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We study the phase structure of a model containing two flavors of massless staggered fermions
interacting through two independent four-fermion couplings, UI and UB, formulated on a three-
dimensional Euclidean space-time lattice. At UB ¼ 0, this model is known to exhibit a direct second-
order quantum phase transition between a massless fermion (MF) phase and a phase in which fermions
acquire masses through the mechanism commonly referred to as symmetric mass generation (SMG). We
demonstrate that introducing a small nonzero value ofUB qualitatively alters this structure: the single exotic
transition at UB ¼ 0 splits into two distinct, conventional transitions, separated by an intermediate phase in
which fermion masses arise through the standard mechanism of spontaneous symmetry breaking (SSB).
The first of these is a Gross–Neveu transition separating the MF phase from the SSB-induced massive
phase, while the second is a three-dimensional XY transition between the SSB phase and the SMG phase.
Using the fermion bag Monte Carlo method, we verify that the critical exponents associated with both
transitions are consistent with the literature, thereby yielding a quantitative characterization of the resulting
phase structure of the model.
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I. INTRODUCTION

The origin of fermion masses is a fundamental question
in particle physics. In quantum field theories, such masses
typically arise from local fermion bilinear terms in the
action. When symmetries forbid these terms, fermion mass
generation usually proceeds through spontaneous sym-
metry breaking (SSB), such that fermion bilinear terms
emerge dynamically as condensates [1]. A similar mecha-
nism is employed in the Standard Model, where the Higgs
field develops a vacuum expectation value and thereby
enables fermion masses to arise through Yukawa couplings
[2,3]. In quantum chromodynamics, SSB of chiral sym-
metry is driven by strong gauge–field fluctuations,
which induce fermion bilinear condensates; together with

confinement, this mechanism accounts for the large masses
of hadrons such as protons and neutrons.
However, recent studies of lattice models have demon-

strated that fermion masses can also emerge dynamically
without SSB [4–6]. In such cases, none of the lattice
symmetries present in the massless phase are spontane-
ously broken in the massive phase, and the masses instead
arise purely from strong interactions. This unconventional
mechanism of fermion mass generation is now commonly
referred to as symmetric mass generation (SMG) [5,7,8].
Although SMG-like phases were discovered long ago
[9,10], they were largely overlooked for many years,
having been assumed to be lattice artifacts without rel-
evance to continuum quantum field theories. The recent
discoveries of a direct second–order transition between the
massless fermion (MF) phase and the SMG phase [11–16]
have reignited interest in the SMG phase itself [17–20],
as well as renewed efforts to formulate chiral gauge
theories on the lattice using SMG to gap out mirror
fermions [21–27].
The presence of a direct second–order transition in a

lattice model between the MF phase and the SMG phase
suggests the existence of a new RG fixed point that governs
the long–distance physics at criticality. Such a fixed point,
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featuring two relevant directions, was conjectured long ago
in a class of lattice models [28]. The most convincing
evidence for its existence now comes from studies in three
Euclidean space-time dimensions on a cubic lattice [11,12].
Somewhat surprisingly, however, a single four-fermion
interaction parameter—which we label UI—proved suffi-
cient to tune the model to criticality and reveal the
transition [11,12].
Motivated by the possibility that an underlying sym-

metry may reduce the number of relevant directions, in this
work, we extend the lattice model studied previously by
introducing a new coupling UB that breaks some of the
lattice symmetries. To explore the effects of UB on the
phase transition, we perform large-scale Monte Carlo
calculations, in the absence of explicit fermion mass terms
in the lattice action. A key feature of our construction is that
the model admits a formulation within the fermion bag
approach [29], which enables efficient simulations in this
regime.
Our results show that the presence of UB splits the direct

transition between the MF phase and the SMG phase into
two distinct transitions by generating an intermediate, more
conventional massive-fermion phase characterized by SSB.
The transition between the MF phase and the SSB phase
belongs to a conventional Gross–Neveu universality class,
while the transition between the SSB phase and the SMG
phase belongs to a bosonic universality class in which
fermions are massive and decouple. The symmetries of our
model and the associated symmetry-breaking pattern sug-
gest that this transition lies in the three-dimensional XY
universality class. In our work, we are able to study the
universality classes of both transitions and find critical
behavior consistent with these expectations.
Our paper is organized as follows. In Sec. II, we

introduce our lattice model and discuss its relevant lattice
symmetries. In Sec. III, we show how we can formulate the
fermionic path integral of our model using the fermion bag
approach. We introduce the idea of instanton-dimer con-
figurations and their weights. We then construct several
Monte Carlo methods to update these instanton-dimer
configurations in Sec. IV. In Sec. V, we present our results.
We first discuss a detailed study of the Gross-Neveu
transition followed by a discussion of the XY-transision.
We then show a broader study of the model for various
couplings and lattice sizes to obtain a qualitative under-
standing of the phase diagram of our model. Each of these
discussions are presented as separate subsections of Sec. V.
We finally present our conclusions in Sec. VI.

II. LATTICE MODEL

Our lattice model is a (2þ 1)-dimensional Euclidean
space-time system consisting of two flavors of massless
staggered fermions, denoted u and d, interacting via two
independent four-fermion couplingsUI andUB. The action
is constructed with four Grassmann-valued staggered

fermion fields at each site i, namely ūi, ui, d̄i, and di,
and is given by

S ¼
X
hiji

ηij
2
ðūiuj − ūjui þ d̄idj − d̄jdiÞ −UI

X
i

ðūiuid̄idiÞ

− UB

X
hiji

ðūiuiūjuj þ d̄idid̄jdjÞ: ð1Þ

Here i and j label sites on a cubic lattice with coordinates
ðt; x; yÞ. Each side of the cube has length L in lattice units,
so that t; x; y ¼ 0; 1;…; L − 1, and the total lattice volume
contains L3 sites. The notation hiji denotes the nearest-
neighbor lattice sites. The phase factors ηij implement a π
flux through each plaquette of the cubic lattice. A con-
venient choice is ηij ¼ 1 if j has coordinates ðtþ 1; x; yÞ,
ηij ¼ ð−1Þt if j has coordinates ðt; xþ 1; yÞ, and ηij ¼
ð−1Þtþx if j has coordinates ðt; x; yþ 1Þ. Finally, lattice
sites are classified as even or odd depending on whether
tþ xþ y is even or odd, respectively. In this work,
antiperiodic boundary conditions are imposed along each
direction.
We can view the action in Eq. (1) as consisting of three

distinct terms, each with its own symmetry properties. The
first term describes the free hopping of fermions and is
invariant under an internal SUð4Þ ×Uð1Þ transformation
given by

0
BBB@
ui
ūi
di
d̄i

1
CCCA→ Veiθ

0
BBB@
ui
ūi
di
d̄i

1
CCCA;

0
BBB@

ūj
uj

d̄j
dj

1
CCCA→ V�e−iθ

0
BBB@

ūj
uj

d̄j
dj

1
CCCA; ð2Þ

where site i is assumed to be even and j odd. Here V
denotes an element of the SUð4Þ group, while eiθ repre-
sents a Uð1Þ phase factor often interpreted as an axial
symmetry of staggered fermions.
The second term proportional toUI is invariant under the

SUð4Þ transformation in Eq. (2), but it explicitly breaks the
axial Uð1Þ symmetry. For this reason, this interaction can
be viewed as a ’t Hooft vertex, introducing instanton-like
effects into the fermionic path integral [30]; this interpre-
tation also motivates the notation UI . The third term
proportional to UB represents back–and–forth hopping of
quarks along a single bond, motivating the label UB. This
interaction has also been interpreted as a Thirring inter-
action for each flavor in previous studies [31]. The term is
invariant under two independent SUð2Þ ×Uð1Þ transfor-
mations, one acting on each flavor, both of which are
embedded as subgroups of the full SUð4Þ ×Uð1Þ sym-
metry of Eq. (2). The transformation acting on the u quarks
takes the form
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�
ui
ūi

�
→ Vueiθu

�
ui
ūi

�
;

