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We present the calculation of next-to-next-to-leading-order (NNLO) QCD corrections to hadron
multiplicities in light-quark jets at lepton colliders, employing the “projection-to-Born” (P2B) method
implemented in the FMNLO program. Taking the next-to-leading-order result as an example, we rigorously
establish the validity of our P2B-based calculation. We then present NNLO predictions for the normalized
asymmetry DK− between hadron and antihadron production in light-quark jets and compare them with
SLD data. We find that a suppression of these SLD measurements relative to NPC23 predictions for
DK− emerges in the intermediate zh domain (0.2≲ zh ≲ 0.7). We expect that incorporating these SLD data
into global QCD fits will enable improved determination of fragmentation functions.
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I. INTRODUCTION

In QCD, the production of identified hadrons in hard-
scattering processes involves a two-stage mechanism: first,
the perturbative production of partons (quarks or gluons),
followed by the nonperturbative transition of these partons
into hadrons. This hadronization process is characterized by
fragmentation functions (FFs), which quantify the proba-
bility for a parton to produce a hadron carrying a fraction
of its momentum [1–3]. Besides their fundamental role in
understanding QCD color confinement, FFs are crucial for
probing the nucleon substructure—heightened in importance
by the advent of the precision era in high-energy nuclear
physics enabled by electron-ion colliders [4,5].
Given that FFs encode nonperturbative QCD dynamics,

they cannot currently be calculated from first principles of
QCD and are instead extracted via global fits to exper-
imental data from eþe−, lepton-hadron, and hadron-hadron
collisions. Perturbative QCD corrections to single-inclusive
annihilation (SIA) at lepton colliders have been calculated
up to next-to-next-to-next-to-leading-order (N3LO) in
Refs. [6–11]. For semi-inclusive deep inelastic scattering
(SIDIS) in lepton-hadron collisions, the corresponding
cross sections at next-to-next-to-leading-order (NNLO)

have been calculated in Refs. [12–23]. Approximate
NNLO and N3LO corrections have also been derived from
the expansion of the threshold resummation expressions
[24,25]. Equipped with perturbative QCD calculations and
a wealth of experimental measurements, comprehensive
global fits incorporating diverse data samples have become
feasible for extracting FFs. The representative efforts at
next-to-leading-order (NLO) accuracy can be found in the
works of DSS [26–29], HKNS [30], AKK [31], NNFF [32],
MAPFF [33], JAM [34], and NPC23 [35–37]. Furthermore,
determinations of FFs have been made at NNLO with SIA
data only [38,39], at approximate NNLO with SIA and
SIDIS data [40,41], and most recently at full NNLO
accuracy in QCD for charged pions and kaons, using a
global analysis of SIA and SIDIS data [42].
In eþe− collisions, numerous SIA measurements have

been performed by various experiments at different center-
of-mass energies [43–50]. For instance, analyses based on
SLD measurements at the Z-pole have been presented
for inclusive charged particles as well as identified π�, K�,
and p=p̄ production in hadronic Z0 decays. These studies
distinguish production originating from light (u, d, s),
charm (c), and bottom (b) primary quark flavors. Beyond
measuring hadron multiplicity distributions in SIA, experi-
ments also provide differential production rates for hadrons
and antihadrons, specifically in light-quark jets [48]
(detailed in subsequent sections). Similar to analyses of
hadron energy fraction distributions in the forward region
of SIA processes [51], studying hadron multiplicities in
light-quark jets offers a valuable method for the separation
of light-quark and antiquark FFs. Consequently, incorpo-
rating this dataset into global FF fits is expected to enhance

*Contact author: zb0429@sjtu.edu.cn
†Contact author: jung49@sjtu.edu.cn

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 112, 074016 (2025)

