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We apply the dictionary of gauge-gravity dualities to study the spectrum of bound states in a special one-
parameter family of strongly coupled, confining field theories in four dimensions. The top-down,
holographic gravity dual description of this class of theories has been identified recently. It consists of
nonsupersymmetric regular background solutions of Romans half-maximal supergravity theory in six
dimensions, in the presence of a nontrivial Abelian magnetic flux along a compactified direction of the
geometry. A zero-temperature, deconfinement, first-order phase transition appears at one end of this branch
of solutions. It is triggered by the strength of the flux, setting an upper bound on the magnitude of the
magnetic flux that can be supported by the geometry. We compute the spectrum of fluctuations of the
background fields in the gravity description that corresponds to field-theory bound states. Two scalar
particles are the lightest in the spectrum, their masses being suppressed and almost degenerate across the
whole parameter space. Away from the transition, the heaviest between these two particles is identified as a
dilaton, the pseudo-Nambu-Goldstone boson associated with scale invariance. It couples to the trace of the
stress-energy tensor of the dual field theory, while the lightest scalar does not. In the range of parameter
space closest to the extremum of the one-parameter family, near the first-order phase transition, a region with
large curvature appears at the end of space of the geometry of the solutions. In this range, the two scalars mix
nontrivially, and their masses are parametrically suppressed, with respect to the other bound states.

DOI: 10.1103/tp65-73lk

I. INTRODUCTION

Gauge-gravity dualities (also known as holography)
[1–4] provide a powerful instrument for the study of non-
perturbative phenomena in field theory. Special classes of
strongly coupled confining gauge theories can be described
by their gravity dual, characterized by the presence of an end
of space in the holographic direction, in holographic corre-
spondence to the confinement scale. The physics information
related to confinement is encoded in the weakly curved,
regular background geometry by the smooth shrinking of a
portion of the higher dimensional space. For example, in
Refs. [5–9] the background geometries end when an internal
circle decreases to zero size, and in Refs. [10–29] the regular
backgrounds contain a 2-cycle, related to the base of the

conifold [30–33], that collapses and disappears, yet without
introducing singularities in the geometry.
In the strong coupling regime of the field theory, physical

observables can be computed in a prescriptive way, using
the weakly curved gravity description and the well estab-
lished dictionary relating the two sides of the correspon-
dence. Holographic renormalization is applied to compute
the free energy, as well as condensates and correlation
functions involving field-theory local operators [34–36].
This technique allows one to establish the emergence of
phase transitions, at finite as well as vanishing temperature
and chemical potential (see the pedagogical discussion in
Ref. [37] and references therein, for example, Refs.
[38–49]). The characterization of such transitions can even
be used to study out-of-equilibrium phenomena, such as
those governed by the dynamics of the bubbles arising in
proximity of finite temperature phase transitions [50–62],
as the associated gravitational-wave emission [63–68].
Nonlocal operators, such as the Wilson loop, can also be
studied, by including extended objects that probe the
gravity background [69,70], hence demonstrating non-
perturbative phenomena such as linear confinement—
see, for example, Refs. [71–74]. The spectrum of bound
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states can be computed algorithmically as well, for in-
stance, by using the gauge-invariant formalism developed
in Refs. [75–83].
Two complementary ways to exploit gauge-gravity dual-

ities can be found in the literature. The bottom-up approach
led to useful phenomenological results and inspiration for
new model-building ideas, by making use of simplified
theories of gravity. One postulates the existence of a limited
number of fields that propagate in extra dimensions, and
assumes their dynamics to be governed by a phenomeno-
logically motivated classical action. The literature on this
approach to holography is vast and multifaceted, as is well
exemplified by the extensive amount of work it stimulated
on the special topic of the holographic dilaton [84–102], the
pseudo-Nambu-Goldstone-Boson (PNGB) associated with
the spontaneous breaking of approximate scale invari-
ance [103].
Conversely, by requiring a fundamental origin for the

gravity theory, the top-down approach allows one to gain
access to more detailed information about the fundamental
relation between different nonperturbative phenomena,
because in this case also the field theory dual is better
determined. The resulting increase in predictive power
comes at the price of having to solve more complicated
sets of coupled background equations. Avoiding the arising
of singularities is challenging, as it requires imposing
precise relations between different boundary conditions
for the fields. In this more rigorous holographic framework,
solution generating techniques, such as the one proposed in
Ref. [104] and exploited in Refs. [105–116], are an
essential additional tool. They can be applied to the catalog
of known classical supergravity theories in various dimen-
sions, exploiting their interconnection, through lifts and
consistent truncations—see the lecture notes in Ref. [117],
and references therein. Romans half-maximal supergravity
theory in six dimensions plays a special role in this context
[118–121], thanks to the comparative simplicity of the
boson contribution to its action, and the flexibility it offers
to generalize the coset structure governing its sigma-model
fields—see Refs. [122–140].
Within the context of the holographic description of

confining gauge theories, this paper is part of a narrowly
defined program. We aim at exploiting the tools provided
by gauge-gravity dualities in order to understand the
relation between the presence (and nature) of phase
transitions appearing at zero temperature, in the parameter
space of a strongly coupled field theory, and the spectrum
of its bound states. One of the primary goals of this
program is to classify under what conditions a light dilaton
appears in the spectrum. Furthermore, it is interesting to
understand under what circumstances its mass can be
(parametrically) dialed down, by moving in parameter
space, relative to the position of the phase transitions.
This program can serve as foundational work for dilaton
effective field theory (dEFT) [141–156] and its applications

[157–160], as it aims at identifying and characterizing the
conditions under which dEFT arises naturally from the
underlying dynamics, giving a fundamental explanation for
the size of its coefficients—see the discussion about dEFT
power counting in Ref. [155], for example. Scale invariance
constrains the form of dEFT interactions [103], but deter-
mining the coefficients and scaling exponents requires
additional input from the underlying theory. In the com-
plementary context of fundamental field-theory studies,
and in particular for QCD-like theories, we refer the reader,
for example, to Ref. [161] for Yang-Mills, as well as to the
more recent Refs. [162,163], and the interesting compari-
son to lattice-QCD in Refs. [164,165].
Several examples of holographic theories relevant to

these purposes have been presented in the literature.
Broadly speaking, their physical properties can be classi-
fied in two main groups. In the presence of strong first-
order phase transitions, as in the top-down constructions
exhibited in Refs. [166–168], and the bottom-up models of
Refs. [169,170], a dilaton appears in the spectrum only
along metastable branches of the gravity solution that are
not physically realized in the dual field theory. Conversely,
if a line of first-order transitions ends at a critical point, in
proximity of which the transition is weak (second order),
then a parametrically light dilaton is part of the field-theory
physical spectrum. This possibility has been demonstrated
both in bottom-up [171], and, more convincingly, in the
top-down holographic context [172].1

For this paper, we consider the one-parameter family of
backgrounds that have been presented in Ref. [107]. It is
constructed by applying the procedure proposed in
Ref. [104] to Romans half-maximal supergravity theory
in six dimensions [118]. The background solutions admit a
dual interpretation as confining field theories. A magnetic
flux is present in the gravity background, providing a
generalization of the Melvin flux-tube solutions [176]
studied in Refs. [177–179]. We describe the construction
in the body of the paper, by rewriting it after performing the
dimensional reduction on a circle, down to five dimensions.
We then report our results for the calculation of the
holographically renormalized free energy and the field-
theory spectrum of bound states.
We anticipate that the top-down holographic theory

discussed in this manuscript exhibits a more nuanced
relation between phase transitions and the dilaton, with
respect to the two classes mentioned above—see also
Ref. [180]. We find evidence of a first-order phase
transition. We identify in the spectrum a particle with
the properties of a dilaton, as well as a markedly suppressed
mass. Yet, we find that, atypically, the dilaton is not the

1For complementary approaches to a similar problem, see also
the field theory study of special super-renormalizable lower-
dimensional theories in Ref. [173], and the lattice field theories
studied in Refs. [174,175].
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lightest scalar state. Rather, it appears to be accompanied
by a second, slightly lighter but almost mass degenerate,
bound state, that has no relation to scale symmetry. In the
region of parameter space near the first-order transition,
both particles are significantly lighter than the rest of the
bound states, and there is evidence of mixing between the
two. The curvature of the background near the end of space
grows when approaching the transition. These findings
highlight how the nature of phase transitions in strongly
coupled field theories, as well as the role that the sponta-
neous breaking of scale invariance plays in them, are open
fields of investigation. Holographic techniques can lead to
uncovering new, unexpected, and nontrivial phenomena,
worthy of further examination.
The paper is organized as follows. In Sec. II we describe

the background gravity theory. We start by recalling, in
Sec. II A, the properties of Romans supergravity in D ¼ 6
dimensions, which lifts to massive type IIA supergravity in
D ¼ 10 dimensions. We perform its dimensional reduction
on S1, down to D ¼ 5 dimensions, and discuss it in
Sec. II B. We present the solutions of interest to this work
in Sec. II C. Our calculation of the free energy is exposed in
Sec. III, and we discuss the scale setting procedure we
adopt in Sec. III A. Our results for the spectra of fluctua-
tions are presented in Sec. IV, separating the discussion of
tensor, scalar, and vector modes in Secs. IVA, IV B, and
IV C, respectively. The spectrum of scalars is recalculated
in the probe approximation, and the results are critically
compared to those of the gauge-invariant calculation in
Sec. IV D. We conclude the paper with a summary and
outlook section that discusses future research avenues in
Sec. V. The general properties of the gauge-invariant
formalism we adopt from the literature are reproduced in
Appendix A. The numerical algorithm used to extract the
spectra makes use of UV and IR expansions of the scalar
fluctuations that we report explicitly in Appendix B.

II. THE SUPERGRAVITY THEORY

In this section, we recall the main properties of the half-
maximal supergravity theory in six dimensions that are
relevant to this study, by restricting attention to the bosons.
We perform a dimensional reduction of the theory to five
dimensions, assuming the sixth dimension is compactified
on a circle, S1. We then present and characterize the
background solutions of interest.

A. Romans half-maximal supergravity in
D= 6 dimensions

The half-maximal supergravity in D ¼ 6 dimensions
presented by Romans in Ref. [118], can be obtained from
the ten-dimensional massive type-IIA supergravity theory
by warped reduction on S4 [121]. We borrow notation from
Ref. [82] and references therein, adopt the mostly plus
signature convention for the metric, and label six-

dimensional quantities by hatted Roman indices, as
M̂ ¼ 0, 1, 2, 3, 5, 6. The bosonic part of the six-dimen-
sional action contains 32 degrees of freedom. They can be
listed as one scalar, ϕ, the metric, ĝM̂ N̂ , a Uð1Þ vector, AM̂,
with field-strength F̂M̂ N̂ . Furthermore, there exists also

three vectors, AðiÞ
M̂
, with i ¼ 1, 2, 3, transforming in the

adjoint representation of SUð2Þ, associated with their field

strengths, F̂ðiÞ
M̂ N̂

. Finally, a 2-form, BM̂ N̂ , is present, with its

field strength, ĜM̂ N̂ T̂ . The topological terms involving

F̂M̂ N̂ , BM̂ N̂ , and F̂ðiÞ
M̂ N̂

are at least of the cubic order in
the fields and are omitted in the following. They do not
contribute to the relevant backgrounds and do not affect the
(linearized) equations for the fluctuations. The action for
the six-dimensional theory can be written as in Ref. [82]2:

S6 ¼
1

2π

Z
d6x

ffiffiffiffiffiffiffiffi
−ĝ6

p �
R6

4
− ĝM̂ N̂

∂M̂ϕ∂N̂ϕ − V6ðϕÞ

−
1

4
e−2ϕĝM̂ R̂ĝN̂ Ŝ

X
i

F̂ðiÞ
M̂ N̂

F̂ðiÞ
R̂ Ŝ

−
1

4
e−2ϕĝM̂ R̂ĝN̂ ŜĤM̂ N̂ĤR̂ Ŝ

−
1

12
e4ϕĝM̂ R̂ĝN̂ ŜĝT̂ ÛĜM̂ N̂ T̂ĜR̂ Ŝ Û

�
; ð1Þ

with the explicit definitions

F̂ðiÞ
M̂ N̂

≡ ∂M̂A
ðiÞ
N̂

− ∂N̂A
ðiÞ
M̂

þ gϵijkAðjÞ
M̂
AðkÞ
N̂
; ð2Þ

F̂M̂ N̂ ≡ ∂M̂AN̂ − ∂N̂AM̂; ð3Þ

ĤM̂ N̂ ≡ F̂M̂ N̂ þmBM̂ N̂; ð4Þ

ĜM̂ N̂ T̂ ≡ 3∂½M̂BN̂ T̂� ¼ ∂M̂BN̂ T̂ þ ∂N̂BT̂ M̂ þ ∂T̂BM̂ N̂: ð5Þ

The antisymmetrization over indexes, denoted with ½� � ��,
includes a normalization, with ½n1n2 � � � np�≡ 1

p! ðn1n2 � � �
np − n2n1 � � � np þ � � �Þ. The determinant of the metric is
denoted as ĝ6, while R6 is the corresponding Ricci scalar.
The field-strength ĤM̂ N̂ introduces a coupling between the
Uð1Þ vector and 2-form fields, while ĜM̂ N̂ T̂ is the 2-form
field-strength tensor. Units are fixed in such a way that the
gauge coupling is g ¼ ffiffiffi

8
p

. The mass parameter is chosen to

be m ¼ 2
ffiffi
2

p
3
. The scalar, ϕ, has a potential, and with these

2At variance with Ref. [82], we normalize the action with an
additional multiplicative factor, 1=ð2πÞ, that does not affect any
of the classical equations, but allows us to tighten the notation in
later subsections. This scaling is equivalent to setting the Newton
constant in six dimensions to G6 ¼ 1

2
, the action being written as

S6 ¼ 1
16πG6

R
d6x

ffiffiffiffiffiffiffiffi
−ĝ6

p
R6 þ � � �.
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conventions it reads as follows:

V6ðϕÞ ¼
1

9
ðe−6ϕ − 9e2ϕ − 12e−2ϕÞ: ð6Þ

B. Reduction and truncation

To make the exposition self-contained, we repeat here
the results of Ref. [166], on the circle reduction along one
of the external directions, leading to an effective description
in five dimensions. The modulus controlling the circum-
ference of the compact direction is promoted to a dynami-
cal scalar field, χ, in the reduced theory. The six-
dimensional geometry is written using the metric ansatz

ds26 ¼ e−2χds25 þ e6χðdηþ VMdxMÞ2; ð7Þ

where ds25 is the generic five-dimensional metric, acting on
the space with coordinates XM, while VM is a five-dimen-
sional vector field, the graviphoton, that arises naturally

from the reduction of the metric. Capital indices,M ¼ 0, 1,
2, 3, 5, label the noncompact directions, while 0 ≤ η < 2π
denotes the compact coordinate. In addition, the six-
dimensional SUð2Þ gauge fields are split according to

AðiÞ
M̂

¼ fAðiÞ
μ ; AðiÞ

5 ; AðiÞ
6 g, with μ ¼ 0, 1, 2, 3 restricted to the

four-dimensional spacetime indices.

We assume that the identities ∂6ϕ ¼ ∂6AN̂ ¼ ∂6A
ðiÞ
N̂

¼
∂6BN̂ T̂ ¼ 0 hold exactly, which amounts to reducing the
theory by retaining only the zero modes descending from
the compactification on the circle. The action can be
rewritten as

S6 ¼
1

2π

Z
dη
�
S5 þ

1

2

Z
d5x∂Mð ffiffiffiffiffiffiffiffi

−g5
p

gMN
∂NχÞ

�
; ð8Þ

where the total derivative term can be ignored in the
following, as it does not enter the classical equations.
The system is governed by the five-dimensional gravity
action that reads as follows:

S5 ¼
Z

d5x
ffiffiffiffiffiffiffiffi
−g5

p �
R5

4
−
1

2
GabgMN

∂MΦa
∂NΦb − Vðϕ; χÞ − 1

4
HABgMRgNSFA

MNF
B
RS −

1

4
e2χ−2ϕgMRgNSHMNHRS

−
1

12
e4χþ4ϕgMRgNSgTUGMNTGRSU −

1

2
e−6χ−2ϕgNSH6NH6S −

1

4
e−4χþ4ϕgNSgTUG6NTG6SU

−
1

2
e−6χ−2ϕgMNð∂MAðiÞ

6 þ gϵijkAðjÞ
M AðkÞ

6 Þð∂NAðiÞ
6 þ gϵijkAðjÞ

N AðkÞ
6 Þ

�
: ð9Þ

Notice that AðiÞ
6 are three scalar fields, with i ¼ 1, 2, 3, and

yet, at this stage, we treat them separately from the other
sigma-model scalars. We will return to this point shortly.
The potential is

Vðϕ; χÞ ¼ e−2χV6ðϕÞ: ð10Þ
The sigma-model scalars, Φa ¼ fϕ; χg and the field

strengths, fFV
MN; F

ðiÞ
MNg, have internal metric written as

follows:

Gab ¼ diagð2; 6Þ; ð11Þ

HAB ¼ diag

�
1

4
e8χ ; e2χ−2ϕ

�
; ð12Þ

where the field-strength tensors are defined as

FV
MN ≡ ∂MVN − ∂NVM; ð13Þ

FðiÞ
MN ≡ ∂MA

ðiÞ
N − ∂NA

ðiÞ
M þ gϵijkAðjÞ

M AðkÞ
N

þ ðVMð∂NAðiÞ
6 þ gϵijkAðjÞ

6 AðkÞ
N Þ

− VNð∂MAðiÞ
6 þ gϵijkAðjÞ

M AðkÞ
6 ÞÞ: ð14Þ

The remaining tensor fields appearing in the five-dimen-
sional action in Eq. (9) are written as follows:

HMN ≡ F̂MN þmBMN þ ðVM∂NA6 − VN∂MA6Þ
þmðB6MVN − B6NVMÞ; ð15Þ

H6N ≡ Ĥ6N ¼ ∂6AN − ∂NA6 þmB6N ¼ −∂NA6 þmB6N;

ð16Þ

GMNT ≡ 3∂½MBNT� − 6V ½M∂NBT�6; ð17Þ

G6NT ≡ Ĝ6NT ¼ ∂6BNT − ∂NB6T þ ∂TB6N

¼ ∂TB6N − ∂NB6T: ð18Þ

The 32 bosonic degrees of freedom present in the six-
dimensional theory are now decomposed as six scalar
fields, the metric (5 d.o.f.), six vector fields (3 d.o.f. each),
and one 2-form field (3 d.o.f.).

