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A central challenge in diagnosing quantum chaos is to distinguish genuine many-body scrambling from
kinematic effects of the spectrum. Krylov state complexity, or spread complexity, has emerged as a
powerful diagnostic, with its characteristic growth, peak, and relaxation often taken as signatures of chaos.
However, previous work has shown that this criterion can give false positives: saddle-dominated integrable
systems may display prominent peaks even without random-matrix level correlations. We argue, based on
complementary numerical and analytical evidence, that this ambiguity can be resolved by unfolding the
spectrum prior to constructing the ensuing Krylov dynamics. By removing the nonuniversal smooth density
of states while retaining microscopic spectral correlations, unfolding suppresses spurious peaks in
integrable systems while preserving the universal spectral signatures of chaotic systems. Analytically, the
formulation of the Lanczos iteration in terms of orthogonal polynomials yields an exact complexity kernel
with a robust near-diagonal structure whose fine-grained features reflect the underlying spectral
correlations. Moreover, for the logarithmic model, unfolding can be performed exactly, mapping the
spectrum to a uniform lattice and yielding an analytic spread complexity that removes the false-positive
peak. These findings establish unfolded Krylov complexity as a more reliable probe of genuine many-body
scrambling.
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I. INTRODUCTION

Recent developments at the interface of quantum infor-
mation, many-body physics, and holography have sharp-
ened the search for reliable diagnostics of quantum chaos
[1–7]. A central challenge in this effort is to distinguish
genuine many-body scrambling from dynamics that merely
mimic chaos. Motivated by the proposal that black holes
are the fastest scramblers in nature [8], out-of-time-order
correlators (OTOCs) [9,10] have become standard probes
of operator growth and information scrambling. In chaotic
systems, OTOCs display early-time exponential growth
governed by a quantum Lyapunov exponent, λL, which
under general assumptions obeys the Maldacena-Shenker-
Stanford bound, λL ≤ 2πkBT=ℏ [11]. This regime has

consequently become a widely used signature of quantum
chaos.
However, exponential growth alone does not imply

genuine many-body scrambling. Unstable saddles in semi-
classical phase space can generate local exponential sensi-
tivity even in integrable systems. This occurs, for example,
in the Lipkin-Meshkov-Glick (LMG) model [12,13] and
the inverted harmonic oscillator (IHO) [14], despite the
absence of universal spectral correlations associated with
random matrix theory (RMT) [15]. Such saddle-dominated
scrambling can therefore produce false positives. The
distinction from genuine many-body chaos is particularly
sharp at the spectral level: the Bohigas-Giannoni-Schmit
(BGS) conjecture [16–19] associates quantum chaos
with Wigner-Dyson correlations, while the Berry-Tabor
conjecture [20] predicts Poisson statistics for integrable
systems. A local phase-space instability can thus mimic
early-time growth without the level repulsion and spectral
rigidity characteristic of RMT.
Krylov complexity provides a complementary diagnostic

of quantum dynamics [21–23]. It has recently found
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extensive applications in many-body quantum dyna-
mics and holography; for comprehensive reviews, see
Refs. [24–26]. Rather than probing correlation functions,
it characterizes how an operator or state spreads through
the Krylov basis generated by repeated action of the
Liouvillian or Hamiltonian under the Lanczos algorithm
[27]. Krylov operator complexity was introduced as a probe
of operator growth [21], while its state counterpart, spread
complexity, tracks the spreading of states [22]. However, in
saddle-dominated systems, both notions can produce false
positives, exhibiting chaoslike behavior despite integrabil-
ity: operator Krylov complexity may display the character-
istic exponential growth [28], while spread complexity can
develop chaoslike peaks before reaching saturation [29].
Thus, neither feature alone constitutes a reliable diagnostic
of RMT-type spectral chaos.
For operator Krylov complexity, Ref. [30] addresses this

issue through a multiseed construction, whose late-time
plateau distinguishes chaotic from integrable Hamiltonians.
We instead focus on spread complexity, whose dependence
on the Hamiltonian spectrum and the spectral weights of the
initial state makes it particularly sensitive to spectral
correlations. In chaotic systems, its characteristic growth-
peak-saturation structure mirrors the dip-ramp-plateau
structure of the spectral form factor (SFF) [22,31].
Specifically, analyzing transition probabilities into Krylov
states reveals that the spread complexity peak in chaotic
systems is associated with fine-grained spectral correlations
[31]. These probabilities inherit the SFF ramp structure,
driving a peak before saturation. This persistent ramp serves
as a key signature of spectral rigidity, a hallmark of quantum
chaos. In contrast, uncorrelated spectra lack a spectral ramp,
approaching saturation monotonically.
Yet, saddle-dominated integrable systems challenge this

classification by displaying a similar peak-relaxation struc-
ture, even though local phase-space instabilities near an
unstable saddle do not generate the RMT-type level
repulsion predicted by the BGS conjecture. This tension
raises a natural question: which spectral features are
actually responsible for such peak-relaxation dynamics
in spread complexity? The Lanczos coefficients are deter-
mined by moments of the spectral measure and are there-
fore sensitive both to microscopic level correlations and to
the smooth, nonuniversal density of states. Strong varia-
tions in the latter, for instance, near spectral edges or
saddle-induced level accumulation, can modify these
moments and, in turn, generate nontrivial Krylov dynamics
without RMT correlations. False positives may therefore
originate from the smooth spectral density rather than its
fluctuating component.
This observation points naturally to spectral unfolding,

which separates the smooth background density of states
from its microscopic fluctuations. Given energy levels Ei,
the unfolded levels are defined as ξi ¼ η̄ðEiÞ, where η̄ðEÞ is
the smooth cumulative density, representing the average

number of levels below energy E. The resulting spectrum
has unit mean level spacing, with macroscopic variations in
the mean density of states ρ̄ðEÞ removed. In spectral studies
of quantum chaos, unfolding is standard for quantities
such as level spacing distributions and spectral form factors
[32–35]. Here, we apply the same principle to spread
complexity by constructing the Krylov dynamics from the
unfolded levels fξig. We refer to the resulting quantity as
unfolded Krylov complexity. Importantly, unfolding
removes the smooth one-point density while retaining
the local fluctuations underlying RMT universality.
Unfolded Krylov complexity therefore isolates the influ-
ence of microscopic spectral correlations from that of
macroscopic spectral structure. We can then ask whether
the characteristic signatures of chaos persist once the
nonuniversal smooth density is removed.
We address this question by first considering benchmark

systems with well-understood spectral statistics, including
RMT ensembles, quantum billiards, the Heisenberg XXZ
chain, and the Sachdev-Ye-Kitaev (SYK) model. In each
case, unfolding preserves the distinction between “generic”
RMT-universal and integrable behavior, while retaining the
characteristic peak-relaxation profile and, where applicable,
the Dyson-class hierarchy. It also aligns late-time saturation
with the Heisenberg scale of the unfolded spectral form
factor, t ≃ 2π. We then turn to nongeneric systems in which
conventional spread complexity yields false positives. As a
clean toy example, we first consider the logarithmic spec-
trum motivated in Ref. [36], which isolates the effect of a
nonuniform density of states, before examining the physical
saddle-dominated IHO and LMG models. In all three cases,
unfolding suppresses the spurious peak and replaces it with
oscillatory behavior, supporting the conclusion that the false
signal originates from the smooth spectral density rather
than from microscopic level correlations.
To clarify analytically how spectral information enters

