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We introduce a novel method to compute structure constants from Q functions in the scalar sector of
planarN ¼ 4 super Yang-Mills (SYM) and related theories. The method derives from operatorial as well as
functional separation of variables, and the structure constants are expressed as determinants of matrices
whose entries are integrals over products of Q functions. In this framework, each operator is twisted by an
external angle, mirroring the cusped Maldacena-Wilson loop. The structure constants of local single-trace
operators in N ¼ 4 SYM are recovered in the untwisting limit, where we obtain a one-to-one
correspondence between our key building blocks and those of the hexagon formalism. Retaining appropriate
twists, our structure constants also perfectly match those of the orbifold points of N ¼ 4 SYM. Our results
thus far are valid at leading order in the weak-coupling expansion, but their formulation in terms of Q
functions provides a natural starting point for including loop corrections. Many of the methods we develop
in this work apply more generally to the computation of correlation functions in integrable models.
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Introduction. Solving the dynamics of an interacting
four-dimensional quantum field theory analytically remains
an outstanding challenge in theoretical physics. In the most
symmetric setting of N ¼ 4 super Yang-Mills theory
(SYM), integrability has come a long way toward this goal.
Most notably, the quantum spectral curve (QSC) [1,2]
efficiently captures the spectra of local [3] and nonlocal
operators [4] at finite coupling. On the contrary, extending
the integrability approach to higher-point correlators remains
a central open problem. The state of the art for three-point
functions is an expansion in string world sheet excitations
via hexagon form factors [5], which is very powerful for
large-charge operators, but requires resummations that
cannot be performed in practice for small charges [6].
An alternative formalism, where correlators are integrals

over the Q functions naturally associated to the external
operators by the QSC, would be most desirable. A natural
approach is the separation of variables (SoV) framework
[7], where all wave functions factorize into single-particle Q

functions, and correlators simplify drastically [8,9]. The
SoV approach to structure constants thus far has been
restricted to bosonic rank-one sectors [10–12]. A finite-
coupling formalism will necessarily have to include the full
psuð2; 2j4Þ state space, which requires two major steps: a
generalization to higher rank, and the inclusion of fermions.
In this work, we accomplish one of these major steps by

combining operatorial [13–15] and functional [16–18]
SoV to derive a formalism that allows us to express the
leading-order structure constant of any operator in the
full suð4Þ ¼ soð6Þ scalar sector with any two scalar
Bogomol’nyi–Prasad–Sommerfield (BPS) operators in
terms of determinants of Q functions.
A key aspect of our analysis is twists, which break the

suð4Þ symmetry and thereby lift all degeneracies. Hence
our result applies uniformly to all highest-weight as well as
descendant operators. Moreover, the twists allow us to
access deformations of N ¼ 4 SYM, such as orbifold
points [19].

Setup. We consider the three-point function of one excited
operatorO1 with twists zj, j ¼ 1, 2, 3, 4, and two protected

operators O2 ¼ TrðWL2
ω;κÞ and O3 ¼ TrðWL3

ω Þ depicted in
Fig. 1.1 Wω and Wω;κ are linear combinations of the six
elementary scalars Z;X; Y; Ȳ; X̄; Z̄. In the integrable spin
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1For general twists zi, the cyclicity of the SUðNcÞ color trace is
broken, and the resulting spin-chain states have no clear inter-
pretation as field-theory operators.
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chain picture, the operators Oi are identified with eigen-
states of twisted conserved charges,

O1∶ jΨi; O2∶hWL2
ω;κj; O3∶hWL3

ω j; ð1Þ

where the protected operatorsO2,O3 are SU(4) rotations of
the vacuum hZj parametrized as

hWAj ¼ hZjeν2pA
13
E13eν1p

A
23
E23eν1p

A
14
E14eν2p

A
24
E24 : ð2Þ

The νj are simple ratios of zj—the twists of the excited
state—while pA

jk parametrize the polarizations of the
operators, both written explicitly in the Supplemental
Material [20]. The associated field combination is

