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We present a theoretical analysis of the one-loop effective potential of a self-interacting real scalar field
in the presence of two parallel conducting plates with geometric roughness. The analysis is restricted to
the adiabatic regime of smoothly varying surface deformations, where derivative contributions to the
surface profile can be neglected. Using Wentzel-Kramers-Brillouin methods to evaluate the spectral
density of the modified Laplace-Beltrami operator, together with contour integration within a ζ-function
regularization scheme, we derive analytical expressions for the quantum corrections to the effective
potential induced by perturbative boundary roughness and finite temperature. Furthermore, within this
regime, we compute explicit contributions to the Casimir energy and to the topological mass generation
associated with the geometry.
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I. INTRODUCTION

The Casimir effect constitutes one of the most prominent
predictions of quantum field theory, providing a macro-
scopic manifestation of vacuum fluctuations. In his original
work, Hendrik B. Casimir demonstrated that the presence of
two neutral, parallel conducting plates modifies the vacuum
state of the electromagnetic field, resulting in an attractive
force that depends on the separation distance [1]. Since its
theoretical formulation, this effect has been confirmed by
numerous high-precision experiments [2,3], which have
turned the Casimir phenomenon into a fundamental labo-
ratory for testing the properties of quantum vacuum. Several
works have established that the Casimir interaction is not
universal but depends sensitively on boundary conditions,
material properties, spacetime topology, temperature
[4–12], and external fields such as magnetic [13–16] or
gravitational backgrounds [17–21]. Furthermore, geometry
plays a crucial role in determining the Casimir interaction:
while parallel plates typically exhibit an attractive force,
other configurations can lead to repulsion [22] or even
generate nontrivial lateral stresses [23], highlighting the
intricate relationship between vacuum energy and spatial
constraints. The study of the Casimir effect has also

attracted significant attention in scenarios with Lorentz
symmetry breaking. In conventional approaches, this break-
ing is typically implemented through the introduction of a
preferred direction [24–29]. By contrast, in theories such as
Hořava-Lifshitz gravity [30], Lorentz symmetry is broken
through an anisotropic scaling between space and time,
characterized by a critical exponent, an idea originally
formalized in the context of anisotropic field theories by
Anselmi [31]. Representative studies within this framework
can be found in Refs. [32–35]. This modification alters the
spectral eigenvalue problem of the fields, leading to shifts in
the vacuum energy density and the resulting Casimir
pressure between the boundaries [36,37]. In this context,
the structure of the quantum vacuum becomes sensitive to
the underlying spacetime symmetries, so that deviations
from Lorentz invariance may, in principle, be probed
through precision measurements of the Casimir force.
Furthermore, these analyses typically rely on specialized
techniques, such as generalized ζ-function regularization
[38,39], to consistently handle divergences arising in the
evaluation of the zero-point energy.
Recent studies have further extended the investigation of

this phenomenon by considering self-interacting field the-
ories within the effective action formalism [40–42].
Modifications such as nontrivial spacetime topology, alter-
native boundary conditions, the inclusion of external fields,
and even explicit Lorentz symmetry breaking have enabled
the computation of new quantum corrections to the vacuum
energy density at both one- and two-loop orders [43–48]. As
shown in Refs. [43,44], one notable consequence of self-
interactions in the presence of nontrivial topology is that
both massive and massless fields can acquire a topological
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mass through the renormalization procedure. In those
works, two real scalar fields, one twisted and the other
untwisted, interacting under periodic and antiperiodic
boundary conditions, were analyzed. The results indicate
that not only is the vacuum energy modified by topology
and boundary conditions, but also that additional contribu-
tions emerge in the form of an effective mass of topological
origin, which in turn plays a crucial role in determining
vacuum stability.
Although most studies of the Casimir effect assume

perfectly flat boundaries, real physical surfaces always
exhibit some degree of roughness. Unlike the idealized
case, surface roughness modifies the boundary plates and,
consequently, the entire spectrum of the quantum fluctua-
tions. We theoretically analyze the Casimir effect for a real
self-interacting scalar field of the form Φ4, embedded in a
3þ 1-dimensional spacetime, where the field is confined by
a rough border that satisfies the Dirichlet boundary con-
ditions. Furthermore, we analyze the contribution of temper-
ature to the system implemented through periodic boundary
conditions. Because of the complexity of the finite-temper-
ature contributions, we focus on the low-temperature limit.
The self-interactions of the theory have effects on quantum
fluctuations and must be treated consistently. To this end,
we employ the one-loop effective potential formalism
[49,50], which allows us to renormalize the ultraviolet
divergences and extract the relevant finite contributions to
the Casimir energy. This method provides us with a
systematic framework for examining modifications in the
interactions of the vacuum structure in the presence of
boundary conditions, using the well-known effective poten-
tial, which is made up of a classical contribution and
quantum corrections. With respect to spatial geometry,
the presence of roughness at the boundaries induces
significant modifications in the spectrum of quantum
fluctuations, such as was found in Refs. [16,37].
Roughness is treated perturbatively in an adiabatic regime
in which the roughness profile varies smoothly along the
plates; that is, we introduce a small deviation from flatness
and expand the geometry to higher orders in roughness
amplitude. The perturbative approach enables us to isolate
the corrections induced by geometry, without losing ana-
lytic control over the eigenvalue problem. In this analysis,
the dominant contribution arises from the local modification
of the plate separation, while derivative terms associated
with lateral contributions are parametrically suppressed. To
obtain the spectrum of the confined modes, we apply the
Wentzel-Kramers-Brillouin (WKB) approximation, which
yields accurate estimates for the eigenvalues in geometries
where exact solutions are generally inaccessible [51]. With
the approximate eigenvalues obtained through WKB analy-
sis, we construct the one-loop effective potential and
compute the renormalized Casimir energy for the interacting
theory. By combining perturbative roughness treatment
in the local adiabatic regime with the effective potential

formalism, we determine the shape of the quantum vacuum
corrections through the relationship between geometry,
interactions, boundary conditions, and finite temperature.
The present paper is organized as follows. In Sec. II, we

define the geometric problem for the slowly varying rough
boundaries and derive the field solutions using the WKB
method. We also apply the contour integration of the ζ-
function to obtain the spectral function in the low-temper-
ature limit. In Sec. III, we execute the renormalization
process and analyze the vacuum stability, the Casimir
energy density, and the explicit form of the topological
mass. Finally, in Sec. IV, we summarize our findings and
present our concluding remarks.

