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In this paper, we study the uð1Þ2 Kac-Moody algebra and generalize the standard Sugawara construction
of the Virasoro algebra to an infinite family of new realizations. In this case, in addition to the standard
invariant tensor δij, there exists another invariant tensor ϵij, which enables the construction of genuinely
new realizations beyond the conventional one. We show that these new realizations arise from aZN grading
of the mode index n of the Virasoro generators Ln and the space of such realizations corresponds to points
of a possibly singular algebraic variety. For the Z2 and Z3 cases, the space of all such constructions is
topologically equivalent to a cylinder, while for Z4 it forms a noncompact real four-dimensional manifold.
We show that the spaces of constructions for Z2N and Z2Nþ1 are closely similar. Furthermore, we
reformulate the problem within an action-principle framework by introducing ZN-equivariant maps, which
provide a systematic method for constructing conformal field theories endowed with these generalized
Virasoro symmetries. This formulation reproduces the Z2 case and supports the idea that ZN equivariance
offers a consistent and unified approach to generating extended conformal algebras. Finally, we analyze the
corresponding Virasoro-Kac-Moody-like algebras associated with these constructions and show that they
represent nontrivial (up to local field transformations) of the well-known Virasoro-Kac-Moody algebra.
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I. INTRODUCTION

Conformal field theory (CFT) in two dimensions has been
a cornerstone of theoretical physics for the past several
decades. Since the seminal work of Belavin, Polyakov, and
Zamolodchikov [1], two-dimensional CFT has provided a
powerful and elegant framework for the study of critical
phenomena and exactly solvable models [2–7]. Its applica-
tions range from statistical mechanics [8–10] and condensed
matter physics from the Ising model to the fractional
quantum Hall effect [11–14] to string theory [15–17]. It
also continues to play an important role in holography. The
seminal work of [18] showed that the asymptotic symmetry
algebra of AdS3 is formed by two copies of the Virasoro
algebra. Needless to say, two-dimensional CFTs have a
significant and broad contribution to the field of mathemati-
cal physics in the past three decades [19–23]. Moreover, 2D
CFTs also have many applications in pure mathematics,
through intercorrelated concepts. A few examples are vertex
operator algebras [24–26], representation theory of affine Lie

algebras [27–32], and even using the Wess–Zumino–Witten/
Chern-Simon correspondence to knot theory [33]. Many
families of 2DCFTs have been studied by different methods.
The minimal models, which are built out of finitely many
irreducible representations of the Virasoro algebra [34,35]
and orbifold CFTs [36–38], are examples of such families.
Furthermore, there exist many conformal field theories in

which the Virasoro algebra is not only generated by the
energy-momentum tensor, but also supplemented by addi-
tional symmetries encoded in other fields of the theory.
These fields furnish operator product expansions that close
under a larger algebraic structure beyond the Virasoro
algebra itself. The most prominent and well-studied exam-
ples of such extended symmetries are provided by affine
Kac-Moody algebras [31,32,34], which arise as current
algebras associated with conserved holomorphic and anti-
holomorphic currents [39]. The Kac-Moody algebra ĝk for
Lie algebra g and level k is given by

½Jam; Jbn� ¼ ifabc Jcmþn þ kmδabδmþn;0: ð1Þ

Such symmetry algebras appear in a wide range of contexts.
For instance, the affine algebra ŝuð2Þ1 corresponds to a free
boson, while, more generally, they emerge in non-Abelian
bosonization [40], in the compactifications of string theory
on group manifolds [41], and in the study of various
statistical models. Notably, interesting models such as the
Potts and Ising models can be realized through coset
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constructions of the Kac-Moody algebras [4,21]. The
symmetry algebra generated by conserved currents, the
Kac-Moody algebra, is not independent of the Virasoro
algebra. Instead, consistency between these two structures
is ensured through the Sugawara construction [42], where
the energy-momentum tensor is expressed as a quadratic
combination of the Kac-Moody currents.
The standard Sugawara construction has been extended

in several directions. The general Virasoro affine construc-
tion on an affine Lie algebra g was studied by Halpern and
Kiritsis [43] and further explored (and extended) in sub-
sequent works [44–47]. Such generalizations have also been
shown to be connected to problems in quantum mechanics
[48]. In this paper, we show that there are many more new
realizations for special Kac-Moody algebras. For the group
g ¼ Uð1ÞD, the Kac-Moody algebra is simplified due to the
Abelian nature of the group. In this case, the algebra reduces
to a set of commuting current algebras (up to the central
term), which is essentially identical to the oscillator algebra
satisfied by the αin modes in the free string theory. These αin
are the Fourier coefficients of the currents JiðzÞ ¼ ∂XiðzÞ
arising from the mode expansion of free bosons, thereby
providing a direct realization of an Abelian Kac-Moody
algebra within string theory, and the Virasoro generators
take the usual representations in terms of αin as follows:

Ln ¼
1

2

X
q

αin−qα
i
q: ð2Þ

This is consistent with the Sugawara construction. This
paper aims to show that such a construction is not unique for
Uð1Þ2, and there are infinitely many alternative construc-
tions of Ln in terms of αin that reproduce the Virasoro
algebra. Our construction relies on two main ingredients.
First, the Virasoro generators can be decomposed into N
classes by considering the integer index n modulo N. In this
framework, the operators are denoted as Lk

n,
1 where the

index takes values of the form n ¼ NZþ k with
k ¼ 0; 1;…; N − 1, which is the ZN partitioning of the
integer numbers module N. Consequently, the usual
Virasoro generator Ln is naturally decomposed into N
distinct classes. Furthermore, since the Hamiltonian of a
two-dimensional conformal field theory is given by
H ¼ L0 þ L̃0, we fix the k ¼ 0 class to correspond to the
standard Virasoro construction (2), where n∈NZ, which is
Hermitian and positive definite.2 Second, in two dimensions,

in addition to the invariant tensor δij, there also exists the
antisymmetric tensor ϵij, which is invariant under rotations.
The combination of δij and ϵij is sufficient to generate
infinitely many additional constructions of Virasoro-like
operators.
TheZN-equivariant Virasoro algebra and its constructions

in terms of current modes also have an interesting relation to
the deformation theory of uð1Þ2 Kac-Moody-Virasoro alge-
bras. Deformation theory plays a significant role in modern
physics, and many examples can be understood from the
viewpoint of deformation theory. In quantum physics, for
example, deformations are central to the deformation quan-
tization program, where quantum mechanics is viewed as a
deformed version of classical Poisson algebra which origi-
nated from physical motivations [49,50] (review from a
physical point of view [51]) and is one of the cornerstone of
mathematical physics with work of many mathematicians,
especially Kontsevich [52] (review from a mathematical
point of view [53]). Another example is the deformation of
Galilean algebra to Poincaré algebra, where the speed of
light is the parameter of the deformation [54] and Poincaré
algebra itself can be deformed to de Sitter algebra [55]. We
should note that, although such constructions in terms of αin
reproduce the Virasoro algebra, they lead to the deformation
of the standard uð1Þ2 Kac-Moody-Virasoro algebra, which
in its own right is interesting.
The organization of this paper is as follows: In Sec. II, we

present a motivating example that illustrates a new con-
struction of the Virasoro algebra in terms of the αin modes,
thereby setting the stage for a more detailed investigation of
the ZN case. In Sec. III, we carry out a systematic study of
the new construction and demonstrate that it exhibits a
natural Z2 grading of the integers labeling the Virasoro
generators Ln with n∈Z. We then extend the analysis to the
general ZN case and derive the conditions that these new
constructions must satisfy to be consistent with the Virasoro
algebra. It turns out that theZ2 andZ3 cases admit infinitely
many new constructions. The corresponding space of
solutions is topologically equivalent to a cylinder, which
can be compactified to smooth CP1 by adjoining two points
at infinity, which is a Riemann surface of genus g ¼ 0. The
algebras corresponding to the points at infinity are explored
in [56], and it is shown that they are related to the
generalization of the BMS3 algebra. We then investigate
the structure of theZ4 case, where the space of new Virasoro
generators expressed in terms of αin is four-dimensional. In
Sec. IV, we approached the new constructions from the
perspective of an action principle rather than purely algebraic
considerations. In particular, we developed the concept of
ZN-equivariant maps as a systematic method to construct
new conformal field theories. Using this framework, one can
successfully generate the Z2 case, providing strong evidence
that the notion of ZN equivariance is sufficient to produce
these algebras in a controlled and consistent manner. In
Sec. V, we have explored the Virasoro-Kac-Moody-like

1In the rest of this paper, we denote Lk
n ¼ Skn for k > 0 and

L0
n ¼ Ln.2From a more algebraic perspective, this condition can be

relaxed. For instance, in the case N ¼ 2, the most general form of
the operator S0n can be written as Ln ¼ 1

2

P
qðAþ Bð−1ÞqÞαin−qαiq.

However, in the remainder of the paper, we fix S0n to be the
standard Virasoro operator, postponing the discussion of these
more general variants to Sec. IV B, where such modifications are
considered.

ARMIN GHAZI and AHMAD MORADPOURI PHYS. REV. D 114, 066013 (2026)

066013-2



algebras associated to such constructions, and, interestingly,
they exhibit interesting deformations of such algebras (up to
local field transformations).

II. WARM-UP: A NEW REPRESENTATION OF
THE VIRASORO ALGEBRA IN D= 2

As mentioned in the Introduction, the connection
between the Abelian uð1ÞD algebra and the Virasoro
algebra is not limited to the well-known construction
Ln ¼ 1

2

P∞
q¼−∞ ∶ αin−qα

i
q∶, where ∶∶ denotes normal order-

ing. This section aims to explore this relationship in greater
depth. We claim that, inD ¼ 2, there exist many additional
constructions that also satisfy the Virasoro algebra. In two
dimensions, besides δij, there is also a rotationally invariant
tensor ϵij, which allows us to define a richer class of
operators beyond the standard Virasoro generators.
As a warm-up, let us define the following operator:

Sn ¼
1

2

X
q

ð−1Þqϵijαin−qαjq: ð3Þ

This is a new operator, well defined for odd values of n (for
even n, it simply vanishes). The commutators of Sn with
αim, namely, ½Sn; αim�, can be computed straightforwardly.
Since the commutators of αin are c numbers, we may safely
ignore normal ordering. Consequently, the above commu-
tators simplify to the following:

½Sn; αim� ¼ ð−1Þmmϵijαjnþm: ð4Þ

It is straightforward to verify that the set consisting of the
standard Ln with even n together with the new operators Sn
with odd n satisfies the Virasoro algebra, thus providing an
extended realization of the Virasoro algebra beyond the
standard construction.

½Ln; Lm� ¼ ðn −mÞLnþm þ d
12

nðn2 − 1Þδnþm;0; ð5Þ

½Sn; Lm� ¼ ðn −mÞSnþm; ð6Þ

½Sn; Sm� ¼ ðn −mÞLnþm þ d
12

nðn2 − 1Þδnþm;0: ð7Þ

Here d ¼ 2. A natural question that arises is, what are the
most general operators constructed from the modes αin that
satisfy the Virasoro algebra?

