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In this paper, we study the u(1)?> Kac-Moody algebra and generalize the standard Sugawara construction
of the Virasoro algebra to an infinite family of new realizations. In this case, in addition to the standard
invariant tensor 57, there exists another invariant tensor €/, which enables the construction of genuinely
new realizations beyond the conventional one. We show that these new realizations arise from a Zy grading
of the mode index n of the Virasoro generators L, and the space of such realizations corresponds to points
of a possibly singular algebraic variety. For the Z, and Z; cases, the space of all such constructions is
topologically equivalent to a cylinder, while for Z, it forms a noncompact real four-dimensional manifold.
We show that the spaces of constructions for Z,y and Z,y,; are closely similar. Furthermore, we
reformulate the problem within an action-principle framework by introducing Zy-equivariant maps, which
provide a systematic method for constructing conformal field theories endowed with these generalized
Virasoro symmetries. This formulation reproduces the Z, case and supports the idea that Zy equivariance
offers a consistent and unified approach to generating extended conformal algebras. Finally, we analyze the
corresponding Virasoro-Kac-Moody-like algebras associated with these constructions and show that they
represent nontrivial (up to local field transformations) of the well-known Virasoro-Kac-Moody algebra.
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I. INTRODUCTION

Conformal field theory (CFT) in two dimensions has been
a cornerstone of theoretical physics for the past several
decades. Since the seminal work of Belavin, Polyakov, and
Zamolodchikov [1], two-dimensional CFT has provided a
powerful and elegant framework for the study of critical
phenomena and exactly solvable models [2-7]. Its applica-
tions range from statistical mechanics [8—10] and condensed
matter physics from the Ising model to the fractional
quantum Hall effect [11-14] to string theory [15-17]. It
also continues to play an important role in holography. The
seminal work of [18] showed that the asymptotic symmetry
algebra of AdS; is formed by two copies of the Virasoro
algebra. Needless to say, two-dimensional CFTs have a
significant and broad contribution to the field of mathemati-
cal physics in the past three decades [19-23]. Moreover, 2D
CFTs also have many applications in pure mathematics,
through intercorrelated concepts. A few examples are vertex
operator algebras [24-26], representation theory of affine Lie
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algebras [27-32], and even using the Wess—Zumino—Witten/
Chern-Simon correspondence to knot theory [33]. Many
families of 2D CFTs have been studied by different methods.
The minimal models, which are built out of finitely many
irreducible representations of the Virasoro algebra [34,35]
and orbifold CFTs [36-38], are examples of such families.

Furthermore, there exist many conformal field theories in
which the Virasoro algebra is not only generated by the
energy-momentum tensor, but also supplemented by addi-
tional symmetries encoded in other fields of the theory.
These fields furnish operator product expansions that close
under a larger algebraic structure beyond the Virasoro
algebra itself. The most prominent and well-studied exam-
ples of such extended symmetries are provided by affine
Kac-Moody algebras [31,32,34], which arise as current
algebras associated with conserved holomorphic and anti-
holomorphic currents [39]. The Kac-Moody algebra g, for
Lie algebra g and level k is given by

[J?nv JZ} = ifgh‘lfn+n + kméab5m+n,0' (1)

Such symmetry algebras appear in a wide range of contexts.
For instance, the affine algebra s1(2), corresponds to a free
boson, while, more generally, they emerge in non-Abelian
bosonization [40], in the compactifications of string theory
on group manifolds [41], and in the study of various
statistical models. Notably, interesting models such as the
Potts and Ising models can be realized through coset
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constructions of the Kac-Moody algebras [4,21]. The
symmetry algebra generated by conserved currents, the
Kac-Moody algebra, is not independent of the Virasoro
algebra. Instead, consistency between these two structures
is ensured through the Sugawara construction [42], where
the energy-momentum tensor is expressed as a quadratic
combination of the Kac-Moody currents.

The standard Sugawara construction has been extended
in several directions. The general Virasoro affine construc-
tion on an affine Lie algebra g was studied by Halpern and
Kiritsis [43] and further explored (and extended) in sub-
sequent works [44—47]. Such generalizations have also been
shown to be connected to problems in quantum mechanics
[48]. In this paper, we show that there are many more new
realizations for special Kac-Moody algebras. For the group
g = U(1)P, the Kac-Moody algebra is simplified due to the
Abelian nature of the group. In this case, the algebra reduces
to a set of commuting current algebras (up to the central
term), which is essentially identical to the oscillator algebra
satisfied by the a, modes in the free string theory. These o,
are the Fourier coefficients of the currents J(z) = 0X'(z)
arising from the mode expansion of free bosons, thereby
providing a direct realization of an Abelian Kac-Moody
algebra within string theory, and the Virasoro generators
take the usual representations in terms of a/, as follows:

1 . .
L,= Egan_qaq. (2)

This is consistent with the Sugawara construction. This
paper aims to show that such a construction is not unique for
U(1)?, and there are infinitely many alternative construc-
tions of L, in terms of «, that reproduce the Virasoro
algebra. Our construction relies on two main ingredients.
First, the Virasoro generators can be decomposed into N
classes by considering the integer index n modulo N. In this
framework, the operators are denoted as Lﬁ,l where the
index takes values of the form n=NZ-+k with
k=0,1,....,N —1, which is the Z, partitioning of the
integer numbers module N. Consequently, the usual
Virasoro generator L, is naturally decomposed into N
distinct classes. Furthermore, since the Hamiltonian of a
two-dimensional conformal field theory is given by
H = Ly + L, we fix the k = 0 class to correspond to the
standard Virasoro construction (2), where n € NZ, which is
Hermitian and positive definite.” Second, in two dimensions,

'In the rest of this paper, we denote LX = S for k > 0 and
LY =1L,

From a more algebraic perspective, this condition can be
relaxed. For instance, in the case N = 2, the most general form of
the operator S}, can be written as L, = 3> (A + B(=1)%)a},_,ai,.
However, in the remainder of the paper, we fix S% to be the
standard Virasoro operator, postponing the discussion of these
more general variants to Sec. IV B, where such modifications are
considered.

in addition to the invariant tensor 6%, there also exists the
antisymmetric tensor €'/, which is invariant under rotations.
The combination of 7 and € is sufficient to generate
infinitely many additional constructions of Virasoro-like
operators.

The Zy-equivariant Virasoro algebra and its constructions
in terms of current modes also have an interesting relation to
the deformation theory of u(1)? Kac-Moody-Virasoro alge-
bras. Deformation theory plays a significant role in modern
physics, and many examples can be understood from the
viewpoint of deformation theory. In quantum physics, for
example, deformations are central to the deformation quan-
tization program, where quantum mechanics is viewed as a
deformed version of classical Poisson algebra which origi-
nated from physical motivations [49,50] (review from a
physical point of view [51]) and is one of the cornerstone of
mathematical physics with work of many mathematicians,
especially Kontsevich [52] (review from a mathematical
point of view [53]). Another example is the deformation of
Galilean algebra to Poincaré algebra, where the speed of
light is the parameter of the deformation [54] and Poincaré
algebra itself can be deformed to de Sitter algebra [55]. We
should note that, although such constructions in terms of o,
reproduce the Virasoro algebra, they lead to the deformation
of the standard u(1)? Kac-Moody-Virasoro algebra, which
in its own right is interesting.

The organization of this paper is as follows: In Sec. II, we
present a motivating example that illustrates a new con-
struction of the Virasoro algebra in terms of the o/, modes,
thereby setting the stage for a more detailed investigation of
the Zy case. In Sec. III, we carry out a systematic study of
the new construction and demonstrate that it exhibits a
natural Z, grading of the integers labeling the Virasoro
generators L, with n € Z. We then extend the analysis to the
general Zy case and derive the conditions that these new
constructions must satisfy to be consistent with the Virasoro
algebra. It turns out that the Z, and Z5 cases admit infinitely
many new constructions. The corresponding space of
solutions is topologically equivalent to a cylinder, which
can be compactified to smooth CP! by adjoining two points
at infinity, which is a Riemann surface of genus g = 0. The
algebras corresponding to the points at infinity are explored
in [56], and it is shown that they are related to the
generalization of the BMS; algebra. We then investigate
the structure of the Z, case, where the space of new Virasoro
generators expressed in terms of o/, is four-dimensional. In
Sec. 1V, we approached the new constructions from the
perspective of an action principle rather than purely algebraic
considerations. In particular, we developed the concept of
Z y-equivariant maps as a systematic method to construct
new conformal field theories. Using this framework, one can
successfully generate the Z, case, providing strong evidence
that the notion of Z, equivariance is sufficient to produce
these algebras in a controlled and consistent manner. In
Sec. V, we have explored the Virasoro-Kac-Moody-like
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algebras associated to such constructions, and, interestingly,
they exhibit interesting deformations of such algebras (up to
local field transformations).

II. WARM-UP: A NEW REPRESENTATION OF
THE VIRASORO ALGEBRA IN D=2

As mentioned in the Introduction, the connection
between the Abelian u(1)P algebra and the Virasoro
algebra is not limited to the well-known construction
L,= qu__oo . ap,_ a1, where :: denotes normal order-
ing. This section aims to explore this relationship in greater
depth. We claim that, in D = 2, there exist many additional
constructions that also satisfy the Virasoro algebra. In two
dimensions, besides 6/, there is also a rotationally invariant
tensor ¢, which allows us to define a richer class of
operators beyond the standard Virasoro generators.