1. Abelian truncation

We can truncate the six-dimensional 2-form, and the
six-dimensional Uð1Þ vector, AM̂, that couples with it. In
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five-dimensional language, doing so amounts to removing
the second and third lines of Eq. (9), and hence removing
from the field content one scalar, two vector fields, and one
2-form.

We further truncate the theory by setting Fð1;2Þ
MN ¼

0 ¼ Að1;2Þ
M ¼ Að1;2Þ

6 , hence restricting attention to the
Abelian subgroup of SUð2Þ associated with its third
generator. The symmetries of the action ensure that this
is a consistent truncation, yet we verified explicitly that this
is the case; all the background solutions and classical
fluctuations of the truncated system of equations are also
solutions and fluctuations in the nontruncated one. This
further truncation leads to three main changes to the action,
in Eq. (9). First, the last line reduces to an additional entry
that extends the sigma-model kinetic term in the first line,

which now has fields Φa ¼ fϕ; χ; Að3Þ
6 g, with 3 × 3 sigma-

model metric

Gab ¼ diagð2; 6; e−6χ−2ϕÞ: ð19Þ
Second, in Eq. (14) we can ignore the terms proportional to
ϵijk that encode the non-Abelian nature of SUð2Þ, by
restricting the gauge index to i ¼ 3. Third and last, only

Fð3Þ
MN enters the last term of the first line of Eq. (9), as we

drop Fð1;2Þ
MN ¼ 0, though the metric in the fFV

MN; F
ð3Þ
MNg, still

looks the same:

HAB ¼ diag
�
1

4
e8χ ; e2χ−2ϕ

�
: ð20Þ

We are hence left, in five dimensions, with three scalars,

Φa ¼ fϕ; χ; Að3Þ
6 g, the metric tensor, and two vectors,

fVM; A
ð3Þ
M g. We have arrived to the considerably simpler

action we use in the rest of the paper:

S05 ¼
Z

d5x
ffiffiffiffiffiffiffiffi
−g5

p �
R5

4
−
1

2
GabgMN

∂MΦa
∂NΦb − Vðϕ; χÞ

−
1

4
HABgMRgNSFA

MNF
B
RS

�
: ð21Þ

C. Background equations and solutions

The background gravity solutions of interest take the
domain-wall form in five dimensions, written as follows:

ds25 ¼ dr2 þ e2AðrÞdx21;3; ð22Þ

where the warp factor, A, depends only on the holographic

coordinate, r. The scalar fields, ϕ, χ, and Að3Þ
6 , retained in

Sec. II B 1 are also nontrivial, having a r-dependent back-

ground profile, while the vectors, VM and Að3Þ
M , vanish. The

metric in five dimensions can be rewritten in terms of a new
ρ coordinate as

ds25 ¼ e2AðρÞds21;3 þ e2χðρÞdρ2: ð23Þ

The lift of the background metric to six dimensions takes
the form

ds26 ¼ dρ2 þ e2AðρÞ−2χðρÞdx21;3 þ e6χðρÞdη2: ð24Þ

The equations of motion, obtained with this ansatz from
the five-dimensional action, and including also Einstein
equations, are given by the following system of coupled,
nonlinear, second-order, ordinary differential equations,
supplemented by a constraint:

∂
2
ρϕþ ð4∂ρA − ∂ρχÞ∂ρϕþ 1

2
e−6χ−2ϕð∂ρAð3Þ

6 Þ2 ¼ 1

2

∂V6

∂ϕ
;

ð25Þ

∂
2
ρχ þ ð4∂ρA − ∂ρχÞ∂ρχ þ

1

2
e−6χ−2ϕð∂ρAð3Þ

6 Þ2 ¼ −
1

3
V6;

ð26Þ

∂
2
ρA

ð3Þ
6 þ ð4∂ρA − 7∂ρχ − 2∂ρϕÞ∂ρAð3Þ

6 ¼ 0; ð27Þ

3∂2ρAþ 6ð∂ρAÞ2 þ 2ð∂ρϕÞ2 þ 6ð∂ρχÞ2 þ e−6χ−2ϕð∂ρAð3Þ
6 Þ2

− 3∂ρχ∂ρA ¼ −2V6; ð28Þ

6ð∂ρAÞ2 − 6ð∂ρχÞ2 − 2ð∂ρϕÞ2 − e−6χ−2ϕð∂ρAð3Þ
6 Þ2 ¼ −2V6:

ð29Þ

Before providing the solutions of interest, we notice that
close inspection of this differential system leads to iden-
tifying a conserved quantity. From the observation that
Eq. (27) can be written as a total derivative, one deduces
that the associated conserved quantity is

CA ≡ e4A−7χ−2ϕ∂ρA
ð3Þ
6 ; ð30Þ

which obeys ∂ρCA ¼ 0 when evaluated on the
backgrounds.
All solutions relevant for our analysis share a common

asymptotic form in the large-ρ region of the geometry, in
which the six-dimensional geometry is approaching AdS6.
In field theory terms, this corresponds to the expectation
that the ultraviolet (UV) regime in the dual field theory is
described by a deformation of a strongly coupled con-
formal field theory in five dimensions. It is convenient to
introduce a third alternative parametrization of the holo-
graphic coordinate, z≡ e−2=3ρ, so that the asymptotic
regime is given by the z → 0 limit. In terms of this variable,
the background configurations can be expressed in terms of
a UV expansion, organized as a power series in the small
quantity, z ≪ 1. The UV expansion of the background
functions takes the following form:
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ϕðzÞ ¼ ϕαz2 þ ϕβz3 − 6ϕ2
αz4 − 4ϕαϕβz5

þ 1

2
z6ð29ϕ3

α − 2ϕ2
βÞ þOðz7Þ; ð31Þ

Að3Þ
6 ðzÞ ¼ Að3Þ;U

6 þ Að3Þ;3
6 z3 þ 6

5
ϕαA

ð3Þ;3
6 z5

þ ϕβA
ð3Þ;3
6 z6 þOðz7Þ; ð32Þ

χðzÞ ¼ χU −
1

3
logðzÞ − 1

12
ϕ2
αz4 þ χð5Þz5

−
1

36
ð32ϕ3

α − 3ϕ2
βÞz6 þOðz7Þ; ð33Þ

AðzÞ ¼ AU −
4

3
logðzÞ − 1

3
ϕ2
αz4 þ

1

20
z5ð5χð5Þ − 12ϕαϕβÞ

þ 1

9
z6ð32ϕ3

α − 3ϕ2
βÞ þOðz7Þ: ð34Þ

Here, AU and χU play the role of trivial integration

constants. The additional parameters, Að3Þ;U
6 , χð5Þ, ϕα, ϕβ,

and Að3Þ;3
6 , correspond to field-theory quantities.

For this study, we focus on two classes of exact
solutions, both known in closed form, the UV expansions

of which are distinguished by the form of χð5Þ and Að3Þ
6 . The

first such class is obtained by setting ∂ρA
ð3Þ
6 ¼ 0, as well as

Að3Þ;3
6 ¼ ϕα ¼ ϕβ ¼ χð5Þ ¼ 0. Thus, the first set of solu-

tions of interest reads

ϕðρÞ ¼ 0; ð35Þ
Að3Þ
6 ðρÞ ¼ Að3Þ;U

6 ; ð36Þ

AðρÞ ¼ AU þ 8

9
ρ; ð37Þ

χðρÞ ¼ χU þ 2

9
ρ: ð38Þ

In this solution, the six-dimensional metric is compatible
with the domain-wall ansatz and takes the form

ds26 ¼ dρ2 þ e2ρdx21;3 þ e2ρdη2; ð39Þ

which has AdS6 geometry with unit curvature, although
one dimension has been compactified on a circle. We
devote the next subsection to a second, more interesting
one-parameter family of solutions.

1. Solutions with Abelian flux

The second class of solutions, introduced in Ref. [107],
has close similarities with the backgrounds described in
Ref. [104]. There are nontrivial values for the parameters

χð5Þ and Að3Þ;3
6 , appearing in the UV expansions. To write

these solutions in closed form, it is convenient to introduce
a fourth parametrization of the radial coordinate. The
metric in six dimensions, written in this new coordinate,
takes the following form [107]:

ds26 ¼ H1=2ðϱÞϱ2ðdx21;3Þ þ
H1=2ðϱÞdϱ2

fðϱÞ þ fðϱÞ
H3=2ðϱÞ dη

2:

ð40Þ
Comparison with the expressions derived from the five-
dimensional language leads to the identifications

H1=4ðϱÞϱ≡ eAðρÞ−χðρÞ; ð41Þ
fðϱÞ

H3=2ðϱÞ≡ e6χðρÞ; ð42Þ

dϱ
dρ

≡
ffiffiffiffiffiffiffiffiffi
fðϱÞp

H1=4ðϱÞ : ð43Þ

Equivalently, these expressions can be recast as χðρÞ ¼
1
6
logð fðϱÞ

H3=2ðϱÞÞ, AðρÞ ¼ 1
6
logðfðϱÞÞ þ logðϱÞ, and ∂

∂ρ ¼ffiffiffiffiffiffiffi
fðϱÞ

p
H1=4ðϱÞ

∂

∂ϱ ¼ 1
ϱ2
e2AðϱÞþχðϱÞ ∂

∂ϱ. The classical background equa-

tions, rewritten in this parametrization of the holographic
direction, are the following:

1

2

∂V6

∂ϕ
¼ 1

2
e−2ϕðϱÞHðϱÞðAð3Þ0

6 ðϱÞÞ2 þ 4fðϱÞϕ0ðϱÞ
ϱ

ffiffiffiffiffiffiffiffiffiffiffi
HðϱÞp þ f0ðϱÞϕ0ðϱÞffiffiffiffiffiffiffiffiffiffiffi

HðϱÞp þ fðϱÞϕ00ðϱÞffiffiffiffiffiffiffiffiffiffiffi
HðϱÞp ; ð44Þ

−4V6 ¼ 6e−2ϕðϱÞHðϱÞðAð3Þ0
6 ðϱÞÞ2 þ 3fðϱÞðH0ðϱÞÞ2

HðϱÞ5=2 þ
8f0ðϱÞ

ϱ þ 2f00ðϱÞffiffiffiffiffiffiffiffiffiffiffi
HðϱÞp −

3ðϱf0ðϱÞH0ðϱÞ þ fðϱÞð4H0ðϱÞ þ ϱH00ðϱÞÞÞ
ϱHðϱÞ3=2 ; ð45Þ

0 ¼ 3ϱAð3Þ0
6 ðϱÞH0ðϱÞ þHðϱÞ ðAð3Þ0

6 ðϱÞð8 − 4ϱϕ0ðϱÞÞ þ 2ϱAð3Þ00
6 ðϱÞÞ; ð46Þ

−2V6 ¼ e−2ϕðϱÞHðϱÞðAð3Þ0
6 ðϱÞÞ2 − f0ðϱÞH0ðϱÞ

2HðϱÞ3=2 þ 6f0ðϱÞ þ ϱf00ðϱÞ
2ϱ

ffiffiffiffiffiffiffiffiffiffiffi
HðϱÞp þ

fðϱÞð3ðH0ðϱÞÞ2 þHðϱÞ2ð24
ϱ2
þ 16ðϕ0ðϱÞÞ2ÞÞ

8HðϱÞ5=2 ; ð47Þ
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−2V6 ¼ −e−2ϕðϱÞHðϱÞðAð3Þ0
6 ðϱÞÞ2 þ 2f0ðϱÞ

ϱ
ffiffiffiffiffiffiffiffiffiffiffi
HðϱÞp þ f0ðϱÞH0ðϱÞ

2HðϱÞ3=2 −
3fðϱÞðH0ðϱÞÞ2

8HðϱÞ5=2 −
2fðϱÞð−3þ ϱ2ðϕ0ðϱÞÞ2Þ

ϱ2
ffiffiffiffiffiffiffiffiffiffiffi
HðϱÞp ; ð48Þ

where the primes denote derivatives taken with respect to ϱ.
The closed form of these soliton solutions takes the

appealing, simple form:

HðϱÞ ¼ 1 −
c2

ϱ3
; ð49Þ

fðϱÞ ¼ 4

9
ϱ2HðϱÞ2 − μ

ϱ3
; ð50Þ

ϕðϱÞ ¼ −
1

4
logðHðϱÞÞ; ð51Þ

Að3Þ
6 ¼

ffiffiffi
μ

pffiffiffi
2

p
c

�
1

Hðϱ0Þ
−

1

HðϱÞ
�
: ð52Þ

Here, ϱ0 is the largest positive root of fðϱ0Þ ¼ 0, with μ and
c two independent integration constants. Notice that an

additive integration constant appearing in Að3Þ
6 ðϱÞ has been

set so that Að3Þ
6 ðϱ0Þ ¼ 0. This condition is necessary as the

space ends at ϱ0, at which point the circle in the geometry is
shrinking to zero size, and hence it cannot support a
nontrivial flux. Along a similar line of reasoning, there
is also the potential for a conical singularity appearing at
the end of the geometry, which we need to avoid. Hence, by
expanding close to the end of space, at ϱ ≃ vr0, in the ϱ − η
subspace, direct calculation of the induced metric demon-
strates that one must impose the constraint

f0ðϱ0Þ
Hðϱ0Þ

¼ 2; ð53Þ

in order to avoid the appearance of such a singular
behavior. Doing so introduces a (nontrivial) relation
between the parameters c and μ, demonstrating that the
solutions of interest constitute a one-parameter class of
backgrounds. We find it convenient to use ϱ0 to parametrize
the resulting family of backgrounds, and write

μ ¼ ϱ30ð−3þ 4ϱ0Þ2; ð54Þ

c ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9ϱ20 − 10ϱ30

q
=

ffiffiffi
2

p
: ð55Þ

The ambiguity in the sign of c reflects the fact that given
any solution of the classical equation, another solution can

be written by just changing the sign of Að3Þ
6 . As can be seen

in Fig. 1, in which we show the Ricci scalar associated with
the six-dimensional metric, all these solutions are regular,
provided ϱ0 > 3=4. Similar results hold for other (higher-
order) invariants, computed in six dimensions. The limiting
case ϱ0 ¼ 3

4
has a singularity located at the end of the space.