Krylov dynamics, we exploit the equivalence, via Favard’s
theorem, between the Lanczos recursion for a finite discrete
spectral measure and the three-term recurrence of orthogo-
nal polynomials. This allows us to express the Krylov
amplitudes as polynomial wave functions and the complex-
ity in terms of an exact two-energy kernel. Using the
Christoffel-Darboux structure, we obtain an analytic expres-
sion valid for arbitrary finite discrete spectra. The resulting
kernel exhibits a robust banded structure around the
principal diagonal, while its finer off-diagonal features
reflect the underlying spectral correlations. This framework
makes explicit how spectral statistics are imprinted on
spread complexity and sets the stage for an analytic treat-
ment of particular systems.
The logarithmic model provides a transparent realization

of this mechanism. Its exponentially growing smooth
density of states produces both a spurious ramp in the
SFF and a pronounced peak in spread complexity, despite
the absence of RMT correlations. Here, unfolding can be
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performed exactly, mapping the spectrum onto a uniform
lattice. The corresponding orthogonal polynomials are
discrete Chebyshev polynomials, allowing the unfolded
Lanczos coefficients and spread complexity to be obtained
analytically. The resulting expression agrees with the
numerics and contains no false-positive peak, demonstrat-
ing that removing the smooth density of states eliminates
the apparent chaotic signature.
Taken together, our numerical and analytical results

support spectral unfolding as a way to sharpen spread
complexity as a diagnostic of quantum chaos. By removing
the smooth, nonuniversal density of states, unfolding
suppresses false-positive peaks while preserving signatures
associated with RMT universality. Unfolded Krylov com-
plexity thus provides a cleaner distinction between micro-
scopic spectral correlations characteristic of chaos and
saddle-driven dynamics that can mimic them.
The remainder of this paper is organized as follows. In

Sec. II, we review spectral unfolding and spread complex-
ity. In Sec. III, we study unfolded Krylov complexity in
RMT ensembles and representative generic systems, while
Sec. IV focuses on nongeneric systems exhibiting false-
positive signatures of chaos. In Sec. V, we develop the
orthogonal-polynomial framework and derive the complex-
ity kernel for general discrete spectra. In Sec. VI, we
specialize this framework to unfolded spectra, derive the
associated discrete Chebyshev structure, and apply it to the
logarithmic model. We conclude in Sec. VII with a short
discussion and outlook. Some technical details are rel-
egated to the Appendixes.

II. PRELIMINARIES

We begin by reviewing spectral unfolding and spread
complexity, emphasizing how the latter can be constructed
directly from the unfolded spectrum.

A. Unfolding procedure

In spectral studies of quantum chaos, random matrix
theory provides a framework for characterizing universal
spectral correlations [16,37,38]. A standard spectral diag-
nostic is the nearest-neighbor level-spacing distribution
PðsÞ, which distinguishes generic integrable systems obey-
ing Poisson statistics [20] from chaotic systems exhibiting
Wigner-Dyson statistics [16–19].
A raw energy spectrum generally contains both a smooth,

nonuniversal density of states and microscopic level fluctu-
ations. Since RMT universality concerns the latter, these
contributions must be cleanly separated before comparing
spectral statistics. Otherwise, variations in the local mean
spacing can obscure level repulsion and distort the inferred
statistics. Explicitly, the density of states can be decomposed
as ρðEÞ ¼ ρ̄ðEÞ þ δρðEÞ, where the smooth component
ρ̄ðEÞ captures macroscopic, system-specific features, such
as the leading Weyl terms associated with area, perimeter,

and curvature in billiards, or the extensive thermodynamic
density of states in many-body systems. The fluctuating
component δρðEÞ, in contrast, encodes the microscopic
spectral correlations underlying RMT universality [39–42].
Spectral unfolding removes the smooth spectral variation

by mapping the original eigenvalues onto a scale with unit
local mean spacing [32]. Denoting the smooth density of
states by ρ̄ðEÞ, the corresponding cumulative density is

η̄ðEiÞ ¼
Z

Ei

−∞
ρ̄ðEÞdE; ð1Þ

and the unfolded eigenvalues are defined by

ξi ¼ η̄ðEiÞ: ð2Þ

The resulting spectrum has unit mean spacing, so the
normalized nearest-neighbor spacings are simply si ¼
ξiþ1 − ξi. In practice, the smooth density ρ̄ðEÞ, or equiv-
alently η̄ðEÞ, must generally be estimated numerically, for
instance, through a polynomial fit [43].

B. Spread complexity from unfolded spectra

We now review spread complexity in a form that makes
its dependence on the spectrum explicit. Starting from a
normalized initial state jψð0Þi≡ jK0i, the Lanczos algo-
rithm [27] generates an orthonormal Krylov basis fjKnig
and coefficients fan; bng satisfying [27,49]

HjKni ¼ anjKni þ bnþ1jKnþ1i þ bnjKn−1i: ð3Þ

Since the Lanczos construction depends only on the
spectral measure associated with the Hamiltonian H and
the initial state, it is convenient to work directly in the
energy eigenbasis, where

DE ¼ diagðE1; E2;…; ENmax
Þ: ð4Þ

The same Lanczos recursion then takes the form

DEjKni ¼ anjKni þ bnþ1jKnþ1i þ bnjKn−1i; ð5Þ

which is also advantageous numerically [50,51].
This representation makes the unfolded construction

immediate: we replace the raw eigenvalues Ei by the
unfolded levels ξi and define

Dξ ¼ diagðξ1; ξ2;…; ξNmax
Þ: ð6Þ

Applying the Lanczos algorithm toDξ defines the unfolded
Krylov dynamics considered throughout this work.
Expanding the time-evolved state as

jψðtÞi ¼
X
n

ψnðtÞjKni; ð7Þ
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the Krylov amplitudes obey

i∂tψnðtÞ ¼ anψnðtÞ þ bnþ1ψnþ1ðtÞ þ bnψn−1ðtÞ; ð8Þ

with ψnð0Þ ¼ δn0. The spread complexity is then

CðtÞ ¼
X
n

njψnðtÞj2: ð9Þ

Following Ref. [22], we take the thermofield double
(TFD) state as the initial state, which is particularly
convenient for our purposes. For the sequence ξi, it is
given by

jψð0Þi ¼ 1ffiffiffiffiffiffiffiffiffiffi
ZðβÞp X

i

e−βξi=2jiiL ⊗ jiiR; ð10Þ

where ZðβÞ ¼ P
i e

−βξi . We focus on the infinite-temper-
ature limit, β ¼ 0, for which the TFD state is maximally
entangled and all spectral weights are uniform. This choice
is especially useful in this context because it isolates the
role of the spectrum itself, without introducing additional
energy dependence through the initial-state weights
[22,29,52].

