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We apply the dictionary of gauge-gravity dualities to study the spectrum of bound states in a special one-
parameter family of strongly coupled, confining field theories in four dimensions. The top-down,
holographic gravity dual description of this class of theories has been identified recently. It consists of
nonsupersymmetric regular background solutions of Romans half-maximal supergravity theory in six
dimensions, in the presence of a nontrivial Abelian magnetic flux along a compactified direction of the
geometry. A zero-temperature, deconfinement, first-order phase transition appears at one end of this branch
of solutions. It is triggered by the strength of the flux, setting an upper bound on the magnitude of the
magnetic flux that can be supported by the geometry. We compute the spectrum of fluctuations of the
background fields in the gravity description that corresponds to field-theory bound states. Two scalar
particles are the lightest in the spectrum, their masses being suppressed and almost degenerate across the
whole parameter space. Away from the transition, the heaviest between these two particles is identified as a
dilaton, the pseudo-Nambu-Goldstone boson associated with scale invariance. It couples to the trace of the
stress-energy tensor of the dual field theory, while the lightest scalar does not. In the range of parameter
space closest to the extremum of the one-parameter family, near the first-order phase transition, a region with
large curvature appears at the end of space of the geometry of the solutions. In this range, the two scalars mix

nontrivially, and their masses are parametrically suppressed, with respect to the other bound states.

DOI: 10.1103/tp65-731k

I. INTRODUCTION

Gauge-gravity dualities (also known as holography)
[1-4] provide a powerful instrument for the study of non-
perturbative phenomena in field theory. Special classes of
strongly coupled confining gauge theories can be described
by their gravity dual, characterized by the presence of an end
of space in the holographic direction, in holographic corre-
spondence to the confinement scale. The physics information
related to confinement is encoded in the weakly curved,
regular background geometry by the smooth shrinking of a
portion of the higher dimensional space. For example, in
Refs. [5-9] the background geometries end when an internal
circle decreases to zero size, and in Refs. [10-29] the regular
backgrounds contain a 2-cycle, related to the base of the
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conifold [30-33], that collapses and disappears, yet without
introducing singularities in the geometry.

In the strong coupling regime of the field theory, physical
observables can be computed in a prescriptive way, using
the weakly curved gravity description and the well estab-
lished dictionary relating the two sides of the correspon-
dence. Holographic renormalization is applied to compute
the free energy, as well as condensates and correlation
functions involving field-theory local operators [34-36].
This technique allows one to establish the emergence of
phase transitions, at finite as well as vanishing temperature
and chemical potential (see the pedagogical discussion in
Ref. [37] and references therein, for example, Refs.
[38—49]). The characterization of such transitions can even
be used to study out-of-equilibrium phenomena, such as
those governed by the dynamics of the bubbles arising in
proximity of finite temperature phase transitions [50-62],
as the associated gravitational-wave emission [63-68].
Nonlocal operators, such as the Wilson loop, can also be
studied, by including extended objects that probe the
gravity background [69,70], hence demonstrating non-
perturbative phenomena such as linear confinement—
see, for example, Refs. [71-74]. The spectrum of bound
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states can be computed algorithmically as well, for in-
stance, by using the gauge-invariant formalism developed
in Refs. [75-83].

Two complementary ways to exploit gauge-gravity dual-
ities can be found in the literature. The bottom-up approach
led to useful phenomenological results and inspiration for
new model-building ideas, by making use of simplified
theories of gravity. One postulates the existence of a limited
number of fields that propagate in extra dimensions, and
assumes their dynamics to be governed by a phenomeno-
logically motivated classical action. The literature on this
approach to holography is vast and multifaceted, as is well
exemplified by the extensive amount of work it stimulated
on the special topic of the holographic dilaton [84—102], the
pseudo-Nambu-Goldstone-Boson (PNGB) associated with
the spontaneous breaking of approximate scale invari-
ance [103].

Conversely, by requiring a fundamental origin for the
gravity theory, the top-down approach allows one to gain
access to more detailed information about the fundamental
relation between different nonperturbative phenomena,
because in this case also the field theory dual is better
determined. The resulting increase in predictive power
comes at the price of having to solve more complicated
sets of coupled background equations. Avoiding the arising
of singularities is challenging, as it requires imposing
precise relations between different boundary conditions
for the fields. In this more rigorous holographic framework,
solution generating techniques, such as the one proposed in
Ref. [104] and exploited in Refs. [105-116], are an
essential additional tool. They can be applied to the catalog
of known classical supergravity theories in various dimen-
sions, exploiting their interconnection, through lifts and
consistent truncations—see the lecture notes in Ref. [117],
and references therein. Romans half-maximal supergravity
theory in six dimensions plays a special role in this context
[118-121], thanks to the comparative simplicity of the
boson contribution to its action, and the flexibility it offers
to generalize the coset structure governing its sigma-model
fields—see Refs. [122-140].

Within the context of the holographic description of
confining gauge theories, this paper is part of a narrowly
defined program. We aim at exploiting the tools provided
by gauge-gravity dualities in order to understand the
relation between the presence (and nature) of phase
transitions appearing at zero temperature, in the parameter
space of a strongly coupled field theory, and the spectrum
of its bound states. One of the primary goals of this
program is to classify under what conditions a light dilaton
appears in the spectrum. Furthermore, it is interesting to
understand under what circumstances its mass can be
(parametrically) dialed down, by moving in parameter
space, relative to the position of the phase transitions.
This program can serve as foundational work for dilaton
effective field theory (dEFT) [141-156] and its applications

[157-160], as it aims at identifying and characterizing the
conditions under which dEFT arises naturally from the
underlying dynamics, giving a fundamental explanation for
the size of its coefficients—see the discussion about dEFT
power counting in Ref. [155], for example. Scale invariance
constrains the form of dEFT interactions [103], but deter-
mining the coefficients and scaling exponents requires
additional input from the underlying theory. In the com-
plementary context of fundamental field-theory studies,
and in particular for QCD-like theories, we refer the reader,
for example, to Ref. [161] for Yang-Mills, as well as to the
more recent Refs. [162,163], and the interesting compari-
son to lattice-QCD in Refs. [164,165].

Several examples of holographic theories relevant to
these purposes have been presented in the literature.
Broadly speaking, their physical properties can be classi-
fied in two main groups. In the presence of strong first-
order phase transitions, as in the top-down constructions
exhibited in Refs. [166-168], and the bottom-up models of
Refs. [169,170], a dilaton appears in the spectrum only
along metastable branches of the gravity solution that are
not physically realized in the dual field theory. Conversely,
if a line of first-order transitions ends at a critical point, in
proximity of which the transition is weak (second order),
then a parametrically light dilaton is part of the field-theory
physical spectrum. This possibility has been demonstrated
both in bottom-up [171], and, more convincingly, in the
top-down holographic context [172].!

For this paper, we consider the one-parameter family of
backgrounds that have been presented in Ref. [107]. It is
constructed by applying the procedure proposed in
Ref. [104] to Romans half-maximal supergravity theory
in six dimensions [118]. The background solutions admit a
dual interpretation as confining field theories. A magnetic
flux is present in the gravity background, providing a
generalization of the Melvin flux-tube solutions [176]
studied in Refs. [177-179]. We describe the construction
in the body of the paper, by rewriting it after performing the
dimensional reduction on a circle, down to five dimensions.
We then report our results for the calculation of the
holographically renormalized free energy and the field-
theory spectrum of bound states.

We anticipate that the top-down holographic theory
discussed in this manuscript exhibits a more nuanced
relation between phase transitions and the dilaton, with
respect to the two classes mentioned above—see also
Ref. [180]. We find evidence of a first-order phase
transition. We identify in the spectrum a particle with
the properties of a dilaton, as well as a markedly suppressed
mass. Yet, we find that, atypically, the dilaton is not the

'For complementary approaches to a similar problem, see also
the field theory study of special super-renormalizable lower-
dimensional theories in Ref. [173], and the lattice field theories
studied in Refs. [174,175].
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lightest scalar state. Rather, it appears to be accompanied
by a second, slightly lighter but almost mass degenerate,
bound state, that has no relation to scale symmetry. In the
region of parameter space near the first-order transition,
both particles are significantly lighter than the rest of the
bound states, and there is evidence of mixing between the
two. The curvature of the background near the end of space
grows when approaching the transition. These findings
highlight how the nature of phase transitions in strongly
coupled field theories, as well as the role that the sponta-
neous breaking of scale invariance plays in them, are open
fields of investigation. Holographic techniques can lead to
uncovering new, unexpected, and nontrivial phenomena,
worthy of further examination.

The paper is organized as follows. In Sec. II we describe
the background gravity theory. We start by recalling, in
Sec. IT A, the properties of Romans supergravity in D = 6
dimensions, which lifts to massive type IIA supergravity in
D = 10 dimensions. We perform its dimensional reduction
on S!, down to D =35 dimensions, and discuss it in
Sec. I B. We present the solutions of interest to this work
in Sec. II C. Our calculation of the free energy is exposed in
Sec. III, and we discuss the scale setting procedure we
adopt in Sec. IIT A. Our results for the spectra of fluctua-
tions are presented in Sec. IV, separating the discussion of
tensor, scalar, and vector modes in Secs. IVA, IV B, and
IV C, respectively. The spectrum of scalars is recalculated
in the probe approximation, and the results are critically
compared to those of the gauge-invariant calculation in
Sec. IV D. We conclude the paper with a summary and
outlook section that discusses future research avenues in
Sec. V. The general properties of the gauge-invariant
formalism we adopt from the literature are reproduced in
Appendix A. The numerical algorithm used to extract the
spectra makes use of UV and IR expansions of the scalar
fluctuations that we report explicitly in Appendix B.

II. THE SUPERGRAVITY THEORY

In this section, we recall the main properties of the half-
maximal supergravity theory in six dimensions that are
relevant to this study, by restricting attention to the bosons.
We perform a dimensional reduction of the theory to five
dimensions, assuming the sixth dimension is compactified
on a circle, S'. We then present and characterize the
background solutions of interest.