�
ūj
uj

�
→ V�

ue−iθu
�
ūj
uj

�
; ð3Þ

where Vu ∈ SUð2Þ, and as before i is an even site and j is an
odd site. The second SUð2Þ ×Uð1Þ symmetry acting on the
d quarks is identical to Eq. (3), but with Vu → Vd

and eiθu → eiθd .
It is straightforward to verify that the Uð1Þ symmetry of

Eq. (2) is recovered by setting θ ¼ θu ¼ θd. The other
independent Uð1Þ symmetry of the third term is obtained
by choosing χ ¼ θu ¼ −θd; this corresponds to an addi-
tional chiral symmetry of two-flavor staggered fermions,
which we denote byUχð1Þ. This symmetry is a subgroup of
the SUð4Þ symmetry appearing in Eq. (2). When only UI is
nonzero, the symmetry of the model in Eq. (1) is the full
SUð4Þ. When both UI and UB are nonzero, this SUð4Þ
symmetry is reduced to SUð2Þ × SUð2Þ ×Uχð1Þ × Z2,
where the latter Z2 symmetry exchanges u and d fermions.
Fermion bilinear condensates of the form hūui and hd̄di

spontaneously break the Uχð1Þ symmetry. Such conden-
sates can be detected by measuring susceptibilities involv-
ing the fermion bilinear fields ūiui and d̄idi. We will define
three susceptibilities of this type:

χud ¼
1

2L3

X
i;j

hūiuid̄jdji; ð4Þ

χuu ¼
1

2L3

X
i;j

hūiuiūjuji; ð5Þ

χdd ¼
1

2L3

X
i;j

hd̄idid̄jdji; ð6Þ

where h·i denotes the usual path-integral expectation value
using the action in Eq. (1). By symmetry of the action, it is
easy to verify that χuu ¼ χdd. We also find empirically that
χud ≈ χuu on large lattices, except when UI is small. One
way to understand this equality is to note that when i and j
are well separated, the cluster decomposition property of
correlation functions implies

hūiuiūjuji ≈ hūiuiihūjuji; hūiuid̄jdji ≈ hūiuiihd̄jdji:

Furthermore, the Z2 symmetry that exchanges the u and d
fermions implies

hūjuji ¼ hd̄jdji: ð7Þ

Combining these observations, we obtain

hūiuiūjuji ≈ hūiuid̄jdji; ð8Þ

whenever i and j are sufficiently far apart. Consequently,
we expect χuu and χud to be approximately equal when the

dominant contributions to the sums in Eqs. (5) and (4) come
from widely separated pairs ði; jÞ. This regime is expected
to be realized when UI is sufficiently large.
In a phase where the fermion bilinear condensates are

nonzero, we expect these susceptibilities to diverge as
χ ∼ L3, while in both the MF phase and the SMG phase we
expect χ ∼ const. At a critical point, in contrast, we expect
the finite-size scaling behavior χ ∼ L2−η.

III. FERMION BAG APPROACH

In this work, we extend the ideas of the fermion bag
approach [29] to construct a Monte Carlo method capable
of computing the susceptibilities defined in Eqs. (4)–(6).
The path-integral expectation value of any Grassmann-
valued observable O is defined as

hOi ¼ 1

Z

Z
½Dd̄DdDūDu�Oe−S; ð9Þ

where the partition function is

Z ¼
Z

½Dd̄DdDūDu�e−S; ð10Þ

and the action S is given in Eq. (1).
The key idea of the fermion bag approach is to

reorganize the expression in Eq. (9) as a sum over
contributions from configurations of fermion bags. Each
fermion bag is a set of lattice sites within which fermions
are allowed to hop. There are two complementary view-
points for constructing the fermion bag representation: the
weak–coupling viewpoint and the strong–coupling view-
point [32]. In the weak–coupling viewpoint, fermion bags
form nonlocal sets of sites and fermion propagation occurs
through free–fermion propagators; this formulation is
equivalent to the diagrammatic Monte Carlo method
[33]. In the strong–coupling viewpoint, by contrast, fer-
mions hop only locally within connected regions of the
lattice. In this work we adopt the weak–coupling viewpoint.
To formulate the fermion bag approach, we reorganize

the expression in Eq. (9), by first rewriting the kinetic
term as

X
hiji

ηij
2
ðūiuj − ūjui þ d̄idj − d̄jdiÞ ¼ ūiMijuj þ d̄iMijdj;

ð11Þ

where summation over lattice sites i, j is implicit on the
right hand side. We have introduced the fermion matrix M,
which can be identified as an L3 × L3 antisymmetric matrix
describing a single flavor of free staggered fermions. Note
that M has nonzero entries only between sites of opposite
parity and is antisymmetric.
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Using this notation, the partition function may be
written as

Z ¼
Z

½Dd̄DdDūDu�e−ðūiMijujþd̄iMijdjÞ

×
Y
i

eUIūiuid̄idi
Y

b≡hiji
eUBðūiuiūjujþd̄idid̄jdjÞ; ð12Þ

where we have substituted the action from Eq. (1) into
Eq. (10). For convenience, we denote each nearest–neigh-
bor bond hiji by b.
We now expand the interaction terms using

eUIūiuid̄idi ¼
X
ni¼0;1

ðUIūiuid̄idiÞni ; ð13Þ

eUBūiuiūjuj ¼
X
nub¼0;1

ðUBūiuiūjujÞnub ; ð14Þ

eUBd̄idid̄jdj ¼
X
ndb¼0;1

ðUBd̄idid̄jdjÞndb ; ð15Þ

where ni denotes the presence of an instanton at site i, and
nub, n

d
b denote the presence of a u-type or d-type dimer on

bond b. The set of all ni, nub, and ndb define a instanton-
dimer configuration. An illustration of such a configuration
on a L ¼ 2 lattice is shown in Fig. 1.
Using these expansions, Eq. (12) can be reorganized as a

sum over instanton-dimer configurations ½ni; nub; ndb�:

Z ¼
X

½ni;nub;ndb�

Z
½Dd̄DdDūDu�e−ðūiMijujþd̄iMijdjÞ

Y
i

ðUIūiuid̄idiÞni
Y
b

ðUBūiuiūjujÞnubðUBd̄idid̄jdjÞndb

¼
X

½ni;nub;ndb�
UnI

I U
nB
B

�Z
½DūDu�e−ūiMijuj

Y
i

ðūiuiÞni
Y
b

ðūiuiūjujÞnub
�
×

�Z
½Dd̄Dd�e−d̄iMijdj

Y
i

ðd̄idiÞni
Y
b

ðd̄idid̄jdjÞndb
�
;

ð16Þ

where we have separated the Grassmann integrals over the
u and d fields, and defined

nI ¼
X
i

ni; nB ¼
X
b

ðnub þ ndbÞ: ð17Þ

Each Grassmann integral can be evaluated using Wick’s
theorem. In both cases, the result is a determinant of a
matrix G whose elements are entries ofM−1 connecting the
sites where either ni ¼ 1 or where the site is attached to a
bond b with nb ¼ 1. Further details may be found in
Ref. [32]. Using this result, we can show that the integral
over the u fields is given byZ

½DūDu�e−ūiMijuj
Y
i

ðūiuiÞni
Y
b

ðūiuiūjujÞnub

¼ detðMÞ detðGuÞ; ð18Þ
where Gu is a square matrix of dimension nI þ 2nub.
Similarly, the integral over the d fields yields

detðMÞ detðGdÞ, where Gd has dimension nI þ 2ndb. The
final expression for the partition function is therefore

Z ¼ ðdetMÞ2
X

½ni;nub;ndb�
UnI

I U
nB
B detðGuÞ detðGdÞ: ð19Þ

Since both matrices are antisymmetric, their determinants
are non-negative. Consequently, the partition function is
expressed as a sum of positive terms, which can be
efficiently sampled using a Monte Carlo method.
We can repeat the above derivation for the observable

defined in Eq. (9), obtaining

hOiZ¼ ðdetMÞ2
X

½ni;nub;ndb;nO�
UnI

I U
nB
B detðG̃uÞdetðG̃dÞ; ð20Þ

where G̃u and G̃d are modified matrices that incorporate
the Grassmann fields appearing in the observable O.
These fields also modify the instanton-dimer configurations

u-layer d-layer

instanton instanton

instanton instanton

dimer

dimer

FIG. 1. Illustration of an instanton–dimer configuration
½ni; nub; ndb� on an L ¼ 2 lattice. Instantons are shown as solid
circles, and dimers are shown as thick bonds. The configuration
on the left depicts the instantons and dimers on the u layer, while
the configuration on the right shows the corresponding structure
on the d layer. Instantons occupy the same lattice sites on both
layers, whereas the dimer configurations may differ. Sites
containing neither instantons nor dimers are also present.
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to a new class of configurations which we label as
½ni; nub; ndb; nO�.
For example, in the computation of χud using Eq. (4), we

consider the observable O ¼ ūkukd̄ldl. We refer to factors
such as ūkuk as a u-type monomer at site k, and similarly
d̄ldl as a d-type monomer at site l. In this case, the
matrices G̃u and G̃d are constructed from an extended
instanton–dimer–monomer configuration, denoted by
½ni; nub; ndb; k;l�, in which the u layer contains an additional
monomer at site k and the d layer contains an additional
monomer at site l. Specifically, the u-field integral takes
the form

