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We present a first-principles lattice QCD investigation of second-order fluctuations of and correlations
among conserved charges—baryon number (B), electric charge (Q), and strangeness (S)—in the presence
of external magnetic fields. Our study employs lattice simulations of (2þ 1)-flavor QCD with physical
pion masses using highly improved staggered fermions on 483 × 12 and 323 × 8 lattices, covering a wide
range of magnetic field strengths up to eB ≃ 0.8 GeV2. We identify clear signals of magnetic field-induced

modifications to these fluctuations and correlations, with the baryon-electric charge correlation, χBQ11 ,
exhibiting particularly strong sensitivity to the magnetic field. To bridge theoretical predictions with
experimental observables, we implement systematic kinematic cuts that emulate detector acceptances of the
STAR and ALICE experiments within the hadron resonance gas (HRG) model and construct proxy

observables for fluctuations measurable in heavy-ion collision experiments. Our findings highlight χBQ11 as a
promising “magnetometer” for probing the presence of magnetic fields in QCD matter. Furthermore, we

explore experimentally relevant ratios involving χBQ11 , demonstrating their potential in mitigating volume
effects and enhancing sensitivity to magnetic fields in collision environments. Additionally, we assess the
limitations of the HRG model at strong magnetic fields, revealing deviations that indicate nontrivial
modifications to hadronic degrees of freedom. These results offer new insights into the interplay between
thermal and magnetic effects in the QCD phase diagram and provide experimentally relevant guidance for
the detection of magnetic fields in heavy-ion collisions.

DOI: 10.1103/tgm5-jvyf

I. INTRODUCTION

Strong magnetic fields—attaining magnitudes compa-
rable to the intrinsic scales of interactions—play a funda-
mental role in emergent phenomena spanning three
cornerstone domains of modern physics: cosmology, astro-
physics, and high energy nuclear physics. Primordial
magnetic fields are conjectured to emerge from cosmo-
logical density perturbations during the electroweak phase
transition, potentially shaping the evolution of the early
Universe [1–4]. In astrophysics, strong field strengths
significantly influence the integral mass-radii properties
of compact stars, especially strongly magnetized neutron
stars, so-called magnetars [5,6]. More recently, in high
energy nuclear physics, off-central heavy-ion collisions at
terrestrial laboratories have sparked a great deal of interest,
as highly energetic and electrically charged spectator
particles are expected to generate one of the strongest

magnetic fields to exist—comparable to the quantum
chromodynamics (QCD) scale Λ2

QCD. Model estimates sug-
gest strengths eB ∼ 5M2

π at the Relativistic Heavy Ion
Collider and eB ∼ 70M2

π at the Large Hadron Collider for
Pb=Au collisions [7,8]. Although transient in nature, if the
lifetime is sufficiently sustained by electrical conductivity
and magnetism of the collision medium [9–11], such strong
magnetic fields are expected to induce significant non-
perturbative effects on the thermal and transport character-
istics of the produced QCD matter [12].
Consequently, the nontrivial topology of QCD can

manifest as striking macroscopic phenomena, most notably
the chiral magnetic effect [13,14]. In the context of heavy-
ion collisions, leveraging the accessibility of strong mag-
netic fields, it was first proposed in 2007 to explain the
chiral anomaly and spatial charge separation from the
topologically invariant nature of gauge field configurations.
The phenomenologically relevant quest to observe these
field-induced effects and understand their origin has
garnered intensive ongoing experimental and theoretical
studies [15–17].
From a theoretical standpoint, interest emerged through

complementary efforts involving low-energy effective the-
ories and lattice QCD simulations. Within the framework of

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 111, 114522 (2025)

2470-0010=2025=111(11)=114522(24) 114522-1 Published by the American Physical Society

https://orcid.org/0000-0003-0590-081X
https://orcid.org/0000-0001-9655-0186
https://orcid.org/0000-0002-5887-3803
https://orcid.org/0000-0003-0059-7778
https://ror.org/03x1jna21
https://crossmark.crossref.org/dialog/?doi=10.1103/tgm5-jvyf&domain=pdf&date_stamp=2025-06-30
https://doi.org/10.1103/tgm5-jvyf
https://doi.org/10.1103/tgm5-jvyf
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


low-energy effective QCD models, semianalytical investi-
gations on the strong-interaction matter in nonzero magnetic
fields have been carried out using the linear sigma model
[18–24], Nambu–Jona-Lasinio (NJL) model (along with
their various extensions) [15,25–34], hadron resonance
gas (HRG) model [35–41], holographic QCD [42–47] as
well as AdS/CFT [48–50]. Although these frameworks help
us understand several key features of QCD dynamics, a
comprehensive treatment of its nonperturbative aspects is
generally achieved only through extensive numerical simu-
lations, for which lattice regularization provides a robust,
first-principles framework. Fortunately, contrary to an elec-
tric field or finite baryon density, introducing a magnetic
background in the lattice QCD simulations does not give rise
to numerical difficulties such as the infamous sign problem
[16,51]. Over the past decade, lattice QCD has substantially
enhanced our understanding of strong magnetic fields
effects, revealing significant modifications in key QCD
properties, including thermodynamics [52], the phase dia-
gram [53,54], transport characteristics [9,55–57], and in-
medium hadron properties [58–61]. Among the notable
findings are nowwell-known phenomena such as a reduction
in the transition temperature and inverse magnetic catalysis
[53,62–69]. Despite these purely theoretical advances, much
remains to be understood about how external magnetic fields
phenomenologically affect the underlying degrees of free-
dom in QCD. Notably, most lattice QCD studies in magnetic
background thus far have centered on computing the chiral
condensate [60–62,66,67,70,71], a theoretical quantity that
unfortunately cannot be directly measured in experiments.
Fluctuations of and correlations among net baryon

number (B), electric charge (Q), and strangeness (S) have
long been recognized—both theoretically and experimen-
tally—as powerful tools for probing changes in the degrees
of freedom and the QCD phase structure in the absence of
magnetic fields [72–84]. However, detailed studies of these
fluctuations under magnetic fields remain scarce, with most
existing work confined to effective models such as the
HRG model [36–39], the Polyakov-NJL model [27,33] and
the Polyakov loop extended chiral SU(3) quark mean field
model [32]. Crucially, it is worth emphasizing that first-
principles lattice simulations are indispensable for estab-
lishing model-independent benchmarks. Recently, with the
very first work in 2021 [85], lattice studies of conserved
changes in a magnetic background have begun to unfold.
Although conducted employing a larger-than-physical pion
mass, Mπ ≃ 220 MeV at one single lattice cutoff, it paved
interest for future studies. Later, the authors extended the
work to a more physical setting with Mπ ≃ 135 MeV, and
proposed the baryon-electric charge correlation as the
magnetometer of QCD, which could be useful for probing
the existence of magnetic fields in collision experiments
[86–88]. These works were followed by further investiga-
tions at the physical point in ð2þ 1þ 1Þ-flavor QCD on
finite lattices [89,90], as well as fairly recent studies of the
QCD equation of state [91,92].

In this work, we present an extensive (2þ 1)-flavor lattice
QCD investigation for fluctuations of and correlations
among conserved charges in the presence of strongmagnetic
fields with a physical pion mass, building upon our previous
findings in Refs. [86,88]. Extending up to extremely strong
field strengths eB ≃ 0.8 GeV2 ∼ 45M2

π , we provide new
insights into phenomenological relevant potential experi-
mental signatures in collision experiments as well as the
theoretically relevant intricate interplay between thermal and
magnetic effects on QCD. Furthermore, we offer physical
interpretations of our lattice QCD results using the HRG
model at low temperatures, noticing a breakdown beyond a
threshold field strength. To address experimental feasibility,
we propose relevant proxies based on final detectable
particles and implement systematic kinematic cuts on trans-
versemomentumandpseudorapidity to account for detection
challenges. At high temperatures, we explore how the
magnetized ideal gas serves as a theoretical reference under
strong magnetic fields.
The article is organized as follows. At the beginning of

Sec. II, we introduce the fundamental definitions of
generalized susceptibilities and establish the connection
between the quark flavor basis and the physical conserved
charge basis. We then outline a procedure to implement
kinematic cuts on the proxies relevant to potential analyses
within the framework of the magnetized HRG model for
the ALICE and STAR experiments. Additionally, we
briefly outline the ideal gas limit in a magnetized medium.
Section III is devoted to details on the simulation setup and
relevant physical parameters. Before investigating fluctua-
tions and correlations, in Sec. IV we first determine the
crossover transition temperature in the presence of a mag-
netic field, TpcðeBÞ, which reveals two distinct regimes: a
relatively weak-field region and an extremely strong-field
region. In Sec. V, we present lattice results for leading-order
susceptibilities in the presence of a relatively weak magnetic
field. Subsequently, in Sec. VI, we examine the case of
extremely strong magnetic fields. Furthermore, we also
discuss magnetic field-induced isospin-breaking effects in
Sec. VII. Finally, in Sec. VIII, we summarize our findings
and present our conclusions. Additionally, we also list the
parameters and statistics for the lattice QCD simulations in
Appendix A and provide supplementary materials for imple-
mentation of kinematic cuts on the proxy and plots to double
ratios of leading order susceptibilities in Appendix B.

II. FLUCTUATIONS AND CORRELATIONS
OF CONSERVED CHARGES

IN EXTERNAL MAGNETIC FIELDS

In the presence of an external magnetic field, the
pressure P in a thermal medium is a function of the
temperature T, the magnetic field B and a set of chemical
potentials ðμB; μQ; μSÞ corresponding to the conserved
charges for net baryon number (B), electric charge (Q)
and strangeness (S). The pressure can be expressed in
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terms of the logarithm of the grand canonical partition
function Z as

P
T4

¼ 1

VT3
lnZðV; T; μB; μQ; μS; BÞ: ð1Þ

The chemical potentials of conserved charges can be
rewritten in terms of the quark chemical potentials
ðμu; μd; μsÞ,

μu ¼
1

3
μB þ 2

3
μQ;

μd ¼
1

3
μB −

1

3
μQ;

μs ¼
1

3
μB −

1

3
μQ − μS: ð2Þ

Fluctuations of and correlations among conserved
charges and quark numbers can be determined from lattice
QCD calculations by taking derivatives of the pressure with
respect to chemical potentials, evaluated at vanishing
chemical potentials [93,94],

χudsijk ¼ ∂
iþjþkP=T4

∂μ̂iu∂μ̂
j
d∂μ̂

k
s

����
μ̂u;d;s¼0

; ð3Þ

χBQSijk ¼ ∂
iþjþkP=T4

∂μ̂iB∂μ̂
j
Q∂μ̂

k
S

����
μ̂B;Q;S¼0

; ð4Þ

where μ̂X ≡ μX=T with X ¼ fu; d; sg and fB;Q; Sg. In this
work, we focus on the computation of quadratic fluctua-
tions and correlations, i.e., for iþ jþ k ¼ 2. In lattice
calculations, we usually calculate the quark fluctuations
and then obtain the conserved charge fluctuations via
Eq. (2). Further details can be found in Refs. [51,76,95,96].

