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Previously, we proposed an infrared vacuum wave functional for SUðNÞ Yang-Mills theory peaked at
thin center vortices and showed that it yields an area law for the Wilson loop. In this work, we use this wave
functional to calculate the spatial ’t Hooft loop, for which we find a perimeter law, in accordance with
’t Hooft’s criterion for confinement.
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I. INTRODUCTION

To probe confinement, the most common order param-
eter is the Wilson loop WðCÞ [1], which is given by the
holonomy of the gauge field along a closed curve C. An
alternative order parameter, which can be thought of as the
dual to the Wilson loop, was introduced by ’t Hooft [2] and
is commonly referred to as the ’t Hooft loop. These two
order parameters provide complementary observables for
studying the Yang-Mills vacuum. In a confining phase, the
Wilson loop obeys an area law, while the ’t Hooft loop
satisfies a perimeter law. In contrast, in a Higgs phase, these
behaviors are reversed.
Any theoretical framework aimed at understanding

confinement must provide a unified explanation for these
distinct behaviors.
The ’t Hooft loop operator VðC1Þ of a general closed

curve C1 was introduced by the algebraic equation [2]

VðC1ÞWðC2Þ ¼ ZLðC1;C2ÞWðC2ÞVðC1Þ; ð1Þ

where WðC2Þ is the Wilson loop in the defining represen-
tation, Z ¼ e−i

2π
N is a center element, and LðC1; C2Þ is the

Gauss’s linking number. The ’t Hooft loop was evaluated
on the lattice for SUð2Þ in Refs. [3,4]. For the spatial
’t Hooft loop, a perimeter law was found at zero temperature,
while for high temperatures, an area law was observed.

An explicit representation of the ’t Hooft loop operator in
continuum Yang-Mills theory was obtained in Ref. [5] and
is given by

VðCÞ ¼ exp

�
i
Z

d3xaðx; CÞ · ΠðxÞ
�
; ð2Þ

where aðCÞ is the gauge field of a thin center vortex located
on the loop C, whose explicit form is given in Eq. (6).
Furthermore, ΠðxÞ is the canonical momentum operator,
which in the coordinate (gauge field) representation reads

Πa
kðxÞ ¼ −i

δ

δAa
kðxÞ

: ð3Þ

In this representation, the operator (2) translates the
argument of a wave functional by the center-vortex field
aðCÞ—i.e.,

VðCÞΨðAÞ ¼ ΨðAþ aðCÞÞ: ð4Þ

In this sense, the ’t Hooft loop operator VðCÞ creates a
center-vortex loop with guiding center C. While the Wilson
loop WðCÞ depends only on the field coordinate (i.e., the
gauge field) AðxÞ, the ’t Hooft loop operator VðCÞ depends
only on the canonical conjugate momentum, thereby
making their duality manifest. With the representation (2),
the ’t Hooft loop is computed in the confinement regime in
Ref. [6] using the vacuum wave functional obtained in
the variational approach in the Coulomb gauge [7], and a
perimeter law is found.
Among the proposed confinement mechanisms, the

center-vortex picture stands out as a promising candidate.
This picture, introduced already in the late 1970s [8–10],
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received a revival at the beginning of this century through
lattice calculations carried out in the so-called maximal
center gauge [11], where one fixes only the coset G=Z but
leaves the center Z of the gauge group G unfixed. After
center projection, which replaces each link with its closest
center element and thereby extracts the vortex content of
the gauge field, virtually the full string tension is obtained
[11,12]. Furthermore, the density of the so-extracted center
vortices shows the proper scaling toward the continuum
limit, indicating that these vortices are physical objects
[13]. On the other hand, removing center vortices in the
lattice simulations yields a vanishing string tension,
restores chiral symmetry [14], and—in accordance with
the Banks-Casher theorem—the quark spectrum develops a
gap near zero virtuality [15]; see also Ref. [16]. Given the
relevance of center vortices for the spontaneous breaking
of chiral symmetry, and the fact that this phenomenon
dominates low-energy hadron physics, it is not surprising
that center vortices also manifest themselves in the hadron
spectrum, as observed in Ref. [17]. Removing center
vortices also removes the topological charge (Pontryagin
index) [14]. The topological charge of a center-vortex
configuration is given by the self-intersection number of the
closed vortex surface [18,19], and alternatively by the
temporal change of the writhing number of their three-
dimensional projections [19]. Furthermore, a nonzero
topological charge requires nonoriented center-vortex con-
figurations [19], where the flux in the Lie algebra changes
orientation at monopole loops.
The dominance of the center vortices in the Yang-Mills