Z
½DūDu�e−ūiMijuj

Y
i

ðūiuiÞni
Y
b

ðūiuiūjujÞnub ūkuk

¼ detðMÞ detðG̃uÞ; ð21Þ

and similarly G̃d is defined by inserting d̄ldl into the
corresponding d-field integral. The full computation of χud
therefore involves summing over configurations with one
u-type monomer and one d-type monomer inserted at all
possible lattice sites, followed by division by the factor L3

as specified in Eq. (4). Similarly, χuu involves summing
over configurations with two u-type monomers inserted at
all possible lattice sites and dividing by the factor 2L3, in
accordance with Eq. (5).
Using Eq. (20)(19), we can now write the expectation

value of an observable O as

hOi ¼
P

½ni;nub;ndb;nO�U
nI
I U

nB
B detðG̃uÞ detðG̃dÞP

½ni;nub;ndb�U
nI
I U

nB
B detðGuÞ detðGdÞ

: ð22Þ

Here the numerator includes configurations with additional
monomer insertions associated with the observable O,
collectively denoted by nO, while the denominator corre-
sponds to the partition function. In the next section, we
describe the Monte Carlo algorithm developed to evaluate
χud and χuu using this representation.

IV. MONTE CARLO ALGORITHM

Our Monte Carlo algorithm employs three distinct
update types that modify the instanton–dimer configura-
tions ½ni; nub; ndb� contributing to the partition function in
Eq. (19). Each update satisfies detailed balance, but not all
are ergodic individually; ergodicity is obtained by combin-
ing the three updates. The updates are (i) the dimer update,
(ii) the instanton update, and (iii) the worm update. The
dimer and instanton updates add or remove dimers and
instantons, respectively, and are not ergodic on their own.
The worm update is ergodic but is qualitatively different: it
samples extended configurations of the form ½ni; nub; ndb; nO�
that contribute to the two susceptibilities. We also introduce
a tunable reweighting factor Ω for configurations in the

worm sector to optimize the efficiency of the algorithm.
IncreasingΩ enhances the relative probability of transitions
from the partition-function sector to the worm sector,
thereby increasing the sampling frequency of worm con-
figurations that contribute to the susceptibilities. This
generally reduces the equilibration time measured in the
number f worm updates, although each step becomes
computationally more expensive because the algorithm
remains in the worm sector for more time. Since Ω acts
as a reweighting parameter, it is divided out when comput-
ing physical observables, leaving the expectation values
unchanged.
When all the three updates are used together, the overall

algorithm is both ergodic and efficient. As a consistency
check, we compare the results of our algorithm with exact
calculations on an L ¼ 2 lattice in the final subsection.

A. Dimer update

The purpose of the dimer update is to add or remove
dimers from a given instanton–dimer configuration. The
update begins by choosing, with equal probability, whether
to add or remove a u-dimer or a d-dimer.
Consider the case in which a u-dimer is proposed to be

added. For a given configuration, we count Nu
F, the number

of free bonds in the u layer at which a dimer can be added.
This is done by scanning all even sites that do not have a
dimer or an instanton attached to them and, for each such
site, examining its six neighboring sites that also do not
have a dimer or an instanton attached. Each such nearest-
neighbor pair contributes one free bond to Nu

F. We then
randomly select one of these Nu

F bonds and propose to add
a u-dimer on that bond. If the proposal is accepted, we
obtain a new configuration in which the total number of
u-dimers is denoted by Ñu

D.
Let detðGi

uÞ denote the determinant factor associated
with the u fermions in Eq. (19) for the initial configuration,
and let detðGf

uÞ denote the corresponding factor for the final
configuration after the additional u-dimer is added. The
proposal to add the u-dimer is accepted with probability

Pacc
i→f ¼ min

�
1; UB

Nu
F

Ñu
D

detGf
u

detGi
u

�
; ð23Þ

which follows the standard Metropolis rule, with accep-
tance probabilities greater than unity set equal to one.
The reverse process corresponds to removing a u-dimer

from a configuration containing an additional dimer. In this
case, the proposal is accepted with probability

Pacc
f→i ¼ min

�
1;

1

UB

Ñu
D

Nu
F

detGi
u

detGf
u

�
: ð24Þ

It is straightforward to verify that the acceptance proba-
bilities in Eqs. (23) and (24) satisfy detailed balance.
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The above procedure generalizes straightforwardly to the
addition and removal of d-dimers.

B. Instanton update

The purpose of the instanton update is to add or remove
instantons from a given instanton–dimer configuration. To
ensure that all proposed configurations have nonzero
weights, instantons are always added or removed in pairs,
with one instanton located on an even site and the other on
an odd site. The update begins by choosing, with equal
probability, whether to add or remove an instanton pair.
Consider first the case in which an instanton pair is

added. For a given configuration, we count Ne
F and No

F, the
numbers of even and odd lattice sites, respectively, at which
an instanton can be added. One can show that Ne

F ¼ No
F.

We then randomly select one even site from the Ne
F

possibilities and one odd site from the No
F possibilities,

and propose to add an instanton at each of these sites. If the
proposal is accepted, we obtain a new configuration in
which the total numbers of instantons on even and odd sites
are denoted by Ñe

I and Ño
I , respectively. These quantities

also satisfy Ñe
I ¼ Ño

I .
Let detðGi

uÞ detðGi
dÞ denote the determinant factor

in Eq. (19) for the initial configuration, and let
detðGf

uÞ detðGf
dÞ denote the corresponding factor for the

final configuration after the instanton pair is added. The
proposal to add the instanton pair is accepted with
probability

Pacc
i→f ¼ min

�
1; U2

I
Ne

FN
o
F

Ñe
I Ñ

o
I

detðGf
uÞ detðGf

dÞ
detðGi

uÞ detðGi
dÞ
�
: ð25Þ

The reverse process corresponds to removing an instan-
ton pair from the configuration containing the additional
instantons. In this case, the proposal to remove the
instanton pair is accepted with probability

Pacc
f→i ¼ min

�
1;

1

U2
I

Ñe
I Ñ

o
I

Ne
FN

o
F

detðGi
uÞ detðGi

dÞ
detðGf

uÞ detðGf
dÞ

�
: ð26Þ

It is straightforward to verify that the acceptance proba-
bilities in Eqs. (25) and (26) satisfy detailed balance.

C. Worm update

The worm update creates and annihilates pairs of
monomers; each monomer may be either u-type or d-type.
It consists of three steps: Begin, Move, and End. In the
Begin, step two monomers are inserted, one at the tail and
one at the head of the worm. During the Move step, the
head monomer is displaced while the tail remains fixed.
The End step annihilates the head and tail monomers.
During the update, we sample extended configurations

of the form ½ni; nub; ndb; nO�, which contribute directly to the

observables defined in Eq. (22). The algorithm starts in the
partition-function sector, transitions to the worm sector
containing the two extra monomers at the Begin step, and
remains in that sector during the Move steps. The End step
returns the algorithm to the partition-function sector. Thus,
the Begin and End steps are mutually reverse operations
and together satisfy detailed balance. The Move step is
composed of reversible local moves that satisfy their own
detailed-balance conditions.
The weight of each worm-sector configuration is deter-

mined by the observable it samples up to the reweighting
factor Ω. Hence, averaging the number of worm steps that
contribute to a given observable yields its expectation value
up to the same reweighting factor. For example, worm
configurations with a u-type monomer at the head and a
d-type monomer at the tail contribute to χud, while con-
figurations with two u-type monomers at those locations
contribute to χuu. We describe each step in detail below.