As a warm-up, let us define the following operator:

1 .
S, =3 (- 1)eldal, ()

q

This is a new operator, well defined for odd values of n (for
even n, it simply vanishes). The commutators of S, with
a’,, namely, [S,,a,], can be computed straightforwardly.
Since the commutators of &, are ¢ numbers, we may safely
ignore normal ordering. Consequently, the above commu-
tators simplify to the following:
[Snv alm] = (_1)mm€lja{l+m (4)
It is straightforward to verify that the set consisting of the
standard L,, with even n together with the new operators S,
with odd # satisfies the Virasoro algebra, thus providing an
extended realization of the Virasoro algebra beyond the
standard construction.

d
{Ln’Lm] = (}’l - m)L,Hm + En(nz - 1)5n+m,0’ (5)
[Sn’ Lm] = (Vl - m)Sner’ (6)
d 2
[Snv Sm} = (n - m)Ll1+m + —n(n - 1)5n+m,0- (7)

12

Here d = 2. A natural question that arises is, what are the
most general operators constructed from the modes &, that
satisfy the Virasoro algebra?

III. THE GENERIC CASE: THE MOD N
OPERATORS

As illustrated by the example in the previous section, the
Virasoro operators naturally split into two sets: those with
even indices, corresponding to the standard representation,
and those with odd indices, corresponding to the new

operators. This observation motivates the consideration of
operators SX defined modulo N, where each operator
belongs to an equivalence class labeled by [n] =k for
k=0,1,...,N — 1. In analogy with the N = 2 case dis-
cussed in the previous section, we assume that the class S‘,)l
corresponds to the standard Virasoro representation

_ 1 i
=3 Ay
q

n = NZ. (8)

The most general operators in class k, which we denote
by VX, and U¥,, can be constructed from the tensors ¢’/ and
89 as follows:

ka oy, (9)

th Ayl (10)

where k = [n] = 1, ..., N — 1. Requiring these operators to
be invariant under the transformation ¢ — m — g imposes
the following constraints:

ffn—q)=~f"q). Hn-q)=hr(q. (11)
for all g. The most general operator for S is then the sum of

these two operators: S = U + VX, Let us now compute
the commutators of L, with V¥ and® U*:

[L,.VE] = Ze’f —(m—q)f*(q)

- I’l)(q - n)>a;l+m—qaé‘ (12)

To ensure the closure of the algebra under commutation, the
results of the previous computation require that the follow-
ing relation must hold:

—fk(q

—(m=q)f*(q)=f*(g=n)(g—n)=(n-m)f*(q). ~ (13)

Since n takes values in NZ (the index of L,,), it is sufficient
for f*(g) to be invariant modulo N to satisfy the above
relation. The most general solution is then given by

N-1

= Z c’fvezwiq. (14)

w=0

We also need to impose the constraints (11), which
consequently yield the following relation:

*Note that, since k # 0, normal ordering is not relevant.
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N-1 N-1
2awi 2awi(]_
kel = — E ck e v (k-a)), (15)
w=0 w=0

This condition is satisfied when the coefficients take the
following form:

k= —cke™ " (16)

It should be noted that c% = cf. The same holds for U¥,
with a different set of constraints arising from (11), given as
follows:

k 2ziwk

dk,_, = dbe v (17)

Therefore, the most general form of the operator SX that is
consistent with L, is given by

Sy=Uy+V}

-1
1 N i ) i .
_ i 2Zewi i 2aui
=3 E E (dyeNa)_,al + che v ielal, o). (18)
q w=0

This is subject to the conditions (16) and (17). As shown in
Appendix A, the closedness of the Witt algebra, | ke ]f,}] =

(n— m)Sﬁ‘:nfz, leads to the following relations’:

—wy —w
ki gk ki k é’k + Ck ki +k
(di i, — e, ey < : ) : =d' "7,

wp.wy
witwpy=s mod N

—wy —w
ky k ky gk élk + Z—’dk ki+k
(il ) (F ) = bt

wp.wy
w1 +wp=smod N

(20)

where ¢, = ¢’%. Furthermore, we require that the follow-
ing constraints be satisfied by cX and d¥:

w*
—wy —w
ki gk k k é/k - élk
(dvi/]l dw22 - CW’]] sz ) (%) = 0’ (21)
W1 s mod ¥

G-
(i) () —o. @2)
wiwy
wi+wp=smod N

forall s =0,1,...,.N —1.
Solving all of the above constraints simultaneously is not
straightforward; however, in the next subsections, we

“In the computations, we ignore normal ordering, which
becomes important when k; + k, = 0 mod N. The central term
of the Virasoro algebra can be determined consistently via the
Jacobi identity.

present the complete set of solutions for Z, and Z;,
suggesting that solutions may exist for all Zy.

A. The Z, case

The mod 2 case provides the simplest example. Here, the
class k = 1 is the only additional class besides the standard
class kK = 0, which corresponds to the usual representation
of L, for even n. Imposing the conditions (16) and (17) for
N =2 leads to the following identities:

k=0, d =0, (23)

so that d}, and c} are the only nonzero coefficients in the
construction of S!. All the equations (19)—(22) are satisfied
when the following relation between d}) and ¢! holds:

(dy)? + (c})? = 1. (24)

The standard representation of S}, which corresponds to
the usual construction of the Virasoro operator L, for odd
n, is obtained for d(l) =1 and c} = 0. The alternative
construction discussed in Sec. II corresponds to dj =0
and ¢} = 1. Allowing the coefficients ¢} and d} to be
complex numbers, the solutions of (24) satisfy (d})? +
(c})? = 1 defines an algebraic curve in C2. The space of the
solutions in C? is topologically equivalent to a cylinder or a
sphere with two punctures.

However, let us consider the above equation as the affine
equation of X? + Y? = Z? in the chart defined by Z # 0,
d} =%, and ¢} =¥ for some projective space with appro-
priate dimension. This identifies the solution space with the
complex projective line CP', which is topologically a
sphere. This is an interesting result: There exist infinitely
many alternative constructions beyond the usual Virasoro
operator L, for odd n.

1. Equivalent solutions

It appears that we have identified the true moduli space
of constructions for the Z, case. However, there exist
automorphisms of the current algebra

[aip (Illn] = néij5n+m.0 (25)

which relate the two seemingly distinct solutions to each
other. By introducing mod —2 operators at’, where
n€?2Z + k and k = 0, 1, the above current algebra decom-
poses into two commuting current algebras as follows:
0i ,0/1 _ Siis
[(Z” vam] =n n+m,0>
[0,11[, amj] = ”5”5n+m,0’

[, ayl] = 0. (26)
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Each sector admits a Z, automorphism of the form
akl - —aki. Consequently, the total algebra possesses a
Z, x Z, symmetry. This observation implies that
(d), ct) ~—=(d},cl), and, therefore, the space of solutions
must be quotiented by an overall Z, factor.

There is an interesting nonlocal equivalence between
these algebras. The Abelian Kac-Moody algebra arises
from free boson theory. Suppose we have two free bosons

X' and X'. Then the following nonlocal transformation:

5 1 i0 1-— i0
R(z,0) = +2€ X(z.0) + — X(r,6+7), (27)
where X = (X' + iX?)/+/2, relates the above algebras to

each other, with @ parametrizing the circle defined in (24).
However, we do not consider such nonlocal transforma-
tions in this paper.

2. Unitarian subsector

The above analysis demonstrates that there exists a vast
number of new constructions beyond the standard Virasoro
realization. However, from the conventional point of view,
not all of these constructions correspond to Hermitian
operators or possess a natural relation to their adjoint
counterparts. To maintain consistency with the standard
framework of two-dimensional conformal field theory, we
assume the usual adjoint action on the o/, modes:

al =ai (28)

which induces an adjoint action on the Virasoro operators
S,. A natural expectation is for the following relation to
hold:

Lh=L_, (29)

This imposes a strong constraint on the space of solutions.
The even sector, represented by SO = L,, is by definition
consistent with this adjoint action. However, the odd sector
requires additional restrictions. Explicitly, one finds

(S1)' =3 <d(')*2a’_,,_qaf] + c;*zewaan_qa{,), (30)
q q

which is consistent with Eq. (29), when d})* = d} and
c1* = cl. Therefore, the space of solutions consistent with

the adjoint action is which is topologically a circle.

Z b

B. The Z; case

Although we cannot solve Eqgs. (19)—(22) in closed form,
they can still be solved directly without much difficulty.
Beyond the Z, case, it is instructive to examine the

structure of the Z; case and understand how it differs
from Z,.

