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We propose a simple and predictive setup that connects neutrino masses, dark matter (DM), and
gravitational waves. A minimal lepton parity DM scenario is considered where the residual symmetry
ð−1ÞL from the type I seesaw acts as the dark parity D ¼ ð−1ÞLþ2j, ensuring DM stability without
imposing any new symmetry. A singlet Majorana fermion S with even lepton parity serves as the DM
candidate, interacting via a real scalar σ which is also even lepton parity. The scalar potential possesses an
accidental Z2 symmetry, whose spontaneous breaking gives rise to unstable domain walls in the presence
of explicit Z2-breaking terms allowed by the lepton parity. The subsequent domain wall annihilation
generates a stochastic gravitational wave background potentially observable at different gravitational wave
experiments.
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I. INTRODUCTION

In the standard model (SM) of quarks and leptons under
the imposed SUð3ÞC × SUð2ÞL ×Uð1ÞY gauge symmetry,
it is well known that the chosen particle content implies the
automatic or accidental conservation of baryon number B
(under which quarks ∼1=3) and lepton number L (under
which leptons ∼1). If three singlet right-handed neutrinos
are added with large Majorana masses, the well-known type
I seesaw mechanism [1–4] enables the observed left-
handed neutrinos to be naturally light, and the associated
conserved symmetry becomes ð−1ÞL, i.e., lepton parity. As
such, it can be used as dark symmetry, i.e., D ¼ ð−1ÞLþ2j,
where j is the spin of the particle concerned [5].
This insight [5] allows a simple single additional

particle to the SM as the dark matter (DM) of the
Universe. It may be a real scalar with odd ð−1ÞL which
has been studied in detail [6] or a singlet Majorana
fermion S with even ð−1ÞL. In the latter case, S by itself
decouples from the SM and requires another particle to
make the connection. One choice is to use a scalar doublet
with odd ð−1ÞL. This becomes the well-known scotogenic
model [7,8] of radiative neutrino masses. Here, we assume
instead a real scalar σ with even lepton parity. In this
paper, we show that σ (which is necessary for S to be

DM) allows naturally unstable domain walls (DWs),
which are responsible for generating stochastic gravita-
tional waves (GWs) that can be observed at different GW
experiments [9–17].
In particle physics, discrete symmetries are imposed for

various phenomenological purposes. If these discrete sym-
metries are broken spontaneously, then they can lead to
stable DWs in the early Universe which can overclose the
Universe [18–23]. One way to avoid such a possibility is to
add ad hoc explicit symmetry-breaking terms (bias term)
along with the spontaneous breaking of the discrete
symmetry which can destabilize the DWs. We show that,
in a minimally extended type I seesaw, the residual lepton
parity naturally allows such bias terms along with the
spontaneous breaking term, leading to unstable DWs.

II. MINIMAL SETUP

As discussed above, in the minimal type I seesaw model,
the lepton number is explicitly broken to a residual
symmetry ð−1ÞL.1 By construction, the SM leptons are
odd under this residual lepton parity. In this paper, we
extend the minimal type I seesaw model with a right-
handed fermion, S, with even lepton parity; thus, it is
disconnected from the SM. It naturally acts as a DM
candidate. To produce it in the early Universe, we add a
singlet scalar σ with even lepton parity. Thus, it allows an
interaction of kind ySσScS along with yRσνcRνR. The
relevant Lagrangian of the model is
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1In our model, the residual lepton parity can be identified as
dark parity. This is shown in Appendix A.
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L ¼ Siγμ∂μSþ νRiγμ∂μνR −
ySffiffiffi
2

p σScS −
yRffiffiffi
2

p σνcRνR

−
1

2
MRν

c
RνR − yLL H̃ νR − VðH; σÞ; ð1Þ

where we have suppressed the generation indices of
the right-handed neutrinos. In Eq. (1), the most general
scalar potential consisting of H and σ is given by
VðH; σÞ ¼ V0 þ V1, where