III. UNFOLDED KRYLOV COMPLEXITY IN
GENERIC SYSTEMS

With the above definitions in place, we now test whether
unfolding preserves the characteristic spread complexity
signatures of systems with well-understood spectral sta-
tistics. We begin with RMT ensembles, which provide
controlled benchmarks and then turn to quantum billiards,
the Heisenberg XXZ chain, and the SYK model. In each
case, we compare the raw and unfolded dynamics, with
integrable spectra as a reference. This allows us to assess
whether the characteristic RMT-universal features survive
the unfolding procedure.

A. Random matrix ensembles

Before considering specific Hamiltonians, we establish a
benchmark using canonical random matrix ensembles.
Following previous studies of spread complexity in
RMT [31,53], we consider the Gaussian Orthogonal
Ensemble (GOE), Gaussian Unitary Ensemble (GUE),
and Gaussian Symplectic Ensemble (GSE), together with
Poisson spectra as an integrable baseline.
The joint probability density of the N eigenvalues of the

Gaussian ensembles is [15]

ρDðE1;…; ENÞ ¼ C
Y

1≤i<j≤N
jEi − EjjD exp

�
−A

XN
i¼1

E2
i

�
;

ð11Þ

where D ¼ 1, 2, and 4 is the Dyson index for the GOE,
GUE, and GSE, respectively. Here, C is a normalization
constant, while A sets the overall energy scale.
A defining spectral signature of these ensembles is level

repulsion. For the unfolded levels, with spacings
si ¼ ξiþ1 − ξi, the nearest-neighbor spacing distribution
is well approximated by the Wigner surmise [54],

PDðsÞ ¼ CD; sDe−ADs2 ; ð12Þ

where CD and AD are fixed by normalization and the unit
mean-spacing condition hsi ¼ 1. By contrast, Poisson
spectra obey PPðsÞ ¼ e−s and exhibit no level repulsion.
As shown in the top panels of Fig. 1, unfolding leaves the

characteristic RMT structure of spread complexity quali-
tatively intact. In particular, the GOE, GUE, and GSE retain
their peak-relaxation profiles and their characteristic hier-
archy of peak heights, while the Poisson spectrum remains
clearly distinct. Thus, removing the smooth density of
states does not erase the microscopic correlations respon-
sible for the RMT behavior.
Unfolding also fixes the mean spectral scale and there-

fore provides a common temporal normalization. To make
this connection explicit, we compare with the SFF of the
unfolded spectrum,

SFFðtÞ ¼ jZðβ þ itÞj2
jZðβÞj2 ¼ 1

ZðβÞ2
X
m;n

e−βðξmþξnÞeiðξm−ξnÞt:

ð13Þ

FIG. 1. Spread complexity and SFF for RMT spectra. The top
and bottom panels show the spread complexity and SFF,
respectively, with the left and right columns corresponding to
the raw and unfolded spectra. The curves represent the GOE
(red), GUE (blue), GSE (green), and Poisson (gray) ensembles.
The vertical dashed lines indicate the Heisenberg time tH ¼ 2π.
Unfolding preserves the Dyson-class hierarchy and the distinc-
tion between RMT and Poisson statistics while placing their late-
time dynamics on a common scale.
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For unfolded RMT spectra, the ramp-to-plateau transition
occurs exactly at the Heisenberg time tH ¼ 2π [55].
Figure 1 shows that the onset of late-time saturation of
the unfolded spread complexity occurs on the same scale.
This correspondence is also reflected in their long-time

limits. For the maximally entangled TFD state at β ¼ 0, the
long-time averages satisfy [4,31,56,57]

lim
T→∞

1

T

Z
T

0

SFFðtÞdt ¼ 1

1þ 2Cðt → ∞Þ ; ð14Þ

where Cðt → ∞Þ ¼ ðd − 1Þ=2 and d denotes the dimen-
sion of the Hilbert-space. Unfolding therefore removes
model-dependent spectral scales while preserving the
universal correlations governing the late-time dynamics.

B. Quantum billiards

1. Stadium billiards

We next test whether the RMT benchmark extends to
concrete Hamiltonian systems. As a first example, we
consider prototypical quantum billiards [58–62], contrast-
ing the integrable circular billiard with the chaotic
Bunimovich stadium. In both cases, the quantum dynamics
follows from a two-dimensional Schrödinger equation with
a hard-wall potential,

Ĥ ¼ p̂2
x þ p̂2

y þ Vðx̂; ŷÞ; ð15Þ

Vðx; yÞ ¼
�
0; ðx; yÞ∈A;

∞; otherwise;
ð16Þ

where A denotes the billiard interior. The geometry of the
billiard consists of two semicircles of radius R joined by
straight segments of length 2a, giving a total area
πR2 þ 4aR, which we fix to unity. The ratio a=R, in turn,
controls the classical dynamics: a=R ¼ 0 gives the inte-
grable circular billiard, while a=R ¼ 1 corresponds to the
chaotic Bunimovich stadium.
Following Refs. [51,63], we retain the lowest Ntrunc ¼

100 energy levels in our numerics. As shown in the top row
of Fig. 2, unfolding preserves the qualitative distinction
between the two regimes. The chaotic stadium retains its
characteristic peak-relaxation profile, while the integrable
billiard remains clearly distinct. Moreover, the normalized
chaotic complexity CðtÞ=d approaches the expected late-
time value 1=2 [31,53]. This provides initial evidence that
unfolding removes the nonuniversal spectral scale without
distorting chaotic dynamics.

2. Triangular billiards

The stadium-circle comparison above provides a clean
benchmark between chaotic and integrable dynamics. To
test whether unfolding remains effective in the absence
of classical exponential instability, we next consider

two-dimensional triangular quantum billiards [64,65].
Unlike the stadium billiard, where nearby trajectories
separate exponentially, triangular billiards have vanishing
classical Lyapunov exponents, while their quantum spectral
statistics can nevertheless range from integrable to RMT-
like behavior depending on the internal angles.
For rational triangles, the angles can be written as

fα; β; γg ¼ fp1

q1
; p2

q2
; p3

q3
gπ, with pi; qi ∈Zþ coprime inte-

gers. This rationality condition ensures that successive
reflections generate a compact translation surface, whose
topology is characterized by its genus [66],

g ¼ 1þN
2

X3
i¼1

pi − 1

qi
; ð17Þ

where N is the least common multiple of qi and gives the
number of triangular copies required to close the translation
surface. Triangles with g ¼ 1 are classically integrable,
while those with finite g > 1 are pseudointegrable: they
retain vanishing Lyapunov exponents, but their dynamics
takes place on higher-genus translation surfaces rather than
invariant tori. If one or more angles are irrational, the
translation surface has infinite genus, g ¼ ∞, and the
dynamics is nonintegrable despite the absence of expo-
nential trajectory separation [65]. Triangular billiards thus
provide a setting to test whether unfolded spread complex-
ity probes quantum spectral correlations independently of
classical exponential instabilities.
To compare these regimes, we adopt the classification of