We find it useful to characterize also the IR asymptotic
behavior of the backgrounds, by writing a power expansion
performed in proximity of ϱ ∼ ϱ0. What results is the
following:

ϕðϱÞ ¼ 1

4
log

�
2ϱ0

12ϱ0 − 9

�
þ ð9− 10ϱ0Þðϱ− ϱ0Þ

12ϱ0 − 16ϱ20

−
3ðð2ϱ0 − 1Þð10ϱ0 − 9ÞÞðϱ− ϱ0Þ2

8ðð3− 4ϱ0Þ2ϱ20Þ
þOððϱ− ϱ0Þ3Þ;

ð56Þ

Að3Þ
6 ðϱÞ ¼

2ð2ϱ0 − 3Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9
ϱ0
− 10

q
ðϱ − ϱ0Þ2

3ð3 − 4ϱ0Þ2

þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið9 − 10ϱ0Þϱ0

p ðϱ − ϱ0Þ
9 − 12ϱ0

þOððϱ − ϱ0Þ3Þ;

ð57Þ

χðϱÞ¼ 1

12

�
2logðϱ−ϱ0Þþ log

�
8ϱ0

−9þ12ϱ0

��

þð−9−30ϱ0þ40ϱ20Þðϱ−ϱ0Þ
36ϱ0ð−3þ4ϱ0Þ

þð−81þ684ϱ0−1428ϱ20þ1600ϱ30−800ϱ40Þðϱ−ϱ0Þ2
216ϱ20ð−3þ4ϱ0Þ2

þOððϱ−ϱ0Þ3Þ; ð58Þ

FIG. 1. The Ricci scalar, R6, as a function of ϱ > ϱ0, for
representative examples of background solutions with nontrivial
flux, obtained with the choices ϱ0 ¼ 0.757, 0.77, 0.8, shown in
purple, green, and orange, respectively. The vertical, dashed lines
represent the end of space of the geometry, at ϱ ¼ ϱ0.
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AðϱÞ ¼ 1

6

�
logð3ϱ50ð−3þ4ϱ0ÞÞþ logðϱ−ϱ0ÞÞ

þð−9þ6ϱ0þ10ϱ20Þðϱ−ϱ0Þ
9ϱ0ð−3þ4ϱ0Þ

þð−81þ252ϱ0−384ϱ20þ400ϱ30−200ϱ40Þðϱ−ϱ0Þ2
54ϱ20ð−3þ4ϱ0Þ2

þOððϱ−ϱ0Þ3
�
: ð59Þ

In these expressions, we notice that the singular behavior
appearing in the limit ϱ0 → 3=4 affects also the scalar, ϕ.
It is also useful to compare the asymptotic UV behavior

of the backgrounds in this class of solutions to the general
power series expansion in the small z ¼ e−2=3ρ defined
earlier in the paper. The expressions for all the nontrivial
background functions take the following form:

ϕðzÞ ¼ c2

4
z3 −

c4z6

16
−
27c2μ
160

z8 þ 19c6

768
z9 þOðz10Þ; ð60Þ

Að3Þ
6 ðzÞ ¼ −

c
ffiffiffi
μ

pffiffiffi
2

p ðc2 − ϱ30Þ
−
c

ffiffiffi
μ

pffiffiffi
2

p z3 −
ðc3 ffiffiffi

μ
p Þz6
4

ffiffiffi
2

p þOðz8Þ;

ð61Þ

χðzÞ ¼ 1

3
log

�
2

3

�
−
1

3
logðzÞ − 3μ

10
z5 −

c4

192
z6 þOðz7Þ;

ð62Þ

AðzÞ ¼ 1

3
log

�
2

3

�
−
4

3
logðzÞ − 3μ

40
z5 −

c4

48
z6 þOðz7Þ:

ð63Þ

By comparing with the most general UV expansion, we
arrive at the following identifications:

ϕα ¼ 0; ð64Þ

ϕβ ¼
c2

4
; ð65Þ

Að3Þ;3
6 ¼ −

c
ffiffiffi
μ

pffiffiffi
2

p ; ð66Þ

Að3Þ;U
6 ¼ −

c
ffiffiffi
μ

pffiffiffi
2

p ðc2 − ϱ30Þ
; ð67Þ

χð5Þ ¼ −
3μ

10
; ð68Þ

χU ¼ 1

3
log

�
2

3

�
; ð69Þ

AU ¼ 1

3
log

�
2

3

�
: ð70Þ

One can use this expansion for the fields near the
boundary, at z → 0, to study the deformations in the UV
regime of the dual quantum field theory (QFT). The QFT
data needed are the operators turned on in the field theory
dual, and their vacuum expectation value. In the expansions
provided in Eqs. (60)–(63), the non-normalizable (leading)
modes are identified as the sources that couple to gauge-
invariant operators in the boundary QFT, while the con-
jugate normalizable (subleading) modes encode the one-
point functions, or vacuum expectation values (VEVs), of
those operators. The normalizable modes—after removing
divergences through local covariant counterterms—provide
the renormalized VEVs in the presence of the sources. For
example, turning on a constant Abelian gauge field along a
compact (Euclidean) timelike direction, in the gravity
description, would have a natural interpretation in field
theory as the presence of a nonzero chemical potential, the
Lagrange multiplier that imposes the presence of a finite
charge density in the dual field theory.
In the case at hand, the presence of a constant, non-

normalizable, leading term in the expansion of Að3Þ
6 , can be

interpreted in the field theory as a Wilson line along the
compact, spacelike dimension. This being the double-Wick
rotation of a chemical potential, its effect is to impose the
presence of a current density in the field theory. In fact, for
the solution studied here, one can deduce from the sub-

leading terms of the expansions of Að3Þ
6 and ϕ that two

nontrivial VEVs, both for objects of dimension Δ ¼ 3, are
present:

hJi ¼ −
c

ffiffiffi
μ

pffiffiffi
2

p ; hOϕi ¼
c2

4
: ð71Þ

A more detailed analysis is reported in Appendix B of

Ref. [107]. As anticipated, Að3Þ
6 acts as a source that

enforces the presence of a nontrivial current associated
with the global (Abelian) R-symmetry current J at the
boundary—see also the discussions in Refs. [110,181] and
the precursor in Ref. [182]. As we shall see later in the
paper, the global stability analysis shows the presence of a
zero-temperature quantum transition that is triggered by
dialing the source in the field theory to large enough values,
leading to deconfinement. Hence, there is a maximum
allowed value of the flux, below which the field theory
confines, and above which the field theory is deconfined.

III. GLOBAL STABILITY ANALYSIS:
THE FREE ENERGY

This section is devoted to the calculation of the free
energy of the field theory associated with the classical
background solutions. This is obtained by evaluating on
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shell the six-dimensional action in Eq. (1). To this purpose,
we regulate the calculation by introducing two end points in
the holographic direction, one in the region corresponding
to the IR of the field theory, ϱ1 > ϱ0, and one in the
asymptotic region, corresponding to the UV, ϱ2 ≫ ϱ1. We
then compute the action by restricting the integrals to the
range ϱ1 < ϱ < ϱ2. These unphysical regulators must be
removed from the final results, by taking the limits ϱ1 → ϱ0
and ϱ2 → ∞, respectively. The introduction of hypersur-
faces in correspondence to the regulators necessitates the
inclusion of a Gibbons-Hawking-York boundary term, as
well as boundary-localized potential terms, denoted by λi.
They render well-defined the variational problem yielding
the classical equations and boundary conditions [79]. They
also act as counterterms in the field theory, by canceling
possible divergencies and implementing holographic
renormalization [34–36].
The on-shell action entering the free-energy calculation

is therefore given by the following expression, which
depends only on the background values of the metric

and scalar fields χ, ϕ, and Að3Þ
6 (see also Ref. [166]):

S ¼ S6 þ
X
i¼1;2

ðSK;i þ Sλ;iÞ

¼ 1

2π

Z
ϱ2

ϱ1

dηd4xdϱ
ffiffiffiffiffiffiffiffi
−ĝ6

p �
R6

4
− ĝM̂ N̂

∂M̂ϕ∂N̂ϕ − V6ðϕÞ

−
1

2
e−2ϕĝ66ĝM̂ N̂

∂M̂A
ð3Þ
6 ∂N̂A

ð3Þ
6

�

þ
X
i¼1;2

ð−1Þi
2π

Z
d4xdη

ffiffiffiffiffiffi
−g̃

p �
K
2
þ λi

�����
ϱ¼ϱi

: ð72Þ

In this expression, g̃ ¼ −ϱ8i fðϱiÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
HðϱiÞ

p
is the determinant

of the induced metric evaluated at the boundary, i ¼ 1, 2.
The extrinsic curvature scalar, K, is defined as

K≡ ĝM̂ N̂KM̂ N̂ ≡ gM̂ N̂∇M̂nN̂: ð73Þ

Here, nN̂ ¼ ð0; 0; 0; 0; H1=4ðϱÞffiffiffiffiffiffiffi
fðϱÞ

p ; 0Þ denotes the normal boun-

dary vector. The covariant derivative acts as ∇M̂fN̂ ¼
∂M̂fN̂ − ΓP̂

M̂ N̂
fP̂, and the connection takes the form (see

also Appendix A 1)

ΓP̂
M̂ N̂ ≡ 1

2
gP̂ Q̂ð∂MĝN̂ Q̂ þ ∂N̂ ĝQ̂ M̂ − ∂Q̂ĝM̂ N̂Þ: ð74Þ

With these conventions, the extrinsic curvature reads:

K ¼ 2ϱHðϱÞf0ðϱÞ þ fðϱÞðϱH0ðϱÞ þ 16HðϱÞÞ
4ϱ

ffiffiffiffiffiffiffiffiffi
fðϱÞp

HðϱÞ5=4 : ð75Þ

After imposing the equations of motion, and integrating
over the angle,

R
dη ¼ 2π, the action in the bulk can be

rewritten as a total derivative:

S6¼
Z

ϱ2

ϱ1

d4xdϱ

�
−∂ϱ

�
ϱ3fðϱÞðϱH0ðϱÞþ4HðϱÞÞ

8HðϱÞ
�	

; ð76Þ

so the boundary contribution to the action is given by

Si ¼ ð−1Þi
Z

d4x

�
ϱ4

ffiffiffiffiffiffiffiffiffi
fðϱÞ

p
HðϱÞ1=4

�
2ϱHðϱÞf0ðϱÞ þ fðϱÞðϱH0ðϱÞ þ 16HðϱÞÞ

8ϱ
ffiffiffiffiffiffiffiffiffi
fðϱÞp

HðϱÞ5=4 þ λi

�	����
ϱ¼ϱi

: ð77Þ

The complete on-shell action, S, reads as follows:

S ¼
Z

d4x

��
−
ϱ3fðϱÞðϱH0ðϱÞ þ 4HðϱÞÞ

8HðϱÞ þ ϱ4
ffiffiffiffiffiffiffiffiffi
fðϱÞ

p
HðϱÞ14

�
2ϱHðϱÞf0ðϱÞ þ fðϱÞðϱH0ðϱÞ þ 16HðϱÞÞ

8ϱ
ffiffiffiffiffiffiffiffiffi
fðϱÞp

HðϱÞ54 þ λ2

�	����
ϱ¼ϱ2

−
�
−
ϱ3fðϱÞðϱH0ðϱÞ þ 4HðϱÞÞ

8HðϱÞ þ ϱ4
ffiffiffiffiffiffiffiffiffi
fðϱÞ

p
HðϱÞ14

�
2ϱHðϱÞf0ðϱÞ þ fðϱÞðϱH0ðϱÞ þ 16HðϱÞÞ

8ϱ
ffiffiffiffiffiffiffiffiffi
fðϱÞp

HðϱÞ54 þ λ1

�	����
ϱ¼ϱ1

�
: ð78Þ

One can define the free energy, F, and free energy
density, F , as

F ¼ − lim
ϱ1→ϱ0

lim
ϱ2→∞

S ≡
Z

d4xF : ð79Þ

To be able to take the limits, we must specify the localized
potentials. We choose λ1 ¼ − 3

2
∂ρAðρÞ. This term is fixed

by the requirement of having a well-posed variational
principle. In particular, varying the bulk action together
with the infrared boundary contribution produces the bulk
equations of motion, along with the corresponding boun-
dary conditions to be imposed at ρ ¼ ρ1. With this choice
the boundary-localized contribution combines with the
bulk contribution, so that there is no spurious dependence
of the free energy in the regulator at ρ1.
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For the second boundary, holographic renormalization [34–36] prescribes to set λ2 ¼ W2, whereW2 is the superpotential of
the theory in six dimensions, which can be written as a power expansion in ϕ—see in Eq. (34) of Ref. [166]—to take the form

W2 ¼ −
4

3
−
4

3
ϕ2 þOðϕ3Þ: ð80Þ

Higher-order terms do not contribute to the final result for F , in the limit ϱ2 → þ∞. It is worth mentioning that in general the
cancellation of divergences performed introduces an inherent scheme dependence (see also Ref. [183]). Although it yields a
finite expression, it also implies that the resulting free energy does not satisfy the assumptions required for the standard
thermodynamic concavity theorems to hold.
After substituting the expressions for fðϱÞ and HðϱÞ and performing the limits one arrives to our final expression:

F ¼ − lim
ϱ2→∞

�
1

12
ϱ3ð3ϱf0ðϱÞ þ ϱ

ffiffiffiffiffiffiffiffiffi
fðϱÞ

p ffiffiffiffiffiffiffiffiffiffiffi
HðϱÞ4

p
ðlog2ðHðϱÞÞ − 16Þ þ 18fðϱÞÞ

����
ϱ¼ϱ2

	
ð81Þ

¼ −
μ

4
¼ −

1

4
ϱ30ð−3þ 4ϱ0Þ2: ð82Þ

We note that, despite the presence of flux for the gauge
fields, this expression is also in agreement with Eq. (118) of
Ref. [166], which reads

F ¼ − lim
ρ2→∞

e4A−χ
�
3

2
∂ρAþW2

�����
ρ→ρ2

; ð83Þ

which for W2 ¼ − 4
3
− 4

3
ϕ2, as can be verified directly by

using the UV expansions in Eqs. (60)–(63),
yields F ¼ − e4A

U−χU

12
ð4ϕαϕβ − 15χð5ÞÞ ¼ −μ=4.

A. Scale setting and phase transition

To enable a meaningful comparison of the free energy
associated with different solutions, a scale-setting prescrip-
tion is required. We implement this by introducing a
common reference energy scale, Λ, defined as the inverse
of the time needed for a massless particle to propagate from
the ultraviolet region to the end of the geometry [184]:

Λ−1≡
Z

∞

ρ0

ffiffiffiffiffiffiffiffi
gρρ
jgttj

r
dρ¼

Z
∞

ρ0

eχðρÞ−AðρÞdρ¼
Z

∞

ϱ0

1

ϱ
ffiffiffiffiffiffiffiffiffi
fðϱÞp dϱ:

ð84Þ

This quantity is evaluated on the corresponding back-
ground geometry. For the main class of solutions under
consideration for this work, the resulting integral does not
admit a closed-form expression and must therefore be
computed numerically. We then express all dimensional
quantities, such as the free energy and the UV deformation
parameters, in dimensionless form, by rescaling them with
appropriate powers of Λ, as follows:

F̂ ¼ FΛ−5; ð85Þ

ϕ̂β ¼ ϕβΛ−3; ð86Þ

Â6
ð3Þ;3 ¼ Að3Þ;3

6 Λ−3; ð87Þ

χ̂ð5Þ ¼ χð5ÞΛ−5: ð88Þ

Figure 2 displays our results for the dimensionless free
energy density, F̂ , computed for the solutions with non-
trivial flux, as a function of the dimensionless deforming

parameter Að3Þ;U
6 . In the case of the AdS6, domain-wall

solutions with trivial (constant) flux, the prescription in
Eq. (83) yields F ¼ 0, and these solutions exist for any

choice of Að3Þ;U
6 . The figure demonstrates the existence of a

first-order phase transition taking place at the extremum of
the branch of solutions with nontrivial flux: when μ ¼ 0,
there is coexistence of phases, with both the soliton and
domain-wall solutions having vanishing free energy. This
observation allows one to define a maximum value for

Að3Þ;U
6 ðmaxÞ ¼ 1

2
ffiffi
2

p ∼ 0.35, obtained when ϱ0 ¼ 3=4. For

jAð3Þ;U
6 j > Að3Þ;U

6 ðmaxÞ, the AdS6 solutions with constant

Að3Þ
6 are the only ones that exist, and have vanishing free

energy. For jAð3Þ;U
6 j < Að3Þ;U

6 ðmaxÞ, both classes of solu-

tions exist, but the soliton solutions with nontrivial Að3Þ
6

have negative free energy, and hence they are dynamically
favored.

IV. LOCAL STABILITY ANALYSIS:
FLUCTUATIONS

In this section we report the results of a local stability
analysis, performed by applying the gauge-invariant for-
malism developed in Refs. [75–83] to the fluctuations of
fields retained in the gravity theory: the metric, the three
scalars ϕ, χ, and Að3Þ

6 , and the two vectors VM and Að3Þ
M . In

the language of the dual field theory, they correspond to
bound states with different (integer) spins. We perform this
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analysis only for the soliton solution with nonconstant flux,
for which an interpretation of the dual field theory in terms
of confinement in four dimensions exists.
One starts by decomposing the fields in their five-

dimensional form by splitting them in their background
values and fluctuations. The metric is treated with the
Arnowitt-Deser-Misner (ADM) formalism [185,186], by
writing

ds25 ¼ ðð1þ νÞ2 þ νμν
μÞdr2 þ 2νμdxμdr

þ e2AðrÞðημν þ hμνÞdxμdxν; ð89Þ

where ν, νμ, and hμν are the fluctuations. The other fields
are treated in analogy, by separating the background values,
denoted with a ,̄ and their fluctuations, marked with a ,̃
which we hence rewrite as follows:

ϕ ¼ ϕ̄ðrÞ þ ϕ̃ðxμ; rÞ ¼ ϕðrÞ þ ϕ̃ðxμ; rÞ; ð90Þ

χ ¼ χ̄ðrÞ þ χ̃ðxμ; rÞ ¼ χðrÞ þ χ̃ðxμ; rÞ; ð91Þ

Að3Þ
6 ¼ Āð3Þ

6 ðrÞ þ Ãð3Þ
6 ðxμ; rÞ ¼ Að3Þ

6 ðrÞ þ Ãð3Þ
6 ðxμ; rÞ; ð92Þ

VM ¼ V̄MðrÞ þ ṼMðxμ; rÞ ¼ ṼMðxμ; rÞ; ð93Þ

Að3Þ
M ¼ Āð3Þ

M ðrÞ þ Ãð3Þ
M ðxμ; rÞ ¼ Ãð3Þ

M ðxμ; rÞ: ð94Þ
We made explicit the fact that the background functions
depend only on the holographic direction in the geometry,
while the fluctuations depend also on the four-dimensional
spacetime coordinates, xμ.