WA ¼ Z̄ − ν1pA
23X̄ þ ν2pA

24Ȳ þ ν2pA
13Y þ ν1pA

14X

þ ðν21pA
14p

A
23 − ν22p

A
13p

A
24ÞZ. ð3Þ

The polarizations are not completely independent due to
the reduction pω;κ¼0

jk ¼ pω
jk. The reference polarizations

pjk ≡ pω¼0
jk can be freely chosen up to the constraint

p13p24 ¼ p14p23. We emphasize that while the definitions
of these fields may seem ad hoc, they arise naturally in the
SoV framework; see the section below.
In planar N ¼ 4 SYM with zj ¼ 1, the suð4Þ

R-symmetry allows one to rotate to a canonical frame
where the BPS operators are [5,21]

O2 ¼ TrðZ þ Z̄ þ X − X̄ÞL2 ; O3 ¼ TrðZ̄ÞL3 ; ð4Þ

where O3 is called the “reservoir state.” In the presence of
twists zj ≠ 1, the suð4Þ symmetry is broken; hence the
structure constants depend nontrivially on the parameters ω
and κ, while the freedom in choosing pij reflects the
residual uð1Þ3 symmetry. The untwisted planar N ¼ 4
super Yang-Mills setup is recovered in the zj → 1 limit.

Setting in addition ω ¼ κ ¼ 1 and suitable polarizations
pjk, the BPS operators O2, O3 reduce to (4), up to a global
rotation that leaves a highest-weight O1 invariant, see the
Supplemental Material [20]. We refer to this as the
untwisting limit:

zi → 1; κ → 1; ω → 1: ð5Þ

The central object is the normalized structure constant
Cl ≡ C•°°=C°°° where C°°° is the structure constant of three
protected operators of the same lengths. At leading order,
Cl is independent of the bottom bridge l23, and it is equal
to the spin chain overlap,

Cl ¼ hWl
ω;κ ⊗ WL−l

ω jΨi
jjΨjj : ð6Þ

The state jΨi is characterized by 4þ 4 Q functions Qj and
Qj, defined as solutions to the fourth-order Baxter equation
B ·Q ¼ 0 and the dual equation B† ·Qj ¼ 0. The Baxter
operator B acts as follows:

B ·Q ¼ uLðu − iÞLQ½4� þ uLðuþ iÞLQ½−4�

þ τþ0 Q − ðu − iÞLτ½2�þ Q½2� − ðuþ iÞLτ−Q½−2�; ð7Þ

where f½a� ≡ fðuþ ai
2
Þ and f� ≡ fðu� i

2
Þ denote half-

integer shifts. The functions τ0ðuÞ and τ�ðuÞ are the
eigenvalues of the transfer matrices t0ðuÞ and t�ðuÞ, which
encode the complete set of 4L conserved quantities; see
the Supplemental Material [20]. The dual Baxter operator
B† is obtained directly from B by swapping the eigenval-
ues τ� → τ∓.
The Q functions are twisted polynomials of the form

QjðuÞ ¼ z−iuj qjðuÞ; QjðuÞ ¼ ziuj q
jðuÞ; ð8Þ

where zj ¼ eiϕj are the twist parameters of the excited state,
and qj and qj are polynomials whose degrees λj and λj ¼
L − λj encode its suð4Þ quantum numbers; see the
Supplemental Material [20]. In terms of the Dynkin labels
½p; q; r�,

p ¼ λ2 − λ1; q ¼ λ3 − λ2; r ¼ λ4 − λ3; ð9Þ

with the constraint 2L ¼ λ1 þ λ2 þ λ3 þ λ4.
For simplicity, we restrict to twists satisfying z1z4 ¼

z2z3 ¼ 1, treating the general case in the Appendixes. For
generic real angles ϕ1 and ϕ2, the spectrum of conserved
charges is nondegenerate [22,23]: each Hamiltonian eigen-
state is uniquely associated with the four Q functions Qj.
The situation simplifies further for our representation of

FIG. 1. Twisted three-point function of one excited operator of
size L1 with N excitations and two protected operators of sizes L2

and L3. The red lines represent the propagators of the excitations
Φi ∈ fX; Y; X̄; Ȳ; Z̄g. The bridge lengths lij ¼ ðLi þ Lj − LkÞ=2
denote the numbers of propagators between operators Oi and Oj.
In particular, we use l≡ l12 and L − l to denote the bridge
lengths of the excited operator.