Ref. [65] and consider the representative geometries listed
in Table I. We normalize each billiard to unit area and retain
the lowest Ntrunc ¼ 1000 energy levels. The bottom row of
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0.0
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0.3
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FIG. 2. Spread complexity in representative quantum billiards.
The left and right columns show the raw and unfolded dynamics,
respectively, for the stadium and circular billiards (top) and
triangular billiards (bottom). In each case, unfolding preserves the
distinction between chaotic (or pseudointegrable) and integrable
behavior while placing the saturation timescale on a common
spectral scale.
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Fig. 2 shows the corresponding spread complexity for
triangles labeled by κ ¼ 1, 13, and 22, spanning the
integrable, pseudointegrable, and nonintegrable regimes.
As in the stadium-circle comparison, unfolding preserves
the qualitative distinction between them. The integrable
billiard (κ ¼ 1) retains its suppressed complexity growth
and pronounced oscillations, whereas the pseudointegrable
(κ ¼ 13) and nonintegrable (κ ¼ 22) triangles preserve the
characteristic ramp-peak-slope-plateau profile. Thus, even
in the absence of classical exponential instability, unfolding
places the dynamics on a common spectral scale without
erasing the distinctions between integrability, pseudointegr-
ability, and quantum-chaotic behavior.
A further subtlety arises with spatial symmetries. To

illustrate this, we consider the reflection-symmetric isos-
celes triangle with κ ¼ 4 (g ¼ 2), listed in Table I.
Reflection symmetry decomposes the Hilbert space into
symmetric and antisymmetric parity sectors. As shown in
the top row of Fig. 3, the full, unresolved spectrum exhibits
apparent Poisson-like level statistics because it combines
statistically independent levels from the two sectors. Once
the symmetry is resolved, however, each sector displays
GOE-like level repulsion, as seen in the middle row.
Correspondingly, the spread complexity within each sector
develops the characteristic ramp-peak-slope-plateau profile
shown in the bottom row. This illustrates the importance of
symmetry resolution in Krylov dynamics [67,68]: mixing
independent sectors can obscure the spectral correlations
and complexity signatures associated with quantum ergo-
dicity. Comparing the raw and unfolded results further
shows that unfolding fixes the mean spectral scale while
preserving both the symmetry-resolved level correlations
and their imprint on the Krylov dynamics. In essence, the
absence of a peak for the unresolved spectrum (gray curve
of Fig. 3) directly reflects its effective Poisson statistics
resulting from the superposition of uncorrelated each
sectors. Conversely, the emergence of Wigner-Dyson level
repulsion in each resolved sector restores the prominent
peak feature. Crucially, this behavior is only clearly
revealed after applying spectral unfolding (right column
of Fig. 3).

C. Heisenberg XXZ spin chain

As our next example, we consider an interacting lattice
system: a one-dimensional spin-1=2 Heisenberg XXZ
chain with a next-to-nearest-neighbor (NNN) perturbation
[57,69,70]. The Hamiltonian is

H ¼
XN−1

i¼1

½JðSxi Sxiþ1 þ Syi S
y
iþ1Þ þ JzzS

z
i S

z
iþ1�

þ
XN−2

i¼1

JcS
z
i S

z
iþ2; ð18Þ

where Sαi (α ¼ x, y, z) are spin-1=2 operators. For Jc ¼ 0,
the model reduces to the integrable XXZ chain, whereas the
NNN interaction breaks integrability and produces a
chaotic spectrum for the parameters considered below.
Specifically, we fix ðJ; JzzÞ ¼ ð1; 0.5Þ and compare

Jc ¼ 0 with Jc ¼ 1. Since the Hamiltonian preserves parity
and the total magnetization

TABLE I. Representative triangular billiards categorized by the
index κ, internal angles fα; β; γg, genus g of the invariant
translation surface, and dynamical regime [65].

κ Angles fα; β; γg Genus g Regime

1 f1
3
; 1
3
; 1
3
gπ 1 Integrable

4 f2
5
; 2
5
; 1
5
gπ 2 Pseudointegrable

13 f1
4
; 1
6
; 7
12
gπ 4 Pseudointegrable

22 f3−
ffiffi
5

p
5

; 3
5
; −1þ

ffiffi
5

p
5

gπ ∞ Nonintegrable
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FIG. 3. Level-spacing statistics and spread complexity for the
κ ¼ 4 isosceles triangular billiard in Table I. The left and right
columns show the raw and unfolded data, respectively, for the
unresolved level-spacing distribution (top), the symmetry-re-
solved level-spacing distributions (middle), and spread complex-
ity (bottom). Blue and red curves represent the symmetric and
antisymmetric sectors, respectively, while gray curves correspond
to the unresolved spectrum. In the level-spacing panels, solid and
dashed black curves denote the GOE and Poisson distributions,
respectively.
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Mz ¼
XN
i¼1

Szi ; ð19Þ

the spectral analysis must be performed within a fixed
symmetry sector. Following Ref. [71], we take N ¼ 15,
Mz ¼ −5=2, and a fixed parity block.
The top row of Fig. 4 again shows that unfolding

preserves the chaotic-integrable distinction while bringing
the saturation scale to approximately tH ¼ 2π [72]. This
rescaling affects the Krylov dynamics already at early
times. At β ¼ 0, the first Lanczos coefficient satisfies
b21 ¼ hH2i − hHi2, so the leading short-time growth is
controlled by the spectral variance. By fixing the mean
level spacing, unfolding removes the model-dependent
overall energy scale and correspondingly places the
early-time dynamics on a common scale. The same unit-
spacing convention fixes the Heisenberg time to tH ¼ 2π,
explaining the common late-time spectral scale.
A similar unfolding-induced peak of spread complexity,

together with its alignment with the SFF ramp, was recently
reported in weakly chaotic long-range spin chains derived
from theN ¼ 4 super Yang-Mills theory [73], providing an
independent example consistent with the general mecha-
nism established in this manuscript.

D. Sachdev-Ye-Kitaev model

As a final example, we consider the SYK model [74,75],
which provides a stringent many-body test because its
spectral scale depends strongly on both system size and
interaction order. For general q-body interactions, the
corresponding Hamiltonian is given by

H ¼ iq=2

q!