A. Tensor spectrum

As described in Appendix A 1, the calculation of the
tensor fluctuations that correspond to spin-2 bound states of
the dual field theory requires first to decompose the
fluctuation hμν as follows:

hμν ¼ eμν þ iqμϵν þ iϵμqν þ
qμqν
q2

H þ 1

3
δμνh: ð95Þ

We focus our attention on the spin-2 fluctuations that are
encoded in the traceless, symmetric, gauge-invariant fields,
eμν, that obey by the following linear equations of motion:

½∂2r þ 4∂rA∂r þ e−2AM2�eμν ¼ 0: ð96Þ
We can rewrite these equations, after the change of variable
∂ρ
∂r ¼ e−χ , as

½∂2ρ þ ð4∂ρA − ∂ρχÞ∂ρ þ e2ðχ−AÞM2�eμν ¼ 0; ð97Þ

and again, after the change of variable ∂ϱ
∂ρ ¼ 1

ϱ2
e2Aþχ ¼

ffiffi
f

p
H1=4,

in the form

½ϱ∂2ϱ þ ð6ϱ∂ϱA − 2Þ∂ϱ þ e−6Aϱ5M2�eμν ¼ 0; ð98Þ
or, equivalently, as

�
ϱ∂2ϱ þ

�
ϱf0ðϱÞ
fðϱÞ þ 4

�
∂ϱ þ

M2

ϱfðϱÞ
	
eμν ¼ 0: ð99Þ

The fluctuations are subject to the Neumann boundary
condition, which, by performing the same changes of
variable can be written in any of the following forms:

∂re
μ
ν jri ¼ e−χ∂ρe

μ
ν jρi ¼

e2A

ϱ2
∂ϱe

μ
ν

����
ϱi

¼ f1=3ðϱÞ∂ρeμν
����
ϱi

¼ 0:

ð100Þ

As we write the background functions in closed form in
the variable ϱ, we find it convenient to adopt this same
choice of coordinate also for the fluctuations. We para-
metrize the family of solutions in terms of the position

FIG. 2. The free energy density, F̂ ¼ FΛ−5, expressed in units
of Λ, associated with the soliton solutions with nonconstant flux,

Að3Þ
6 , that are dual to confining field theories, as a function of the

deformation parameter, Að3Þ;U
6 . Domain-wall solutions with con-

stant Að3Þ;U
6 exist for all values of Að3Þ;U

6 . They are dual to
conformal theories, and have F ¼ 0. A first-order phase tran-

sition appears at jAð3Þ;U
6 j¼Að3Þ;U

6 ðmaxÞ¼ 1

2
ffiffi
2

p ∼ 0.35 .
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of the end of space in this variable, which is constrained
to lie inside the interval 3

4
< ϱ0 < 9

10
. In performing

the numerical calculations, we adopt the midpoint deter-
minant, as in Ref. [77]. We scan numerically over the
values of M2, in the presence of explicit cutoffs
ϱ0 < ϱ1 < ϱ < ϱ2 < þ∞, by imposing the boundary con-
ditions in Eq. (100) at the two cutoffs, evolving the
solutions of Eq. (99) to an intermediate value of the radial
direction, ϱ�, computing the determinant of the 2 × 2

matrix formed with the values of eμν and its derivative,
evaluated at ϱ�, for both solutions coming from the UV
and IR, and identifying the zeros of the determinant by
varying M2. When the determinant vanishes, this signals
the fact that the evolutions of the linearized equations from
the IR (ϱ1) and from the UV (ϱ2) yield coinciding
fluctuations, up to an unphysical multiplicative normali-
zation, and hence, these values of M2 yield the mass
spectrum of bound states of interest. We checked that for
asymptotic choices of the regulators, ϱ1;2, the resulting
spectrum converges to the physical results by verifying
that there are no residual dependencies on ϱ1 or ϱ2. We
find that the choices ϱ1 ¼ ϱ0 þ 10−7 and ϱ2 ¼ ϱ0 þ 10 are
sufficient to achieve these goals, with the level of
numerical precision we require in this study.
In Fig. 3, we show the mass, M2, of the lightest tensor

fluctuation, normalized to the scale, Λ, defined in Eq. (84),

as a function of the parameter, ϱ0, that labels the end-of-
space point of the solutions dual to confining field theories.
The ratio of these two quantities is approximately constant,
except for the region in close proximity to the end of the
branch of solution, ϱ0 ≃ 3=4, in which case the discrepancy
is still a modest (10–20)%. This observation demonstrates
that these two scales are closely related to one another and
can be used interchangeably as representative of the
confinement scale of the theory. While we used Λ in the
study of the free energy, we elect to use M2 in the study of
the spectrum of fluctuations presented in later subsections
of the paper.

B. Scalar spectrum

Following again Appendix A 1, in D ¼ 5 dimensions,
the three gauge-invariant scalar fluctuations, which corre-
spond to combinations of the fluctuations of the trace of the
metric, h, with those of the three scalar fields, ϕ̃, χ̃, and

Ãð3Þ
6 , satisfy the following system of coupled, linear second-

order equations:

0 ¼ ½D2
r þ 4∂rADr þ e−2AM2�aa

−
�
Vajc − Ra

bcd∂rΦ̄b
∂rΦ̄d þ 4ð∂rΦ̄aVb þ Va

∂rΦ̄bÞGbc

3∂rA

þ 16V∂rΦ̄a
∂rΦ̄bGbc

9ð∂rAÞ2
	
ac; ð101Þ

FIG. 3. Ratio, M2=Λ, of the mass of the lightest spin-2 bound
state of the confining field theory dual to the soliton solutions

with nontrivial Að3Þ
6 , over the scale Λ defined in Eq. (84). The

mass spectrum has been computed by applying the midpoint
determinant method to the linearized, gauge-invariant equations
obeyed by the tensor fluctuations, eμν , as a function of the end-of-
space parameter, ϱ0. In the numerical analysis, Neumann boun-
dary conditions have been imposed at ϱ1 ¼ ϱ0 þ 10−7 and
ϱ2 ¼ ϱ0 þ 10. We verified that with these choices the spectrum
is close enough to the physical limit that the IR (ϱ1 → ϱ0) and UV
(ϱ2 → þ∞) regulators have no discernible effect, given our
numerical precision goals.

FIG. 4. Spectrum of masses, M2=jMj, of the fluctuations of the
confining backgrounds, expressed in units of the mass of the
lightest tensor in the spectrum, M2. The tensor states, coming
from (symmetric, transverse, and traceless) fluctuations of the
metric, are shown in red. The scalar states, arising as the three
gauge-invariant combinations of the fluctuations of the three
sigma-model scalars, combined with the trace of the metric, are in
blue. The gauge-invariant, transverse fluctuations of the two
vectors are depicted in green. The numerical solution of the
fluctuation equations are performed using IR and UV cutoffs set
to ϱ1 ¼ ϱ0 þ 10−7 and ϱ2 ¼ ϱ0 þ 10, respectively.
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where Φ̄a ¼ fϕ̄; χ̄; Āð3Þ
6 g are the background scalar fields.

The fluctuations are subject to the boundary condition

∂rϕ
a
∂rϕbDrabjri ¼

�
−
3

2
∂rAe−2AM2δab

þ ∂rϕ
a

�
4V
3∂rA

∂rϕb þ Vb

�	
ab
����
ri

;

ð102Þ

where Draa ≡ ∂raa þ Ga
bc∂rΦbac, while Vajb ≡ ∂bVaþ

Ga
bcVc, and Va ≡Gab

∂bV.
For the numerical calculations of the spectrum, we found

that imposing the boundary conditions directly on the
numerical solutions of the differential equations results
in the slow convergence of the results toward the physical
limit. To improve convergence, we deployed a different
process, with respect to the case of the tensor fluctuations.

First, we perform expansions of the IR and UV asymptotic
behavior of the solutions, which we report in Appendix B.
We impose the boundary conditions on the expansions,
hence, removing the dominant contributions and retaining
only the subleading ones. We then introduce the same
cutoffs as for the tensor modes, ϱ1 and ϱ2, as regulators. But
the boundary conditions we impose on the numerical
solutions are dictated by matching them to the constrained
UV and IR expansions obtained by retaining only the
subleading terms. We then apply the mid-determinant
method to identify the physical spectrum, M2 ¼ −q2,
having evolved the numerical solutions toward a midpoint,
ϱ�. Our numerical results for the spectrum of gauge-
invariant fluctuations are provided in Fig. 4, which com-
bines the spin-0 (scalar), spin-2 (tensor), and spin-1
(vector) modes. We will comment on the results later in
the paper, after we explain how we computed the spectrum
of vector modes.

C. Vector spectrum

The study of vector fluctuations, dual to spin-1 bound states in the field theory, is more subtle, as it involves internal
gauge symmetries (in addition to the diffeomorphisms) and some nontrivial effect due to mixing between vectors induced
by the nonvanishing of Að3Þ

6 . Hence, we provide here a more detailed discussion of the process of deriving the equations of
motion and boundary conditions for the transverse component of the gauge fields.
Expanding the last term of the action, Eq. (21), that encodes the vector fields by substituting the definitions of the

fluctuations but retaining only terms quadratic in the fluctuations, one arrives to the following:

SV ¼
Z

d5x
ffiffiffiffiffiffiffiffi
−g5

p
gMR gNS

�
−

1

16
e8χF̃MNF̃RS −

1

4
e2χ−2ϕÃð3Þ

MNÃ
ð3Þ
RS −

1

4
e2χ−2ϕðṼM∂NA

ð3Þ
6 − ṼN∂MA

ð3Þ
6 ÞðṼR∂SA

ð3Þ
6 − ṼS∂RA

ð3Þ
6 Þ

−
1

2
e2χ−2ϕÃð3Þ

MNðṼR∂SA
ð3Þ
6 − ṼS∂RA

ð3Þ
6 Þ

	
; ð103Þ

where F̃MN ¼ ∂MṼN − ∂NṼM ¼ FV
MN , while Ãð3Þ

MN ¼ ∂MÃ
ð3Þ
N − ∂NÃ

ð3Þ
M is only the noninteracting portion of Fð3Þ

MN .
To show explicitly how gauge invariance works in this case, it is useful to write explicitly the decomposition of the five-

dimensional vector fields in their four-dimensional vector and scalar components. To do so, we use the compact notation

ṼA
M ¼ fṼM; Ã

ð3Þ
M g and HAB ¼ diagð1

4
e8χ ; e2χ−2ϕÞ, use the ansatz for the five-dimensional metric, perform a Fourier

transformation in the xμ coordinates that introduces the momentum qμ in place of the derivatives, and, after some
integrations by parts, write

SV ¼
Z

d4qdr

�
HAB

�
−
1

2
ṼA
μ ð−qÞq2PμνṼB

ν ðqÞ −
1

2
e2AðrÞq2ṼA

5 ð−qÞṼB
5 ðqÞ

	
þ 1

2
ṼA
μ ð−qÞημν½∂rðHABe2AðrÞ∂rṼB

ν ðqÞÞ�

þ
X
i¼1;2

ð−Þiδðr − riÞ
�
−
1

2
HABe2AðrÞṼA

μ ð−qÞημν∂rṼB
ν ðqÞ

	
−
1

2
½iqμṼA

μ ð−qÞ∂rðHABe2AðrÞṼB
5 ðqÞÞ þ ðq ↔ −qÞ�

þ
X
i¼1;2

ð−Þiδðr − riÞ
�
i
2
qμṼA

μ ð−qÞðHABe2AðrÞṼB
5 ðqÞÞ þ ðq ↔ −qÞ

	
−
1

2
e2AðrÞe2χ−2ϕημνṼμð−qÞṼνðqÞð∂rAð3Þ

6 Þ2

−
1

2
e2AðrÞ∂rA

ð3Þ
6 e2χ−2ϕημνðiqνṼμð−qÞÃð3Þ

5 ðqÞ − Ṽμð−qÞ∂rÃð3Þ
ν ðqÞ þ ðq ↔ −qÞÞ

�
: ð104Þ
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Here, Pμν ≡ ημν − qμqν

q2 is the transverse momentum projector that satisfies the relation Pμνqν ¼ 0. The boundary terms are

remnants of the integrations by parts.
Recalling that the matrix HAB is diagonal, we notice that the third, fourth, and fifth terms in the right-hand side of

Eq. (104) are the familiar ones, appearing in the Kaluza-Kline decomposition of a vector, because we are considering the
holographic direction as separate from the Minkowski directions. In addition, we observe the presence of mixing terms
between the vector field that arose as a graviphoton from the circle compactification, Ṽμ, and the (pseudo)scalar associated

with the Abelian gauge field, Ãð3Þ
5 , as can be seen in the last term of Eq. (104). Loosely speaking, Ãð3Þ

5 is the field component

that is Higgsed into Ṽμ due to the emergence of a nontrivial background value of Að3Þ
6 . The mixing terms between spin-1 and

spin-0 field components in the bulk of the geometry can be eliminated by supplementing the bulk action with the following
gauge-fixing terms:

Sξ ¼
Z

d4qdr
X

A¼V;Að3Þ

�
−
HAA

2ξ

�
qνṼA

ν ð−qÞ þ i
ξ

HAA
∂rðHAAe2AðrÞṼA

5 ð−qÞÞ þ i
ξ

HAA
δVAe

2AðrÞ
∂rA

ð3Þ
6 e2χ−2ϕÃð3Þ

5 ð−qÞ
�

×

�
qμṼA

μ ðqÞ − i
ξ

HAA
∂rðHAAe2AðrÞṼA

5 ðqÞÞ − i
ξ

HAA
δVAe

2AðrÞ
∂rA

ð3Þ
6 e2χ−2ϕÃð3Þ

5 ðqÞ
�	

: ð105Þ

By adding these gauge fixing terms, the action for the vector sector is

SV þ Sξ ¼
Z

d4qdr

�
−
HAB

2
ṼA
μ ð−qÞq2

�
Pμν þ 1

ξ

qμqν

q2

�
ṼB
ν ðqÞ þ

1

2
ṼA
μ ð−qÞ

�
Pμν þ qμqν

q2

�
∂rðHABe2AðrÞ∂rṼB

ν ðqÞÞ

−
1

2
e2Ae2χ−2ϕð∂rAð3Þ

6 Þ2Ṽμð−qÞ
�
Pμν þ qμqν

q2

�
ṼνðqÞ þ

1

2
e2A∂rA

ð3Þ
6 e2χ−2ϕ

�
Ṽμð−qÞ

�
Pμν þ qμqν

q2

�
∂rÃ

ð3Þ
ν ðqÞ

þ ðq ↔ −qÞ
	
−
1

2
e2AðrÞHABq2ṼA

5 ð−qÞṼB
5 ðqÞ −

X
A¼V;Að3Þ

ξ

2HAA
∂rðHAAe2AṼA

5 ð−qÞÞ∂rðHAAe2AṼA
5 ðqÞÞ

−
ξ

2
ðe2A∂rAð3Þ

6 Þ2 e
2χ−2ϕ

HVV
Ãð3Þ
5 ð−qÞÃð3Þ

5 ðqÞ þ ξ

2
e2A

e2χ−2ϕ

HVV
∂rA

ð3Þ
6 ð∂rðHVVe2AṼ5ð−qÞÞÃð3Þ

5 ðqÞ − ðq ↔ −qÞÞ

þ
X
i¼1;2

ð−Þiδðr − riÞ
�
−
1

2
HABe2AðrÞṼA

μ ð−qÞ
�
Pμν þ qμqν

q2

�
∂rṼB

ν ðqÞ
	

þ
X
i¼1;2

ð−Þiδðr − riÞ
�
i
2
qμṼA

μ ð−qÞðHABe2AðrÞṼB
5 ðqÞÞ þ ðq ↔ −qÞ

	�
: ð106Þ

The last term in Eq. (106) requires one to complement the bulk gauge-fixing action with boundary-localized gauge fixing
terms:

SM ¼
Z

d4qdr
X
i¼1;2

ð−1Þiδðr − riÞ
X

A¼V;Að3Þ

�
−

1

2Mi
ðqμṼA

μ ð−qÞ − iMiHAAe2AðrÞṼA
5 ð−qÞÞ

× ðqνṼA
ν ðqÞ þ iMiHAAe2AðrÞṼA

5 ðqÞÞ
	
: ð107Þ
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Finally, the gauge-fixed action for the spin-1 sector is the following:

SV þ Sξ þ SM ¼
Z

d4qdr

�
−
HAB

2
ṼA
μ ð−qÞq2

�
Pμν þ 1

ξ

qμqν

q2

�
ṼB
ν ðqÞ þ

1

2
ṼA
μ ð−qÞ

�
Pμν þ qμqν

q2

�
∂rðHABe2AðrÞ∂rṼB

ν ðqÞÞ

−
1

2
e2Ae2χ−2ϕð∂rAð3Þ

6 Þ2Ṽμð−qÞ
�
Pμν þ qμqν

q2

�
ṼνðqÞ þ

1

2
e2A∂rA

ð3Þ
6 e2χ−2ϕ

�
Ṽμð−qÞ

�
Pμν þ qμqν

q2

�
∂rÃ

ð3Þ
ν ðqÞ

þ ðq ↔ −qÞ
	
−
1

2
e2AðrÞHABq2ṼA

5 ð−qÞṼB
5 ðqÞ−

X
A¼V;Að3Þ

ξ

2HAA
∂rðHAAe2AṼA

5 ð−qÞÞ∂rðHAAe2AṼA
5 ðqÞÞ

−
ξ

2
ðe2A∂rAð3Þ

6 Þ2 e
2χ−2ϕ

HVV
Ãð3Þ
5 ð−qÞÃð3Þ

5 ðqÞ þ ξ

2
e2A

e2χ−2ϕ

HVV
∂rA

ð3Þ
6 ð∂rðHVVe2AṼ5ð−qÞÞÃð3Þ

5 ðqÞ − ðq↔ −qÞÞ

þ
X
i¼1;2

ð−Þiδðr− riÞ
�
−
1

2
HABe2AðrÞṼA

μ ð−qÞ
�
Pμν þ qμqν

q2

�
∂rṼB

ν ðqÞ
	

þ
X
i¼1;2

ð−Þiδðr− riÞ
�
−

1

2Mi
ðqμqνδABṼA

μ ð−qÞṼB
ν ðqÞÞ−

Mi

2
ðHABÞ2e4AðrÞṼA

5 ð−qÞṼB
5 ðqÞ

	�
: ð108Þ

The physical spectrum for spin-1 states is obtained by focusing on the transverse part of the vector fields, containing
PμνVA

ν , while ignoring terms containing ṼA
5 and qμqνṼA

ν that are now decoupled from the former. By taking variations with

respect to Ãð3Þ
μ , we find that the pertinent classical equations of motion and boundary conditions are

0 ¼
�
−
1

2
e2χ−2ϕq2 þ 1

2
∂rðe2χ−2ϕþ2A

∂rÞ
	
PμνÃνðq; rÞ −

1

2
∂r

�
ðe2χ−2ϕþ2A

∂rA
ð3Þ
6 ÞPμνṼνðq; rÞ

	
; ð109Þ

0 ¼
�
−
1

2
e2χ−2ϕþ2A

∂r

	
PμνÃνðqÞ

����
r¼ri

þ
�
1

2
e2χ−2ϕþ2A

∂rA
ð3Þ
6

	
PμνṼνðqÞ

����
r¼ri

: ð110Þ

By taking variations in Ṽμ, we arrive at

0 ¼
�
−
1

8
e8χq2 þ 1

8
∂rðe8χþ2A

∂rÞ −
1

2
e2χ−2ϕþ2Að∂rAð3Þ

6 Þ2
	
PμνṼνðq; rÞ þ

�
1

2
e2χ−2ϕþ2A

∂rA
ð3Þ
6 ∂r

	
PμνÃνðq; rÞ; ð111Þ

0 ¼
�
−
1

8
e8χþ2A

∂r

	
PμνṼνðq; rÞ

����
r¼ri

: ð112Þ

Upon making the replacement q2 ¼ −M2, and simplifying common terms, the physical equations of motion and the
corresponding boundary conditions for the vector fluctuations take the final form:

0 ¼ ½e−2AM2 þ 2ð∂rχ − ∂rϕþ ∂rAÞ∂r þ ∂
2
r �PμνÃν − ½2ð∂rχ − ∂rϕþ ∂rAÞð∂rAð3Þ

6 Þ þ ∂
2
rA

ð3Þ
6 þ ð∂rAð3Þ

6 Þ∂r�PμνṼν; ð113Þ

0 ¼ −∂r½PμνÃνðqÞ�jr¼ri þ ½∂rAð3Þ
6 �PμνṼνðqÞjr¼ri

; ð114Þ

0 ¼ ½e−2AM2 − 4e−6χ−2ϕð∂rAð3Þ
6 Þ2 þ ð8∂rχ þ 2∂rAÞ∂r þ ∂

2
r �PμνṼν þ ½4e−6χ−2ϕð∂rAð3Þ

6 Þ∂r�PμνÃν; ð115Þ

0 ¼ ∂r½PμνṼνðq; rÞ�jr¼ri : ð116Þ

As for the scalars, the procedure we apply in our numerical calculations of the spectrum contains an additional step, with
respect to the case of the tensors. We introduce the same cutoffs, ϱ1 and ϱ2, as regulators, but rather than imposing the
boundary conditions on the fields at these finite cutoffs, we perform expansions of the IR and UVasymptotic behavior of the
solutions, which we report in Appendix B, and impose the boundary conditions on said expansions, which amounts to
retaining only the subleading terms. We then use the values of the expansions, evaluated at ϱ1 and ϱ2, to set up the numerical
evolution of the linearized equations, and apply again the mid-determinant method to identify the physical spectrum, M2.
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D. Discussion and probe approximation

The spectrum of gauge-invariant fluctuations of the
soliton backgrounds with nontrivial flux, which correspond
to physical bound states in the dual field theory, is provided
in Fig. 4. The masses are shown as a function of ϱ0, over the
whole parameter space. We normalize the masses of the
bound states to that of the lightest spin-2 excitation, M2,
which is a good proxy for the confinement scale, as
discussed earlier in the paper. The general appearance of
the spectrum of heavy modes is the one expected from
supergravity; for generic values of the parameter ϱ0 and for
masses larger thanM2, we observe the presence of six towers
of states, each tower comprising excitations that have a
common periodicity, Oð0.6M2Þ. The six towers correspond
to the fluctuations of the three scalars, two vectors, and one
tensor retained in the truncation. We note that one of the
scalars is approximately degenerate with the tensor, making
it difficult to render graphically in the figure.
There are several interesting features appearing in the

lightest excitations. For generic values of ϱ0, we find a near-
degenerate pair of spin-0 states to be the lightest states in
the spectrum. One of the spin-1 states is also lighter than
M2. Interestingly, when approaching the lower limit of the
parameter space, ϱ0 →

3
4
, several qualitatively new features

appear. First, the mass of the two lightest scalars is
suppressed, with respect to M2, and appears to vanish in
the limit ϱ0 →

3
4
. Second, two of the scalar towers become

approximately degenerate. This might be related to sym-
metry enhancement, but unfortunately the limiting case
ϱ0 ¼ 3

4
is singular. Understanding the features of the

spectrum in this region of parameter space may require
going beyond the supergravity approximation. We hence
defer further commenting on the range of ϱ0 in close
proximity to its lower extremum, except for observing that
a similar behavior has been observed also near one of the
two critical points of the theory discussed in Ref. [172] (see
bottom-left corner of Fig. 6 in that publication).
For generic values of ϱ0, the two lightest scalars have

mass in the range ð0.3 − 0.6ÞM2, suppressed, but not
parametrically, with respect to the rest of the spectrum. It
is interesting to investigate the nature of these two scalars.
We do so by repeating the calculation of the spectrum of
scalars using the probe approximation, as defined in
Ref. [83]. The starting point of the analysis is the observation
that the gauge-invariant scalar fluctuation, aa, defined in
Eq. (A13), contains a component along the trace of the
metric, h, and that the coefficient controlling the mixing
effects is proportional to the derivative of the scalar field
evaluated on the background. Hence, for scalar fluctuations
related to scalars that do not affect the background geometry
via their background profile, this term can be neglected. In
the dual language of field theory, h is related to the trace of
the stress-energy tensor, or the dilatation operator. The probe
approximation consists of explicitly neglecting the

contribution of h to aa, hence, assuming that the dilatation
operator cannot source the corresponding state.
We report in Appendix A 1 a the general form of the

equations for the scalars in probe approximation, lifted from
Ref. [83]. Wewrite explicitly the form of the equations in the
backgrounds of interest in Appendix A 2. We performed the
numerical calculation of the spectrum in the probe approxi-
mation using the improvement given by imposing the
boundary conditions on the UV and IR expansions of the
fluctuations, and matching them with the numerical solu-
tions of the differential equations evaluated at the cutoffs ϱ1
and ϱ2, along the lines of the process adopted for the gauge-
invariant scalar and vector fluctuations. We report the form
of the relevant expansions in Appendix B.
We show our results in Fig. 5, in which we compare the

correct results for the spectrum of scalars, normalized to the
lightest spin-2 state, with the results of the probe approxi-
mation. As expected, for most of the scalar fluctuations,
and in the largest part of the parameter space of the theory,
the probe approximation provides reasonably good esti-
mates of the spectrum. But there are two important
exceptions. First, we notice that the second-lightest state
of the theory is never reproduced well. Even for the largest
possible values of ϱ0, for which all other scalar states have
masses that are close to the approximation, this special state
has mass that is half of the estimate coming from the probe

FIG. 5. Spectrum of masses, M2=jMj, of the gauge-invariant
scalar fluctuations of the soliton backgrounds with nontrivial flux
(dual to confining field theories) expressed in units of the mass of
the lightest tensor in the spectrum, M2. The scalar states, arising
as the three gauge-invariant combinations of the fluctuations of
the three scalars together with the trace of the metric, are in blue.
We compare the results with those of applying the probe
approximation to the same states, depicted in orange. This
approximation consists of explicitly neglecting the mixing of
the fluctuation of the background scalars with the trace of the
metric, and, hence, ignoring the effect of the dilaton operator in
the field theory. The numerical solution of the fluctuation
equations is performed using IR and UV cutoffs set to ϱ1 ¼
ϱ0 þ 10−7 and ϱ2 ¼ ϱ0 þ 10, respectively.
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approximation. This feature persists over the whole param-
eter space, and becomes dramatic for ϱ0 ¼ ϱmin

0 ≲ 0.785, in
which case the probe approximation yields an unphysical
tachyon. The inevitable conclusion of this analysis is that
the second to lightest scalar state (and not the lightest) is a
dilaton, the PNGB associated with the spontaneous break-
ing of scale invariance.
Second, we notice that for ϱ0 ≲ ϱmin

0 other pathological
behaviors develop in the probe approximation besides the
appearance of a dilaton. In this extreme region of parameter
space, both the lightest scalars, which are almost degen-
erate in mass, have mass that is not reproduced in the probe
approximation. But also the heavier states show visible
discrepancies, even the approximate degeneracies being
reproduced only poorly. We conclude that in this region of
parameter space mixing effects are important for the whole
spectrum of scalars, all of which couple to the dilatation
operator in the dual field theory. As discussed above, in this
region we also expect the supergravity approximation to be
less reliable, and hence, we take the value ϱ0 ∼ ϱmin

0 , at
which a tachyon appears in the probe approximation, as an
estimate of the lower value of ϱ0 for which the soliton
solutions with nontrivial flux can be trusted to yield
physically reliable information about the observables in
the confining dual field theory.

V. SUMMARY AND OUTLOOK

We have reported our results for an extensive stability
analysis of the new class of supergravity solutions recently
constructed and reported in Ref. [107]. The backgrounds
arise in the context of Romans half-maximal supergravity
in six dimensions. They are characterized by the compac-
tification of one of the external directions of the geometry
on a circle. The diagonal, Uð1Þ subgroup of the SUð2Þ
gauge theory develops a nontrivial flux along this compact
direction. We confirmed that this construction gives rise to
a one-parameter family of new solutions that can be labeled
by the value of the end of space, 3

4
≤ ϱ0 ≤ 9

10
, expressed in a

particularly convenient choice of variable for the holo-
graphic direction of the geometry. In this variable, the
background solutions can be written in analytical, closed
form. The corresponding background geometries are
smooth and regular, except for the extreme ϱ0 →

3
4
. We

confirmed that these solutions correspond to confining field
theories with vacuum free energy lower than the associated
conformal field theories obtained with the same deforma-
tion parameters. The only exception is the case ϱ0 ¼ 3

4
, for

which both (inequivalent) confining and conformal vacua
have vanishing free energy. The coexistence of phases is a
strong indication of the existence of a first-order phase
transition.
We performed a local stability analysis by computing the

spectrum of fluctuations of the fields retained in the
subtruncation of gravity theory that we described in the

main body of the paper. The results for the fluctuations are
interpreted in terms of the mass spectrum of bound states of
the dual field theory. We found evidence of the existence of
two, nearly degenerate scalar bound states with mass lower
than the typical scale of all other states, and of the
confinement scale that we identify with M2, the mass of
the lightest spin-2 state. We find that the next-to-lightest
state behaves as a dilaton, while the lightest state does not,
by repeating the calculation of the spectrum in the probe
approximation. We also find that the probe approximation
yields an unphysical tachyon for ϱ0 ≲ ϱmin

0 ∼ 0.785, which
we take as an estimate of the lowest value of ϱ0 for which
the supergravity approximation can be trusted. In the whole
region of parameter space, ϱmin

0 ≲ ϱ0 ≤ 9=10, over which
our analysis yields reliable estimates of the field theory
observables, we find that the two lightest scalars (one of
which is identified with the dilaton) have near-degenerate
masses, in the range ð0.3 − 0.6ÞM2.
As anticipated in the Introduction, this top-down holo-

graphic construction exemplifies a behavior that resembles,
in many respects, those presented by the theories discussed
in Refs. [166–170]. The presence of a first-order phase
transition appears to be related with anOð1Þ suppression of
the mass of the dilaton in the spectrum of bound states. But
this suppression is neither parametrically nor numerically a
large effect. This study also presents some new, unexpected
feature, in the fact that the dilaton is not the lightest state
anywhere in parameter space, as an additional scalar
particle with near-degenerate but smaller mass is also
present. Furthermore, evidence of mixing between these
two states and of parametric suppression of the mass
appears in a high-curvature region of the parameter space.
It would be interesting to resolve the singularity that

appears for the one background at the end of the one-
parameter family of solutions discussed in this paper.
Doing so might require considering a more general ansatz
for the metric, the sigma-model scalars, and the fluxes,
which might prove challenging. An alternative way to
further develop this study in the future would be to
understand whether it is possible to generalize the family
of solutions to explore a region of parameter space in which
the background is weakly curved and regular, yet the phase
transition is weaker. It should be possible to do so by
turning on small deformations of the background, with the
parameter ϕα ≠ 0, for intermediate values of ϱ0 away from
singularities. This process is reminiscent of what happens
when adding (heavy) fermion matter fields to Yang-Mills
theories on the lattice, in which case it is expected that the
first-order phase transition softens into a critical line with
an end point, followed by a crossover. Finally, the same
construction exploited here, generalizing the mechanism
for confinement of Witten’s model [5] by adding a non-
trivial Abelian flux [104], can be explored in other theories
and in other dimensions. It would be useful to have a
complete classification of what are the physical
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implications of such a procedure. We leave these tasks for
future investigation.
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APPENDIX A: SIGMA-MODEL AND GAUGE
INVARIANCE

In this Appendix, we repeat the equations governing a
general sigma-model of n scalars coupled to gravity,
including in the action terms with up to two spacetime
derivatives, borrowing material from Refs. [75–83,180,188].
In D spacetime dimensions,3 the sigma-model action, for
real scalar fields Φa, with a ¼ 1;…; n, can be written as

SD ¼
Z

dDx
ffiffiffiffiffiffiffiffiffi
−gD

p �
R
4
−
1

2
gMNGab∂MΦa

∂NΦb−VðΦaÞ
�
;

where Gab is the sigma-model metric, acting on the internal
space, while VðΦaÞ is a scalar potential. For gravity, we
adopt conventions in which the Christoffel symbols are
defined by the relations

ΓP
MN ≡ 1

2
gPQð∂MgNQ þ ∂NgMQ − ∂QgMNÞ: ðA1Þ

The tensors entering gravity formalism are defined from
these, in the following way. The Riemann tensor is

RMNP
Q ≡ ∂NΓQ

MP − ∂MΓQ
NP þ ΓS

MPΓQ
SN − ΓS

NPΓQ
SM;

ðA2Þ

the Ricci tensor is obtained by contracting the indices, as
RMN ¼ RMPN

P, and the Ricci scalar is R ¼ RMNgMN .
In analogy with gravity, one introduces the sigma-model

connection that descends from the sigma-model metric,

Gab, its inverse, Gab, and the sigma-model derivative,
∂b ¼ ∂

∂Φb, as follows:

Gd
ab ≡ 1

2
Gdc



∂aGcb þ ∂bGca − ∂cGab

�
: ðA3Þ

The sigma-model Riemann tensor, capturing the curvature
of the internal sigma-model space, is

Ra
bcd ≡ ∂cGa

bd − ∂dGa
bc þ Ge

bdGa
ce − Ge

bcGa
de: ðA4Þ

The sigma-model covariant derivative is then

DbXd
a ≡ ∂bXd

a þ Gd
cbXc

a − Gc
abXd

c: ðA5Þ

We write the domain-wall ansatz for the metric in the
following form:

ds2D ¼ e2Adx21;D−2 þ dr2; ðA6Þ

where the background is characterized by the function
A ¼ AðrÞ, dependent only on the holographic direction in
the geometry. The shorthand dx21;D−2 stands for the flat
Minkowski metric in D − 1 dimensions, with the
Lorentzian signature mostly þ. Likewise, the background
scalar fields have nontrivial profiles that depend only on the
holographic direction, as Φa ¼ ΦaðrÞ. The background
equations take the following form:

∂
2
rΦa þ ðD − 1Þ∂rA∂rΦa þ Ga

bc∂rΦb
∂rΦc − Va ¼ 0;

ðA7Þ

ðD − 1Þð∂rAÞ2 þ ∂
2
rAþ 4

D − 2
V ¼ 0; ðA8Þ

ðD − 1ÞðD − 2Þð∂rAÞ2 − 2Gab∂rΦa
∂rΦb þ 4V ¼ 0;

ðA9Þ

where we use the shorthand notation Va ≡Gab
∂bV

and ∂bV ≡ ∂V
∂Φb.