1. Begin–End step

The Begin step initiates the worm update by selecting a
lattice site i at random. With equal probability, this site lies
on either the u layer or the d layer. During the Begin step,
the configuration transitions from the partition-function
sector to the worm sector through the creation of two
monomers, identified as the Tail and the Head. The Tail is
fixed at the original site i, while the Head is placed on a
neighboring site j.
We first consider the case in which the initial site i is

either free (i.e., contains neither an instanton nor a dimer) or
occupied by a dimer. This situation is illustrated in Fig. 2,
where the arrow indicates the initially selected site i.
Configuration A corresponds to the case in which the site
is free, while configuration B corresponds to the case in
which the site contains a dimer.
Starting from configuration A, one of the Ds ¼ 6

neighboring sites of site i on the same layer is chosen at
random and denoted by j. If site j contains either a dimer or
an instanton, the worm update terminates. Otherwise, with
equal probability, one of two proposals is made: either a
dimer is created between sites i and j, leading to configu-
ration B, or a worm configuration is created with a Tail
monomer at site i and a Head monomer at site j, leading to
configuration C shown in Fig. 2.
The proposal to transition from configuration A to

configuration B is accepted with probability

PA→B ¼ min

�
1; UBDs

detGB

detGA

�
; ð27Þ

while the proposal to transition from configuration A to
configuration C is accepted with probability

PA→C ¼ min

�
1;

ΩDs

Ds þ 1

detGC

detGA

�
: ð28Þ
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In both expressions, detGA denotes the fermion determi-
nant factor for configuration A, while detGB denotes the
corresponding factor for the proposed configuration B,
which includes the additional dimer between i and j.
Similarly, detGC is the determinant factor with an addi-
tional monomers at the Head and Tail sites. The factor Ω is
the reweighting factor of the worm sector.
If instead the Begin step starts from configuration B, we

propose, with equal probability, a transition either to
configuration A or to configuration C. The proposal to
transition from configuration B to configuration A is
accepted with probability

PB→A ¼ min

�
1;

1

UBDs

detGA

detGB

�
; ð29Þ

while the proposal to transition from configuration B to
configuration C is accepted with probability

PB→C ¼ min

�
1;

Ω
UBðDs þ 1Þ

�
: ð30Þ

The End step corresponds to transitions from configu-
ration C back to either configuration A or configuration B.

At the start of this step, it is not known a priori whether the
update will result in a Move step or an End step. One of the
Ds þ 1 neighboring sites of the Head is chosen at random;
these include the Ds nearest-neighbor sites on the same
layer, as well as the site on the opposite layer with the same
space-time coordinates. If the selected neighboring site
coincides with the Tail site on the same layer, the step is
identified as an End step, and a proposal is made to
transition to either configuration A or configuration B.
The proposal to transition from configuration C to

configuration A is accepted with probability

PC→A ¼ min

�
1;
Ds þ 1

ΩDs

detGA

detGC

�
; ð31Þ

while the proposal to transition from configuration C to
configuration B is accepted with probability

PC→B ¼ min

�
1;
UBðDs þ 1Þ

Ω

�
: ð32Þ

According to the standard Metropolis prescription, if a
proposed update is rejected, the original configuration is
retained as the new configuration.
The Begin step can also occur when the initially selected

site i is connected to an instanton, as illustrated in Fig. 3. In
this case, the transition to the worm sector proceeds by
breaking the instanton into two monomers, with the Head
placed on the site with the same space-time coordinates as i
but on the opposite layer. The resulting worm-sector
configuration is denoted as configuration C in Fig. 3.

B

C

Tail Head

Dimer

A

FIG. 2. Begin–End step of the worm algorithm restricted to a
single layer. During the Begin step, the initially chosen site may
be either a free site (configuration A) or a site occupied by a dimer
(configuration B). The solid arrow indicates the site selected at
the start of the Begin step. Configurations A and B belong to the
partition-function sector. From either configuration, a proposal is
made to transition to configuration C in the worm sector, with the
Tail located at the initially chosen site and the Head placed on a
neighboring site. For configuration A, the Head is chosen at
random from the Ds nearest-neighbor sites on the same layer,
while for configuration B it is placed on the fixed neighboring site
shown in the figure. The worm update may also terminate
immediately, transitioning directly from configuration A to B
or from B to A. If the Begin step produces configuration C, the
End step removes the worm by transforming configuration C
back into either configuration A or B. The same configurations
appear in the End step as in the Begin step, but with the arrow
indicating the reverse direction of the update. In this figure, both
the Tail and the Head are created on the same fermion layer, either
the u layer or the d layer.

B

C

Tail Head

Instanton

FIG. 3. Begin–End step of the worm algorithm involving
opposite layers. During this Begin step, the initially selected
site contains an instanton (configuration B). The solid arrow
indicates the site chosen at the start of the Begin step. Configu-
ration B belongs to the partition-function sector. A proposal is
then made to transition to configuration C in the worm sector,
with the Tail located at the initially selected site and the Head
placed on the site with the same space-time coordinates on the
opposite layer. If the proposal is accepted, the instanton is broken
into two monomers. The End step is the reverse process, in which
the two monomers on the two layers are fused to form an
instanton.
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For this process, the proposal to transition from con-
figuration B to configuration C is accepted with probability

PB→C ¼ min

�
1;

Ω
UIðDs þ 1Þ

�
; ð33Þ

while the reverse proposal to transition from configuration
C back to configuration B is accepted with probability

PC→B ¼ min

�
1;
UIðDs þ 1Þ

Ω

�
: ð34Þ

2. Move step

During the Move step, the Head monomer is displaced to
a next-to-nearest-neighbor site. Specifically, one of the
ðDs þ 1Þ neighboring sites of the Head is chosen at random
and labeled as site k. These neighboring sites consist of the
Ds nearest neighbors on the same layer, together with the
site on the opposite layer that has the same space-time
coordinates.
Depending on the configuration at site k, the Move step

is divided into two classes of updates, illustrated in Figs. 4
and 5. The first class consists of configurations in which
site k lies on the same layer as the Head and is either a free
site (i.e., not connected to an instanton or a dimer) or a site
occupied by a dimer. If k is a free site, we select one of its
Ds neighboring sites on the same layer, including the
current Head site, and label it as site j. If k contains a dimer,
the site connected to k by that dimer is uniquely identified
as site j and lies on the same layer. This class contains the
four configurations shown in Fig. 4.
The second class consists of configurations in which site

k either lies on the opposite layer and is a free site, or lies on
the same layer as the Head and contains an instanton. If k is
a free site on the opposite layer, we choose one of its Ds
neighboring sites on that layer and label it as site j. If k is on

the same layer and contains an instanton, the site connected
to k through the instanton, which lies on the opposite layer,
is uniquely identified as site j. In this case, the Head and
site j reside on opposite layers. This class contains the three
configurations shown in Fig. 5.
In both classes of configurations, if site k is free but site j

contains either a dimer or an instanton, or is the same as the
Head site, the Head does not move and remains at its
current location. Such configurations are not shown in the
figures. Otherwise, the Head is displaced according to
the Metropolis acceptance probabilities discussed below,
which depend on whether the current configuration belongs
to the first or the second class.
Within the first class of configurations, consider the case

in which site k is free. The initial configuration may then be
identified with configuration A in Fig. 4. A proposal is
made to transition, with equal probability, to one of the
remaining three configurations shown in Fig. 4. These
proposals are accepted according to the Metropolis prob-
abilities

PA→B ¼ min

�
1;
detGB

detGA

�
; ð35Þ

PA→C ¼ min

�
1; UBDs

detGC

detGA

�
; ð36Þ

PA→D ¼ PA→C: ð37Þ

Here, detGA denotes the fermion determinant factor in the
initial configuration, which contains a monomer at the
Head site. The factor detGB denotes the corresponding
determinant when the Head monomer is moved to site j,
while detGC denotes the determinant factor for the con-
figuration containing two additional monomers at sites k
and j, in addition to the monomer at the Head site. It is

D

C

Head

D
im

er

A

HeadB

Head

Dimer

Head

k

j

k

j

kj kj

FIG. 4. First class of configurations among which the Move
step transitions. In this class, the chosen neighboring site k of the
Head lies on the same layer and is either a free site or a site
occupied by a dimer. If k is free, the site j is chosen at random
from the remaining nearest-neighbor sites on the same layer,
excluding the Head site.