The constraints (16) and (17) determine the following
relations between cX and d%:

w

dy=dle¥, & =deT (31)

22 4xi
c) = —cle™, 3 =-cle7, ck=0. (32)

Working with the independent coefficients, the consistency
of Egs. (19)—(22) yields the following constraints on the
coefficients:

dyd +2(dydi + cici) = 1, (33)

did?—cld +eTdld} + eTdyd> =0,  (34)

Hdlc} + Mdie} — (d} + ) = 0. (35)

(dp)? = eF((d})* + (c})?) = 5, (36)

(d})? = (c})? = €¥dyd} = ., (37)
—eTdlcl —2dlcel = 2, (38)
(d)? = €5((d3)? + (c})?) = dpy (39)
—edydy + (df)? ~ (})? = d. (40)
—eFdic? - 2d2? = ¢!, (41)

(A3 + dLdR) (% = 1) + (dld? = cld)(e¥ - &)
2z

+did3(1-¢€3) =0, (42)

(dic2 4 cld?) (e — eF) —dc3(eF = 1)
—cld3(1 =) =0. (43)

The above equations appear too complicated to be solved
analytically. However, one can use Egs. (36)—(38) to
express d3, d?, and ¢? in terms of d}, dl, and c}. To
simplify the notation, let us define d) = x, d! =w, and
¢l = y. Eliminating d3, 3, and ¢} from the equations then
yields the following simplified system:

2w = 3eTx(w? +y2) — 6wyt =1, (44)

7;(x3 + 2w’ — 3e%)c(w2 +y3) —6wy? =1), (45)

where z; is equal to x, w, or y.
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1. Equivalent solutions

In the Z5 case, the automorphisms of the current algebra
are more intricate, and one must carefully account for
equivalent solutions. The current algebra remains invariant
under the transformations

. . . . 1
ay - —al, ali = Aall, ad - 7 a,  (46)

for any nonzero A€ C*. Since the coefficients of the
operators in (18) depend only on the residue classes
modulo N, we need only to consider automorphisms that
act identically on all members of a given Cclass.
Consequently, the automorphism group compatible with
the Z; grading is isomorphic to C* x Z,. Hence, two
solutions (x',w’,y’) and (x,w,y) are equivalent, if there
exist 4 € C* satisfying the following relations:

X =W = Ax — o’w), (47)

1
X+ 20*W = po (x + 2a?w), (48)
Y =y, (49)

where @ = ¢ Therefore, the space of inequivalent con-
structions is obtained by quotienting the solution space (44)
by the above equivalence relation. Let us define

X =X —o*w, (50)

Xy = x + 20w, (51)

= \/§w2y > (5 2)

and, interestingly, Eq. (44) can be written as
(X1 = x3) (%1 4+ x3)x = 1. (53)
Since both x, and A are nonzero, we can always fix the
gauge by setting x, = 1 through an appropriate choice of 1.
Under this gauge fixing, the defining equation simplifies to
xi—x3 =1, (54)

which admits the following parametrization:

r—1!
2

t+ ¢!
2 bl

X1 = X3 = (55)

This representation makes it clear that the space of
solutions is topologically equivalent to a cylinder.

2. Special constructions

To obtain concrete examples of the new representations of
Z5, we focus on the subset of solutions characterized by the
vanishing of at least one of x, w, or y. In the zero-dimen-
sional case, we impose two constraints on the solution space
simultaneously. No solutions exist when x = w = 0, which
implies that there are no representations for the classes k = 1
and k = 2 defined solely by the tensor €” (without con-
tributions from the " term). This is in contrast to the Z,
case, where a representation does exist for k = 1.

Suppose that w = y = 0. In this case, we obtain

P =1-d) =%, (56)

for a =0, 1,2. The only remaining nonzero coefficient is
d} = e, Substituting this solution into Eq. (18) repro-
duces the standard representations of the Virasoro algebra:

(n—m)Skith 4 d —(n* =

[Sﬁl ’ Skz] = n+m 12 n)(Skl +k2v05m+n 0

(57)

The Virasoro algebra (57) is invariant under the trans-
formation S’,‘l — e%S’;, which is an element of the auto-
morphism group of the Virasoro algebra. Consequently, the
factors ¢3* and ¢ can be omitted, yielding the standard
representation of the Virasoro algebra.

For a more nontrivial solution, let us impose the
constraints x = 0 and y> + w? = 0. In this case, we obtain

1 e

8w = 1 — df =2 ¢, (58)

for a =0,1,2. The remaining nonzero independent coef-
ficients are d? = :F;ieé‘"% As before, the

2zxia

phase factors ¢*** and ¢'3* can be absorbed by rescaling the
operators. Consequently, we are left with two independent
solutions, corresponding to the two roots of w> = —y%. The
resulting algebras are given by

4rnia

les” and =

St 42 (% + 0e$9)57 + i(e59 — we ¥9)e ol _ ),
(59)

)50 = (44 - e ) el

(60)
and the other solution is given by

$1 =3 SO + 005 (59— we'i9)e]di.al.
q

(61)
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1 i i .. i i .. . .
S :ZZ[(;T‘] + @ $) 5 +i(eF9— 0?5 el al,_ a).
q
(62)

Together with SO = L, for n € 3Z, these operators define
new representations of the Virasoro algebra expressed in
terms of «,. The above operators are of special interest,
which are compatible with the adjoint action. More
precisely, for the above two solutions, we have

Syt =52, (63)

We analyze the space of such solutions for the Zj3 in

Sec. III B 3. It is easy to show that there is no nontrivial

solution that depends on the & solely. Such a space of
solutions corresponds to y = 0:

x4+ 2w = 3waw? = 1, (64)

which admits a rational parametrization. Explicitly, a

rational parametrization of the affine curve (64) is given by

fort # 0. By choosing 4 = ﬁ and applying the equivalence
relations (47)—(49), we find that the following identities
hold:

1
Ax — 0*w) =1, po (x+20°w) =1.  (66)

This implies that there are no nontrivial solutions that
depend solely on "/ and the only such solution is the trivial
one. In Sec. V, we will demonstrate that this conclusion
extends to the general Z, case as well.

3. Unitarian subsector

As in the case of the Z, construction, it is of particular
interest to determine the subset of constructions that remain
compatible with the condition (29):

S2

Ly
S —(3n+1)"

3n+1 — (67)

Since the space of constructions is determined by Eq. (54),
we can explicitly express L) and L2 in terms of the

= 2 + lwz, _I- ts’ (65) coordinates x; and x; (after fixing the gauge x, = 1) as
3¢ 3 follows:
|
1 _ i i 1 i i 1 2 ij( i a’ i aJ
S3ng1 = X103, _34%34 T §a3n+1—(3q+2)“3q+2 - m (0 — ®%)x3¢ (0‘3n+1—3q 3¢ = But1-(3gr1) 3q+1)’ (68)
2 _ i i 1 i i 1 2 ij( i ar’ i a’
Sinr2 = X105, 19 3,%3, T 5 Fn+2-(3g+1)B3g+1 ~ 23 (0" — 0)x3€" (05,193,053, — X3nt2-(3g+2) 3g12)> (69)
where the sum over ¢ is implicit.
|
The unitarity condition (67) requires that not independent, leading to the following relations:
x5 = xq, x5 = x3, (70) di=id}, di=0, d&=-dt, di=-idi, d3=0,
o : : (71)
which implies that the space of unitary constructions forms
a hyperbola in the (x;, x3) plane. c=—ic!, =&, 3&=0 d=id. (12

C. The Z,4 case

Both the Z, and Z; cases exhibit a similar pattern. The
spaces of constructions given in Egs. (24) and (54) are
topologically cylinders over the complex numbers. However,
the unitary subsector differs between cases: For Z,, it
corresponds to a circle, while for Zs, it forms a hyperbola.
This observation motivates us to investigate the Z, case,
where new layers of complexity emerge. The number of
defining equations in the Z, case is considerably larger, and,
for clarity, we have summarized them in Appendix B. The
constraints (16) and (17) indicate that several coefficients are

For convenience, we introduce the notations d(l) = x,
dl =w, ¢! =y, and an additional variable ¢} = u. It is then
straightforward that the space of all equations in
Appendix B reduces to a single equation as follows:

—dw* — 4iw?x? 4 x* 4 8w?y? — 4ix?y? — 4y*

— 16wxyu + 4iw?u® + 2x%*u* + 4iy*u®> +u* =1,  (73)
which defines a six-dimensional hypersurface. However, as
we discussed for the Z, and Zj cases, this hypersurface
must be quotiented by the automorphisms of the current
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algebra that are consistent with the Z, grading. The current
algebra with Z, grading is invariant under the following
rescaling transformations:

0i

0i _, _ 2i 2i
ay = —ay, o ,

_ li li
- —ay a, —nlaq,

(74)

where 4 is a nonzero complex parameter. Hence, the
automorphism group of the current algebra consistent with
the Z, grading is given by Z, x Z, x C*.

Analogous to the Z5 case, we introduce the following
coordinate redefinitions:

xp=x+ (140w,
x3=(1=i)y+u,

X =x— (141w,
x,=(1=i)y—u. (75)

With these definitions, Eq. (73) simplifies to the compact
form

(1 +ixs) () = ix3) (X +ixy) (X — ixg) = 1, (76)

and the rescaling transformation (74) induces the following
equivalence relations among the new coordinates:

1 1

X1 N:tlxl, .X'ZNEXz, X3 Nj:/,{.Xg, X4NZX4.

(77)

Therefore, to obtain the true moduli space of constructions,
the six-dimensional hypersurface must be quotiented by the
group Z, x C*. Since x, — ix, cannot be zero, one can set
X, —ixy = 1 by an appropriate A€ C*. Then, Eq. (76)
simplifies as follows:

(2x; = 1)(xy + ix3)(x; —ix3) = 1, (78)

which should also be quotiented by an additional Z,
symmetry acting as x; ~ —x; and x3 ~ —x3.