1. Gauge-invariant formalism for the fluctuations

The equations that govern the gauge-invariant treat-
ment of the fluctuations are taken from Refs. [75–83].
We rewrite the general scalar, Φa, by splitting it in
background and (small) fluctuations, following Refs.
[75–79], to read

Φaðxμ; rÞ ¼ ΦaðrÞ þ φaðxμ; rÞ; ðA10Þ

where φaðxμ; rÞ are small fluctuations around the back-
ground solutions, ΦaðrÞ. After foliating the holographic
direction as in the ADM formalism [185,186], the metric
reads as follows:

3In the body of this paper, we set D ¼ 5, though we also
include some vector fields in addition to the scalars.
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ds2D ¼ ðð1þ νÞ2 þ νσν
σÞdr2 þ 2νμdxμdr

þ e2AðrÞðημν þ hμνÞdxμdxν; ðA11Þ

where we decompose the fluctuations of the metric in
D − 1 dimensions in terms of fields νðxμ; rÞ, νμðxμ; rÞ,
eμνðxμ; rÞ, ϵμðxμ; rÞ, Hðxμ; rÞ, and hðxμ; rÞ, defined so
that

hμν ≡ eμν þ iqμϵν þ iϵμqν þ
qμqν
q2

H þ 1

D − 2
δμνh:

ðA12Þ

(In the body of the paper, we specify that D ¼ 5.) In
these expressions, the gauge-invariant, vector field,
ϵμðxμ; rÞ, and the traceless tensor, eμνðxμ; rÞ, are trans-
verse. Following Refs. [76,77], the other gauge-invariant
combinations of the fluctuations are given by

aa ≡ φa −
∂rΦa

2ðD − 2Þ∂rA
h; ðA13Þ

b≡ ν − ∂r

�
h

2ðD − 2Þ∂rA
�
; ðA14Þ

c≡ e−2A∂μνμ −
e−2Aq2h

2ðD − 2Þ∂rA
−
1

2
∂rH; ðA15Þ

dμ ≡ e−2APμ
νν

ν − ∂rϵ
μ: ðA16Þ

The algebraic equations obeyed by b, c, and d allow one
to decouple them, and they do not lead to a spectrum of
mass eigenstates.
In our numerical calculations, we assume the holo-

graphic direction to be bounded, as in r1 < r < r2. It is
understood that the limits r1 → r0 and r2 → þ∞ are taken
at the end of the calculation, to remove the spurious
dependence on the regulators. The tensor fluctuations,
eμν, obey comparatively simple differential equations:

½∂2r þ ðD − 1Þ∂rA∂r − e−2AðrÞq2�eμν ¼ 0; ðA17Þ

and their (Neumann) boundary conditions are given by

∂reμνjr¼ri ¼ 0: ðA18Þ

The equations of motion for the scalar fluctuations, aa,
are the following:

0¼ ½D2
r þ ðD− 1Þ∂rADr − e−2Aq2�aa

−
�
Vajc −Ra

bcd∂rΦb
∂rΦd þ 4ð∂rΦaVb þVa

∂rΦbÞGbc

ðD− 2Þ∂rA

þ 16V∂rΦa
∂rΦbGbc

ðD− 2Þ2ð∂rAÞ2
	
ac; ðA19Þ

where q2 ¼ ημνqμqν ¼ −M2, the background covariant
derivative is Draa ≡ ∂raa þ Ga

bc∂rΦbac, and Vajb≡
∂Va

∂Φb þ Ga
bcVc. The boundary conditions are [79]

2e2A∂rΦa

ðD − 2Þq2∂rA
�
∂rΦbDr −

4V∂rΦb

ðD − 2Þ∂rA
− Vb

	
ab

����
ri

¼ aa
����
ri

:

ðA20Þ

a. Probe approximation

The probe approximation in use in the body of the paper
is defined in Ref. [83] and relies on the assumption that the
general gauge-invariant scalar fluctuation can be expanded
in a power series of the small quantities, ∂rΦa

∂rA
≪ 1, that

control the mixing between the fluctuations of the sigma-
model scalars, φa, and the trace of the metric, h, in
Eq. (A13). By truncating at the leading order, the equations
written in the probe approximation simplify, to read

0 ¼
h
D2

r þ 4∂rADr − e−2Aq2
i
pa

−
h
Vajc −Ra

bcd∂rΦb
∂rΦd

i
pc; ðA21Þ

where we denoted the relevant variable as pa, rather than
aa, to avoid confusion. The boundary conditions reduce
to Dirichlet: pajri ¼ 0. In the numerical calculations, we
find it convenient to change the variable describing the
holographic direction from r to ϱ, as we have the
background fields written as a simple function of the
coordinate ϱ.

2. Equations of motion for fluctuations

In this Appendix, we write explicitly the equations of
motion for the fluctuations of the scalars, both in gauge-
invariant form and in the probe approximation. For sim-
plicity, we write the equation in the coordinate r, although
in the numerical study we performed we used the change of
variable to ϱ. We also find it convenient to denote
derivatives with respect to r with primed functions, so that
A0ðrÞ≡ ∂rAðrÞ, A00ðrÞ≡ ∂

2
rAðrÞ, and similarly for all other

functions. We performed the replacement q2 ¼ −M2.
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a. Gauge-invariant scalar fluctuations

The coupled, second-order, linear differential equations obeyed by the three gauge-invariant combinations of scalar
fluctuations, aϕ, aχ , and aA6 , are the following:

1

162A0ðrÞ2 e
−2ðAðrÞþ4ðχðrÞþϕðrÞÞÞðe2AðrÞð81A0ðrÞ2e2χðrÞþ6ϕðrÞð2aϕ00ðrÞe6χðrÞþ2ϕðrÞ þ2aA60ðrÞAð3Þ0

6 ðrÞ

þaA6ðrÞðAð3Þ00
6 ðrÞ−2Að3Þ0

6 ðrÞð3χ0ðrÞþϕ0ðrÞÞÞÞþ324A0ðrÞ3e2χðrÞþ6ϕðrÞð2aϕ0ðrÞe6χðrÞþ2ϕðrÞ þaA6ðrÞAð3Þ0
6 ðrÞÞ

−6aχðrÞe2ðχðrÞþϕðrÞÞð9A0ðrÞ2ð9e4ϕðrÞAð3Þ0
6 ðrÞ2þ2e4χðrÞð−4e4ϕðrÞ þ3e8ϕðrÞ þ1ÞÞ

þ8e4χðrÞA0ðrÞðð12e4ϕðrÞ þ9e8ϕðrÞ−1Þϕ0ðrÞ−9ð−4e4ϕðrÞ þ3e8ϕðrÞ þ1Þχ0ðrÞÞ−32e4χðrÞð12e4ϕðrÞ þ9e8ϕðrÞ−1Þχ0ðrÞϕ0ðrÞÞ
þ72aA6ðrÞð−4e4ϕðrÞ þ3e8ϕðrÞ þ1ÞA0ðrÞAð3Þ0

6 ðrÞþ32aA6ðrÞð12e4ϕðrÞ þ9e8ϕðrÞ−1ÞAð3Þ0
6 ðrÞϕ0ðrÞÞ

þ2aϕðrÞe2ðχðrÞþϕðrÞÞð27A0ðrÞ2ðe4χðrÞð8e2AðrÞþ4ϕðrÞ þ6e2AðrÞþ8ϕðrÞ−6e2AðrÞ þ3M2e2χðrÞþ6ϕðrÞÞ
−3e2AðrÞþ4ϕðrÞAð3Þ0

6 ðrÞ2Þþ144ð−4e4ϕðrÞ þ3e8ϕðrÞ þ1Þe2AðrÞþ4χðrÞA0ðrÞϕ0ðrÞ
þ32ð12e4ϕðrÞ þ9e8ϕðrÞ−1Þe2AðrÞþ4χðrÞϕ0ðrÞ2ÞÞ¼ 0; ðA22Þ

1

162A0ðrÞ2 e
−2ðAðrÞþ4ðχðrÞþϕðrÞÞÞð−2aϕðrÞe2ðAðrÞþχðrÞþϕðrÞÞð9A0ðrÞ2ð9e4ϕðrÞAð3Þ0

6 ðrÞ2þ2e4χðrÞð−4e4ϕðrÞ þ3e8ϕðrÞ þ1ÞÞ

þ8e4χðrÞA0ðrÞðð12e4ϕðrÞ þ9e8ϕðrÞ−1Þϕ0ðrÞ−9ð−4e4ϕðrÞ þ3e8ϕðrÞ þ1Þχ0ðrÞÞ−32e4χðrÞð12e4ϕðrÞ þ9e8ϕðrÞ−1Þχ0ðrÞϕ0ðrÞÞ
þe2AðrÞð81A0ðrÞ2e2χðrÞþ6ϕðrÞð2aχ00ðrÞe6χðrÞþ2ϕðrÞ þ2aA60ðrÞAð3Þ0

6 ðrÞþaA6ðrÞðAð3Þ00
6 ðrÞ−2Að3Þ0

6 ðrÞð3χ0ðrÞþϕ0ðrÞÞÞÞ
þ324A0ðrÞ3e2χðrÞþ6ϕðrÞð2aχ0ðrÞe6χðrÞþ2ϕðrÞ þaA6ðrÞAð3Þ0

6 ðrÞÞ−8aA6ðrÞð12e4ϕðrÞ þ9e8ϕðrÞ−1ÞA0ðrÞAð3Þ0
6 ðrÞ

þ32aA6ðrÞð12e4ϕðrÞ þ9e8ϕðrÞ−1ÞAð3Þ0
6 ðrÞχ0ðrÞÞþ6aχðrÞe2ðχðrÞþϕðrÞÞðA0ðrÞ2ðe4χðrÞð24e2AðrÞþ4ϕðrÞ

þ18e2AðrÞþ8ϕðrÞ−2e2AðrÞ þ27M2e2χðrÞþ6ϕðrÞÞ−81e2AðrÞþ4ϕðrÞAð3Þ0
6 ðrÞ2Þ−16ð12e4ϕðrÞ þ9e8ϕðrÞ−1Þe2AðrÞþ4χðrÞA0ðrÞχ0ðrÞ

þ32ð12e4ϕðrÞ þ9e8ϕðrÞ−1Þe2AðrÞþ4χðrÞχ0ðrÞ2ÞÞ¼ 0; ðA23Þ

4A0ðrÞð−aϕðrÞAð3Þ0
6 ðrÞ − 3aχðrÞAð3Þ0

6 ðrÞ þ aA60ðrÞ − 3aA6ðrÞχ0ðrÞ − aA6ðrÞϕ0ðrÞÞ

þ 1

81A0ðrÞ2 ð16ð12e
4ϕðrÞ þ 9e8ϕðrÞ − 1ÞAð3Þ0

6 ðrÞe−8ðχðrÞþϕðrÞÞ × ð2e6χðrÞþ2ϕðrÞðaϕðrÞϕ0ðrÞ þ 3aχðrÞχ0ðrÞÞ

þ aA6ðrÞAð3Þ0
6 ðrÞÞÞ þ 8Að3Þ0

6 ðrÞe−2ðχðrÞþ3ϕðrÞÞð3aϕðrÞð−4e4ϕðrÞ þ 3e8ϕðrÞ þ 1Þ − aχðrÞð12e4ϕðrÞ þ 9e8ϕðrÞ − 1ÞÞ
27A0ðrÞ

þM2e−2AðrÞaA6ðrÞ − 2aϕ0ðrÞAð3Þ0
6 ðrÞ − aϕðrÞAð3Þ00

6 ðrÞ þ 6aϕðrÞAð3Þ0
6 ðrÞχ0ðrÞ þ 2aϕðrÞAð3Þ0

6 ðrÞϕ0ðrÞ
− 6aχ0ðrÞAð3Þ0

6 ðrÞ − 3aχðrÞAð3Þ00
6 ðrÞ þ 18aχðrÞAð3Þ0

6 ðrÞχ0ðrÞ þ 6aχðrÞAð3Þ0
6 ðrÞϕ0ðrÞ þ aA600ðrÞ

− 6aA60ðrÞχ0ðrÞ − 2aA60ðrÞϕ0ðrÞ − 2aA6ðrÞAð3Þ0
6 ðrÞ2e−2ð3χðrÞþϕðrÞÞ − 3aA6ðrÞχ00ðrÞ

− aA6ðrÞϕ00ðrÞ þ 4

9
aA6ðrÞð6e4ϕðrÞ − 1Þe−2ðχðrÞþ3ϕðrÞÞ ¼ 0: ðA24Þ

The gauge-invariant scalar fluctuations obey the following boundary conditions, which we impose at the cutoffs r1 (in the
IR) and r2 (in the UV), along the holographic direction:
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2

27
e2AðrÞϕ0ðrÞ

�
4ð12e4ϕðrÞ þ 9e8ϕðrÞ − 1Þe−8ðχðrÞþϕðrÞÞð2e6χðrÞþ2ϕðrÞðaϕðrÞϕ0ðrÞ þ 3aχðrÞχ0ðrÞÞ þ aA6ðrÞAð3Þ0

6 ðrÞÞ
A0ðrÞ þ 54ϕ0ðrÞ

×

�
aϕ0ðrÞ þ 1

2
aA6ðrÞAð3Þ0

6 ðrÞe−2ð3χðrÞþϕðrÞÞ
�
− 27Að3Þ0

6 ðrÞe−2ð3χðrÞþϕðrÞÞðaϕðrÞAð3Þ0
6 ðrÞ

þ 3aχðrÞAð3Þ0
6 ðrÞ − aA60ðrÞ þ 3aA6ðrÞχ0ðrÞ þ aA6ðrÞϕ0ðrÞÞ þ 18aϕðrÞð−4e4ϕðrÞ þ 3e8ϕðrÞ þ 1Þe−2ðχðrÞþ3ϕðrÞÞ

þ 162χ0ðrÞ
�
aχ0ðrÞ þ 1

2
aA6ðrÞAð3Þ0

6 ðrÞe−2ð3χðrÞþϕðrÞÞ
�

−6aχðrÞð12e4ϕðrÞ þ 9e8ϕðrÞ − 1Þe−2ðχðrÞþ3ϕðrÞÞ
�
þ 3M2aϕðrÞA0ðrÞ

����
r¼ri

¼ 0; ðA25Þ

2

27
e2AðrÞχ0ðrÞ

�
4ð12e4ϕðrÞ þ 9e8ϕðrÞ − 1Þe−8ðχðrÞþϕðrÞÞð2e6χðrÞþ2ϕðrÞðaϕðrÞϕ0ðrÞ þ 3aχðrÞχ0ðrÞÞ þ aA6ðrÞAð3Þ0