A. Hadron resonance gas model

The HRG model assumes that the constituents of the
medium are noninteracting pointlike hadrons and reso-
nance states. Therefore, the pressure of the system in the
HRG model can be expressed as the sum of the partial
pressures of the individual hadrons and resonances,

P
T4

¼ 1

T4

X
i

Pi ¼
1

VT3

X
i

lnZiðV; T; μi; BÞ; ð5Þ

where

lnZi ¼ �Vgi

Z
d3p
ð2πÞ3 ln ½1� e−ðEi−μiÞ=T � ð6Þ

represents the grand canonical partition function as a
momentum space integral for each resonance i. Here V
is the volume of the system, gi is the degeneracy factor, T is

the temperature, Ei is the energy of the single particle, and
μi ¼ μBBi þ μQQi þ μSSi is the chemical potential with
Bi, Qi and Si the baryon number, charge and strangeness of
the hadron i, respectively. The “þ” in “�” corresponds to
the case for baryons while the “−” is for mesons.

1. Full space

In the vanishing magnetic field, the energy of each
particle is given by Ei ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þm2

i

p
with massmi, and the

pressure can be expressed as [76]

Pi

T4
¼ gim2

i

2ðπTÞ2
X∞
n¼1

ð�1Þnþ1
enμi=T

n2
K2

�
nmi

T

�
; ð7Þ

where n is the sum index in the Taylor expansion series and
K2 is the second-order modified Bessel function of the
second kind.
In the presence of a nonzero magnetic field, we consider

all particles to be pointlike, with their masses remaining
unaffected by the field. The energy of charged particles is
characterized by the Landau level [35],

εi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

i þ p2
z þ 2jqijBðlþ 1=2 − szÞ

q
: ð8Þ

The thermal pressure arising from charged hadrons in
nonzero magnetic fields can be expressed as follows
[36,37,86]:

Pi;charged

T4
¼ jqijB
2π2T3

Xsi
sz¼−si

X∞
l¼0

εT
X∞
n¼1

ð�1Þnþ1
enμi=T

n
K1

�
nεT
T

�
;

ð9Þ

where

εT ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

i þ 2jqijBðlþ 1=2 − szÞ
q

ð10Þ

are the energy levels of charged particles perpendicular to
the direction of the magnetic field. Here qi is the electric
charge of the hadron i, sz is the component of the spin in the
direction of the magnetic field which is summed over−si to
si for each hadron i, B is the magnitude of the magnetic
field pointing along z direction, and l denotes the Landau
levels. K1 is the first-order modified Bessel functions of the
second kind. The “þ” in “�” corresponds to the case for
mesons (si is integer) while the “−” is for baryons (si is a
half integer). For neutral particles, we assume that their
energy remains unaffected by the magnetic field.
Consequently, the pressure they contribute is still given
by Eq. (7).
The fluctuations and correlations of conserved charges

can be obtained by differentiating the pressure with respect
to their corresponding chemical potentials. For charged
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hadrons, the pressure given in Eq. (9) leads to the quadratic
fluctuations of and correlations among B, Q, and S arising
at zero chemical potential shown as1 [37,85,86]

χX2 ¼ B
2π2T3

X
i

jqijX2
i

Xsi
sz¼−si

X∞
l¼0

fðεTÞ;

χXY11 ¼ B
2π2T3

X
i

jqijXiYi

Xsi
sz¼−si

X∞
l¼0

fðεTÞ; ð11Þ

where fðεTÞ ¼ εT
P∞

n¼1ð�1Þnþ1nK1ðnεTT Þ and Xi; Yi ¼
Bi;Qi; Si carried by hadron i. Note that at a sufficiently
strong magnetic field, the lowest energy states of spin-1
mesons and spin-3=2 baryons can become negative, render-
ing theHRGmodel inapplicable. This issuewill be discussed
in detail in Sec. VI. For neutral hadrons, the pressure
expressed in Eq. (7) is used to obtain the corresponding
fluctuations and correlations, assuming that neutral hadrons
are independent of B. In our HRG model computations,
we have considered all resonances in the QMHRG2020
particle list [97].

2. Proxies

In heavy-ion collision experiments, the fluctuations of
and correlations among conserved charges are measured
through stable, detectable final-state particles. These par-
ticles can serve as proxies for conserved charges consid-
ering decay chains within the HRG framework [98]. To
align with experimental practice [99], we will follow the
procedure outlined in [86], using net pions (π̃), kaons (K̃),
and protons (p̃) as proxies for conserved charges:

net-B → p̃; ð12Þ

net-Q → QPID ≡ π̃þ þ K̃þ þ p̃; ð13Þ

net-S → K̃þ: ð14Þ

Here, we adopt the convention that the net number of
particles of a stable species A is defined as Ã ¼ A − Ā, i.e.,
the difference between the number of particles A and the
number of corresponding antiparticles Ā.
Within the HRG framework, the proxies corresponding

to the conserved charge susceptibilities χBQSijk can be
expressed as [86,98]

σi;j;kp;QPID;K ¼
X
R

ðωR→p̃ÞiðωR→Q̃PIDÞjðωR→K̃Þk

× IRlðT; μB; μQ; μS; eBÞ; ð15Þ

where iþ jþ k ¼ l and

IRlðT; μB; μQ; μS; eBÞ ¼
∂
lPR=T4

∂μ̂lR

����
μ̂B;Q;S¼0

: ð16Þ

The net proxy weights ωR→j̃ ≡ ωR→j − ωR→j̄ quantify
the average net production of stable hadron j from
resonance R decays. These are calculated as

ωR→j ¼
X
α

N α
R→jn

R
j;α; ð17Þ

whereN α
R→j denotes the branching ratio for decay channel

α, and nRj;α represents the multiplicity of particle j produced
in that channel. Equation (17) should account for the stable
hadron j generated via the complete decay chain of
resonance R.2 The electric charge proxy combines con-
tributions,

ωR→Q̃PID ¼ ωR→p̃ þ ωR→K̃ þ ωR→π̃: ð18Þ

Our implementationof proxies includes all decay channels
cataloged in the Particle Data Group [97] with branching
ratios assumed to be independent of magnetic field strength.
Stable particles (A) contribute directly throughωA→A ¼ 1, as
exemplified by the proton’s unit contribution to baryon
susceptibility: χB2 ðTÞ ∋ ωp→p ¼ 1 ðproton stabilityÞ.
For instance, we construct the proxies σ2p, σ2QPID , σ

1;1
QPID;p,

and σ1;1QPID;K , corresponding respectively to the susceptibil-

ities χB2 , χ
Q
2 , χ

BQ
11 , and χQS11 :

σ2p ¼
X
R

ðωR→p̃Þ2IR2 ;

σ2QPID ¼
X
R

ðωR→Q̃PIDÞ2IR2 ;

σ1;1QPID;p ¼
X
R

ðωR→p̃ÞðωR→Q̃PIDÞIR2

σ1;1QPID;K ¼
X
R

ðωR→K̃ÞðωR→Q̃PIDÞIR2 : ð19Þ

1Note that the vacuum pressure depends on the magnetic field
but is independent of the chemical potential [35,37,85], thus not
contributing to the fluctuations of and correlations among
conserved charges. Equation (11) only needs to consider the
contribution of the thermal pressure in Eq. (9).

2Within each decay channel α, stable particle j can be pro-
duced from resonance R through multiple decays, R → M1 →
M2 � � � → Mm → j, involving multiple intermediate particles Mi.
Then, the contribution of the entire decay chain is calculated by
sequentially multiplying the branching ratios and multiplicities,
N α

R→M1
nRM1;α

× ðQm−1
i¼1 N α

Mi→Miþ1
nMi
Miþ1;α

Þ ×N α
Mm→jn

Mm
j;α .
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3. Kinematic cuts

In high-energy physics experiments, detecting all particles
produced in collisions is inherently challenging due to
limitations in detector acceptance and resolution. This
necessitates the use of kinematic cuts to selectively analyze
particles within measurable regions of momentum space.
Such cuts become particularly relevant when modeling
systems in the presence of external magnetic fields, as
implemented in the HRG framework. In this subsection,
we outline a method to incorporate these experimental
constraints into the HRG model when magnetic fields are
present.
Experiments typically define the beam axis as the

longitudinal (z) axis, with the transverse plane perpendicular
to it. Kinematic cuts are then applied using two key
observables: the transverse momentum pT and pseudora-
pidity η, defined as

η ¼ ½ln ðjpj þ pzÞ=ðjpj − pzÞ�=2: ð20Þ

Pseudorapidity approximates the spatial rapidity of particles
and serves as a proxy for the polar angle relative to the
beamline. Different collaborations, such as STAR and
ALICE, adopt distinct pT and η thresholds depending on
their detector geometries and physics objectives [99,100].
These experiment-specific selection criteria must be explic-
itly incorporated into theoretical frameworks like HRG to
enable meaningful comparison with measurements.
In the standard HRG model without magnetic fields,

kinematic cuts are applied by restricting momentum inte-
grals to particles with transverse momentum above a
minimum threshold and pseudorapidity within a specified
range, effectively limiting the phase space through con-
strained momentum space integration [101],

Z
d3p ¼ 2π

Z
ηmax

ηmin

dη
Z

pTmax

pTmin

dpTpT jpj: ð21Þ

Substituting the above expression into Eq. (5), the pressure
of particles in the vanishing magnetic field can be
expressed as

Pcuts
i

T4
¼ gi

ð2πÞ2T3

Z
ηmax

ηmin

dη
Z

pTmax

pTmin

dpT jpjpT

×
X∞
n¼1

ð�1Þnþ1

n
e−nðEi−μiÞ=T: ð22Þ

However, in the presence of an external magnetic field,
incorporating kinematic cuts into this framework is not
straightforward and requires additional considerations. For
collision-generated magnetic fields oriented perpendicular
to the reaction plane (along the y axis in the standard
coordinate system), charged particle momenta become
quantized in the transverse (x-z) plane via Landau levels:

pxzðl; syÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2jqjBðlþ 1=2 − syÞ

q
; ð23Þ

and the energy levels of particles in the presence of a
magnetic field are expressed as

Elðpy; l; syÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2

y þ 2jqjBðlþ 1=2 − syÞ
q

: ð24Þ

Here sy denotes the spin projection along the direction of
the magnetic field. The momentum space integration
transforms accordingly:Z

d3p ¼
Z

d2pxzdpy ¼
Z

pxzdpxzdpydϕp

¼
Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2jqijBðlþ 1=2 − syÞ
q

× d
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2jqijBðlþ 1=2 − syÞ

q
dpydϕp

¼
Z

jqijBdldpydϕp; ð25Þ

where ϕp is the azimuthal angle in the x-z plane. The
transverse momentum and pseudorapidity then become
functions of Landau-level parameters:

pT ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðpxz sinϕpÞ2 þ p2

y

q
;