D. The general pattern

The analysis of the Z,, Z5, and Z, cases reveals the
general pattern. For a general Zy grading, the correspond-
ing current algebra

[an’, o] = nshath=NmodNg i (79)

admits automorphisms that preserve the Zy grading of the
form

(N=k)i

N T S A Ny N €10

for arbitrary nonzero complex parameters 4;,. When N is
even, the number of complex parameters 4, is NT‘Z and we

have an extra Z, x Z, symmetry. For odd N, the number of
complex parameters 4; is NT_I together with an extra Z,
symmetry. The preceding analysis shows that the hyper-
surface determined by Egs. (19)—(22) should be quotiented

by the symmetry group (C*)'T° x Z, when N is even and

by (C*)'Z" when N is odd. This demonstrates that the space
of constructions for Z,, and Z,y, | is more or less the same
over the complex numbers. However, (24) and (54) indicate
that the unitarian subsectors, which are defined over the real
numbers, may differ.

IV. NEW ALGEBRAS FROM THE ACTION
PRINCIPLE

In the preceding sections, we have investigated the
relationship between the u(1)?> Kac-Moody algebra and
the Virasoro algebra from a strictly algebraic standpoint,
neglecting the question of how these algebras arise from
symmetries of an underlying action. This perspective is
often preferred in the physics literature. In this section, we
turn to a more physically motivated problem: the con-
struction of actions whose symmetry algebras reproduce
the specific representations of the Virasoro algebra con-
sidered above.

As a first step, we focus on the representation defined in
Eq. (3) and analyze the conditions under which it can be
derived from an action principle. This example will then
serve as a prototype for formulating a more general and
systematic procedure for obtaining such representations. In
this construction, the index n associated with the operator
Sl is restricted to odd integers:

1 o
s} ZEZ(—I)qe’f:ai,_qag:, (81)
q

which couples the odd-index modes a, to the even-
index modes.

To analyze the origin of this representation, let us
consider a set of scalar fields ¢’ defined on a flat cylinder
with coordinates (7,05), where —o0 <7< oo and
0 <6 <2z. We impose the periodic boundary condition

¢'(r,0) = ¢'(z,6 + 27), (82)

ensuring that ¢’ is single valued on the spatial circle. Under
this condition, the scalar field admits the Fourier mode
expansion

¢ = ai(0)e" =+ 4. (83)

where ¢}, contains only the modes with n €2Z while ¢}
contains those with n €27 4 1. This decomposition nat-
urally suggests that the operator defined in (81) originates
from a schematic interaction terms of the form
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N€ij¢§;, f;f (84)

where k; , = 0, 1 label the two Z, sectors corresponding to
even and odd modes, respectively. In other words, the
representation (81) reflects a mod-2 partition of the integer
mode numbers.

While this interpretation appears natural, it suffers from a
significant drawback: The decomposition into even and odd
Fourier modes relies crucially on the flat metric of the
cylinder. Fourier modes acquire an unambiguous meaning
only once a particular representative of the conformal class
has been chosen, effectively amounting to a gauge fixing of
the underlying gauge symmetries. Ideally, one would like
the index k € Z, to possess an intrinsic, coordinate-inde-
pendent meaning that does not depend on the specific
choice of representative within the conformal class of
metrics on the cylinder.

In what follows, we develop a framework capable of
addressing this difficulty in a systematic manner. Let M be
the underlying manifold and let Diff(M) denote its diffeo-
morphism group. Given a diffeomorphism f € Diff(M),

fiM—>M (85)

induces a natural pullback map on the algebra of smooth
complex-valued functions defined on M:

ffiC®(M,C) - C*(M,C), (86)
which acts on any ¢ € C®(M, C) according to

frd(p) = ¢(f(p)), (87)

A further ingredient in this construction is the introduc-
tion of a group action (finite group or a finite Lie group) on
M. More precisely, let G be a group and consider a
homomorphism

w: G — Diff(M),
9w, (88)

which assigns to each ¢ge€G a diffeomorphism
w, €Diff(M). In this way, G acts on the space of smooth
functions on M via the pullback induced by w,. This
viewpoint will allow us to reformulate the even or odd
decomposition in terms of group representations, poten-
tially giving the Z, grading an intrinsic interpretation.

We now impose the requirement that the field p: M — C
satisfy the equivariance condition

wyd(p) = dlwy(p)) = L(9)9(p). (89)
where L denotes a (generally linear) representation of the

group G’

>For notational simplicity, we have suppressed all additional
indices; the indexed case is straightforward.

We formalize the above property by saying that the field
¢:M — V (with V = C) is G-equivariant with respect to
the group action

w: G — Diff(M), 9=y,

and a representation
L: G- GL(V),

if the following diagram commutes for all g € G:

This expresses the condition ¢(yw,(p)) = L(g)¢(p) for
every p € M. Moreover, if f:N — M is a diffeomorphism,
the diagram extends as

where yr, = f -lo w,o f is the conjugated action on N and
¢ = ¢of is the pullback field. The commutativity of the
diagram guarantees that the equivariance property is
preserved under diffeomorphic changes of the base
manifold.

More specifically, suppose that ¢(p) satisfies the equiv-
ariance condition (89). Then its pullback under f, denoted
by ¢ = ¢ o f, satisfies the same relation with respect to the
induced action y7,. Indeed, we have

7 p(p) = d(iy(p)) = (pofof T ow,of)(p)
= ¢(wy(f(p) =wy(dof(p))
=L(g9)pof(p) =L(p)p(p). (90)

Thus, the pullback ¢ inherits the same transformation
property under the conjugated action y,. Consequently,
the condition (89) is invariant under diffeomorphisms
between manifolds and, therefore, constitutes a well-
defined notion.

Let us return to the case of the flat cylinder. The isometry
group of the flat cylinder is RxO(2), where R corresponds
to translations along the noncompact direction and O(2)
acts on the compact circle. The connected component of the
identity is given by R x S'. Consequently, one can always
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construct a homomorphism from the finite cyclic subgroup
Zy into the diffeomorphism group of the flat cylinder. In
fact, such a homomorphism can be defined for any
manifold diffeomorphic to the flat cylinder, ensuring that
the construction is robust under diffeomorphic changes of
the background.

Since Zy is a finite Abelian group, all of its irreducible
representations are one-dimensional. If ¢ denotes the
generator of the group, then each irreducible representation
is of the form

P Zy =T pilg) =¥, (o1)
where k =0, 1, ..., N — 1. We are now in a position to give
a natural and intrinsic meaning to the Z index k labeling
the fields ¢;. Let M be a smooth manifold with diffeo-
morphism group Diff(M), and let Zy = (g) be the finite
cyclic group of the order of N. Choose a group homo-
morphism as follows:

y: Zy — Diff(M), gy,

A field ¢,: M — C is said to be of sector k if it is Zy
equivariant with respect to the character

) — eZn’ik/N.

pe: Zy = C*, Pi(g

In other words, ¢, satisfies

b(wy(p) = pi(9)b(p). Y peEM,

which may be summarized by the commutative diagram

Yy

M — M

for every g€ Zy.

This construction provides an intrinsic, representation-
theoretic interpretation of the index k: It labels the
irreducible characters of Zy under which the field
transforms.

A. Equivariant conformal field theories

In the previous section, we introduced the concept of
G-equivariant functions on a manifold endowed with a
group action. Here, our goal is to formulate actions
constructed from such functions and to investigate whether
they can give rise to conformal symmetry. Although G
equivariance is naturally connected to the new representa-
tions introduced in Sec. III, one must be cautious: These
representations do not necessarily preserve conformal
invariance, and their compatibility with conformal struc-
tures requires a careful analysis. As a concrete illustration,

we turn to the case of U(1)-equivariant functions defined
on a flat cylinder.

1. Example: U(1)-equivariant field on R x S!

Let M =R x S! with coordinate o€ [0,27z) for the
circle. Consider the group G = U(1) acting by rotations

We: St — S, wo(6) =c+a (mod2r).
Let V = C and take the representation
L:U(1) - Cx, L(e'®) = e,

for integer n. Then a U(1)-equivariant field ¢: S' - C
satisfies

q’)(o’+a) — eina(ﬁ(a)’

for all o.
Now, let us consider the Polyakov action on manifolds
that are topologically equivalent to the flat cylinder:

S~ / d*6\/~hh*d,posp. (92)

One can always construct a homomorphism from the U(1)
group into the diffeomorphism group of such manifolds.
For definiteness, let us fix the metric to be that of the flat
cylinder and take the homomorphism as in the preceding
example. Suppose further that the phase space of the theory
is restricted to those maps satisfying the equivariance
condition

¢(t,0 + a) = e™¢(z,0). (93)

In this case, the only surviving mode is of the form e,
Consequently, the full Virasoro algebra cannot be recov-
ered from such a restricted spectrum, as the dynamics
reduce essentially to a single mode.

However, if we allow all possible representations, the full
Virasoro algebra can, in fact, be recovered. This suggests
that the obstruction observed in the single-mode case arises
merely from an overly restrictive choice of equivariance. To
address this, we turn to the study of the entire space of
equivariant functions associated with a given group action.
A natural question is whether a generic field can be
decomposed into a sum of equivariant components, each
transforming according to a different representation of the
group. Such a decomposition would restore the richness of
the mode expansion and, consequently, the algebraic
structures associated with conformal symmetry.