B

Head

A

Head

Instanton

C

Head

di
m
er

k

j

k

k

j

j

FIG. 5. Second class of configurations among which the Move
step transitions. In this class, the chosen neighboring site
k of the Head lies on the opposite layer and is either a free
site or a site occupied by a dimer. The site k may also lie on the
same layer as the Head if it is occupied by an instanton. If k is
free, the site j is chosen at random from the nearest-neighbor sites
on the same layer.
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useful to recognize that the determimant factor detGD for
confguration D is the same as detGC.
Within the first class of configurations, if site k contains a

dimer, the initial configuration may be identified with
configuration C in Fig. 4. In this case, with equal
probability, a proposal is made to transition to configura-
tion A, configuration B, or configuration D. The corre-
sponding acceptance probabilities are

PC→A ¼ min

�
1;

1

UBDs

detGA

detGC

�
; ð38Þ

PC→B ¼ min

�
1;

1

UBDs

detGB

detGC

�
; ð39Þ

PC→D ¼ 1: ð40Þ

If site k lies on the opposite layer and is a free site, the
initial configuration may be identified with configuration A
in the second class of configurations shown in Fig. 5. In this
case, a proposal is made, with equal probability, to
transition to configuration B or configuration C. These
proposals are accepted with probabilities

PA→B ¼ min

�
1; UIDs

detGB

detGA

�
; ð41Þ

PA→C ¼ min

�
1; UBDs

detGC

detGA

�
: ð42Þ

Here, as before, detGA denotes the fermion determinant
factor for configuration A, which contains a monomer at
the Head site. The factor detGB denotes the corresponding
determinant for the configuration B in which two additional
monomers are added at sites k and j on the opposite layer.
The determinant factor detGC for the configuration C is the
same as detGB.
If site k lies on the opposite layer and is connected to a

dimer, the initial configuration may be identified with
configuration C in the second class of configurations
shown in Fig. 5. In this case, a proposal is made, with
equal probability, to transition to configuration A or
configuration B. These proposals are accepted with prob-
abilities

PC→A ¼ min

�
1;

1

UBDs

detGA

detGC

�
; ð43Þ

PC→B ¼ min

�
1;

UI

UB

�
: ð44Þ

If instead site k lies on the same layer as the Head and is
connected to an instanton, the initial configuration may be
identified with configuration B in the second class of

configurations shown in Fig. 5. In this case, a proposal is
made, with equal probability, to transition to configuration
A or configuration C. These proposals are accepted with
probabilities

PB→A ¼ min

�
1;

1

UIDs

detGA

detGB

�
; ð45Þ

PB→C ¼ min

�
1;
UB

UI

�
: ð46Þ

The worm update is ergodic by itself and also provides
an efficient way to compute the susceptibilities χud and χuu.
For example, the susceptibility χud is obtained by averaging
the number of worm configurations encountered during a
worm update in which the Head and Tail reside on opposite
layers, and then dividing by the reweighting factor Ω.
Similarly, χuu is obtained by averaging the number of
worm configurations encountered during a worm update
for which the Head and Tail are on the same layer, again
divided by the reweighting factor Ω.

D. Idea of fluctuation matrices

One of the most time-consuming steps in the fermion bag
Monte Carlo algorithm, as in other fermion Monte Carlo
methods [34], is the calculation of ratios of determinants
that appear in many of the Metropolis accept/reject prob-
abilities discussed above. It is well known in the fermion-
algorithm literature that computing individual determinants
and then taking their ratio is both numerically unstable and
computationally inefficient. A more robust approach is to
compute the ratio of determinants directly. This is particu-
larly advantageous when the two determinants differ only
by small, local changes in the fermion configuration.
In the fermion bag approach, such ratios of determinants

naturally arise from local fluctuations of fermion bags
about a chosen background configuration. These ratios can
be reformulated as the determinant of a much smaller
matrix, referred to as a fluctuation matrix. This idea was
explained in detail in [35] and is closely related to standard
results from linear algebra. Consider two large square
matrices G and GB, where G is obtained from a base
matrixGB by deleting kd rows and adding ka rows. One can
then show that

detG
detGB

¼ detF; ð47Þ

where F is a square matrix of dimension k ¼ kd þ ka. The
matrix F is constructed from the matrix elements corre-
sponding to the added and removed rows, together with the
appropriate elements of G−1

B . In this formulation, the effect
of the local fluctuation is entirely encoded in the small
matrix F, whose elements depend on the large-scale
structure of the fermion bag through the inverse of the
base matrix G−1

B .
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This perspective allows all ratios of the form

detG1

detG2

¼ detF1

detF2

ð48Þ

to be computed efficiently, where F1 and F2 are fluctuation
matrices constructed with respect to a common base matrix
GB. Since the dimensions of the fluctuation matrices
depend only on the size of the local updates, their
determinants can be evaluated rapidly, leading to a signifi-
cant reduction in computational cost.
In our algorithm, we ensure that the size of the

fluctuation matrices remains bounded during the Monte
Carlo evolution. When the size grows beyond a prescribed
threshold, we reset the base matrix GB by recomputing it
from the current configuration. The most time-consuming
step in this procedure is precisely this resetting of the base
matrix; however, it occurs infrequently and does not affect
the overall efficiency of the algorithm.
We have validated our algorithm by comparing results

obtained from Monte Carlo simulations with exact results
on an L ¼ 2 lattice. In the Appendix we discuss the
comparison of our Monte Carlo data with exact results.

V. MONTE CARLO RESULTS

In this section, we present and analyze Monte Carlo data
generated with the algorithm introduced in Sec. IV to
determine the critical behavior and phase diagram of the
model. Simulations were performed on cubic lattices with
linear sizes in the range L ¼ 8–56. For each parameter set,
simulations were preceded by typically 105 Monte Carlo
steps for thermalization. During thermalization, we
employed a reweighting factor Ω ¼ 5 for lattices with
L < 40 and Ω ¼ 20 for larger lattices (L ¼ 40–56). This
choicewasmotivated by explicit tests withΩ ¼ 1, 5, and 20,
which showed thatΩ ¼ 20 improved equilibration for larger
systems by effectively reducing the Monte Carlo step size.
After thermalization, measurements were accumulated

over multiple statistically independent replicas. In the
vicinity of the Gross-Neveu transition, lattice sizes L ¼
28–56 were studied using between 10 and 50 replicas,
depending on L. For lattices L ¼ 28–36, a total statistics of
approximately 4 × 106 Monte Carlo steps was accumulated
from 10 replicas for each lattice size. For larger lattices
(L ¼ 40–56), total statistics ranged from approximately
2.5 × 106 to 8 × 106 Monte Carlo steps, accumulated using
between 20 and 50 replicas, depending on the lattice size
and coupling. Integrated autocorrelation times were moni-
tored for all measured observables. We quote the autocor-
relation time of the instanton density, since it exhibited
the largest integrated autocorrelation time among all
observables. The maximum autocorrelation time for this
observable was found to be at L ¼ 52 for couplings
UI ¼ 0.6–0.615. The corresponding autocorrelation time
was found to be τ ≈ 4000. This value was obtained using

the total statistics of approximately 8 × 106 Monte Carlo
steps accumulated over multiple independent replicas,
which corresponds to approximately Nind≃NMC=2τ≈103

statistically independent measurements.
For the three-dimensional XY transition, simulations

were performed for lattice sizes L ¼ 12–32 using 10–30
replicas, with total statistics ranging from approximately
2 × 106 to 4 × 106 Monte Carlo steps. For lattice sizes close
to the critical region, autocorrelation times grow substan-
tially. In particular, for L ¼ 16 near the critical point, we
find τ ≈ 400 when measurements are recorded after every
10 Monte Carlo steps, whereas for larger lattices such as
L ¼ 32, where measurements are recorded every 2
Monte Carlo steps, autocorrelation times increase to values
as large as τ ≈ 1500. For the largest lattice sizes and
couplings closest to the transition, this results in increased
statistical fluctuations, reflecting the combined effects of
critical slowing down and the finite statistics available.
The statistical uncertainties quoted throughout this

section were estimated using the jackknife method and
were cross-checked using both bootstrap resampling and
autocorrelation-corrected error analyses to ensure consis-
tency. The discussion is organized into several subsections,
each focusing on a specific aspect of the numerical results.