II. EFFECTIVE POTENTIAL FOR THE
SELF-INTERACTING SCALAR FIELD UNDER

A ROUGH GEOMETRY

In this section, we provide a brief introduction to the
procedure for determining the one-loop contributions
generated by a massive self-interacting real scalar field.
To this end, we consider the Lorentzian action for the
interacting scalar field, expanded up to the fourth order in
the field. The potential includes the necessary counter-
terms, which must be fixed through the renormalization
procedure. Therefore, the action can be written as

S½Φ�¼
Z

d4x
ffiffiffi
g

p �
1

2
Φ□Φ−

m2þδm
2

Φ2−
gþδg
4!

Φ4−δc

�
;

ð2:1Þ

where m is the mass of the field Φ; g is the self-interaction
coupling constant; and δm; δg, and δc are the renormal-
ization constants. To determine the one-loop corrections
generated by the one-particle-irreducible diagrams, we
construct the effective action, Γ, within the loop-expansion
framework [50]. The effective action incorporates both the
classical dynamics and the quantum corrections arising
from fluctuations around a fixed background field, defined
as the vacuum expectation value of the quantum field in
the presence of external sources. The loop expansion has
the form

Γ½Ψ� ¼ S½Ψ� þ
X
i¼1

ℏiΓðiÞ½Ψ�; ð2:2Þ

where S½Φ� is the classical action and ΓðiÞ denotes the
contribution to the i-loop. The background field is intro-
duced through the decomposition Φ ¼ Ψþ φ, where φ
corresponds to quantum fluctuations. Expanding the action
up to the second order in φ leads to

S½Ψþ φ� ¼ S1½Ψ� þ
1

2
φS2½Ψ�φþOðφ3Þ; ð2:3Þ
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where S2½Ψ� is the second functional derivative of the
classical action. All one-loop contributions arise from this
quadratic operator. Performing the Gaussian functional
integral,

exp ðiΓð1Þ½Ψ�Þ ¼
Z

Dφ exp

�
i
2

Z
d4xφS2½Ψ�φ

�
; ð2:4Þ

yields the standard result

Γð1Þ½Ψ� ¼ i
2
ln det S2½Ψ�: ð2:5Þ

To extract physical information from the effective action,
such as the vacuum structure, we consider the effective
potential, Veff , defined as the effective action evaluated for
constant background fields. This removes all dependence
on derivatives and isolates the quantum-corrected potential
energy density. By expanding the effective action around a
background field and neglecting the slowly varying back-
ground derivatives, the leading term in the derivative
expansion is obtained:

Γ½Ψ� ¼
Z

d4x
ffiffiffi
g

p ½−VeffðΨÞ þOð∂ΨÞ�: ð2:6Þ

Thus, the effective potential admits a loop expansion of the
form VeffðΨÞ ¼

P
i¼0 V

ðiÞðΨÞ, where Vð0Þ is the classical
contribution and Vð1Þ represents the one-loop quantum
correction.
We perform the Wick rotation t ¼ −iτ in order to obtain

a convergent functional integral in Euclidean coordinates.
Under this transformation, the one-loop contribution can be
expressed as

Vð1ÞðΨÞ ¼ −
1

VE
ln
Z

Dφ exp

�
−
1

2

Z
dτd3xφS2ðΨÞφ

�
;

ð2:7Þ

where VE ¼ R
dτ d3x

ffiffiffi
g

p
is the volume and S2ðΨÞ repre-

sents the Euclidean elliptic operator, which we will call Q̂.
In our case, as follows from Eq. (2.1), the elliptic differ-
ential operator is given by

Q̂ ¼ −∂2τ − Δþm2 þ g
2
Ψ2: ð2:8Þ

Therefore, the problem reduces to computing the determi-
nant of the operator. To evaluate this determinant, we
employ the generalized ζ-function regularization method.
In this framework, the determinant is given by

ln det Q̂ ¼ −ζ0
Q̂
ðsÞj

s¼0
; ð2:9Þ

with

ζQ̂ðsÞ ¼
X
n

ω−s
n ; ð2:10Þ

where the set fωng are the eigenvalues of the total operator
Q̂. Thus, the one-loop contribution in terms of the gener-
alized ζ-function can be written as

Vð1ÞðΨÞ ¼ −
1

2VE
½ζ0ð0Þ þ ζð0Þ ln μ2�; ð2:11Þ

where the parameter μ has dimensions of mass is eliminated
through the renormalization procedure.
To determine the observable values of the coupling

constants and avoid divergences, it is necessary to imple-
ment the renormalization process. This procedure is carried
out by calculating

d4VeffðΨÞ
dΨ4

����
Ψ̂
¼ g;

d2VeffðΨÞ
dΨ2

����
Ψ0

¼ m2; ð2:12Þ

where Ψ̂ is a parameter with dimensions of mass, which can
be zero in the case of a massive field, and Ψ0 is the field
configuration that minimizes the effective potential, satisfy-
ing V 0

effðΨ0Þ ¼ 0, together with the stability condition
V 00
effðΨ0Þ > 0. The latter ensures that Ψ0 corresponds to a

local minimum and is physically related to the positivity of
the squared mass of scalar fluctuations around the vacuum.
This configuration defines the ground state of the theory. A
consistent renormalization of the vacuum energy is imposed
by requiring VeffðΨ0Þ ¼ 0, thereby fixing the zero-point
energy. After renormalization and identification of the
vacuum state, physical observables such as the Casimir
energy can be computed from the quantum corrections
encoded in the renormalized one-loop effective potential.
Within this framework, we compute the one-loop

quantum corrections to the effective potential. After imple-
menting the appropriate renormalization procedure, we
determine the Casimir energy between two neutral, parallel
conducting slowly varying rough plates, satisfying Dirichlet
boundary conditions and with finite temperature. In the
following subsection, we analyze how to model this rough-
ness and its impact on the generalized ζ-function, which
plays a central role in our approach.