V0 ¼ −μ2HðH†HÞ þ λHðH†HÞ2 − 1

2
μ2σσ

2 þ 1

4
λσσ

4

þ 1

2
λHσðH†HÞσ2 ð2Þ

and

V1 ¼ μ1σ
3=2

ffiffiffi
2

p
þ μ2H†Hσ=

ffiffiffi
2

p
: ð3Þ

Note that V0 by itself possesses an accidental discreteZ2

symmetry under the transformation σ → −σ, whereas V1

breaks it softly by its linear and cubic terms, which may
then be assumed naturally small. Note also that, for positive
μ2σ in V0, there are two discrete nearly degenerate vacua,
perfect for unstable DWs. If negative μ2σ is assumed [24] so
that σ has a physical mass to begin with, as in most other
studies of DM, this does not happen. We also note that the
terms σScS and σνcRνR break the Z2 symmetry explicitly
while allowed by the dark parity. Therefore, we expect the
corresponding Yukawa couplings yS and yR to be small.
Since yS is small, the relic of S can be produced through a
nonthermal mechanism. Wewill discuss the DM relic in the
next section.
When σ acquires a vacuum expectation value (VEV), the

accidental Z2 symmetry breaks spontaneously and gives
rise to DW networks, which are naturally unstable due to
the presence of terms in V1 yet allowed by lepton parity. In
this framework, the light neutrino mass is given by

mν ¼ mDðMR þ
ffiffiffi
2

p
yRvσÞ−1mT

D; ð4Þ

where mD ¼ yLvh=
ffiffiffi
2

p
and vh is the SM Higgs VEV.

In our setup, there are four free parameters—the VEV
of σ (vσ), mass of sigma (Mσ), h − σ mixing (sin θ), and
Yukawa coupling yS—which play a role in the DM relic as
well as in the GW analysis. While the small coupling yS
and mixing sin θ are responsible for the DM production
via a nonthermal mechanism, the σ VEV and Mσ are
responsible for the signature of the GW from the DW
network.

III. DARK MATTER RELIC

The Majorana fermion S acts as a natural DM candidate
in our setup. The DM gains mass once the singlet scalar σ

obtains a VEV after the spontaneous breaking of the
accidental Z2 symmetry.2 The mass of the DM is given as

MS ≡MDM ¼
ffiffiffi
2

p
ySvσ: ð5Þ

Note that the Yukawa coupling yS explicitly breaks the
accidental Z2 symmetry and, therefore, must be small. This
renders the DM relic abundance through the freeze-out
mechanism difficult to achieve, as a small yS leads to an
overabundant DM relic density and may even prevent
thermalization. An alternative is to realize the correct relic
abundance via nonthermal production from a heavier state,
a process such as freeze-in [25–27] and superWIMP
mechanism. Furthermore, the smallness of yS implies that
the resulting DM mass is also light in this scenario. The
singlet scalar σ can decay into S in our scenario. The SM
Higgs can also produce S through its mixing with σ.
Additionally, S can be generated via 2 → 2 processes such
as σσ → SS, hh → SS, WþW− → SS, ZZ → SS, and
ff → SS, where f is the SM fermion. The DM relic
density can be calculated by solving the coupled
Boltzmann equations (BE)

dYS

dz
¼ sðTÞ

zHðTÞ
�
hσviSMSM→SSððYeq

S Þ2 − Y2
SÞ

þ hσviσσ→SS

�
Y2
σ − Y2

S
ðYeq

σ Þ2
ðYeq

S Þ2
�

þ 2
hΓσi
sðTÞ

�
Yσ − YS

Yeq
σ

Yeq
S

��
; ð6Þ

dYσ

dz
¼ sðTÞ

zHðTÞ
�
−hσviσσ→SMSMðY2

σ − ðYeq
σ Þ2Þ

− hσviσσ→SS

�
Y2
σ − Y2

S
ðYeq

σ Þ2
ðYeq

S Þ2
�

− 2
hΓσi
sðTÞ

�
Yσ − YS

Yeq
σ

Yeq
S

��
; ð7Þ

where z ¼ Mσ=T and Yi is the abundance of the ith species
defined as Yi ¼ ni=s, where ni is the number density of that
species and s ¼ 2π2

45
g�sT3 is the entropy density. Yeq

i is the
corresponding equilibrium abundance of that species.
hΓσi is the thermally averaged decay width of σ to S.3

2We assume the bare mass of the DM to be negligible. This can
be justified as its mass is generated by the SSσ coupling and by σ3
coupling in two loops. For the choice of model parameters, the
loop contribution is very small even if the cutoff scale is the
Planck mass. In our scenario, S is getting mass only via the VEV
of σ.