XN
i1;…;iq¼1

Ji1���iqχi1 � � � χiq ; ð20Þ

where the Majorana fermions satisfy χi; χj ¼ δij. The
couplings Ji1���iq are Gaussian random variables with zero

mean, hJi1���iqi ¼ 0, and variance hJ2i1���iqi ¼
ðq−1Þ!J 2

Nq−1 .
Spread complexity in SYK has been studied extensively

in Refs. [22,31,52,76]. For the standard q ¼ 4 SYK model,
the RMT symmetry class depends on N modulo 8
[4,77,78]. Here, we consider N ¼ 20, 22, and 24, corre-
sponding respectively to GSE, GUE, and GOE statistics,
and contrast them with the integrable q ¼ 2 model exhib-
iting Poisson statistics.
The bottom row of Fig. 4 makes the effect of unfolding

transparent. In the raw spectrum, changing N or q sub-
stantially changes the spectral variance and hence the
characteristic timescale of the Krylov dynamics. After
unfolding, these model-dependent scales are removed:
the RMT hierarchy and distinction from the integrable
case are preserved, while the onset of saturation aligns with
the Heisenberg scale tH ¼ 2π. The SYK example therefore
clearly illustrates that unfolding normalizes the macro-
scopic spectral scale without erasing the microscopic
correlations responsible for RMT universality.
Taken together, the RMT ensembles and physical exam-

ples considered above establish the control case for our
proposal: whenever conventional spectral diagnostics reli-
ably distinguish chaotic from integrable dynamics,
unfolding preserves the corresponding spread complexity
signatures while removing nonuniversal spectral scales. In
the next section, we turn to the more challenging question
of whether the same procedure can eliminate the false-
positive peaks of nongeneric systems.

IV. UNFOLDED KRYLOV COMPLEXITY IN
NONGENERIC SYSTEMS

Having established that unfolding preserves the charac-
teristic spread complexity signatures of generic chaotic
systems, we now turn to nongeneric cases where conven-
tional diagnostics can yield false positives. Our goal is to
test whether these apparent signatures survive once the
smooth density of states is removed.
We consider three representative cases. We begin with a

logarithmic toy spectrum, which isolates the effect of a
strongly varying density of states in the absence of RMT
correlations. We then turn to two prototypical saddle-
dominated systems: the inverted harmonic oscillator and
the Lipkin-Meshkov-Glick model.

A. Logarithmic spectrum

To isolate the spectral origin of the false-positive signal,
we first consider the logarithmic spectrum
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FIG. 4. Spread complexity in other representative physical
systems. The left and right columns show the raw and unfolded
dynamics, respectively, for the XXZ spin chain (top) and the SYK
model (bottom). In each case, unfolding preserves the distinction
between chaotic and integrable behavior while normalizing the
saturation timescale.
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Ek ¼ logðkþ 1Þ; k ¼ 0; 1;…; N − 1: ð21Þ

This toy model was motivated in Ref. [36], where loga-
rithmically spaced levels arise in connection with stretched-
horizon modes of black holes and lead to a partition
function related to the Riemann zeta function. Notably,
the raw logarithmic spectrum generates a ramplike structure
in the SFF reminiscent of chaotic spectra, despite the
absence of RMT level correlations [36].
For our purposes, this model is especially useful because

it cleanly separates a strongly nonuniform smooth density
of states from microscopic spectral correlations. Indeed, the
logarithmic spacing produces an exponentially growing
density of states, allowing us to test directly whether this
macroscopic spectral structure is responsible for the ap-
parent chaotic signatures.
Figure 5 shows the SFF for this model. As advertised, the

raw spectrum leads to a pronounced ramp even though it
does not contain RMT correlations. After unfolding, this
spurious structure disappears. The spurious ramp therefore
originates from the nonuniform density of states rather than
from level repulsion or spectral rigidity.
A parallel pattern emerges in spread complexity. Indeed,

as shown in the top row of Fig. 6, the raw spectrum
develops a pronounced peak resembling that of chaotic
systems, which gives way to persistent oscillations upon
unfolding. Since unfolding maps the logarithmic spectrum
onto a uniform lattice, this behavior identifies the smooth
spectral profile as the origin of the original peak, rather than
microscopic RMT correlations.

B. Inverted harmonic oscillator

We next consider a physical realization of the same
mechanism in a saddle-dominated system. The IHO model
[14] is described by the Hamiltonian

H ¼ p2 þ VðxÞ; ð22Þ

with

VðxÞ ¼ −
1

4
λ2x2 þ gx4 þ λ4

64g
: ð23Þ

Here, λ sets the scale of the local instability, while g
controls the quartic stabilization.
We take λ ¼ 2

ffiffiffi
5

p
and g ¼ 1=10 and truncate the Hilbert

space to N ¼ 200 for the numerical analysis. This system is
an example of saddle-dominated scrambling: despite being
integrable, the unstable region near the barrier can produce
chaoslike signatures in diagnostics such as OTOCs and
spread complexity [14,29].
The middle row of Fig. 6 shows the effect of unfolding

on spread complexity. For the raw spectrum, this observ-
able develops a pronounced peak, providing a clear false
positive despite the system being integrable [29]. The
saddle produces a strong accumulation of levels and hence
a highly nonuniform density of states, which feeds directly
into the Krylov dynamics. After unfolding, the peak
disappears and is replaced by oscillations whose amplitude
gradually settles at late times, indicating that the original
peak is tied to the saddle-induced smooth spectral structure
rather than to RMT level correlations. In contrast with the
logarithmic toy model, however, these residual oscillations

FIG. 5. Spectral form factor for the logarithmic toy spectrum.
The left panel shows the raw spectrum, which exhibits a spurious
ramp, while the right panel shows the unfolded result, where this
feature disappears. The black curve denotes a moving average
used to reduce numerical fluctuations. This shows that the ramp
originates from the nonuniform density of states rather than from
RMT-type spectral correlations.
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FIG. 6. Spread complexity in nongeneric systems. The left and
right columns show the raw and unfolded dynamics, respectively.
From top to bottom, the rows correspond to the logarithmic toy
spectrum, the IHO, and the LMG model. In each case, unfolding
removes the false-positive peak and reveals oscillatory dynamics,
indicating across all three examples that the original peak is tied
to the nonuniform spectral structure rather than to RMT-type
spectral correlations.
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exhibit nontrivial dephasing and therefore retain informa-
tion about the microscopic spectrum.

C. Lipkin-Meshkov-Glick model

As a final example, we examine the LMGmodel [12,13],
a spin system that provides a second realization of saddle-
dominated scrambling. Its Hamiltonian is

H ¼ x̂þ 2ẑ2; ð24Þ

where

fx̂; ŷ; ẑg≡
�
Ŝx
S
;
Ŝy
S
;
Ŝz
S

�
: ð25Þ

These collective variables satisfy

½x̂; ŷ� ¼ iℏeff ẑ; ℏeff ¼
1

S
: ð26Þ

In the semiclassical limit S → ∞, the dynamics is described
on the unit sphere,

x2 þ y2 þ z2 ¼ 1; ð27Þ

with the corresponding SU(2) Poisson algebra. The
classical phase space contains an unstable saddle that
generates local exponential sensitivity and produces
false-positive signatures in both OTOCs and Krylov
dynamics despite its integrability [28,29].
The bottom row of Fig. 6 shows that the raw spread

complexity again develops a pronounced chaoslike peak.
As in the IHO, this behavior is associated with the
accumulation of spectral weight induced by the saddle.
Consistent with this picture, after unfolding, the peak
disappears and is replaced by oscillations whose amplitude
decays and stabilizes through dephasing.
The agreement among these three examples points to a

common mechanism. In the logarithmic toy spectrum, the
effect can be isolated directly, while the IHO and LMG
model provide physical saddle-dominated realizations. In
each case, the false-positive peak originates from the
smooth spectral structure and is removed by unfolding,
whereas the remaining oscillatory dynamics reflects the
underlying microscopic spectrum. This provides the non-
generic counterpart to the numerical results of Sec. III:
unfolding preserves RMT-universal signatures when
present but suppresses structures generated solely by the
nonuniversal density of states.