III. THE GENERIC CASE: THE MOD N
OPERATORS

As illustrated by the example in the previous section, the
Virasoro operators naturally split into two sets: those with
even indices, corresponding to the standard representation,
and those with odd indices, corresponding to the new

operators. This observation motivates the consideration of
operators Skn defined modulo N, where each operator
belongs to an equivalence class labeled by ½n� ¼ k for
k ¼ 0; 1;…; N − 1. In analogy with the N ¼ 2 case dis-
cussed in the previous section, we assume that the class S0n
corresponds to the standard Virasoro representation

S0n ¼ Ln ¼
1

2

X
q

αin−qα
i
q; n ¼ NZ: ð8Þ

The most general operators in class k, which we denote
by Vk

m and Uk
m, can be constructed from the tensors ϵij and

δij as follows:

Vk
n ¼

1

2

X
q

fkðqÞϵij∶αin−qαjq∶; ð9Þ

Uk
n ¼

1

2

X
q

hkðqÞ∶αin−qαiq∶; ð10Þ

where k ¼ ½n� ¼ 1;…; N − 1. Requiring these operators to
be invariant under the transformation q → m − q imposes
the following constraints:

fkðn − qÞ ¼ −fkðqÞ; hkðn − qÞ ¼ hkðqÞ; ð11Þ

for all q. The most general operator for Skn is then the sum of
these two operators: Skn ¼ Uk

n þ Vk
n. Let us now compute

the commutators of Ln with Vk
n and3 Uk

n:

½Ln; Vk
m� ¼

1

2

X
q

ϵijð−ðm − qÞfkðqÞ

− fkðq − nÞðq − nÞÞαinþm−qα
j
q: ð12Þ

To ensure the closure of the algebra under commutation, the
results of the previous computation require that the follow-
ing relation must hold:

−ðm−qÞfkðqÞ−fkðq−nÞðq−nÞ¼ðn−mÞfkðqÞ: ð13Þ

Since n takes values in NZ (the index of Ln), it is sufficient
for fkðqÞ to be invariant modulo N to satisfy the above
relation. The most general solution is then given by

fkðqÞ ¼
XN−1

w¼0

ckwe
2πwi
N q: ð14Þ

We also need to impose the constraints (11), which
consequently yield the following relation:

3Note that, since k ≠ 0, normal ordering is not relevant.
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XN−1

w¼0

ckwe
2πwi
N q ¼ −

XN−1

w¼0

ckwe
2πwi
N ðk−qÞÞ: ð15Þ

This condition is satisfied when the coefficients take the
following form:

ckN−w ¼ −ckwe
2πiwk
N : ð16Þ

It should be noted that ckN ¼ ck0. The same holds for Uk
n,

with a different set of constraints arising from (11), given as
follows:

dkN−w ¼ dkwe
2πiwk
N : ð17Þ

Therefore, the most general form of the operator Skn that is
consistent with Ln is given by

Skn ¼ Uk
n þ Vk

n

¼ 1

2

X
q

XN−1

w¼0

ðdkwe2πwi
N qαin−qα

i
q þ ckwe

2πwi
N qϵijαin−qα

j
qÞ: ð18Þ

This is subject to the conditions (16) and (17). As shown in
Appendix A, the closedness of theWitt algebra, ½Sk1n ; Sk1m � ¼
ðn −mÞSk1þk2

nþm , leads to the following relations4:

X
w1 ;w2

w1þw2¼s modN

ðdk1w1
dk2w2

− ck1w1
ck2w2

Þ
�
ζ−w2

k1
þ ζ−w1

k2

2

�
¼ dk1þk2

s ;

ð19Þ
X
w1 ;w2

w1þw2¼smodN

ðdk1w1
ck2w2

þ ck1w1
dk2w2

Þ
�
ζ−w2

k1
þ ζ−w1

k2

2

�
¼ ck1þk2

s ;

ð20Þ

where ζk ¼ e
2πik
N . Furthermore, we require that the follow-

ing constraints be satisfied by ckω and dkω:

X
w1 ;w2

w1þw2¼smodN

ðdk1w1
dk2w2

− ck1w1
ck2w2

Þ
�
ζ−w2

k1
− ζ−w1

k2

2

�
¼ 0; ð21Þ

X
w1 ;w2

w1þw2¼smodN

ðdk1w1
ck2w2

þ ck1w1
dk2w2

Þ
�
ζ−w2

k1
− ζ−w1

k2

2

�
¼ 0; ð22Þ

for all s ¼ 0; 1;…; N − 1.
Solving all of the above constraints simultaneously is not

straightforward; however, in the next subsections, we

present the complete set of solutions for Z2 and Z3,
suggesting that solutions may exist for all ZN .

A. The Z2 case

The mod 2 case provides the simplest example. Here, the
class k ¼ 1 is the only additional class besides the standard
class k ¼ 0, which corresponds to the usual representation
of Ln for even n. Imposing the conditions (16) and (17) for
N ¼ 2 leads to the following identities:

c10 ¼ 0; d11 ¼ 0; ð23Þ

so that d10 and c11 are the only nonzero coefficients in the
construction of S1n. All the equations (19)–(22) are satisfied
when the following relation between d10 and c11 holds:

ðd10Þ2 þ ðc11Þ2 ¼ 1: ð24Þ

The standard representation of S1n, which corresponds to
the usual construction of the Virasoro operator Ln for odd
n, is obtained for d10 ¼ 1 and c11 ¼ 0. The alternative
construction discussed in Sec. II corresponds to d10 ¼ 0

and c11 ¼ 1. Allowing the coefficients c11 and d10 to be
complex numbers, the solutions of (24) satisfy ðd10Þ2 þ
ðc11Þ2 ¼ 1 defines an algebraic curve inC2. The space of the
solutions in C2 is topologically equivalent to a cylinder or a
sphere with two punctures.
However, let us consider the above equation as the affine

equation of X2 þ Y2 ¼ Z2 in the chart defined by Z ≠ 0,
d10 ¼ X

Z, and c11 ¼ Y
Z for some projective space with appro-

priate dimension. This identifies the solution space with the
complex projective line CP1, which is topologically a
sphere. This is an interesting result: There exist infinitely
many alternative constructions beyond the usual Virasoro
operator Ln for odd n.

1. Equivalent solutions

It appears that we have identified the true moduli space
of constructions for the Z2 case. However, there exist
automorphisms of the current algebra

½αin;αjm� ¼ nδijδnþm;0 ð25Þ

which relate the two seemingly distinct solutions to each
other. By introducing mod − 2 operators αkin , where
n∈ 2Zþ k and k ¼ 0; 1, the above current algebra decom-
poses into two commuting current algebras as follows:

½α0in ; α0jm � ¼ nδijδnþm;0;

½α1in ; α1jm � ¼ nδijδnþm;0;

½α0in ; α1jm � ¼ 0: ð26Þ

4In the computations, we ignore normal ordering, which
becomes important when k1 þ k2 ≡ 0 mod N. The central term
of the Virasoro algebra can be determined consistently via the
Jacobi identity.
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Each sector admits a Z2 automorphism of the form
αkin → −αkin . Consequently, the total algebra possesses a
Z2 × Z2 symmetry. This observation implies that
ðd10; c11Þ ∼ −ðd10; c11Þ, and, therefore, the space of solutions
must be quotiented by an overall Z2 factor.
There is an interesting nonlocal equivalence between

these algebras. The Abelian Kac-Moody algebra arises
from free boson theory. Suppose we have two free bosons
X̃i and Xi. Then the following nonlocal transformation:

X̃ðτ; σÞ ¼ 1þ eiθ

2
Xðτ; σÞ þ 1 − eiθ

2
Xðτ; σ þ πÞ; ð27Þ

where X ≡ ðX1 þ iX2Þ= ffiffiffi
2

p
, relates the above algebras to

each other, with θ parametrizing the circle defined in (24).
However, we do not consider such nonlocal transforma-
tions in this paper.

2. Unitarian subsector

The above analysis demonstrates that there exists a vast
number of new constructions beyond the standard Virasoro
realization. However, from the conventional point of view,
not all of these constructions correspond to Hermitian
operators or possess a natural relation to their adjoint
counterparts. To maintain consistency with the standard
framework of two-dimensional conformal field theory, we
assume the usual adjoint action on the αin modes:

αi†n ¼ αi−n; ð28Þ

which induces an adjoint action on the Virasoro operators
Sn. A natural expectation is for the following relation to
hold:

L†
n ¼ L−n: ð29Þ

This imposes a strong constraint on the space of solutions.
The even sector, represented by S0n ¼ Ln, is by definition
consistent with this adjoint action. However, the odd sector
requires additional restrictions. Explicitly, one finds

ðS1nÞ† ¼
1

2

�
d1�0

X
q

αi−n−qα
i
q þ c1�1

X
q

ϵijαi−n−qα
j
q

�
; ð30Þ

which is consistent with Eq. (29), when d1�0 ¼ d10 and
c1�1 ¼ c11. Therefore, the space of solutions consistent with
the adjoint action is S1

Z2
, which is topologically a circle.

B. The Z3 case

Although we cannot solve Eqs. (19)–(22) in closed form,
they can still be solved directly without much difficulty.
Beyond the Z2 case, it is instructive to examine the

structure of the Z3 case and understand how it differs
from Z2.
The constraints (16) and (17) determine the following

relations between ckω and dkω:

d12 ¼ d11e
2πi
3 ; d22 ¼ d21e

4πi
3 ; ð31Þ

c12 ¼ −c11e
2πi
3 ; c22 ¼ −c21e

4πi
3 ; ck0 ¼ 0: ð32Þ

Working with the independent coefficients, the consistency
of Eqs. (19)–(22) yields the following constraints on the
coefficients:

d10d
2
0 þ 2ðd11d21 þ c11c

2
1Þ ¼ 1; ð33Þ

d11d
2
1 − c11c

2
1 þ e

4πi
3 d11d

2
0 þ e

2πi
3 d10d

2
1 ¼ 0; ð34Þ

e
2πi
3 d10c

2
1 þ e

4πi
3 d20c

1
1 − ðd11c21 þ c11d

2
1Þ ¼ 0; ð35Þ

ðd10Þ2 − e
2πi
3 ððd11Þ2 þ ðc11Þ2Þ ¼ d20; ð36Þ

ðd11Þ2 − ðc11Þ2 − e
2πi
3 d10d

1
1 ¼ d21; ð37Þ

−e2πi
3 d10c

1
1 − 2d11c

1
1 ¼ c21; ð38Þ

ðd20Þ2 − e
4πi
3 ððd21Þ2 þ ðc21Þ2Þ ¼ d10; ð39Þ

−e4πi
3 d20d

2
1 þ ðd21Þ2 − ðc21Þ2 ¼ d11; ð40Þ

−e4πi
3 d20c

2
1 − 2d21c

2
1 ¼ c11; ð41Þ

ðd10d21 þ d11d
2
0Þðe

4πi
3 − 1Þ þ ðd11d21 − c11c

2
1Þðe

2πi
3 − e

4πi
3 Þ

þ d11d
2
0ð1 − e

2πi
3 Þ ¼ 0; ð42Þ

ðd11c21 þ c11d
2
1Þðe

2πi
3 − e

4πi
3 Þ − d10c

2
1ðe

2πi
3 − 1Þ

− c11d
2
0ð1 − e

2πi
3 Þ ¼ 0: ð43Þ

The above equations appear too complicated to be solved
analytically. However, one can use Eqs. (36)–(38) to
express d20, d

2
1, and c21 in terms of d10, d

1
1, and c11. To

simplify the notation, let us define d10 ≡ x, d11 ≡ w, and
c11 ≡ y. Eliminating d20, d

2
1, and c21 from the equations then

yields the following simplified system:

x3 þ 2w3 − 3e
2πi
3 xðw2 þ y2Þ − 6wy2 ¼ 1; ð44Þ

ziðx3 þ 2w3 − 3e
2πi
3 xðw2 þ y2Þ − 6wy2 ¼ 1Þ; ð45Þ

where zi is equal to x, w, or y.
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1. Equivalent solutions

In the Z3 case, the automorphisms of the current algebra
are more intricate, and one must carefully account for
equivalent solutions. The current algebra remains invariant
under the transformations

α0in → −α0in ; α1in → λα1in ; α2in →
1

λ
α2in ; ð46Þ

for any nonzero λ∈C×. Since the coefficients of the
operators in (18) depend only on the residue classes
modulo N, we need only to consider automorphisms that
act identically on all members of a given class.
Consequently, the automorphism group compatible with
the Z3 grading is isomorphic to C× × Z2. Hence, two
solutions ðx0; w0; y0Þ and ðx; w; yÞ are equivalent, if there
exist λ∈C× satisfying the following relations:

x0 − ω2w0 ¼ λðx − ω2wÞ; ð47Þ

x0 þ 2ω2w0 ¼ 1

λ2
ðxþ 2ω2wÞ; ð48Þ

y0 ¼ λy; ð49Þ

where ω ¼ e
2πi
3 . Therefore, the space of inequivalent con-

structions is obtained by quotienting the solution space (44)
by the above equivalence relation. Let us define

x1 ¼ x − ω2w; ð50Þ

x2 ¼ xþ 2ω2w; ð51Þ

x3 ¼
ffiffiffi
3

p
ω2y; ð52Þ

and, interestingly, Eq. (44) can be written as

ðx1 − x3Þðx1 þ x3Þx2 ¼ 1: ð53Þ

Since both x2 and λ are nonzero, we can always fix the
gauge by setting x2 ¼ 1 through an appropriate choice of λ.
Under this gauge fixing, the defining equation simplifies to

x21 − x23 ¼ 1; ð54Þ

which admits the following parametrization:

x1 ¼
tþ t−1

2
; x3 ¼

t − t−1

2
: ð55Þ

This representation makes it clear that the space of
solutions is topologically equivalent to a cylinder.