BARGHEER, BERCINI, LEFUNDES, and RYAN PHYS. REV. D 114, L081904 (2026)

L081904-2



suð4Þ: Knowing just two Q functions, e.g. Q1 and Q2,
suffices to reconstruct all others [15].
The variables pjk parametrize the uð1Þ3 ⊂ suð4Þ Cartan

symmetry; thus Cl depends on them rather trivially:

ClðpjkÞ ¼ jp13jK-K̄jp14jK̄jp23jM−K × C0
l; ð10Þ

whereC0
l ≡ Clðpjk ¼ 1Þ, andK;M; K̄ are Cartan quantum

numbers that are related to the Dynkin labels (9) via

½p; q; r� ¼ ½M − 2K;Lþ K − 2M þ K̄;M − 2K̄�: ð11Þ

Unless otherwise stated, we assume pij ¼ 1 in what
follows.

Result. We now present our main result: The twisted
structure constant (6) admits the following SoV formu-
lation, factorized into simple universal building blocks:

C0
l ¼ N l ×

WωAl;κffiffiffiffi
B

p ; ð12Þ

where N l is a normalization defined below, and the
remaining factors are SoV inner products built from the
Q functions of the excited state:

B ¼ det
ðα;j;kÞ;ðβ;a;bÞ

hQ½a�
j uβ−1Qk½b�iL;α; ð13Þ

Wω ¼ det
α;β

hω−iuuβ−1Q12iL;α; ð14Þ

Al;κ ¼ det
ðγ;jÞ;ðδ;aÞ

hκ−iuuδ−1Q½a�
j il;γ: ð15Þ

The notation is as follows:
(1) Qj and Qk are normalized Q functions:

QjðuÞ¼
QjðuÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q12ð−i=2Þ

p ; QkðuÞ¼ QkðuÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q34ðþi=2Þ

p :

ð16Þ

(2) h·i are contour integrals:

hfil;α ¼
I

du
ð−2πÞα

e2πuðα−1Þ

ðuþ i=2Þlðu− i=2ÞlfðuÞ; ð17Þ

which encircle the poles at �i=2 counterclockwise.
(3) Indices run over

j∈ f1; 2g; k∈ f3; 4g; a; b∈ f�1g;
α; β∈ f1;…; Lg; γ; δ∈ f1;…;lg:

(4) N l is the state-independent normalization, only
depending on the twists and lengths of the operators,

N l ¼ ωL=2κl
ð1 − z21Þ

L
2

ð1 − κz1Þl
ð1 − z22Þ

L
2

ð1 − κz2Þl
ð1 − z1z2ÞL
ð1 − ωz1z2ÞL

;

ð18Þ

which is valid up to a pesky (irrelevant) phase
(computed in the Supplemental Material [20]) de-
pending on the normalization of the three operators.

An important feature of our result (12) is duality
invariance [24], i.e. invariant under the replacement of
Q1, Q2 with any other pair of solutions Qj of the Baxter
equation. Physically, this means the structure constant is
independent of whichever vacuum (e.g. TrðZLÞ or TrðZ̄LÞ)
the excited state is built upon—an important consistency
requirement. We prove duality invariance in the
Supplemental Material [20].