V. ANALYTIC FRAMEWORK

The results of Secs. III and IV show that spread
complexity is sensitive both to universal spectral correla-
tions and to the nonuniversal smooth density of states. To
make this dependence explicit, we now reformulate the

Lanczos construction in terms of orthogonal polynomials.
This provides an exact representation of spread complexity
for arbitrary finite discrete spectra and clarifies how
spectral information enters the Krylov dynamics.

A. Orthogonal-polynomial representation
of the Krylov basis

The Lanczos recursion algorithm admits an exact refor-
mulation in terms of orthogonal polynomials associated
with the spectral measure of the Hamiltonian and initial
state [67,79–81]. More explicitly, to set up this framework,
consider a Hamiltonian with eigenstates fjEkig. The initial
state can then be expanded as

jψð0Þi ¼
XN−1

k¼0

ffiffiffiffiffiffi
wk

p jEki; ð28Þ

where

wk ≡ jhEkjψð0Þij2;
XN−1

k¼0

wk ¼ 1: ð29Þ

For the infinite-temperature TFD state considered in this
work, the spectral weights are uniform, wk ¼ 1=N.
The pair fEk; wkg defines the discrete spectral measure

dμðEÞ ¼
XN−1

k¼0

wkδðE − EkÞdE: ð30Þ

By Favard’s theorem [82,83], the Lanczos recursion is
equivalent to the three-term recurrence of a family of
orthonormal polynomials fhnðEÞg with respect to this
measure. The Krylov states can therefore be written as

jKni ¼ hnðHÞjψð0Þi ¼
XN−1

k¼0

ffiffiffiffiffiffi
wk

p
hnðEkÞjEki: ð31Þ

Projecting the Lanczos recurrence onto the energy eigen-
basis gives

EkhnðEkÞ ¼ anhnðEkÞ þ bnþ1hnþ1ðEkÞ þ bnhn−1ðEkÞ;
ð32Þ

with h−1ðEÞ ¼ 0 and h0ðEÞ ¼ 1. Likewise, the orthonor-
mality of the Krylov basis implies

XN−1

k¼0

wkhnðEkÞhmðEkÞ ¼ δnm: ð33Þ

Thus, the Lanczos coefficients are the recurrence coeffi-
cients of the orthogonal polynomials associated with the
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spectral measure. This equivalence makes the dependence
of Krylov dynamics on the spectrum explicit.

B. Krylov amplitudes and complexity kernel

Under unitary evolution,

jψðtÞi ¼
XN−1

k¼0

ffiffiffiffiffiffi
wk

p
e−iEktjEki; ð34Þ

the Krylov amplitudes ψnðtÞ≡ hKnjψðtÞi become

ψnðtÞ ¼
XN−1

k¼0

wke−iEkthnðEkÞ: ð35Þ

Substituting this expression into the definition of spread
complexity yields a double sum over energy levels,

CðtÞ ¼
XN−1

k;k0¼0

wkwk0e−iðEk−Ek0 ÞtKðEk; Ek0 Þ; ð36Þ

where

KðEk; Ek0 Þ≡
XN−1

n¼0

nhnðEkÞhnðEk0 Þ; ð37Þ

defines the complexity kernel. This representation cleanly
separates the explicit time dependence, carried by energy
differences, from the spectral information encoded in the
polynomial basis of the Krylov dynamics.
To evaluate the kernel, we introduce the partial sum

FnðEk; Ek0 Þ≡
Xn
m¼0

hmðEkÞhmðEk0 Þ: ð38Þ

Applying Abel’s summation formula [84] directly to
Eq. (37) then yields

KðEk; Ek0 Þ ¼ ðN − 1ÞFN−1ðEk; Ek0 Þ −
XN−2

n¼0

FnðEk; Ek0 Þ:

ð39Þ

Completeness of the N-point polynomial basis implies

FN−1ðEk; Ek0 Þ ¼
δkk0

wk
: ð40Þ

For k ≠ k0, the remaining partial sums can be evaluated in a
compact form using the Christoffel-Darboux identity
[85–87] associated with Eq. (32),

FnðEk; Ek0 Þ

¼ bnþ1

hnþ1ðEkÞhnðEk0 Þ − hnðEkÞhnþ1ðEk0 Þ
Ek − Ek0

: ð41Þ

Shifting n → n − 1 yields the exact off-diagonal kernel,

KðEk; Ek0 Þ

¼ −
XN−1

n¼1

bn
hnðEkÞhn−1ðEk0 Þ − hn−1ðEkÞhnðEk0 Þ

Ek − Ek0
; ð42Þ

for k ≠ k0. Finally, separating Eq. (36) into diagonal and
off-diagonal contributions gives

CðtÞ ¼ C0 − 2
XN−1

n¼1

bn
X

0≤k<k0≤N−1

wkwk0
cos½ðEk − Ek0 Þt�

Ek − Ek0

× ½hnðEkÞhn−1ðEk0 Þ − hn−1ðEkÞhnðEk0 Þ�; ð43Þ

where

C0 ≡
XN−1

k¼0

w2
kKðEk; EkÞ ¼

XN−1

n¼0

n
XN−1

k¼0

w2
k½hnðEkÞ�2: ð44Þ

For a nondegenerate spectrum, C0 gives the infinite-time
average and hence the dephased late-time baseline.
Equation (43) thus provides an exact expression for the
spread complexity of any finite discrete spectral measure.
Figure 7 illustrates the complexity kernel for the GOE,

GUE, GSE, and Poisson spectra. In all cases, the kernel
exhibits an approximately banded structure, with its largest
entries concentrated near the main diagonal. Specifically
the kth off-diagonal band weight, defined via the complex-
ity kernel K given in Eq. (37),