η ¼ arcsinhðpxz cosϕp=pTÞ: ð26Þ
Thus, the pressure of charged particles within the

framework of HRG in the external magnetic fields can
be expressed as

Pcuts
i;charged

T4
¼ jqijB

ð2πÞ3T3

Xsi
sy¼−si

X∞
l¼0

Z
dpy

Z
dϕp

× ΘðpTmin
; pTmax

; ηmin; ηmaxÞ

×
X∞
n¼1

ð�1Þnþ1

n
e−nðEl−μiÞ=T; ð27Þ

where the ΘðpTmin
; pTmax

; ηmin; ηmaxÞ function represents the
kinematic selection criteria and is formally defined as a
product of Heaviside step functions enforcing the exper-
imental cuts:

ΘðpTmin
;pTmax

;ηmin;ηmaxÞ≡ΘðpT −pTmin
Þ×ΘðpTmax

−pTÞ
×Θðη− ηminÞ×Θðηmax − ηÞ:

ð28Þ
Equation (27) reduces to the standard magnetic HRG
expression, Eq. (9), when integration limits encompass
the full phase space. Therefore, with the help of Eq. (27)
criteria, the numerical evaluation of the contribution of
charged resonance i within a specific range of pT and η is
now feasible.
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In previous subsections, we demonstrated that the
HRG susceptibilities, Eq. (11), and the corresponding
proxies, Eq. (15), account for all individual resonance
contributions. However, in experimental analyses, kinemat-
ics cuts are typically applied to the stable π, K, and p
hadrons [99,100,102]. Therefore, to incorporate these
experimental kinematic cuts into the proxies (which con-
sider all resonance decays), we introduce a weight factor
ωcuts
i that encodes the effects of these cuts on the stable

particle i, defined as

ωcuts
i ¼ IilðPcuts

i Þ
IilðPiÞ

¼
∂
lðPcuts

i =T4Þ=∂μ̂li jμ̂B;Q;S¼0

∂
lðPi=T4Þ=∂μ̂li jμ̂B;Q;S¼0

; ð29Þ

where Pcuts
i denotes the pressure arising from the particle i

with kinematic cuts and Pi is the corresponding pressure
without any kinematic cuts. In this work, we mainly adopt
Pcuts
i and Pi for charged particles expressed as Eqs. (27) and

(9), respectively.3 And the phase space integral Iil of the
leading-order l ¼ 2, with and without kinematic cuts for π,
K, and p hadrons is illustrated in Fig. 13 in Appendix B.
Consequently, for the proxies of conserved charges, the

effects of kinematic cuts—encoded by ωcuts
i —can be

translated into the net proxy weights corresponding to
the decay of a resonance R to net π̃, K̃ and p̃:

σi;j;k;cutsp;QPID;K ¼
X
R

ðωR→p̃ω
cuts
p Þi

× ðωR→p̃ω
cuts
p þ ωR→K̃ω

cuts
K þ ωR→π̃ω

cuts
π Þj

× ðωR→K̃ω
cuts
K ÞkIRlðT; μB; μQ; μS; eBÞ: ð30Þ

Here, σi;j;k;cutsp;QPID;K represents the proxies for conserved charges

that incorporate the experimental kinematic cuts.
In this work, we primarily adopt kinematic cuts corre-

sponding to those used by the ALICE and STAR detectors.
Specifically, ALICE [100,102] and STAR [99] kinematic
cuts are4

ALICE set1∶ jηj< 0.8;

�
0.2<pT < 2 GeV=c for π;K

0.4<pT < 2 GeV=c for p

ALICE set2∶ jηj< 0.8;0.4<pT < 1.6 GeV=c for π;K;p

STAR∶ jηj< 0.5;0.4<pT < 1.6 GeV=c for π;K;p:

ð31Þ

B. Ideal gas limit

In the high-temperature limit, particles can be approxi-
mated as a noninteracting ideal gas. Following Ref. [85],
the QCD pressure with three flavor massless quarks in
the presence of an external magnetic field can be
expressed as

P
T4

¼ 8π2

45
þ

X
f¼u;d;s

3jqfjB
π2T2

�
π2

12
þ μ̂2f

4
þ PfðBÞ

�
; ð32Þ

where

PfðBÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
8jqfjB

p
T

X∞
l¼1

ffiffi
l

p X∞
k¼1

ð−1Þkþ1

k
cosh ðkμ̂fÞ

× K1

�
k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2jqfjBl

p
T

�
; ð33Þ

where qf denotes the electric charge carried by quark
flavor f. Taking the partial derivative of Eq. (32)
with respect to quark chemical potentials, one obtains
the fluctuations of and correlations for each quark
flavor [85],

χu2
eB

¼ 4

π2T2

�
1

4
þ b̂

X∞
l¼1

ffiffiffiffi
2l

p X∞
k¼1

ð−1Þkþ1kK1ðkb̂
ffiffiffiffi
2l

p
Þ
�
;

ð34Þ

χd;s2

eB
¼ 2

π2T2

�
1

4
þ b̂

X∞
l¼1

ffiffi
l

p X∞
k¼1

ð−1Þkþ1kK1ðkb̂
ffiffi
l

p
Þ
�
; ð35Þ

χud11 ¼ χus11 ¼ χds11 ¼ 0: ð36Þ

In the limit
ffiffiffiffiffiffi
eB

p
=T → ∞, Eqs. (34) and (35) retain

contributions only from their first terms. The corresponding
values of the second-order fluctuations of and correlations
among conserved charges are listed in Table I.

TABLE I. The values of second order fluctuations and corre-
lations of conserved charge normalized by the magnetic field
strength and multiplied by the square of the temperature,
χXY11 T

2=eB and χX2 T
2=eB ¼ χXX11 T

2=eB with X;Y ¼ B;Q; S in
the free limit with

ffiffiffiffiffiffi
eB

p
=T → ∞ [85].

B Q S

B 2=ð9π2Þ 1=ð9π2Þ −1=ð6π2Þ
Q 1=ð9π2Þ 5=ð9π2Þ 1=ð6π2Þ
S −1=ð6π2Þ 1=ð6π2Þ 1=ð2π2Þ

3While for neutral particles, Pcuts
i and Pi are given by Eqs. (22)

and (7), respectively. These expressions also apply to charged
particles in the absence of a magnetic field.

4ALICE set2 was introduced in a recent experimental analysis
[102], which appeared on the same day as the first version of our
manuscript. This kinematic cut is included in the current version
of our analysis.
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III. LATTICE SETUP

The QCD partition function can be written as

Z ¼
Z

DU
Y

f¼u;d;s

½detMfðU; qfB;mfÞ�1=4e−Sg ; ð37Þ

where MfðU; qfB;mfÞ denotes the fermion matrix for
flavor f, and Sg represents the gauge action. Our simu-
lations employ 2þ 1 flavor highly improved staggered
quarks (HISQ) [103] and a tree-level improved Symanzik
gauge action, consistent with the framework used by the
HotQCD Collaboration [77,78,104,105].
A uniform magnetic field oriented along the z direction

is implemented through Uð1Þ link variables uμðnÞ in the
Landau gauge [53,106],

uxðnx; ny; nz; nτÞ ¼
�
exp ½−ia2qBNxny� ðnx ¼ Nx − 1Þ
1 ðotherwiseÞ

uyðnx; ny; nz; nτÞ ¼ exp ½ia2qBnx�;
uzðnx; ny; nz; nτÞ ¼ utðnx; ny; nz; nτÞ ¼ 1; ð38Þ

where the lattice dimensions are ðNx; Ny; Nz; NτÞ with
nμ ¼ 0;…; Nμ − 1ðμ ¼ x; y; z; τÞ.
In this setup, the strength of the magnetic field, eB, is

quantized and can be expressed as follows [53,86]:

eB ¼ 6πNb

NxNy
a−2; Nb ∈Z; ð39Þ

where Nb counts magnetic flux quanta through the x-y
plane and a is the lattice spacing. The electric charges of the
quarks follow qd ¼ qs ¼ −qu=2 ¼ −e=3 with e being the
elementary electric charge. To maintain flux quantization
across all flavors, we chose the greatest common divisor of
electric charges, i.e., jqdj ¼ jqsj ¼ e=3, in our implemen-
tation. A periodic boundary condition for U(1) links is
imposed for all directions except for the x direction, con-

strainingNb to the range 0 ≤ Nb <
NxNy

4
. Our setup features

Nσ ≡ Nx ¼ Ny ¼ Nz with aspect ratioNσ=Nτ ¼ 4. Further
details on the implementation of magnetic fields with HISQ
fermions can be found in Ref. [71]. In this work, simu-
lations are mainly performed on 323 × 8 and 483 × 12
lattices in nonzero magnetic fields. Additionally, we have
conducted simulations on a 643 × 12 lattice at fixed Nb and
temperature to assess the uncertainty arising from the
continuum extrapolation and estimates. To mitigate dis-
cretization effects associated with magnetic fields, it is
required that a2qB ≪ 1, which translates to Nb=N2

σ ≪ 1.
In the literature, Nb=N2

σ < 5% is commonly adopted
[67,107]. In our simulations, the largest magnetic flux
Nb ¼ 32 on a 323 × 8 lattice corresponds to a maximum
Nb=N2

σ of about 3%, which remains within the accepted

range, ensuring that discretization effects from the mag-
netic field are mild. Notably, this ratio becomes even
smaller on the 483 × 12 lattice.
The current simulations improve upon our earlier studies

in two key aspects: first, the quark masses are fixed to their
physical values with degenerate light quarks, yielding a
pion mass of 135 MeV at eB ¼ 0, in contrast to the Mπ ≃
220 MeV configuration used in Ref. [85]. Second, we
extend the magnetic flux range to include Nb values of
1,2,3,4,6,12,16,24 and 32, significantly surpassing the
smaller Nb values explored in Ref. [86], which only con-
sideredNb ¼ 1–6. The details on the simulation parameters
can be found in Appendix A. The lattice QCD results in the
absence of a magnetic field are taken from Ref. [105].