3The SM Higgs also can decay to S. However, this decay mode
is very small compared to σ → SS; thus, we do not include it in
our calculation.
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The factor of 2 accounts for the fact that each decay
produces two DM particles. In the above equations,
hσviab→cd denotes the thermally averaged cross section
for a process ab → cd. H ¼ 1.66

ffiffiffiffiffi
g�

p
T2=Mpl is the

Hubble parameter, and Mpl ¼ 1.22 × 1019 GeV is the
Planck mass. g� is the relativistic degrees of freedom
(d.o.f.) at temperature T. The DM relic density is then
calculated to be

ΩDMh2 ≃ 0.118

�
YS

4.2 × 10−10

��
MDM

1 GeV

�
: ð8Þ

As discussed earlier, DM can be produced both via the
annihilation of SM particles and from the decay of σ. The
scalar mixing angle suppresses the contribution from SM
particle annihilation and remains subdominant unless the
mixing angle is of suitable magnitude. DM can also be
generated through σ annihilations; however, the t-channel
contribution is suppressed by y4S, while the s channel is
additionally suppressed by the σ mass and the mixing
angle. The singlet scalar σ stays in thermal equilibrium
with the SM bath through interactions such as
σσ → WþW−; ZZ; hh; ff̄. Once the rates of these proc-
esses drop below the Hubble expansion rate, σ departs from
equilibrium. The DM relic abundance is then predomi-
nantly built up from the subsequent out-of-equilibrium
decay of σ. This corresponds to the superWIMP mecha-
nism, where the 2 → 2 production channels are negligible
compared to the late out-of-equilibrium decay contribution.
Nevertheless, for certain parameter ranges with relatively
large scalar mixing angles, the 2 → 2 production processes
can become comparable to the out-of-equilibrium decay
rate. In this regime, freeze-in and the superWIMP

mechanism operate simultaneously, determining the final
DM relic density.
In the left panel in Fig. 1, we show the evolution of the

DM abundance along with the σ as a function of z ¼ Mσ=T
for the BP1 as mentioned in Table I. We obtain the
abundances by solving Eqs. (6) and (7) with an initial
abundance of S to be 0. The DM mass for this BP1 is
148.492 MeV. The interaction rates are compared with
respect to Hubble in the right panel in the same figure.
Because of the small Yukawa coupling, the DM never
reaches equilibrium. This can be easily understood from the
right panel in Fig. 1 as the SM SM → SS rate remains
much below the Hubble rate shown with the magenta solid
line. The interaction rate of σσ → SM SM remains above
the Hubble up to z ∼ 20. Thus, σ goes out of equilibrium at
that time and its relic gets frozen. The decay rate goes
above the Hubble around z ∼ 4 × 104. As a result, the DM
gets maximally produced from this decay around this time.
Before the out-of-equilibrium decay of the σ, DM also gets
produced from the 2 → 2 processes. This 2 → 2 production
is minimal compared to the decay of σ. The DM relic gets
frozen at around z ∼ 8 × 104, corresponding to a temper-
ature of T ∼ 375 GeV. This temperature is much above the
mass scale of the DM.
The model evades current direct detection bounds due to

the extremely small Yukawa coupling. In this scenario, a
typical annihilation cross section into various SM states
(i.e., SS→WþW−;eþe−, etc.) is likewise highly suppressed,
ensuring consistency with existing indirect detection limits
from cosmic microwave background [28,29]. Nevertheless,
the DM mass is intrinsically linked to the properties of the
DWs, making the scenario testable through GW observa-
tions, as discussed in the latter part of the paper.
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FIG. 1. Left: cosmological evolution of the DM (S) and the singlet scalar (σ) with respect to z ¼ Mσ=T for BP1 as mentioned in
Table I. The blue dashed line represents the equilibrium abundance of σ, and the blue solid line represents the actual abundance of σ. The
DM abundance is shown with the red solid line mentioned in the figure. The gray dashed line represents the correct relic of DM. Right:
comparison of the interaction rates of different processes involved in the BE with the Hubble is shown with different colors as mentioned
in the inset of the figure.
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IV. GRAVITATIONAL WAVES FROM
DOMAIN WALLS