2470-0010=2025=112(7)=074016(9) 074016-1 Published by the American Physical Society

https://orcid.org/0000-0002-1592-7015
https://orcid.org/0000-0002-1227-8857
https://ror.org/0220qvk04
https://crossmark.crossref.org/dialog/?doi=10.1103/tjy3-tdxv&domain=pdf&date_stamp=2025-10-15
https://doi.org/10.1103/tjy3-tdxv
https://doi.org/10.1103/tjy3-tdxv
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


the precision of the extracted FFs, necessitating accurate
theoretical calculations of the corresponding observable.
In this work, we focus on the NNLO calculations

of hadron multiplicity distributions in light-quark jets.
Leveraging the capability of the FMNLO program
[36,51,52] to calculate hadron multiplicities for both
NNLO-accurate SIA processes and NLO-accurate three-
jet production processes [51], we employ the “projection-
to-Born” (P2B) method [53–58] to derive NNLO
corrections for hadron multiplicities in light-quark jets.
FMNLO is a program for automated and fast calculations
of fragmentation cross sections at NLO for arbitrary
processes via MG5_AMC@NLO [59,60]. It is based on a
hybrid scheme combining the phase-space slicing and local
subtraction methods. The updated version, FMNLOv2.1,
extends this capability to compute NNLO corrections for
hadron multiplicities in SIDIS, SIA, and Higgs boson
decays to gluons [51]. For these NNLO calculations within
FMNLO, the convolution of analytic coefficient functions
[6–10] with FFs is performed via numerical Monte Carlo
integration. Building on these results for hadron multiplic-
ities in light-quark jets, we further analyze differential
production rate asymmetries [specifically, the normalized
difference Dh defined in Eq. (12)] between hadrons and
antihadrons in light-quark jets.
This paper is organized as follows. Section II introduces

the theoretical formalism, including the definition of
hadron multiplicities in light-quark jets and their compu-
tation using the P2B method. In Sec. III, we first demon-
strate the validity of our P2B-based calculation and then
present NNLO numerical results for the asymmetries
between hadron and antihadron production in light-quark
jets, comparing them with SLD data. Conclusions and
prospects are summarized in Sec. IV. The Appendix
provides a brief introduction to our NNLO calculations
for the hadron energy fraction distribution in light-quark
jets, as implemented in FMNLO and used in this study.

II. METHODS

In this section, we present the calculation of hadron
multiplicities in light-quark jets, which can be used to
distinguish between quark and antiquark flavor fragmen-
tation functions. We start by reviewing the factorization
formula for the SIA process. The spin-averaged SIA
differential cross section in the energy fraction zh ≡
2Eh=Q carried by the identified hadron at a given
center-of-mass energy of

ffiffiffi

s
p ¼ Q is written as

dσh

dzh
¼

X

i¼q;q̄;g

dσi
dy

⊗ Dh
i ðzhÞ: ð1Þ

Here, Dh
i ðxÞ denotes the fragmentation function of parton i

into hadron h. The symbol ⊗ denotes the standard
convolution integral, defined as

f ⊗ gðzÞ ¼
Z

1

0

dx1

Z

1

0

dx2fðx1Þgðx2Þδðz − x1x2Þ: ð2Þ

In Eq. (1), dσidy is the differential cross section in the energy
fraction y carried by the parton i (quark q, antiquark q̄, and
gluon g). It can be formally expressed as

dσi
dy

¼
Z

dPS
dσi
dPS

δ

�

y −
2Ei
ffiffiffi

s
p

�

; ð3Þ

where Ei is the energy of parton i and dPS denotes the
final-state phase-space measure. The analytic results for dσi

dy

can be expressed in terms of the leading-order (LO)

inclusive cross section σð0Þi for parton i production and
the SIA perturbative coefficient functions. These results

have been calculated up to N3LO [6–11]. In σð0Þi , the vector-
and axial-vector coupling constants of the Z-boson to the
lepton can be replaced by the corresponding left- and right-
handed couplings. This replacement enables one to readily
obtain the hadron energy fraction distribution for a polar-
ized initial-state electron by scaling the left-handed cou-
plings by