6 ðrÞÞ
A0ðrÞ

þ 54ϕ0ðrÞ
�
aϕ0ðrÞ þ 1

2
aA6ðrÞAð3Þ0

6 ðrÞe−2ð3χðrÞþϕðrÞÞ
�
− 27Að3Þ0

6 ðrÞe−2ð3χðrÞþϕðrÞÞðaϕðrÞAð3Þ0
6 ðrÞ

þ 3aχðrÞAð3Þ0
6 ðrÞ − aA60ðrÞ þ 3aA6ðrÞχ0ðrÞ þ aA6ðrÞϕ0ðrÞÞ

þ 18aϕðrÞð−4e4ϕðrÞ þ 3e8ϕðrÞ þ 1Þe−2ðχðrÞþ3ϕðrÞÞ þ 162χ0ðrÞ
�
aχ0ðrÞ þ 1

2
aA6ðrÞAð3Þ0

6 ðrÞe−2ð3χðrÞþϕðrÞÞ
�

−6aχðrÞð12e4ϕðrÞ þ 9e8ϕðrÞ − 1Þe−2ðχðrÞþ3ϕðrÞÞ
�
þ 3M2aχðrÞA0ðrÞ

����
r¼ri

¼ 0; ðA26Þ

2Að3Þ0
6 ðrÞe2ðAðrÞþχðrÞþϕðrÞÞð27e4ϕðrÞA0ðrÞð2e6χðrÞþ2ϕðrÞðaϕ0ðrÞϕ0ðrÞ þ 3aχ0ðrÞχ0ðrÞÞ þ aA60ðrÞAð3Þ0

6 ðrÞÞ
þ9aϕðrÞA0ðrÞð2e4χðrÞð−4e4ϕðrÞ þ 3e8ϕðrÞ þ 1Þ − 3e4ϕðrÞAð3Þ0

6 ðrÞ2Þ
þ3aχðrÞð8e4χðrÞð12e4ϕðrÞ þ 9e8ϕðrÞ − 1Þχ0ðrÞ − A0ðrÞð27e4ϕðrÞAð3Þ0

6 ðrÞ2 þ 2e4χðrÞð12e4ϕðrÞ þ 9e8ϕðrÞ − 1ÞÞÞ
þ8aϕðrÞe4χðrÞð12e4ϕðrÞ þ 9e8ϕðrÞ − 1Þϕ0ðrÞÞ
þ aA6ðrÞð81M2A0ðrÞ2e8ðχðrÞþϕðrÞÞ þ 8e2AðrÞð12e4ϕðrÞ þ 9e8ϕðrÞ − 1ÞAð3Þ0

6 ðrÞ2Þjr¼ri
¼ 0: ðA27Þ

b. Probe approximation

The equations of motion for the three scalar fluctuations, treated in the probe approximation, are the following:

e2AðrÞð3e4ϕðrÞð2ð4A0ðrÞpϕ0ðrÞe6χðrÞþ2ϕðrÞ þ Að3Þ0
6 ðrÞpA60ðrÞ þ pϕ00ðrÞe6χðrÞþ2ϕðrÞÞ þ pA6ðrÞð4A0ðrÞAð3Þ0

6 ðrÞ þ Að3Þ00
6 ðrÞ

− 2Að3Þ0
6 ðrÞð3χ0ðrÞ þ ϕ0ðrÞÞÞÞ − 2pχðrÞð9e4ϕðrÞAð3Þ0

6 ðrÞ2 þ 2e4χðrÞð−4e4ϕðrÞ þ 3e8ϕðrÞ þ 1ÞÞÞ
þ 2pϕðrÞðe4χðrÞð8e2AðrÞþ4ϕðrÞ þ 6e2AðrÞþ8ϕðrÞ − 6e2AðrÞ þ 3M2e2χðrÞþ6ϕðrÞÞ − 3e2AðrÞþ4ϕðrÞAð3Þ0

6 ðrÞ2Þ ¼ 0; ðA28Þ

27e2AðrÞþ4ϕðrÞð2ð4A0ðrÞpχ0ðrÞe6χðrÞþ2ϕðrÞ þ Að3Þ0
6 ðrÞpA60ðrÞ þ pχ00ðrÞe6χðrÞþ2ϕðrÞÞ þ pA6ðrÞð4A0ðrÞAð3Þ0

6 ðrÞ
þ Að3Þ00

6 ðrÞ − 2Að3Þ0
6 ðrÞð3χ0ðrÞ þ ϕ0ðrÞÞÞÞ þ 2pχðrÞðe4χðrÞð24e2AðrÞþ4ϕðrÞ þ 18e2AðrÞþ8ϕðrÞ − 2e2AðrÞ þ 27M2e2χðrÞþ6ϕðrÞÞ

− 81e2AðrÞþ4ϕðrÞAð3Þ0
6 ðrÞ2Þ − 6e2AðrÞpϕðrÞð9e4ϕðrÞAð3Þ0

6 ðrÞ2 þ 2e4χðrÞð−4e4ϕðrÞ þ 3e8ϕðrÞ þ 1ÞÞ ¼ 0; ðA29Þ
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pA6ðrÞ
�
−4A0ðrÞð3χ0ðrÞ þ ϕ0ðrÞÞ þM2e−2AðrÞ − 2Að3Þ0

6 ðrÞ2e−2ð3χðrÞþϕðrÞÞ − 3χ00ðrÞ − ϕ00ðrÞ

þ 8

3
e−2ðχðrÞþϕðrÞÞ −

4

9
e−2ðχðrÞþ3ϕðrÞÞ

�
− 12pχðrÞA0ðrÞAð3Þ0

6 ðrÞ

− pϕðrÞð4A0ðrÞAð3Þ0
6 ðrÞ þ Að3Þ00

6 ðrÞ − 2Að3Þ0
6 ðrÞð3χ0ðrÞ þ ϕ0ðrÞÞÞ þ 4A0ðrÞpA60ðrÞ − 3pχðrÞAð3Þ00

6 ðrÞ
− 2Að3Þ0

6 ðrÞpϕ0ðrÞ − 6Að3Þ0
6 ðrÞpχ0ðrÞ þ 18pχðrÞAð3Þ0

6 ðrÞχ0ðrÞ
þ 6pχðrÞAð3Þ0

6 ðrÞϕ0ðrÞ þ pA600ðrÞ − 6pA60ðrÞχ0ðrÞ − 2pA60ðrÞϕ0ðrÞ ¼ 0; ðA30Þ

where fpϕ; pχ ; pA6g are the approximations of the gauge-invariant combinations faϕ; aχ ; aA6g, associated with the fields

fϕ; χ; Að3Þ
6 g. All three scalar fluctuations obey Dirichlet boundary conditions: pϕjr¼ri ¼ pχ jr¼ri ¼ pA6 jr¼ri ¼ 0.

APPENDIX B: ASYMPTOTIC EXPANSION OF THE FLUCTUATIONS

As explained in the main body of the paper, in order to improve the convergence of our numerical algorithms for
computing the spectra of spin-0 and spin-1 fluctuations, we use UV and IR expansions of the fluctuations, impose the
boundary conditions on such expansions to fix the relation between the coefficients of the dominant and subdominant
contribution to the expansion, and then use the resulting expansions to set the boundary conditions for the evolution of the
differential equations of the gauge-invariant fluctuations. We report here these expansions, truncated at the order we used in
the numerical study.

1. IR expansions

We find it convenient to write the expansions in the IR in the variable ϱ. The leading terms of the IR expansion, in powers
of the small quantity ϱ − ϱ0, of the scalar fluctuations are given by the following expressions:

aϕIRðϱÞ ¼ aϕIR;0þ aϕIR;L logðϱ− ϱ0Þþ
ðϱ− ϱ0Þ

6ϱ5=20 ð4ϱ0 − 3Þ

�
aϕIR;0ϱ

3=2
0 ð−2M2þ 88ϱ20− 174ϱ0þ 81Þ

þ 2aϕIR;Lϱ
3=2
0 ð2M2− 128ϱ20þ 204ϱ0− 81Þ− 81aχIR;0ϱ

3=2
0 þ 198aχIR;0ϱ

5=2
0 − 120aχIR;0ϱ

7=2
0 þ 162aχIR;Lϱ

3=2
0

− 288aχIR;Lϱ
5=2
0 þ 120aχIR;Lϱ

7=2
0 þ aA6

IR;0M
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ϱ20ð10ϱ0− 9Þ

q
þ 40aA6

IR;0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ϱ20ð10ϱ0 − 9Þ

q
ϱ20

− 96aA6

IR;0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ϱ20ð10ϱ0 −9Þ

q
ϱ0þ 54aA6

IR;0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ϱ20ð10ϱ0 − 9Þ

q
þ 12aA6

IR;1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ϱ20ð10ϱ0− 9Þ

q
ϱ20− 9aA6

IR;1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ϱ20ð10ϱ0 −9Þ

q
ϱ0

	

þ
aϕIR;Lð2M2−128ϱ2

0
þ210ϱ0−81Þ

ϱ0
þaχIR;Lð81ϱ0 − 90Þþ a

A6
IR;0M

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ϱ2

0
ð10ϱ0−9Þ

p
ϱ5=2
0

18− 24ϱ0
logðϱ− ϱ0Þðϱ− ϱ0Þþ � � � ; ðB1Þ

aχIRðϱÞ ¼ aχIR;0 þ aχIR;L logðϱ − ϱ0Þ −
ðϱ − ϱ0Þ
18 − 24ϱ0

�
aϕIR;0

�
−40ϱ0 −

27

ϱ0
þ 66

�
þ aϕIR;L

�
40ϱ0 þ

54

ϱ0
− 96

�

þ aχIR;0ð−2M2 − 120ϱ20 þ 54ϱ0 þ 27Þ
ϱ0

þ 2aχIR;Lð2M2 þ 40ϱ20 þ 12ϱ0 − 27Þ
ϱ0

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ϱ20ð10ϱ0 − 9Þp ðaA6

IR;0ðM2 þ 40ϱ20 − 18Þ þ 3aA6

IR;1ϱ0ð4ϱ0 − 3ÞÞ
ϱ5=20

	

þ 3aϕIR;Lð10ϱ0 − 9Þϱ3=20 þ aχIR;Lϱ
3=2
0 ð−2M2 − 54ϱ0 þ 27Þ − aA6

IR;0M
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ϱ20ð10ϱ0 − 9Þ

p
6ϱ5=20 ð4ϱ0 − 3Þ

× logðϱ − ϱ0Þðϱ − ϱ0Þ þ � � � ; ðB2Þ
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aA6

IRðϱÞ ¼ aA6

IR;0 þ aA6

IR;1ðϱ − ϱ0Þ þ logðϱ − ϱ0Þðϱ − ϱ0Þ

×

"
−
4

ffiffiffiffiffi
ϱ0

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ϱ20ð10ϱ0 − 9Þp ðaϕIR;L þ 3aχIR;LÞ þ aA6

IR;0M
2

3ϱ0ð4ϱ0 − 3Þ

#
þ � � � ; ðB3Þ

where aϕIR;0, a
ϕ
IR;L, a

χ
IR;0, a

χ
IR;L, a

A6

IR;0, and aA6

IR;1 are the six integration constants.
The leading terms of the IR expansion of the vector fluctuations are given by the following expressions:

ÃIRðϱÞ ¼ ÃIR;0 þ ÃIR;L logðϱ − ϱ0Þ þ
ðϱ − ϱ0Þ

9ð3 − 4ϱ0Þ2ϱ3=20

�
3ÃIR;0M2ð3 − 4ϱ0Þ

ffiffiffiffiffi
ϱ0

p

− 6ÃIR;L
ffiffiffiffiffi
ϱ0

p ð4ϱ0 − 3Þð−M2 þ 30ϱ20 − 36ϱ0 þ 9Þ þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ϱ20ð10ϱ0 − 9Þ

q
ð3ϱ0ðð3 − 4ϱ0ÞṼIR;0Þ

þ 4ϱ0ð5ϱ0 − 6ÞṼIR;−1 −M2ṼIR;−1Þ þ logðϱ − ϱ0Þ
�
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ϱ20ð10ϱ0 − 9Þ

q
ṼIR;−1M2

− 3ÃIR;L
ffiffiffiffiffi
ϱ0

p ð4ϱ0 − 3ÞðM2 þ 4ϱ0ð9 − 10ϱ0ÞÞ
�	

þ � � � ; ðB4Þ

ṼIRðϱÞ ¼
ṼIR;−1

ϱ− ϱ0
þ ṼIR;0 þ logðϱ− ϱ0Þ

�
2ÃIR;L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ϱ20ð10ϱ0 − 9Þ

p
ϱ3=20

−
ṼIR;−1M2

3ϱ0ð4ϱ0 − 3Þ
�
þ ðϱ− ϱ0Þ
36ð3− 4ϱ0Þ2ϱ5=20

×

�
6M2ð2 ffiffiffiffiffi

ϱ0
p ð10ϱ20 − 12ϱ0 þ 3ÞṼIR;−1−ð4ϱ0 − 3Þ

�
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ϱ20ð10ϱ0 − 9Þ

q
ðÃIR;0 − 4ÃIR;LÞ þ ϱ3=20 ṼIR;0Þ

�

− 24ð3− 4ϱ0Þ2ÃIR;L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ϱ20ð10ϱ0 − 9Þ

q
ð10ϱ0 − 3Þ− 3M4 ffiffiffiffiffi

ϱ0
p

ṼIR;−1 þ 16ð100ϱ30 − 220ϱ20 þ 159ϱ0 − 36Þϱ3=20 ṼIR;−1

þ 2 logðϱ− ϱ0Þð−4M2ð3ÃIR;Lð4ϱ0 − 3Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ϱ20ð10ϱ0 − 9Þ

q
Þ þM4 ffiffiffiffiffi

ϱ0
p

ṼIR;−1Þ
	
þ � � � ; ðB5Þ

where the four integration constants are denoted as ÃIR;0, ÃIR;L, ṼIR;−1, and ṼIR;0.
We report also the IR expansion of the scalar fluctuations computed in the probe approximation, which are given by the

following expressions:

pϕIRðϱÞ ¼ pϕIR;0 þ pϕIR;L logðϱ− ϱ0Þ þ
ðϱ− ϱ0Þ
18− 24ϱ0

�
pϕIR;0ð2M2 − 88ϱ20 þ 174ϱ0 − 81Þ

ϱ0
þ 2pϕIR;Lð−2M2 þ 128ϱ20 − 204ϱ0 þ 81Þ

ϱ0

−
M2pA6

IR;0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ϱ20ð10ϱ0 − 9Þ

p
ϱ5=20

þ 40pχIR;0ϱ0 −
27pχIR;0
ϱ0

− 6pχIR;0 þ 40pχIR;Lϱ0 þ
54pχIR;L

ϱ0
− 96pχIR;L

−
12pA6

IR;1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ϱ20ð10ϱ0 − 9Þ

p
ffiffiffiffiffi
ϱ0

p þ 9pA6

IR;1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ϱ20ð10ϱ0 − 9Þ

p
ϱ3=20

	

þ
pϕIR;Lð2M2−128ϱ2

0
þ210ϱ0−81Þ

ϱ0
þ M2p

A6
IR;0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ϱ2

0
ð10ϱ0−9Þ

p
ϱ5=2
0

þ pχIR;Lð−80ϱ0 − 27
ϱ0
þ 102Þ

18− 24ϱ0
logðϱ− ϱ0Þðϱ− ϱ0Þ þ � � � ; ðB6Þ
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pχIRðϱÞ ¼ pχIR;0 þ pχIR;L logðϱ − ϱ0Þ −
ðϱ − ϱ0Þ
54 − 72ϱ0

�
−
6M2pχIR;0

ϱ0
þ 12M2pχIR;L

ϱ0
þ 3M2pA6

IR;0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ϱ20ð10ϱ0 − 9Þ

p
ϱ5=20

þ pϕIR;0

�
−40ϱ0 þ

27

ϱ0
þ 6

�
þ pϕIR;L

�
−40ϱ0 −

54

ϱ0
þ 96

�
− 200pχIR;0ϱ0 þ

9pχIR;0
ϱ0

þ 162pχIR;0 − 80pχIR;Lϱ0

−
18pχIR;L

ϱ0
þ 72pχIR;L þ 36pA6

IR;1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ϱ20ð10ϱ0 − 9Þ

p
ffiffiffiffiffi
ϱ0

p −
27pA6

IR;1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ϱ20ð10ϱ0 − 9Þ

p
ϱ3=20

	

þ
pχIR;Lð6M2−160ϱ2

0
þ162ϱ0−9Þ

ϱ0
þ 3M2p

A6
IR;0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ϱ2

0
ð10ϱ0−9Þ

p
ϱ5=2
0

þ pϕIR;Lð−80ϱ0 − 27
ϱ0
þ 102Þ

54 − 72ϱ0
logðϱ − ϱ0Þðϱ − ϱ0Þ þ � � � ; ðB7Þ

pA6

IRðϱÞ ¼ pA6

IR;0 þ pA6

IR;1ðϱ − ϱ0Þ þ logðϱ − ϱ0Þðϱ − ϱ0Þ
�
−
M2pA6

IR;0 þ 4
ffiffiffiffiffi
ϱ0

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ϱ20ð10ϱ0 − 9Þ

p
ðpχIR;L þ 3pχIR;LÞ

3ϱ0ð4ϱ0 − 3Þ
	
þ � � � ;

ðB8Þ

where we have denoted the six integration constants as pϕIR;0, p
ϕ
IR;L, p

χ
IR;0, p

χ
IR;L, p

A6

IR;0, and pA6

IR;1.