2. Special constructions

To obtain concrete examples of the new representations of
Z3, we focus on the subset of solutions characterized by the
vanishing of at least one of x, w, or y. In the zero-dimen-
sional case, we impose two constraints on the solution space
simultaneously. No solutions exist when x ¼ w ¼ 0, which
implies that there are no representations for the classes k ¼ 1

and k ¼ 2 defined solely by the tensor ϵij (without con-
tributions from the δij term). This is in contrast to the Z2

case, where a representation does exist for k ¼ 1.
Suppose that w ¼ y ¼ 0. In this case, we obtain

x3 ¼ 1 → d10 ¼ e
2πia
3 ; ð56Þ

for a ¼ 0; 1; 2. The only remaining nonzero coefficient is
d20 ¼ e

4πia
3 . Substituting this solution into Eq. (18) repro-

duces the standard representations of the Virasoro algebra:

½Sk1n ; Sk2m � ¼ ðn −mÞSk1þk2
nþm þ d

12
ðn3 − nÞδk1þk2;0δmþn;0:

ð57Þ
The Virasoro algebra (57) is invariant under the trans-
formation Skn → e

2πik
N Skn, which is an element of the auto-

morphism group of the Virasoro algebra. Consequently, the
factors e

2πia
3 and e

4πia
3 can be omitted, yielding the standard

representation of the Virasoro algebra.
For a more nontrivial solution, let us impose the

constraints x ¼ 0 and y2 þ w2 ¼ 0. In this case, we obtain

8w3 ¼ 1 → d11 ¼
1

2
e
2πia
3 ; ð58Þ

for a ¼ 0; 1; 2. The remaining nonzero independent coef-
ficients are d21 ¼ 1

2
e
4πia
3 and c21 ¼∓ 1

2
ie

4πia
3 . As before, the

phase factors e
2πia
3 and e

4πia
3 can be absorbed by rescaling the

operators. Consequently, we are left with two independent
solutions, corresponding to the two roots of w2 ¼ −y2. The
resulting algebras are given by

S1n ¼
1

4

X
q

½ðe2πi
3
qþωe

4πi
3
qÞδijþ iðe2πi

3
q −ωe

4πi
3
qÞϵij�αin−qαjq;

ð59Þ

S2n ¼
1

4

X
q

½ðe2πi
3
qþω2e

4πi
3
qÞδij− iðe2πi

3
q−ω2e

4πi
3
qÞϵij�αin−qαjq;

ð60Þ

and the other solution is given by

S1n ¼
1

4

X
q

½ðe2πi
3
q þ ωe

4πi
3
qÞδij − iðe2πi

3
q − ωe

4πi
3
qÞϵij�αin−qαjq;

ð61Þ
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S2n¼
1

4

X
q

½ðe2πi
3
qþω2e

4πi
3
qÞδijþ iðe2πi

3
q−ω2e

4πi
3
qÞϵij�αin−qαjq:

ð62Þ

Together with S0n ¼ Ln for n∈ 3Z, these operators define
new representations of the Virasoro algebra expressed in
terms of αin. The above operators are of special interest,
which are compatible with the adjoint action. More
precisely, for the above two solutions, we have

S1†n ¼ S2−n: ð63Þ

We analyze the space of such solutions for the Z3 in
Sec. III B 3. It is easy to show that there is no nontrivial
solution that depends on the δij solely. Such a space of
solutions corresponds to y ¼ 0:

x3 þ 2w3 − 3ωxw2 ¼ 1; ð64Þ

which admits a rational parametrization. Explicitly, a
rational parametrization of the affine curve (64) is given by

x ¼ 2t3 þ 1

3t2
ω2; w ¼ 1 − t3

3t2
; ð65Þ

for t ≠ 0. By choosing λ ¼ 1
ω2t and applying the equivalence

relations (47)–(49), we find that the following identities
hold:

λðx − ω2wÞ ¼ 1;
1

λ2
ðxþ 2ω2wÞ ¼ 1: ð66Þ

This implies that there are no nontrivial solutions that
depend solely on δij and the only such solution is the trivial
one. In Sec. V, we will demonstrate that this conclusion
extends to the general ZN case as well.

3. Unitarian subsector

As in the case of the Z2 construction, it is of particular
interest to determine the subset of constructions that remain
compatible with the condition (29):

S1†3nþ1 ¼ S2−ð3nþ1Þ: ð67Þ

Since the space of constructions is determined by Eq. (54),
we can explicitly express L1

n and L2
n in terms of the

coordinates x1 and x3 (after fixing the gauge x2 ¼ 1) as
follows:

S13nþ1 ¼ x1αi3nþ1−3qα
i
3q þ

1

2
αi
3nþ1−ð3qþ2Þα

i
3qþ2 −

1

2
ffiffiffi
3

p ðω − ω2Þx3ϵijðαi3nþ1−3qα
j
3q − αi

3nþ1−ð3qþ1Þα
j
3qþ1Þ; ð68Þ

S23nþ2 ¼ x1αi3nþ2−3qα
i
3q þ

1

2
αi
3nþ2−ð3qþ1Þα

i
3qþ1 −

1

2
ffiffiffi
3

p ðω2 − ωÞx3ϵijðαi3nþ2−3qα
j
3q − αi

3nþ2−ð3qþ2Þα
j
3qþ2Þ; ð69Þ

where the sum over q is implicit.

The unitarity condition (67) requires that

x�1 ¼ x1; x�3 ¼ x3; ð70Þ

which implies that the space of unitary constructions forms
a hyperbola in the ðx1; x3Þ plane.

C. The Z4 case

Both the Z2 and Z3 cases exhibit a similar pattern. The
spaces of constructions given in Eqs. (24) and (54) are
topologically cylinders over the complex numbers. However,
the unitary subsector differs between cases: For Z2, it
corresponds to a circle, while for Z3, it forms a hyperbola.
This observation motivates us to investigate the Z4 case,
where new layers of complexity emerge. The number of
defining equations in theZ4 case is considerably larger, and,
for clarity, we have summarized them in Appendix B. The
constraints (16) and (17) indicate that several coefficients are

not independent, leading to the following relations:

d13 ¼ id11; d12 ¼ 0; d23 ¼−d21; d33 ¼−id31; d32 ¼ 0;

ð71Þ

c13 ¼ −ic11; c23 ¼ c21; c22 ¼ 0; c33 ¼ ic31: ð72Þ

For convenience, we introduce the notations d10 ≡ x,
d11 ≡ w, c11 ≡ y, and an additional variable c12 ≡ u. It is then
straightforward that the space of all equations in
Appendix B reduces to a single equation as follows:

− 4w4 − 4iw2x2 þ x4 þ 8w2y2 − 4ix2y2 − 4y4

− 16wxyuþ 4iw2u2 þ 2x2u2 þ 4iy2u2 þ u4 ¼ 1; ð73Þ

which defines a six-dimensional hypersurface. However, as
we discussed for the Z2 and Z3 cases, this hypersurface
must be quotiented by the automorphisms of the current
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algebra that are consistent with the Z4 grading. The current
algebra with Z4 grading is invariant under the following
rescaling transformations:

α0iq → −α0iq ; α2iq → −α2iq ; α1iq → λα1iq ; α3iq →
1

λ
α3iq ;

ð74Þ

where λ is a nonzero complex parameter. Hence, the
automorphism group of the current algebra consistent with
the Z4 grading is given by Z2 × Z2 × C×.
Analogous to the Z3 case, we introduce the following

coordinate redefinitions:

x1 ¼ xþ ð1þ iÞw; x2 ¼ x − ð1þ iÞw;
x3 ¼ ð1 − iÞyþ u; x4 ¼ ð1 − iÞy − u: ð75Þ

With these definitions, Eq. (73) simplifies to the compact
form

ðx1 þ ix3Þðx1 − ix3Þðx2 þ ix4Þðx2 − ix4Þ ¼ 1; ð76Þ

and the rescaling transformation (74) induces the following
equivalence relations among the new coordinates:

x1 ∼�λx1; x2 ∼
1

λ
x2; x3 ∼�λx3; x4 ∼

1

λ
x4:

ð77Þ

Therefore, to obtain the true moduli space of constructions,
the six-dimensional hypersurface must be quotiented by the
group Z2 × C×. Since x2 − ix4 cannot be zero, one can set
x2 − ix4 ¼ 1 by an appropriate λ∈C×. Then, Eq. (76)
simplifies as follows:

ð2x2 − 1Þðx1 þ ix3Þðx1 − ix3Þ ¼ 1; ð78Þ

which should also be quotiented by an additional Z2

symmetry acting as x1 ∼ −x1 and x3 ∼ −x3.

D. The general pattern

The analysis of the Z2, Z3, and Z4 cases reveals the
general pattern. For a general ZN grading, the correspond-
ing current algebra

½αk1in ; αk2jm � ¼ nδk1þk2¼NmodNδnþm;0δ
ij ð79Þ

admits automorphisms that preserve the ZN grading of the
form

αkin → λkα
ki
n ; αðN−kÞi

n → λ−1k αðN−kÞi
n ; ð80Þ

for arbitrary nonzero complex parameters λk. When N is
even, the number of complex parameters λk is N−2

2
and we

have an extra Z2 × Z2 symmetry. For odd N, the number of
complex parameters λk is N−1

2
together with an extra Z2

symmetry. The preceding analysis shows that the hyper-
surface determined by Eqs. (19)–(22) should be quotiented
by the symmetry group ðC×ÞN−2

2 × Z2 when N is even and
by ðC×ÞN−1

2 when N is odd. This demonstrates that the space
of constructions forZ2N andZ2Nþ1 is more or less the same
over the complex numbers. However, (24) and (54) indicate
that the unitarian subsectors, which are defined over the real
numbers, may differ.