Wk ¼
XN−k−1

i¼0

KðEi; EiþkÞ; ð45Þ

decays algebraically as jWkj ∼ k−2 away from the diagonal.
Bandedness is therefore not, by itself, a signature of RMT
universality. Instead, the distinction lies in the finer off-
diagonal behavior: RMT spectra display a characteristic
band profile associated with spectral rigidity and level
repulsion, whereas the Poisson spectrum exhibits pro-
nounced fluctuations across the bands. The complexity
kernel structure given in Eq. (36) and its banded structure
align with the independent derivation of Ref. [88]. In
addition, here we explicitly express the spread complexity,
Eq. (43), in terms of the Lanczos coefficients bn and
orthonormal polynomials hnðEÞ.
Crucially, the analytic formulation in Eq. (43) reveals the

spectral ingredients governing spread complexity. In deriv-
ing the off-diagonal kernel in Eq. (42) from Eq. (37), the
diagonal Lanczos coefficients an cancel, explicitly owing to
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the underlying three-term recurrence relation. The resulting
expression depends explicitly on the off-diagonal hopping
amplitudes bn, the energy differences Ek − Ek0 , and the
adjacent polynomial combinations hnðEkÞhn−1ðEk0 Þ−
hn−1ðEkÞhnðEk0 Þ. This representation shows how the inter-
play between hopping along the Krylov chain and spectral
correlations governs the full time dependence of spread
complexity.
More generally, the spectral measure μðEÞ determines

the orthogonal-polynomial family hnðEÞ and the Lanczos
coefficients [79,80]; see also Refs. [89–91]. Representative
examples illustrate this correspondence: in the continuum,
a uniform measure on a bounded interval leads to Legendre
polynomials, whereas a Gaussian measure produces
Hermite polynomials with bn ∝

ffiffiffi
n

p
. An exponentially

decaying measure on the half-line leads to Laguerre
polynomials with bn ∝ n, while the Wigner semicircle
measure yields Chebyshev polynomials of the second kind
and asymptotically constant bn. Finally, a finite, uniformly
spaced spectrum yields discrete Chebyshev polynomials.
This finite-lattice case is especially relevant for spectral

unfolding. As shown in the next section, mapping the
logarithmic spectrum exactly onto a uniform lattice allows
its unfolded Krylov dynamics to be solved analytically in
terms of discrete Chebyshev polynomials.

VI. UNFOLDED KRYLOV COMPLEXITY FROM
ORTHOGONAL POLYNOMIALS

A. Unfolded spectral measure and discrete
Chebyshev polynomials

We now apply the orthogonal-polynomial framework of
Sec. V directly to unfolded spectra. Under the unfolding map
Ek → ξk, the eigenstates remain unchanged, jξki≡ jEki,
and so do the spectral weights of the initial state.
In this setting, the logarithmic spectrum analyzed in

Sec. IV is particularly useful because the unfolding can
be performed exactly, yielding a uniform discrete lattice and
hence an analytically solvable Krylov problem. Specifically,
consider the logarithmic spectrum of Eq. (21). Its smooth
density of states grows exponentially,

ρ̄ðEÞ ¼ dk
dE

¼ eE; E∈ ½0; logN�: ð46Þ

The cumulative unfolding map is therefore exact,

ξðEÞ ¼
Z

E

0

ρ̄ðE0ÞdE0 ¼ eE − 1; ð47Þ

and maps the original levels to the uniform lattice with

ξk ¼ ξðEkÞ ¼ k; k ¼ 0; 1;…; N − 1: ð48Þ

For the infinite-temperature TFD state, the spectral
weights are uniform, wk ¼ 1=N, so the measure becomes

dμUðξÞ ¼
1

N

XN−1

k¼0

δðξ − kÞdξ: ð49Þ

The combination of uniform weights and an equidistant
finite lattice selects the discrete Chebyshev polynomials
TnðξÞ (also known as Gram polynomials) as the relevant
orthogonal-polynomial family hnðξÞ. For completeness,
some of their properties and important recurrence relations
are summarized in Appendix A. In the next subsection, we
analyze the resulting exact Krylov dynamics and contrast it
with our previous numerical results.

B. Exact solution for the logarithmic spectrum

Using the recurrence relations of the discrete Chebyshev
polynomials, we can obtain the exact Lanczos coefficients
for the unfolded logarithmic spectrum. The derivation is
presented in Appendix B and yields
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FIG. 7. Complexity kernel KðEk; Ek0 Þ for GOE, GUE, GSE,
and Poisson spectra (top-left, top-right, bottom-left, and bottom-
right, respectively), with N ¼ 1024. All four cases exhibit an
approximately banded structure around the diagonal, showing
that bandedness alone is not a signature of RMT universality. The
distinction between RMTand Poisson statistics instead appears in
the off-diagonal structure, which encodes the different micro-
scopic spectral correlations.
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an ¼
N − 1

2
;

bn ¼
n
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 − n2

4n2 − 1

r
; n ¼ 1;…; N − 1; ð50Þ

together with b0 ¼ bN ¼ 0, ensuring termination of the
Krylov chain at n ¼ N. As shown in Fig. 8, the numerical
Lanczos coefficients agree excellently with Eq. (50).
For the uniform measure (49), the orthonormal poly-

nomials hnðξÞ are proportional to the normalized discrete
Chebyshev polynomials TnðξÞ introduced in Appendix A.
With the normalization adopted there,

hnðξÞ ¼
ffiffiffiffi
N

p
TnðξÞ: ð51Þ

Using these polynomials together with the Lanczos coef-
ficients (50), the general expression (43) becomes

CðtÞ ¼ N − 1

2
−

2

N

XN−1

n¼1

bn
X

0≤x<y≤N−1

cos½ðx − yÞt�
x − y

× ½TnðxÞTn−1ðyÞ − Tn−1ðxÞTnðyÞ�: ð52Þ

This is an exact analytic expression for the unfolded spread
complexity of the logarithmic model.

Figure 9 shows exact agreement between Eq. (52) and
the numerical Krylov evolution. Crucially, the analytic
result contains no false-positive peak and instead repro-
duces the oscillatory behavior found numerically in Sec. IV,
more closely resembling integrable dynamics. The loga-
rithmic model thus provides an explicit analytical realiza-
tion of the mechanism underlying our proposal: removing
the exponentially varying smooth density maps the spec-
trum to a uniform lattice, leaving the unfolded spectral
structure to govern the Krylov dynamics.

VII. CONCLUSIONS

In this work, we investigated whether spectral
unfolding can sharpen spread complexity (Krylov state
complexity) as a diagnostic of quantum chaos. Across
RMT ensembles and representative physical systems, we
found that unfolding preserves the characteristic signa-
tures of RMT-universal dynamics, including the peak-
relaxation structure and the hierarchy among Dyson
symmetry classes. The triangular billiards further show
that these distinctions persist even in systems without
classical exponential instability, separating integrable,
pseudointegrable, and nonintegrable regimes. At the same
time, it removes the false-positive peaks found in the
logarithmic spectrum and in the saddle-dominated IHO
and LMG models. These results support unfolded Krylov
complexity as a cleaner probe of microscopic spectral
correlations than the raw spread complexity.
The underlying mechanism is simple but physically

important. Spread complexity constructed from the raw
spectrum is sensitive not only to level correlations, but also
to the smooth density of states through the moments that
determine the Lanczos coefficients. Consequently, a
strongly varying spectral density, for instance, near a
saddle-induced accumulation of levels, can generate non-
trivial Krylov dynamics even in the absence of RMT