Suppose that C®(M,C) is the space of all smooth
complex-valued functions on the manifold M. As in the
previous section, we assume that there exists a homomor-
phism from the finite group G to the diffeomorphism group
of the manifold M by y,: G — Diff(M). We show that the
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space of smooth functions on the manifold M, namely,
C®(M,C), can be decomposed into subspaces of
p-equivariant functions. For an irreducible representation
p of G, we define

C®(M), = {F:M — Csmooth|F(y,(x)) = p(g)F(x),
V geG). (94)
The decomposition of C*(M,C) into these isotypic

subspaces is obtained by means of natural projection
operators. Specifically, the projection onto C*(M,C),

can be expressed by averaging over the group G against
the character y, of p:

(a5 = & S la™

geG

Wq x)). (95)

Here, d, = dimp and y, = Tr(p) denotes the character of
p. Since G is finite and Abelian, every irreducible repre-
sentation p is one-dimensional, so d, = 1 and y,(g) = p(g)
for all g€ G.

The standard orthogonality relations of characters imply
the following properties:

2 _
P2=P,  P,P,=0 = Ideo(y

if p2to, Z

pE G
(96)

Here, G denotes the set of all inequivalent irreducible
representations of G. Hence, the family {P,} ¢ forms a
complete set of mutually orthogonal projections, and one
obtains the direct sum decomposition:

C=(M.C) = @ C=(M),. (97)

/)EG

We are now in a position to introduce the action
associated with the new representation discussed in
Sec. III. To this end, let us consider the Polyakov action
(92) and expand the fields ¢ in terms of G-equivariant
components. More precisely, using the decomposition (97),
we write

N—1
P => a;. (98)
k=0

This expansion allows us to reformulate the Polyakov
action as a sum of contributions from the various isotypic
components of the field space, thereby making the role of
the G-equivariant decomposition explicit. Then the
Polyakov action takes the following form:

S~ / Ao /—hh“ﬁaa@;] aﬂqﬁizaklakz, (99)

where summation over the indices k; and k, is understood.
Here, the coefficients a; encode the expansion of the fields
@' in terms of the G-equivariant components ¢, while the
barred quantities denote complex conjugates.

There is a natural generalization of the action described
above, which incorporates both symmetric and antisym-
metric couplings among the equivariant components of the
fields. Explicitly, we propose

-1

S =
4ra

Lo /__hhuﬂda@i, aﬁ#z(fsijAk,kz + €ijBk,)-
(100)

where Ay, (respectively, By ,) are symmetric (respec-
tively, antisymmetric) complex coefficients. The first term,
proportional to §;;, is the generalized usual structure of the
Polyakov action, while the second term, proportional to the
antisymmetric tensor ¢;;, provides a natural generalization
of it. We claim that this generalized action reproduces the
Virasoro algebra in a form consistent with the new
algebraic structures introduced in Sec. III. In the next
section, we illustrate this construction in detail by working
out the explicit cases of the finite groups Z,, which already
display the essential features of the general framework.

B. Z, case

In this section, we quantize the proposed action (100) for
the case G = Z, and demonstrate that the resulting
Virasoro algebra possesses the same structure in terms
of the mode operators a,. For concreteness, we restrict our
attention to world-sheet manifolds that are topologically
equivalent to a cylinder. Since the conformal class of
metrics on the cylinder is unique, we may employ the
Diff(M)xW eyl gauge symmetry to fix the metric to the
standard flat form, as is customary in conformal gauge

ds* = di* + do?, (101)

with —o0o <7< o0 and 0 <6 < 2x. Therefore, in this

gauge the action (100) takes the form

S = 4;—; / d*on 9,4, dpeh (8:Akk, + €iBiyy,). (102)
The corresponding energy-momentum tensor is
Tup = 0utb}, Opht, (3:jAxk, + €1jBit,)

— S hagh (@, O] (B, + i) (103)

Now consider the Z, symmetry. We take the homomor-
phism between Z, = {e, g} and Diff(M) to be

w: Z, — Diff(M), (104)
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wy(o) = 6 +n, Mod 2x, (105)
which corresponds to a half-period shift along the spatial
direction of the cylinder. The two representations of Z, are
p(g) =1 and p(g) = —1. Accordingly, the Z,-equivariant
functions on the cylinder decompose into two sectors. In
the trivial representation, the fields are invariant under the
half-period shift, while in the nontrivial representation, they

pick up a minus sign. Explicitly, they satisfy

¢6(0+ﬂ) = qbf)(a), (106)
$i(c +7) = ¢ (o), (107)

which have the following mode decomposition:
Pi(r.o) = Y al(r)e™. (108)

m=NZ+k

The action (102) can be further simplified by noting that
the Z,-equivariant functions form orthogonal sectors with
respect to the inner product defined by integration over the
spatial coordinate o. In particular, one finds

|7 dodt, (.0l (.0) ~ b (109)

which expresses the fact that fields belonging to inequi-
valent representations of Z, are orthogonal under the
cylinder integral. As a consequence, cross-terms with
ky # k, vanish in the action, and the dynamics decomposes
into independent kK = 0 and k =1 sectors. Therefore, as
By i, 1s antisymmetric and couples different sectors, its
contribution is zero. Thus, the only contribution comes from
the diagonal part of Ay ;. Plugging the mode expansion
(108) into the action (102) and using the orthogonality of the
Z,-equivariant modes, the action reduces to

1 L o
S = 5 ( ; / dr(ai,al, — n*alal)Ag
n=even

vy dr(a;a;_nza;amn).

n=odd

(110)

Thus, the theory decomposes into two independent oscillator
towers: one associated with the even modes (k = O sector)
and the other with the odd modes (k = 1 sector). The
quantization is straightforward. The canonical momentum
conjugate to a/, is defined as

_ LA,

i
n <0 / n»
adal, 2«

(111)

where Ay i, depends on the sector we have chosen. This
leads to the standard canonical commutation relations

(i), ph] = i676, . (112)

The equations of motion for the mode coefficients follow
directly from the action and take the form
il +n*al, =0 (113)

for both the k =0 (even) and k = 1 (odd) sectors. The
general solutions are given by

i _ s Jd (& —int
an(r)fl,/m(#e -

P i o i _
ay(t) = x+2 40T, n=0,

Lim 0
pal4 , n#

for the k = 0 sector. For the k = 1 sector (odd modes), the
same expression holds for n # 0, but by construction there
is no n = 0 mode in this sector, since only odd Fourier
modes appear. The quantization rules (112) induce the
following commutators among the oscillator modes. For
n # 0 one finds

[a;.u 6_ij] = néijén,m’ (1 14)

(@, &) = ndIs, (115)
valid in both the £k = 0 (even) and k = 1 (odd) sectors. For
the zero mode in the trivial sector (k = 0), the situation is
different. Here, the constant mode x{, and its conjugate
momentum «) satisfy the canonical commutation relation

o ad .
xg. o] = iy |6,
{0 0] AOO

which corresponds to the standard position-momentum
algebra of the degrees of freedom of the center of mass.
The mode expansions of the equivariant fields ¢! (z, ) then
take the form

, . o . o al
¢l = xb 2 —alr iy — <_” e—m(‘r—ﬂ)
= g, 22,

(116)

+ &e—mmn)), (117)
n
/ i Ot
B =iy 3 (Bt 1 B pineo)) (115
A”n:ZZ-H n n

It is instructive to examine the canonical structure. If we
define the conjugate momentum of ¢;(z, o) by

Akk i

P (7, 0) :477—0[,455((770)’ (119)
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then the canonical commutation relations take the form

8}, (¢.0). Pl (z.0)] = 565,60~ ). (120)
This shows that each Z, sector contributes one-half of the
usual quantization rule for a free boson. In other words, the
total phase space of the theory naturally decomposes into
two independent halves, corresponding to the k = 0 (peri-
odic) and k = 1 (antiperiodic) sectors.

Let us now return to the Virasoro algebra. By definition,
the Virasoro generators L,, are obtained as the Fourier
coefficients of the energy-momentum tensor. Working in
light-cone coordinates 6 = 7 & o, the right-moving com-
ponent of the stress tensor takes the form

T__ = 0_¢b} 0_¢,_ (8;Ax, + €ijBii,)

a/2

AOOA 11

=2

—2imoe™
L,e .
meZz

(121)

If we define the complex conjugate of the oscillator modes
by &, = a’,, then the Virasoro generators can be written in
terms of the oscillator bilinears. Explicitly, they take the
form

1 : : ; i
Ly, = 5 (Aoozalzn—zqaéq + Allzaan—(ZqH)aé‘I“)’
7 q

1 . .
Lopi1 =5 (AOIZaZZn—H—qaé]
q

‘ Bmz<—1>qazoén+l_qeij)- (122)
q

Focusing on the Witt (centerless Virasoro) part of the
commutator [L,,, L,,,], closure of the algebra imposes
algebraic constraints on the coupling coefficients

AGy = Ao, A=A (123)

The standard solution in Sec. IIl A corresponds to Ayy =

A1 = 1 with the following constraints:

A3, + B} =1, (124)

which comes from the closedness of the odd part of the
algebra.