IV. NEW ALGEBRAS FROM THE ACTION
PRINCIPLE

In the preceding sections, we have investigated the
relationship between the uð1Þ2 Kac-Moody algebra and
the Virasoro algebra from a strictly algebraic standpoint,
neglecting the question of how these algebras arise from
symmetries of an underlying action. This perspective is
often preferred in the physics literature. In this section, we
turn to a more physically motivated problem: the con-
struction of actions whose symmetry algebras reproduce
the specific representations of the Virasoro algebra con-
sidered above.
As a first step, we focus on the representation defined in

Eq. (3) and analyze the conditions under which it can be
derived from an action principle. This example will then
serve as a prototype for formulating a more general and
systematic procedure for obtaining such representations. In
this construction, the index n associated with the operator
S1n is restricted to odd integers:

S1n ¼
1

2

X
q

ð−1Þqϵij∶αin−qαjq∶; ð81Þ

which couples the odd-index modes αin to the even-
index modes.
To analyze the origin of this representation, let us

consider a set of scalar fields ϕi defined on a flat cylinder
with coordinates ðτ; σÞ, where −∞ < τ < ∞ and
0 ≤ σ ≤ 2π. We impose the periodic boundary condition

ϕiðτ; σÞ ¼ ϕiðτ; σ þ 2πÞ; ð82Þ

ensuring that ϕi is single valued on the spatial circle. Under
this condition, the scalar field admits the Fourier mode
expansion

ϕi ¼
X
n

ainðτÞeinσ ≡ ϕi
0 þ ϕi

1; ð83Þ

where ϕi
0 contains only the modes with n∈ 2Z while ϕi

1

contains those with n∈ 2Zþ 1. This decomposition nat-
urally suggests that the operator defined in (81) originates
from a schematic interaction terms of the form
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∼ϵijϕi
k1
ϕj
k2
; ð84Þ

where k1;2 ¼ 0; 1 label the two Z2 sectors corresponding to
even and odd modes, respectively. In other words, the
representation (81) reflects a mod-2 partition of the integer
mode numbers.
While this interpretation appears natural, it suffers from a

significant drawback: The decomposition into even and odd
Fourier modes relies crucially on the flat metric of the
cylinder. Fourier modes acquire an unambiguous meaning
only once a particular representative of the conformal class
has been chosen, effectively amounting to a gauge fixing of
the underlying gauge symmetries. Ideally, one would like
the index k∈Z2 to possess an intrinsic, coordinate-inde-
pendent meaning that does not depend on the specific
choice of representative within the conformal class of
metrics on the cylinder.
In what follows, we develop a framework capable of

addressing this difficulty in a systematic manner. Let M be
the underlying manifold and let DiffðMÞ denote its diffeo-
morphism group. Given a diffeomorphism f∈DiffðMÞ,

f∶M → M ð85Þ
induces a natural pullback map on the algebra of smooth
complex-valued functions defined on M:

f�∶C∞ðM;CÞ → C∞ðM;CÞ; ð86Þ
which acts on any ϕ∈C∞ðM;CÞ according to

f�ϕðpÞ ¼ ϕðfðpÞÞ; ð87Þ
A further ingredient in this construction is the introduc-

tion of a group action (finite group or a finite Lie group) on
M. More precisely, let G be a group and consider a
homomorphism

ψ∶ G → DiffðMÞ;
g ↦ ψg; ð88Þ

which assigns to each g∈G a diffeomorphism
ψg ∈DiffðMÞ. In this way, G acts on the space of smooth
functions on M via the pullback induced by ψg. This
viewpoint will allow us to reformulate the even or odd
decomposition in terms of group representations, poten-
tially giving the Z2 grading an intrinsic interpretation.
We now impose the requirement that the field ϕ∶M → C

satisfy the equivariance condition

ψ�
gϕðpÞ ¼ ϕðψgðpÞÞ ¼ LðgÞϕðpÞ; ð89Þ

where L denotes a (generally linear) representation of the
group G.5

We formalize the above property by saying that the field
ϕ∶M → V (with V ¼ C) is G-equivariant with respect to
the group action

ψ∶ G → DiffðMÞ; g ↦ ψg;

and a representation

L∶ G → GLðVÞ;

if the following diagram commutes for all g∈G:

This expresses the condition ϕðψgðpÞÞ ¼ LðgÞϕðpÞ for
every p∈M. Moreover, if f∶N → M is a diffeomorphism,
the diagram extends as

where ψ̃g ¼ f−1 ∘ψg ∘ f is the conjugated action on N and
ϕ̃ ¼ ϕ ∘ f is the pullback field. The commutativity of the
diagram guarantees that the equivariance property is
preserved under diffeomorphic changes of the base
manifold.
More specifically, suppose that ϕðpÞ satisfies the equiv-

ariance condition (89). Then its pullback under f, denoted
by ϕ̃ ≔ ϕ ∘ f, satisfies the same relation with respect to the
induced action ψ̃g. Indeed, we have

ψ̃�ϕ̃ðpÞ ¼ ϕ̃ðψ̃gðpÞÞ ¼ ðϕ ∘ f ∘ f−1 ∘ψg ∘ fÞðpÞ
¼ ϕðψgðfðpÞÞÞ ¼ ψ�

gðϕ ∘ fðpÞÞ
¼ LðgÞϕ ∘ fðpÞ ¼ LðpÞϕ̃ðpÞ: ð90Þ

Thus, the pullback ϕ̃ inherits the same transformation
property under the conjugated action ψ̃g. Consequently,
the condition (89) is invariant under diffeomorphisms
between manifolds and, therefore, constitutes a well-
defined notion.
Let us return to the case of the flat cylinder. The isometry

group of the flat cylinder is R⋊Oð2Þ, where R corresponds
to translations along the noncompact direction and Oð2Þ
acts on the compact circle. The connected component of the
identity is given by R × S1. Consequently, one can always

5For notational simplicity, we have suppressed all additional
indices; the indexed case is straightforward.
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construct a homomorphism from the finite cyclic subgroup
ZN into the diffeomorphism group of the flat cylinder. In
fact, such a homomorphism can be defined for any
manifold diffeomorphic to the flat cylinder, ensuring that
the construction is robust under diffeomorphic changes of
the background.
Since ZN is a finite Abelian group, all of its irreducible

representations are one-dimensional. If g denotes the
generator of the group, then each irreducible representation
is of the form

ρk∶ ZN → C×; ρkðgÞ ¼ e
2πik
N ; ð91Þ

where k ¼ 0; 1;…; N − 1. We are now in a position to give
a natural and intrinsic meaning to the ZN index k labeling
the fields ϕk. Let M be a smooth manifold with diffeo-
morphism group DiffðMÞ, and let ZN ¼ hgi be the finite
cyclic group of the order of N. Choose a group homo-
morphism as follows:

ψ∶ ZN → DiffðMÞ; g ↦ ψg:

A field ϕk∶ M → C is said to be of sector k if it is ZN
equivariant with respect to the character

ρk∶ ZN → C×; ρkðgÞ ¼ e2πik=N:

In other words, ϕk satisfies

ϕkðψgðpÞÞ ¼ ρkðgÞϕkðpÞ; ∀ p∈M;

which may be summarized by the commutative diagram

for every g∈ZN.
This construction provides an intrinsic, representation-

theoretic interpretation of the index k: It labels the
irreducible characters of ZN under which the field
transforms.

A. Equivariant conformal field theories

In the previous section, we introduced the concept of
G-equivariant functions on a manifold endowed with a
group action. Here, our goal is to formulate actions
constructed from such functions and to investigate whether
they can give rise to conformal symmetry. Although G
equivariance is naturally connected to the new representa-
tions introduced in Sec. III, one must be cautious: These
representations do not necessarily preserve conformal
invariance, and their compatibility with conformal struc-
tures requires a careful analysis. As a concrete illustration,

we turn to the case of Uð1Þ-equivariant functions defined
on a flat cylinder.

1. Example: Uð1Þ-equivariant field on R × S1

Let M ¼ R × S1 with coordinate σ ∈ ½0; 2πÞ for the
circle. Consider the group G ¼ Uð1Þ acting by rotations

ψα∶ S1 → S1; ψαðσÞ ¼ σ þ α ðmod 2πÞ:
Let V ¼ C and take the representation

L∶ Uð1Þ → C×; LðeiαÞ ¼ einα;

for integer n. Then a Uð1Þ-equivariant field ϕ∶ S1 → C
satisfies

ϕðσ þ αÞ ¼ einαϕðσÞ;
for all σ.
Now, let us consider the Polyakov action on manifolds

that are topologically equivalent to the flat cylinder:

S ∼
Z

d2σ
ffiffiffiffiffiffi
−h

p
hαβ∂αϕ̄∂βϕ: ð92Þ

One can always construct a homomorphism from the Uð1Þ
group into the diffeomorphism group of such manifolds.
For definiteness, let us fix the metric to be that of the flat
cylinder and take the homomorphism as in the preceding
example. Suppose further that the phase space of the theory
is restricted to those maps satisfying the equivariance
condition

ϕðτ; σ þ αÞ ¼ einαϕðτ; σÞ: ð93Þ

In this case, the only surviving mode is of the form einσ .
Consequently, the full Virasoro algebra cannot be recov-
ered from such a restricted spectrum, as the dynamics
reduce essentially to a single mode.
However, if we allow all possible representations, the full

Virasoro algebra can, in fact, be recovered. This suggests
that the obstruction observed in the single-mode case arises
merely from an overly restrictive choice of equivariance. To
address this, we turn to the study of the entire space of
equivariant functions associated with a given group action.
A natural question is whether a generic field can be
decomposed into a sum of equivariant components, each
transforming according to a different representation of the
group. Such a decomposition would restore the richness of
the mode expansion and, consequently, the algebraic
structures associated with conformal symmetry.
Suppose that C∞ðM;CÞ is the space of all smooth

complex-valued functions on the manifold M. As in the
previous section, we assume that there exists a homomor-
phism from the finite group G to the diffeomorphism group
of the manifoldM by ψg∶ G → DiffðMÞ. We show that the
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space of smooth functions on the manifold M, namely,
C∞ðM;CÞ, can be decomposed into subspaces of
ρ-equivariant functions. For an irreducible representation
ρ of G, we define

C∞ðMÞρ ≔ fF∶M → C smoothjFðψgðxÞÞ ¼ ρðgÞFðxÞ;
∀ g∈Gg: ð94Þ
The decomposition of C∞ðM;CÞ into these isotypic

subspaces is obtained by means of natural projection
operators. Specifically, the projection onto C∞ðM;CÞρ
can be expressed by averaging over the group G against
the character χρ of ρ:

ðPρfÞðxÞ ≔
dρ
jGj

X
g∈G

χρðg−1ÞfðψgðxÞÞ: ð95Þ

Here, dρ ¼ dim ρ and χρ ¼ TrðρÞ denotes the character of
ρ. Since G is finite and Abelian, every irreducible repre-
sentation ρ is one-dimensional, so dρ ¼ 1 and χρðgÞ ¼ ρðgÞ
for all g∈G.
The standard orthogonality relations of characters imply

the following properties:

P2
ρ ¼ Pρ; PρPσ ¼ 0 if ρ≄ σ;

X
ρ∈ Ĝ

Pρ ¼ IdC∞ðMÞ:

ð96Þ
Here, Ĝ denotes the set of all inequivalent irreducible

representations of G. Hence, the family fPρgρ∈ Ĝ forms a
complete set of mutually orthogonal projections, and one
obtains the direct sum decomposition:

C∞ðM;CÞ ≅ ⨁
ρ∈ Ĝ

C∞ðMÞρ: ð97Þ

We are now in a position to introduce the action
associated with the new representation discussed in
Sec. III. To this end, let us consider the Polyakov action
(92) and expand the fields ϕi in terms of G-equivariant
components. More precisely, using the decomposition (97),
we write

ϕi ¼
XN−1

k¼0

akϕi
k: ð98Þ

This expansion allows us to reformulate the Polyakov
action as a sum of contributions from the various isotypic
components of the field space, thereby making the role of
the G-equivariant decomposition explicit. Then the
Polyakov action takes the following form:

S ∼
Z

d2σ
ffiffiffiffiffiffi
−h

p
hαβ∂αϕ̄i

k1
∂βϕ

i
k2
āk1ak2 ; ð99Þ

where summation over the indices k1 and k2 is understood.
Here, the coefficients ak encode the expansion of the fields
ϕi in terms of the G-equivariant components ϕi

k, while the
barred quantities denote complex conjugates.
There is a natural generalization of the action described

above, which incorporates both symmetric and antisym-
metric couplings among the equivariant components of the
fields. Explicitly, we propose

S ¼ −1
4πα0

Z
d2σ

ffiffiffiffiffiffi
−h

p
hαβ∂αϕ̄i

k1
∂βϕ

j
k2
ðδijAk1k2 þ ϵijBk1k2Þ;

ð100Þ

where Ak1k2 (respectively, Bk1k2) are symmetric (respec-
tively, antisymmetric) complex coefficients. The first term,
proportional to δij, is the generalized usual structure of the
Polyakov action, while the second term, proportional to the
antisymmetric tensor ϵij, provides a natural generalization
of it. We claim that this generalized action reproduces the
Virasoro algebra in a form consistent with the new
algebraic structures introduced in Sec. III. In the next
section, we illustrate this construction in detail by working
out the explicit cases of the finite groups Z2, which already
display the essential features of the general framework.