A. Romans half-maximal supergravity in
D =6 dimensions

The half-maximal supergravity in D = 6 dimensions
presented by Romans in Ref. [118], can be obtained from
the ten-dimensional massive type-IIA supergravity theory
by warped reduction on S* [121]. We borrow notation from
Ref. [82] and references therein, adopt the mostly plus
signature convention for the metric, and label six-

dimensional quantities by hatted Roman indices, as
M=0,1,2, 3,5, 6. The bosonic part of the six-dimen-
sional action contains 32 degrees of freedom. They can be
listed as one scalar, ¢, the metric, g, 5, a U(1) vector, Ay,

with field-strength £, 5. Furthermore, there exists also

three vectors, A}?, with i = 1, 2, 3, transforming in the

adjoint representation of SU(2), associated with their field

(i)
M A

field strength, Gy 4. The topological terms involving

strengths, F P Finally, a 2-form, By, 3, is present, with its

Fi 5 By g and ﬁz(f;)ﬁ/ are at least of the cubic order in
the fields and are omitted in the following. They do not
contribute to the relevant backgrounds and do not affect the
(linearized) equations for the fluctuations. The action for

the six-dimensional theory can be written as in Ref. [82]2:
1 6 —(Re . N
S¢ = P d®x\/—Js - g 0oy — Ve ()

1
——e
4

1 o o an

=3¢ R g 5 s

A (i i i ik A ) 4 (K
=050 —0AY) + getalal - (2)
Fi = 0uAy — 03As, (3)
Py = Fyg +mByy, (4)

A

Gint =30 By i) = 0Byt + 0yBiy + 0By (5)

The antisymmetrization over indexes, denoted with [-- -],
includes a normalization, with [nn,---n,] = #(nlnz e
n,—nyny---n,+---). The determinant of the metric is
denoted as g4, while Ry is the corresponding Ricci scalar.
The field-strength ﬂM & introduces a coupling between the
U(1) vector and 2-form fields, while G, 5 4 is the 2-form
field-strength tensor. Units are fixed in such a way that the
gauge coupling is g = 1/8. The mass parameter is chosen to

be m = %ﬁ The scalar, ¢, has a potential, and with these

%At variance with Ref. [82], we normalize the action with an
additional multiplicative factor, 1/(2x), that does not affect any
of the classical equations, but allows us to tighten the notation in
later subsections. This scaling is equivalent to setting the Newton
constant in six dimensions to G5 = % the action being written as

S6 = torg; J 4°xV/=06Re + -+ -
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conventions it reads as follows:

(e7% —9e2d — 12¢729). (6)

O | —

Ve(9) =

B. Reduction and truncation

To make the exposition self-contained, we repeat here
the results of Ref. [166], on the circle reduction along one
of the external directions, leading to an effective description
in five dimensions. The modulus controlling the circum-
ference of the compact direction is promoted to a dynami-
cal scalar field, y, in the reduced theory. The six-
dimensional geometry is written using the metric ansatz

ds? = e7ds2 + % (dn + V,dxM)?, (7)

where ds? is the generic five-dimensional metric, acting on
the space with coordinates XM, while V, is a five-dimen-

sional vector field, the graviphoton, that arises naturally
|

4 2

from the reduction of the metric. Capital indices, M = 0, 1,
2, 3, 5, label the noncompact directions, while 0 <7y < 2z
denotes the compact coordinate. In addition, the six-
dimensional SU(2) gauge fields are split according to
A};) = {A,(;),Agl),Aé'>}, with y = 0, 1, 2, 3 restricted to the
four-dimensional spacetime indices.

We assume that the identities dgp = dsAgy = 0pAY)) =

0¢Bs# = 0 hold exactly, which amounts to reducing the
theory by retaining only the zero modes descending from
the compactification on the circle. The action can be
rewritten as

o5 [anss 45 [ @oumman b ®

where the total derivative term can be ignored in the
following, as it does not enter the classical equations.
The system is governed by the five-dimensional gravity
action that reads as follows:

Rs 1 1 1
Ss = /dsx =95 (—5 — = Gupg"™N 0y P ON D" — V(g x) - ZHABQMRQNSF?/[Nng - ZeZX_MQMRQNSHMNHRS

12
1

Notice that Aél) are three scalar fields, with i = 1, 2, 3, and
yet, at this stage, we treat them separately from the other
sigma-model scalars. We will return to this point shortly.
The potential is

V(. x) = e V(). (10)

The sigma-model scalars, ®* = {¢,y} and the field

strengths, {FLNFEQN} have internal metric written as
follows:

G,, = diag(2,06), (11)
. (1
H,p = d1ag<1e81,e21‘2¢>, (12)
where the field-strength tensors are defined as
Fl‘l/lN E@MVN—ﬂNVM, (13)

Fiy = 0yAY — 0yAy] + ge A A
+ (Vi (oyAY + gl AP A
— Vi (0yAY + gel* A AL)). (14)

I I !
— 5 e MRAS UGy Grsy — 2¢ 20 NS HenHes — 4 e gV g1V GenrGesy

—5 e PN A + g AT AL (0uAg) + ge A A )) . 9)

The remaining tensor fields appearing in the five-dimen-
sional action in Eq. (9) are written as follows:

Hyy = Fyy + mByy + (VmOonAe — VnoyAs)
+ m(BeyVy — Ben V). (15)

Hen = Hey = 06Ay — OyAs + mBgy = —dyAg + mBgy,

(16)

Gunr = 3a[MBNT] - 6V[M0NBT]67 (17)
Gent = Genr = 06Byr — Oy Ber + 0rBey

= 0rBgy — OnBer- (18)

The 32 bosonic degrees of freedom present in the six-
dimensional theory are now decomposed as six scalar
fields, the metric (5 d.o.f.), six vector fields (3 d.o.f. each),
and one 2-form field (3 d.o.f.).

1. Abelian truncation

We can truncate the six-dimensional 2-form, and the
six-dimensional U(1) vector, Ay, that couples with it. In
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five-dimensional language, doing so amounts to removing
the second and third lines of Eq. (9), and hence removing
from the field content one scalar, two vector fields, and one

2-form.

We further truncate the theory by setting F ,%,\2,) =

0= Aft,l,’z) = Aél’z), hence restricting attention to the
Abelian subgroup of SU(2) associated with its third
generator. The symmetries of the action ensure that this
is a consistent truncation, yet we verified explicitly that this
is the case; all the background solutions and classical
fluctuations of the truncated system of equations are also
solutions and fluctuations in the nontruncated one. This
further truncation leads to three main changes to the action,
in Eq. (9). First, the last line reduces to an additional entry
that extends the sigma-model kinetic term in the first line,

which now has fields ®* = {¢, y, A<63)}, with 3 x 3 sigma-
model metric

G, = diag(2,6, e=%~2), (19)

Second, in Eq. (14) we can ignore the terms proportional to
€'/F that encode the non-Abelian nature of SU(2), by
restricting the gauge index to i = 3. Third and last, only
F 5‘2\, enters the last term of the first line of Eq. (9), as we
drop F\17) = 0, though the metric in the {FY,y, Fi\ }, still
looks the same:

1
H,p = diag (Z e, e21‘2¢) ) (20)

We are hence left, in five dimensions, with three scalars,
D ={¢,z, A<63)}, the metric tensor, and two vectors,

{VM,ASS,)}. We have arrived to the considerably simpler
action we use in the rest of the paper:

Rs 1
S5 = / dxy/=gs (TS =5 Garg"N oy @0y = V(g 7)

1
—4HABQMR9NSFAMNng)- (21)

C. Background equations and solutions

The background gravity solutions of interest take the
domain-wall form in five dimensions, written as follows:

ds? = dr? + e*dxi 5, (22)

where the warp factor, A, depends only on the holographic
coordinate, r. The scalar fields, ¢, y, and A?), retained in
Sec. II B 1 are also nontrivial, having a r-dependent back-
ground profile, while the vectors, V,, and A/(V3,>, vanish. The
metric in five dimensions can be rewritten in terms of a new

p coordinate as

ds? = e240)ds? 5 + eXW)dp?. (23)

The lift of the background metric to six dimensions takes
the form

ds% =dp? + eZA(p)—Zx(ﬂ)dx%’ 3+ 66)((/))(1,12' (24)

The equations of motion, obtained with this ansatz from
the five-dimensional action, and including also Einstein
equations, are given by the following system of coupled,
nonlinear, second-order, ordinary differential equations,
supplemented by a constraint:

2_ 1V
209
(25)

1
Pp + (40,A — 0,7)0,¢ + 5 e=61-20(9, AP

1 0a 1
Py + (40,4 = 9,2)0,1 + 5 ¢ 62 (9,4%)7 = -3V

(26)
240) C 79— () _
RAY + (40,A = 70,0 —20,$)0,A5) =0, (27)

—6y— 3)\2
302A + 6(9,A)2 +2(0,0)% + 6(9,0) + e 7-20(9,AL)

—30,70,A = =2V, (28)

6(9,A)2 = 6(0,7)* — 2(3,p)? — e=42(3,A) = 2V
(29)

Before providing the solutions of interest, we notice that
close inspection of this differential system leads to iden-
tifying a conserved quantity. From the observation that
Eq. (27) can be written as a total derivative, one deduces
that the associated conserved quantity is

Cp= 129 AD) (30)
which obeys evaluated on the
backgrounds.

All solutions relevant for our analysis share a common
asymptotic form in the large-p region of the geometry, in
which the six-dimensional geometry is approaching AdSg.
In field theory terms, this corresponds to the expectation
that the ultraviolet (UV) regime in the dual field theory is
described by a deformation of a strongly coupled con-
formal field theory in five dimensions. It is convenient to
introduce a third alternative parametrization of the holo-
graphic coordinate, z=e 2%, so that the asymptotic
regime is given by the z — 0 limit. In terms of this variable,
the background configurations can be expressed in terms of
a UV expansion, organized as a power series in the small
quantity, z < 1. The UV expansion of the background
functions takes the following form:

0,C4, =0 when
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$(2) = pu® + Ppz’ — 632" — Apappz’

+ %26(29(;5(3, —2¢5) + O(27), (31)

6
A (@) = A0 + AJ P 124G

+pAs 0+ O), (32)
1
2(2) = 1" = 3log(z )—fcbaz + 1)
1
——(32¢2 = 3¢%)2° + O(77), 33
36\ bo = 3¢5)2° + O(2) (33)
4 b4 1
A(z) =AY = Jlog(2) ——¢az 557 (51 = 12¢adhy)
1
+ §z6(32¢g = 3¢3) + O(2)). (34)
Here, AV and yY play the role of trivial integration
constants. The additional parameters, A( qﬁa, ¢ﬁ,
and Aé )3 , correspond to field-theory quantltles.

For this study, we focus on two classes of exact
solutions, both known in closed form, the UV expansions

of which are distinguished by the form of () and A?). The

3)

first such class is obtained by setting d,A¢”" = 0, as well as

A(63>'3 =g =Pp= = 0. Thus, the first set of solu-
tions of interest reads

$(p) =0, (35)
AY (p) = AP, (36)
A(p) =AY+ (37)
x(p) =x" +§p- (38)

In this solution, the six-dimensional metric is compatible
with the domain-wall ansatz and takes the form
|

ds? = dp? + ?dx? 5 + e*dn?, (39)
which has AdSg geometry with unit curvature, although
one dimension has been compactified on a circle. We
devote the next subsection to a second, more interesting

one-parameter family of solutions.

1. Solutions with Abelian flux

The second class of solutions, introduced in Ref. [107],
has close similarities with the backgrounds described in
Ref. [104]. There are nontrivial values for the parameters
7 and Ag) ’, appearing in the UV expansions. To write
these solutions in closed form, it is convenient to introduce
a fourth parametrization of the radial coordinate. The
metric in six dimensions, written in this new coordinate,
takes the following form [107]:

H'?(¢)d¢?
f(e)

/(o) 2

ds? = HI/Z(Q)QZ(dX%S) + () dn”.

