixed (v,r)
components of the equations of motion, and the mass-loss
relation

am
e =-7 (B1)

follows directly from a covariant Casimir (mass function)
balance law. We assume 0, f < kf and keep O(N) back-
reaction from the Polyakov anomaly.

1. EF ansatz and basic identities

To describe flux solutions it is convenient to work in
advanced Eddington-Finkelstein coordinates (v, r) with

ds> = —f(v, r)dv* + 2dvdr,

X=X(r)
(for the Schwarzschild-de Sitter reduction, X = r?),
w=yl(v.r). (B2)

where the classical metric function is

2M A
fa(M, A;r) :1___§r2,
r
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and we allow the mass parameter M = M(v) to vary
slowly, incorporating O(N) backreaction corrections in f.

a. Comment on coordinates

In the EF chart the metric is nondiagonal, so its inverse
has both ¢ = 1 and ¢"" = f(v, r). These components are
distinct from those appearing in the diagonal (static) gauge
of Eq. (A1); no mixing of coordinate systems occurs. The
same function f appears because it represents the redshift
factor of the geometry in either chart.

Useful identities in this gauge are

\/__gzl’ gUU:()’ gﬂr:grﬂzl’ grr:j‘7
(B3)

O = 20,0, + 0,(f9,), (B4)

R =—-0f(v,r). (BS)

The localized Polyakov equation [y = R therefore
becomes

20,0+ (fw') = —f"(v.1). (B6)

Here primes denote o, and we use dots for d,.

2. Mixed Einstein equation and state flux

From the localized action (see Appendix A), the
(v, r) component of the semiclassical Einstein equation is

1 1 " & (w) (state)
— |=f' X' -0 X') - X - T1l/r Tvr s
16, [3X ~ X)) =7+

(B7)
where we have used V,V,.X=1fX, g, =1, and
OX = 9,(fX). )

Taking 0, of (B7), and noting that X'(r) and V(X) are
v-independent, yields

1 1 y y state
4G, Lf’X' - a,<fX’>] = 0,7V +0,T".  (BS)
In the Unruh-dS state, 61,T5}srtate) = 0 (since the flux is

stationary). The Polyakov term o, TS}’,’) is higher order in the

adiabatic expansion (~d2y or d,f') and can be neglected at
leading order. However, Eq. (B8) by itself does not directly
yield a mass-loss law; to obtain one, it is useful to introduce
a covariantly conserved quantity, which we do next.

3. Mass function (Casimir) balance and M = - 7

We now derive the mass-loss law from a covariant
conservation identity. Define Q(X) by Q'(X) = -U(X)
and I(X) := ¢=2X), The mass function (or dilaton Casimir)
is defined by

C=1(X)(VX)? + w(X), w'(X)=V(X). (B9)

In the presence of matter, the exact balance law reads

V,C=-2G,(X)T,V*X. (B10)
With X = X(r) in the EF metric (B2), one has V*X = ¢’ X’
and 7,,V*X = X'T",, so

0,C = =2G,I(X)X'(r)T",. (B11)
Identifying C =2G,M(v) (up to an additive constant)
yields the general mass-loss formula

M(v) = —-1(X)X'(r)T",. (B12)

a. Frame checks
In the Weyl frame (U = 0 = I = 1) with X = r* we get

M(v) = =2rT",, (B13)
In the original SRG frame (U=1/(2X) = Q' =-1/(2X),
I=eC%=y/X=r) one has I(X)X'(r)=r 2r=2r%
hence

M(v) = =2r7T",. (B14)
It is convenient to define the EF flux (which is radially
conserved at leading adiabatic order)

J = I1(X)X'(r)T",,. (B15)

(B16)

In Eddington-Finkelstein gauge, the semiclassical equa-
tions therefore admit an adiabatically evolving solution in
which the constant Unruh—de Sitter flux 7 drives the mass
according to Eq. (B16). This derivation explicitly shows how
the time-dependent ansatz circumvents the static momentum
constraint of Appendix A and provides a covariant founda-
tion for the mass-loss law used in the main text.

APPENDIX C: NARIAI LIMIT IN THE
TWO-DIMENSIONAL REDUCTION

In the spherical reduction of four-dimensional Einstein
gravity,

ds%4) = gap(x)dxdx" + r*(x)dQ3, (C1)
the two-dimensional dilaton field is X = r®. The

Schwarzschild—de Sitter (SdS) spacetime possesses two
horizons, the black-hole and cosmological horizons
(rp, 1.), defined by the zeros of
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2
ErM.A) =1 —Z—M—AT’. (€2)
r

The Nariai limit corresponds to the extremal configuration
in which these horizons coincide,

1 1
r:rC:r :—’ M:M :—’
b NTUA M7 3VA

1

Xy =712 =—. C3
N=TyN A ( )
At r = ry one has

é:(rN) =0= f'(rzv)v (C4)

so that the surface gravities vanish, k, = k. = 0, and the
geometry factorizes as dS, x S°.