B. Z2 case

In this section, we quantize the proposed action (100) for
the case G ¼ Z2 and demonstrate that the resulting
Virasoro algebra possesses the same structure in terms
of the mode operators α1n. For concreteness, we restrict our
attention to world-sheet manifolds that are topologically
equivalent to a cylinder. Since the conformal class of
metrics on the cylinder is unique, we may employ the
DiffðMÞ⋊W eyl gauge symmetry to fix the metric to the
standard flat form, as is customary in conformal gauge

ds2 ¼ dτ2 þ dσ2; ð101Þ

with −∞ < τ < ∞ and 0 ≤ σ < 2π. Therefore, in this
gauge the action (100) takes the form

S ¼ −1
4πα0

Z
d2σηαβ∂αϕ̄i

k1
∂βϕ

j
k2
ðδijAk1k2 þ ϵijBk1k2Þ: ð102Þ

The corresponding energy-momentum tensor is

Tαβ ¼ ∂αϕ
i
k1
∂βϕ

j
k2
ðδijAk1k2 þ ϵijBk1k2Þ

−
1

2
hαβhγδð∂γϕi

k1
∂δϕ

j
k2
ðδijAk1k2 þ ϵijBk1k2ÞÞ: ð103Þ

Now consider the Z2 symmetry. We take the homomor-
phism between Z2 ¼ fe; gg and DiffðMÞ to be

ψ∶ Z2 → DiffðMÞ; ð104Þ
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ψgðσÞ → σ þ π; Mod 2π; ð105Þ

which corresponds to a half-period shift along the spatial
direction of the cylinder. The two representations of Z2 are
ρðgÞ ¼ 1 and ρðgÞ ¼ −1. Accordingly, the Z2-equivariant
functions on the cylinder decompose into two sectors. In
the trivial representation, the fields are invariant under the
half-period shift, while in the nontrivial representation, they
pick up a minus sign. Explicitly, they satisfy

ϕi
0ðσ þ πÞ ¼ ϕi

0ðσÞ; ð106Þ

ϕi
1ðσ þ πÞ ¼ −ϕi

1ðσÞ; ð107Þ

which have the following mode decomposition:

ϕi
kðτ; σÞ ¼

X
m¼NZþk

aimðτÞeimσ: ð108Þ

The action (102) can be further simplified by noting that
the Z2-equivariant functions form orthogonal sectors with
respect to the inner product defined by integration over the
spatial coordinate σ. In particular, one findsZ

2π

0

dσϕ̄i
k1
ðτ; σÞϕj

k2
ðτ; σÞ ∼ δk1k2 ; ð109Þ

which expresses the fact that fields belonging to inequi-
valent representations of Z2 are orthogonal under the
cylinder integral. As a consequence, cross-terms with
k1 ≠ k2 vanish in the action, and the dynamics decomposes
into independent k ¼ 0 and k ¼ 1 sectors. Therefore, as
Bk1k2 is antisymmetric and couples different sectors, its
contribution is zero. Thus, the only contribution comes from
the diagonal part of Ak1k2 . Plugging the mode expansion
(108) into the action (102) and using the orthogonality of the
Z2-equivariant modes, the action reduces to

S ¼ 1

2α0

� X
n¼even

Z
dτð ˙̄ainȧin − n2 ˙̄ainȧinÞA00

þ
X
n¼odd

Z
dτð ˙̄ainȧin − n2 ˙̄ainȧinÞA11

�
: ð110Þ

Thus, the theory decomposes into two independent oscillator
towers: one associated with the even modes (k ¼ 0 sector)
and the other with the odd modes (k ¼ 1 sector). The
quantization is straightforward. The canonical momentum
conjugate to ain is defined as

pi
n ¼

∂L
∂ȧin

¼ Ak1k2

2α0
˙̄ain; ð111Þ

where Ak1k1 depends on the sector we have chosen. This
leads to the standard canonical commutation relations

½ain; pj
m� ¼ iδijδn;m: ð112Þ

The equations of motion for the mode coefficients follow
directly from the action and take the form

äin þ n2ain ¼ 0 ð113Þ

for both the k ¼ 0 (even) and k ¼ 1 (odd) sectors. The
general solutions are given by

8<
:

ainðτÞ ¼ i
ffiffiffiffiffi
α0
A00

q �
αin
n e

−inτ − α̃i−n
n einτ

�
; n ≠ 0

ai0ðτÞ ¼ xi0 þ 2
ffiffiffiffiffi
α0
A00

q
αi0τ; n ¼ 0;

for the k ¼ 0 sector. For the k ¼ 1 sector (odd modes), the
same expression holds for n ≠ 0, but by construction there
is no n ¼ 0 mode in this sector, since only odd Fourier
modes appear. The quantization rules (112) induce the
following commutators among the oscillator modes. For
n ≠ 0 one finds

½αin; ᾱjm� ¼ nδijδn;m; ð114Þ

½α̃in; ¯̃αjm� ¼ nδijδn;m; ð115Þ

valid in both the k ¼ 0 (even) and k ¼ 1 (odd) sectors. For
the zero mode in the trivial sector (k ¼ 0), the situation is
different. Here, the constant mode xi0 and its conjugate
momentum αi0 satisfy the canonical commutation relation

½xi0; ᾱj0� ¼ i

ffiffiffiffiffiffiffi
α0

A00

s
δij; ð116Þ

which corresponds to the standard position-momentum
algebra of the degrees of freedom of the center of mass.
The mode expansions of the equivariant fields ϕi

kðτ; σÞ then
take the form

ϕi
0 ¼ xi0 þ 2

ffiffiffiffiffiffiffi
α0

A00

s
αi0τ þ i

ffiffiffiffiffiffiffi
α0

A00

s X
n¼2Z−f0g

�
αin
n
e−inðτ−σÞ

þ
¯̃ain
n
e−inðτþσÞ

�
; ð117Þ

ϕi
1 ¼ i

ffiffiffiffiffiffiffi
α0

A11

s X
n¼2Zþ1

�
αin
n
e−inðτ−σÞ þ

¯̃ain
n
e−inðτþσÞ

�
: ð118Þ

It is instructive to examine the canonical structure. If we
define the conjugate momentum of ϕi

kðτ; σÞ by

Pi
kðτ; σÞ ¼

Akk

4πα0
˙̄ϕi
kðτ; σÞ; ð119Þ
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then the canonical commutation relations take the form

½ϕi
k1
ðτ; σÞ; Pj

k2
ðτ; σÞ� ¼ 1

2
iδijδk1k2δðσ − σ0Þ: ð120Þ

This shows that each Z2 sector contributes one-half of the
usual quantization rule for a free boson. In other words, the
total phase space of the theory naturally decomposes into
two independent halves, corresponding to the k ¼ 0 (peri-
odic) and k ¼ 1 (antiperiodic) sectors.
Let us now return to the Virasoro algebra. By definition,

the Virasoro generators Lm are obtained as the Fourier
coefficients of the energy-momentum tensor. Working in
light-cone coordinates σ� ¼ τ � σ, the right-moving com-
ponent of the stress tensor takes the form

T−− ¼ ∂−ϕ̄
i
k1
∂−ϕ

j
k2
ðδijAk1k2 þ ϵijBk1k2Þ

≡ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α02

A00A11

s X
m∈Z

Lme−2imσ− : ð121Þ

If we define the complex conjugate of the oscillator modes
by ᾱin ¼ αi−n, then the Virasoro generators can be written in
terms of the oscillator bilinears. Explicitly, they take the
form

L2n ¼
1

2

�
A00

X
q

αi2n−2qα
i
2q þ A11

X
q

αi
2n−ð2qþ1Þα

i
2qþ1

�
;

L2nþ1 ¼
1

2

�
A01

X
q

αi2nþ1−qα
i
q

þ B01

X
q

ð−1Þqαiqαj2nþ1−qϵij

�
: ð122Þ

Focusing on the Witt (centerless Virasoro) part of the
commutator ½L2n; L2m�, closure of the algebra imposes
algebraic constraints on the coupling coefficients

A2
00 ¼ A00; A2

11 ¼ A11: ð123Þ

The standard solution in Sec. III A corresponds to A00 ¼
A11 ¼ 1 with the following constraints:

A2
01 þ B2

01 ¼ 1; ð124Þ

which comes from the closedness of the odd part of the
algebra.
It is interesting that, by using the G-equivariance

techniques, we uncover a richer structure than the purely
algebraic constructions in Sec. III. Not only does the usual
representation of L2n (used as our starting point in Sec. III)
remain a valid representation, but one can also express L2n
entirely in terms of the even or the odd oscillator towers.
Explicitly,

L2n¼
1

2

X
q∈Z

αi2n−2qα
i
2q or

1

2

X
q∈Z

αi
2n−ð2qþ1Þα

i
2qþ1: ð125Þ

The above analysis reveals that the underlying math-
ematical structure governing these constructions is G
equivariance. This concept can be naturally generalized
to more intricate settings, such as non-Abelian Kac-Moody
algebras, thereby offering alternative realizations of the
Virasoro algebra beyond the conventional Sugawara con-
struction [42].

V. DEFORMATIONS OF THE
VIRASORO-KAC-MOODY-LIKE ALGEBRAS

We analyzed the degree of flexibility in the relation
between the Abelian Uð1ÞD Kac-Moody algebra and the
Virasoro algebra. This analysis reveals additional possible
realizations beyond the standard Sugawara construction for
D ¼ 2, thereby suggesting a broader class of Virasoro-Kac-
Moody-type algebras. As a concrete illustration, in the Z2

case we have the following Lie algebra6:

½jin; jjn� ¼ nδijδnþm; ð126Þ

½S1n; jim� ¼ −majimþn þ bϵijmð−1Þmjjmþn; ð127Þ

½Ln; jim� ¼ −mjimþn; ð128Þ

½Sk1n ; Sk1m � ¼ ðn −mÞSk1þk2
nþm þ c

12
δk1þk2;0nðn2 − 1Þδnþm;0;

ð129Þ

where the condition k1 þ k2 ¼ 0 is understood modulo N
and as usual Ln ¼ S0n.

7 The parameters a and b satisfy the
algebraic relation (24). To the best of the author’s knowl-
edge, such a two-parameter generalization of the standard
Uð1Þ2 algebra has not been mentioned in the literature.
One can show that the algebra introduced above cannot

be transformed into the standard Virasoro-Kac-Moody
algebra by any redefinition of the generators. This obser-
vation motivates the need for a precise notion of when two
such algebras should be regarded as equivalent. In order to
formalize this, let us define the exact meaning of an
isomorphism between such structured algebras.
Definition. Let V be a vector space over a field C,

equipped with a basis fTngn∈Z. Although this basis is not
unique for the vector space, we require that it has a special
property. We assume that the vector space carries additional
structure in the form of an equivalence relation on the index

6For coherence with the notation used in the literature, we
denote jin ≡ αin.

7It should be emphasized that the indices k labeling Skn
correspond to the ZN grading and must not be confused with
the indices i, j associated with the Uð1Þ2 Kac-Moody algebra.
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set Z defined by

n1 ∼ n2 ⇔ n1 ≡ n2 ðmod NÞ;

for some fixed positive integer N. The equivalence relation
on the index set Z partitions the basis fTngn∈Z into N
disjoint families. Each family spans a subspace Vk, and the
vector space decomposes as a direct sum

V ¼ ⨁
N−1

k¼0

Vk;

where

Vk ¼ spanfTkþmN jm∈Zg:

Similarly, for another vector space W with basis
fSngn∈Z, we write

Sn1 ∼ Sn2 if and only if n1 ∼ n2 ðmodNÞ:

LetW be another Lie algebra with basis fSngn∈Z and an
equivalence relation ∼0 on its index set. A pair ðϕ; σÞ is said
to define an equivariant Lie algebra isomorphism

ðϕ; σÞ∶ ðV; fTng;∼Þ → ðW; fSng;∼0Þ

if the following conditions hold.
(1) ϕ∶ V → W is a Lie algebra homomorphism, i.e.,

ϕð½Tn; Tm�Þ ¼ ½ϕðTnÞ;ϕðTmÞ� ∀ n;m∈Z:

(2) σ∶ Z → Z is a group homomorphism, typically of
the form σðnÞ ¼ an for some integer a, encoding the
relabeling of the basis indices.