+
(40)

Comparison with the expressions derived from the five-
dimensional language leads to the identifications

H”“(g)g = AlP)2(p) (41)
) _ &0
H(g) ~ . “
do _ /f(o)
dp ~ H'4 (o)’ )

Equivalently, these expressions can be recast as y(p) =
95, Alp) ={log(f(e) +log(o). and 2=

llog(H%/Z( )
= L ¢?40)tx(e) 2 The classical background equa-
4 de

fle) g 1
H'3(g) 00
tions, rewritten in this parametrization of the holographic
direction, are the following:

35 =2 HIHEQW ) + TR LORO TR, (44)

4V, = 6O (Q) AV (@) + 3f<§>(<gz;1;§§>>2 e . 2(;“;’@) _3(ef(@H () +£<()(>) gj/lzl’(c)) FOH'@) )
0 =304¢" (0)H'(0) + H(e) (A5 (0)(8 — 40¢'(0)) + 2047 (0)), (46)

—2Vs = e 2O H(0)(AY (0))? - le(l-?zg; (/e;) 6f’§z) + HQ( ];’;(g) N f(e)(3(H'(0))? ; g((j));/(? +16(¢'(0))%)) W

066006-6



BOUND STATES AND DECONFINEMENT FROM ROMANS ...

PHYS. REV. D 114, 066006 (2026)

2 2f'(0)

[()H'(e) 3f(e)(H'(e))* 2f(e)(=3+¢*(¢'(0))*)

—2V = —e 2O H(g) (AL (0))” +

where the primes denote derivatives taken with respect to g.
The closed form of these soliton solutions takes the
appealing, simple form:

Hie) = 1-5. (49)

flo) =<0*H(0)* - 5 (50)

$(0) = —~1og(H(e)), (51)
@_Vvr( 1 1

A6 B \/ic (H(Qo) H(Q)) (52)

Here, ¢ is the largest positive root of f(g,) = 0, with  and
¢ two independent integration constants. Notice that an

additive integration constant appearing in AS) (¢) has been

set so that A?>(Q0) = 0. This condition is necessary as the
space ends at ¢, at which point the circle in the geometry is
shrinking to zero size, and hence it cannot support a
nontrivial flux. Along a similar line of reasoning, there
is also the potential for a conical singularity appearing at
the end of the geometry, which we need to avoid. Hence, by
expanding close to the end of space, at ¢ ~ vry, in the ¢ — i
subspace, direct calculation of the induced metric demon-
strates that one must impose the constraint

f'(o)
H (o)

in order to avoid the appearance of such a singular
behavior. Doing so introduces a (nontrivial) relation
between the parameters ¢ and u, demonstrating that the
solutions of interest constitute a one-parameter class of
backgrounds. We find it convenient to use g, to parametrize
the resulting family of backgrounds, and write

—2, (53)

= 0p(=3 +40)?, (54)
¢ = +1/902 — 1003 /2. (55)

The ambiguity in the sign of ¢ reflects the fact that given
any solution of the classical equation, another solution can

be written by just changing the sign of A?) . As can be seen
in Fig. 1, in which we show the Ricci scalar associated with
the six-dimensional metric, all these solutions are regular,
provided ¢ > 3/4. Similar results hold for other (higher-
order) invariants, computed in six dimensions. The limiting
case gy = % has a singularity located at the end of the space.

oVHQ | 2H(@)

- . (48)

o*\/H(o)

8H (o)

|

We find it useful to characterize also the IR asymptotic
behavior of the backgrounds, by writing a power expansion
performed in proximity of ¢ ~ @y, What results is the

following:
1 2 9-10 -
$0) = ttog (220 ¢ (9 —10go)(e 2@0)
4 °\120, -9 1200 — 1603

3((200 — 1)(1000 - 9)) (0 — 00)*
i e o)

(56)
209 T
Ag'(0) = 3(3 — 4op)?
. ZW(Q ~ ) + O((e = 00)*)
(57)
2(0) :li 2log(e—¢o) +log <%010290>>

2
(—9—300,+40¢3) (0 —0o)

3600(—3+40)
N (—81-+6840,— 142803 + 160003 —800¢¢) (0 — 0 )?
21603(-3+40,)*

+0((e—00)?).

+

(58)

Rs

_14k

_18 -

—20k. 1l

n n n n n 1 n n PR 1 n n n n 1 n n n n 1
.80 0.85 0.90 0.95 1.00

4

FIG. 1. The Ricci scalar, Rg, as a function of ¢ > g,, for
representative examples of background solutions with nontrivial
flux, obtained with the choices ¢o = 0.757, 0.77, 0.8, shown in
purple, green, and orange, respectively. The vertical, dashed lines
represent the end of space of the geometry, at ¢ = .
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A(e) = (1oe(363(-3 + 4co)) + oo~ )

(=9 + 60, + 1002) (0 — o)
900(—3 +400)
, (=81+252, — 38405 +400¢; —200¢() (¢~ e0)*
5403(=3 +40,)?

+O((Q—Qo)3>- (59)

In these expressions, we notice that the singular behavior
appearing in the limit g, — 3/4 affects also the scalar, ¢.
It is also useful to compare the asymptotic UV behavior
of the backgrounds in this class of solutions to the general
power series expansion in the small z = ¢=2/* defined
earlier in the paper. The expressions for all the nontrivial
background functions take the following form:

2 4.6 2 6
_c¢ 5 ' 2cp ¢ 19¢ 10
P(z) = 1° T 160 ° T g + 0(z"), (60)
) Vi el () s
AD(z) = - - - +0(*),
S N TE T IRV, SV, SRR
(61)
12\ 1 ., oot
x(2) = 3log<3) 3log(z) 0% ~193° +0(77),
(62)
1. [2\ 4 3 . ot
A :—1 — __] _rs5_Z .6 7 .
() 3 og<3> 3 og(z) 10° " 18° +O(7")
(63)

By comparing with the most general UV expansion, we
arrive at the following identifications:

b =0, (64)
=5 65

A = -2, (66)
AGI _ _ ﬁ(cc vk = (67)
== (68)
2= gtou(3) (69)

AV = %log <§> (70)

One can use this expansion for the fields near the
boundary, at z — 0, to study the deformations in the UV
regime of the dual quantum field theory (QFT). The QFT
data needed are the operators turned on in the field theory
dual, and their vacuum expectation value. In the expansions
provided in Egs. (60)—(63), the non-normalizable (leading)
modes are identified as the sources that couple to gauge-
invariant operators in the boundary QFT, while the con-
jugate normalizable (subleading) modes encode the one-
point functions, or vacuum expectation values (VEVs), of
those operators. The normalizable modes—after removing
divergences through local covariant counterterms—provide
the renormalized VEVs in the presence of the sources. For
example, turning on a constant Abelian gauge field along a
compact (Euclidean) timelike direction, in the gravity
description, would have a natural interpretation in field
theory as the presence of a nonzero chemical potential, the
Lagrange multiplier that imposes the presence of a finite
charge density in the dual field theory.

In the case at hand, the presence of a constant, non-
normalizable, leading term in the expansion of AS) , can be
interpreted in the field theory as a Wilson line along the
compact, spacelike dimension. This being the double-Wick
rotation of a chemical potential, its effect is to impose the
presence of a current density in the field theory. In fact, for
the solution studied here, one can deduce from the sub-

leading terms of the expansions of AS) and ¢ that two
nontrivial VEVs, both for objects of dimension A = 3, are
present:

C C2
L o=

A more detailed analysis is reported in Appendix B of

Ref. [107]. As anticipated, A<63) acts as a source that
enforces the presence of a nontrivial current associated
with the global (Abelian) R-symmetry current J at the
boundary—see also the discussions in Refs. [110,181] and
the precursor in Ref. [182]. As we shall see later in the
paper, the global stability analysis shows the presence of a
zero-temperature quantum transition that is triggered by
dialing the source in the field theory to large enough values,
leading to deconfinement. Hence, there is a maximum
allowed value of the flux, below which the field theory
confines, and above which the field theory is deconfined.

(/) =

III. GLOBAL STABILITY ANALYSIS:
THE FREE ENERGY

This section is devoted to the calculation of the free
energy of the field theory associated with the classical
background solutions. This is obtained by evaluating on
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shell the six-dimensional action in Eq. (1). To this purpose,
we regulate the calculation by introducing two end points in
the holographic direction, one in the region corresponding
to the IR of the field theory, ¢; > ¢y, and one in the
asymptotic region, corresponding to the UV, g, > ¢;. We
then compute the action by restricting the integrals to the
range @, < ¢ < @,. These unphysical regulators must be
removed from the final results, by taking the limits ¢; — ¢
and ¢, — oo, respectively. The introduction of hypersur-
faces in correspondence to the regulators necessitates the
inclusion of a Gibbons-Hawking-York boundary term, as
well as boundary-localized potential terms, denoted by 4;.
They render well-defined the variational problem yielding
the classical equations and boundary conditions [79]. They
also act as counterterms in the field theory, by canceling
possible divergencies and implementing holographic
renormalization [34-36].

The on-shell action entering the free-energy calculation
is therefore given by the following expression, which
depends only on the background values of the metric

and scalar fields y, ¢, and A (see also Ref. [166]):

S=38+ > (Ski+Su)

=12
= —/QZ dnd4xdgx/—g6{

L o ee At A 3 3
_Ee 2¢g66gMNaMAé)aNAé>}

+3 G

2. /d4xd17\/_( >

— "N ooz = Vs(9)

(72)

0=0;
|

In this expression, § = —o% f(¢;)\/H (0;) is the determinant
of the induced metric evaluated at the boundary, i = 1, 2.
The extrinsic curvature scalar, /C, is defined as

/CEQMN/CMNEQMNVMnN. (73)

Here, n3 = (0,0,0,0, Hl/m’) ,0) denotes the normal boun-
V fle)

dary vector. The covariant derivative acts as Vjfz =
oy fa FA 4/ p» and the connection takes the form (see
also Appendlx Al)

9" C0mdn o + O59p 5 — %pdirs)-  (74)

; 1
feov==
MN 2

With these conventions, the extrinsic curvature reads:

20H(0)f"(e) + f(e)(eH'(0) + 16H(0)) .

40+/f(0)H(0)*

After imposing the equations of motion, and integrating
over the angle, [dy = 2z, the action in the bulk can be
rewritten as a total derivative:

Se= /( l@z dhxdo {_ ), (03f (Q)(le I/J((QQ))JF 4H (0)))} . (76)

IC:

(75)

so the boundary contribution to the action is given by

S, = (—l)i/d4x |:Q4 /f(Q)H(Q)1/4 (2QH(Q)]N(Q) + f(0)(eH'(0) + 16H(0)) +/1i>:|

The complete on-shell action, S, reads as follows:
5= [arf [- L1 + 1t
8H (o)

+\/7H

20H(0)f'(0)

(77)

80+v/f(0)H(0)¥*

0=0;

+ f(0)(eH'(¢) + 16H (o))
NGOLD) “2)]
+ f(0)(eH'(e) + 16H(0)) N

_{ @’ fle)(eH'(e) +4H (o)
8H (o)

One can define the free energy, F, and free energy
density, F, as

F=—-1lm limS=

01700 02—~

/ dxF. (79)

To be able to take the limits, we must specify the localized
potentials. We choose 4; = —3d,A(p). This term is fixed

) ¢ TR H() <20H (0)f"(e)

8¢0+/f(0)H (o)}

|

by the requirement of having a well-posed variational
principle. In particular, varying the bulk action together
with the infrared boundary contribution produces the bulk
equations of motion, along with the corresponding boun-
dary conditions to be imposed at p = p;. With this choice
the boundary-localized contribution combines with the
bulk contribution, so that there is no spurious dependence
of the free energy in the regulator at p;.
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For the second boundary, holographic renormalization [34-36] prescribes to set 4, = W,, where W, is the superpotential of
the theory in six dimensions, which can be written as a power expansion in ¢y—see in Eq. (34) of Ref. [166]—to take the form

Wa= 3= 38+ O) (50)

Higher-order terms do not contribute to the final result for F, in the limit ¢, — +o0. It is worth mentioning that in general the
cancellation of divergences performed introduces an inherent scheme dependence (see also Ref. [183]). Although it yields a
finite expression, it also implies that the resulting free energy does not satisfy the assumptions required for the standard
thermodynamic concavity theorems to hold.