ffiffiffiffiffiffiffiffiffiffiffi

1 − P
p

and the right-handed couplings by
ffiffiffiffiffiffiffiffiffiffiffiffi

1þ P
p

, where P ¼ −1 corresponds to a left-handed
electron and P ¼ 1 to a right-handed electron.
We now address the calculation of hadron multiplicities

in light-quark jets, corresponding to the quark-tagged
hemisphere in experiments [48]. The hadron energy frac-
tion distribution in the quark-tagged hemisphere can be
expressed similarly to Eq. (1), but with dσi

dy modified as

dσi
dy

¼
Z

dPS
dσi
dPS

δ

�

y −
2Ei
ffiffiffi

s
p

�

Θðcos θh⃗ n⃗ÞFðcos θn⃗Þ; ð4Þ

where n⃗ denotes the thrust axis (defined with nz¼ cosθn⃗ >0
aligned with the electron beam), and θh⃗ n⃗ is the angle of
hadron h relative to the thrust axis in the center-of-mass
frame. Note that the hadron’s direction is aligned with the
momentum of its parent parton i. Fðcos θn⃗Þ denotes an
optional selection criterion applied to the thrust axis ori-
entation. For left-handed (right-handed) electron beam
polarization, the quark-tagged hemisphere contains tracks
with positive (negative) momentum projection along the
signed thrust axis. The remaining tracks in each event are
defined to be in the antiquark-tagged hemisphere. Focusing
on left-handed polarization, we require final-state hadrons to
satisfy cos θh⃗ n⃗ > 0.
Using the FMNLO program [52] interfaced to

MG5_AMC@NLO [59,60], we can compute the hadron energy
fraction distribution in the quark-tagged hemisphere at
NLO. FMNLO employs a hybrid phase-space slicing and
local subtraction scheme to enable automated NLO calcu-
lations of fragmentation cross sections, including SIA.
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By implementing the angular constraints Θðcos θh⃗ n⃗Þ and
Fðcos θn⃗Þ within the SIA module (as detailed in FMNLO
and Appendix C), we thus derive the hadron energy fraction
distribution in the quark-tagged hemisphere. This result
serves as the benchmark for validating the P2B method
discussed below.
In the NNLO SIA calculations using FMNLO, the

convolution of analytic coefficient functions with FFs is

performed via numerical Monte Carlo integration. The
implementation based on the analytic coefficient functions
[6–10] cannot inherently determine the thrust axis or
enforce angular cuts. Therefore, direct modification of
the FMNLONNLO SIA implementation to include angular
constraints is infeasible. To address this limitation, we
employ the P2B method [53–58]. Decomposing Eq. (4)
with a cutoff τ, we write

dσi
dy

¼
Z

dPS
dσi
dPS

δ

�

y −
2Ei
ffiffiffi

s
p

�

Θðcos θh⃗ n⃗Þ½Θðτ − τ0Þ þ Θðτ0 − τÞ�Fðcos θn⃗Þ

¼
Z

dPS
dσi
dPS

δ

�

y −
2Ei
ffiffiffi

s
p

�

Θðcos θh⃗ n⃗ÞΘðτ − τ0ÞFðcos θn⃗Þ þ
Z

dPS
dσi
dPS

δ

�

y −
2Ei
ffiffiffi

s
p

�

Θðcos θh⃗ n⃗ÞΘðτ0 − τÞFðcos θn⃗Þ;

ð5Þ

where we can choose τ≡ 1 − T, with T being the thrust variable. For τ0 ≪ 1, the final state approximates two back-to-back
jets, with cos θh⃗ n⃗ ≈ sign½cos θh⃗� and cos θn⃗ ≈ j cos θh⃗j. The soft-collinear integration then becomes