It is interesting that, by using the G-equivariance
techniques, we uncover a richer structure than the purely
algebraic constructions in Sec. III. Not only does the usual
representation of L,, (used as our starting point in Sec. III)
remain a valid representation, but one can also express L,
entirely in terms of the even or the odd oscillator towers.
Explicitly,

1 : . 1 ; ;
Lon =32 ®n2q%y OF 3D Buogin@ger (125)
qeZ qe”

The above analysis reveals that the underlying math-
ematical structure governing these constructions is G
equivariance. This concept can be naturally generalized
to more intricate settings, such as non-Abelian Kac-Moody
algebras, thereby offering alternative realizations of the
Virasoro algebra beyond the conventional Sugawara con-
struction [42].

V. DEFORMATIONS OF THE
VIRASORO-KAC-MOODY-LIKE ALGEBRAS

We analyzed the degree of flexibility in the relation
between the Abelian U(1)? Kac-Moody algebra and the
Virasoro algebra. This analysis reveals additional possible
realizations beyond the standard Sugawara construction for
D = 2, thereby suggesting a broader class of Virasoro-Kac-
Moody-type algebras. As a concrete illustration, in the Z,
case we have the following Lie algebra’:

(i ) = 1878, (126)
[Srlw.];n] = _maj£n+n + beijm(_l)mj{;Jrn’ (127)
[an.];n] = _mj£v1+n’ (128)

C

[Su' S0l] = (n = m)S,Le + 45

5k|+k2.0n(n2 _ 1)6n+m,0v

(129)

where the condition k; 4+ k, = 0 is understood modulo N
and as usual L, = 52.7 The parameters a and b satisfy the
algebraic relation (24). To the best of the author’s knowl-
edge, such a two-parameter generalization of the standard
U(1)? algebra has not been mentioned in the literature.
One can show that the algebra introduced above cannot
be transformed into the standard Virasoro-Kac-Moody
algebra by any redefinition of the generators. This obser-
vation motivates the need for a precise notion of when two
such algebras should be regarded as equivalent. In order to
formalize this, let us define the exact meaning of an
isomorphism between such structured algebras.
Definition. Let V be a vector space over a field C,
equipped with a basis {7, }, c 7. Although this basis is not
unique for the vector space, we require that it has a special
property. We assume that the vector space carries additional
structure in the form of an equivalence relation on the index

®For coherence with the notation used in the literature, we
denote ji = o,

It should be emphasized that the indices k labeling SX
correspond to the Zy grading and must not be confused with

the indices i, j associated with the U(1)? Kac-Moody algebra.
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set Z defined by

ny~np =4 ny=np (mod N),

for some fixed positive integer N. The equivalence relation
on the index set Z partitions the basis {T,},c, into N
disjoint families. Each family spans a subspace V, and the

vector space decomposes as a direct sum
N-1
V= @ Vk ’
k=0
where

Vi = span{T,y|m € Z}.

Similarly, for another vector space W with basis
{8, }, ez, We write
Sy, ~ Sy, ifandonlyif ny ~n, (modN).
Let W be another Lie algebra with basis {S,}, c » and an

equivalence relation ~’ on its index set. A pair (¢, o) is said
to define an equivariant Lie algebra isomorphism

(#,0): (V. AT} ~) = (W.{S,},~)
if the following conditions hold.
(1) ¢: V- W is a Lie algebra homomorphism, i.e.,
¢([Tn» Tm]) = [¢<Tn)7 ¢(Tm)]

Y nnmelZ.

(2) 0: Z - Z is a group homomorphism, typically of
the form o(n) = an for some integer a, encoding the
relabeling of the basis indices.

(3) The map ¢ acts on the basis by

¢(Tn) = Sa(n) .

(4) The equivalence relations are compatible in the
sense that
(modN) =

np~np 0(”1)N/ 0(”2)-

If, in addition, ¢ is bijective and & is invertible (as a
group automorphism of Z), then (¢, o) defines an isomor-
phism of structured Lie algebras:

(V AT} ~) = (WA} ~).

Such a definition imposes a strong constraint on the
homomorphism o. Suppose that the above algebra is
isomorphic to the standard U(1)?> Kac-Moody algebra,
generated by (j.,S5%). Then, there exists a pair (¢,0)

characterizing this isomorphism, defined as follows:

(e i) = [BCL) U = [Ty T o]

= 6(”)5ij55(11)+6(m),057<1+7{2’0’ (130)
where &, (k,) denote the equivalence classes of (n) and
o(m), respectively. The condition (130) then leads to the
following relation:

o(n) =n. (131)

Therefore, the Z grading is invariant under the map o. The
most general admissible transformation compatible with
the Zy grading takes the form®

=g Ajh, ARAIS =8 (132)
where A" is an orthonormal matrix and A, is an auto-
morphism of the current algebra that depends only on the
equivalence class [n].

For the Z, case, we focus on the odd sector, where
me2Z + 1:

[]lrnﬂ"] = néijéner’ (133)

Sk = =M (134)
The first relation is just AA” = 1, while the second leads to
(a —1)A = bAe. Taking the determinant of the latter
relation gives

(a—1)> = b2, (135)
which is consistent with a®> + b*> = 1 only for a = 1 and
b = 0. Therefore, for any nontrivial choice of (a,b), the
resulting algebra is distinct from the standard Virasoro-
Kac-Moody algebra (133) and (134).

It is natural to ask whether there exist nontrivial con-
structions beyond the trivial construction that depend solely
on &, In the Z5 case, we showed in Sec. III B 2 that no
such additional constructions exist. Here, we provide a
sketch of the argument indicating that the same conclusion
holds for general Zy. Let us define

=t nl=k=0,1,...

,N—1 ModZ,.

(136)

Then, the Sy, can be written as

*It is important to emphasize that, because we have restricted
our attention to local field transformations (see Sec. III A 1), we
apply the same rotation tensor A" to all Zy classes.
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Z (NH1-R)i (K
ak]Nn+1 Nq+k)]Nq+k

= (xlen+1—(nq+1)JNq+l

Nn+l

+ x2j%;41r1—(1vq+2)j12\1q+2 +-0), (137)
where the sum over ¢ is implicit and the relation between x;,
and ay, can be easily derived. In the above expansion, we
have P = Y>2 when N is even and P = Y1 when N is odd.
Using the automorph1sm group of the current algebra, we
obtain the following equivalence relation for the variables
Xx; when N is even:

Xag ™~

€4 N
2

P a=leage ==l (138)

where ¢, = +1 for a =1 and a =% and is equal to 1
otherwise. The only invariant combination of the above

coefficients is x{x,.. Xy, Therefore, the hypersurface result-
ing from Eqgs. (19)—(22) is given by

w)? =1, (139)

(x1x5...
Since the equivalence relations (138) introduce %— 1
variables A, ..., /1%_1, we can set

szX?,: ':.X‘%:l’

which reduces the hypersurface equation to
xi=1,

which leads to x; = +1. However, using the Z, symmetry
encoded in €,, the minus solution can be mapped to the
trivial one. A similar argument applies for odd N, with
minor modifications.

A. Operator product expansion of deformed algebras

It is instructive to examine the operator product expan-
sion (OPE) between the energy-momentum tensor and the
currents. The space of all possible deformed algebras is
vast; however, for algebras that depend solely on 6, it is
straightforward to determine their general structure. As is
standard in the literature, we consider the OPE relations on
the complex plane rather than on the cylinder, using the
conformal map

Z = ef+i0. (140)

Under this transformation, the Zy action on the cylinder,
6 — o + %%, becomes

7 ez (141)

The Zy-equivariant functions X,(z, o) and their deriv-
atives with respect to o exhibit the same equivariance
property on the cylinder. However, on the complex plane,
the holomorphic Zy-equivariant function

2zik

Xi(€¥2) = e X,(2)

(142)

induces a different equivariance behavior on its holomor-
phic derivative. More precisely,

JH(eV2) = e W WIH2), T =0.X,(2),  (143)
which can be generalized to a holomorphic primary field ¢

of conformal weight & as follows:

2/uh _2zik

$(eF2) = eHeTHPz). (144)
In quantum field theory, conserved charges act as the
generators of the symmetry algebra and determine how

operators such as ¢ transform:
o' = (0. 9"]. (145)

Specifically, in conformal field theories, the holomorphic
part of the charge is expressed as

1
0= fdzT"l(z)ekz (2), (146)
2ﬂlk1+k?2+l NJC

where we have used the Zy-equivariance decomposition of
the energy-momentum tensor and functions into equivar-
iant parts. The sum is understood in a way that is
compatible with the Z, invariance of charge Q.

It is straightforward to verify that the deformed algebra
(137) gives rise to the following OPEs between the currents
and the energy-momentum tensor :

Sk1+ka=0

(z—w)?

T4 (2) 3 ) = . (147)

Jk+ka)j (a))

P ) = (a0 4 (-1 (S

+

9, J k)i (w)> (148)

—w

*We denote the U (1)? index by i in order to distinguish it from
the Z, grading indices k.
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cSkithke=0 2Tk +k, (w) awTk]+k2 (w)
Th(2)T%(w) = 2(z —w)* + (z—w)? + z-w

(149)

where J¥(z) = 7, z7" 71 jk and T*(z) = 57, 2725k,

As we observe, the standard OPE between the currents
and the energy-momentum tensor is deformed by the
matrix (ad' + b(—1)*¢') appearing in (148). Moreover,
the presence of this deformation modifies the usual notion
of primary fields. Consequently, one can define primary
fields within the deformed Zy-equivariant algebra as
follows.