2. UV expansions

We collect here the UVexpansions, truncated to the first few terms, for all the spin-0 and spin-1 fluctuations of the soliton
solutions with nontrivial flux. We find it convenient to write the expansion at asymptotically large values of ϱ as powers of a
fifth way to parametrize the holographic direction, by defining z≡ 1

ϱ. For the three gauge-invariant scalars we find the
following expressions:

aϕUVðzÞ ¼ aϕUV;2z
2 þ aϕUV;3z

3 −
1

8
z4ð9aϕUV;2M

2Þ þ 1

8
z5ð−4aϕUV;2c

2 − 3aϕUV;3M
2Þ þ 1

128
z6ð27aϕUV;2M

4 þ 32aϕUV;3c
2Þ

þ 1

640
ð−9Þz7ð48aϕUV;2c

2M2 − 32aϕUV;2μ − 3aϕUV;3M
4 − 27

ffiffiffi
2

p
aA6

UV;0c
ffiffiffi
μ

p
M2Þ þ � � � ; ðB9Þ

aχUVðzÞ ¼ aχUV;0 þ
1

8
z2ð3aχUV;0M

2Þ þ 1

128
z4ð27aχUV;0M

4Þ þ aχUV;5z
5 −

z6ð81aχUV;0M
6Þ

1024

þ 1

448
ð−9Þz7ð−12aχUV;0c

2M4 − 12aχUV;0μM
2 þ 8aχUV;5M

2 − 27
ffiffiffi
2

p
aA6

UV;0c
ffiffiffi
μ

p
M2Þ þ � � � ; ðB10Þ

aA6

UVðzÞ¼ aA6

UV;0þ
1

8
z2ð9aA6

UV;0M
2ÞþaA6

UV;3z
3−

1

128
z4ð81aA6

UV;0M
4Þ− 3

40
z5ð8

ffiffiffi
2

p
aϕUV;2c

ffiffiffi
μ

p þ9
ffiffiffi
2

p
aχUV;0c

ffiffiffi
μ

p
M2

−12aA6

UV;0c
2M2þ3aA6

UV;3M
2Þþz6ð−512 ffiffiffi

2
p

aϕUV;3c
ffiffiffi
μ

p þ81aA6

UV;0M
6þ1024aA6

UV;3c
2Þ

1024

þz7ð27ð88 ffiffiffi
2

p
aϕUV;2c

ffiffiffi
μ

p
M2−36

ffiffiffi
2

p
aχUV;0c

ffiffiffi
μ

p
M4−132aA6

UV;0c
2M4−30aA6

UV;0μM
2þ3aA6

UV;3M
4ÞÞ

4480
þ�� � : ðB11Þ

The free parameters in these expansions are aϕUV;2, a
ϕ
UV;3, a

χ
UV;0, a

χ
UV;5, a

A6

UV;0, and aA6

UV;3, with the replacement M2 ¼ −q2,
while the other parameters, c and μ, are determined by the background.
For the two gauge-invariant (transverse) vector fluctuations, the UV expansions can be written as follows:

ÃUVðzÞ ¼ ÃUV;0 þ
9ÃUV;0M2z2

42
þ ÃUV;3z3 −

81

128
M4ÃUV;0z4 þ

9

80
ð8c2M2Ãuv;0 − 2M2ÃUV;3 −

ffiffiffi
2

p
cM2 ffiffiffi

μ
p

ṼUV;0Þz5

þ ð81M6ÃUV;0 þ 1024c2ÃUV;3Þz6
1024

−
ð81ð44c2M4ÃUV;0 − 40M2μÃUV;0 −M4Ãuv;3 þ 2

ffiffiffi
2

p
cM4 ffiffiffi

μ
p

ṼUV;0ÞÞz7
4480

þ � � � ;
ðB12Þ
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ṼUVðzÞ ¼ ṼUV;0 þ Ṽuv;0 þ
9ṼUV;0M2z2

46
þ 27

128
M4ṼUV;0z4 þ ṼUV;5z5

−
ð81M6ṼUV;0Þz6

1024
þ 9

224
ð54

ffiffiffi
2

p
cM2 ffiffiffi

μ
p

ÃUV;0 þ 6c2M4ṼUV;0 þ 21M2μṼUV;0 − 4M2ṼUV;5Þz7 þ � � � : ðB13Þ

The free parameters are ÃUV;0, ÃUV;3, ṼUV;0, and ṼUV;5.
As for the gauge-invariant case, also in the case of the probe-approximation treatment of the scalars, for each degree of

freedom two modes appear in the UV expansion. The leading and subleading modes for fpϕUVðzÞ, pχUVðzÞ, and pA6

UVðzÞg
appear with the following orders: fz2; z3g; fz1

6
ð− ffiffiffiffiffiffi

105
p þ15Þ; z

1
6
ð ffiffiffiffiffiffi

105
p þ15Þg, and f1; z3g, respectively. In view of the presence of

nonrational exponents, we find it convenient to show only the subleading terms, having imposed Dirichlet boundary
conditions that remove the leading modes. This is the explicit form of the expansions used in our numerical analysis:

pϕUVðzÞ ¼ pϕUV;3z
3 −

18

48
M2pϕUV;3z

5 þ ð9c2pχUV;2Þz
1
6
ð15þ ffiffiffiffiffiffi

105
p Þþ3

35þ 3
ffiffiffiffiffiffiffiffi
105

p þ 24

96
c2pϕUV;3z

6 þ � � � ; ðB14Þ

pχUVðzÞ ¼ pχUV;2z
1
6
ð ffiffiffiffiffiffi

105
p þ15Þ

�
1 −

ð27M2Þz2
8ð ffiffiffiffiffiffiffiffi

105
p þ 6Þ þ

ðð ffiffiffiffiffiffiffiffi
105

p þ 10Þc2Þz3ffiffiffiffiffiffiffiffi
105

p þ 9

�
þ 3

28
c2pϕUV;3z

6 þ � � � ; ðB15Þ

pA6

UVðzÞ ¼ pA6

UV;3z
3 −

9

40
M2pA6

UV;3z
5 −

ð9ð15þ ffiffiffiffiffiffiffiffi
105

p ÞcpχUV;2
ffiffiffi
μ

p Þz1
6
ð15þ ffiffiffiffiffiffi

105
p Þþ3

2
ffiffiffi
2

p ð25þ 2
ffiffiffiffiffiffiffiffi
105

p Þ þ
�
c2pA6

UV;3 −
cpϕUV;3

ffiffiffi
μ

pffiffiffi
2

p
�
z6 þ � � � ; ðB16Þ

where the three nonvanishing integration constants are pϕUV;3, p
χ
UV;2, and pA6

UV;3.

[1] J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231
(1998).

[2] S. S. Gubser, I. R. Klebanov, and A. M. Polyakov, Phys.
Lett. B 428, 105 (1998).

[3] E. Witten, Adv. Theor. Math. Phys. 2, 253 (1998).
[4] O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri, and

Y. Oz, Phys. Rep. 323, 183 (2000).
[5] E. Witten, Adv. Theor. Math. Phys. 2, 505 (1998).
[6] C.-K. Wen and H.-X. Yang, Mod. Phys. Lett. A 20, 997

(2005).
[7] S. Kuperstein and J. Sonnenschein, J. High Energy Phys.

11 (2004) 026.
[8] R. C. Brower, S. D. Mathur, and C.-I. Tan, Nucl. Phys.

B587, 249 (2000).
[9] D. Elander, A. F. Faedo, C. Hoyos, D. Mateos, and M. Piai,

J. High Energy Phys. 05 (2014) 003.
[10] A. H. Chamseddine and M. S. Volkov, Phys. Rev. Lett. 79,

3343 (1997).
[11] I. R. Klebanov and M. J. Strassler, J. High Energy Phys. 08

(2000) 052.
[12] J. M. Maldacena and C. Nunez, Phys. Rev. Lett. 86, 588

(2001).
[13] A. Butti, M. Grana, R. Minasian, M. Petrini, and A.

Zaffaroni, J. High Energy Phys. 03 (2005) 069.
[14] A. Dymarsky, I. R. Klebanov, and N. Seiberg, J. High

Energy Phys. 01 (2006) 155.

[15] R. P. Andrews and N. Dorey, Nucl. Phys. B751, 304
(2006).

[16] C. Hoyos-Badajoz, C. Nunez, and I. Papadimitriou, Phys.
Rev. D 78, 086005 (2008).

[17] C. Nunez, I. Papadimitriou, and M. Piai, Int. J. Mod. Phys.
A 25, 2837 (2010).

[18] D. Elander, C. Nunez, and M. Piai, Phys. Lett. B 686, 64
(2010).

[19] D. Cassani and A. F. Faedo, Nucl. Phys. B843, 455 (2011).
[20] I. Bena, G. Giecold, M. Grana, N. Halmagyi, and F. Orsi, J.

High Energy Phys. 04 (2011) 021.
[21] S. Bennett, E. Caceres, C. Nunez, D. Schofield, and S.

Young, J. High Energy Phys. 05 (2012) 031.
[22] A. Dymarsky and S. Kuperstein, J. High Energy Phys. 08

(2012) 033.
[23] J. Maldacena and D. Martelli, J. High Energy Phys. 01

(2010) 104.
[24] J. Gaillard, D. Martelli, C. Nunez, and I. Papadimitriou,

Nucl. Phys. B843, 1 (2011).
[25] E. Caceres, C. Nunez, and L. A. Pando-Zayas, J. High

Energy Phys. 03 (2011) 054.
[26] D. Elander, J. Gaillard, C. Nunez, and M. Piai, J. High

Energy Phys. 07 (2011) 056.
[27] D. Elander and M. Piai, Nucl. Phys. B871, 164 (2013).
[28] D. Elander and M. Piai, J. High Energy Phys. 06 (2017)

003.

BOUND STATES AND DECONFINEMENT FROM ROMANS … PHYS. REV. D 114, 066006 (2026)

066006-25

https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.1016/S0370-2693(98)00377-3
https://doi.org/10.1016/S0370-2693(98)00377-3
https://doi.org/10.4310/ATMP.1998.v2.n2.a2
https://doi.org/10.1016/S0370-1573(99)00083-6
https://doi.org/10.4310/ATMP.1998.v2.n3.a3
https://doi.org/10.1142/S0217732305016245
https://doi.org/10.1142/S0217732305016245
https://doi.org/10.1088/1126-6708/2004/11/026
https://doi.org/10.1088/1126-6708/2004/11/026
https://doi.org/10.1088/1126-6708/2004/11/026
https://doi.org/10.1088/1126-6708/2004/11/026
https://doi.org/10.1007/JHEP05(2014)003
https://doi.org/10.1103/PhysRevLett.79.3343
https://doi.org/10.1103/PhysRevLett.79.3343
https://doi.org/10.1088/1126-6708/2000/08/052
https://doi.org/10.1088/1126-6708/2000/08/052
https://doi.org/10.1103/PhysRevLett.86.588
https://doi.org/10.1103/PhysRevLett.86.588
https://doi.org/10.1088/1126-6708/2005/03/069
https://doi.org/10.1088/1126-6708/2006/01/155
https://doi.org/10.1088/1126-6708/2006/01/155
https://doi.org/10.1016/j.nuclphysb.2006.06.013
https://doi.org/10.1016/j.nuclphysb.2006.06.013
https://doi.org/10.1103/PhysRevD.78.086005
https://doi.org/10.1103/PhysRevD.78.086005
https://doi.org/10.1142/S0217751X10049189
https://doi.org/10.1142/S0217751X10049189
https://doi.org/10.1016/j.physletb.2010.02.023
https://doi.org/10.1016/j.physletb.2010.02.023
https://doi.org/10.1016/j.nuclphysb.2010.10.010
https://doi.org/10.1007/JHEP04(2011)021
https://doi.org/10.1007/JHEP04(2011)021
https://doi.org/10.1007/JHEP05(2012)031
https://doi.org/10.1007/JHEP08(2012)033
https://doi.org/10.1007/JHEP08(2012)033
https://doi.org/10.1007/JHEP01(2010)104
https://doi.org/10.1007/JHEP01(2010)104
https://doi.org/10.1016/j.nuclphysb.2010.09.011
https://doi.org/10.1007/JHEP03(2011)054
https://doi.org/10.1007/JHEP03(2011)054
https://doi.org/10.1007/JHEP07(2011)056
https://doi.org/10.1007/JHEP07(2011)056
https://doi.org/10.1016/j.nuclphysb.2013.01.022
https://doi.org/10.1007/JHEP06(2017)003
https://doi.org/10.1007/JHEP06(2017)003


[29] D. Elander and M. Piai, Phys. Lett. B 772, 110 (2017).
[30] P. Candelas and X. C. de la Ossa, Nucl. Phys. B342, 246

(1990).
[31] I. R. Klebanov and E. Witten, Nucl. Phys. B536, 199

(1998).
[32] I. R. Klebanov and A. A. Tseytlin, Nucl. Phys. B578, 123

(2000).
[33] G. Papadopoulos and A. A. Tseytlin, Classical Quantum

Gravity 18, 1333 (2001).
[34] M. Bianchi, D. Z. Freedman, and K. Skenderis, Nucl.

Phys. B631, 159 (2002).
[35] K. Skenderis, Classical Quantum Gravity 19, 5849 (2002).
[36] I. Papadimitriou and K. Skenderis, IRMA Lect. Math.

Theor. Phys. 8, 73 (2005).
[37] J. Casalderrey-Solana, H. Liu, D. Mateos, K. Rajagopal,

and U. A. Wiedemann, Gauge/String Duality, Hot QCD
and Heavy Ion Collisions (Cambridge University Press,
Cambridge, England, 2014).

[38] A. Chamblin, R. Emparan, C. V. Johnson, and R. C.
Myers, Phys. Rev. D 60, 064018 (1999).

[39] A. Chamblin, R. Emparan, C. V. Johnson, and R. C.
Myers, Phys. Rev. D 60, 104026 (1999).

[40] S. S. Gubser, Nucl. Phys. B551, 667 (1999).
[41] R.-G. Cai and K.-S. Soh, Mod. Phys. Lett. A 14, 1895

(1999).
[42] M. Cvetic and S. S. Gubser, J. High Energy Phys. 04

(1999) 024.
[43] M. Cvetic and S. S. Gubser, J. High Energy Phys. 07

(1999) 010.
[44] K.-Y. Kim, S.-J. Sin, and I. Zahed, J. Korean Phys. Soc. 63,

1515 (2013).
[45] N. Horigome and Y. Tanii, J. High Energy Phys. 01 (2007)

072.
[46] S. Kobayashi, D. Mateos, S. Matsuura, R. C. Myers, and

R. M. Thomson, J. High Energy Phys. 02 (2007) 016.
[47] D. Mateos, S. Matsuura, R. C. Myers, and R. M. Thomson,

J. High Energy Phys. 11 (2007) 085.
[48] S. Nakamura, Y. Seo, S.-J. Sin, and K. P. Yogendran, J.

Korean Phys. Soc. 52, 1734 (2008).
[49] A. Karch and A. O’Bannon, J. High Energy Phys. 09

(2007) 024.
[50] F. Bigazzi, A. Caddeo, A. L. Cotrone, and A. Paredes, J.

High Energy Phys. 12 (2020) 200.
[51] F. R. Ares, M. Hindmarsh, C. Hoyos, and N. Jokela, J.

High Energy Phys. 04 (2020) 100.
[52] Y. Bea, J. Casalderrey-Solana, T. Giannakopoulos, D.

Mateos, M. Sanchez-Garitaonandia, and M. Zilhão, Phys.
Rev. D 104, L121903 (2021).

[53] F. Bigazzi, A. Caddeo, T. Canneti, and A. L. Cotrone, J.
High Energy Phys. 08 (2021) 090.

[54] O. Henriksson, Phys. Rev. D 105, L041901 (2022).
[55] F. R. Ares, O. Henriksson, M. Hindmarsh, C. Hoyos, and

N. Jokela, Phys. Rev. D 105, 066020 (2022).
[56] F. R. Ares, O. Henriksson, M. Hindmarsh, C. Hoyos, and

N. Jokela, Phys. Rev. Lett. 128, 131101 (2022).
[57] E. Morgante, N. Ramberg, and P. Schwaller, Phys. Rev. D

107, 036010 (2023).
[58] Y. Bea, J. Casalderrey-Solana, T. Giannakopoulos, A.

Jansen, S. Krippendorf, D. Mateos, M. Sanchez-
Garitaonandia, and M. Zilhão, arXiv:2112.15478.

[59] Y. Bea, J. Casalderrey-Solana, T. Giannakopoulos, A.
Jansen, D. Mateos, M. Sanchez-Garitaonandia, and
M. Zilhão, J. High Energy Phys. 09 (2022) 008; 03
(2023) 225(E).

[60] Y. Bea, R. Jimenez, D. Mateos, S. Liu, P. Protopapas, P.
Tarancón-Álvarez, and P. Tejerina-Pérez, J. High Energy
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