IV. THE TRANSITION LINE ON T-eB PLANE

To determine the crossover transition temperature Tpc at
nonzero magnetic fields, we analyze the peak location of
total chiral susceptibility χMðeBÞ, which is defined as the
quark mass derivative of chiral condensate. We use the
following subtracted chiral condensate M and its corre-
sponding susceptibility χM [86,108],

M ¼ 1

f4K
½msðhψ̄ψiu þ hψ̄ψidÞ − ðmu þmdÞhψ̄ψis�; ð40Þ

χM ¼ msð∂mu
þ ∂md

ÞMjmu¼md¼ml

¼ 1

f4K
½msðmsχl − 2hψ̄ψis − 4mlχsuÞ�; ð41Þ

where hψ̄ψif ¼ Tð∂ lnZ=∂mfÞ=V with f ¼ u, d, s for
the up, down and strange quark, respectively. Here,
fK ¼ 155.7ð9Þ= ffiffiffi

2
p

MeV is the kaon decay constant,
χfg ¼ ∂mf

hψ̄ψig, and χl ¼ χuu þ χud þ χdu þ χdd. Note
that at nonzero magnetic fields, χuu and χdd become
nondegenerate, and mixed susceptibilities χud (χdu) are
explicitly included.
Since the magnetic field does not affect the UV-divergent

part [53], in practice, we determine the peak location of the
following χMðeBÞ as TpcðeBÞ∶

χMðeBÞ ¼
ms

f4K
½msχlðeBÞ − 2hψ̄ψisðeB ¼ 0Þ

− 4mlχsuðeB ¼ 0Þ�:

We utilize five temperature points spanning T ¼
145 MeV and T ¼ 166 MeV and perform spline fits to
locate the susceptibility peak. Figure 1 shows the magnetic
field dependence of chiral susceptibility on 323 × 8 and
483 × 12 lattices. It can be observed that the peak location
of the chiral susceptibility shifts to lower temperatures with
increasing eB across both lattice spacings.
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In Fig. 2, the continuum estimated TpcðeBÞ, obtained
through an extrapolation ansatz that we will detail in the
following section, reveals two distinct regimes: for
eB≲ 0.3 GeV2, Tpc exhibits only a mild dependence on
the magnetic field, while for eB > 0.3 GeV2, Tpc decreases
monotonically with increasing eB. This behavior aligns with
earlier studies [53,68], which determined the transition
temperature using different observables, such as the renor-
malized chiral condensate, etc.

In the following analysis, we systematically investigate
the fluctuations of conserved charges in two distinct
magnetic field regimes. First, we examine relatively weak
magnetic fields with Nb ¼ 1, 2, 3, 4, 6, corresponding to
eB≲ 0.15 GeV2. Subsequently, we explore the behavior at
strong magnetic fields with Nb ¼ 12, 16, 24, 32, extending
the analysis up to eB ≃ 0.8 GeV2.

V. RESULTS IN RELATIVELY
WEAK MAGNETIC FIELDS

We begin by presenting lattice data for baryon-electric
charge correlations, χBQ11 ≡ χBQ11 ðT; eBÞ and their continuum
estimates in Fig. 3. The left and middle panels show results
for Nτ ¼ 8 and Nτ ¼ 12 lattices, respectively, across our
T-eB parameter space. The discrete magnetic field values
arise from flux quantization in finite volumes, necessitating
spline interpolation.5 Similar to the approach mentioned
in Ref. [53], we perform two-dimensional B-spline fits to
the lattice data. The average values and error bands are
obtained using the Gaussian bootstrap method, with the
median and 68% percentiles of the distribution, respec-
tively. The interpolated data bands for Nτ ¼ 8 (left) and
Nτ ¼ 12 (middle) in Fig. 3 are depicted in distinct colors,
corresponding to results at fixed temperatures across
varying external magnetic field strengths.
The right panel in Fig. 3 illustrates continuum estimates,

determined through linear extrapolations in 1=N2
τ using the

Nτ ¼ 8 and Nτ ¼ 12 interpolated data. For validation, we
include a supplementary Nτ ¼ 16 data point and perform
an independent continuum extrapolation incorporating
Nτ ¼ 8, Nτ ¼ 12, and Nτ ¼ 16 results under the same
1=N2

τ ansatz. The continuum estimated results and con-
tinuum extrapolated results from both extrapolation pro-
cedures exhibit consistency within uncertainties. Given this
agreement, we adopt the continuum estimates derived from
Nτ ¼ 8 and 12 lattices for subsequent analyses, as they
provide a statistically robust foundation while minimizing
computational overhead.
The existence of sustained primordial magnetic fields

and their potential imprints in heavy-ion collisions have
driven extensive investigations into electric charge fluctua-
tions, particularly to probe topological phenomena such as
the chiral magnetic effect. While the interplay between
electric charge and magnetic fields might intuitively sug-
gest a pronounced enhancement of electric charge fluctua-
tions at all baryon chemical potentials, this expectation is
not borne out in practice. One key advantage of studying
electric charge fluctuations (χQ2 ) and their correlations with
baryon number (χBQ11 ) and strangeness (χQS11 ) lies in their
theoretical tractability: these quantities derive exclusively

FIG. 1. Chiral susceptibility χMðeBÞ as a function of temper-
ature for several fixed magnetic field strengths eB, computed on
lattices with temporal extents Nτ ¼ 8 (top) Nτ ¼ 12 (bottom).

FIG. 2. Pseudocritical temperature TpcðeBÞ of the QCD chiral
crossover, determined from the peak locations of the chiral
susceptibility as a function of magnetic strength eB. Continuum
estimates (gold bands) were obtained using the corresponding
results for Nτ ¼ 8 (blue bands) and Nτ ¼ 12 (red bands).

5Further studies utilizing polynomial fitting and parametriza-
tion will be presented in future research on the equation of state in
strong magnetic fields [109].
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from charged hadrons, whose energy spectra in magnetic
fields are comparatively well understood [71,110]. In
contrast, contributions from neutral hadrons—whose mag-
netic field-dependent energy modifications remain less well
established and are often approximated as constant—can
introduce uncertainties in other susceptibilities, such as
baryon number (χB2 ), strangeness (χ

S
2), or baryon-strange-

ness correlations (χBS11 ).
Figure 4 presents lattice QCD results and HRG model

predictions for the susceptibilities χQ2 , χBQ11 , and χQS11 at
T ¼ 145 MeV, a temperature below the pseudocritical
temperature TpcðeBÞ ≈ 155 MeV, which remains nearly
constant for magnetic fields eB≲ 0.3 GeV2, as shown in
Fig. 2. We focus initially on these susceptibilities since
their exclusive dependence on charged hadrons enables
direct and theoretically consistent comparisons between
lattice QCD and HRG calculations. Susceptibilities involv-
ing neutral hadrons will be discussed subsequently.
Interpolated results for Nτ ¼ 8 (blue bands) and Nτ ¼
12 (red bands) lattices are displayed alongside continuum
estimates (gold bands). Contrary to naive expectations, the
continuum estimate for χQ2 remains largely unaffected by
eB, while χBQ11 exhibits striking sensitivity. Although χQ2

dominates in magnitude at low T among χBQ11 and χQS11 —
reflecting predominant mesonic contributions—it exhibits
little sensitivity to eB, likely due to cancellations between
baryonic and mesonic sectors. Meanwhile, χQS11 shows
negligible sensitivity to eB, consistent with the large
strange quark mass suppressing magnetic field-driven
effects.
At low temperatures, such as T ¼ 145 MeV, the HRG

model is expected to effectively describe the QCD-driven
behavior of fluctuations of conserved charges at vanishing
magnetic fields. However, as discussed in the previous
section, the presence of magnetic fields complicates this
picture due to modifications in the hadron spectrum. For
charged hadrons, these modifications are quantified by the
Landau-level-dependent energy spectrum [see Eq. (8)]. The
magnetized HRG model (black solid lines in Fig. 4)
provides a reasonable description of χQ2 and χBQ11 in the
weak-field regime (eB≲ 4M2

π), but begins to undershoot
lattice QCD results at stronger fields. For χQS11 , however, a
persistent discrepancy exists: the HRG model systemati-
cally underestimates lattice data across the weak-eB
regime, with only coincidental agreement emerging at
higher eB.

FIG. 3. Baryon-electric charge correlations χBQ11 obtained from lattice QCD simulations on lattices with temporal extents Nτ ¼ 8 (left)
and Nτ ¼ 12 (middle), spanning T-eB parameter space in the relatively weak-eB regime. The colored bands represent two-dimensional
spline interpolations of lattice data points (filled symbols) at different fixed temperatures. The right panel shows continuum estimates of
χBQ11 obtained from linear extrapolations in 1=N2

τ using lattice data at Nτ ¼ 8 and 12, as well as continuum-extrapolated results
incorporating additional Nτ ¼ 16 data, evaluated at a fixed value of eB.

FIG. 4. Electric charge fluctuations χQ2 (left) and their correlations with baryon number χBQ11 (middle) and strangeness χQS11 (right) at
T ¼ 145 MeV as functions of magnetic strength eB in the relatively weak-eB regime. Continuum estimates (gold bands) were obtained
using the interpolatedNτ ¼ 8 (blue) andNτ ¼ 12 (red) bands and corresponding simulation data points (filled symbols). Black solid and
colored broken lines represent the total and dominant-resonance contributions, respectively, within the HRG model.
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To elucidate the differences between HRG predictions
and lattice results, we analyze the dominant contributions
of individual charged hadrons. The eB-dependence of these
contributions arises from Landau quantization, where the
energy levels of charged hadrons shift with eB depending
on their spin projection sz (aligned or antialigned with the
field). For χQ2 , charged pions dominate the contributions,
analogous to the zero-field case. However, their contribu-
tion decreases by approximately 30% at eB ≃ 8M2

π , likely
due to the magnetic field-induced increase in charged pion
mass [71]. Contributions from kaons and ρ mesons, though
enhanced with eB, remain much smaller in magnitude
compared to those from pions.
For χBQ11 , protons dominate at eB ¼ 0, but the doubly

charged Δð1232Þ baryons become the primary contributors
near eB ≃ 4M2

π. Notably, the proton contribution remains
nearly constant with eB, while the Δð1232Þ contribution
grows due to its spin-dependent mass reduction for specific
sz states—overcoming the suppression from states with
increased mass. Heavier doubly charged baryons, such as
Δð1600Þ, remain exponentially suppressed due to their
large masses.
For χQS11 , charged pseudoscalar K mesons dominate the

contributions throughout the eB-regime, with their con-
tributions declining gradually as eB increases, while the
vector K� mesons exhibit a modest rise. The overall
insensitivity of χQS11 to eB reflects the weaker magnetic
response of kaons compared to pions [71], stemming from
the interplay between the magnetic field and the spin states
of the hadrons.
Next, we turn to fluctuations involving neutral hadrons.