1. Definition

A field ¢'(z) with the Zy decomposition {¢*i(z)} is
called primary with conformal dimensions # if the operator
product expansions of the decompositions of energy-
momentum tensor {7%(z)} with ¢*i(z) take the form

Th () (w)

= (ad' + b(—1)k€l) <h¢<"1 )i ()

(z—w)?

0. . kitka)j
)

—w
(150)

It is interesting how the parameters (a,b) affect the
representations of the above Kac-Moody-Virasoro algebra.

VI. CONCLUDING REMARKS

We may be interested in replacing the epsilon tensor €/
with a generic antisymmetric background tensor BY and
extending the construction to arbitrary dimensions. Aside
from issues related to Lorentz invariance, it is straightfor-
ward to show that the general case does not differ
significantly from the results obtained above. For a real
nonsingular even-dimensional 2n X 2n  antisymmetric
matrix BY, there is a real orthogonal 2n x 2n matrix U
such that [57-59]

UTBU

=ae( [, V1L, Vo D)
(151)

So the 2n x 2n even-dimensional case reduces to a bunch
of 2 x 2 matrices which can be studied in a similar way to
the previous sections. The antisymmetric matrices are
singular in odd dimensions, and the following theorem
is helpful for odd-dimensional antisymmetric and singular
even-dimensional matrices.

Theorem. If B is a real singular antisymmetric d x d
matrix of rank 2n, where d is even or odd and d > 2n, then

there exist a real orthogonal d x d matrix U such that

. 0 mg 0 ny
UTBU = diag ,
—m 0 —my 0
0 m,
X —m 0 s Od—Zn ’

where O,_,, is a (d—2n) x (d—2n) block of zeros.
Therefore, the general case is similar to the previous
sections, and singular matrices have some zeros which
can be treated in a similar manner as the conventional case.

(152)

VII. CONCLUSION

In this paper, we have introduced and analyzed a new
family of Virasoro-Kac-Moody algebras constructed from
Zy gradings of the mode indices of the Virasoro generators.
We started with a concrete construction in the Z, case,
using the antisymmetric tensor €. This extra invariant
tensor exists in D = 2 to build sets of Virasoro generators
that differ for even and odd Fourier modes n. Afterwards,
this construction was extended naturally to the general case
of Z, gradings.

Partitioning the Virasoro generators into N distinct
classes based on the value of their mode index n modulo
N, and requiring that these new operators form a closed
Virasoro algebra, imposes a set of algebraic constraints on
their defining coefficients. Solving these constraints
revealed the space of all possible constructions. We then
solved these constraints for the special cases N =2, N = 3,
and N =4 to reveal the structure of the corresponding
solutions. For the N = 2 case, by separating the Virasoro
operators into even and odd classes, we showed that the
construction for the odd-indexed operators is not unique; in
fact, there is an infinite family of valid constructions. The
space of these solutions is described by the simple algebraic
relation x> + y> = 1, which, in C?, is topologically equiv-
alent to a cylinder. It is shown that N = 3 has a similar
structure such as N = 2. For the N = 4 case, the space of all
possible Virasoro generators corresponds to a four-dimen-
sional manifold, 7% x S?. We have argued that the general
situation for Z,y and Z,y.; is similar and shares the
essential features, as both have the same dimensionality.

Shifting our perspective from a purely algebraic view
toward a more physical one, we introduced Lagrangians
with underlying symmetries that correspond to the afore-
mentioned Virasoro-Kac-Moody algebras. Using the con-
cept of Zy equivariance, we clarified the meaning of Zy
mode separation on a general manifold. The fields in these
theories were classified based on how they transform under
the action of a finite symmetry group Z, on the underlying
world-sheet manifold. This classification was thereby tied
to a geometric symmetry of the space itself, making it an
intrinsic, coordinate-independent property. Following this
logic, we explicitly constructed the Z, case by quantizing
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the theory described by such an action and derived the new
Virasoro generators. The final expressions were precisely
the same as those found through the purely algebraic
methods. This demonstrates that the Z,-equivariant action
principle is indeed the correct physical foundation for these
new algebras.

By modifying the Virasoro generators, the relation
between the Kac-Moody currents and the Virasoro gen-
erators changed fundamentally. This led to the creation of
entirely new, deformed versions of the Virasoro-Kac-
Moody algebra. For the Z, case, we explicitly wrote down
anew Lie algebra that depends on two parameters a and b,
which satisfy an algebraic relation. We also showed that
such novel algebras cannot be transformed into the usual
ones by any redefinition of the generators.
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APPENDIX A: ALGEBRAIC PRELIMINARIES:
THE Zy COMMUTATORS

In this section, we derive the basic algebraic equa-
tions (19)—(22), which form the foundation for all compu-
tations in the first part of the paper.

Integer numbers can be partitioned into N classes when
considered modulo N. Accordingly, the Virasoro gener-
ators can be grouped into these N classes, which we denote
by Sk where the index k=0,1,...,N—1 specifies the
class. We choose the trivial class k = 0 to correspond to the
usual Virasoro operators:

1 S
=L, zz;an_qaq, n=NZ. (A1)

We now try to fix the most generic form of other S¥ for
k=1,...,N — 1. Let us consider the action of these modes
on the following family of generators:

ka lja

(A2)

For simplicity, we ignore normal ordering subtleties at this
stage, which can be determined by the Jacobi identity.
Therefore, we obtain

[L,.VE]= ka
:_Zf
:_ka

=§Z€” (—=(m—q)f*(q)

_fk(q_n)(q_n))a£1+m—qaé’

-
H([L e @h—gloty + ey [L 1))

m q) Antm— qa] qam qa{1+q)

(A3)

where the equivalence class of m modulo N is denoted by
[m] = k. For the closure of the algebra, these generators
must satisfy the consistency condition

—(m—q)f*(q) = f*(qg—n)(g—n)=(n—m)f*(q).

As n is restricted to values in NZ, it is sufficient that the
functions f*(q) be invariant modulo N to satisfy the above
closure condition. Therefore, the most general solution can
be expressed in the form

(A4)

(AS)

Since f* is amod N invariant function, the index w runs
over the range w =0, ..., N — 1. An additional constraint
arises from the transformation m —¢g = u applied to
Eq. (A2), which leads to the following relation:

Mq) = =f*(m - q).

As m in Eq. (A2) takes values of the form meNZ + k,
with k = 1,..., N — 1, and since f*(g) is mod N invariant,
the constraint simplifies to

(A6)

M) == k=q). (A7)
which leads to the following relation:
N-1 _ N-1 _
cke®e = =N ¢k N k=) (A8)
w=0 w=0

This condition is satisfied provided the coefficients obey
the following relation:

k k 2xiwk
CN_yw = —Cpe N,

(A9)
where we assume that c& = ck. This provides the most
general form of the coefficients ensuring the closedness
condition [L,, S¥,] = (m — n)Sk . Let us focus on another
class of operators as
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th gy

By the same reasoning as before, the function /*(q) can be
expanded in the form

(A10)

Z d 2;m1 (Al 1)
w=0
where the coefficients d¥, satisfy the constraint
d;‘v_w_d{‘v 27m1\ (A12)

and the identification X, = hf is assumed, ensuring perio-
dicity modulo N. Therefore, the most general form of an
operator consistent with the action of L, is given by

|

1

and the commutator of [V', V] then becomes

Sk=Uy+V}
1 - :
D0 Sl + bl
q w
(A13)

together with the constraints (A9) and (Al12) on the
coefficients ¢k and d¥,. Our goal is to determine the constants
ck and d% in such a way that the resulting operators S¥
satisty the desired algebra
[Sh, 8] = (n— m)Syitee,

n—+m

(A14)

Using the form (A2), the commutator can be written as

Vh i) = =g m(7Hn b m) = fEm))edad . (ALS)

I . .
Vi, Vi) :§Z€”fk2(CI>([ s )ty + g [Va' )

q

— 5@ (=3 m =)0+ m =) -

2

2

By redefining n + ¢ — ¢ in the second term, we finally have

|
=5 40— (f (n+q) = fH(—q

fkl(q m)) * ﬁ-&-m—qaé

))ef"aﬁﬂ,) (A16)

Vi VEL = (= 0= @ @ 04 m =) = g =m) + 700 = n)lg =) (7 (0) = 740 = 0) )ty

Moreover, the commutator of | ki Ulf,ﬂ is given by

[Un', Uni] =

n m

—%((m — q)h*(q) (R (g —m) + WM (n+m = q)) + (g — n)h*(q -

(A17)

n)(h*(q) + h* (n = ))) a4 g

where [n] = k and [m] = k,. The a;,,,_,a} part of commutator (A14) comes from

U U] + Vi Vi),

Using the commutators (A17) and (A18), we should have the following identity:

((m = q)f*(q)(f*(n+m—q)

N ,_.-lkl»—ﬂ-lkh—‘

=Sk E(g)(n = m).