A. Geometric configuration and eigenvalues problem

The geometry of the parallel conducting plates is
described in Cartesian coordinates, where the w coordinate
is bounded by 0 ≤ w ≤ aþ fðx; yÞ, with ðx; yÞ∈R2. The
parameter a denotes the separation between the plates,
while the function fðx; yÞ encodes the boundary roughness,
assumed to satisfy fðx; yÞ ≪ a [16,37]. To make the effect
of roughness explicit as a perturbation of the geometry, we
perform a change of variable in the w coordinate such that
the boundaries become flat, we define
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w ¼ σ

�
1þ fðx; yÞ

a

�
; 0 ≤ σ ≤ a:

In the perturbative regime, roughness contributions from both plates can be treated as linear perturbations, allowing for
additive or canceling effects depending on their functional form. With this choice of coordinates, the contribution of the
roughness is explicitly retained. The spatial metric associated with these new coordinates is

gij ¼

0
BBBBB@

1þ ðσ=aÞ2ð∂xfÞ2 ðσ=aÞ2∂xf∂yf σ
a

�
1þ f

a

�
∂xf

ðσ=aÞ2∂xf∂yf 1þ ðσ=aÞ2ð∂yfÞ2 σ
a

�
1þ f

a

�
∂yf

σ
a

�
1þ f

a

�
∂xf σ

a

�
1þ f

a

�
∂yf

�
1þ f

a

�
2

1
CCCCCA
: ð2:13Þ

The Laplace-Beltrami operator on a scalar field can be constructed and takes the general form

ΔΦ ¼ ΔxΦþ ΔyΦþ 1

ðaþ fÞ2 ½σ
2ðð∂xfÞ2 þ ð∂yfÞ2Þ þ a2�ΔσΦ

þ σ

ðaþ fÞ2 ½2ðð∂xfÞ
2 þ ð∂yfÞ2Þ − ðaþ fÞðΔxf þ ΔyfÞ�∂σΦ

−
2σ

aþ f
ð∂xfΔxσΦþ ∂yfΔyσΦÞ: ð2:14Þ

To simplify the analysis, we perform a second change of
variables to introduce dimensionless coordinates:

x ¼ u1L1; −1=2 ≤ u1 ≤ 1=2;

y ¼ u2L2; −1=2 ≤ u2 ≤ 1=2;

σ ¼ va; 0 ≤ v ≤ 1: ð2:15Þ

As mentioned earlier, the function f [from now on
f̂ ¼ fðuiLiÞ, with i ¼ 1; 2 in the new coordinates] has a
perturbative nature; therefore, it allows us to arrive at a
useful simplification for the operator (2.14) by assuming
that the roughness profile varies smoothly along the plates
over the characteristic length scales Li, which therefore
play the role of effective correlation lengths for the surface
deformation. The validity of the approximation is con-
trolled by the adiabatic conditions a=Li ≪ 1, jf̂j=a ≪ 1,
j∂f̂j ≪ 1. Under these assumptions, derivative contribu-
tions such as ∂if̂ and ∂2i f̂ are suppressed with respect to the
leading geometric corrections associated with the local
deformation amplitude (because both parameters L1 and L2

are infinitely large compared to the distance a and the
function f̂, we set L1 ¼ L2 ¼ L). For the remaining terms,
in a compact form, we have

ΔΦ ¼
�
1

L2
Δui þ

1

a2
N ðuiÞΔv

�
Φ; ð2:16Þ

where, by considering a perturbative expansion of f̂ up to
any order, N ðuiÞ is defined by

N ðuiÞ ¼ 1 − 2
f̂ðuiÞ
a

þ 3

�
f̂ðuiÞ
a

�2

− 4

�
f̂ðuiÞ
a

�3

þ…

ð2:17Þ

with … denoting higher-order contributions in the pertur-
bative expansion of the roughness function f̂ðuiÞ. With this
change of variables, the spatial geometry of the plates is
fully specified. The Euclidean volume in (2.11) is given by
VE ¼ ξV3, where V3 ¼

R
d3x

ffiffiffi
g

p
. Therefore,1

V3 ¼ L2

�
aþ

Z
1=2

−1=2

Z
1=2

−1=2
f̂ðuiÞ dui

�
: ð2:18Þ

Returning to the general eigenvalue problem, the full
spectrum associated with the operator Q̂ is given by

ð−∂2τ þ P̂ÞΦ ¼ ωΦ; ð2:19Þ

where P̂ ¼ −Δþm2 þ g
2
Ψ2 and ω denotes its eigenvalue.

The eigenvalues associated with the temporal sector arise
from imposing periodic boundary conditions along the

1Note that the spatial volume depends on the roughness
defined in the geometry of the plates.
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Euclidean time direction. In the limit ξ → ∞, one recovers
the zero-temperature case. The boundary conditions
imposed on the spatial sector are of Dirichlet type,

Φðτ; ui; 0Þ ¼ Φðτ; ui; 1Þ ¼ 0: ð2:20Þ

The full eigenvalue is

ωl;ki;n ¼
�
2πl
ξ

�
2

þ λ2ki;n; ð2:21Þ

with l∈Z, and λki;n denoting the eigenvalues associated

with the spatial operator P̂.
Since (2.21), we use the integral form of the ζ-function

[see Eq. (2.10)] to rewrite the spectral function as

ζQ̂ðsÞ ¼
1

ΓðsÞ
Z

∞

0

dt ts−1
X∞
l¼−∞

X∞
n;ki¼1

× exp

�
−t
	�

2πl
ξ

�
2

þ λ2ki;n


�
: ð2:22Þ

Then, a suitable representation of the ζ-function is obtained
by applying the Poisson resummation formula

ζQ̂ðsÞ ¼
ξffiffiffiffiffiffi
4π

p Γðs − 1=2Þ
ΓðsÞ ζP̂ðs − 1=2Þ

þ ξffiffiffi
π

p
ΓðsÞ

X∞
l¼1

X∞
n;ki¼1

Z
∞

0

dt ts−3=2

× exp

	
−
ξ2l2

4t
− λ2ki;nt



: ð2:23Þ

This representation allows us to decouple the spatial sector
from the temperature-dependent terms. The first term
(l ¼ 0) corresponds to a purely spatial contribution, where
a Riemann ζ-function is defined and potential divergences
may arise. The second term contains all temperature-
dependent corrections. This decomposition is particularly
useful for analytically studying both the low- and high-
temperature regimes, allowing the extraction of relevant
thermodynamic quantities. In the present work, we focus
on the low-temperature limit.