The accidental Z2 symmetry can be spontaneously
broken by the VEV of σ. The spontaneous breaking of
the discrete symmetry leads to the formation of domain
walls in the early Universe, which are two-dimensional
topological defects in spacetime. These DWs overclose the
energy density of the Universe very soon, as their energy
density scales in the scaling regime as a−2, while the matter
and radiation scales as a−3 and a−4, respectively, where a is
the scale factor of the Universe. DWs can be made unstable
if a pressure difference is created between the two vacua of
the potential. The presence of small explicit Z2-breaking
terms in V1 acts as a bias potential that lifts the minima by

Vbias ¼
μ1v3σffiffiffi

2
p þ μ2vσv2hffiffiffi

2
p : ð9Þ

This causes the DWs to collapse and release their energy in
the form of GWs. The DW has to disappear before the big
bang nucleosynthesis (BBN) and before it can dominate the
energy density of the Universe. The details are given in
Appendix C. The DW annihilation dynamics and sub-
sequent release of GW depend on two crucial parameters:
the annihilation temperature Tann at which the DW anni-
hilate and the surface energy density or surface tension of
the DW, σDW ¼ 2

3
Mσv2σ . The larger the surface tension, the

larger the GW amplitude. On the other hand, if the DW
annihilates at an early epoch, i.e., at a larger temperature,
then the amplitude will be smaller.
We then compute the GW spectrum for the benchmark

points listed in Table I and displayed in Fig. 2. For BP1, the
σ VEV and mass are 108 and 3 × 107 GeV, respectively,
which yield a surface tension of σDW ¼ 2 × 1014 TeV3.
The DW domination criterion imposes a lower bound of
116 GeVon the annihilation temperature. Hence, we select
120 GeVas the annihilation temperature for this BP1.4 This
choice gives a peak frequency of 3.167 × 10−6 Hz and a
peak GW amplitude of 2.741 × 10−7. BP1 lies within the
sensitivity ranges of LISA [9], THEIA [10], μARES [11],
DECIGO [12], BBO [13], and CE [14]. For BP2, the

surface tension is 1.333 × 1011 TeV3, which sets a lower
bound of 3.2 GeVon the annihilation temperature. We take
the annihilation temperature to be 10 GeV, resulting in a
peak frequency of 2.559 × 10−7 Hz and a peak GW
amplitude of 3.232 × 10−9. BP2 falls within the sensitivity
bands of SKA [15], THEIA, μARES, DECIGO, and BBO.
The tail of its spectrum can also accommodate the
NANOGrav [17] data shown by the blue vertical lines.
For BP3, the lower limit on the annihilation temperature is
14912 GeV. We choose 1.5 × 104 GeV as the annihilation
temperature and compute the GW spectrum. This BP3 lies
in the sensitivity ranges of LISA, μARES, DECIGO, BBO,
CE, and ET [16]. BP4 corresponds to vσ ¼ 5 × 1010 GeV
and Mσ ¼ 108 GeV, giving a surface energy density of
1.667 × 1020 TeV3. The annihilation temperature must
exceed 105444 GeV, and we consider it to be
1.1 × 105 GeV. BP4 lies within the sensitivity ranges of
μARES, LISA, DECIGO, BBO, CE, and ET.
If we assume DWannihilation takes place just above the

wall domination epoch, i.e., Tdom ≲ Tann, which corre-
sponds to the lowest achievable annihilation temperature of
the DW, then we observe a correlation between the DM
mass and the lowest peak frequency of the GW; i.e., the
peak frequency of the GW decreases as the DM mass
decreases and vice versa. This can be understood as
follows. From Eq. (5), we see that a decrease in DM mass
corresponds to a lowering in σ VEV. A smaller σ VEV
delays the wall domination epoch, as tdom ∝ 1

σDW
∼ 1

Mσv2σ
,

leading to a lower wall domination temperature.
Consequently, the annihilation temperature drops as the
VEV decreases, and the frequency decreases accordingly
since fpeak ∝ Tann. To demonstrate the correlation between
the DM mass and GW peak frequency, let us consider three