vacuum can be understood from the lattice result that
the excitation probability for a sufficiently thick vortex in
the vacuum is basically 1 [20]. This goes along with the
observation that the one-loop energy density of a magnetic
center-vortex configuration is degenerate with that of the
perturbative vacuum Aμ ¼ 0 [21].
In the center-vortex picture, the deconfinement phase

transition shows up as a depercolation transition from a
confined phase of percolated vortices to a gas of smoothly
interacting small vortices winding dominantly around the
compactified Euclidean time axis [22]. Furthermore, it
was found—first in a random vortex model [23], and
subsequently in lattice calculations [24,25]—that the
deconfinement phase transition is accompanied by a sub-
stantial reduction of the vortex branching, which occurs in
SUðN > 2Þ gauge theory due to the existence of several
nontrivial center elements.
In Ref. [26], it was proposed that a mixed ensemble

of oriented and nonoriented center vortices with non-
Abelian degrees of freedom in 4D can describe N-ality
together with the formation of a soliton-like confining flux
tube. The obtained effective description was analyzed
in Refs. [27–30], showing that it can accommodate
Abelian-like transverse energy profiles, or a Casimir law

for asymptotic string tensions, as well as possible devia-
tions. Indeed, in lattice measurements, the asymptotic
profiles [31–33] and string tensions [34,35] are close to
these behaviors.1 The mixed ensemble has also been
analyzed in 3D Euclidean spacetime [39]. In this case,
since vortices generate worldlines, they are described by
effective complex fields [40–42]. When the parameters
correspond to a condensate, the model leads to the for-
mation of a soliton-like domain wall sitting on the Wilson
loop, whose asymptotic behavior reproduces an asymptotic
Casimir law, in agreement with lattice simulations [43]. In
these works, the partition functions in both 4D and 3D
Euclidean spacetime were constructed to capture the
simplest correlations among elementary center-vortex
world surfaces and world lines, respectively (for a review,
see Ref. [44]).
Stimulated by the success of the center-vortex picture, in

Ref. [45] we proposed a vacuum wave functional for the
infrared regime of 4D Yang-Mills theory, which is peaked
at Abelian-projected center-vortex configurations. The use
of the Hamiltonian approach, as compared to the four-
dimensional functional integral, has the advantage that only
gauge field configurations AðxÞ at a given time slice x∈R3

enter the wave functional Ψ½A�. In this manner, the
configurations become networks of oriented and non-
oriented center-vortex lines with N-matching, which are
easier to handle than the two-dimensional vortex world
surfaces inD ¼ 4. With this wave functional, we calculated
the Wilson loop and obtained an area law that also exhibits
Casimir scaling, through a mechanism that is technically
similar to that implemented in 3D spacetime, but pertains to
the infrared sector of the 3þ 1 dimensional theory.2

In this work, we will continue this line of research by
calculating the ’t Hooft loop with the center-vortex wave
functional.
The structure of the paper is as follows: In Sec. II, we

review the infrared wave functional peaked at center
vortices, as constructed in Ref. [45]. Section III provides
a brief review of the Wilson loop calculation using our
vortex wave functional, in order to demonstrate that the
’t Hooft loop computation presented in Sec. IV is carried
out consistently with that of the Wilson loop. Finally,
Sec. V contains our conclusions.