A. Dimers, instantons, and free sites

The average numbers of dimers, instantons, and free sites
in the Monte Carlo configurations are conveniently char-
acterized by their corresponding densities. The dimer
density ρD and the instanton density ρI, defined in
Eqs. (A1) and (A2), provide useful measures of the
strengths of the interactions UB and UI . By construction,
these densities are normalized to lie between 0 and 1. We
also define the free-site density,

ρF ¼ 1 − ρD − ρI; ð49Þ

which represents the fraction of lattice sites that are not
connected to either a dimer or an instanton. In Fig. 6, we
plot ρD, ρI , and ρF as functions of UI at fixed UB ¼ 0.1.
As UI increases, the instanton density ρI rises mono-

tonically, as expected. In contrast, the dimer density ρD
exhibits a nontrivial structure: it increases rapidly at small
UI , reaches a maximum around UI ≈ 1.1, and then
decreases at larger values of UI. The behavior of ρF is
directly relevant for the computational cost at large UI . In
our simulations we employ the weak-coupling viewpoint of
the fermion bag formulation, in which the sizes of the
fermion matrices Du and Dd, whose determinants must be
evaluated, scale with the combined density ðρI þ ρDÞ [see
Eq. (12)]. Consequently, when ρF ≲ 0.5, simulations on
large lattice volumes become increasingly demanding.
For example, at UI ≈ 1.8 we find ρF ≈ 0.2, indicating

that nearly 80% of lattice sites are occupied by either
dimers or instantons. In this regime it would be more
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efficient to adopt the strong-coupling viewpoint of the
fermion bag formulation [32]. Since the physics at such
large couplings is not the focus of the present work, we
restrict ourselves to the weak-coupling viewpoint, which is
better suited for the parameter regime of interest.

B. Phase diagram

One of the main motivations for our study is to under-
stand how a nonzero UB modifies the direct transition
between the MF phase at small UI and the SMG phase at
large UI that was found in earlier studies at UB ¼ 0
[11,12]. Based on earlier work [9,10,28,36], we anticipate
the appearance of a conventional massive-fermion phase

characterized by SSB, as discussed in Sec. I. A central
question is whether this phase emerges only beyond a
finite threshold in UB, or whether it appears already for
arbitrarily small nonzero UB. In the latter case, the direct
MF–SMG transition at UB ¼ 0 would correspond to a
multicritical point at which two distinct phase bounda-
ries merge.
Such a multicritical interpretation is further supported by

symmetry considerations. At UB ¼ 0, the symmetry of the
lattice model is enhanced from SUð2Þ × SUð2Þ ×Uχð1Þ to
SU(4) (see Sec. II), which allows the two transitions that
are distinct for UB ≠ 0 to merge into a single critical
point.

FIG. 6. Variation of the average dimer density (ρD) (left panel), the average instanton density (ρI) (middle panel), and the density of
free sites (1 − ρI − ρD) (right panel) as a function of UI at a fixed values of UB ¼ 0.1.

FIG. 7. Plots of χud (top row) and χuu (bottom row) as a function of UI for UB ¼ 0.0 (left), 0.1 (middle) and 0.2 (right).
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To explore the presence of the SSB phase, we examine the
susceptibilities χud and χuu, which are expected to scale
proportionally to the space-time volume, L3, when the
continuous Uχð1Þ symmetry of the model is spontaneously
broken. In Fig. 7, we show these susceptibilities as functions
of UI for UB ¼ 0, 0.1, and 0.2, and for lattice sizes L ¼ 8,
12, 16, and 20. For both small and large values of UI , the
susceptibilities saturate as L increases, which is consistent
with symmetric phases. In contrast, within an intermediate
range of UI, both susceptibilities grow rapidly with system
size, signaling spontaneous symmetry breaking.
To verify that this growth is consistent with the expected

volume scaling, we plot χud as a function of L atUI ¼ 1 for
UB ¼ 0.1 and 0.01 in Fig. 8. We find that the data for
L ≥ 12 are well described by the functional form

χud ¼ aL3 þ bL2 þ cL; ð50Þ

which corresponds to the expected finite-size behavior in
the spontaneously broken phase as predicted by chiral
perturbation theory [37]. These results provide compelling
evidence that a symmetry-broken massive-fermion phase
emerges for arbitrarily small nonzero UB.
The existence of this phase implies that, for UB ≠ 0, the

system undergoes two separate continuous phase transi-
tions: a transition between the MF and SSB phases
belonging to the three-dimensional Gross–Neveu-XY

universality class, and a second transition between the
SSB and SMG phases in the three-dimensional XY
universality class. The single critical point observed at
UB ¼ 0 can therefore be interpreted as a multicritical point
at which these two critical lines merge due to the enhanced
SU(4) symmetry. Based on these observations, our con-
jectured phase diagram for the lattice model defined in
Eq. (1) is shown in Fig. 9. In the following subsections, we
analyze each of these transitions in detail.

C. Gross–Neveu transition

If the phase transition from the MF phase to the SSB
phase in our lattice model is continuous, the long-distance
physics near criticality should be governed by the three-
dimensional Gross–Neveu universality class. This univer-
sality class has been studied extensively using a wide range
of analytical and numerical approaches [38–42].
Determining its universal properties, in particular the
critical exponents, remains an active area of research
[43]. These universal properties depend on several factors,
including the number of fermion flavors, the pattern of
symmetry breaking, and lattice-specific features such as
fermion doubling. As a result, when staggered fermions are
used, the mapping between lattice symmetries and con-
tinuum symmetries must be handled with care.

FIG. 9. Schematic phase diagramof themodel defined in Eq. (1).
For nonzero values of both UB and UI , the model possesses a
SUð2Þ × SUð2Þ × Uχð1Þ symmetry, which is enhanced to SU(4)
along the UB ¼ 0 axis. Our results suggest that the direct second-
order transition on this axis between the MF and SMG phases
corresponds to a multicritical point where the three-dimensional
Gross–Neveu and three-dimensional XY critical lines meet. In the
SSB phase, the Uχð1Þ symmetry is spontaneously broken.

FIG. 8. Plot of χud as a function of L at UI ¼ 1.0 for
UB ¼ 0.1 and UB ¼ 0.01. The solid lines show fits to the form
χud ¼ aL3 þ bL2 þ cL, as motivated by chiral perturbation
theory. The observed scaling is consistent with the existence
of an intermediate SSB phase for nonzero UB. The solid line
shows the range of data used in the fit (12 ≤ L ≤ 32), while the
dashed line is the extrapolation of the fit to lower lattice sizes
ð8 ≤ L ≤ 12Þ.
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A single flavor of staggered fermions on a three-dimen-
sional cubic lattice is expected to describe two flavors of
four-component Dirac fermions in the continuum limit.

Since the lattice model defined in Eq. (1) contains two
flavors of staggered fermions, the MF phase is therefore
expected to correspond to four flavors of four-component
Dirac fermions at long distances. Moreover, because the
SSB phase breaks only the Uχð1Þ subgroup of the full
SUð2Þ × SUð2Þ ×Uχð1Þ symmetry of the lattice model, the
transition between the MF and SSB phases is expected to
be in the Gross–Neveu–XY universality class with four
Dirac fermion flavors.
A characteristic prediction of this universality class is

that the fermion bilinear susceptibilities χud and χuu obey

TABLE I. Combined fit results for χuu and χud in the critical region for various lattice ranges. We perform three types of fits: (a) all
parameters UI

GN, ν, η, and polynomial coefficients treated as independent; (b) all parameters constrained to be identical for both
observables; (c) fits with the constraint ν ¼ η ¼ 1. In all cases we assume a quartic universal scaling function of the form given in
Eq. (52).

f0 f1 f2 f3 f4 L-range UI
GN ν η χ2=d:o:f Fit-type

χuu 0.19(1) 0.10(1) 0.055(4) 0.032(4) 0.011(2) 24–56 0.610(1) 1.04(1) 1.00(2) 1.57 (a)
χud 0.17(1) 0.10(1) 0.055(4) 0.033(4) 0.011(4)

χuu 0.15(1) 0.08(1) 0.041(4) 0.020(3) 0.005(1) 24–56 0.614(1) 1.01(1) 0.92(2) 8.2 (b)
χud 0.15(1) 0.08(1) 0.041(4) 0.020(3) 0.005(1)

χuu 0.1883(5) 0.0911(6) 0.0438(7) 0.0218(3) 0.0060(3) 24–56 0.6102(1) 1.0 1.0 1.7 (c)
χud 0.1770(5) 0.0901(6) 0.0433(7) 0.0226(3) 0.0060(3)

χuu 0.19(1) 0.11(1) 0.06(1) 0.04(1) 0.015(4) 28–56 0.610(1) 1.06(2) 1.00(3) 1.46 (a)
χud 0.18(2) 0.11(2) 0.06(1) 0.04(1) 0.014(4)