DM masses such that Mð1Þ
DM < Mð2Þ

DM < Mð3Þ
DM. This leads to

Tð1Þ
dom < Tð2Þ

dom < Tð3Þ
dom. Since we assume that Tann is very

close to Tdom and follows a similar trend as Tdom, i.e.,

Tð1Þ
ann < Tð2Þ

ann < Tð3Þ
ann, then f

ð1Þ
peak < fð2Þpeak < fð3Þpeak. This can be

easily checked by comparing BP1, BP2, BP3, and BP4 in
Table I. We note that, in our case, the DM mass is related to
the lowest peak frequency of the GW due to our assumption
that Tann ≳ Tdom. However, we note that Tann is indepen-
dent of DM mass and, in general, can be very large
(Tann ≫ Tdom) and may not follow the above-mentioned

TABLE I. Benchmark points giving rise to correct DM relic and observable GW signatures. Tann is the annihilation temperature of the
DW, σDW ¼ 2

3
Mσv2σ is the surface energy density of the DW, Ωpeak

GW h2 is the peak amplitude of GW, and fpeak is the peak frequency.

MDM (GeV) yS vσ (GeV) Mσ (GeV) sin θ σDW ðTeV3Þ Tann (GeV) Ωpeak
GW h2 fpeak (Hz)

BP1 0.148492 1.05 × 10−9 108 3 × 107 7.5 × 10−6 2 × 1014 120 2.741 × 10−7 3.167 × 10−6

BP2 0.053 7.5 × 10−9 5 × 106 8 × 106 3.8 × 10−6 1.333 × 1011 10 3.232 × 10−9 2.559 × 10−7

BP3 1.061 7.5 × 10−11 1010 5 × 107 7 × 10−6 3.333 × 1018 1.5 × 104 3.007 × 10−7 3.976 × 10−4

BP4 7.071 10−10 5 × 1010 108 7 × 10−6 1.667 × 1020 1.1 × 105 2.599 × 10−7 2.916 × 10−3

4We can obtain the desired Tann by appropriately varying μ1
and μ2.
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trend. In such a case, there is no correlation between the
DM mass and GW peak frequency.

V. CONCLUSIONS

We have proposed a minimal and predictive framework
connecting neutrino masses, dark matter, and gravitational
waves. The residual lepton parity ð−1ÞL of the type I seesaw
is identified with the dark parity D ¼ ð−1ÞLþ2j, ensuring
DM stability without introducing any additional symmetry.
In this setup, a singlet Majorana fermion S acts as the DM
candidate and interacts through a real scalar σ. The scalar
potential involving σ exhibits an accidental Z2 symmetry
whose spontaneous breaking leads to the formation of
domain walls. Explicit Z2-breaking terms allowed by
lepton parity create a pressure difference across the walls,
making them annihilate, generating a stochastic GW back-
groundwithin the sensitivity of upcomingGWexperiments.
This is an important result of this paper in comparison to
the existing literature where ad hoc explicit symmetry-
breaking terms are used to destabilize the DW [30–36].
The model naturally harbors a light DM (S) whose relic

can be established via freeze-in and/or superWIMP mecha-
nism. The DM mass arises solely from the Yukawa term
ySSSσ once σ acquires a vacuum expectation value. Since
this operator softly breaks the accidental Z2, the coupling
yS must be extremely small. This small yS naturally
suppresses the DM mass, rendering it light. The same
small coupling also makes the standard freeze-out mecha-
nism ineffective, pointing to nonthermal production as the
viable mechanism to obtain the observed relic density.
Another intriguing outcome of this framework is that

there can be a correlation between the DM mass and the

peak frequency of the GW spectrum if we assume that
Tann ≳ Tdom, where Tann is related to the peak frequency of
the GW and Tdom is related to DM mass in our scenario.
Note that this correlation is limited to the lowest peak
frequency of the GW spectrum. However, in principle, Tann
is independent of DM mass and the annihilation of the DW
can happen at any temperature, say, Tann ≫ Tdom, which
corresponds to a larger peak frequency of the GW. In that
case, there is no correlation between the peak frequency of
GW and the DM mass. Although the precise annihilation
temperature depends on additional model parameters, this
qualitative trend establishes a testable link between particle
physics and cosmology, where future GW observations
could indirectly probe the light DM in this scenario.
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APPENDIX A: LEPTON PARITY ð− 1ÞL
IDENTIFIED AS DARK PARITY, D= ð− 1ÞL+ 2j