Left-right quantum symmetry. Structure constants inN ¼ 4
SYM possess an infinite tower of conservation laws beyond
the usual R-charge conservation, called left-right (LR)
symmetry, which will be important in the derivation of
(12). This quantum symmetry was established in [25] for the
untwisted setup (5), and it enforces Cl ¼ 0 unless the
excited state jΨi is such that τþ ¼ τ−.
We now demonstrate that in our twisted SoV formulation

(12), this property is still present for generic zj and κ once
we set ω ¼ 1. Following the approach of [26–28], consider
a state A and its image under the map A → Ā, where Ā is
obtained from A by taking QA

j ¼ Q5−j
Ā

and τĀ� ¼ τA∓. Then
the Baxter operators satisfy B†

A ¼ BĀ, and so

ððQ2ðB − B†ÞQ1ÞÞα ¼ 0; ð19Þ

where ðð·ÞÞ is the scalar product under which B and B† are
adjoint (see Sec. V), and we dropped the state index as now
all objects refer to state A. By shifting contours appropri-
ately together with the QQ relation Q12 ¼ Qþ

1 Q
−
2 −Q−

1Q
þ
2

we obtain the linear system

XL
β¼1

huβ−1Q12iL;αðIþ;β − I−;βÞ ¼ 0; α¼ 1;…;L; ð20Þ

where the coefficients I�;β are defined by

τ�

�
uþ i

2

�
¼ χ�uL þ

XL
β¼1

I�;βuβ−1; ð21Þ

with χþ ¼ P
jzj ¼

P
jz

−1
j ¼ χ− for z1z4 ¼ z2z3 ¼ 1. For

a state which is not LR symmetric, at least one difference
Iþ;β − I−;β is nonzero; hence the linear system has a
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nontrivial null vector and its determinant vanishes.

det
1≤α;β≤L

huβ−1QA
12iL;α ∝ δAĀ: ð22Þ

Hence the structure constant (12) vanishes unless the
excited state jΨi is LR symmetric.

Derivation. In the following, we outline the derivation of
our main result (12). All details of the derivation can be
found in the Supplemental Material [20].

SoV bases: The structure constant (6) is computed from
spin chain overlaps of transfer matrix eigenstates. To
convert these to SoVexpressions, we resolve these overlaps
in terms of left and right SoV basis states hxj and jyi, which
are generated by acting with transfer matrices t�ðuÞ, t0ðuÞ
on sufficiently generic left and right SoV vacuum states h0j
and j0i, respectively [15]. In this basis, the wave functions
hxjΨi and hΨjyi of left and right transfer matrix eigenstates
hΨj and jΨi completely factorize [15]. An overlap hΨAjΨBi
can then be computed by inserting 1 ¼ P

x;yMx;yjyihxj,
where Mx;y is obtained by inverting the matrix of hxjyi
overlaps. We circumvent that by employing the functional
separation of variables method (FSoV) [16,18].

Overlaps and norm: The starting point [16,28] is the
observation that the operator B† of the dual Baxter equation
B†Qj ¼ 0 satisfied by the Hodge dual Q function Qj is
adjoint to B,

ððfB†gÞÞα ¼ ððgBfÞÞα; ð23Þ

under the scalar product defined via

ððfÞÞα ¼
I

du
ð−2πÞα

e2πuðα−1Þ

Q½−2�
θ ðuÞQθðuÞQ½2�

θ ðuÞ
fðuÞ; ð24Þ

where the contour encircles all zeros of the denominator
factors, QθðuÞ≡Q

L
α¼1ðu − θαÞ, and we have introduced

inhomogeneities θα, α ¼ 1;…; L that shift the local Lax
operators LðαÞðuÞ used to construct the conserved charges
(see the Supplemental Material [20]) as LðαÞðuÞ →
LðαÞðu − θαÞ; they are required for regularization,
and are set to θα ¼ 0 at the end. This allows us to write
0 ¼ ððQj

AðBA − BBÞQB
k ÞÞα for any two states A and B with

their associated Baxter operators BA and BB. Since the
transfer matrix eigenvalues generate integrals of motion,
this equation can be expanded to