χuu 0.15(2) 0.09(1) 0.05(1) 0.03(1) 0.007(4) 28–56 0.613(1) 1.02(2) 0.94(3) 7.4 (b)
χud 0.15(2) 0.09(1) 0.05(1) 0.03(1) 0.007(4)

χuu 0.1891(6) 0.0906(6) 0.0429(7) 0.0230(3) 0.0067(2) 28–56 0.6105(1) 1.0 1.0 1.6 (c)
χud 0.1781(5) 0.0895(6) 0.0440(7) 0.0237(3) 0.0062(2)

χuu 0.17(2) 0.10(2) 0.05(1) 0.03(1) 0.009(5) 32–56 0.612(2) 1.03(3) 0.97(4) 1.36 (a)
χud 0.17(2) 0.10(2) 0.05(1) 0.03(1) 0.008(4)

χuu 0.14(2) 0.07(1) 0.04(1) 0.02(1) 0.003(2) 32–56 0.615(2) 0.99(3) 0.90(5) 6.2 (b)
χud 0.14(2) 0.07(1) 0.04(1) 0.02(1) 0.003(2)

χuu 0.1902(7) 0.0920(8) 0.0439(9) 0.0224(4) 0.0063(3) 32–56 0.6108(2) 1.0 1.0 1.4 (c)
χud 0.1797(7) 0.0913(8) 0.0459(9) 0.0226(4) 0.0054(3)

χuu 0.17(3) 0.09(2) 0.05(2) 0.03(2) 0.008(7) 36–56 0.612(3) 1.03(4) 0.96(7) 1.39 (a)
χud 0.16(3) 0.09(2) 0.05(2) 0.03(2) 0.007(6)

χuu 0.190(1) 0.092(1) 0.044(1) 0.023(1) 0.006(0) 36–56 0.611(0) 1.0 1.0 1.4 (c)
χud 0.181(1) 0.091(1) 0.045(1) 0.023(1) 0.006(0)

FIG. 10. Plot of the critical finite-size scaling function defined
in Eq. (51) at the Gross–Neveu transition for UB ¼ 0.1. The solid
line represents a fourth-order polynomial fit.

TABLE II. Critical exponents reported in various studies for the
Gross–Neveu phase transition in three Euclidean dimensions with
four flavors of four-component Dirac fermions. At this transition,
massless fermions acquire a mass through the formation of a
fermion–bilinear condensate that spontaneously breaks a Uð1Þ
symmetry of the theory. The results from earlier studies are
summarized in Table I of Ref. [46].

ν η Citation

1.06(2) 1.00(3) This work
1.13 0.93(09) MC study (bilayer graphene) [44]
1.06(9) 0.99(5) ε-expansion (4-loop) [45]
1.092(6) 0.926(13) ε-expansion (interpolation) [46]
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the finite-size scaling relation

χ=L2−η ¼ fððUI −Uc
I ÞL1=νÞ; ð51Þ

in the vicinity of the critical point. The universal scaling
function fðxÞ, where x ¼ ðUI − Uc

I ÞL1=ν, may differ for the

two susceptibilities, although in our fits they are almost
identical. At the Gross–Neveu transition we denote
Uc

I ¼ UGN
I and determine this critical coupling, along with

the critical exponents η and ν, by performing a combined
fit of both χud and χuu data to the scaling form in Eq. (51).
For each susceptibility, we approximate the scaling func-
tion by a polynomial expansion,

fðxÞ ¼ f0 þ f1xþ f2x2 þ f3x3 þ f4x4; ð52Þ

and study the stability of the fits under variations of the
fitting range in lattice size. The resulting fit parameters are
summarized in Table I. The data for χud together with a
representative scaling fit are shown in Fig. 10.
From this analysis, we obtain the estimates

UGN
I ¼ 0.610ð1Þ, ν ¼ 1.06ð2Þ, and η ¼ 1.00ð3Þ. These

values are in reasonable agreement with critical exponents
reported in previous analytical and numerical studies of the
Uð1Þ Gross–Neveu universality class with four Dirac
fermion flavors, as summarized in Table II.

D. 3D-XY transition

If the phase transition from the SSB phase to the SMG
phase is continuous, a natural expectation is that it belongs
to the three-dimensional XY universality class, which has
been extensively studied [47]. This expectation is based on
the observation that fermionic excitations are massive
throughout the SSB phase, so that the long-distance critical
behavior should be governed by bosonic modes associated
with the spontaneous breaking of the Uχð1Þ symmetry.

FIG. 11. Finite-size scaling analysis of the critical scaling function defined in Eq. (53) at the XY transition forUB ¼ 0.1. Two different
scaling analyses are shown. In the left panel, the critical coupling Uc

I and the critical exponents are treated as fit parameters, and the data
are fitted using a linear approximation Eq. (53). In the right panel, the critical exponents are fixed to their three-dimensional XY values
[47], and the data are fitted with respect to Uc

I and the coefficients of the linear scaling function.

FIG. 12. Finite-size scaling analysis of the 3D XY transition in
the regime of large UB and UI , with λ ¼ UI=UB. The scaling
variable is x ¼ ðλ=λc − 1ÞL1=ν. The solid lines show fits to the
scaling function defined in Eq. (51), including terms up to order
x3. The extracted critical exponents are in good agreement with
those of the three-dimensional XY universality class. The fitted
coefficients are f0 ¼ 0.006ð2Þ; f1 ¼ −0.019ð1Þ; f2 ¼ 0.0012ð1Þ
and f3 ¼ 0.00017ð2Þ.
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Nevertheless, it is not a priori guaranteed that all effects
of the underlying fermionic degrees of freedom are irrel-
evant at the transition. In particular, one may ask whether
remnants of the microscopic fermionic structure, such as
topological effects, could modify the universality class. To
address this possibility, we analyze the second transition
using the fermion bag Monte Carlo approach. Near this
transition, the fermion bilinear susceptibility is again
expected to satisfy the finite-size scaling form in
Eq. (51), with the critical coupling identified as Uc

I ¼ UXY
I .

From a computational perspective, this transition is more
challenging to study than the Gross–Neveu transition, since
it occurs within a microscopic fermionic model rather than
a purely bosonic one. In certain limits, the problem can be
simplified by taking both UI and UB to be large while
keeping the ratio λ ¼ UI=UB finite. Such a limit was
recently studied in two space-time dimensions, where a
Berezinskii–Kosterlitz–Thouless transition was observed
as λ → 0 [48]. A similar simplification can in principle be
considered in three dimensions by taking both couplings
large at fixed λ, in which case the system falls into the three-
dimensional XY universality class, as demonstrated by the
results shown in Fig. 12. In the limit of largeUI andUB, the
fermions completely decouple and the lattice models
become purely bosonic. For this reason, simulations on
much larger lattices are computationally feasible. We
therefore extend the analysis up to L ¼ 300 to further
suppress finite-size corrections and improve the stability of
the data-collapse analysis. However, if we do not explore
that limit and instead focus on the more generic parameter
regime, our Monte Carlo study of this transition is restricted
to lattice sizes up to L ¼ 32 as shown in Fig. 11.
Given these limitations, we focus on a relatively narrow

critical region where the universal scaling function fðxÞ can
be approximated by its leading linear form,

fðxÞ ¼ f0 þ f1x; ð53Þ

which is sufficient for the lattice sizes accessible in our
simulations.
We perform two complementary analyses: one in which

the critical exponents are treated as free fitting parameters,
and another in which they are fixed to their three-dimen-
sional XY values. A summary of the resulting fits, together
with additional fitting strategies, is provided in Table III.
The corresponding scaling plots for the two analyses are
shown in Fig. 11. Since the exponents obtained from
fits with free parameters are close to the known three-
dimensional XY values within uncertainties, a conservative
interpretation of our results is that the SSB–SMG transition
lies in the standard three-dimensional XYuniversality class.
In summary, our finite-size scaling analysis of the SSB–

SMG transition yields results consistent with a continuous
transition in the three-dimensional XY universality class.
While themicroscopic fermionic nature of themodel and the
accessible lattice sizes limit the precision of the analysis, the
observed scaling behavior of the fermion bilinear suscep-
tibilities and the proximity of the fitted critical exponents to
their known three-dimensional XY values support this
interpretation. Nevertheless, asUB is reduced and fermionic
degrees of freedom become increasingly important, addi-
tional effects may influence the critical behavior. More
detailed studies—particularly in the regime of small UB—
would therefore be valuable to further elucidate the multi-
critical behavior that emerges at UB ¼ 0.