B. Contour integration method

In general, the eigenvalue problem for the spatial
operator does not admit a closed-form spectral condition
due to the presence of boundary roughness, which signifi-
cantly complicates the structure of the differential operator
P̂. For this reason, it is convenient to employ the contour
integration method. In this approach, the eigenvalues are
determined by the zeros of an associated spectral function,
which can be written as [38,51]

F jðρÞ ¼
ϕjðρ; 1Þ
ϕjð0; 1Þ

; ð2:24Þ

where ρ corresponds to the main eigenvalue and the
subindex j represents any other type of eigenvalue present
associated with the other coordinates. By the residue
theorem, the ζ-function can be expressed as a contour
integral,

ζðsÞ ¼ 1

2πi

X
j

Z
M

ρ−2s
d
dρ

ln F jðρÞdρ; ð2:25Þ

where M is a contour enclosing all nonvanishing eigen-
values ρ ≠ 0. The aim of this section is to determine the
explicit form of the spectral function F jðρÞ adapted to our
problem.
The spatial sector of the general solution Φðτ; ui; vÞ,

which we denote by ϕðui; vÞ, is obtained using the WKB
method. To simplify the analysis, we assume that the
geometric perturbation N depends only on the coordinate
u1. The corresponding eigenvalue problem is then given by

P̂ϕðui; vÞ ¼
�
−Δþm2 þ g

2
Ψ2

�
ϕðui; vÞ ¼ λ2k;nϕðui; vÞ;

ð2:26Þ

where λk;n represents the spatial eigenvalue (with k, n
denoting the eigenvalues of the free coordinates)2; the
Laplace Beltrami operator is given in (2.16) consideringN
only depends of u1, and we define M2 ¼ m2 þ g

2
Ψ2. The

corresponding ansatz for the solution is

ϕðui; vÞ ¼ χðu1Þ sinðnπvÞeiku2 ; ð2:27Þ

with n∈N, which leads to the differential equation

χ00ðu1Þ þ
	
ðλ2 − k2 −M2ÞL2 −

�
nπL
a

�
2

N ðu1Þ


χðu1Þ ¼ 0;

ð2:28Þ

where k ¼ πq
L , with q∈Z. We rewrite ρ2 ¼ λ2 − k2, where

ρ corresponds to the eigenvalue associated with the
coordinate u1. As part of the procedure to determine
(2.24), we perform an analytic continuation to the complex
plane, ρ2 → −π2n2z2 [51]. Then,

χ00ðu1Þ−L2

	
π2n2

�
z2þN ðu1Þ

a2

�
þM2



χðu1Þ¼ 0: ð2:29Þ

2By choosing that N is only dependent on u1, the coordinates
u2 and v are not affected by the roughness perturbations,
generating free eigenvalues in the spectral function, k and n,
respectively.
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The proposed solution is obtained using the WKB method
and takes the general form3

χðu1Þ ¼ exp

	Z
u1

0

Rðz; n; βÞdβ


: ð2:30Þ

The function Rðz; n; u1Þ, once the integral is evaluated,
admits an asymptotic expansion in n of the form

R�ðz; n; u1Þ ¼ �r−1ðz; u1Þnþ r0ðz; u1Þ �
r1ðz; u1Þ

n
þ…

ð2:31Þ

By collecting terms order by order in n, we obtain the
following solutions4:

r−1ðz;u1Þ¼πL

�
z2þN ðu1Þ

a2

�
1=2

;

r0ðz;u1Þ¼−
1

2r−1ðz;u1Þ
∂

∂u1
r−1ðz;u1Þ;

r1ðz;u1Þ¼
1

2r−1ðz;u1Þ
�
M2L2−r20ðz;u1Þ−

∂

∂u1
r0ðz;u1Þ

�
:

ð2:32Þ

The solution r0ðz; u1Þ consists of terms of the form ∂f̂; ∂2f̂.
As mentioned above, in the adiabatic regime derivative
contributions are suppressed compared to the leading
amplitude corrections. Therefore, at leading order, we
neglect gradient contributions, that is, r0ðz; u1Þ ¼ 0.
Then, the solution is

χðu1Þ ¼ A exp

	Z
u1

0

Rþðz; n; βÞdβ



þ B exp

	Z
u1

0

R−ðz; n; βÞdβ


; ð2:33Þ

with A and B constants. Imposing the boundary conditions
given in (2.20), χð0Þ ¼ χð1Þ ¼ 0, we obtain an eigenvalue
function of the form

F nðzÞ ¼ e
R

1

0
R1ðz;n;βÞdβ

�
1 − e−2

R
1

0
R1ðz;n;βÞdβ

�
; ð2:34Þ

where

R1ðz; n; βÞ ¼ nπL

�
z2 þN ðβÞ

a2

�
1=2

þM2L
2nπ

�
z2 þN ðβÞ

a2

�−1=2
: ð2:35Þ

As defined previously, the total eigenvalue in the spatial
sector is λ2 ¼ ρ2 þ k2. The rotation applied to ρ suggests
introducing a similar transformation for k, namely,
k ¼ πnηz, where 0 ≤ z < ∞ and 0 ≤ η ≤ 1. Hence, we
have5

ζP̂ðsÞ ¼
sin πs
π

�
L
π

�X∞
n¼1

ðπnÞ−2sþ1

Z
1

0

ð1 − η2Þ−s dη

×
Z

∞

0

z−2sþ1

�
∂

∂z
−
η

z
∂

∂η

�
ln F nðzÞdz: ð2:36Þ

At this point, several aspects must be taken into account.
First, from (2.24) and the solution (2.27), we observe that
the function F n is effectively determined by the solution at
the coordinate u1 ∈ f0; 1g. Second, the function F n does
not depend explicitly on η; therefore, its derivative with
respect to η vanishes. Finally, taking the logarithm of F n,
we obtain