The charges of particles under Uð1ÞL, ð−1ÞL, and
ð−1ÞLþ2j are given in Table II. The allowed terms by these
symmetries are given in Table III.
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FIG. 2. GW spectrum is shown for BP1, BP2, BP3, and BP4 as mentioned in Table I. The sensitivities from different GWexperiments
are shown with different colored lines.
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From Tables II and III, it is clear that the residual lepton
parity ð−1ÞL acts as dark parity, D ¼ ð−1ÞLþ2j in
our model.

APPENDIX B: SCALAR MIXING

The scalar potential involving both the scalars can be
written as

VðH; σÞ ¼ −μ2HðH†HÞ þ λHðH†HÞ2 − 1

2
μ2σσ

2 þ 1

4
λσσ

4

þ 1

2
λHσðH†HÞσ2: ðB1Þ

The scalars can be parametrized as

H ¼
�

0
hþvhffiffi

2
p

�
; σ ¼ σ þ vσ: ðB2Þ

The mass-squared matrix is obtained to be

M2 ¼
 

2v2hλH vhvσλHσ

vhvσλHσ 2v2σλσ

!
; ðB3Þ

which can be diagonalized with the following matrix:

R ¼
�
cos θ − sin θ

sin θ cos θ

�
; ðB4Þ

where the mixing angle is given as

tan 2θ ¼ vhvσλHσ

v2σλσ − v2hλh
: ðB5Þ

This leads to two mass states h1 and h2 with masses Mh1
and Mh2 , where h1 is identified to be the SM Higgs and h2

is the σ. We can express the scalar couplings in terms of the
physical scalar masses and mixing angle as

λH ¼ M2
h1
cos2 θ þM2

h2
sin2 θ

2v2h
; ðB6Þ

λσ ¼
M2

h2
cos2 θ þM2

h1
sin2 θ

2v2σ
; ðB7Þ

λHσ ¼ sin θ cos θ
M2

h2
−M2

h1

vhvσ
: ðB8Þ

Since sin θ is small, for all practical purposes, we use the
notation Mh2 ≡Mσ .

APPENDIX C: DOMAIN WALL FROM Z2
SYMMETRY BREAKING AND PRODUCTION

OF GRAVITATIONAL WAVES

The scalar fields are parametrized as

H ¼
�

0
hþvhffiffi

2
p

�
; σ ¼ σ þ vσ: ðC1Þ

Then, the scalar potential can be written as

Vðh; σÞ ¼ −
μ2H
2
h2 þ λH

4
h4 −

μ2σ
2
σ2 þ λσ

4
σ4

þ λHσ

4
h2σ2: ðC2Þ

The equations of motion for the DW are [30–35]

d2h
dx2

−
dV
dh

¼ 0;
d2σ
dx2

−
dV
dσ

¼ 0; ðC3Þ

with the boundary condition

lim
x→�∞

hðxÞ ¼ vh; lim
x→�∞

σðxÞ ¼ �vσ: ðC4Þ

In the decoupling limit, after solving the equation of
motion, we obtain

σðxÞ ¼ vσ tanhðαxÞ; ðC5Þ

where α ≃
ffiffiffiffi
λσ
2

q
vσ.

The DW is extended along the x ¼ 0 plane, and the two
vacua are realized at x → �∞. The width of the DW is

estimated as δ ∼ ð
ffiffiffiffi
λσ

p
vσffiffi
2

p Þ−1. The surface energy density, also
referred to as the tension of the DWs, is calculated to be

σDW ¼ 4

3

ffiffiffiffiffi
λσ
2

r
v3σ ≃

2

3
Mσv2σ; ðC6Þ

TABLE II. Particles and their charges under the mentioned
symmetries.

Symmetry S σ νR L H

L 0 0 1 1 0
ð−1ÞL þ þ − − þ
D ¼ ð−1ÞLþ2j − þ þ þ þ

TABLE III. The allowed terms by the mentioned symmetries.