Z

dPS
dσi
dPS

δ

�

y −
2Ei
ffiffiffi

s
p

�

Θðcos θh⃗ n⃗ÞΘðτ0 − τÞFðcos θn⃗Þ

¼
Z

dPS
dσi
dPS

δ

�

y −
2Ei
ffiffiffi

s
p

�

Θðcos θh⃗ÞΘðτ0 − τÞFðcos θh⃗Þ þOðτ0Þ

¼
Z

dPS
dσi
dPS

δ

�

y −
2Ei
ffiffiffi

s
p

�

Θðcos θh⃗ÞFðcos θh⃗Þ −
Z

dPS
dσi
dPS

δ

�

y −
2Ei
ffiffiffi

s
p

�

Θðcos θh⃗ÞΘðτ − τ0ÞFðcos θh⃗Þ þOðτ0Þ; ð6Þ

where we employ the substitution 1 − Θðτ − τ0Þ for Θðτ0 − τÞ. Substituting Eqs. (5) and (6) into Eq. (1), we have

dσh

dzh
¼

X

i¼q;q̄;g

Z

dPS
dσi
dPS

δ

�

y −
2Ei
ffiffiffi

s
p

�

Θðcos θh⃗ÞFðcos θh⃗Þ ⊗ Dh
i ðzhÞ

þ
X

i¼q;q̄;g

Z

dPS
dσi
dPS

δ

�

y −
2Ei
ffiffiffi

s
p

�

Θðτ − τ0Þ½Θðcos θh⃗ n⃗ÞFðcos θn⃗Þ − Θðcos θh⃗ÞFðcos θh⃗Þ� ⊗ Dh
i ðzhÞ þOðτ0Þ; ð7Þ

valid in the limit τ0 → 0. In this limit, the expression simplifies to

dσh

dzh
¼

X

i¼q;q̄;g

Z

dPS
dσi
dPS

δ

�

y −
2Ei
ffiffiffi

s
p

�

Θðcos θh⃗ÞFðcos θh⃗Þ ⊗ Dh
i ðzhÞ

þ
X

i¼q;q̄;g

Z

dPS
dσi
dPS

δ

�

y −
2Ei
ffiffiffi

s
p

�

½Θðcos θh⃗ n⃗ÞFðcos θn⃗Þ − Θðcos θh⃗ÞFðcos θh⃗Þ� ⊗ Dh
i ðzhÞ; ð8Þ

which is the expression derived via the P2B method.
Implementation of the first term in Eq. (8) at NNLO
accuracy via analytic coefficient functions is straightforward
(see Appendix A). The second term, however, receives
contributions exclusively from final states with three or
more jets. Crucially, the hadron energy fraction distributions
for these three-jet processes—subject to the kinematic cuts

Θðcos θh⃗ n⃗ÞFðcos θn⃗Þ or Θðcos θh⃗ÞFðcos θh⃗Þ—are infrared-
safe observables. Consequently, this term can be calculated
using the FMNLO program, as described in Appendix B.
Finally, it should be noted that the program based on the P2B
method can compute not only NNLO corrections but also
NLO corrections to the hadron energy fraction distribution in
the quark-tagged hemisphere.
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III. NUMERICAL RESULTS

In this section, we present numerical predictions for
hadron multiplicities in light-quark jets. The SLD experi-
ment at SLAC conducted measurements for the SIA
process. In their SIA study [48], momentum spectra for
light charged hadrons are measured using a polarized
electron beam colliding with a positron beam. Unless
otherwise specified, the lepton collider center-of-mass
energy is set to

ffiffiffi

s
p ¼ 91.18 GeV and the magnitude of

the e− beam polarization, defined as

Pe ¼
N− − Nþ

N− þ Nþ ; ð9Þ

is fixed at 0.73. Here, N− denotes the total number of
events with left-handed electrons, and Nþ denotes the total
number of events with right-handed electrons. At the parton
level, only the three light-quark flavors (u, d, and s)
are considered for the electroweak vertices. Events are
accepted if cos θh⃗ n⃗ > 0 and 0.15 < nz < 0.71. Therefore,
the measured hadron multiplicities can be formally
expressed as