(3) The map ϕ acts on the basis by

ϕðTnÞ ¼ SσðnÞ:

(4) The equivalence relations are compatible in the
sense that

n1 ∼ n2 ðmodNÞ ⇒ σðn1Þ ∼0 σðn2Þ:

If, in addition, ϕ is bijective and σ is invertible (as a
group automorphism of Z), then ðϕ; σÞ defines an isomor-
phism of structured Lie algebras:

ðV; fTng;∼Þ ≅ ðW; fSng;∼0Þ:

Such a definition imposes a strong constraint on the
homomorphism σ. Suppose that the above algebra is
isomorphic to the standard Uð1Þ2 Kac-Moody algebra,
generated by ðj̃in; S̃knÞ. Then, there exists a pair ðϕ; σÞ

characterizing this isomorphism, defined as follows:

ϕð½jin; jjm�Þ ¼ ½ϕðjinÞ;ϕðjimÞ� ¼ ½j̃iσðnÞ; j̃jσðmÞ�
¼ σðnÞδijδσðnÞþσðmÞ;0δk̃1þk̃2;0; ð130Þ

where k̃1 (k̃2) denote the equivalence classes of σðnÞ and
σðmÞ, respectively. The condition (130) then leads to the
following relation:

σðnÞ ¼ n: ð131Þ

Therefore, theZN grading is invariant under the map σ. The
most general admissible transformation compatible with
the ZN grading takes the form8

j̃in ¼ λ½n�Aijjjn; AikAjlδkl ¼ δij; ð132Þ

where Aij is an orthonormal matrix and λ½n� is an auto-
morphism of the current algebra that depends only on the
equivalence class [n].
For the Z2 case, we focus on the odd sector, where

m∈ 2Zþ 1:

½j̃in; j̃jm� ¼ nδijδnþm; ð133Þ

½Skn; j̃im� ¼ −mj̃imþn: ð134Þ

The first relation is just AAT ¼ 1, while the second leads to
ða − 1ÞA ¼ bAϵ. Taking the determinant of the latter
relation gives

ða − 1Þ2 ¼ b2; ð135Þ

which is consistent with a2 þ b2 ¼ 1 only for a ¼ 1 and
b ¼ 0. Therefore, for any nontrivial choice of ða; bÞ, the
resulting algebra is distinct from the standard Virasoro-
Kac-Moody algebra (133) and (134).
It is natural to ask whether there exist nontrivial con-

structions beyond the trivial construction that depend solely
on δij. In the Z3 case, we showed in Sec. III B 2 that no
such additional constructions exist. Here, we provide a
sketch of the argument indicating that the same conclusion
holds for general ZN . Let us define

jkin ≡ jin; ½n� ¼ k ¼ 0; 1;…; N − 1 ModZN:

ð136Þ

Then, the S1Nnþ1 can be written as

8It is important to emphasize that, because we have restricted
our attention to local field transformations (see Sec. III A 1), we
apply the same rotation tensor Aij to all ZN classes.
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S1Nnþ1 ¼
XP
k¼0

akj
ðNþ1−kÞi
Nnþ1−ðNqþkÞj

ðkÞi
Nqþk

≡ ðx1j0Nnþ1−ðnqþ1Þj
1
Nqþ1

þ x2jN−1
Nnþ1−ðNqþ2Þj

2
Nqþ2 þ � � �Þ; ð137Þ

where the sum over q is implicit and the relation between xk
and ak can be easily derived. In the above expansion, we
have P ¼ N−2

2
when N is even and P ¼ N−1

2
when N is odd.

Using the automorphism group of the current algebra, we
obtain the following equivalence relation for the variables
xk when N is even:

xa ∼
ϵaλa
λa−1

xa; a ¼ 1;…;
N
2
; λ0 ¼ λN

2
¼ 1; ð138Þ

where ϵa ¼ �1 for a ¼ 1 and a ¼ N
2
and is equal to 1

otherwise. The only invariant combination of the above
coefficients is x1x2…xN

2
. Therefore, the hypersurface result-

ing from Eqs. (19)–(22) is given by

ðx1x2…xN
2
Þ2 ¼ 1: ð139Þ

Since the equivalence relations (138) introduce N
2
− 1

variables λ1;…; λN
2
−1, we can set

x2 ¼ x3 ¼ � � � ¼ xN
2
¼ 1;

which reduces the hypersurface equation to

x21 ¼ 1;

which leads to x1 ¼ �1. However, using the Z2 symmetry
encoded in ϵa, the minus solution can be mapped to the
trivial one. A similar argument applies for odd N, with
minor modifications.

A. Operator product expansion of deformed algebras

It is instructive to examine the operator product expan-
sion (OPE) between the energy-momentum tensor and the
currents. The space of all possible deformed algebras is
vast; however, for algebras that depend solely on δij, it is
straightforward to determine their general structure. As is
standard in the literature, we consider the OPE relations on
the complex plane rather than on the cylinder, using the
conformal map

z ¼ eτþiσ: ð140Þ

Under this transformation, the ZN action on the cylinder,
σ → σ þ 2π

N , becomes

z → e
2πi
N z: ð141Þ

The ZN-equivariant functions Xkðτ; σÞ and their deriv-
atives with respect to σ exhibit the same equivariance
property on the cylinder. However, on the complex plane,
the holomorphic ZN-equivariant function

Xkðe2πi
N zÞ ¼ e−

2πik
N XkðzÞ ð142Þ

induces a different equivariance behavior on its holomor-
phic derivative. More precisely,

Jkðe2πi
N zÞ ¼ e−

2πi
N e−

2πik
N JkðzÞ; Jk ¼ ∂zXkðzÞ; ð143Þ

which can be generalized to a holomorphic primary field ϕ
of conformal weight h as follows:

ϕkðe2πi
N zÞ ¼ e−

2πih
N e−

2πik
N ϕkðzÞ: ð144Þ

In quantum field theory, conserved charges act as the
generators of the symmetry algebra and determine how
operators such as ϕ transform:

δϕk ¼ ½Q;ϕk�: ð145Þ

Specifically, in conformal field theories, the holomorphic
part of the charge is expressed as

Q ¼ 1

2πi

X
k1þk2þ1¼N

I
C
dzTk1ðzÞϵk2ðzÞ; ð146Þ

where we have used the ZN-equivariance decomposition of
the energy-momentum tensor and functions into equivar-
iant parts. The sum is understood in a way that is
compatible with the ZN invariance of charge Q.
It is straightforward to verify that the deformed algebra

(137) gives rise to the following OPEs between the currents
and the energy-momentum tensor9:

Jk1iðzÞJk2jðwÞ ¼ δk1þk2¼0

ðz − wÞ2 δ
ij; ð147Þ

Tk1ðzÞJk2iðwÞ ¼ ðaδij þ bð−1Þk2ϵijÞ
�
Jðk1þk2ÞjðωÞ
ðz − wÞ2

þ ∂ωJðk1þk2ÞjðωÞ
z − w

�
; ð148Þ

9We denote the Uð1Þ2 index by i in order to distinguish it from
the ZN grading indices k.
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Tk1ðzÞTk2ðwÞ ¼ cδk1þk2¼0

2ðz − wÞ4 þ
2Tk1þk2ðωÞ
ðz − wÞ2 þ ∂ωTk1þk2ðωÞ

z − w
;

ð149Þ

where JkiðzÞ ¼ P
n z

−n−1jkin and TkðzÞ ¼ P
n z

−n−2Skn.
As we observe, the standard OPE between the currents

and the energy-momentum tensor is deformed by the
matrix ðaδij þ bð−1Þk2ϵijÞ appearing in (148). Moreover,
the presence of this deformation modifies the usual notion
of primary fields. Consequently, one can define primary
fields within the deformed ZN-equivariant algebra as
follows.

1. Definition

A field ϕiðzÞ with the ZN decomposition fϕkiðzÞg is
called primary with conformal dimensions h if the operator
product expansions of the decompositions of energy-
momentum tensor fTkðzÞg with ϕkiðzÞ take the form

Tk1ðzÞϕk2iðwÞ

¼ ðaδij þ bð−1Þk2ϵijÞ
�
hϕðk1þk2ÞjðwÞ
ðz − wÞ2 þ ∂wϕ

ðk1þk2ÞjðwÞ
z − w

�
:

ð150Þ

It is interesting how the parameters ða; bÞ affect the
representations of the above Kac-Moody-Virasoro algebra.

VI. CONCLUDING REMARKS

We may be interested in replacing the epsilon tensor ϵij

with a generic antisymmetric background tensor Bij and
extending the construction to arbitrary dimensions. Aside
from issues related to Lorentz invariance, it is straightfor-
ward to show that the general case does not differ
significantly from the results obtained above. For a real
nonsingular even-dimensional 2n × 2n antisymmetric
matrix Bij, there is a real orthogonal 2n × 2n matrix U
such that [57–59]

UTBU

¼ diag

��
0 m1

−m1 0

�
;

�
0 m2

−m2 0

�
;…;

�
0 mn

−mn 0

��
:

ð151Þ

So the 2n × 2n even-dimensional case reduces to a bunch
of 2 × 2 matrices which can be studied in a similar way to
the previous sections. The antisymmetric matrices are
singular in odd dimensions, and the following theorem
is helpful for odd-dimensional antisymmetric and singular
even-dimensional matrices.
Theorem. If B is a real singular antisymmetric d × d

matrix of rank 2n, where d is even or odd and d > 2n, then

there exist a real orthogonal d × d matrix U such that

UTBU ¼ diag

��
0 m1

−m1 0

�
;

�
0 m2

−m2 0

�
;…;

×

�
0 mn

−mn 0

�
;Od−2n

�
; ð152Þ

where Od−2n is a ðd − 2nÞ × ðd − 2nÞ block of zeros.
Therefore, the general case is similar to the previous
sections, and singular matrices have some zeros which
can be treated in a similar manner as the conventional case.