((m = q)h*>(q)(h*(q = m) + h*(n +m = q)) + (q = n)h*>(q -

- (g —m))

(A18)
(A19)

n) (K (q) + hh(n = q)))

— (g —n)(g—n)(fY1(q) — ff(n—-q)))
(A20)

066013-18



Zy EQUIVARIANT VIRASORO ALGEBRA VIA ... PHYS. REV. D 114, 066013 (2026)

By substituting the expansions (A9) and (A12) into the commutator, after a tedious but straightforward calculation, one
arrives at the following result:

k ki k — W k ki k 2m(w1+wz) . .
_Z Z n- Wll sz - CWll C”sz)gk,wz (q m)(dwl] sz - CWI] Cwé)ngI] qa;wm—qai]
q wWi.w2
k k _ 2zi(wy+wp) ;
+= Z > [(n = q)(dicbi, + cl did) " + (g — m)(dib el + e di )G e v elal,,qal. (A21)
q WwWi.W2

A further simplification can be achieved by performing the change of summation variable ¢ — n 4+ m — g and applying

the constraints (A9) and (A12) on the coefficients. By including the [U), ki If,ﬂ + VA, ﬁ%] part, this leads to the following
consistency conditions for the closure of the algebra:

_ _ 2ri(wy+wy) :
3 (il e d) (6 - o e T e dl il =0, (A22)
q.wi.Wwa
_ _ 2mi(wy+wy) . .
Z (d, d, — ci, C{?Z)(Cklwz & e a0l = 0. (A23)
q.wi,W2

It is crucial for the derivation of the above relation that the sum of the mode indices satisfies [n 4+ m] = k| + k,, ensuring the
consistency of the mod N structure in the algebra.
Using these simplifications, the net result of the commutator (A21) can be written as

—W) —W)
1 Z gl _ ke TR T P :
5 (}’L - m) ( w Gw, — Cw, CWz) 2 e N an+m qaq

q:wiwa
1 k, k ki Gk C];WZ + C;Wl 2zi(wy+wp) .
+5<”—m> D (e + cndid) (= | ea, ay
q,w1,w2
k ki k _ _ 2mi(wy+wp) X X
+ Z a'w'la'wz—cw‘lcwzz)(é.'klw2 G e Fqal gl
(J Wi.wa
ki k — m(n,+uz) L .
+ D (el + i) (" -G e T gelal o, (A24)
q Wi ,Wo

To be compatible with the commutator (A14), it is necessary that the ga’, , ,,,_ 7% i and geal, ., qaj terms vanish, and the
first two terms satisfy the following identities:

(dﬁzlld _ch C,(?)((:,:lwz —l—é'/:;vl) — dhth,

wi,Wwy 2
wi+wpy=smod N
) —W)
ky k k Z-: + C ki+k
(dWll sz + Wl] sz)( 2 = CSI 27 (A25)
wi.wy
wi+wp=smod N

where s =0, 1,...,N —1 mod N, which are exactly Egs. (19)-(22).
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APPENDIX B: THE Z4,-EQUIVARIANT VIRASORO EQUATIONS

In this Appendix, we present Egs. (19)—(22) explicitly, as they were manipulated using Mathematica. The equations have
also been simplified by incorporating the constraint (16):

(c2)* + (dp)* = dg,

—1—i cc +(1—1i dldl—dz,

2 0 1

(1=i)cld) — (1 +i)chd) = c3,

20((c])? = (@})?) = &,
1+lcc 1—ld1d1:—aa,
(L+i)cjey = (1=1i) 1

(1= iyeldh - (1 + ek = 2.

. 1
>(—c{ 1-did}) - <2—|—;>(lc ct +idld}) =

IS

[

)

|
N
| =

|
N~
S

I

oY

?w

i | AN .
(=3+3) € = cldh) = (53 ) et - iel) =0,
1 i\ 12 1 i dd? - id & = &
572 ce1 + 272 ldyd; = dy,
LA VN ip ip_ 3
) cidy — §+5 cydy +icyd; = ¢y,
1 i |
<—§+;>(lc 2 —id\d?) - <2+;)( cle? +dld?) =0,
| 1
C%d(z) - <§—5> (lc%d% + lC{d%) - <5+ 2)( 2d1 + C1d2) = C%,
LA DR 1 | 2 gl 73
—5—1—5 cyc] — 2 2 dydi — dd5 = —idy,
1

(§+5 c§dl+<2 2>c;d2_c'dg i,

cley +didy + i(—icle} —idld}) —i(iclel +idld}) = 1,

1 i 1 i i
(§+§>c5c§ + (§—§>c{c§ + (§+§>d}d3+ <§—E>dg,d? =0,
1 i 1 i 1 1
(2—; c?d5+<2—; c%d}+<2+;>c}d3+(2+;)c§d§:0,
1 i | 1 |
(5“1‘5 C%C?“r <§—§>C%C%+ (§+E>d%d(3)+ <§—§)d(l)d?20,
1 i 1 i 1 i 1 i
<—§+§>C?d(l) §—§>C%d{— §+§>C{d8— (§+§> éd?:O,

2(ct)? + (df)* +2(d2)* + (d3)* =
2(c3)? = 2(d3)* +2d3d% = 0,

iy - (E * 5) (=ciel —did)) - <§ - 5) (—icte] - idid}) = dj, (BI)
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1 3 N
(2 2>(lcd2 icid}) (2 5

1
+

)(_cm L a0,

1 1
—_ 2 3 253 _ gl
( 2—|—2>ccz+<2 2)dd +id;d] = d,,

1 1
(2 2) i ic?d%+<2 2) il = et

)(—ic?d2 ictd}) —

(
(-1 +i)cic3 +

I . : 1

(— —§> (—icici +idid}) — (5_5

|
2

1 i 2.3 _
< 2 2> €163

(i

)(—c%c% + d2d3}) =0,
)@+ e = o

2) Pl — B} — id!,

1 i .
3d2 5 E) 8: —lC}’

c3)* + (dg)* = dj,

(1+i)d3di = &2,

(1 +i)cdy— (1 =i)ad = 3,

=i((e)? = (d})?) + i(=(e1)* + (d})?) = &5,
(1=i)cie3—(1+ 1)d3d3 -d3,

(1+i)cidy — (1= i)e3d} = cf,

1 i 1
12 12
(2 2)C2C1 +ddg - (2 2>d0d =0,
_Lli crd) + clds + ! cdd? =0
2 2 2 2 '

1 i 1 i
(2 + 2) (icle? — id\d?) + (5‘%) (cele? 4 d ) — did = 0,
1 i 1

<2 2) (ictd} + icld}) + <2 2) (c3d} + cld}) =0,

1 i 1 i
<§+ ;) clet +idld3 + <2 —é)déd% =0,
—l—i—i c2d) —iclds — l—i—i chd? =0
) 1%0 1%0 22 21 ’

1 i 1 i 1 1 i
<2—2>C%C? - <2+2>C}C3 + <2—2>d1d3 <2—|—2 d(l)d? :0,

U (L DN o (L
(2 z)cld‘) <2 2)d+22

>c%d

3 ! 3 _
O—I—(Z 2)6‘ di =0,

—c3d) + cddy + i(—cid} — cld}) —i(cidl + cld}) =0,

1 | AN .
(2 + 2)( 2l —cld?) + <§—§> (ictd) —icld}) — chdf =

<;+;>( cle? —did?) + (1

2 2
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)%ﬁ_a

/T\
N =
+
N~
~_
o
o=
[2)
—
+
N

—_— DN =
+
LN~
~_
’_Q_
o)
[NSROS}
|
N
N |
|
N~
~_
S
o
(e XUV}
+
N
| =
+
N~

1 i i
<—§—§)(ZC ¢ —idid}) - <§—§>( —cici +didy) + dyds = 0,
AV > LAY 2y _
< 5 2>(zcd +icid?) — (2 3 (c3d} + cldy) =0,
l L d1d2 l L lez_O

[RAWY 1 . _
<2 2) d—l—lcdz—i-(z 2) 1d3 =0,

(-3 +3) - @ - (5+3) (ieiel - idiah) o,

| AN . 1 i
5t 5) (icid} — icidy) — <§ - 5) (=cidi + cid}) =0,
Ui\ s (1 i\ s o
) ¢t 5-5 deb—dédlzo,

1 1
—c§d3—<2 2> c3di + <2 2) cidy =0,

By - (3-5) (iciel + idia) - (5 +3 ) (-ciet + ) =o.
1 i 1
(—5 +%) (—icid? —ictd}) — <2 + 2>( 3+ 3dY) =0,

1 i 1
(—5 + 2) c%c% (2 2) d2d3 + 1d2d3 =0,

( z
A3dy — chdj — i(=cid} — cid}) + i(cid] + cld}) =0,

1 i 1 1 1 i
i‘ﬁéﬁ Q*Jﬁ2+ﬁ‘ﬁff G*Q%ﬁZQ
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1 1 i
3 AP
(3 3)etab (g+3) - (

(-

5‘%)4"3

1
-did3) + (——I—i) (—icie} —idid3) =0,

L
3
<2 2) 27 =0,

22
1 i

1 .
—c3d} + <2 2> (icld —ic3d}) + <§ - 5) (=c3d? + 3d}) =0,
[ A PP [ 3 3
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