After substituting the expressions for f(¢) and H(¢) and performing the limits one arrives to our final expression:

F=- hm 11—2 (Bof'(0) + o/ f(0)v/H(o)(log>(H(e)) — 16) + 18£(0)) ggz] (81)
= —% = —%0(3)(—3 +4e0)*. (82)
|
;’1\76 note that, des.pite. the presence of flux' for the gauge A®3 = AD3N-3, (87)
elds, this expression is also in agreement with Eq. (118) of 6
Ref. [166], which reads )?(5) =)((5>A_5- (88)

3
F = — lim e~ (E 9,A + W2>

P20

, (83)

p=p
which for W, =
using the UV
yields F = — ¢~

—3—3¢? as can be verified directly by
expansions in Egs. (60)—-(63),

(4¢(1¢ﬂ - 15}( ) = _”/4

A. Scale setting and phase transition

To enable a meaningful comparison of the free energy
associated with different solutions, a scale-setting prescrip-
tion is required. We implement this by introducing a
common reference energy scale, A, defined as the inverse
of the time needed for a massless particle to propagate from
the ultraviolet region to the end of the geometry [184]:

[9pp o o 1
A_l—/ //d / eX(p)_A(/))dp—/ 7610‘
|gtt‘ Po 2 Q\/f(Q)
(84)

This quantity is evaluated on the corresponding back-
ground geometry. For the main class of solutions under
consideration for this work, the resulting integral does not
admit a closed-form expression and must therefore be
computed numerically. We then express all dimensional
quantities, such as the free energy and the UV deformation
parameters, in dimensionless form, by rescaling them with
appropriate powers of A, as follows:

F=FA, (85)

&5/3 = ¢/3A_37 (86)

Figure 2 displays our results for the dimensionless free

energy density, F, computed for the solutions with non-
trivial flux, as a function of the dimensionless deforming

parameter Aé3>’U. In the case of the AdS4, domain-wall

solutions with trivial (constant) flux, the prescription in

Eq. (83) yields F = 0, and these solutions exist for any

choice of AS)’U. The figure demonstrates the existence of a

first-order phase transition taking place at the extremum of
the branch of solutions with nontrivial flux: when y = 0,
there is coexistence of phases, with both the soliton and
domain-wall solutions having vanishing free energy. This
observation allows one to define a maximum value for

A (max) = 715~ 0.35, obtained when gy = 3/4. For
|Aé3)’U| > A(63>'U(max), the AdSg solutions with constant
A?) are the only ones that exist, and have vanishing free

)’U| < A?)’U(max), both classes of solu-
tions exist, but the soliton solutions with nontrivial A?)

have negative free energy, and hence they are dynamically
favored.

energy. For |Aé3

IV. LOCAL STABILITY ANALYSIS:
FLUCTUATIONS

In this section we report the results of a local stability
analysis, performed by applying the gauge-invariant for-
malism developed in Refs. [75-83] to the fluctuations of
fields retained in the gravity theory: the metric, the three
scalars ¢, y, and A()3 , and the two vectors V;,; and Al a - In
the language of the dual field theory, they correspond to
bound states with different (integer) spins. We perform this
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FA

0.0

—-05¢F 4

-20r 1

-25F 1
-04 -0.2 0.0 0.2 0.4

FIG.2. The free energy density, 7 = FA~3, expressed in units
of A, associated with the soliton solutions with nonconstant flux,

AS), that are dual to confining field theories, as a function of the

deformation parameter, Aés)'U. Domain-wall solutions with con-

stant AS)’U exist for all values of A<63>’U. They are dual to
conformal theories, and have F = 0. A first-order phase tran-

sition appears at |Aé3)’u| :A?)’U

(max) :ﬁ ~ 0.35.

analysis only for the soliton solution with nonconstant flux,
for which an interpretation of the dual field theory in terms
of confinement in four dimensions exists.

One starts by decomposing the fields in their five-
dimensional form by splitting them in their background
values and fluctuations. The metric is treated with the
Arnowitt-Deser-Misner (ADM) formalism [185,186], by
writing

ds3 = ((1 +v)* + y#)dr? + 2u,dx*dr

+ ) (n,, + hy,)dx#dx”, (89)

where v, v,, and h,,, are the fluctuations. The other fields
are treated in analogy, by separating the background values,
denoted with a ~, and their fluctuations, marked with a ~,
which we hence rewrite as follows:

¢ =¢(r) + P, r) = §(r) + (x*.1),  (90)
X =x(r) +x (& r) = x(r) + 7 (>, 7). (o1)

A = AQ () + A w1y = AT () + A (v ), (92)

Vi = Vu(r) + Vi (6. r) = Vg (. 7). (93)

Ay = AR (r) + A (v r) = A (e, r). (94)
We made explicit the fact that the background functions
depend only on the holographic direction in the geometry,
while the fluctuations depend also on the four-dimensional
spacetime coordinates, x*.

A. Tensor spectrum

As described in Appendix A 1, the calculation of the
tensor fluctuations that correspond to spin-2 bound states of
the dual field theory requires first to decompose the
fluctuation 4, as follows:

7"q

1
', =e', +ig'e, + iehq, + qzb H+ géﬂyh. (95)

We focus our attention on the spin-2 fluctuations that are
encoded in the traceless, symmetric, gauge-invariant fields,
e/, that obey by the following linear equations of motion:

(02 + 40,A0, + e A M)l = 0. (96)

We can rewrite these equations, after the change of variable
% = e/, as

(2 + (40,A = 9,%)0, + U~V M?]e) =0, (97)
and again, after the change of variable g—l‘j = 0—12 At = #,
in the form

(007 + (600,A —2)0, + e > M?]el; =0,  (98)

or, equivalently, as

o (e i o

The fluctuations are subject to the Neumann boundary
condition, which, by performing the same changes of
variable can be written in any of the following forms:

2A
B =rq o H _
arey|r[ = e Xapel, ‘Pi = ?a(,ey - O

Qi

= 13(0)o,el
Qi

(100)

As we write the background functions in closed form in
the variable ¢, we find it convenient to adopt this same
choice of coordinate also for the fluctuations. We para-
metrize the family of solutions in terms of the position
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of the end of space in this variable, which is constrained
to lie inside the interval % < Qg < 19—0. In performing
the numerical calculations, we adopt the midpoint deter-
minant, as in Ref. [77]. We scan numerically over the
values of M?, in the presence of explicit cutoffs
00 < 01 < 0 < @y < +00, by imposing the boundary con-
ditions in Eq. (100) at the two cutoffs, evolving the
solutions of Eq. (99) to an intermediate value of the radial
direction, @*, computing the determinant of the 2 x 2
matrix formed with the values of e/ and its derivative,
evaluated at ¢*, for both solutions coming from the UV
and IR, and identifying the zeros of the determinant by
varying M?. When the determinant vanishes, this signals
the fact that the evolutions of the linearized equations from
the IR (¢;) and from the UV (g,) yield coinciding
fluctuations, up to an unphysical multiplicative normali-
zation, and hence, these values of M? yield the mass
spectrum of bound states of interest. We checked that for
asymptotic choices of the regulators, ¢;,, the resulting
spectrum converges to the physical results by verifying
that there are no residual dependencies on @; or ¢,. We
find that the choices ¢; = ¢y + 1077 and ¢, = ¢y + 10 are
sufficient to achieve these goals, with the level of
numerical precision we require in this study.

In Fig. 3, we show the mass, M,, of the lightest tensor
fluctuation, normalized to the scale, A, defined in Eq. (84),

Loy

0.88 0.90

1

0.78

1

0; 1 s P
0.80

0.76

1

0.82
00

1

0.84

1

0.86

FIG. 3. Ratio, M, /A, of the mass of the lightest spin-2 bound
state of the confining field theory dual to the soliton solutions

with nontrivial A", over the scale A defined in Eq. (84). The
mass spectrum has been computed by applying the midpoint
determinant method to the linearized, gauge-invariant equations
obeyed by the tensor fluctuations, e}, as a function of the end-of-
space parameter, Qq. In the numerical analysis, Neumann boun-
dary conditions have been imposed at ¢, = ¢y + 1077 and
02 = 0o + 10. We verified that with these choices the spectrum
is close enough to the physical limit that the IR (¢ — ¢¢) and UV
(0 = +o0) regulators have no discernible effect, given our
numerical precision goals.

as a function of the parameter, @, that labels the end-of-
space point of the solutions dual to confining field theories.
The ratio of these two quantities is approximately constant,
except for the region in close proximity to the end of the
branch of solution, ¢y ~ 3/4, in which case the discrepancy
is still a modest (10-20)%. This observation demonstrates
that these two scales are closely related to one another and
can be used interchangeably as representative of the
confinement scale of the theory. While we used A in the
study of the free energy, we elect to use M, in the study of
the spectrum of fluctuations presented in later subsections
of the paper.

B. Scalar spectrum

Following again Appendix A I, in D =5 dimensions,
the three gauge-invariant scalar fluctuations, which corre-
spond to combinations of the fluctuations of the trace of the
metric, i, with those of the three scalar fields, (}5 ¥, and
A<63), satisfy the following system of coupled, linear second-
order equations:

0 = [D? + 40,AD, + e A M?]a”
4(0,0V" + V49,d")G,,
30,A

- [vac Y 0,800,04 +

16V0rﬁ>”a,<i>”GbC} . (101)

9(0,A)?

1.0

OO

.......
...............
..............

..........
.........

..........

o0E . v v v
0.76 0.78 0.80 0.82 0.84 0.86 0.88 0.90
90

FIG. 4. Spectrum of masses, M? /|M]|, of the fluctuations of the
confining backgrounds, expressed in units of the mass of the
lightest tensor in the spectrum, M,. The tensor states, coming
from (symmetric, transverse, and traceless) fluctuations of the
metric, are shown in red. The scalar states, arising as the three
gauge-invariant combinations of the fluctuations of the three
sigma-model scalars, combined with the trace of the metric, are in
blue. The gauge-invariant, transverse fluctuations of the two
vectors are depicted in green. The numerical solution of the
fluctuation equations are performed using IR and UV cutoffs set
to 01 = ¢p + 1077 and @, = gy + 10, respectively.
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where ®* = {¢, ;'(,AS)} are the background scalar fields.
The fluctuations are subject to the boundary condition

3
0,¢9,, Dy, = [— S0Ae M5,

4
+ ar¢a <36VA r¢b + Vb>:|

s

Ti

(102)

where D,a“ = 9,a* + G§ 0,®a¢, while V¢, =0,V'+
G4, V¢, and V¢ = G0, V.