Z
1

0

R1ðz; n;βÞdβþ ln ½1− e−2
R

1

0
R1ðz;n;βÞdβ�− ln χnð0; 1Þ:

ð2:37Þ

We observe that the last term does not depend on z, while
the second term contains the solution R1, which is propor-
tional to L [see Eq. (2.35)]. As part of the renormalization
procedure, we take the limit L → ∞, consequently, the first
term in (2.37) is the only one that contributes to the result of
interest. Hence,

ζP̂ðsÞ ¼
sin πs
π

�
L
π

�X∞
n¼1

ðπnÞ−2sþ1

Z
1

0

ð1 − η2Þ−s dη

×
Z

∞

0

z−2sþ1
∂

∂z

Z
1

0

R1ðz; n; βÞ dβ dz: ð2:38Þ

Using the standard formulas in (2.38),

sin πs
π

¼ 1

ΓðsÞΓð1 − sÞ ; ð2:39Þ

Z
1

0

ð1 − η2Þ−s dη ¼
ffiffiffi
π

p
2

Γð1 − sÞ
Γð3

2
− sÞ ; ð2:40Þ

3At this point, we have shifted the edges of the solution to
u1 ∈ f0; 1g, keeping the magnitude of the separation distance
unchanged. For our problem, this change has no implications;
however, it must be taken into account once the shape of the
roughness function is specified.

4The treatment to determine the solutions of the asymptotic
expansion is carried out recursively, as was done in Ref. [51]. Our
analysis is analogous to that done by the authors, where the
surface topology is determined by a general two-dimensional
metric.

5Here, it is convenient to move to the continuous limit of the
eigenvalue k, that is,

P
k → ð L

2πÞ
R
dk.
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Z
∞

0

z−s

ðzþ 1Þp dz ¼
Γð1 − sÞΓðsþ p − 1Þ

ΓðpÞ ; ð2:41Þ

we obtain

ζP̂ðsÞ ¼
L2

4π2s−1
Γðs − 1Þ
ΓðsÞ ζRð2s − 2Þa2s−2

Z
1

0

N 1−sðβÞ dβ

−
M2L2

4π2sþ1
ζRð2sÞa2s

Z
1

0

N −sðβÞ dβ: ð2:42Þ

In Eq. (2.23), we perform the shift s → s − 1
2
as required in

(2.42). The one-loop potential (2.11) involves the derivative
of ζQ̂ðsÞ and must be evaluated at s ¼ 0. This evaluation
leads to divergences; therefore, we perform a series
expansion in s. For the second term in (2.11), after
expanding in s, we find that ζQ̂ð0Þ ¼ 0. From these results,
the one-loop correction to the effective potential reads

Vð1Þ
Q̂

¼ −
1

2V3

	
π2L2

720a3

Z
1

0

N 3=2ðβÞ dβ

−
M2L2

48a

Z
1

0

N 1=2ðβÞ dβ

þ 1ffiffiffi
π

p
X∞

l;n;ki¼1

Z
∞

0

dt t−3=2 exp

�
−
ξ2l2

4t
− λ2ki;nt

�

:

ð2:43Þ

C. Low-temperature limit

The zero-temperature contribution and the thermal cor-
rection probe different regions of the spectrum. The contour
integral representation of the vacuum contribution requires
an asymptotic description of the full spectrum, for which the
WKB approximation is appropriate. In contrast, in the low-
temperature limit ξ ≫ a, the thermal contribution is expo-
nentially dominated by the lowest eigenvalues. Therefore, a
first-order perturbative treatment of the roughness is suffi-
cient to determine the leading thermal correction. The last
term in (2.43) contains the entire temperature dependence.
One of our goals is to analytically develop the temperature
contribution, and for this purpose, we restrict ourselves to
analyzing the low-temperature case [5]. The integral over t
in (2.43) can be performed directly, and we can solve the
sum over l. We obtain

−
2

ffiffiffi
π

p
ξ

X∞
n;ki¼1

ln ð1 − e−λki;nξÞ: ð2:44Þ

As previously established, the eigenvalue λki;n is associated

with the spatial operator P̂. Thus far, we have not specified
the structure of this eigenvalue. Since the low-temperature
contribution is dominated by the lowest eigenvalues of the

spatial operator, it is sufficient to employ the perturbative
approximation developed in Ref. [16]. To find an expression
for λki;n in the presence of rough plates, we use perturbation
theory. Within this framework, the spectrum is obtained at
first order by treating the roughness as a small correction
that modifies the free spatial operator. Therefore, the general
structure of the eigenvalue is λ ¼ λð0Þ þ λð1Þ, where λð0Þ

represents the free spectrum, and λð1Þ defines the spectral
contribution of smooth roughness as perturbative correc-
tions. According to the method used in Ref. [16], the total
spatial eigenvalue is

λ2k1;k2;n ¼
�
πk1
L

�
2

þ
�
πk2
L

�
2

þ
�
nπ
a

�
2
Z

1

0

N ðβÞdβþM2;

ð2:45Þ

where k1 and k2 are the eigenvalues corresponding to the
original coordinate pair ðx; yÞ (Again, for the eigenvalues
k1, k2, we work in the continuous limit). Equation (2.45)
should be understood as the first-order perturbative approxi-
mation to the same spatial spectrum analyzed through the
WKB method in Sec. II B, considering now that we are
working in the regime ξM ≫ 1 and ξ ≫ a.
The current calculation is valid in the principal order in

the adiabatic roughness expansion, first order in spectrum
perturbations, and principal order in the low temperature
expansion ξ ≫ a. In this limit, the dominant contribution to
the exponential in Eq. (2.44) arises from the infrared regime,
characterized by small values of k1, k2 and low-frequency
modes n. Given that the eigenvalue λk1;k2;n appears under a
square root in Eq. (2.44), we perform a Taylor expansion
around k1, k2 ≈ 0. Furthermore, the convergent asymptotic
behavior of the exponential justifies the approximation
lnð1þ xÞ ≈ x for x ≪ 1. Consequently, substituting these
approximations into Eq. (2.44), we obtain