In Fig. 5, we present lattice QCD computation and the HRG
model results for χB2 (left), χS2 (middle) and χBS11 (right) at
T ¼ 145 MeV. While χB2 exhibits a moderate enhancement
of ∼45% at eB ≃ 8M2

π, this increase is notably smaller than
the pronounced sensitivity observed for χBQ11 . The HRG
model systematically underestimates χB2 across the entire
eB range. This discrepancy may arise from unaccounted
magnetic field effects on neutrons: studies show that neutral
hadrons like pions and kaons exhibit mass reductions in
magnetic fields [71,110] at low temperature, and similar

effects might apply to neutrons. A decrease in neutron mass
would amplify their contributions to χB2 , potentially bridg-
ing the gap between HRG predictions and lattice data.
However, in our current HRG framework, neutron masses
are held constant with eB, resulting in almost equal
contributions from neutrons and protons. The proton’s
contribution to χB2 mirrors its behavior in χBQ11 (see middle
panel of Fig. 4), remaining flat with eB. Only at the upper
end of the eB range (eB ≃ 8M2

π) do doubly charged
Δð1232Þ baryons overtake nucleons as the dominant
contributors, driven by spin-aligned states with reduced
masses.
In contrast, χS2 and χ

BS
11 show negligible sensitivity to eB,

though their mechanisms may differ. The HRG model
underestimates both quantities, similar to the discrepancies
observed in χQS11 . This underestimation of χS2 and χBS11 from
HRG may stem partly from the unaccounted magnetic field
effects on neutral hadrons. For χS2, the dominant contribu-
tions arise from the isospin doublets fKþ; K0g and
fK−; K̄0g, with charged kaons showing stable contribu-
tions despite eB, while neutral kaons remain static. For χBS11 ,
no single hyperon species dominates, reflecting the weaker
interplay between strangeness and baryon number in
magnetic fields.
As the temperature approaches the pseudocritical value

TpcðeBÞ, the conserved charge susceptibilities exhibit
systematic increases across all six second-order measures,
as shown in Fig. 6. This monotonic increase in suscep-
tibilities is likely due to the fact that TpcðeBÞ remains
nearly constant with eB, as discussed earlier. If TpcðeBÞ
were to decrease significantly with eB, the susceptibilities
might exhibit nonmonotonic behavior in temperature. The
eB-dependence of these susceptibilities mirrors trends
observed at T ¼ 145 MeV: χQ2 remains largely insensitive
to eB, while χB2 shows a reduced enhancement compared
to its low-temperature behavior. Similarly, χQS11 , χ

S
2 , and

χBS11 exhibit minimal sensitivity to eB, consistent with
their behavior at lower temperatures. Notably, χBQ11 , the
most eB-sensitive observable, retains its pronounced
enhancement, further solidifying its utility as a magnetic
field probe.

FIG. 5. Same as Fig. 4, but for the fluctuations of baryon number χB2 (left) and strangeness χS2 (middle), and corresponding correlations
−χBS11 (right) among them.

DING, GU, KUMAR, and LI PHYS. REV. D 111, 114522 (2025)

114522-10



The hadron resonance gas model, while formally inap-
plicable at TpcðeBÞ, accidentally aligns with lattice QCD
results for certain susceptibilities in specific regimes—
particularly for eB≲ 4M2

π as seen in Fig. 6. This unexpected
agreement highlights the need for refined studies in weaker
magnetic fields where TpcðeBÞ ≈ Tpcð0Þ. A decomposition
of dominant hadronic contributions reveals parallels to the
low-temperature case, with one key distinction: the transition
fromproton-dominated toΔð1232Þ-dominated contributions
in χBQ11 shifts to lower eB (∼3M2

π) at TpcðeBÞ, compared to
eB ≃ 4M2

π at T ¼ 145 MeV. This suggests enhanced sensi-
tivity of higher-spin resonances to thermal and magnetic
effects near the transition. Additionally, χBS11 shows an
increased contribution fromΛ hyperons at TpcðeBÞ, indicat-
ing subtle thermal modifications to strangeness-baryon
correlations. These findings highlight the complex interplay
between magnetic field strength and hadronic degrees of
freedom across the QCD phase diagram.
The conserved charge susceptibilities discussed above are

directly related to their experimental counterparts [82,83],
expressed as cumulants of the net-charge distributions NX,

χX2 ðT; eBÞ ¼
1

VT3
hðNX − hNXiÞ2i; ð42Þ

χXY11 ðT; eBÞ ¼
1

VT3
hðNX − hNXiÞðNY − hNYiÞi: ð43Þ

However, these cumulants inherently include system
volume effects, which are not directly measurable. To
address this limitation, both theoretical and experimental

studies often advocate the use of ratio observables to
suppress volume-dependent contributions [99,111,112].
In our analysis, it is natural to examine the behavior of
observables at finite eB relative to those at vanishing
magnetic fields. This approach is analogous to studying
peripheral-to-central collision conditions, as encapsulated
in Rcp-like observables. Specifically, we define the ratio
observable as

RðOÞ≡OðeB; TÞ=OðeB ¼ 0; TÞ: ð44Þ

This formulation allows us to focus on the effects of the
magnetic field while minimizing the influence of system
volume uncertainties.
Figure 7 presents the ratios RðOÞ for χB2 and χBQ11 along

the transition line T ¼ TpcðeBÞ. As shown in Fig. 6 these
two observables exhibit the strongest sensitivity to eB at
TpcðeBÞ, motivating our focus on them here. In addition to
the suppression of volume effects, we observe a notable
reduction in lattice artifacts, i.e., the Nτ ¼ 8, 12 interpo-
lated data bands align more closely with the continuum
estimates.
It can be seen from Fig. 7 that both RðχB2 Þ and RðχBQ11 Þ

successfully capture the magnetic effects along the tran-
sition line TpcðeBÞ, reaching values of about 1.25 and 2.1,
respectively, for eB ≃ 8Mπ

2. These substantial enhance-
ments, particularly the pronounced response of χBQ11 com-
pared to χB2 , reiterate the magnetometer proposition of
χBQ11 [86].

FIG. 6. Fluctuations of and correlations among conserved charges, χB2 , χ
Q
2 , χ

S
2 , χ

BQ
11 , −χBS11 and χQS11 (top left to bottom right), along the

transition line TpcðeBÞ in the relatively weak-eB regime. Continuum estimates (gold bands) were obtained using the interpolated
Nτ ¼ 8 (blue bands) and Nτ ¼ 12 (red bands) results along TpcðeBÞ. Black solid and colored broken lines represent the total and
dominant-resonance contributions, respectively, within the HRG model.
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The HRG model, represented by black solid lines in
Fig. 7, lacks rigorous validity at the transition temperature.
HRG predictions for individual susceptibilities diverge
from lattice data as seen in Fig. 6: χBQ11 overshoots lattice
values, while χB2 aligns reasonably (albeit possibly coinci-
dentally) along the transition line. However, when normal-
ized via the ratio RðOÞ—which suppresses absolute
magnitudes while amplifying trends in eB-dependence—
the model exhibits partial agreement with lattice results.
Notably, the eB-dependence of the normalized ratios RðOÞ,
where amplitude effects cancel, is qualitatively reproduced
by HRG for eB≲ 0.04 GeV2 (∼2.5M2

π) as seen in Fig. 7.
Beyond this regime, HRG systematically underestimates
the magnitude of RðχB2 Þ, yielding an HRG-to-lattice ratio of

∼0.85 at eB ≃ 8M2
π . For RðχBQ11 Þ, the HRG-to-lattice ratio

decreases to a minimum of 0.83 at eB ≃ 0.1 GeV2 before
recovering toward unity. While HRG fails to quantitatively
reproduce the absolute values of individual susceptibilities
or their ratios, it accounts for ∼80% of the eB-dependent
trends in the normalized observables. This suggests that
HRG retains limited predictive power for the relative
behavior of fluctuations under weak magnetic fields, even
at Tpc, despite its inapplicability in absolute terms.
While the HRG model captures approximate trends in

normalized observables under weak magnetic fields, its
connection to experimental observables requires further
consideration. As discussed in Sec. II A 2, particles carrying
baryon number and electric charge in heavy-ion collisions
are not all directly detectable.We therefore construct proxies
for RðχB2 Þ and RðχBQ11 Þ, defined as Rðσ2pÞ (proton variance)
and Rðσ1;1QPID;pÞ (charge-proton correlations with identified

protons/pions/kaons), respectively [see Eq. (19)]. For eB≲
2.5M2

π (∼0.04 GeV2), both proxies of Rðσ2pÞ and Rðσ1;1QPID;pÞ
remain near unity, consistent with HRG predictions (insets,
Fig. 7). However, as eB grows, Rðσ2pÞ deviates monotoni-
cally from HRG results and reaches to about 1.3 times the
HRG results at eB ≃ 8M2

π .
When compared to QCD results, Rðσ2pÞ agrees well up to

eB ∼ 5M2
π , and starts to exceed QCD results at eB ∼ 7M2

π ,
reaching ∼1.1 times the QCD results at eB ≃ 8M2

π (top
panel, inset). In contrast, Rðσ1;1QPID;pÞ aligns more closely to

the HRG results, and only starts to deviate from the HRG
results at eB≳ 5M2

π . The deviation increases as eB grows,
and reaches to 10% at the highest field. The origin of this
discrepancy lies in the construction of Rðσ1;1QPID;pÞ, which
relies solely on correlations among final-state protons,
kaons and pions. As demonstrated in Figs. 4 and 6, the
eB-dependence of χBQ11 is predominantly driven by the
doubly charged Δð1232Þ resonance. Since the Δð1232Þ is
unstable and decays via Δþþ → pþ πþ with a near-100%
branching ratio, its decay products (proton and pion) do not
fully capture the eB-dependence of Δð1232Þ’s contribution
to χBQ11 . Despite this limitation, Rðσ1;1QPID;pÞ effectively

captures a substantial portion of the eB-dependence.
Compared to QCD results, it deviates by ∼22% at eB ≃
0.1 GeV2 and ∼10% at eB ≃ 8M2

π (bottom panel, inset).
Thus, the proxy Rðσ1;1QPID;pÞ still captures about 80% of the

eB-dependence observed in lattice QCD, only missing
roughly 20% of the full eB sensitivity.
To align with experimental practicality, we further

construct detector-specific proxies, Rcut
STAR, Rcut1

ALICE and
Rcut2
ALICE, incorporating kinematic cuts reflective of the

STAR and ALICE detectors, respectively. These results,
alongside HRG and lattice comparisons, are also illustrated
in Fig. 7. Generally, these proxies with kinematic cuts yield
smaller values compared to the full phase space results.

FIG. 7. The ratio observables RðχB2 Þ (top) and RðχBQ11 Þ (bottom)
along the transition line TpcðeBÞ. Continuum estimates (gold
bands) were obtained using the interpolated Nτ ¼ 8 (blue bands)
and Nτ ¼ 12 (red bands) results along TpcðeBÞ. The solid line
denotes results calculated from the HRG model, while the dashed
lines correspond to experimental proxies: the purple, green, and
red dashed lines represent proxies integrated over the full phase
space, and those with kinematic cuts applied for the STAR and
ALICE detectors, respectively. The insets depict the ratio of the
HRGmodel and experimental proxies to the corresponding lattice
QCD continuum estimates.
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The difference between the kinematically constrained
results and those obtained in full phase space is notably
smaller for χBQ11 than for χB2 , and the results with kinematic
cuts applied to the ALICE and STAR detectors demonstrate
similar sensitivity levels. Specifically, for χB2 the proxy
measure Rðσ2pÞ somewhat exceeds the lattice QCD results.
The introduction of detector-specific kinematic cuts
(ALICE and STAR) reduces this overshoot, aligning the
proxies more closely with lattice predictions. Similarly, for
RðχBQ11 Þ, proxies constrained by realistic detector kinemat-
ics still capture approximately 80% of the lattice-predicted
sensitivity, missing about 20%. These findings indicate
that, despite the observed partial loss, the experimental
proxies for RðχB2 Þ and RðχBQ11 Þ maintain sufficient sensi-
tivity to magnetic field effects, supporting their effective-
ness for detecting and quantifying relevant signatures in
heavy-ion collision experiments.
Building upon the results discussed above, and moti-

vated by both the demonstrated utility of Rcp-like ratio
observables and the need to systematically compare eB-
driven enhancements across susceptibilities, we introduce
double ratio Rcp-like observables,