0 ¼
XL
β¼1

X
a;b¼�1

DD
Qj;½a�

A uβ−1QB;½b�
k

EE
α
IABa;b;β; ð25Þ

where the bracket hh·iiα is obtained from ðð·ÞÞα by

replacing Q½−2�
θ QθQ

½2�
θ with Q−

θQ
þ
θ . The IABa;b;β form a

complete set of 4L independent differences of integrals
of motion for the two states A and B. Since the vector of IAB

is nonzero for different states, this implies detMAB ∝ δAB,
with

MAB ¼
�
hQ½a�

B;ju
β−1Qk½b�

A iL;α
�
ðα;j;kÞ;ðβ;a;bÞ

ð26Þ

with j∈ f1; 2g, k∈ f3; 4g and a; b∈ f�1g. Here we have
already taken the homogeneous limit θα → 0, which
reduces hh·iiα to the bracket h·i in (17). The orthogonal
pairing detMAB must equal hΨAjΨBi, up to an overall
factor. We fix the latter by computing the brackets hh·iiα by
residues, and identifying the occurring products of factor-
ized wave functions hΨAjxihyjΨBi in the determinant,
finally arriving at

hΨAjΨBi ¼
�

N
QB

12ð−i=2Þ2Q34
A ðþi=2Þ2

�
L
detMAB; ð27Þ

with N ¼ ðz13z23z14z24Þ−1, zij ≡ zi − zj. To com-
pute the norm, we must note that in our SoV setup,
hΨjΨi equals jjΨ2jj only up to an overall normalization
factor. Up to a complex phase, the norm is.

jjΨ2jj ¼ jp13j−2ðK−K̄Þjp14j−2K̄jp23j−2ðM−KÞN LB; ð28Þ

Structure constant: To compute the overlap hWl
ω;κ ⊗

WL−l
ω jΨi, we first construct hWL

ωj with hWωj as in (2),
where Ejk are generators of suð4Þ, and pω

jk have 4 degrees
of freedom that parametrize a general global SU(4)
rotation.
When z1z4 ¼ z2z3 ¼ 1, the planar N ¼ 4 SYM struc-

ture constant obeys Cl ¼ 0 unless jΨi is left-right sym-
metric, that is ðtþ − t−ÞjΨi ¼ 0; see the section above.
Thus it is sufficient to consider BPS states hWL

ωj with
hWL

ωjðtþ − t−Þ ¼ 0. These are exactly the states with
ω ¼ 1, where the parameters pω¼1

jk retain 3 degrees of
freedom. Keeping ω general, hWL

ωj is a completely general
BPS state, hWL

ωjðtþ − t−Þ ≠ 0, but remarkably, our result
(12) still remains correct. By a similar analysis as above, we
find the overlap

hWL
ωjΨi ¼

ωL=2

ð1 − ωz1z2ÞL
det
α;β

hω−iuuβ−1Q12iL;α: ð29Þ

Next, we deform hWL
ωj to hWl

ω;κ ⊗ WL−l
ω j by using a

crucial feature that we call localization: By direct compu-
tation, we find that for any global rotation hWL

ωj of hZLj, the
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following action of transfer matrices localizes to the first l
sites of the L-fold product:

hWL
ωj
Yl
k¼1

t̂skðθkÞ ¼ hWl
ωj
Yl
k¼1

t̂ðlÞsk ðθkÞ ⊗ hWL−l
ω j; ð30Þ

where sk ∈ fþ; 0;−g, t̂sk are properly normalized and

shifted transfer matrices, and t̂ðlÞs are the transfer matrices
of an l-site chain. We want to consider linear combinations
of (30) where the first l sites equal hWl

ωjK, with
K ∈GLð4Þ a global rotation. By considering l ¼ 1, it is
easy to see that there is a one-parameter family of solutions
hWl

ω;κj ¼ hWl
ωjKκ. Kκ is a polynomial of transfer matrices

t�, t0 that are diagonalized by jΨi; hence

hWl
ω;κ ⊗ WL−l

ω jΨi ¼ KκðτÞhWL
ωjΨi: ð31Þ

Again considering l ¼ 1, we recognizeKκðτÞ as the known
SoV determinant of the antifundamental suð3Þ spin
chain [17,18], which straightforwardly generalizes to
arbitrary l (15),

KκðτÞ ¼
κl

ð1 − κz1Þlð1 − κz2Þl
det

ðγ;jÞ;ðδ;aÞ
hκ−iuuδ−1Q½a�

j i
l;γ
:

ð32Þ

Combining (27), (29), and (32), we arrive at (10), (12),
where the various prefactors combine to (18), up to a
complex phase that depends on the normalization of jΨi,
and is spelled out in the Supplemental Material [20].