Terms L ð−1ÞL D ¼ ð−1ÞLþ2j

ScSσ ✓ ✓ ✓

νcRνRσ ✗ ✓ ✓

SνRσ ✗ ✗ ✗

L̄ H̃ νR ✓ ✓ ✓

L̄ H̃ S ✗ ✗ ✗
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where Mσ ¼
ffiffiffiffiffiffiffi
2λσ

p
vσ . As discussed earlier, without a soft

Z2-breaking term, the DW will be stable and will overclose
the energy density of the Universe. To overcome this
problem, we introduce an energy bias in the potential as
μ1σ

3=2
ffiffiffi
2

p þ μ2σh2=2
ffiffiffi
2

p
, which breaks the Z2 symmetry

explicitly. Here, μ1 and μ2 are mass dimension-one cou-
plings. Equation (C2) then becomes

V ¼ Vðh; σÞ þ μ1σ
3=2

ffiffiffi
2

p
þ μ2σh2=2

ffiffiffi
2

p
: ðC7Þ

As a result, the degeneracy of the minima is lifted by

Vbias ≡ jVð−vσÞ − VðvσÞj ¼
μ1v3σffiffiffi

2
p þ μ2vσv2hffiffiffi

2
p : ðC8Þ

The energy bias has to be large enough so that the DW
annihilate before the BBN epoch and before they can
dominate the energy density of the Universe. The annihi-
lation timescale of the DW is given by

tann ¼ Cann
AσDW
Vbias

; ðC9Þ

where Cann is a coefficient of Oð1Þ and A ≃ 0.8� 0.1 [36]
is area parameter. The timescale at which the DW will
dominate the energy density of the Universe is given as

tdom ¼ 3M2
pl

32πAσDW
: ðC10Þ

The DW must annihilate before they dominate the energy
density of the Universe, which is set by

tann < tdom: ðC11Þ

Assuming the annihilation happens during the radiation-
dominated era, we have

tann ¼
1

2HðTannÞ
¼ Mpl

2 × 1.66
ffiffiffiffiffi
g�

p
T2
ann

: ðC12Þ

This results in a lower limit on the annihilation temperature:

Tann > 3.18g−1=4� M−1=2
pl A1=2σ1=2DW: ðC13Þ

The wall domination criteria give a lower bound on the
bias potential:

Vbias >
32π

3
Cann

A2σ2DW
M2

pl

: ðC14Þ

This puts a lower limit on the bias parameters μ1 and
μ2 as

μ1v2σ þ μ2v2h > 67.4
M2

σv3σ
M2

pl

: ðC15Þ

The DWs must also annihilate before the BBN to be
consistent with the BBN prediction. This puts a lower limit
on the bias potential:

Vbias >
CannAσDW

τBBN
; ðC16Þ

where τBBN is the BBN timescale. Consequently, the bias
parameters μ1 and μ2 are constrained from above as

μ1v2σ þ μ2v2h > 3.77
Mσvσ
τBBN

: ðC17Þ

It has to be noted that the bias potential Vbias cannot be
arbitrarily large due to the requirement of percolation of
both the vacua [31]. This gives an upper bound on the bias
potential:

Vbias < 0.795V0; ðC18Þ

where V0 is the potential difference between the maximum
and the þvσ minimum of the potential. This translates into
an upper limit on the bias parameters μ1 and μ2 as

μ1v2σ þ μ2v2h < 0.193λσv3σ: ðC19Þ

In Fig. 3, we show the allowed values of the bias
parameters which give the DW annihilation temperatures
Tann as mentioned in Table I. The four contours represents
the four BPs.
The peak amplitude of the GW spectrum at present, t0, is

given by [33]

FIG. 3. Allowed values of μ1 and μ2 which give the chosen Tann
as mentioned in Table I for four BPs.
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Ωpeak
GW h2ðt0Þ ¼ 7.18824 × 10−18A2ϵ̃GW