RðO2=O1Þ≡ O2ðeB; TÞ=O1ðeB; TÞ
O2ðeB ¼ 0; TÞ=O1ðeB ¼ 0; TÞ : ð45Þ

Such ratios, widely adopted in heavy-ion experiments to
suppress volume effects [99,100], are typically analyzed as
functions of centrality. This is motivated by the fact that
magnetic field strength grows from central to peripheral
collisions, creating a correlation between centrality and eB
in collision systems. To isolate magnetic field effects, we
prioritize combinations ofO2=O1 that maximize sensitivity
to eB. As established earlier, χBQ11 and χB2 exhibit the
strongest eB-dependence along TpcðeBÞ, while other

second-order susceptibilities (namely χQ2 , χS2 , χQS11 , χBS11 )
show milder responses.
To amplify magnetic field signatures we thus select O2

as χBQ11 or χB2 and O1 as one of the less sensitive
susceptibilities in the double ratio RðO2=O1Þ.6 For dem-
onstration, we choose O1 ¼ χQ2 or χQS11 retaining exper-
imental accessibility while isolating eB-driven deviations.
We show in the top two panels of Fig. 8 the double ratios of
χBQ11 to χQ2 and χQS11 along the transition line. These two
double ratios start to deviate from unity at eB ≃ 0.02 GeV2,
and then increase rapidly as eB grows, reaching values of
∼2 at the largest magnetic fields. In both cases, the HRG
results agree with lattice data when the ratios remain near 1

at eB≲ 0.02 GeV2, but begin to undershoot the lattice data
as eB increases. The largest deviation between HRG and
lattice results is ∼20% at eB ≃ 0.1 GeV2, with the dis-
crepancy for χBQ11 =χ

QS
11 being slightly larger. On the other

hand, the proxy obtained in the full phase space generally
shows similar sensitivity on eB as the HRG results do.
When incorporating the kinematic cuts corresponding to

the STAR and ALICE detectors, the experimental proxies
for RðχBQ11 =χQ2 Þ, denoted as Rcut

STAR, Rcut1
ALICE and Rcut2

ALICE,
exhibit significant suppression compared to HRG and
lattice QCD results, as seen from the top left plot in
Fig. 8. Proxies with both kinematic cuts remain about unity
at eB≲ 0.02 GeV2 and start to form a dip around eB ≃
0.06 GeV2 and subsequently rise above unity for eB≳
0.09 GeV2 (∼5M2

π). Notably, at stronger magnetic fields,
eB≳ 0.09 GeV2, Rcut

STAR only marginally exceeds unity
before returning to unity at our largest simulated eB, while
Rcut2
ALICE remains almost consistent with unity. In contrast,

Rcut1
ALICE continues to increase as eB grows and reaches about

1.25 at our largest eB. This 25% enhancement observed in
Rcut1
ALICE aligns closely to the recently reported measure-

ments by the ALICE Collaboration using set1 kinematic
cuts at the most peripheral collisions [102].
As seen in the top right panel of Fig. 8, RðχBQ11 =χQS11 Þ

exhibits a sensitivity to eB similar to RðχBQ11 =χQ2 Þ. However,
experimental proxies of RðχBQ11 =χQS11 Þ incorporating kin-
ematic cuts exhibit similar eB-sensitivities compared to
proxies without cuts and the HRG results. Notably, Rcut1

ALICE,
Rcut
STAR, and the proxy without any kinematic cuts corre-

spond to about 79%, 75%, and 84% of the lattice QCD
results at the strongest eB, respectively. Specifically, at
eB ∼ 5M2

π , the enhancements of RðχBQ11 =χQS11 Þ to its value at
zero magnetic fields approximated by the proxies Rcut1

ALICE,
Rcut2
ALICE and Rcut

STAR, reach approximately 25%. In contrast,
for RðχBQ11 =χQ2 Þ, a similar level of enhancement is achieved
only by Rcut1

ALICE at the highest eB values shown in the top
left panel of Fig. 8. Remarkably, at the largest magnetic
fields investigated, the experimental proxies of RðχBQ11 =χQS11 Þ
for both ALICE(set1) and STAR kinematic cuts can reach
approximately 1.6–1.75. These findings suggest that
RðχBQ11 =χQS11 Þ may serve as an even more effective probe
than RðχBQ11 =χQ2 Þ.
The bottom left panel of Fig. 8 presents results for

RðχBQ11 =χB2 Þ. Unlike RðχBQ11 =χQ2 Þ and RðχBQ11 =χQS11 Þ, which
exhibit strong eB-sensitivity with enhancements reaching
∼2 and ∼2.25, respectively, RðχBQ11 =χB2 Þ shows a signifi-
cantly weaker response. Its deviation from the eB ¼ 0
baseline remains modest, plateauing at ∼1.5 for the largest
eB. While the HRG model underestimates lattice QCD
results by ∼10%, the experimental proxies—both with and
without kinematic cuts—display negligible differences and
only trace a mild increase, rising to ∼1.01 at eB ∼ 5M2

π and

6Although χQS11 , χ
BS
11 and χS2 exhibit mild eB-sensitivities, we

nevertheless provide RðχQS11 =χS2Þ and RðχBS11 =χS2Þ along with
corresponding proxies in Fig. 14 in Appendix B in comparison
with preliminary results from the ALICE Collaboration [100].
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∼1.2 at the strongest fields. This weaker dependence on eB
is consistent with experimental observations from STAR
[99], where only minimal centrality dependence is reported.
The bottom right panel of Fig. 8 displays the double ratio

RðχB2 =χQ2 Þ along the transition line. Among all studied ratios,
this exhibits the smallest sensitivity to eB, reaching only
about 1.2 at the largest eB. Notably, unlike the other cases,
the proxy without kinematic cuts slightly overshoots the
lattice QCD results for eB≳ 0.08 GeV2, reaching approx-
imately 1.4 at the highest fields. Meanwhile, the proxies
incorporating kinematic cuts show a trend similar to that
observed for RðχBQ11 =χQ2 ) in the top left panel of Fig. 8, but
with larger deviations from unity in the intermediate region
of 0.02≲ eB≲ 0.09 GeV2. At the largest eB, Rcut1

ALICE
reaches about 1.1, whereas Rcut2

ALICE and Rcut
STAR drops to

approximately 0.75 and 0.85, respectively.

VI. IN EXTREMELY STRONGMAGNETIC FIELDS

In previous studies, we primarily investigated second-
order fluctuations and correlations of conserved charges in
the regime of weak magnetic fields (eB≲ 0.15 GeV2),
where the pseudocritical transition temperature TpcðeBÞ

remains nearly constant. Here, we extend this analysis to
the strong magnetic field regime (eB≲ 0.8 GeV2),
revealing striking contrasts in the system’s response.
Figure 9 presents new lattice results for second-order
fluctuations and correlations at T ¼ 145 MeV, building
on earlier findings from Figs. 4 and 5. To access stronger
fields, we expanded our dataset with simulations at larger
magnetic fluxes (Nb ¼ 12, 16, 24, 32) for both Nτ ¼ 8

and Nτ ¼ 12, achieving magnetic strengths up to
eB ≃ 0.8 GeV2 ∼ 45M2

π .
A distinct difference between weak and strong mag-

netic fields emerges: observables previously insensitive at
weaker fields, such as χQ2 , χQS11 and χS2 , now exhibit
pronounced growth, signifying that magnetic interac-
tions become dominant. Among all observables, the
baryon-charge correlation χBQ11 remains the most sensitive,
exhibiting approximately a 24-fold enhancement at
eB ∼ 0.8 GeV2, markedly exceeding the baryon fluctua-
tions χB2 (approximately eightfold increase), baryon-
strangeness correlations χBS11 (approximately sixfold
increase) and electric charge fluctuations χQ2 (approxi-
mately fourfold increase).

FIG. 8. Double ratios RðχBQ11 =χQ2 Þ, RðχBQ11 =χQS11 Þ, RðχBQ11 =χB2 Þ and RðχB2 =χQ2 Þ (from top to bottom) along T ¼ TpcðeBÞ. The gold band
represents the continuum estimates obtained from lattice computation. The solid line denotes results calculated from the HRG model,
while the dashed lines correspond to experimental proxies: the purple, green, and red dashed lines represent proxies integrated over the
full phase space, and those with kinematic cuts applied for the STAR and ALICE detectors, respectively. The insets depict the ratio of the
HRG model and experimental proxies to the corresponding lattice QCD continuum estimates.
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Interestingly, the charged-strangeness correlation χQS11
shows the weakest sensitivity, even trailing behind the
strangeness fluctuation χS2 and other observables.
Explicitly, the observed hierarchy in magnetic field sensi-
tivity is χBQ11 > χB2 > χBS11 > χQ2 > χS2 > χQS11 . This hierarchy
indicates competing mechanisms: partial cancellations
from charged resonance contributions may occur, while
nonperturbative effects associated with heavier quarks,
especially strange quarks, become more pronounced in
strong magnetic fields. The enhancement of strangeness-
related observables, when compared to the zero-field case,
is at least a factor of 2 at the strongest magnetic fields. This
enhancement further highlights the intricate interplay
between magnetic fields and quark mass scales, providing
valuable insights into the reorganization of QCD matter
under extreme conditions.
As previously noted, the HRG model incorporating

Landau levels in Eq. (8), provides a reasonable description
for the lattice data in the weak-eB regime. However,
beyond this range, HRG exhibits discrepancies relative
to lattice data. The discrepancies become evident around
eB ∼ 10M2

π , where charged susceptibilities—χBQ11 , χ
Q
2 , and

χQS11 —show a sharp rise and considerably overshoot lattice
estimates. In contrast, the baryon fluctuation χB2 undergoes
comparably delayed but similarly pronounced escalation—
presumably owing to the influence of magnetically inert
neutral hadrons. On the other hand, strangeness-related
susceptibilities, χS2 and χBS11 , dominated by neutral and
comparatively heavier strangeness resonances, undershoot
the lattice estimates, indicating that the onset of escalation

seen in the charged sector is potentially delayed until even
stronger fields. The steep increase in charged susceptibil-
ities arises predominantly from the sharply decreasing
energies of the lowest Landau levels for higher-spin
charged resonances. Notably, doubly charged Δð1232Þ,
whose energies drop precipitously at eB ∼ 0.2 GeV2 domi-
nate χBQ11 , contributing for over 50% of its total value at
eB ∼ 0.2 GeV2. This indicates that the HRG model
becomes inapplicable and fails to accurately capture
QCD physics even at T ¼ 145 MeV. A further increase
in magnetic strength to eB ∼ 0.29 GeV2 renders the
dispersion relation complex, ultimately leading to the
complete breakdown of the HRG framework.
We now extend our discussion from T ¼ 145 MeV to

higher temperatures, aiming to elucidate further the inter-
play between thermal and magnetic effects in the strong-eB
regime of QCD. Figure 10 shows the lattice continuum
estimates of second-order susceptibilities and correlations
as a function eB at fixed temperatures, indicated by colored
bands. To clearly depict the interplay between magnetic
and thermal effects, we select three representative equally
spaced temperature intervals around Tpcð0Þ: low-
T ¼ 145 MeV, near TpcðeB ¼ 0Þ with T ¼ 155 MeV,
and high-T ¼ 165 MeV. As anticipated, all susceptibilities
exhibit continuous enhancement with increasing eB across
these fixed temperatures, consistent with expectations from
the weak-eB regime. However, in contrast to the weak-eB
regime, a notable new phenomenon emerges at stronger
magnetic fields: distinct crossings among temperature
bands are observed for χB2 (top left), χQ2 (top middle)

FIG. 9. Fluctuations of and correlations among conserved charges, χB2 , χ
Q
2 , χ

S
2 , χ

BQ
11 , −χBS11 and χQS11 (top left to bottom right), at

T ¼ 145 MeV versus eB up to the strong-eB regime. Continuum estimates (gold bands) were obtained using the interpolated Nτ ¼ 8
(blue) and Nτ ¼ 12 (red) bands and corresponding simulation data points (filled symbols). Black solid and colored broken lines
represent the total and dominant-resonance contributions, respectively, in the HRG model.
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and χBQ11 (bottom left). These crossings reflect a break-
down of the monotonic temperature hierarchy seen in
weak fields, where χB2 , χ

Q
2 and χBQ11 rise uniformly with T.