For the numerical calculations of the spectrum, we found
that imposing the boundary conditions directly on the
numerical solutions of the differential equations results
in the slow convergence of the results toward the physical
limit. To improve convergence, we deployed a different
process, with respect to the case of the tensor fluctuations.

First, we perform expansions of the IR and UV asymptotic
behavior of the solutions, which we report in Appendix B.
We impose the boundary conditions on the expansions,
hence, removing the dominant contributions and retaining
only the subleading ones. We then introduce the same
cutoffs as for the tensor modes, ¢; and @,, as regulators. But
the boundary conditions we impose on the numerical
solutions are dictated by matching them to the constrained
UV and IR expansions obtained by retaining only the
subleading terms. We then apply the mid-determinant
method to identify the physical spectrum, M? = —g?,
having evolved the numerical solutions toward a midpoint,
0*. Our numerical results for the spectrum of gauge-
invariant fluctuations are provided in Fig. 4, which com-
bines the spin-0 (scalar), spin-2 (tensor), and spin-1
(vector) modes. We will comment on the results later in
the paper, after we explain how we computed the spectrum
of vector modes.

C. Vector spectrum

The study of vector fluctuations, dual to spin-1 bound states in the field theory, is more subtle, as it involves internal
gauge symmetries (in addition to the diffeomorphisms) and some nontrivial effect due to mixing between vectors induced
by the nonvanishing of A< ) . Hence, we provide here a more detailed discussion of the process of deriving the equations of
motion and boundary cond1t10ns for the transverse component of the gauge fields.

Expanding the last term of the action, Eq. (21), that encodes the vector fields by substituting the definitions of the
fluctuations but retaining only terms quadratic in the fluctuations, one arrives to the following:

1 . 1 ~(3) ~ 1 - ~ - -
SV = /dsx\/ —Js gMR gNS |:—16€81FMNFRS - 162)(_2(/)145‘2\/14535) - Zezl_z‘/’(VMaNAéS) — VNaMAS))(VRasA(:) - VSORA?))

1 ~ - -
—5¢ & _2¢ASBV<VR6SA§>3) - Vsafef“é3> )] ;

where Fyy = 0y Vy — 0V = Flyy, while AZ(SIB\, = 6M;11(3) - 6NAS) is only the noninteracting portion of Fy.

(103)

(3)

To show explicitly how gauge invariance works in this case, it is useful to write explicitly the decomposition of the five-
dimensional vector fields in their four-dimensional vector and scalar components. To do so, we use the compact notation

Vi, = {VM,AZ(SI)} and H,p = diag(}e®, e*7??), use the ansatz for the five-dimensional metric, perform a Fourier
transformation in the x* coordinates that introduces the momentum g¢* in place of the derivatives, and, after some

integrations by parts, write

s - /d4qd,{HAB {_zm e
3o

i=1.2

2.0

i=1.2

1 . - N y
5 @M 0,A i, Y, (- )AL (9) = V,(~)0,A7 (q) + (g —q>>}.

(104)
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Here, P =y — % is the transverse momentum projector that satisfies the relation P*¢, = 0. The boundary terms are

remnants of the integrations by parts.

Recalling that the matrix H,p is diagonal, we notice that the third, fourth, and fifth terms in the right-hand side of
Eq. (104) are the familiar ones, appearing in the Kaluza-Kline decomposition of a vector, because we are considering the
holographic direction as separate from the Minkowski directions. In addition, we observe the presence of mixing terms
between the vector field that arose as a graviphoton from the circle compactification, \7”, and the (pseudo)scalar associated
with the Abelian gauge field, A(;), as can be seen in the last term of Eq. (104). Loosely speaking, A?)
that is Higgsed into \7,, due to the emergence of a nontrivial background value of AS). The mixing terms between spin-1 and
spin-0 field components in the bulk of the geometry can be eliminated by supplementing the bulk action with the following

gauge-fixing terms:

is the field component

H _ ~ ~
/ digdr > |-=F Q”Vi‘(—Q)+ii6r(HAA62A“>V§‘(—Q))+ii5X62A<’>0rAé3)€2"‘2"’A§3>(—q)
Pyt Hsa H s

x <q" 74(q) - iHiAA 0,(H 1 VA (q)) — iHiAA 819, AP 22040 (q))] . (105)

By adding these gauge fixing terms, the action for the vector sector is

)
=
N—

H,p ~ ~ ~ e ~
svt = [ ataar{ =T vpg (P 2L V000 + 50 (P T ot e 0,

1 ~ Ha¥ \ -~ 1 _ 1.y B
- 04007,-0) (P + LL)7,(0) + g0 7, -0) (P + LL )0 40 g

1 i _ & ~ .
+ (g < —q) _*32A<r)HABQZV§1(_Q)V§(Q) - 7ar(HAAezAVSA(_Q))ar(HAAeZAV?(Q))
2 A=V A®) 2H a4
< #7205 ~(3 g, ex70 3 ~ ~(3
= 5(9,A8)? —— A7 (~)A (q) + 5 4 = — 0,457 (0,(Hyv e Vs(=) A5 (9) = (g < =4))
Hyy Vv

LYS(r — ) | £ qh A (=) (HLype A 78 o —q)| b, 106
33 1) [ VA Hae T ) + (0 o )] | (106)

The last term in Eq. (106) requires one to complement the bulk gauge-fixing action with boundary-localized gauge fixing
terms:

I _ i
Su= [ daar Y 00 =r) X |- @i -0) - M P (=)
i=12 A=V,AB)

X (“VA(g) + iMyH gy g*<q>>] (107)
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Finally, the gauge-fixed action for the spin-1 sector is the following:

H,p -~ 1g*g"\ - 1. HgY -
S Se+Su= [ ataar{ i (P L) 020) 370 (P T o (H e 0,

<
=
=

1 ~ Ha¥’ \ -~ 1 B oV B
- 0AY PV 0) (P + TL)0,(0) 4 5 t0.a e 0, -q) (P + Lo a )

1 8 i 5 ~ ~
+(q < —q)} —5 P HB V=)V () = Y 50, (Hane™ V5(=9))0,(Hase™ V5(q))
A=y A TTAA
& o220 5 g, e - ~
=504 P AT (AT (9) + 5 0,40 (0,(Hyy e Vs(-0))AL (0) - (0 ~9)
i 1 2A(r) {74 w, 9T\, s
D (Vo= r)| =5 Hase ' Vii(=q) | P+ 55 )0, V(q)
=12
i 1 wous A 7B M; 2 4A(r) T7A 7B
+ Y ()8 =r) | =5, (@4 as Vi (-a)VE(0) = = (Hap)?e VA (-q)VE(9) | o (108)
i=1,2 !

The physical spectrum for spin-1 states is obtained by focusing on the transverse part of the vector fields, containing
P# VA while ignoring terms containing Vg‘ and g#¢* V4 that are now decoupled from the former. By taking variations with

respect to A,(f), we find that the pertinent classical equations of motion and boundary conditions are

1 1 ~ 1 -
0= [— S Eaxe%-wma,)} PrAL (g 7) = 50, {<e2%-2¢+2AarAé”>Pﬂvvy<q, rﬂ , (109)

1 -
0= {— 5 e21—2¢+2Aar] P*A,(q) (110)

1 -
+ [E 62;(—2¢+2AarAé3)} PV, (q)
r!

r=r;

r=r;

By taking variations in \7”, we arrive at

1 1 1 _ 1 _
0= [— g +50,(e120,) e2%—2¢+2A(a,Ag3>)2} P, (g, r) + [5 e2ﬂr—2{/’+2Aa,Ag3>a,] PwA,(q.r),  (111)

1 -
0= {— 3 eSZHAa,] PV ,(q,r)

(112)

r=r;

Upon making the replacement ¢g> = —M?, and simplifying common terms, the physical equations of motion and the
corresponding boundary conditions for the vector fluctuations take the final form:

0= [eAM? +2(0,1 — 0, + 0,A)9, + BIPPA, — [2(0,1 — 9, + 0,A)(0,AL) + BAY + (9,A5)0, 1PV, (113)

0 ==0,[P*A,(q)]|,—,, + [0, 1P, (q)],_,.. (114)
0 = [e2AM? — 4e=%=20(3,AP)) + (80, + 20,A)0, + RIPHV, + [4e=%20(9,AV)0,] P4, (115)
0= ar[leVu(q’r)”r:r,-' (116)

As for the scalars, the procedure we apply in our numerical calculations of the spectrum contains an additional step, with
respect to the case of the tensors. We introduce the same cutoffs, ¢; and @,, as regulators, but rather than imposing the
boundary conditions on the fields at these finite cutoffs, we perform expansions of the IR and UV asymptotic behavior of the
solutions, which we report in Appendix B, and impose the boundary conditions on said expansions, which amounts to
retaining only the subleading terms. We then use the values of the expansions, evaluated at ¢; and @,, to set up the numerical
evolution of the linearized equations, and apply again the mid-determinant method to identify the physical spectrum, M?>.
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D. Discussion and probe approximation

The spectrum of gauge-invariant fluctuations of the
soliton backgrounds with nontrivial flux, which correspond
to physical bound states in the dual field theory, is provided
in Fig. 4. The masses are shown as a function of ¢, over the
whole parameter space. We normalize the masses of the
bound states to that of the lightest spin-2 excitation, M,,
which is a good proxy for the confinement scale, as
discussed earlier in the paper. The general appearance of
the spectrum of heavy modes is the one expected from
supergravity; for generic values of the parameter ¢, and for
masses larger than M,, we observe the presence of six towers
of states, each tower comprising excitations that have a
common periodicity, O(0.6M,). The six towers correspond
to the fluctuations of the three scalars, two vectors, and one
tensor retained in the truncation. We note that one of the
scalars is approximately degenerate with the tensor, making
it difficult to render graphically in the figure.

There are several interesting features appearing in the
lightest excitations. For generic values of ¢, we find a near-
degenerate pair of spin-0 states to be the lightest states in
the spectrum. One of the spin-1 states is also lighter than
M, . Interestingly, when approaching the lower limit of the
parameter space, ¢, — %, several qualitatively new features
appear. First, the mass of the two lightest scalars is
suppressed, with respect to M,, and appears to vanish in
the limit gy — %. Second, two of the scalar towers become
approximately degenerate. This might be related to sym-
metry enhancement, but unfortunately the limiting case
00 = % is singular. Understanding the features of the
spectrum in this region of parameter space may require
going beyond the supergravity approximation. We hence
defer further commenting on the range of ¢, in close
proximity to its lower extremum, except for observing that
a similar behavior has been observed also near one of the
two critical points of the theory discussed in Ref. [172] (see
bottom-left corner of Fig. 6 in that publication).