Rq
h ≡ 1

σ

dσh

dzh

¼ 1

σ

X

i¼q;q̄;g

Z

dPS
dσi
dPS

δ

�

y −
2Ei
ffiffiffi

s
p

�

Θðcos θh⃗ n⃗Þ

× Θðnz − 0.15ÞΘð0.71 − nzÞ ⊗ Dh
i ðzhÞ; ð10Þ

where q in the symbol Rq
h represents light-flavor quark

jets (quark-tagged hemisphere) and h represents light
charged hadrons. For brevity, we focus on the h ¼ K−

spectra. σ is the inclusive total cross section for SIA,
incorporating the specified additional kinematic cuts
Fðcos θn⃗Þ ¼ Θðnz − 0.15ÞΘð0.71 − nzÞ, which could be
calculated using the P2B method. Similar to Eq. (8), the
expression for σ based on the P2B method can be written as

σ ¼
Z

dPS
dσ
dPS

Fðcos θqÞ

þ
Z

dPS
dσ
dPS

½Fðcos θn⃗Þ − Fðcos θqÞ�; ð11Þ

where θq is the angle between the outgoing quark q and the
incoming electron. σ can also be calculated separately using
other programs [61], showing good agreement with the
results obtained from the P2B method. Before comparing
with the data from SLD, we first demonstrate the validity of
our P2B-based calculation.
Figure 1 contains three panels comparing the NLO

results obtained using the P2B method with the benchmark
results for the hadron energy fraction distribution in the
quark-tagged hemisphere. The middle panel displays the

ratios of the P2B predictions to the benchmark. For these
calculations, we employ the NNLO FF sets from Ref. [42].
As shown in Fig. 1, excellent agreement between the
benchmark and the P2B results [calculated using Eq. (8)]
is observed across the entire kinematic range, as evidenced
by the middle panel. Specifically, deviations in all bins are
below 0.2%, primarily attributed to Monte Carlo uncer-
tainties, which validates the P2B method implementation
at NLO. The bottom panel shows the ratio of the LO
prediction and the first term in Eq. (8) to the benchmark.
We observe that the NLO correction first decreases and
then increases with rising zh, reaching up to 42%. The ratio
of the first term alone decreases monotonically with
increasing zh, indicating that the contribution of the second
term to the P2B result diminishes as zh grows, reaching a
maximum reduction of 12%.
We now turn to demonstrate the independence of our

predictions for the hadron energy fraction distribution in
the quark-tagged hemisphere from the choice of the cutoff
parameter λ. Beyond LO, FMNLO introduces a cutoff
parameter λ to partition the phase space into unresolved and
resolved collinear regions, as detailed in Ref. [52]. Since
the P2B result at NLO incorporates only the LO contri-
bution from three-jet production, which is independent
of λ, we demonstrate in Fig. 2 the independence of our
NNLO predictions from the choice of λ. The upper panel
shows the NNLO predictions of the differential cross
sections as a function of zh for several choices of λ ranging
from 0.005 to 0.04. The middle and lower panels display,
respectively, the ratios of the predictions obtained with
λ ¼ 0.005, 0.01, and 0.04 to those with λ ¼ 0.02, and
the ratios of the NLO results to the NNLO result with
λ ¼ 0.02. Owing to the large cancellation between
Θðcosθh⃗ n⃗ÞFðcosθn⃗Þ−Θðcosθh⃗ÞFðcosθh⃗Þ, our predictions

FIG. 1. Comparison of the NLO results obtained using the P2B
method with the benchmark calculation of the hadron energy
fraction distribution in the quark-tagged hemisphere. The middle
panel displays the ratios of the P2B predictions to the benchmark,
while the bottom panel shows the ratio of the LO prediction and
of the first term in Eq. (8) to the benchmark.
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for three-jet production exhibit a residual dependence
on the cutoff parameter. However, the resulting variations
across different λ values are confined to within 1%, which
has a negligible impact on the final physical observables
compared to the ∼30% NNLO correction. As evident in the
middle panel, significant variations for different λ values
occur only at small zh, a region typically excluded from
fitting procedures.
Compared to hadron multiplicities in light-quark jets, we

are more interested in the physical observable Dh, formally
defined as the normalized asymmetry between hadron and
antihadron production in light-quark jets,