This nonmonotonicity signals profound modifications to
the thermodynamics of charged resonances under extreme
magnetic fields, which amplify their contributions to
fluctuations and correlations involving baryon number
B and electric charge Q. In sharp contrast, strangeness-
related susceptibilities, including strangeness fluctuation
χS2 and the correlation χBS11 ; χ

QS
11 , exhibit no such crossings

in the current eB-window. This observation underscores
distinct dynamical effects for different conserved charges
and further motivates detailed comparisons with the ideal
gas (free) limits, which we explore next.
In regions of extremely strong magnetic fields, the

magnetized ideal gas model provides a useful reference
for our lattice QCD results. The colored dashed lines in
Fig. 10 denote the free limit (with

ffiffiffiffiffiffi
eB

p
=T → ∞) of the

magnetized ideal gas model discussed in Sec. II B. In the
weak-eB regime, all susceptibilities increase monotoni-
cally with temperature, establishing a temperature hier-
archy where higher temperatures correspond to a larger
magnitude of susceptibility. However, in the strong-eB
regime, susceptibilities involving baryon number and
electric charges, χB2 , χQ2 , and χBQ11 , exhibit crossings
between fixed temperature bands, signaling a reordering
of this hierarchy. As the magnetic field is increased
further, the lattice results appear to approach the ideal gas
limit, where this hierarchy is ultimately reversed. This
reversal is partly driven by the dominant contribution of

the highly degenerate lowest Landau level, which is
enhanced at lower temperatures in the ideal gas due
to reduced thermal excitations and the anticipated
dimensional reduction [113,114]. Notably, for the
strangeness sector, no crossings or reordering occur for
eB≲ 0.8 GeV2, and these results remain furthest from
the free limit. It is crucial to note that, fundamentally,
these nontrivial crossings and reordering are manifesta-
tions of significant changes in the temperature depend-
ence of the susceptibilities.
Figure 11 illustrates the temperature dependence of

the lattice QCD continuum estimates for all leading-
order susceptibilities. Unlike in Fig. 10, where the colored
bands correspond to fixed temperatures, here they repre-
sent continuum estimates at constant magnetic field
strengths, eB. This allows us to systematically examine the
T-dependence across different fixed-eB bands in both the
weak- and strong-eB regimes. Specifically, we consider
eB ¼ 0 for the vanishing magnetic field case, eB ¼
0.1 GeV2 in the weak-eB regime, and eB ¼ 0.3, 0.5, 0.7
and 0.79 GeV2 in the strong-eB regime.
In the absence of a magnetic field, all second-order

susceptibilities exhibit the expected monotonic increase
with temperature, driven by thermal agitation. However,
upon introducing a weak magnetic field, an enhanced
growth emerges near TpcðeBÞ ∼ Tpcð0Þ, indicating a non-
trivial interplay between thermal and magnetic effects.
More strikingly, as the field strength enters the strong-eB
regime, the key susceptibilities—χQ2 (top left), χB2 (top
middle), and χBQ11 (top right)—undergo a rapid escalation

FIG. 10. eB-dependence for continuum estimates of leading-order conserved charges susceptibilities, χB2 , χ
Q
2 , χ

BQ
11 ,χ

S
2 , −χBS11 and χQS11

(top left to bottom right), at three fixed temperatures, T ¼ 145 MeV (red), T ¼ 155 MeV (blue) and T ¼ 165 MeV (gold), around
TpcðeB ¼ 0Þ up to strong-eB regime. The dashed lines represent the results from the magnetized ideal gas limit with

ffiffiffiffiffiffi
eB

p
=T → ∞

listed in Table I.
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and develop nonmonotonic features. This effect is particu-
larly pronounced for χB2 , which begins to exhibit a mild peak
structure at eB≳ 0.7 GeV2.
Notably, the inflection points and peak locations

undergo a systematic shift toward lower temperatures,
suggesting that the dominant degrees of freedom asso-
ciated with baryon number and electric charge undergo
transitions at reduced temperatures in stronger magnetic
fields. In the literature, this downward shift in the
transition temperature due to an external magnetic field
is commonly referred to as the Tpc-lowering effect and is
in agreement with previous studies on light and strange
quark chiral condensates [53,60] and Polyakov loop
[63,66]. In contrast, strangeness-related susceptibilities,
χS2 and their correlations χBS11 and χQS11 in Fig. 11, exhibit
monotonic temperature dependence without crossings, as
already inferred from their eB-dependence in Fig. 10.
However, their temperature dependence becomes notably
steeper at strong magnetic fields, particularly at eB ≃
0.8 GeV2 with a steeper slope emerging in the lower
temperature region.
Before concluding our discussion of conserved charge

susceptibilities in extremely strong magnetic fields, we
note that the observed nonmonotonic features, emerging
mild peak structures, and the lowering of Tpc are
qualitatively consistent with earlier investigations using
heavier-than-physical pion masses [85] and with a recent
pseudoscalar meson study at the physical pion mass [61].
Furthermore, earlier results also suggest that substantially
more prominent peaks and a more pronounced Tpc-
lowering may emerge at even stronger magnetic fields.

VII. ISOSPIN SYMMETRY BREAKING

In our (2þ 1)-flavor QCD calculations, we treat the light
up and down quarks as degenerate isospin partners
(mu ¼ md), as is commonly done in lattice QCD studies
at nonzero temperatures. At eB ¼ 0, this treatment pre-
serves isospin symmetry. However, the presence of a
magnetic field explicitly breaks the symmetry due to the
distinct electric charges of the up and down quarks.
Although isospin symmetry is intrinsically violated in
the physical scenario where mu ≠ md, the effects are
relatively subtle compared to the significantly stronger
and more pronounced symmetry breaking induced by the
magnetic field. Such breaking can be directly investigated
through the ratio of second-order fluctuations of up and
down quark numbers, χu2=χ

d
2 . In the absence of magnetic

fields, the ratio χu2=χ
d
2 is expected to remain unity across all

temperatures, while in the magnetized ideal gas limit (withffiffiffiffiffiffi
eB

p
=T → ∞), it asymptotically approaches 2, as dis-

cussed in Sec. II.
In the left panel of Fig. 12, we present the eB-dependence

for the continuum estimates of the ratio χu2=χ
d
2 at three fixed

temperatures around TpcðeBÞ: lower at T ¼ 145 MeV, near
Tpcð0Þ at T ¼ 155 MeV, and higher at T ¼ 165 MeV. The
lattice results show consistency with our theoretical expect-
ations, as χu2=χ

d
2 increases monotonically from unity and

eventually approaches saturation toward the free limit near
the end of the strong-eB regime. Notably, in the strong-eB
regime, particularly eB≳ 0.15 GeV2ð∼8M2

πÞ, the low-
temperature T ¼ 145 MeV band exhibits heightened sensi-
tivity to isospin symmetry breaking. However, toward the
end of the strong-eB regime, the higher T ¼ 165 MeV band

FIG. 11. T dependence for continuum estimates of leading-order conserved charges susceptibilities, χQ2 , χ
B
2 , χ

BQ
11 ,χ

S
2 , −χBS11 and χQS11 (top

left to bottom right), for fixed strength eB spanning vanishing-, weak- and strong-eB regime.
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eventually catches up, with all fixed temperature bands
agreeing within uncertainties and approaching saturation
to the free limit.
Note that similar clear hints of isospin symmetry break-

ing are also evident in chiral condensates [61,62,70,71], yet
neither quark fluctuations nor condensates-based effects
can be measured directly in experiments. In principle,
conserved charges provide an avenue to probe these quark
fluctuations; however, precise measurements of χu2 and χd2
through conserved charge,

χu2 ¼ χB2 þ χQ2 þ 2χBQ11 ; ð46Þ

χd2 ¼ 4χB2 þ χQ2 þ χS2 − 4χBQ11 − 2χQS11 þ 4χBS11 ; ð47Þ

pose significant complexity challenges in experiments.
Consequently, exploring isospin symmetry through appro-
priate, experimentally accessible combinations of conserved
charge susceptibilities remains a promising direction for
further investigation. In vanishing magnetic fields, it is well
established that the degeneracy between u- and d-quark
fluctuations and their respective correlations with the strange
quark (χus11 ¼ χds11) reduces the six nominal leading-order
cumulants in conserved charge basis to four independent
ones [85,95,105], constrained by the following two relations:

2χQS11 − χBS11 ¼ χS2 ; ð48Þ

2χBQ11 − χBS11 ¼ χB2 : ð49Þ

These constraints can serve as more pragmatic probes of
isospin symmetry breaking by redefining observables as
ð2χQS11 − χBS11 Þ=χS2 and ð2χBQ11 − χBS11 Þ=χB2 , which may also be
explored in experimental searches.
First, let us examine the observable ð2χQS11 − χBS11 Þ=χS2 .