VI. CONCLUSIONS

In this work, we have investigated the phase structure
and critical behavior of a three-dimensional lattice model of
two flavors of massless staggered fermions interacting

TABLE III. Combined fit results for χuu and χud in the critical region for various lattice ranges. We perform three types of fit: (a) all
parameters UI

XY, ν, η, and polynomial coefficients treated as independent; (b) all parameters constrained to be identical for both
observables; (c) fits performed with the three-dimensional XY critical exponents fixed to ν ¼ 0.672 and η ¼ 0.038. In all cases, we
assume a linear universal scaling function of the form given in Eq. (53).

f0 f1 L-range UI
XY ν η χ2=d:o:f: Fit-type

χuu 0.113(2) −0.0179ð7Þ 12–32 1.2953(3) 0.644(6) −0.02ð1Þ 1.0 (a)
χud 0.112(2) −0.0178ð7Þ
χuu 0.112(2) −0.018ð1Þ 12–32 1.2953(3) 0.644(6) −0.02ð1Þ 3.8 (b)
χud 0.112(2) −0.018ð1Þ
χuu 0.1270(1) −0.0241ð1Þ 12–32 1.2979(1) 0.672 0.038 1.46 (c)
χud 0.1270(1) −0.0241ð1Þ
χuu 0.113(5) −0.020ð2Þ 16-32 1.2952(7) 0.65(1) −0.02ð2Þ 1.2 (a)
χud 0.112(5) −0.020ð2Þ
χuu 0.112(5) −0.020ð2Þ 16–32 1.2952(7) 0.65(1) −0.02ð2Þ 1.4 (b)
χud 0.112(5) −0.020ð2Þ
χuu 0.1287(2) −0.0257ð1Þ 16–32 1.2972(1) 0.672 0.038 1.35 (c)
χud 0.1280(2) −0.0258ð1Þ
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through two independent four-fermion couplings, UI and
UB, using the fermion bag Monte Carlo approach. At
UB ¼ 0, this model is known to exhibit a direct continuous
transition between a massless fermion phase and a sym-
metric massive fermion phase, where fermions acquire
mass without the formation of a fermion bilinear conden-
sate. Our primary goal has been to understand how this
unconventional transition is modified when a second
interaction channel, UB, is introduced.
Our results show that an intermediate phase with

spontaneous symmetry breaking emerges as soon as UB
becomes nonzero. This phase is characterized by a non-
vanishing fermion bilinear condensate that breaks the
Uχð1Þ symmetry of the lattice model. The appearance of
this phase splits the single transition observed at UB ¼ 0
into two distinct continuous transitions: a transition
between the MF and SSB phases, and a second transition
between the SSB and SMG phases.
We have analyzed the critical behavior of the MF–SSB

transition using finite-size scaling of fermion bilinear suscep-
tibilities. Our results are consistent with this transition belong-
ing to the three-dimensional Uð1Þ Gross–Neveu universality
class with four flavors of four-component Dirac fermions, in
agreement with expectations based on symmetry consider-
ations and earlier studies. For the SSB–SMG transition, we
performed a complementary finite-size scaling analysis and
found behavior consistent with the three-dimensional XY
universality class. While the microscopic fermionic nature of
the model and the accessible lattice sizes limit the precision of
this analysis, the extracted critical exponents are close to their
known three-dimensional XY values.
Taken together, these results suggest that the direct MF–

SMG transition observed at UB ¼ 0 can be interpreted as a
multicritical point at which the Gross–Neveu and XY
critical lines merge. This interpretation is further supported
by the enhancement of the lattice symmetry from
SUð2Þ × SUð2Þ ×Uχð1Þ to SU(4) along the UB ¼ 0 axis.
Our findings thus provide a unified picture of how conven-
tional symmetry-breaking transitions and unconventional
symmetric mass generation phenomena are connected
within a single lattice framework.
Several interesting directions remain for future work. In

particular, more detailed studies in the regime of small UB,
where fermionic degrees of freedom play an increasingly
important role, would provide additional insight into the
nature of the multicritical point. Extending the simulations to
larger lattice sizes, exploringalternative parameter regimes, or
complementary analytical approaches may further shed light
on the interplay between enhanced symmetry, fermionic
dynamics, and critical behavior in this class of models.
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APPENDIX: COMPARISON
WITH EXACT RESULTS

In this Appendix, we validate our algorithm by compar-
ing results obtained from Monte Carlo simulations with
exact results on an L ¼ 2 lattice. In addition to the two
independent fermion bilinear susceptibilities defined in
Eqs. (4) and (5), we also introduce two additional

TABLE IV. Comparison between exact and Monte Carlo re-
sults on a L ¼ 2 lattice when UB ¼ 0.1.

ρI χuu χud

UI Exact Worm Exact Worm Exact Worm

0.05 0.0001 0.0001(0) 0.1764 0.1768(2) 0.0021 0.0021(0)
0.1 0.0004 0.0004(0) 0.1765 0.1761(2) 0.0043 0.0043(0)
0.5 0.0098 0.0099(0) 0.1777 0.1777(3) 0.0214 0.0213(1)
0.6 0.0143 0.0142(0) 0.1782 0.1783(2) 0.0256 0.0256(1)
1.0 0.0416 0.0418(1) 0.1809 0.1808(2) 0.0420 0.0420(1)

SANDIP MAITI et al. PHYS. REV. D 114, 074504 (2026)

074504-16



observables for the comparison: the dimer density,

ρD ¼ 2

L3

X
hiji

hūiuiūjuji; ðA1Þ

and the instanton density,

ρI ¼
1

L3

X
i

hūiuid̄idii: ðA2Þ

These densities are normalized such that they take
values between 0 and 1. These densities also help us
monitor when our Monte Carlo algorithm has roughly
thermalized.
The exact results for the partition function Z [see

Eq. (10)], the two susceptibilities χud and χuu, and the
two densities ρD and ρI are given by the following
expressions:

Z ¼ 6561þ 34992UB þ 97200U2
B þ 181440U3

B þ 245088U4
B þ 241920U5

B þ 172800U6
B þ 82944U7

B þ 20736U8
B

þU2
I ð972þ 5616UB þ 16464U2

B þ 29952U3
B þ 34368U4

B þ 23808U5
B þ 7936U6

BÞ þU4
I ð126þ 624UB

þ 1488U2
B þ 1728U3

B þ 864U4
BÞ þ U6

I ð12þ 48UB þ 48U2
BÞ þ U8

I ; ðA3Þ

ρI ¼
1

8Z
ðU2

I ð1944þ 11232UB þ 32928U2
B þ 59904U3

B þ 68736U4
B þ 47616U5

B þ 15872U6
BÞ

þU4
I ð504þ 2496UB þ 5952U2

B þ 6912U3
B þ 3456U4

BÞ þ U6
I ð72þ 288UB þ 288U2

BÞ þ 8U8
I Þ; ðA4Þ

ρD ¼ 1

8Z
ðUBð34992þ 5616U2

I þ 624U4
I þ 48U6

I Þ þ U2
Bð194400þ 32928U2

I þ 2976U4
I þ 96U6

I Þ
þ U3

Bð544320þ 89856U2
I þ 5184U4

I Þ þU4
Bð980352þ 137472U2

I þ 3456U4
I Þ þ U5

Bð1209600þ 119040U2
I Þ

þ U6
Bð1036800þ 47616U2

I Þ þ 580608U7
B þ 165888U8

BÞ; ðA5Þ

χuu ¼
1

2Z
ðð12672U7

B þ 44352U6
B þ 78432U5

B þ 90000U4
B þ 71496U3

B þ 38556U2
B þ 13122UB þ 2187Þ

þ U2
I ð3744U5

B þ 9360U4
B þ 10704U3

B þ 6888U2
B þ 2466UB þ 405Þ þ U4

I ð264U3
B þ 396U2

B þ 222UB þ 45Þ
þ U6

I ð6UB þ 3ÞÞ;
ðA6Þ

χud ¼
1

2Z
ðUIð5760U6

B þ 17280U5
B þ 24672U4

B þ 21024U3
B þ 11112U2

B þ 3456UB þ 486Þ
þ U3

I ð768U4
B þ 1536U3

B þ 1248U2
B þ 480UB þ 72Þ þ U5

I ð24U2
B þ 24UB þ 6ÞÞ: ðA7Þ

In Table IV, we compare the exact values for the above four observables with our Monte Carlo results at UB ¼ 0.1 at five
different values of UI.
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