Comparison with hexagons. We apply the untwisting limit
(5) in order to compare our result with the hexagon
formalism [5,25]. Here, highest-weight states are charac-
terized by sets of Bethe roots v, u, and w associated to the
three nodes of the suð4Þ Dynkin diagram:

The structure constants are given by

Chex
l ¼ hvjwiffiffiffiffiffiffiffiffiffiffiffiffihujuip Al;

Al ¼
X

α∪ᾱ¼u

ð−τÞjαj
Y
j∈ α

fðujÞe−ipðujÞl
Y

i∈ α;j∈ ᾱ

1

hðui; ujÞ
;

ð33Þ

where hujui is the Gaudin norm, hvjwi is the wing Gaudin
norm,Al is a sum over distributions of the roots u onto the
two hexagon form factors and τ ¼ 1 was fixed in the

original untwisted setting [25]. Precise definitions are given
in the Supplemental Material [20].
Notice that the form of our SoV result (12) looks very

similar to (33), with three building blocks appearing in both
expressions. Remarkably, we also get an exact match
between (12) and (33) for ω ¼ 1 but general κ and zj
by setting τ ¼ κz2 in Al, and keeping both Gaudin norms
unchanged. Indeed the match of the approaches works at
the level of the individual building blocks! Namely, by
setting

p13 ¼ 1; p14 ¼
1 − κz1
1 − z21

; p23 ¼
1 − κz2
1 − z22

; ð34Þ

we find that ClðpjkÞjω¼1 ¼ Chex
l , with

hujui ¼
Y3
j¼1

Y4
k¼jþ1

z
λj−λk
j;k × B; ð35Þ

hvjwi ¼
Y3
j¼2

z
λ1−λj
1;j ×Wω¼1; ð36Þ

Al ¼ κlð1 − κz1Þλ1−lð1 − κz2Þλ2−l ×Al;κ: ð37Þ

Recall that the λi’s are related to the numbers K, M, K̄ of
Bethe roots in the sets u, v, w, which matches the order K,
M, K̄ by (11) and (9).
While the match between the norms B and hujui is not

too surprising, it yields interesting interpretations for the
other two factors: Wω¼1 equals the norm hvjwi between
auxiliary Bethe roots, whereas Al;κ is identified as the SoV
determinant representation of the product Al of two
hexagon form factors. We expect that the above match
extends to ω ≠ 1 by including the corresponding suð4Þ
rotation in the hexagon computation.

Untwisting limits and orbifolds.

Twisted theory: The SoV formulation (12) can compute
twisted structure constants at arbitrary values of ω, κ and
twists zi. For example, the state with L ¼ 2 and Dynkin
labels ½1; 0; 1�, detailed in the Supplemental Material [20],
has structure constant [in the “hexagon gauge” (34)]

jCl¼1j ¼
ð1þ κÞðz2 − ωz1Þð1 − z1z2Þffiffiffiffiffiffiffi
2z2

p ðz1 − z2Þð1þ z2Þð1 − ωz1z2Þ
; ð38Þ

and momentum eiP ¼ Q12ði=2Þ=Q12ð−i=2Þ ¼ −z1. By
specializing the twists zk to

z1¼e2πin1=N; z2¼e2πin2=N; ni∈f0;1;…;N−1g; ð39Þ

one obtains structure constants at the ZN orbifold points of
N ¼ 4 super Yang-Mills [19,29,30]. For states in the suð2Þ
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subsector, ZN orbifold tree-level structure constants were
computed from hexagons with many Z2, Z3 examples in
[31], and all-loop Coulomb branch operator structure
constants in [32]. Our formalism reproduces those results
and at the same time extends them to the full suð4Þ sector,
yielding new predictions for general ZN orbifold structure
constants. For example, (38) with (39) reduces, with ω ¼ 1

and κ ¼ e2πin=N for simplicity, to

jCl¼1j ¼
1ffiffiffi
2

p cosðπn=NÞ
cos ðπn2=NÞ : ð40Þ

away from the degenerate points where κz2 ¼ 1 or z1 ¼ z2.