For generic values of g, the two lightest scalars have
mass in the range (0.3 —0.6)M,, suppressed, but not
parametrically, with respect to the rest of the spectrum. It
is interesting to investigate the nature of these two scalars.
We do so by repeating the calculation of the spectrum of
scalars using the probe approximation, as defined in
Ref. [83]. The starting point of the analysis is the observation
that the gauge-invariant scalar fluctuation, a“, defined in
Eq. (A13), contains a component along the trace of the
metric, &, and that the coefficient controlling the mixing
effects is proportional to the derivative of the scalar field
evaluated on the background. Hence, for scalar fluctuations
related to scalars that do not affect the background geometry
via their background profile, this term can be neglected. In
the dual language of field theory, 4 is related to the trace of
the stress-energy tensor, or the dilatation operator. The probe
approximation consists of explicitly neglecting the

contribution of & to a, hence, assuming that the dilatation
operator cannot source the corresponding state.

We report in Appendix A I a the general form of the
equations for the scalars in probe approximation, lifted from
Ref. [83]. We write explicitly the form of the equations in the
backgrounds of interest in Appendix A 2. We performed the
numerical calculation of the spectrum in the probe approxi-
mation using the improvement given by imposing the
boundary conditions on the UV and IR expansions of the
fluctuations, and matching them with the numerical solu-
tions of the differential equations evaluated at the cutoffs @,
and g,, along the lines of the process adopted for the gauge-
invariant scalar and vector fluctuations. We report the form
of the relevant expansions in Appendix B.

We show our results in Fig. 5, in which we compare the
correct results for the spectrum of scalars, normalized to the
lightest spin-2 state, with the results of the probe approxi-
mation. As expected, for most of the scalar fluctuations,
and in the largest part of the parameter space of the theory,
the probe approximation provides reasonably good esti-
mates of the spectrum. But there are two important
exceptions. First, we notice that the second-lightest state
of the theory is never reproduced well. Even for the largest
possible values of ¢, for which all other scalar states have
masses that are close to the approximation, this special state
has mass that is half of the estimate coming from the probe
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FIG. 5. Spectrum of masses, M2/|M|, of the gauge-invariant
scalar fluctuations of the soliton backgrounds with nontrivial flux
(dual to confining field theories) expressed in units of the mass of
the lightest tensor in the spectrum, M,. The scalar states, arising
as the three gauge-invariant combinations of the fluctuations of
the three scalars together with the trace of the metric, are in blue.
We compare the results with those of applying the probe
approximation to the same states, depicted in orange. This
approximation consists of explicitly neglecting the mixing of
the fluctuation of the background scalars with the trace of the
metric, and, hence, ignoring the effect of the dilaton operator in
the field theory. The numerical solution of the fluctuation
equations is performed using IR and UV cutoffs set to ¢; =
00+ 1077 and ¢, = gy + 10, respectively.
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approximation. This feature persists over the whole param-
eter space, and becomes dramatic for gy = Qomi“ < 0.785, in
which case the probe approximation yields an unphysical
tachyon. The inevitable conclusion of this analysis is that
the second to lightest scalar state (and not the lightest) is a
dilaton, the PNGB associated with the spontaneous break-
ing of scale invariance.

Second, we notice that for gy < @™ other pathological
behaviors develop in the probe approximation besides the
appearance of a dilaton. In this extreme region of parameter
space, both the lightest scalars, which are almost degen-
erate in mass, have mass that is not reproduced in the probe
approximation. But also the heavier states show visible
discrepancies, even the approximate degeneracies being
reproduced only poorly. We conclude that in this region of
parameter space mixing effects are important for the whole
spectrum of scalars, all of which couple to the dilatation
operator in the dual field theory. As discussed above, in this
region we also expect the supergravity approximation to be
less reliable, and hence, we take the value g NQS““, at
which a tachyon appears in the probe approximation, as an
estimate of the lower value of g, for which the soliton
solutions with nontrivial flux can be trusted to yield
physically reliable information about the observables in
the confining dual field theory.

V. SUMMARY AND OUTLOOK

We have reported our results for an extensive stability
analysis of the new class of supergravity solutions recently
constructed and reported in Ref. [107]. The backgrounds
arise in the context of Romans half-maximal supergravity
in six dimensions. They are characterized by the compac-
tification of one of the external directions of the geometry
on a circle. The diagonal, U(1) subgroup of the SU(2)
gauge theory develops a nontrivial flux along this compact
direction. We confirmed that this construction gives rise to
a one-parameter family of new solutions that can be labeled
by the value of the end of space, % <gp < %, expressed in a
particularly convenient choice of variable for the holo-
graphic direction of the geometry. In this variable, the
background solutions can be written in analytical, closed
form. The corresponding background geometries are
smooth and regular, except for the extreme ¢, — %. We
confirmed that these solutions correspond to confining field
theories with vacuum free energy lower than the associated
conformal field theories obtained with the same deforma-
tion parameters. The only exception is the case gy = %, for
which both (inequivalent) confining and conformal vacua
have vanishing free energy. The coexistence of phases is a
strong indication of the existence of a first-order phase
transition.

We performed a local stability analysis by computing the
spectrum of fluctuations of the fields retained in the
subtruncation of gravity theory that we described in the

main body of the paper. The results for the fluctuations are
interpreted in terms of the mass spectrum of bound states of
the dual field theory. We found evidence of the existence of
two, nearly degenerate scalar bound states with mass lower
than the typical scale of all other states, and of the
confinement scale that we identify with M,, the mass of
the lightest spin-2 state. We find that the next-to-lightest
state behaves as a dilaton, while the lightest state does not,
by repeating the calculation of the spectrum in the probe
approximation. We also find that the probe approximation
yields an unphysical tachyon for ¢y < Qg’i“ ~ (.785, which
we take as an estimate of the lowest value of ¢, for which
the supergravity approximation can be trusted. In the whole
region of parameter space, ¢i'" < ¢y < 9/10, over which
our analysis yields reliable estimates of the field theory
observables, we find that the two lightest scalars (one of
which is identified with the dilaton) have near-degenerate
masses, in the range (0.3 — 0.6)M,.

As anticipated in the Introduction, this top-down holo-
graphic construction exemplifies a behavior that resembles,
in many respects, those presented by the theories discussed
in Refs. [166-170]. The presence of a first-order phase
transition appears to be related with an O(1) suppression of
the mass of the dilaton in the spectrum of bound states. But
this suppression is neither parametrically nor numerically a
large effect. This study also presents some new, unexpected
feature, in the fact that the dilaton is not the lightest state
anywhere in parameter space, as an additional scalar
particle with near-degenerate but smaller mass is also
present. Furthermore, evidence of mixing between these
two states and of parametric suppression of the mass
appears in a high-curvature region of the parameter space.

It would be interesting to resolve the singularity that
appears for the one background at the end of the one-
parameter family of solutions discussed in this paper.
Doing so might require considering a more general ansatz
for the metric, the sigma-model scalars, and the fluxes,
which might prove challenging. An alternative way to
further develop this study in the future would be to
understand whether it is possible to generalize the family
of solutions to explore a region of parameter space in which
the background is weakly curved and regular, yet the phase
transition is weaker. It should be possible to do so by
turning on small deformations of the background, with the
parameter ¢, # 0, for intermediate values of ¢, away from
singularities. This process is reminiscent of what happens
when adding (heavy) fermion matter fields to Yang-Mills
theories on the lattice, in which case it is expected that the
first-order phase transition softens into a critical line with
an end point, followed by a crossover. Finally, the same
construction exploited here, generalizing the mechanism
for confinement of Witten’s model [5] by adding a non-
trivial Abelian flux [104], can be explored in other theories
and in other dimensions. It would be useful to have a
complete classification of what are the physical
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implications of such a procedure. We leave these tasks for
future investigation.
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APPENDIX A: SIGMA-MODEL AND GAUGE
INVARIANCE

In this Appendix, we repeat the equations governing a
general sigma-model of n scalars coupled to gravity,
including in the action terms with up to two spacetime
derivatives, borrowing material from Refs. [75-83,180,188].
In D spacetime dimensions,” the sigma-model action, for
real scalar fields ®¢, with a = 1, ..., n, can be written as

1
SD—/de\/—gD{%—EgMNGaban)”aNq)b—V(q)“)},

where G, is the sigma-model metric, acting on the internal
space, while V(®“) is a scalar potential. For gravity, we
adopt conventions in which the Christoffel symbols are
defined by the relations

Iy = QPQ<aMgNQ + Ovgmo — 9o9gmn)-  (Al)

N =

The tensors entering gravity formalism are defined from
these, in the following way. The Riemann tensor is

Rune? = OnTCyp = 0T yp + 1%y pT gy = T8y pl sp,
(A2)

the Ricci tensor is obtained by contracting the indices, as

Run = Ruypn’, and the Ricci scalar is R = Ry vg"".

In analogy with gravity, one introduces the sigma-model
connection that descends from the sigma-model metric,

’In the body of this paper, we set D =5, though we also
include some vector fields in addition to the scalars.

G, its inverse, G*, and the sigma-model derivative,

0, = 525, as follows:

1
gdab = EGdC (aaGcb =+ acha - acGab> . (A3)

The sigma-model Riemann tensor, capturing the curvature
of the internal sigma-model space, is

Rpea = 09 pa = 049 b + G1dG ce = G 5cG de-  (A4)
The sigma-model covariant derivative is then
DbXda = abXda + gdcbxca - gcabXdC' (AS)

We write the domain-wall ansatz for the metric in the
following form:
dsf, = e*dxi ,_, +dr?, (A6)
where the background is characterized by the function
A = A(r), dependent only on the holographic direction in
the geometry. The shorthand dx? ,,_, stands for the flat
Minkowski metric in D —1 dimensions, with the
Lorentzian signature mostly +. Likewise, the background
scalar fields have nontrivial profiles that depend only on the

holographic direction, as ®* = ®“(r). The background
equations take the following form:

R0 + (D — 1)0,40,0° + G%,,0,8"9,0¢ — V* = 0,

(A7)
4
(D —1)(0,A)* + 0?A + 53V =0 (A8)
(D= 1)(D =2)(0,A)* = 2G,;,0,D%0,®" + 4V = 0,
(A9)
where we use the shorthand notation V= G%9,V
and 0,V = 25

1. Gauge-invariant formalism for the fluctuations

The equations that govern the gauge-invariant treat-
ment of the fluctuations are taken from Refs. [75-83].
We rewrite the general scalar, ®“, by splitting it in
background and (small) fluctuations, following Refs.
[75-79], to read

D(xH, r) = DUr) 4+ @(x*, 1), (A10)
where ¢“(x*,r) are small fluctuations around the back-
ground solutions, ®“(r). After foliating the holographic
direction as in the ADM formalism [185,186], the metric
reads as follows:
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dsy = (1 +v)? + v,1°)dr? + 2v,dx*dr

+ e (n,,, + hy, )dxtdx?, (A11)
where we decompose the fluctuations of the metric in
D — 1 dimensions in terms of fields v(x*,r), v*(x*,r),
e (x*,r), e'(x*,r), H(x*,r), and h(x*,r), defined so
that

H = ot i g T "4, !
W, =e", +igte, + ie'q, + 7 H+m

5 h.
(A12)

(In the body of the paper, we specify that D =35.) In
these expressions, the gauge-invariant, vector field,
e#(x*,r), and the traceless tensor, e, (x*,r), are trans-
verse. Following Refs. [76,77], the other gauge-invariant
combinations of the fluctuations are given by

9,0"
azge_ 9T Al
=Y T ab-29,A" (A13)
P (A14)
—YT 2 -2)9,4)

—2A 2h 1

—e Mg — ST 5[ (AlS

= W T 2204 2% (A13)
= eAPH LY — 0,6V, (A16)

The algebraic equations obeyed by b, ¢, and b allow one
to decouple them, and they do not lead to a spectrum of
mass eigenstates.