2
ffiffiffi
π

p
ξ

�
L
2π

�
2
Z

∞

−∞

Z
∞

−∞
dk1 dk2

×
X∞
n¼1

exp

	
−ξ

�
R1=2

n þ k21 þ k22
2R1=2

n

�

; ð2:46Þ

with

Rn ¼
�
nπ
a

�
2
Z

1

0

N ðβÞ dβ þM2: ð2:47Þ

The integration over the momenta k1 and k2 can be
performed analytically. Furthermore, since n ≠ 0, the
sum over n is dominated by the n ¼ 1 term, which
constitutes the leading-order contribution. Finally, substitut-
ing these results into Eq. (2.43), the one-loop effective
potential takes the form
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Vð1Þ
Q̂

¼−
L2

2V3

	
π2

720a3

Z
1

0

N 3=2ðβÞdβ

−
M2

48a

Z
1

0

N 1=2ðβÞdβþR1=2
1

πξ2
expð−ξR1=2

1 Þ


: ð2:48Þ

In the temperature sector, this equation shows an expression
that can be suppressed in the limit ξ → ∞; however, we
have arrived at an analytical expression where its asymptotic
behavior at low temperature is determined by small values
of the eigenvalue spectrum of the spatial sector. In what
follows, we shall apply the aforementioned renormalization
procedure to evaluate the one-loop renormalized effective
potential.

III. RENORMALIZATION PROCESS

A. Counterterms and vacuum stability

In Eq. (2.48), we established the expression for the
unrenormalized one-loop effective potential. By incorpo-
rating the physical considerations and limits discussed in
the previous sections, we arrive at the following result:

VeffðΨÞ ¼
m2 þ δm

2
Ψ2 þ gþ δg

4!
Ψ4

þ δc −
L2

2V3

	
π2

720a3

Z
1

0

N 3=2ðβÞ dβ

−
M2

48a

Z
1

0

N 1=2ðβÞ dβ þR1=2
1

πξ2
expð−ξR1=2

1 Þ


:

ð3:1Þ

The renormalization process is implemented through the set
of conditions defined in Eq. (2.12). It is important to note
that the vacuum state Ψ0 is determined by the stationarity
condition V 0

effðΨ0Þ ¼ 0, while the stability of this state is
guaranteed by the condition V 00

effðΨ0Þ > 0. For the present
analysis, we assume that Ψ0 ¼ 0 corresponds to the stable
vacuum of the theory. To determine the counterterm δc, we
impose the condition VeffðΨ0Þ ¼ 0. In the limit a → ∞, we
find that δc ¼ 0, a result stemming from the fact that the
potential is scaled by the volume V3, which depends
directly on the parameter a as shown in Eq. (2.18). A
similar procedure applied to the remaining counterterms
yields consistent results: by enforcing the first condition in
(2.12) and taking the large a limit, the coupling constant
counterterm vanishes, δg ¼ 0, while the second condition
implies δm ¼ 0. Consequently, the renormalized effective
potential reduces to the following form:

VR
effðΨÞ ¼

m2

2
Ψ2 þ g

4!
Ψ4 −

1

2ðaþ R
1
0 f̂ðβÞdβÞ

×

	
π2

720a3

Z
1

0

N 3=2ðβÞ dβ

−
M2

48a

Z
1

0

N 1=2ðβÞ dβ þR1=2
1

πξ2
expð−ξR1=2

1 Þ


:

ð3:2Þ

This result demonstrates that the renormalized effective
potential depends explicitly on both the temperature and the
smooth geometric roughness defined in Eq. (2.17). In
particular, no remnant terms depending on N or ξ appear
in the counterterms. We emphasize that no renormalization
conditions were imposed on these parameters, nor was it
necessary to cancel these variables to complete the renorm-
alization procedure. At the minimum Ψ0, the potential
retains terms originating from the topology; however, in the
limit ξ → ∞, the last term vanishes, indicating that the
potential depends solely on the plate separation and the
surface roughness. Furthermore, in the limit a → ∞, all
terms vanish, which is consistent with the fact that the
vacuum energy must be zero for infinitely separated plates,
thus recovering the results of a free Minkowski spacetime.
Another significant finding is that no explicit counterterms
were required, suggesting that this particular approach is
finite. This conclusion is specific to the problem addressed
here. The WKB approximation allows obtaining an ana-
lytical representation of the eigenvalue spectrum, which
typically encodes the ultraviolet structure of the theory.
Therefore, the finiteness of the effective potential is
achieved by constructing the spectral function ζ together
with the renormalization conditions adopted in this work.
Specifically, if any term had survived the limit a → ∞
during the renormalization process, counterterms would
have been necessary. However, the structure of the spectral
solution prevents any simplification of the parameter a that
would lead to topology-independent terms. Notably, these
conclusions remain valid without specifying the explicit
form of the function f̂.
To further explore the vacuum structure, we consider the

massless limit m ¼ 0. This choice corresponds to the
asymptotic regime of the theory, where the characteristic
energy scales of the system dictated by the temperature and
the plate separation are significantly larger than the rest
mass of the field. In this limit, the effective potential is
primarily governed by radiative corrections and geometric
constraints, allowing us to isolate the subtle effects of the
topological roughness. Under this assumption, the renor-
malized effective potential in Eq. (3.2) reduces to
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VR
effðΨÞ ¼

g
4!
Ψ4 −

1

2ðaþ R
1
0 f̂ðβÞdβÞ

	
π2

720a3

Z
1

0

N 3=2ðβÞ dβ − gΨ2

96a

Z
1

0

N 1=2ðβÞ dβ

þ 1

πξ2

�
π2

a2

Z
1

0

N ðβÞ dβ þ gΨ2

2

�
1=2

exp

�
−ξ

�
π2

a2

Z
1

0

N ðβÞ dβ þ gΨ2

2

�
1=2

�

: ð3:3Þ

To determine the vacuum expectation value of the field, we adopt a perturbative expansion in the coupling constant g,
assuming the weak coupling regime (g ≪ 1). Then, by imposing the stationary condition, we find