Dh ¼
Rq
h − Rq

h̄

Rq
h þ Rq

h̄

; ð12Þ

where h̄ denotes the antihadron corresponding to h. To
address whether a primary quark-initiated jet (e.g., u quark)
produces more hadrons with valence quarks (e.g., πþ,
Kþ, p) than those without (e.g., π−, K−, p̄), the SLD
analysis [48] excluded antiquark contributions in the quark-
tagged hemisphere, referred to as the “Pure” result for
clarity. The relationship between the “Pure” result (exclud-
ing antiquarks) and the “Mixing” result (including anti-
quarks) is governed by the effective quark purity, which
depends on the polar angle and was estimated from
simulations to have an average value of 0.72 for the
selected track sample [48]. It is crucial to emphasize that
the current FMNLO implementation directly calculates
only the “Mixing” results, while the “Pure” results are
obtained from the calculated “Mixing” ones using a matrix
transformation based on the effective quark purity.
To validate this transformation between the “Pure” and

“Mixing” results, Fig. 3 compares the SLD measurements

with JETSET predictions for both the “Pure” and “Mixing”
cases of DK− . The error bars represent the combined
statistical and systematic uncertainties, and the lower panel
shows the ratio to the corresponding “Pure” predictions. It
is important to note that the SLD “Mixing” data for DK−

were obtained by applying a matrix transformation based
on the effective quark purity to the original “Pure” data,
while the JETSET prediction was generated directly using
the JETSET model [62]. For the “Pure” DK− case, Fig. 3
shows that the predictions of the JETSET model are
consistent with the SLD data, as discussed in detail in
Ref. [48]. In the “Mixing” case, the JETSET predictions
generally fall within the SLD experimental uncertainties.
However, deviations beyond the error bars are observed in
a few data bins, notably in the range 0.3≲ zh ≲ 0.5. This
discrepancy arises because the effective quark purity
predicted by JETSET differs from the experimental value
of 0.72. As seen in the lower panel, the effective
quark purity from JETSET is higher than 0.72, but remains
within the error bars. Therefore, in subsequent analyses, we
use the “Mixing” data from SLD as the baseline for
studying the mixed scenario.
Figure 4 presents our NNLO predictions for the

“Mixing” DK− observable, comparing results from various
fragmentation function sets [38,41,42] with the data from
SLD at the Z-pole. The lower panel shows the ratio to the
NPC23 predictions, with error bands representing their
one-σ uncertainties for the FF sets [42], while error bars
represent the combined statistical and systematic uncer-
tainties of the data. Owing to the lack of constraints from
SIDIS data, the uncertainties for the NNFF10 results are too
large and are, therefore, not shown in Fig. 4. All FFs used
here are at NNLO accuracy.

FIG. 3. Comparison of the normalized difference (DK− ) between
hadron and antihadron production in light-quark jets from SLD
measurements and JETSET predictions. “Pure” denotes results
excluding antiquark contributions in the quark-tagged hemisphere,
while “Mixing” includes these contributions. The error bars
include statistical and systematic uncertainties. The lower panel
shows the ratio to the corresponding “Pure” predictions.

FIG. 2. Comparison of the NNLO predictions for the hadron
energy fraction distribution in the quark-tagged hemisphere for λ
values ranging from 0.005 to 0.04. The middle and lower panels
show, respectively, the ratios of predictions at λ ¼ 0.005, 0.01,
and 0.04 to the λ ¼ 0.02 reference, and the ratios of NLO results
to NNLO ones at λ ¼ 0.02.
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We first analyze the impact of different FF sets on the
NNLO results. Figure 4 shows that the MAPFF results
exhibit good agreement with the NPC23 predictions,
considering their respective uncertainties. Meanwhile, the
NNFF10 results align with the NPC23 results for zh < 0.2
but show progressively larger deviations as zh exceeds 0.2.
When comparing theoretical predictions with experimental
data, the SLD results fall within the NPC23 uncertainty
bands at low and high zh, while systematically lying below
theoretical values in the intermediate region (0.2≲x≲0.7).
This suppression may originate from either an overesti-
mated fragmentation function for strange quarks producing
K− or an underestimated fragmentation function for up
quarks producing Kþ. To enhance theoretical precision,

incorporating this dataset into global fits is essential for
extracting more accurate fragmentation functions.
Figure 5 compares our NNLO predictions from various