Interestingly, this ratio remains unity not only at the
vanishing magnetic field but also in the magnetized ideal
gas, owning to Eq. (48) being satisfied by virtue of the
absence of quark number correlations. This behavior

suggests that either isospin symmetry is preserved at
eB ≠ 0 or a nonmonotonic trend would emerge. The
middle panel of Fig. 12 shows ð2χQS11 − χBS11 Þ=χS2 as a
function of eB for three fixed temperatures around
TpcðeB ¼ 0Þ, analogous to χu2=χ

d
2 plot. As magnetic fields

are introduced, apparently the ratio begins to deviate from
unity, and while this deviation initially grows, theoretically
a turning point is anticipated in the stronger eB regime,
beyond which the ratio should converge toward the
magnetized free limit. Interestingly, we again observe
that low-temperature physics appears more sensitive to
isospin-breaking effects. Nonetheless, the deviations from
unity remain relatively small, at most 20% at eB ∼
0.6 GeV2ð∼35M2

πÞ and are expected to diminish further
beyond the turning point.
Next, we consider ð2χBQ11 − χBS11 Þ=χB2 . Unlike the previ-

ously discussed probe in Eq. (48), the relation in Eq. (49)
does not hold for the magnetized ideal gas. Using expres-
sions outlined in Table I, the ideal gas limit (withffiffiffiffiffiffi
eB

p
=T → ∞) can be straightforwardly computed,

limffiffiffiffi
eB

p
=T→∞

ð2χBQ11 − χBS11 Þ=χB2 ¼ 7=4: ð50Þ

The ratio ð2χBQ11 − χBS11 Þ=χB2 is expected to grow from unity
toward 7=4 as eB increases. The right panel of Fig. 12
illustrates this behavior. The low-temperatureT ¼ 145 MeV
band reaches the ideal gas limit rather sharply at eB ∼
0.35 GeV2ð∼20M2

πÞ and saturates, whereas the high tem-
perature T ¼ 165 MeV band approaches the limit more
steadily, extending up to eB ∼ 0.8 GeV2ð∼45M2

πÞ. Quali-
tatively similar trends were observed in earlier studies [85].
From an experimental perspective, although

ð2χBQ11 − χBS11 Þ=χB2 may appear relatively feasible, it is
important to point out that up to eB≲ 8M2

π , the enhance-
ments of both ð2χBQ11 − χBS11 Þ=χB2 and ð2χQS11 − χBS11 Þ=χS2 are
rather marginal—at most ∼25% and ∼5%, respectively—
especially when compared to the proposed χBQ11 magne-
tometer [86].

FIG. 12. Isospin symmetry breaking effects manifested in fundamental quark fluctuations χu2=χ
d
2 (left) and physical conserved charges

basis ð2χQS11 − χBS11 Þ=χS2 (middle) and ð2χBQ11 − χBS11 Þ=χB2 (right). The colored band represents continuum estimates versus eB up to the
strong-eB regime at three fixed temperatures, T ¼ 145 MeV (red), T ¼ 155 MeV (blue) and T ¼ 165 MeV (gold), around
TpcðeB ¼ 0Þ.
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VIII. CONCLUSION

In this work, we conducted a systematic lattice QCD
investigation of second-order fluctuations of and correla-
tions among conserved charges (baryon number, electric
charge, and strangeness) in the presence of strong magnetic
fields. Utilizing the state-of-the-art lattice QCD simulations
with physical pion masses and performing continuum
estimates, we explored magnetic field strengths extending
up to unprecedented levels (eB ≃ 0.8 GeV2). Our analysis
establishes a clear hierarchy of sensitivity to magnetic
fields across observables, with the baryon-electric charge
correlation χBQ11 emerging as a particularly powerful mag-
netometer for probing magnetized QCD matter.
In the regime of relatively weak magnetic fields

eB≲ 8M2
π , while the HRG model does not fully describe

susceptibilities near TpcðeBÞ, it remains indispensable for
connecting lattice QCD results to experimental observables.
By leveraging its capability to map conserved charge
fluctuations to detectable final-state particles—such as
protons for baryon number and kaons for strangeness—
the HRG provides a practical framework for constructing
proxies. These proxies, incorporating kinematic cuts emu-
lating STAR and ALICE detector acceptances, retain
approximately 80% of the magnetic sensitivity predicted
by lattice QCD (Fig. 7). This high sensitivity retention arises
from the HRG’s ability to approximate relative (eB)-depen-
dent trends and the suppression of volume effects in ratio
observables. Optimized double ratios like RðχBQ11 =χQ2 Þ and
RðχBQ11 =χQS11 Þ further enhance experimental feasibility, exhib-
iting up to 25% enhancements at eB ∼ 0.15 GeV2 even after
kinematic cuts (Fig. 8). This underscores their potential to
isolate magnetic field signatures in heavy-ion collisions,
where direct measurements of eB remain challenging. Thus,
by bridging theoretical predictions with detector-level
analyses, the HRG-based proxies offer a pathway for
probing magnetic effects in QCD matter through accessible
fluctuation observables.
As the magnetic field strength increases beyond

eB ∼ 8M2
π , substantial deviations emerge between lattice

QCD results and HRG model predictions. These discrepan-
cies highlight nontrivialmodifications of hadronic degrees of
freedom—likely driven by magnetic field-induced changes
in hadron spectra—that cannot be captured by conventional
HRG treatments. Notably, we observed nonmonotonic
temperature dependence in χB2 , χQ2 and χBQ11 at eB≳
0.5 GeV2, signaling a complex interplay between thermal
and magnetic energy scales. These findings underscore the
necessity of first-principles lattice QCD studies in regimes
where magnetic fields dominate over thermal effects.
Our results also reveal pronounced isospin-breaking

effects in fluctuation observables under strong magnetic
fields (cf. Fig. 12). The magnetic environment induces
substantial differences between up- and down-quark sus-
ceptibilities, reflecting the distinct electric charges and

magnetic responses of light quarks. This breaking of
isospin symmetry manifests in measurable deviations of
charge-dependent correlations, offering a novel pathway to
probe quark-level dynamics in magnetized QCD matter.
The baryon-electric charge correlation χBQ11 stands out as a

uniquely sensitive probe of magnetic fields in QCD matter,
bridging theoretical predictions and experimental feasibility.
Our work provides QCD benchmarks for interpreting
current and future heavy-ion collision data, particularly in
disentangling the interplay of thermal and magnetic effects.
The breakdown of HRG descriptions at strong fields
emphasizes the need for further studies of magnetically
modified hadron properties, while the constructed proxies
establish a concrete framework for experimental validation.
These advances pave the way for a deeper exploration of
QCD under extreme magnetic conditions, with implications
for understanding the quark-gluon plasma and the role of
magnetic fields in relativistic nuclear collisions.
We also note that a new set of kinematic cuts (ALICE

set2), introduced in a recent experimental analysis [102]
which appeared on the same day as our initial submission,
has been incorporated into the current version of our study.
While the experimental work focuses on the double ratio
χBQ11 =χ

Q
2 , we find that the ratio χBQ11 =χ

QS
11 , though not yet

reported experimentally, provides a particularly robust
theoretical signature. This observable shows enhanced
sensitivity to the presence of a magnetic field and exhibits
reduced dependence on specific kinematic cuts, making it a
promising complementary probe in future analyses.
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APPENDIX A: DETAILS ON SIMULATION
PARAMETERS

The parameters and accumulated statistics for lattice
QCD simulations on Nτ ¼ 8, 12 and 16 lattices are
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summarized in Table II. In this table, Nv1 and Nv2 denote
the number of random noise vectors utilized for computing
D1 ¼ ∂ln detMf=∂μfjμf¼0 andD2 ¼ ∂

2ln detMf=∂μ2fjμf¼0,
respectively, where Mf is the staggered fermion matrix for
quark flavor f and μf is the corresponding flavor chemical
potential.

APPENDIX B: PROXY WITH KINEMATIC CUTS
AND SUPPLEMENTAL PLOTS TO FIG. 8

Figure 13 illustrates the leading-order phase space
integral Ii2 at TpcðeBÞ for three particles—π (left panel),
K (middle panel), and p (right panel)—under three distinct
conditions: the full phase space in the HRG model without
kinematic cuts, and with kinematic cuts applied from the
STAR and ALICE experiments. The ALICE and STAR
kinematic cuts are defined as Eq. (31).
Figure 14 presents several double ratio observables

related to strangeness, including RðχBQ11 =χS2Þ (top left),
RðχQS11 =χS2Þ (top right) and RðχBS11 =χS2Þ (bottom). For
RðχBQ11 =χS2Þ, it shows similar behavior to RðχBQ11 =χQS11 Þ

(see Fig. 8, top right). For RðχQS11 =χS2Þ, the proxies show
the opposite trend from lattice QCD results. For RðχBS11 =χS2Þ,
the use of only the π, K and p proxy fails to describe the
QCD results over a wide range of magnetic fields (see
Fig. 14 bottom left). To address this, we employ the
detectable Λ particle as a proxy for χBS11 and the combina-
tion of Λ and kaon as proxies for χS2 [98]. The kinematic
cuts on Λ applied for STAR are 0.9 GeV=c < pT <
2 GeV=c and y < j0.5j [115], and for ALICE are
1 GeV=c < pT < 4 GeV=c and η < j0.5j [116].
Although the proxy Rðσ2Λ=σ2ðΛþKÞÞ approaches the lower

boundary of the QCD results, after applying the kinematic
cuts from ALICE and STAR experiments, Rcut

STAR, R
cut1
ALICE

and Rcut2
ALICE fall within the band of QCD results at

eB≲ 2M2
π . As eB grows, these adjusted proxies begin to

exhibit behavior similar to that of double ratios for χBQ11 =χ
Q
2

(see Fig. 8, top left). In summary, these results shown in
Fig. 14 reinforce the conclusion that observables involving
χBQ11 are particularly well suited for detecting magnetic
fields in heavy-ion collision experiments.

TABLE II. Simulation parameters and statistics on 323 × 8, 483 × 12 and 643 × 16 lattices with light to strange quark mass ratio
ml=ms ¼ 1=27.

No. of conf.

N3
σ × Nτ T [MeV] β aml ams Nb ¼ 1 Nb ¼ 2 Nb ¼ 3 Nb ¼ 4 Nb ¼ 6 Nb ¼ 12 Nb ¼ 16 Nb ¼ 24 Nb ¼ 32 Nv1 Nv2

323 × 8 144.95 6.315 0.00281 0.0759 50831 53826 49670 57380 57416 53624 49863 22580 20777 603 603
151.00 6.354 0.00270 0.0728 50283 53229 58907 55797 58079 55395 44513 14884 14872 603 603
156.78 6.390 0.00257 0.0694 62568 56330 46670 51375 48417 45768 22006 21921 20335 603 603
162.25 6.423 0.00248 0.0670 26259 24041 26619 26214 32426 36968 23002 23121 26022 603 603
165.98 6.445 0.00241 0.0652 25080 20450 23103 22048 24600 27122 19356 23658 24592 603 603

483 × 12 144.97 6.712 0.00181 0.0490 5583 5335 5326 5370 5170 3380 3508 3321 3318 705 102
151.09 6.754 0.00173 0.0468 5299 5098 5130 5033 5160 3519 3114 3087 2656 606 102
157.13 6.794 0.00167 0.0450 4315 4464 4161 4241 4108 3080 3343 3295 2847 705 102
161.94 6.825 0.00161 0.0436 5871 2456 2820 7318 4577 3039 2974 2806 2634 405 102
165.91 6.850 0.00157 0.0424 3000 3000 2560 3000 2271 2454 2951 2568 3231 102 102

643 × 16 156.92 7.095 0.00124 0.0334 3052 603 102

FIG. 13. Leading-order phase space integral Ii2 for π, K and p along the transition line. Black solid lines represent the full
space HRG model results without any cuts. The red and blue dashed lines represent results with STAR and ALICE kinematic cuts,
respectively.
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