�
σDW

1 TeV3

�
2

×
�
g�sðTannÞ

10

�
−4
3

�
Tann

10−2 GeV

�
−4
; ðC20Þ

where ϵ̃GW ≃ 0.7� 0.4 [36] is the efficiency parameter,
Tann is the temperature at which the DWs annihilate, and
g�sðTannÞ is the relativistic entropy d.o.f. at the epoch of
DWs annihilation.
Assuming the DWs disappear at temperature Tann, the

peak frequency of the GW spectrum at present is estimated as

fpeakðt0Þ ¼ 1.78648 × 10−10 Hz

�
g�sðTannÞ

10

�
−1
3

×

�
g�ðTannÞ

10

�1
2

�
Tann

10−2 GeV

�
: ðC21Þ

The amplitudeof theGWfor any frequencyat present varies as

ΩGWh2ðt0; fÞ ¼ Ωpeak
GW h2ðt0Þ

8>><
>>:

fpeak
f ; f > fpeak�

f
fpeak

�
3

; f < fpeak:

ðC22Þ

APPENDIX D: THERMALLY AVERAGED
CROSS SECTION

The thermally averaged cross section for a process
ab → cd is given by

hσviab→cd¼
T

32π4
gagb
neqa neqb

Z
∞

ðmaþmbÞ2
σab→cdðsÞ

ffiffiffi
s

p
K1

� ffiffiffi
s

p
T

�

×
ðs−ðmaþmbÞ2Þðs−ðma−mbÞ2Þ

4s
ds; ðD1Þ

where neqa and neqb are the equilibrium number densities
of the a and b particles, ma and mb are the mass of the
respective particles, and ga and gb are the d.o.f. of the
particles. s is the center of mass energy, and K1 is the
modified Bessel function of the first kind. We used CalcHEP

[37] for calculating the cross sections of the relevant
processes involved in DM relic calculations.

APPENDIX E: DECAY WIDTH OF THE SCALAR

The decay width of σ to the DM, S is calculated to be

Γσ ¼ cos2 θ
y2S
16π

Mσ

�
1 −

4M2
S

M2
σ

�
3=2

: ðE1Þ

The thermally averaged decay rate is given as

hΓσi ¼ Γσ

K1

�
Mσ
T

�

K2

�
Mσ
T

� ; ðE2Þ

where K2 is the modified Bessel function of the sec-
ond kind.

APPENDIX F: EVOLUTION OF DARK MATTER
RELIC AND INTERACTION RATES

FOR BP2, BP3, AND BP4

Here, we show the evolution of the BP2, BP3, and BP4
from Table I along with the interaction rates of different
processes. For the BP2, DM mass is 53 MeV and the
Yukawa coupling is 7.5 × 10−9. The evolution is shown in
the left panel in Fig. 4. In the right panel in this figure, we
see that the σσ → SM SM annihilation processes go below
the Hubble rate around z ∼ 17. This decouples the σ from
the thermal plasma around z ∼ 17. As the yS sin θ is larger
here compared to BP1, we see that the DM gets produced

YS
Yσ
Yσ

eq

Correct relicY i

10−15

10−12

10−9

10−6

10−3

100

z=Mσ /T
10−2 10−1 100 101 102 103 104 105

SM SM → SS
σσ → SS
σσ → SM SM
Decay
Inverse decay
Hubble

Γ i
 , 

H

10−21

10−18

10−15

10−12

10−9

10−6

10−3

100

103

106

z=Mσ /T
10−2 10−1 100 101 102 103 104 105

FIG. 4. Left: cosmological evolution of the DM S and the singlet scalar σ with respect to z ¼ Mσ=T for BP2 as mentioned in Table I.
Right: comparison of the interaction rates of different processes is shown with different colors as mentioned in the inset in the figure.
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significantly from the 2 → 2 processes. After freezing out,
the σ decays and produces the DM, and the DM settles with
the correct relic around T ∼ 1500 GeV. In Fig. 5, we show
the evolution of the abundances of the particles and the
interaction rate comparison in the left and right panel,
respectively, for the BP3. Here, the 2 → 2 production is

minimal. DM gets produced from the decay, and it freezes
in around T ∼ 35 GeV. The abundance evolution and
interaction rate comparisons for the BP4 are shown in
the left and right panels in Fig. 6. The DM mostly gets
produced from the decay of the scalar, and it reaches its
correct value around T ∼ 67 GeV.
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