FFs at NLO [26–29,34], JETSET [62], and PYTHIA8 models
[63] against NPC23 results from the FFs at NNLO. Since
no uncertainties for the DSS FFs are provided publicly, the
error band for the DSS prediction is not available. It can be
observed in Fig. 5 that the JAM and DSS results demon-
strate good agreement with NPC23 in the high-zh region
but exhibit significant discrepancies at low zh. Conversely,
JETSET and PYTHIA8 predictions remain within NPC23
uncertainties at low zh. As zh increases through the
intermediate range (0.3≲ zh ≲ 0.6), however, the results
from both models fall outside the NPC23 bands, with
PYTHIA8 results showing smaller deviations than JETSET
ones. Finally, at high zh, JETSET and PYTHIA8 predictions
agree with NPC23 within uncertainties.

IV. CONCLUSION

In this work, we have presented the NNLO QCD
calculation of light charged hadron multiplicities in
light-quark jets at lepton colliders. This achievement was
realized using the FMNLO framework combined with the
P2B method.
The validity of our computational approach was rigor-

ously established at NLO through excellent agreement
between the NLO results obtained using the P2B method
and the benchmark calculation of the hadron energy
fraction distribution in the quark-tagged hemisphere. This
successful validation provides a solid foundation for
extending the P2B framework to NNLO accuracy.
Applying this validated NNLO formalism, we computed

the normalized asymmetry DK− for the “Mixing” scenario
in light-quark jets. Comparisons of our predictions, derived
using various FF sets, with SLD data yielded significant
findings. We observe that the MAPFF results are in good
agreement with the NPC23 ones across the entire zh range,
considering their respective uncertainties, while the
NNFF10 results align with the NPC23 ones only for
zh < 0.2. Both JAM and DSS results demonstrate good
agreement with NPC23 in the high-zh region but exhibit
significant discrepancies at low zh. Predictions from event
generators (JETSET and PYTHIA8) agree with NPC23
within uncertainties at low and high zh, but deviate in
the intermediate region (0.3≲ zh ≲ 0.6), with PYTHIA8

showing smaller deviations than JETSET. When bench-
marked against SLD data, a systematic suppression of the
experimental results relative to NPC23 predictions for DK−

emerges in the intermediate zh domain (0.2≲ zh ≲ 0.7).
This suppression likely indicates limitations of current FFs,
potentially from an overestimated FF from the s quark
fragmenting into K− or an underestimated FF from the u
quark fragmenting into Kþ in this kinematic domain.
Agreement with SLD measurements is observed within
uncertainties at low and high zh.

FIG. 5. Comparison of our NNLO predictions from various FFs
at NLO, JETSET, and PYTHIA8 models to the NPC23 results from
the FFs at NNLO. The lower panel displays the ratio to the
NPC23 results. The error bands indicate their one-σ uncertainties.

FIG. 4. Comparison of Dk− predictions at NNLO between the
results obtained from different fragmentation function sets and
the data from SLD at the Z-pole. The lower panel displays the
ratio to the NPC23 predictions. The error bands indicate their
one-σ uncertainties, and the error bars include statistical and
systematic uncertainties.
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The observed deviations between state-of-the-art FF
predictions and SLD data highlight the potential of precise
light-quark jet measurements to provide stringent con-
straints on fragmentation functions, particularly for strange
quarks. Consequently, inclusion of this dataset into global
analyses at NNLO accuracy is essential to achieve a more
precise and flavor-discriminative determination of frag-
mentation functions.
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APPENDIX A: THE FIRST TERM BASED
ON THE P2B METHOD