VII. CONCLUSION

In this paper, we have introduced and analyzed a new
family of Virasoro-Kac-Moody algebras constructed from
ZN gradings of the mode indices of the Virasoro generators.
We started with a concrete construction in the Z2 case,
using the antisymmetric tensor ϵij. This extra invariant
tensor exists in D ¼ 2 to build sets of Virasoro generators
that differ for even and odd Fourier modes n. Afterwards,
this construction was extended naturally to the general case
of ZN gradings.
Partitioning the Virasoro generators into N distinct

classes based on the value of their mode index n modulo
N, and requiring that these new operators form a closed
Virasoro algebra, imposes a set of algebraic constraints on
their defining coefficients. Solving these constraints
revealed the space of all possible constructions. We then
solved these constraints for the special cases N ¼ 2, N ¼ 3,
and N ¼ 4 to reveal the structure of the corresponding
solutions. For the N ¼ 2 case, by separating the Virasoro
operators into even and odd classes, we showed that the
construction for the odd-indexed operators is not unique; in
fact, there is an infinite family of valid constructions. The
space of these solutions is described by the simple algebraic
relation x2 þ y2 ¼ 1, which, in C2, is topologically equiv-
alent to a cylinder. It is shown that N ¼ 3 has a similar
structure such asN ¼ 2. For theN ¼ 4 case, the space of all
possible Virasoro generators corresponds to a four-dimen-
sional manifold, T2 × S2. We have argued that the general
situation for Z2N and Z2Nþ1 is similar and shares the
essential features, as both have the same dimensionality.
Shifting our perspective from a purely algebraic view

toward a more physical one, we introduced Lagrangians
with underlying symmetries that correspond to the afore-
mentioned Virasoro-Kac-Moody algebras. Using the con-
cept of ZN equivariance, we clarified the meaning of ZN
mode separation on a general manifold. The fields in these
theories were classified based on how they transform under
the action of a finite symmetry group ZN on the underlying
world-sheet manifold. This classification was thereby tied
to a geometric symmetry of the space itself, making it an
intrinsic, coordinate-independent property. Following this
logic, we explicitly constructed the Z2 case by quantizing

ARMIN GHAZI and AHMAD MORADPOURI PHYS. REV. D 114, 066013 (2026)

066013-16



the theory described by such an action and derived the new
Virasoro generators. The final expressions were precisely
the same as those found through the purely algebraic
methods. This demonstrates that the ZN-equivariant action
principle is indeed the correct physical foundation for these
new algebras.
By modifying the Virasoro generators, the relation

between the Kac-Moody currents and the Virasoro gen-
erators changed fundamentally. This led to the creation of
entirely new, deformed versions of the Virasoro-Kac-
Moody algebra. For the Z2 case, we explicitly wrote down
a new Lie algebra that depends on two parameters a and b,
which satisfy an algebraic relation. We also showed that
such novel algebras cannot be transformed into the usual
ones by any redefinition of the generators.
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APPENDIX A: ALGEBRAIC PRELIMINARIES:
THE ZN COMMUTATORS

In this section, we derive the basic algebraic equa-
tions (19)–(22), which form the foundation for all compu-
tations in the first part of the paper.
Integer numbers can be partitioned into N classes when

considered modulo N. Accordingly, the Virasoro gener-
ators can be grouped into these N classes, which we denote
by Skn, where the index k ¼ 0; 1;…; N − 1 specifies the
class. We choose the trivial class k ¼ 0 to correspond to the
usual Virasoro operators:

S0n ¼ Ln ¼
1

2

X
q

αin−qα
i
q; n ¼ NZ: ðA1Þ

We now try to fix the most generic form of other Skn for
k ¼ 1;…; N − 1. Let us consider the action of these modes
on the following family of generators:

Vk
m ¼ 1

2

X
q

fkðqÞϵijαim−qα
j
q: ðA2Þ

For simplicity, we ignore normal ordering subtleties at this
stage, which can be determined by the Jacobi identity.
Therefore, we obtain

½Ln;Vk
m�¼

1

2

X
q

fkðqÞϵij½Ln;αim−qα
j
q�

¼1

2

X
q

fðqÞϵijð½Ln;αim−q�αjqþαim−q½Ln;α
j
q�Þ

¼1

2

X
q

fkðqÞϵijð−ðm−qÞαinþm−qα
j
q−qαim−qα

j
nþqÞ

¼1

2

X
q

ϵijð−ðm−qÞfkðqÞ

−fkðq−nÞðq−nÞÞαinþm−qα
j
q; ðA3Þ

where the equivalence class of m modulo N is denoted by
½m� ¼ k. For the closure of the algebra, these generators
must satisfy the consistency condition

−ðm−qÞfkðqÞ−fkðq−nÞðq−nÞ¼ðn−mÞfkðqÞ: ðA4Þ

As n is restricted to values in NZ, it is sufficient that the
functions fkðqÞ be invariant modulo N to satisfy the above
closure condition. Therefore, the most general solution can
be expressed in the form

fkðqÞ ¼
XN−1

w¼0

ckwe
2πwi
N q: ðA5Þ

Since fk is a mod N invariant function, the index w runs
over the range w ¼ 0;…; N − 1. An additional constraint
arises from the transformation m − q ¼ u applied to
Eq. (A2), which leads to the following relation:

fkðqÞ ¼ −fkðm − qÞ: ðA6Þ

As m in Eq. (A2) takes values of the form m∈NZþ k,
with k ¼ 1;…; N − 1, and since fkðqÞ is mod N invariant,
the constraint simplifies to

fkðqÞ ¼ −fkðk − qÞ; ðA7Þ

which leads to the following relation:

XN−1

w¼0

ckwe
2πwi
N q ¼ −

XN−1

w¼0

ckwe
2πwi
N ðk−qÞÞ: ðA8Þ

This condition is satisfied provided the coefficients obey
the following relation:

ckN−w ¼ −ckwe
2πiwk
N ; ðA9Þ

where we assume that ckN ¼ ck0. This provides the most
general form of the coefficients ensuring the closedness
condition ½Ln; Skm� ¼ ðm − nÞSkmþn. Let us focus on another
class of operators as

ZN EQUIVARIANT VIRASORO ALGEBRA VIA … PHYS. REV. D 114, 066013 (2026)

066013-17



Uk
n ¼

1

2

X
q

hkðqÞαim−qα
i
q: ðA10Þ

By the same reasoning as before, the function hkðqÞ can be
expanded in the form

hkðqÞ ¼
XN−1

w¼0

dkwe
2πwi
N q; ðA11Þ

where the coefficients dkw satisfy the constraint

dkN−w ¼ dkwe
2πiwk
N ; ðA12Þ

and the identification hkN ¼ hk0 is assumed, ensuring perio-
dicity modulo N. Therefore, the most general form of an
operator consistent with the action of Ln is given by

Skn ¼ Uk
n þ Vk

n

¼ 1

2

X
q

X
w

ðdkwe2πwi
N qαin−qα

i
q þ ckwe

2πwi
N qϵijαin−qα

j
qÞ;

ðA13Þ
together with the constraints (A9) and (A12) on the
coefficients ckw and dkw. Our goal is to determine the constants
ckw and dkw in such a way that the resulting operators Skn
satisfy the desired algebra

½Sk1n ; Sk2m � ¼ ðn −mÞSk1þk2
nþm : ðA14Þ

Using the form (A2), the commutator can be written as

½Vk
n; αim� ¼ −

1

2
mðfkðnþmÞ − fkð−mÞÞϵijαjnþm; ðA15Þ

and the commutator of ½Vk1
n ; V

k2
m � then becomes

½Vk1
n ; V

k2
m � ¼ 1

2

X
q

ϵijfk2ðqÞð½Vk1
n ; αim−q�αjq þ αim−q½Vk1

n ; α
j
q�Þ

¼ 1

2
ϵijfk2ðqÞ

�
−
1

2
ðm − qÞðfk1ðnþm − qÞ − fk1ðq −mÞÞϵikαknþm−qα

j
q

−
1

2
qαim−qðfk1ðnþ qÞ − fk1ð−qÞÞϵjkαknþq

�
: ðA16Þ

By redefining nþ q → q in the second term, we finally have

½Vk1
n ; V

k2
m � ¼

�
−
1

4
ðm − qÞfk2ðqÞðfk1ðnþm − qÞ − fk1ðq −mÞÞ þ 1

4
fk2ðq − nÞðq − nÞðfk1ðqÞ − fk1ðn − qÞÞ

�
αinþm−qα

i
q:

ðA17Þ

Moreover, the commutator of ½Uk1
n ; U

k2
m � is given by

½Uk1
n ; U

k2
m � ¼ −

1

4
ððm − qÞhk2ðqÞðhk1ðq −mÞ þ hk1ðnþm − qÞÞ þ ðq − nÞhkðq − nÞðhk1ðqÞ þ hk1ðn − qÞÞÞαinþm−qα

i
q;

ðA18Þ

where ½n� ¼ k1 and ½m� ¼ k2. The αinþm−qα
i
q part of commutator (A14) comes from

½Uk1
n ; U

k2
m � þ ½Vk1

n ; V
k2
m �: ðA19Þ

Using the commutators (A17) and (A18), we should have the following identity:

−
1

4
ððm − qÞhk2ðqÞðhk1ðq −mÞ þ hk1ðnþm − qÞÞ þ ðq − nÞhk2ðq − nÞðhk1ðqÞ þ hk1ðn − qÞÞÞ

−
1

4
ððm − qÞfk2ðqÞðfk1ðnþm − qÞ − fk1ðq −mÞÞ − fk2ðq − nÞðq − nÞðfk1ðqÞ − fk1ðn − qÞÞÞ

¼ 1

2
hk1þk2ðqÞðn −mÞ: ðA20Þ
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By substituting the expansions (A9) and (A12) into the commutator, after a tedious but straightforward calculation, one
arrives at the following result:

1

2

X
q

X
w1;w2

½ðn − qÞðdk1w1
dk2w2

− ck1w1
ck2w2

Þζ−w2

k1
þ ðq −mÞðdk1w1

dk2w2
− ck1w1

ck2w2
Þζ−w1

k2
�e2πiðw1þw2Þ

N qαinþm−qα
i
q

þ 1

2

X
q

X
w1;w2

½ðn − qÞðdk1w1
ck2w2

þ ck1w1
dk2w2

Þζ−w2

k1
þ ðq −mÞðdk1w1

ck2w2
þ ck1w1

dk2w2
Þζ−w1

k2
�e2πiðw1þw2Þ

N qϵijαinþm−qα
j
q: ðA21Þ

A further simplification can be achieved by performing the change of summation variable q → nþm − q and applying
the constraints (A9) and (A12) on the coefficients. By including the ½Uk1

n ; V
k2
m � þ ½Vk1 ; Uk2

m � part, this leads to the following
consistency conditions for the closure of the algebra:

X
q;w1;w2

ðdk1w1
ck2w2

þ ck1w1
dk2w2

Þðζ−w2

k1
− ζ−w1

k2
Þe2πiðw1þw2Þ

N qϵijαinþm−qα
j
q ¼ 0; ðA22Þ

X
q;w1;w2

ðdk1w1
dk2w2

− ck1w1
ck2w2

Þðζ−w2

k1
− ζ−w1

k2
Þe2πiðw1þw2Þ

N qαinþm−qα
i
q ¼ 0: ðA23Þ

It is crucial for the derivation of the above relation that the sum of the mode indices satisfies ½nþm� ¼ k1 þ k2, ensuring the
consistency of the mod N structure in the algebra.
Using these simplifications, the net result of the commutator (A21) can be written as

¼ 1

2
ðn −mÞ

X
q;w1;w2

ðdk1w1
dk2w2

− ck1w1
ck2w2

Þ
�
ζ−w2

k1
þ ζ−w1

k2

2

�
e
2πiðw1þw2Þ

N qαinþm−qα
i
q

þ 1

2
ðn −mÞ

X
q;w1;w2

ðdk1w1
ck2w2

þ ck1w1
dk2w2

Þ
�
ζ−w2

k1
þ ζ−w1

k2

2

�
e
2πiðw1þw2Þ

N qϵijαinþm−qα
j
q

þ 1

2

X
q;w1;w2

ðdk1w1
dk2w2

− ck1w1
ck2w2

Þðζ−w2

k1
− ζ−w1

k2
Þe2πiðw1þw2Þ

N qqαinþm−qα
i
q

þ 1

2

X
q;w1;w2

ðdk1w1
ck2w2

þ ck1w1
dk2w2

Þðζ−w2

k1
− ζ−w1

k2
Þe2πiðw1þw2Þ

N qqϵijαinþm−qα
j
q: ðA24Þ

To be compatible with the commutator (A14), it is necessary that the qαinþm−qα
i
q and qϵijαinþm−qα

j
q terms vanish, and the

first two terms satisfy the following identities:

X
w1 ;w2

w1þw2¼smodN

ðdk1w1
dk2w2

− ck1w1
ck2w2

Þ
�
ζ−w2

k1
þ ζ−w1

k2

2

�
¼ dk1þk2

s ;

X
w1 ;w2

w1þw2¼smodN

ðdk1w1
ck2w2

þ ck1w1
dk2w2

Þ
�
ζ−w2

k1
þ ζ−w1

k2

2

�
¼ ck1þk2

s ; ðA25Þ

where s ¼ 0; 1;…; N − 1 mod N, which are exactly Eqs. (19)–(22).
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APPENDIX B: THE Z4-EQUIVARIANT VIRASORO EQUATIONS