Taking the untwisting limit: To recover structure constants
of untwisted N ¼ 4 SYM, we take the limit (5). However,
this limit is subtle. When zi → 1, entire lines in the matrices
(13)–(15) vanish. These zeros are compensated by the twist
prefactor (18), which diverges as zi → 1. The combination
(12) is finite, and results in the untwisted structure constant.
The untwisted limit can be taken analytically in the

suð2Þ subsector; see the Supplemental Material [20]. The
vanishing determinants are controlled by a single matrix
element, reducing the determinants to single minors.
For the full suð4Þ sector, this simplification no longer

occurs: several matrix elements vanish at the same rate, and
the determinant decomposes into a state-dependent sum of
minors rather than a single minor. Only in the presence of
twists does the SoV representation collapse to a single
determinant for higher-rank sectors.
To extract untwisted structure constants, we opt for a

simple strategy: We parametrize zk ¼ eiϵϕk , expand the Q
functions around the ϵ → 0 limit, and plug their expansions
into (13), (14) and (15). The leading term of (12) in the
small twist expansion is finite, and results in the untwisted
structure constant. This procedure applies equally to both
primaries and descendants, as detailed in the Supplemental
Material [20].

Counting untwisted structure constants: After parametriz-
ing the twists as zk ¼ eiϵϕk and taking ϵ → 0, the rotations
acting on the BPS states still retain their dependence on ϕk,
while the excited state becomes independent of ϕk.
Accounting for z1z2z3z4 ¼ 1, we have five parameters:
ϕ1, ϕ2, ϕ3, ω, and κ. Two generic BPS states are para-
metrized by eight free parameters. However, we have three
Cartan conservation laws from the uð1Þ3 residual
R-symmetry. Hence, the number of parameters matches
the number of degrees of freedom. By expanding in each of
these parameters, we are able to extract the structure
constant of any excited state jΨi (a conformal primary
or descendant), and any BPS states (a rotated vacuum or
descendant).

Conclusion. We took an important step toward a Q-system
formulation of general structure constants in planar N ¼ 4
SYM. Our result (10) for the suð4Þ scalar structure
constant is in particular valid for any values of the twists
zi, ω and κ. Setting these to appropriate values, we recover
the structure constants of twisted ZN orbifold points.
Notably, we find a one-to-one correspondence between
our SoV determinants and the building blocks of the
hexagon formalism. This direct match hints at a potential
unification of the all-loop results of [33,34] with SoV.
Our formalism may be adapted to settings where

hexagons are not fully developed, such as ABJM theory
[35], where recent progress on orthogonal group Q systems
can be exploited [36], or marginal deformations of planar
N ¼ 4 SYM [37,38].
Structurally, the twists zj, ω and κ play a similar role as

the cusp angles in the Maldacena-Wilson loop [39,40].
Strikingly, our result indeed takes the same form as the
finite coupling results of [9,28], where each inner product is
a pairing between the excited state Q functions and twisted
vacuum Q functions represented by the factors ω−iu and
κ−iu in (14) and (15).
Our result is the ideal starting point for loop corrections,

where the Q functions get promoted to their higher-loop
QSC counterparts. It also enables analytic continuation in
spin, and direct access to light-ray operators [41], bypass-
ing the integer-spin restriction inherent in the hexagon
picture. Finally, the functional SoV techniques developed
here pave the way toward a supersymmetric SoV formalism
for the full psuð2; 2j4Þ superalgebra at finite coupling—the
ultimate goal of this program.
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