0 ¼ Ψ
	
1

6
Ψ2 þ

R
1
0 N 1=2ðβÞdβ

96aðaþ R
1
0 f̂ðβÞdβÞþ

πξ − aðR 1
0 N ðβÞ dβÞ−1=2

4π2ξ2ðaþ R
1
0 f̂ðβÞdβÞ exp

�
−
πξ

a

�Z
1

0

N ðβÞ dβ
�

1=2
�


: ð3:4Þ

From this expression, the trivial solution is given by Ψ0 ¼ 0. The stability condition identifies the trivial solution as a valid
vacuum state. This occurs because the second derivative of the effective potential at Ψ ¼ 0 is strictly positive,

V 00R
eff ðΨ ¼ 0Þ ¼ g

ðaþ R
1
0 f̂ðβÞdβÞ

	
1

96a

Z
1

0

N 1=2ðβÞdβ

þ πξ − aðR 1
0 N ðβÞdβÞ−1=2
4π2ξ2

exp

�
−
πξ

a

�Z
1

0

N ðβÞ dβ
�

1=2
�


> 0: ð3:5Þ

The geometric term dominates over the temperature-dependent contributions, which decay rapidly in the low-temperature
regime. Furthermore, a positive coupling constant g is required to ensure the potential remains bounded from below,
guaranteeing global stability.
The nontrivial solutions are obtained by solving for the terms within the brackets (3.4):

Ψ� ¼ �
�
−

6

aþ R
1
0 f̂ðβÞdβ

	
1

96a

Z
1

0

N 1=2ðβÞ dβ

þ πξ − aðR 1
0 N ðβÞ dβÞ−1=2
4π2ξ2

exp

�
−
πξ

a

�Z
1

0

N ðβÞ dβ
�

1=2
�
�

1=2

: ð3:6Þ

These solutions are physically consistent only when the
argument of the square root is non-negative. However, in
the low-temperature limit considered in this work, the
term inside the square root remains strictly negative.
Consequently, these nontrivial solutions are nonphysical
and do not represent a stable background for the theory. In
this regime, the competition between temperature and plate
geometry does not favor a phase transition, leaving the
trivial solution Ψ0 ¼ 0 as the only stable vacuum state.

B. Casimir effect and topological mass

The vacuum energy of the system can be extracted
directly from the renormalized effective potential. By
evaluating the potential at the stable trivial solution
Ψ ¼ 0, which corresponds to the symmetric phase of the
theory, we define the Casimir energy density as

EC ¼
�
aþ

Z
1

0

f̂ðβÞ dβ
�
VR
effðΨÞjΨ¼0: ð3:7Þ

This expression represents the finite vacuum response of
the quantum field under the constraints of the rough

boundaries. In this low-temperature regime, the Casimir
energy is determined solely by the geometry and the one-
loop quantum corrections, as the vacuum expectation value
of the field vanishes.
Since the renormalized effective potential was specifi-

cally derived for the massless case, we set m ¼ 0 to
maintain consistency with our previous results. Under this
condition, the explicit form of the Casimir energy density is
found to be

EC ¼ −
π2

1440a3

Z
1

0

N 3=2ðβÞ dβ

−
1

2ξ2a

�Z
1

0

N ðβÞ dβ
�

1=2

× exp

	
−
πξ

a

�Z
1

0

N ðβÞ dβ
�

1=2


: ð3:8Þ

In the low-energy limit, the exponential term in Eq. (3.8)
vanishes, and the Casimir energy density becomes inde-
pendent of thermal effects. Using the perturbative expan-
sion ofN ðβÞ introduced above [see Eq. (2.17)], Eq. (3.8) is
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systematically expanded in powers of the small parameter f̂=a. This is achieved by expanding all functions of N ðβÞ,
including the fractional powers and exponential factor, about the flat term configurationN ¼ 1, while consistently retaining
terms up to second order in f̂=a. The resulting Casimir energy is6

EC ¼ −
π2

1440a3
−

e−
πξ
a

2aξ2
þ
	

π2

480a4
þ 1

a2ξ2

�
1 −

πξ

a

�
e−

πξ
a


 Z
1

0

f̂ðβÞ dβ

−
	

π2

240a5
þ 1

ξ2a3

�
1 −

πξ

a
þ π2ξ2

2a2

�
e−

πξ
a


 Z
1

0

f̂2ðβÞ dβ þ π

2ξa4
e−

πξ
a

�Z
1

0

f̂ðβÞ dβ
�

2

þOðf̂3Þ: ð3:9Þ

The inclusion of smooth surface roughness introduces new
corrections to the Casimir energy. By integrating the
arbitrary function f̂ according to Eq. (2.17), we obtain
an explicit expression where the standard vacuum energy
for smooth parallel plates is recovered only in the limit
N ¼ 1 (or f̂ ¼ 0), consistent with the literature. This term
constitutes the primary contribution, while the remaining
terms account for the corrections arising from the interplay
between temperature and surface geometry.
As previously shown, the resulting effective potential is

finite after implementing the spectral ζ-function framework
and the renormalization conditions. Furthermore, we can
determine the generation of a topological mass for the
scalar field at one-loop order by evaluating at the stable
minimum energy state Ψ ¼ 0. To this end, we apply the
second condition from (2.12) to the renormalized effective
potential (3.2), yielding

m2
T ¼m2þ g

96aðaþR
1
0 f̂ðβÞdβÞ

Z
1

0

N 1=2ðβÞdβ

þ g

4πξðaþR
1
0 f̂ðβÞdβÞ

�
1−

1

ξðm2þ π2

a2
R
1
0 N ðβÞdβÞ1=2

�

×exp

	
−ξ

�
m2þπ2

a2

Z
1

0

N ðβÞdβ
�

1=2


: ð3:10Þ

In the limit a → ∞, we observe that all terms cancel out, as
expected. Consequently, the case m ¼ 0 can be evaluated
without any impediment; then,