In our numerical calculations, we assume the holo-
graphic direction to be bounded, as in r| < r < rp. It is
understood that the limits r; — ry and r, — 400 are taken
at the end of the calculation, to remove the spurious
dependence on the regulators. The tensor fluctuations,
e/, obey comparatively simple differential equations:

[0 4 (D —1)0,A0, — e7A") g?]et, = 0, (A17)

and their (Neumann) boundary conditions are given by
d,e#

o, =0 (A18)

The equations of motion for the scalar fluctuations, a“,
are the following:

0=[D?+4 (D —-1)0,AD, — e A ¢%]a”
4(0,®V" +V9,®%)G,,,
(D—-2)a,A

- [v — R4}, ®09, D! +

16V0,CD“0,<1>”G,,C] . (A19)

(D-2)2(3,4)?

where ¢* =n,,4"q* = —M?, the background covariant
derivative is D,a = d,a" + G*4.0,®’a, and V=

%Z + G*,.V¢. The boundary conditions are [79]

2240, ® [

4V0,®"

" (D-2)9,A -

- Vb:| a,

ri i

(A20)

a. Probe approximation

The probe approximation in use in the body of the paper
is defined in Ref. [83] and relies on the assumption that the
general gauge-invariant scalar fluctuation can be expanded
in a power series of the small quantities, 053“ < 1, that
control the mixing between the fluctuations of the sigma-
model scalars, ¢“, and the trace of the metric, /4, in
Eq. (A13). By truncating at the leading order, the equations

written in the probe approximation simplify, to read

0= [D% 4 40,AD, — e_Zqu} pe

- |:Va|c - 7?’abcdarq)bar(I)di| pc’ (AZI)
where we denoted the relevant variable as p¢, rather than
a?, to avoid confusion. The boundary conditions reduce
to Dirichlet: p|, = 0. In the numerical calculations, we
find it convenient to change the variable describing the
holographic direction from r to ¢, as we have the
background fields written as a simple function of the
coordinate g.

2. Equations of motion for fluctuations

In this Appendix, we write explicitly the equations of
motion for the fluctuations of the scalars, both in gauge-
invariant form and in the probe approximation. For sim-
plicity, we write the equation in the coordinate r, although
in the numerical study we performed we used the change of
variable to ¢. We also find it convenient to denote
derivatives with respect to r with primed functions, so that
A'(r) = 0,A(r), A"(r) = 02A(r), and similarly for all other
functions. We performed the replacement g> = —M>.

066006-19



ALI FATEMIABHARI and MAURIZIO PIAI PHYS. REV. D 114, 066006 (2026)

a. Gauge-invariant scalar fluctuations

The coupled, second-order, linear differential equations obeyed by the three gauge-invariant combinations of scalar
fluctuations, a?, a%, and a, are the following:

1
16247(r)2
e (r)(AG" (r) = 248" (1) 3 (r) + ¢/ (1)) + 3244 (1) €211 +640) (29 (1)1 +200) 1- 0 (1) A ()
— 607 (r) 2N+ (9A! (r)2(9e*() A %)/(r) +-2e%(1) (—4e*(1) 138401 1 1))
+8e% (A (r)((12*1) + 98¢ — 1)/ (r) — 9(—4e*(") 4-3e80() 1 1)/ (r)) — 32e%() (12e4(7) 4-96840) — 1)/ (r) ' (7))
+720% () (=4€) 4 3¢3¢0) 1 1A' ()AL (r) +32a% (1) (1240 4 93¢0) — 1) AS (1) ' (1))
209 (7) 2U(NH9() (2T AT ()2 (1) (82AMIH4H() 4 62A(1+80(r) _ 602A(r) 4 31221 +60(1))
_ 3 2A(r) 4 (r )A( V(1)2) 4 144 (—4e* (1) 4 3300) 4 )24+ A (1) (r)
+32(12*0) 93¢0 — 1) 240 +4(N g/ (£)2)) =0, (A22)

2(A(N+4G()+9(1) (2A() (81 A” (r) 22" )+6¢(r)(2a¢//(r)eéx(r>+2¢(r>+2aA6/(r)Aé3>’(r)

1

1624/ (r)?
+ 8N A (r)((12e*1) 193¢0 — 1)/ (r) — 9(=4e*?(") 4 33() 1 1)/ (1)) =32 () (1247 +98() — 1)/ (1) (7))
o+ A (BLA (1)) 2 (1) 200) 1200 (r)AG (r) + @ (1) (457" (1) =248 (1) 3 (1) + /(1))
32447 (r)3 2N H600) (207" (1) 521200 - as ()AL (1)) = 8as (1) (12e4(7) 4-9¢84() — 1) A! (1) AL (1)
+32a%(r)(12e*() +-9£8¢(7) 1)Aé3)/(r))(’(r)) + 607 (r)e2W (NP (A (1)2 (e¥(1) (24241 +44(7)
+ 18e2A(r)+8¢(r) _ ZeZA(r) T 27M2€2;((r)+6¢(r)) _ 8162A(r)+4¢(r)A<63)/(r)2) _ 16(12€4¢(r> =+ 968(/7(r) _ 1)€2A( r)+4x(r) ( ) (I")
+32(12*() - 9¢3¢() — 1) 240N +42(1)/(£)2)) =0, (A23)

5 e 2AMHAG)+00) (28 (1) 2AN LTI (9A! ()2 (94(7) ALY (1) 42640 (—44) 436800 4 1))

AA'(r) (=a? (DAY (r) = 30 (P)AS (1) + ' (r) = 3a% (r)y (r) — a%(r)'(r))

+ grargye (160126440 4 9¢80) = DAY (e 8100 x (2601200 (@ () (r) + 30# (1) (1)

8Aé3)/(r)e_205(’)+3¢(’))(3a¢(r)( 4e*0(1) - 3e8¢0) 1 1) — aZ (1) (12e*1) 9840 — 1))
27A’( "

+ M2 at (1) = 20 (NAG (1) = a? (NAG (1) + 60 (AL (1) (1) + 20*(1)AG (1) (1)
— 607 (1) (r) = 304 ()AL (r) + 180 ()AL (r) ( )+ 60 (NAS (N () + " (1)
= 6a%/(1)y/(r) = 20%/ (1) (1) — 2% (1)AS (1) 200D = 3at () (1)

4
—a%(r)g" (r) + §aA6(r)(6e4(/)(r> —1)e2u(N+39() = 0, (A24)

+ao(rAg () +

The gauge-invariant scalar fluctuations obey the following boundary conditions, which we impose at the cutoffs r; (in the
IR) and r, (in the UV), along the holographic direction:
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2 o) (4“26‘“’"” +9¢HM10) = 1)e S+ <2€W)ﬁ(r;<a¢<r>¢/<r> + 30 (1) + (1) (1)
r

+54¢/(r)
1
x (a¢/(r) +EaA6(,)Ag)/(r)e—2<3x(r>+¢(r)>> —27AY (1) e23 O+ (af (1) ALY (r)
+30(r)AS (1) = () + 3a%(r)y (r) + ae(r)/ (1)) + 18a% (1) (=4eH(0) 4 3H(0) - 1)) 1300
1
#16270) (@10) + 300 (e

=607 (r) (12¢*00) + 9¢¥1) — 1)) +300) >+3M2a¢(r)A’(r)

=0, (A25)

r=r;

2 g <4(12e4¢<r> + 98] — 1) 8+ (25401+200) (af ()¢ (1) + 30 () (1)) + as ()AL (1))

A'(r)

1
+54¢/(r) <a¢'<r) + ot (r)Ag3>’(r)e—2(3x<r)+¢(r>>> — 2745 (r)e 23000 (0 ()AL (1)

+302(rAS (r) = % (r) + 3% (r)y/(r) + a® (r)¢'(r))

1
£ 18a8(0) (404 3680) 4 1)e2000800 1621 (@10 + 30T (e )

—6a% (r)(12e*?(") 4-9£8¢() — 1)e—20f<r>+3¢<r>>> +3M*aX(r)A'(r)| =0, (A26)

r=r;

248 (r) AT (27640 A! (1) (26500200 (a (1) (r) + 302 ()i (1)) + a2/ (1)AS (1))
+9a? (r)A(r) (2e%(7) (—4e™(1) 4+ 3800) 4 1) = 364 ALY (1)2)
+3ax(r)(8e4x 11264000 1+ 96800 — 1)/ (r) — A'(r) (27 A (1)2 4 264 (1264() 4 9e80() — 1))
+8a?(r)e* () (12e*(7) 4-9¢3¢() — 1)/ (1))
+ 0% (r) (BLMPA! ()2 W) +90) 1 8240 (126400) 4 9¢890) — 1)AY (r)2)],_, = 0. (A27)

b. Probe approximation

The equations of motion for the three scalar fluctuations, treated in the probe approximation, are the following:

ZA(’)(3e4¢< N (2(4A (r)p? (r) e 2000 1 AD (1) pAel (1) p (1) e IH200)) L pho (1) (AA"(H)AY () + AL (r)
=240 (NG (r) + ¢'(1))) = 207 (1) (9e ¥ AL (r)? + 2%(0) (=A%) 4 36890 4 1)))
+ 2p‘/’(r)(e )((r)(SeZA(r)+4(/)(r) + 6eZA(r)+8(/)(r) — 6e2A(r) + 3M2€2)((r)+6(/)(r)) — 3e2A(r)+4¢(r)Aé3)/(r)2) — 0, (A28)

27240700 (44 (1) (1)) - A () (r) + B ()0 e () (44 (A (1)

+ A<63)”(r) _ 2A(63)'(r)(3;(’(r) + ¢/(r)))) + 2}%(1")(64}( r) (24€2A(r)+4(/)(r) + 18e2A(r)+8(/7(r) _ 262A(r) + 27M262;((r)+6(/)(r))
— 812N+ A (1)2) — 624N po (1) (94 ALY (£)2 4 24() (—4e*(1) 4 3840 4 1)) =0, (A29)
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e )( 4A(r) (B () + ¢ (1) + M2e2A0) 2407 (r)2e 230D — 37 (r) — ()

+§e—zu<r>+¢(r>>_‘§‘e—zo(< 143607 >_12pz() (A (1)

— p?(r) (44 (r)A] >< >+A“ (r) =245 (r) (37 (r) + ¢/ (1)) + 44 (1) (r) = 397 (r) A" (1)

—245'(r >p¢'<> D (rw (r) + 189 ()AL (r)y (1)

+ 6 (NAL (N (r) + P2 (r) — 692 (r)y (r) — 207/ ()¢ (r) = 0. (A30)

where {p?, p*, pAe} are the approximations of the gauge-invariant combinations {a?, a*, a%s}, associated with the fields

{o, ;(,A?)}. All three scalar fluctuations obey Dirichlet boundary conditions: p?|,_ =Vl = pA6|r:,i =0.