In this Appendix, we present Eqs. (19)–(22) explicitly, as they were manipulated usingMathematica. The equations have
also been simplified by incorporating the constraint (16):

ðc12Þ2 þ ðd10Þ2 ¼ d20;

ð−1 − iÞc11c12 þ ð1 − iÞd10d11 ¼ d21;

ð1 − iÞc11d10 − ð1þ iÞc12d11 ¼ c21;

2iððc11Þ2 − ðd11Þ2Þ ¼ d22;

ð1þ iÞc11c12 − ð1 − iÞd10d11 ¼ −d21;

ð1 − iÞc11d10 − ð1þ iÞc12d11 ¼ c21;

d10d
2
0 −

�
1

2
−
i
2

�
ð−c11c21 − d11d

2
1Þ −

�
1

2
þ i
2

�
ðic11c21 þ id11d

2
1Þ ¼ d30;�

−
1

2
þ i
2

�
ðc21d11 − c11d

2
1Þ −

�
1

2
þ i
2

�
ðic21d11 − ic11d

2
1Þ ¼ 0;�

−
1

2
−
i
2

�
c12c

2
1 þ

�
1

2
−
i
2

�
d10d

2
1 − id11d

2
2 ¼ d31;�

1

2
−
i
2

�
c21d

1
0 −

�
1

2
þ i
2

�
c12d

2
1 þ ic11d

2
2 ¼ c31;�

−
1

2
þ i
2

�
ðic11c21 − id11d

2
1Þ −

�
1

2
þ i
2

�
ð−c11c21 þ d11d

2
1Þ ¼ 0;

c12d
2
0 −

�
1

2
−
i
2

�
ðic21d11 þ ic11d

2
1Þ −

�
1

2
þ i
2

�
ðc21d11 þ c11d

2
1Þ ¼ c32;�

−
1

2
þ i
2

�
c12c

2
1 −

�
1

2
þ i
2

�
d10d

2
1 − d11d

2
2 ¼ −id31;�

1

2
þ i
2

�
c21d

1
0 þ

�
1

2
−
i
2

�
c12d

2
1 − c11d

2
2 ¼ ic31;

c12c
3
2 þ d10d

3
0 þ ið−ic11c31 − id11d

3
1Þ − iðic11c31 þ id11d

3
1Þ ¼ 1;�

1

2
þ i
2

�
c12c

3
1 þ

�
1

2
−
i
2

�
c11c

3
2 þ

�
1

2
þ i
2

�
d11d

3
0 þ

�
1

2
−
i
2

�
d10d

3
1 ¼ 0;�

1

2
−
i
2

�
c31d

1
0 þ

�
1

2
−
i
2

�
c32d

1
1 þ

�
1

2
þ i
2

�
c11d

3
0 þ

�
1

2
þ i
2

�
c12d

3
1 ¼ 0;�

1

2
þ i
2

�
c12c

3
1 þ

�
1

2
−
i
2

�
c11c

3
2 þ

�
1

2
þ i
2

�
d11d

3
0 þ

�
1

2
−
i
2

�
d10d

3
1 ¼ 0;�

−
1

2
þ i
2

�
c31d

1
0 −

�
1

2
−
i
2

�
c32d

1
1 −

�
1

2
þ i
2

�
c11d

3
0 −

�
1

2
þ i
2

�
c12d

3
1 ¼ 0;

2ðc21Þ2 þ ðd20Þ2 þ 2ðd21Þ2 þ ðd22Þ2 ¼ 1;

2ðc21Þ2 − 2ðd21Þ2 þ 2d20d
2
2 ¼ 0;

d20d
3
0 −

�
1

2
þ i
2

�
ð−c21c31 − d21d

3
1Þ −

�
1

2
−
i
2

�
ð−ic21c31 − id21d

3
1Þ ¼ d10; ðB1Þ
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�
−
1

2
þ i
2

�
ðic31d21 − ic21d

3
1Þ −

�
1

2
þ i
2

�
ð−c31d21 þ c21d

3
1Þ ¼ 0;�

−
1

2
þ i
2

�
c21c

3
2 þ

�
1

2
þ i
2

�
d21d

3
0 þ id22d

3
1 ¼ d11;�

−
1

2
þ i
2

�
c32d

2
1 − ic31d

2
2 þ

�
1

2
þ i
2

�
c21d

3
0 ¼ c11;�

−
1

2
−
i
2

�
ð−ic21c31 þ id21d

3
1Þ −

�
1

2
−
i
2

�
ð−c21c31 þ d21d

3
1Þ ¼ 0;

c32d
2
0 −

�
1

2
þ i
2

�
ð−ic31d21 − ic21d

3
1Þ −

�
1

2
−
i
2

�
ðc31d21 þ c21d

3
1Þ ¼ c12;�

−
1

2
−
i
2

�
c21c

3
2 −

�
1

2
−
i
2

�
d21d

3
0 − d22d

3
1 ¼ id11;�

1

2
þ i
2

�
c32d

2
1 − c31d

2
2 þ

�
1

2
−
i
2

�
c21d

3
0 ¼ −ic11;

ðc32Þ2 þ ðd30Þ2 ¼ d20;

ð−1þ iÞc31c32 þ ð1þ iÞd30d31 ¼ d21;

ð1þ iÞc31d30 − ð1 − iÞc32d31 ¼ c21;

−iððc31Þ2 − ðd31Þ2Þ þ ið−ðc31Þ2 þ ðd31Þ2Þ ¼ d22;

ð1 − iÞc31c32 − ð1þ iÞd30d31 ¼ −d21;

ð1þ iÞc31d30 − ð1 − iÞc32d31 ¼ c21;�
1

2
−
i
2

�
c12c

2
1 þ d11d

2
0 −

�
1

2
þ i
2

�
d10d

2
1 ¼ 0;�

−
1

2
−
i
2

�
c21d

1
0 þ c11d

2
0 þ

�
1

2
−
i
2

�
c12d

2
1 ¼ 0;�

1

2
þ i
2

�
ðic11c21 − id11d

2
1Þ þ

�
1

2
−
i
2

�
ð−c11c21 þ d11d

2
1Þ − d10d

2
2 ¼ 0;�

1

2
þ i
2

�
ðic21d11 þ ic11d

2
1Þ þ

�
1

2
−
i
2

�
ðc21d11 þ c11d

2
1Þ ¼ 0;�

1

2
þ i
2

�
c12c

2
1 þ id11d

2
0 þ

�
1

2
−
i
2

�
d10d

2
1 ¼ 0;�

−
1

2
þ i
2

�
c21d

1
0 − ic11d

2
0 −

�
1

2
þ i
2

�
c12d

2
1 ¼ 0;�

1

2
−
i
2

�
c12c

3
1 −

�
1

2
þ i
2

�
c11c

3
2 þ

�
1

2
−
i
2

�
d11d

3
0 −

�
1

2
þ i
2

�
d10d

3
1 ¼ 0;�

−
1

2
−
i
2

�
c31d

1
0 −

�
1

2
þ i
2

�
c32d

1
1 þ

�
1

2
−
i
2

�
c11d

3
0 þ

�
1

2
−
i
2

�
c12d

3
1 ¼ 0;

−c32d10 þ c12d
3
0 þ ið−c31d11 − c11d

3
1Þ − iðc31d11 þ c11d

3
1Þ ¼ 0;�

1

2
þ i
2

�
ðc21d11 − c11d

2
1Þ þ

�
1

2
−
i
2

�
ðic21d11 − ic11d

2
1Þ − c12d

2
2 ¼ 0;�

1

2
þ i
2

�
ð−c11c21 − d11d

2
1Þ þ

�
1

2
−
i
2

�
ðic11c21 þ id11d

2
1Þ ¼ 0; ðB2Þ
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�
−
1

2
þ i
2

�
c12c

3
1 þ

�
1

2
þ i
2

�
c11c

3
2 −

�
1

2
−
i
2

�
d11d

3
0 þ

�
1

2
þ i
2

�
d10d

3
1 ¼ 0;�

−
1

2
−
i
2

�
c31d

1
0 −

�
1

2
þ i
2

�
c32d

1
1 þ

�
1

2
−
i
2

�
c11d

3
0 þ

�
1

2
−
i
2

�
c12d

3
1 ¼ 0;�

−
1

2
−
i
2

�
ð−c11c21 − d11d

2
1Þ −

�
1

2
−
i
2

�
ðic11c21 þ id11d

2
1Þ ¼ 0;�

−
1

2
−
i
2

�
ðc21d11 − c11d

2
1Þ −

�
1

2
−
i
2

�
ðic21d11 − ic11d

2
1Þ þ c12d

2
2 ¼ 0;�

−
1

2
þ i
2

�
c12c

2
1 − d11d

2
0 þ

�
1

2
þ i
2

�
d10d

2
1 ¼ 0;�

1

2
þ i
2

�
c21d

1
0 − c11d

2
0 −

�
1

2
−
i
2

�
c12d

2
1 ¼ 0;�

−
1

2
−
i
2

�
ðic11c21 − id11d

2
1Þ −

�
1

2
−
i
2

�
ð−c11c21 þ d11d

2
1Þ þ d10d

2
2 ¼ 0;�

−
1

2
−
i
2

�
ðic21d11 þ ic11d

2
1Þ −

�
1

2
−
i
2

�
ðc21d11 þ c11d

2
1Þ ¼ 0;�

−
1

2
−
i
2

�
c12c

2
1 − id11d

2
0 −

�
1

2
−
i
2

�
d10d

2
1 ¼ 0;�

1

2
−
i
2

�
c21d

1
0 þ ic11d

2
0 þ

�
1

2
þ i
2

�
c12d

2
1 ¼ 0; ðB3Þ

�
−
1

2
þ i
2

�
ð−c21c31 − d21d

3
1Þ −

�
1

2
þ i
2

�
ð−ic21c31 − id21d

3
1Þ ¼ 0;

c32d
2
2 −

�
1

2
þ i
2

�
ðic31d21 − ic21d

3
1Þ −

�
1

2
−
i
2

�
ð−c31d21 þ c21d

3
1Þ ¼ 0;�

−
1

2
−
i
2

�
c21c

3
2 þ

�
1

2
−
i
2

�
d21d

3
0 − d20d

3
1 ¼ 0;

−c31d20 −
�
1

2
þ i
2

�
c32d

2
1 þ

�
1

2
−
i
2

�
c21d

3
0 ¼ 0;

d22d
3
0 −

�
1

2
−
i
2

�
ð−ic21c31 þ id21d

3
1Þ −

�
1

2
þ i
2

�
ð−c21c31 þ d21d

3
1Þ ¼ 0;�

−
1

2
þ i
2

�
ð−ic31d21 − ic21d

3
1Þ −

�
1

2
þ i
2

�
ðc31d21 þ c21d

3
1Þ ¼ 0;�

−
1

2
þ i
2

�
c21c

3
2 −

�
1

2
þ i
2

�
d21d

3
0 þ id20d

3
1 ¼ 0;

−ic31d20 þ
�
1

2
−
i
2

�
c32d

2
1 þ

�
1

2
þ i
2

�
c21d

3
0 ¼ 0;�

−
1

2
þ i
2

�
c12c

3
1 þ

�
1

2
þ i
2

�
c11c

3
2 −

�
1

2
−
i
2

�
d11d

3
0 þ

�
1

2
þ i
2

�
d10d

3
1 ¼ 0;�

1

2
þ i
2

�
c31d

1
0 þ

�
1

2
þ i
2

�
c32d

1
1 −

�
1

2
−
i
2

�
c11d

3
0 −

�
1

2
−
i
2

�
c12d

3
1 ¼ 0;

c32d
1
0 − c12d

3
0 − ið−c31d11 − c11d

3
1Þ þ iðc31d11 þ c11d

3
1Þ ¼ 0;�

1

2
−
i
2

�
c12c

3
1 −

�
1

2
þ i
2

�
c11c

3
2 þ

�
1

2
−
i
2

�
d11d

3
0 −

�
1

2
þ i
2

�
d10d

3
1 ¼ 0;
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