0 10 20 30 40 50
0

10

20

30

40

50

n

a n

0 10 20 30 40 50
0

5

10

n

b n

FIG. 8. Lanczos coefficients for the unfolded logarithmic
spectrum with N ¼ 50. The top and bottom panels show the
diagonal an and off-diagonal bn coefficients, respectively.
Numerical results (red and blue circles) agree with the exact
discrete-Chebyshev predictions [black crosses; Eq. (50)], con-
firming the analytic finite-lattice Krylov construction.
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FIG. 9. Unfolded spread complexity for the logarithmic spec-
trum with N ¼ 50. The numerical evolution (solid green curve)
agrees with the analytical result in Eq. (52) (black dashed curve).
The false-positive peak of the raw spectrum is absent after
unfolding, confirming that it originates from the smooth spectrum
rather than from RMT-type correlations.
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correlations. Unfolding filters out this macroscopic con-
tribution while retaining the local spectral fluctuations.
From this perspective, the false-positive peak is not intrinsi-
cally a signature of scrambling but can instead reflect
nonuniversal spectral structure. This mechanism is seen
most cleanly in the logarithmic toy spectrum and persists in
the physical saddle-dominated IHO and collective LMG
models, suggesting that it is not tied to a particular
realization but to the underlying spectral structure.
Our orthogonal-polynomial formulation provides an

analytical perspective on this separation. For arbitrary finite
discrete spectra, the Lanczos recursion can be recast in
terms of orthogonal polynomials, leading to an exact
representation of spread complexity through a two-energy
kernel. Interestingly, the approximately banded structure of
this kernel is common to both chaotic and integrable
spectra; the distinction between them is instead encoded
in its finer off-diagonal features. For the logarithmic model,
unfolding maps the spectrum exactly onto a uniform lattice
governed by discrete Chebyshev polynomials, allowing the
unfolded Lanczos coefficients and complexity to be
obtained analytically. The absence of a false-positive peak
in this example gives an explicit realization of the mecha-
nism identified numerically.
Unfolding also places otherwise disparate spectra on a

common spectral scale. In RMT-universal systems, we found
that the onset of late-time saturation of spread complexity
aligns, in unfolded units, with the Heisenberg scale t ≃ 2π of
the spectral form factor. This correspondence supports the
view that the late-time structure of spread complexity is
controlled by microscopic spectral correlations rather than
by the overall density of states.
Several questions remain open. Our analysis focused

primarily on the infinite-temperature TFD state, for which
the spectral weights are uniform. It would be interesting to
determine how the picture changes at finite temperature or
for more general initial states, where nontrivial spectral
weights provide an additional source of structure. The
dependence on the unfolding prescription, particularly in
finite systems or near spectral singularities, also deserves
further study. More broadly, extending these ideas to
operator Krylov complexity would require identifying
the appropriate unfolding of the Liouvillian spectral mea-
sure and could clarify whether saddle-dominated exponen-
tial growth can be filtered in an analogous way. Moreover,
applying unfolded Krylov complexity across chaos-inte-
grability transitions, such as in Ref. [92], may help
determine which features of Krylov dynamics are genu-
inely universal and which retain model-dependent infor-
mation. Finally, it will also be of interest to analyze
unfolded Krylov complexity in open quantum systems,
extending Refs. [93,94].

Note added. Recently, the independent preprint [88]
appeared, developing a closely related analytical approach

to spread complexity based on orthogonal polynomials and
unfolded spectral statistics. The two analyses are consistent
where they overlap, while our work focuses on using
spectral unfolding to distinguish genuine many-body
quantum chaos from saddle-dominated integrable systems.
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APPENDIX A: DISCRETE CHEBYSHEV
POLYNOMIALS

For the uniform finite lattice

x∈ f0; 1;…; N − 1g; ðA1Þ

the relevant orthogonal basis is provided by the discrete
Chebyshev polynomials, also known as Gram polynomials
[79,80]. We collect here the recurrence and normalization
formulas needed in our analysis.
The unnormalized polynomials tnðxÞ satisfy the three-

term recurrence
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ðnþ 1Þtnþ1ðxÞ ¼ ð2nþ 1Þð2x − N þ 1ÞtnðxÞ
− nðN2 − n2Þtn−1ðxÞ; ðA2Þ

for 1 ≤ n ≤ N − 2, with

t0ðxÞ ¼ 1; t1ðxÞ ¼ 2x − N þ 1: ðA3Þ

Their discrete orthogonality relation is

XN−1

x¼0

tnðxÞtmðxÞ ¼ H2
nδnm; ðA4Þ

where

H2
n ¼

N
Q

n
j¼1ðN2 − j2Þ
2nþ 1

¼ 2n − 1

2nþ 1
ðN2 − n2ÞH2

n−1; ðA5Þ

with H2
0 ¼ N. Defining the normalized polynomials

TnðxÞ≡ tnðxÞ
Hn

; ðA6Þ

we obtain

XN−1

x¼0

TnðxÞTmðxÞ ¼ δnm: ðA7Þ

Substituting tnðxÞ ¼ HnTnðxÞ into Eq. (A2) gives the
normalized recurrence

Tnþ1ðxÞ ¼ αnð2x − N þ 1ÞTnðxÞ − βnTn−1ðxÞ; ðA8Þ

where

αn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2nþ 1Þð2nþ 3Þp

nþ 1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 − ðnþ 1Þ2

p ; ðA9Þ

βn ¼
n

nþ 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nþ 3

2n − 1

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 − n2

N2 − ðnþ 1Þ2

s
: ðA10Þ

These coefficients provide the starting point for the exact
Lanczos coefficients derived below in Appendix B.

APPENDIX B: LANCZOS COEFFICIENTS FROM
DISCRETE CHEBYSHEV POLYNOMIALS

We now extract the Lanczos coefficients associated with
the uniform finite lattice. As discussed in Sec. VI, the
orthonormal polynomials with respect to the measure (49)
are hnðxÞ ¼

ffiffiffiffi
N

p
TnðxÞ. Since this overall normalization is

independent of n, the polynomials hn and Tn obey the same
three-term recurrence coefficients.
Starting from the normalized recurrence relation (A8),

αnð2x − N þ 1ÞTnðxÞ ¼ Tnþ1ðxÞ þ βnTn−1ðxÞ; ðB1Þ

we solve for the action of the multiplication operator x:

xTnðxÞ ¼
1

2αn
Tnþ1ðxÞ þ

N − 1

2
TnðxÞ þ

βn
2αn

Tn−1ðxÞ:

ðB2Þ

The recursion is initialized by [95]

T0ðxÞ ¼
1ffiffiffiffi
N

p ; ðB3Þ

T1ðxÞ ¼
ffiffiffi
3

p ð2x − N þ 1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NðN2 − 1Þ

p : ðB4Þ

Comparing Eq. (B2) with the polynomial form of the
Lanczos recurrence,

xhnðxÞ ¼ bnþ1hnþ1ðxÞ þ anhnðxÞ þ bnhn−1ðxÞ; ðB5Þ

we identify

an ¼
N − 1

2
; ðB6Þ

bnþ1 ¼
1

2αn
: ðB7Þ

Using Eq. (A9) and shifting n → n − 1 gives

bn ¼
n
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 − n2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2n − 1Þð2nþ 1Þp

¼ n
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 − n2

4n2 − 1

r
; n ¼ 1; 2;…; N − 1: ðB8Þ

Together with b0 ¼ bN ¼ 0, these coefficients reproduce
Eq. (50) reported in Sec. VI.
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