APPENDIX B: ASYMPTOTIC EXPANSION OF THE FLUCTUATIONS

As explained in the main body of the paper, in order to improve the convergence of our numerical algorithms for
computing the spectra of spin-0 and spin-1 fluctuations, we use UV and IR expansions of the fluctuations, impose the
boundary conditions on such expansions to fix the relation between the coefficients of the dominant and subdominant
contribution to the expansion, and then use the resulting expansions to set the boundary conditions for the evolution of the
differential equations of the gauge-invariant fluctuations. We report here these expansions, truncated at the order we used in
the numerical study.

1. IR expansions

We find it convenient to write the expansions in the IR in the variable ¢. The leading terms of the IR expansion, in powers
of the small quantity ¢ — @, of the scalar fluctuations are given by the following expressions:

(Q Qo) 3 2
a?R (0)= G?R,o + “?R,L log(e—0o) + ) te0Cy

——a (—2M? + 8803 — 1740, + 81)
605/2(400_3 1R.0€0 0 0

3/2 3/2 5/2 7/2 3/2
+2a%y 1002 (2M? — 12803 + 2040, — 81) — 81a%g g00* + 198a%p 000 * — 1200z gy > + 162a%x ; 0/

- 2880)[{R.LQO/2 + 120‘7‘)1(12 LQ(7)/2 + “?13 OM2 \ _93(10()0 -9)+ 40“?13 0/ _Q%(IOQO - 9)Q3
96a’14130\/ 1090—9 QO+5401R0\/ 10@0—9 +12a1R1\/ IOQO— 9a1R1\/—Q0 100y —9 QO:|

4 2 2 2
afy  2M?-12802+2100)-81) | a7 M2\ /=02 (10g5-9)
% +agg, L( —90) + 572

%
log(e - 00) (@ —00) + -+ Bl
+ 18— 240, og(o—eo)(e—eo) +-- (B1)

0—0 27 54
“);R(Q) = a);R,O + a)l(RA,L log(g - Qo) - M [Q?R,o (—4000 -—+ 66) + a(IpR,L (4000 +—=96

18 — 249, Qo Qo
N ahp o(—2M? — 12003 + 5400 + 27) N 20y (2M?* + 400% + 1200 — 27)
Qo Qo
—03(100y — 9) (ajs o (M? + 4003 — 18) + 3a7 ;00 (4e0 — 3))}
o)’

. 300y 1 (1000 — 9)ey/” + a0y > (—2M? = 540, + 27) — afs yM*\/ =3 (100, — 9)
60/ * (400 — 3)
x log(o — 0o)(@ —00) + -, (B2)
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A A, A
azp(e) = ajpo + ajp (0 = 00) +1log(e — ¢o)(e — o)

o |- 4./00v/ —05(10¢y — 9)(a}¢R,L + 3a)I(R,L) + a?z(é,oMz

; B3
300(400 — 3) (B3)
where G?R,o’ a?R’L, @ o> Vs 0?13.0’ and a?}?J are the six integration constants.
The leading terms of the IR expansion of the vector fluctuations are given by the following expressions:
1N 5 (e —eo) i
Air(@) = Ao + A log(e — o) + A s 232 3A1r0M*(3 — 400)+/00
9(3 —400)*ep
— 6A.1\/Q0(400 — 3)(=M? + 30¢5 — 3600 + 9) + 21/ —05(1000 — 9)(3¢0((3 = 420) Vi)
+400(500 = 6) Vg1 = M*V g _1) + log(e — o) <2\/ —05(1000 = 9)V g -1 M?
- s Valden = 30 + 4o = 1000) )| 4+ (B4)

& V]R -1, 5 ZAIR L —03(1000 - 9) VIR —1M2 (Q - Qo)
Vig(e) =———+Vigo+logle—o ( : - ;
w(Q)= o T Viro Flog(e o) o 300(400—3)/) " 36(3 - 40y)%0)>

X |:6M2(2\/é6(1()g% - ]2@0 + 3)‘7[1?,_1 —(4Q0 - 3) <2 —Q%(IOQO - 9) (AIR,O - 4AIR,L) + QS/ZV[R’O))
—24(3- 490)2A1R,L\/ —Q%(IOQO —9)(10gp —3) — 3M4\/Q_OVIR,—1 + 16(10003 - 2200(2) + 159¢0 —- 36)93/2‘7111—1

+210g(9_QO)(_4M2(3A1R,L(4QO_3) —0(2)(1000—9))+M4\/56‘71R,—1)} + ey (B5)

where the four integration constants are denoted as A,R,O, A,R,L, V,R,_l, and V,R,O.
We report also the IR expansion of the scalar fluctuations computed in the probe approximation, which are given by the

following expressions:

- ¢ (2M? — 8802 + 1740y —81)  2p%. . (=2M? + 12802 — 2040, -+ 81
plo(0) = ple g+ ¥1 , log(o — o) + (e—0v) [Pm,o( % Qo )+ Pir.( 2 Qo )
’ ’ 18 — 24, Qo Qo

2446 2
Mg _59/2(1000 -9) 1 409y 000 — 27¥r 0 6y + 40 00+ S54PirL 96
) 0 Qo
1205k vV=5(10¢0 = 9) it v/=€3(1000 - 9)}
Ve "
p‘l/'R_L(ZMZ—l2§:}%+210@0—81) n M2pS, g;/gzé(IOQo—% L MR.L(‘gOQO B g +102)
- T log(e = eo)(e— o) + - (B6)
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Yir(0) = Piro + Pig log(e — 0o) —

(e — o) |:_6M2P)I(R,O+12MZPJIKRL 3MPif.0/ €5 (1020 — 9)

54 =720 Qo Qo Q(S)/ :

9%

27 34
+pleo (—4090 + o + 6) + Pk, (—4090 -y 96) 200945 000 + 20 4 1625 o — 80Wg 1,00

18pix 1 6P1R 1V —05(10¢y — 9) 27P1R 1V —05(1000 — 9)
- + 72p)1(R,L 3/2
Qo V@0 Q)
6M2—16002+16209—9)  3M2p'S \/=02(100p—9
p)I(R,L( QOQO+ Q0 ) + le,O 05/20( Q0 ) + p?R’L(—g()QO _ % + 102)
0 log(o — - o B7
+ 52— 720, og(e —0o)(e —eo) + (B7)

M2P1R0+4\/—\/_Qo 10y - 9) IRL+3p)I(RL)
3Qo<4Qo 3) '

ia(0) = Pigo + Ve (0 — co) + logle — ¢o) (e — @) |-

o . A A
where we have denoted the six integration constants as p‘fRO, p‘fR_ 1> Yiro Yirr» Pigo» and pis .

2. UV expansions
We collect here the UV expansions, truncated to the first few terms, for all the spin-0 and spin-1 fluctuations of the soliton
solutions with nontrivial flux. We find it convenient to write the expansion at asymptotically large values of ¢ as powers of a
fifth way to parametrize the holographic direction, by defining 3 = é For the three gauge-invariant scalars we find the
following expressions:

p p 1 1 1 P D
a?]v(é) = a(z/)/vz%z + af/v,353 3 I’ (9auv 2M2) +3 3 3(—4 UV 2C 3‘1{1/)/v,3M2) T 1508 (27a(l/Jv,2M4 + 32‘1(1/Jv,3C2)

128
+ g (79087 (48l 1P M? — 3200,y o = 3ay SM* = 27TV 20y go M) + - (B9)
1 3°(81a%,y \M°)
iy (3) = apyo + §52(3“)1(JV,0M2) + 1—2854(27‘1)1(1\/,01‘44) +afy 58’ = T 1024
1
+ 25 (79087 (=120, @ M* = 12al,y ouM? + 8ay sM? — 27V 200y oo /HM?) + - - (B10)
1 1 A 3
agy(3) =agy o ¢ gd 2(9afy oM?) + ayy 35° LT *(8laysy oM*) —_55 (8v2af)y yo /i +9V2a%yy oy /AM?
30(=512v2a%),, o /i +81ags, (MO + 102445, 5c%)
- 12aUV M? +3aly, M2)+ 1024
37(27(88v/2aY),, o\ /aM? =367/ 2a%, g /M — 13245, o> M* =300, ouM? + 305, ;M)
1430 +-o-. (B11)
The free parameters in these expansions are a‘f,v_z, a‘f}m, oy 00 Ty s a?f’v,o’ and a?,ﬁm, with the replacement M? = —¢°,

while the other parameters, ¢ and u, are determined by the background.
For the two gauge-invariant (transverse) vector fluctuations, the UV expansions can be written as follows:

. < Ay oM?3> - 81 N
Ayy(3) =Ayvo + % +Ayvss - TSM4AUV 08t + = 20 (8C2M2Am 0= 2M?Ayy 5 — \/ECMz\/ﬁVUV,O)és
n (BIM®Ayyo+1024c?Ayy3)s®  (81(44”M*Ayy o = 40MPpAyy o = M* Ay 5+ 232 M iV yy 0))§ L
1024 4480 ’
(B12)
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9‘7UV.0M252 27

Vov(a) = Vovo + Vo + + =M Vyyos* + Vyvssd

46 128
81IMOV 6 9 ~ _ _ .
- (10—2(2/0)3 T30 (54V2e M2 Juhyy o + 6P MV gy o + 2IM>uV gy o =AMV iy 5)" + -+ (B13)

The free parameters are AUV,O, AUV,3, Vivo, and Viys.

As for the gauge-invariant case, also in the case of the probe-approximation treatment of the scalars, for each degree of
freedom two modes appear in the UV expansion. The leading and subleading modes for {p%,(3), ¥%y(3), and p{5,(3)}
appear with the following orders: {32, 33}, {z5(~V105+15) 24(V105+15)} "and {1, 33}, respectively. In view of the presence of

nonrational exponents, we find it convenient to show only the subleading terms, having imposed Dirichlet boundary
conditions that remove the leading modes. This is the explicit form of the expansions used in our numerical analysis:

18 <9C2M )5%(15-5-\/ 105)-‘1—3 4
@ _ ¢ 3_ 294200 5 uv.,2 PN 6 4 ...
Puv(3) = Pyvas 48M Puvisd + 354+ 37103 +96C Puvsd’ + -, (B14)
27M*)32  ((v/105 +10)c?)3 3
— %(\/105+15)<1_ ( + 4+ 2p? 64 ..., B15

Ag

(9(15 + VI05)cplyy 5 i) g1 +Y105)+3

9
A A
Py (3) = P38’ — EMZPUGM«’)S -

2v/2(25 +2/105)

¢
¢
+ <02P?}6v,3 - pUVTﬂ) 3+, (Bl6)

L . . A
where the three nonvanishing integration constants are p}/}v 3 Yoy, and pi, 5.
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