Through this study, we have developed v2.1SLD of
the FMNLO program, which allows for NNLO calculations
and grid generation for the hadron energy fraction distri-
bution in light-quark jets and is available from the authors
upon request. Instructions for installation and usage of
FMNLOv2.1SLD can be found in Appendix A of Ref. [52].
Here, we highlight only the usage of the first term based
on the P2B method, which can be calculated using the
module A4001SLD within the FMNLOv2.1SLD package.
Importantly, to only consider three light-quark flavors
(u, d, s) for the electroweak vertex, one has to modify
sia/src/inte.f90 located in the main directory
FMNLOv2.1SLD. That can be achieved by simply replac-
ing 5 with 3 at the 163rd line of the file. The parameter card
for this module corresponds to the file FMNLOv2.1SLD/
mgen/A4001SLD/proc.run, and reads:
sia A4001SLD
# subgrids with name tags
grid left_1
pdfname ‘CT14nlo’
etag ‘e-’
htag ‘p’
obs 3
zdef 1
cut 0.02
q2d 450.0
q2u 1000.0

xbjd 0.0
xbju 1.0
yid 0.0
yiu 1.0
pdfmember 0
sqrtS 91.18
Rscale 1.0
Fscale 1.0
ncores 30
maxeval 2000000
iseed 11
epol −1.0
ifor 1
nz1 0.15
nz2 0.71
end
The additional parameters compared to similar modules

presented in FMNLOv2.1 [51] are as follows:
(i) sia specifies the name of the directory that contains

the module to be loaded.
(ii) epol specifies the electron beam polarization,

where −1.0 denotes a left-handed electron and 1.0
denotes a right-handed electron.

(iii) ifor specifies the hemisphere to be calculated,
where 1 selects the quark-tagged hemisphere and −1
selects the antiquark-tagged hemisphere.

(iv) nz1 and nz2 specify the lower and upper limits,
respectively, for the z-component of the signed
thrust axis (nz).

APPENDIX B: THE SECOND TERM BASED
ON THE P2B METHOD

In FMNLOv2.1SLD we have included a module
A5005SLD, dedicated to calculating the second term in
Eq. (8). The parameter card for thismodule corresponds to the
file FMNLOv2.1SLD/mgen/A5005SLD/proc.run,
and reads:
process A5005SLD
# subgrids with name tags
grid left_1
obs 1
cut 0.02
epol −1.0
ifor 1
nz1 0.15
nz2 0.71
# in MG5 format
set ptj 1.0
set lpp1 0
set lpp2 0
set ebony 45.59
set ebeam2 45.59
set iseed 11
set muR_over_ref 1.0
set muF_over_ref 1.0
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set fixed_ren_scale True
set muR_ref_fixed 91.18
set req_acc_FO 0.002
end
The additional parameters compared to similar modules

presented in FMNLOv1.0 are epol, ifor, nz1, and
nz2, which are identical to the parameters defined in
Appendix A.

APPENDIX C: NLO CALCULATIONS AS THE
BENCHMARK

In FMNLOv2.1SLD, we have included a module
A1005SLD for NLO calculation of hadron multiplicity
distributions in the energy fraction in light-quark jets at
electron-positron collisions. The parameter card for this
module corresponds to the file FMNLOv2.1SLD/mgen/
A1005SLD/proc.run, and reads:
process A1005SLD
# subgrids with name tags
grid left_1
obs 1
cut 0.02
ptj1 0.0
ptj2 50.0

epol −1.0
ifor 1
nz1 0.15
nz2 0.71
# in MG5 format
set ptj 1.0
set lpp1 0
set lpp2 0
set ebeam1 45.59
set ebeam2 45.59
set iseed 11
set muR_over_ref 1.0
set muF_over_ref 1.0
set fixed_ren_scale True
set muR_ref_fixed 91.18
set req_acc_FO 0.002
# for importance sampling in collinear

region
set event_norm bias
end
The additional parameters compared to similar modules

presented in FMNLOv1.0 are epol, ifor, nz1, and
nz2, which are identical to the parameters defined in
Appendix A.
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