m2
T ¼ g

ðaþ R
1
0 f̂ðβÞdβÞ

�
1

96a

Z
1

0

N 1=2ðβÞ dβ

þ 1

4πξ

�
1 −

a

πξðR 1
0 N ðβÞ dβÞ1=2

�

× exp

	
−
πξ

a

�Z
1

0

N ðβÞ dβ
�

1=2

�

: ð3:11Þ

This result must be strictly positive, since it is evaluated in
the minimum stable state. Let us examine each term to
verify this condition. In the first factor, we note the
presence of the roughness, which acts as a perturbation.
This implies that the integral must be strictly positive,
establishing once again that g > 0. In the second term, the
presence of temperature ensures the positivity of the
expression within the parentheses for large values of ξ,
regardless of the functional form of the roughness.
Consequently, no instability issues arise in the result.
The entire analysis has been completed considering the

low-temperature contribution, that is, for large but finite
values of ξ. According to (3.11), we note that there are
topological corrections to the mass generation due to the
smooth roughness. In our results, it is always possible to
perform a perturbative expansion of N around f̂ to
explicitly determine its contribution. On the other hand,
to better visualize the result for the topological mass, we fix
f̂ ¼ 0 [see (2.17)]; thus, we obtain

m2
T ¼ g

96a2
þ g
4πξa

�
1 −

a
πξ

�
e−

πξ
a : ð3:12Þ

In this case, we see once again that there are no stability
issues since ξ ≫ a. The first term corresponds exactly to
that obtained in Ref. [43] for the case of parallel plates.

IV. CONCLUSIONS

In this work, we investigate the one-loop radiative
corrections to the effective potential of a self-interacting
scalar field theory in 3þ 1 dimensions, subjected to non-
trivial geometry configurations and in the low-temperature
limit. These corrections are determined by geometric
perturbations caused by roughness in the plates under

6It is important to note that the first term of Eq. (3.8) contains
the factorN 3=2ðβÞ inside the integral, whereas the preexponential
factor and the argument of the exponential both involve the
square root of the integral

R
N ðβÞ dβ. When the second term of

Eq. (3.8) is consistently expanded up to second order in f̂=a, the
combined expansions of the square-root and exponential func-
tions must be carried out simultaneously. Since both functions
depend on the same integrated quantity, the second-order
expansion naturally generates cross terms that can be written
as products of independent integrals. Equivalently, the quadratic
correction is not obtained solely from the second-order term in
the expansion of N ðβÞ but also from the nonlinear composition
of the functions appearing in Eq. (3.8). In particular, this
procedure gives rise to the last term in (3.9).
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Dirichlet boundary conditions. The analysis is restricted to
a local adiabatic roughness regime, where the surface
profile varies smoothly over length scales much larger
than the plate separation. This smooth roughness is
represented by a potential term that modifies the trivial
structure of the eigenvalue spectrum [see Eq. (2.16)].
Because of the complexity of the problem, we chose to
use the WKB method to solve the spatial operator and,
consequently, employed the contour integral method of the
generalized ζ-function to obtain a spectral function.
Furthermore, we analyze the finite-temperature contribu-
tion in the low-temperature limit, determining the eigen-
values through perturbation theory. Under these conditions,
our main objective was to study the Casimir energy density
and the generation of a topological mass for the scalar field.
Once the effective potential is constructed, we apply a

renormalization process by imposing the conditions (2.12).
Within to the spectral ζ-function framework together with
the applied renormalization process, and the adiabatic
regime that restricts this problem to an analysis of smoothly
varying surface deformations, we find that the resulting one-
loop effective potential is finite and no additional counter-
terms are required. We emphasize that the present result
should not be interpreted as an implication of the absence of
ultraviolet counterterms but rather as a consequence of the
regularization methods and the adiabatic approximations
applied in this model. Furthermore, we find that vacuum
stability is achieved only with the trivial minimum-state
solution Ψ0 ¼ 0, even in the presence of smooth roughness
and temperature terms. The condition V 00

eff > 0 is guaran-
teed by the positivity of the coupling constant, g > 0, as
well as by the perturbative nature of the roughness and the
rapid decay of the temperature-dependent contributions.
Our central results are the Casimir energy density and the
topological mass at one loop, and their explicit dependence

on the smooth roughness function and finite temperature,
expressed in Eqs. (3.8) and (3.11). The thermal contribution
was analyzed in the regime ξM ≫ 1 and ξ ≫ a, where the
perturbative treatment of the lowest eigenvalues is justified.
The presence of these geometric deviations modifies the
known results by introducing corrections that shift the
spectrum compared to the ideal case of flat plates.
Furthermore, the explicit form for the Casimir energy
density and the topological mass in this limit reveals that
roughness introduces additional correction terms with
different orders in power, while thermal effects become
negligible due to the exponential decay of the corresponding
terms. In the limit where roughness is negligible, i.e., N ¼
1 [see Eq. (3.12)], our model accurately reproduces thewell-
known results reported in Ref. [43], thus supporting the
consistency of the proposed analysis.
Finally, the interaction between the field and the geom-

etry of the plates provides a consistent description of both
the stable vacuum energy and the topological mass gen-
eration. In this context, within the adiabatic regime con-
sidered here, smooth roughness corrections provide a
nontrivial contribution to the Casimir energy density and
topological mass generation. As is well known, these results
highlight the crucial role of nontrivial geometries in
determining the stability of the vacuum state, opening the
possibility for further developments involving finite-temper-
ature configurations, different boundary conditions, external
fields, and more complex geometrical setups.
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Phys. B1014, 116878 (2025).

[17] L. H. Ford, Quantum vacuum energy in a closed universe,
Phys. Rev. D 14, 3304 (1976).

[18] B. Nazari, Casimir effect of two conducting parallel plates in
a general weak gravitational field, Eur. Phys. J. C 75, 501
(2015).

[19] B. Nazari, Vacuum stress between conducting plates:
The curved spacetime version, Iran. J. Phys. Res. 25, 105
(2025).

[20] C. R. Muniz, V. B. Bezerra, and M. S. Cunha, Casimir effect
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