1. Near-horizon scaling and coordinates

To obtain the Nariai metric explicitly, we expand the
four-dimensional SdS metric near the degenerate horizon
and introduce rescaled coordinates that remain finite as the
double root forms. Let ¢ parametrize the deviation from
extremality such that r. —r, « €. Define dimensionless
near-horizon coordinates

T
r=ry(l+ey), t:g, (C3)
and take the limit ¢ — 0 with (z, y) held fixed. The variable
y€(—1.,1) is a dimensionless static coordinate on the two-
dimensional de Sitter factor, with Killing horizons at
y = =1, while 7 is the corresponding static time. The
1/¢ rescaling ensures a nontrivial finite limit since the
surface gravity vanishes linearly with e. Although t = 7/¢
formally diverges as € — 0, this simply reflects the infinite
redshift at the degenerate horizon; the rescaled time 7
remains finite and defines the proper static time coordinate
of the Nariai patch.

2. Two-dimensional Nariai geometry

Substituting (C5) into the reduced two-dimensional
metric ds%z) = —&(r)dt* + &(r)"'dr?* (with é=f) and
expanding to leading order in ¢ yields

d 2
dsy) =+ |~(1 =)+ (C6)

which is the static patch of two-dimensional de Sitter space

dS, with curvature radius #, = 1/4/A. The corresponding
Ricci scalar is
R®) =2A, (C7)

and the Killing horizons of the metric lie at y = +-1.

At the same time, the dilaton approaches a constant,

_ 2 _1
X=r —Xy=—,

A (C8)

so the internal S? factor freezes at radius ry. The full four-
dimensional Nariai geometry is therefore

dS,(£2 = 1/A) x S2(r3, = 1/A). (C9)

3. Interpretation in the 2D dilaton theory

In the two-dimensional dilaton-gravity framework, the
Nariai configuration corresponds to a double root of the
Killing function &(X),

E(Xy) =0=¢(Xy)=w (Xy) = V(Xy) =0. (C10)
At this point, the static patch reaches its degenerate
boundary: the black-hole and cosmological horizons
coincide, the surface gravity and Hawking temperature
vanish, and the two-dimensional metric becomes exactly
dS, with constant dilaton. This configuration represents the
limiting equilibrium state of neutral Schwarzschild—de Sitter
spacetime in both the four-dimensional and two-dimensional
descriptions.

APPENDIX D: CURVATURE SCALAR AND
HORIZON REGULARITY

Here we evaluate the two-dimensional Ricci scalar for
the semiclassical backreacted metric and verify its finite-
ness throughout the static patch, including both the black-
hole and cosmological horizons. This provides a direct
geometric check that trace-anomaly backreaction preserves
smoothness of the metric and does not induce curvature
singularities.

1. Ricci scalar in static (or EF) gauge

In the static gauge

ds*> = —f(r)dt* + f(r)~'dr?, (D1)
the two-dimensional Ricci scalar is
R(r) = —f"(r). (D2)

[Equivalently, in the corresponding ingoing Eddington-
Finkelstein form ds* = —&(r)dv* + 2dvdr, one has
R ==¢&"(r), since f(r)=¢&(r) for the static solution.]
Using instead the dilaton equation of motion from the
localized action,

R+2V'(X) =0, (D3)
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and recalling X = X(r) in the semiclassical solution, one
finds the equivalent form
R(r) = =2V'(X(r)), (D4)
which holds exactly. Thus the Ricci scalar depends on
backreaction only through the quantum-corrected dilaton
profile X(r), determined by the master equation, Eq. (A9).
Since X = r* € [X,,, X.] with X, > 0 and V’(X) smooth
on this interval, the backreacted Ricci scalar is finite
throughout the static patch.

2. Finiteness at the horizons

Let r=r, be a (nondegenerate) Killing horizon,
f(r,) =0 with f'(r,) = 2k, # 0. Expanding near r,
1
f(r) = 2K, (r = ry) +§f"(”h)(” —r)* +O((r = m)?),
(Ds)
the curvature is
R(ry) = =f"(ry) = =2V'(X,),

X, =X(r,),  (D6)

which is finite provided X(r) remains smooth at the
horizon—guaranteed by the regularity conditions imposed
when solving the semiclassical field equations.

a. Degenerate limit

In the Nariai limit x;, — O the linear term vanishes, but
the analysis proceeds with the next term in the expansion;
R = —f"(r) remains finite.

3. Classical limit and backreaction corrections

Since the anomaly-induced backreaction enters linearly
in the Polyakov coefficient, we may write
R(r) = Ra(r) + 6R(r),  6R(r) = O(N), (D7)
with Ry(r) = —f%(r) for classical Schwarzschild—de
Sitter. Equivalently, using the exact relation
R(r) = =2V'(X(r)), (D8)
the Ricci scalar depends on backreaction only through the
quantum-corrected dilaton profile X(r) determined by the
master equation (A9). Because X(r) is smooth on [ry, r.]
(in the regular Unruh—de Sitter state) and V'(X) is smooth
on [X,, X, 6R(r) is finite and R(r) - R(r) smoothly as
N — 0. Thus the two-dimensional Ricci scalar is regular
throughout the static patch, including both horizons; its
deviation from the classical value is controlled by the trace
anomaly and remains finite, confirming the smoothness of
the semiclassical solution and the validity of the expansion.
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