1Note that the asymptotic Casimir law refers to distances
where N-ality is settled, and not to the intermediate confining
region where Casimir scaling has been established [36],
which can be explained as due to the effect of center-vortex
thickness [37,38].

2Recently, the Abelian-projected ensemble was formulated at
the level of the 4D Euclidean partition function by using the
Weingarten matrix representation for the sum over surfaces [46].
In that reference, the effective 4D description of the center-vortex
ensemble with non-Abelian degrees of freedom [26] was also
reexamined and compared with the Abelian-projected one.
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II. VACUUM WAVE FUNCTIONAL PEAKED AT
CENTER VORTICES

In D ¼ 3, an oriented center vortex is a gauge field
configuration aðx; γÞ associated with a closed loop γ,
whose Wilson loop W½aðγÞ�ðCÞ yields a nontrivial center
element Z of the gauge group, provided the two loops are
nontrivially linked:

W½aðγÞ�ðCÞ ¼ ZLðγ;CÞ
m Zm ¼ e−i

2πm
N : ð5Þ

Here, Lðγ; CÞ is the Gauss linking number and m ¼
1; 2;…; N − 1. Since Zm ¼ Zm, Z ¼ e−i

2π
N center vortices

can split or fuse—see Ref. [23].
The gauge field associated with a thin center-vortex

line γ is

aðx; γÞ ¼ ð−ΔÞ−1∇ × jðx; γÞ; ð6Þ

jðx; γÞ ¼ C γ

Z
γ
dx̄δðx − x̄Þ: ð7Þ

Here, C γ denotes the “co-weight” C of the vortex line3 γ,
which lives in the Cartan subalgebra of suðNÞ with
generators Tq, q ¼ 1;…; N − 1, normalized to

TrðTqTpÞ ¼
1

2
δqp: ð8Þ

In Ref. [45], the ensemble was parametrized in terms of
elementary center vortices, which carry center charge
m ¼ 1. The associated fluxes satisfy

eiC ¼ ZI; Z ¼ e−i
2π
N ; ð9Þ

where I is the N × N identity matrix. There are, in fact, N
different elementary co-weights C k satisfying Eq. (9), and
that furthermore add up to zero:

XN
k¼1

C k ¼ 0: ð10Þ

Due to the last property, there are configurations formed by
N elementary center-vortex lines γk, which all start at the
same point in space and also terminate at the same point;
however, each carries a different co-weight C k. We refer
to such vortex configurations as “N-point matchings.” In
Ref. [45], we considered center-vortex networks fγg
formed not just by vortex loops, but also by N-point
matchings. Furthermore, the networks considered had all
possible distributions of elementary co-weights. A wave

functional peaked at such vortex networks has the form

ΨðAÞ ¼
X
fγg

ψfγgδ
�
A − aðfγgÞ�; ð11Þ

where aðfγgÞ is a superposition of the gauge fields aðx; γÞ
[Eq. (6)] of all vortex lines γ belonging to the vortex
cluster fγg:

aðx; fγgÞ ¼
X
γ ∈ fγg

aðx; γÞ: ð12Þ

The weight factor ψ ðfγgÞ parametrizes the various properties
of the center vortices observed in lattice calculations, such
as tension and stiffness, and the sum in Eq. (11) runs over
all vortex clusters.
If γ in Eq. (6) is a closed vortex loop, its magnetic flux is

given by

∇ × aðx; γÞ ¼ jðx; γÞ: ð13Þ

In Ref. [45], we also included nonoriented center
vortices where a pair of vortex lines γ; γ0 carrying different
co-weights C ½j�, C ½k� meet at a magnetic monopole. (In fact,
it is the monopole which makes the vortex nonoriented; see
Ref. [19].) In this respect, the magnetic flux associated with
the gauge field aðx; γÞ þ aðx; γ0Þ is partly concentrated on
the vortex lines and partly spreads isotropically in space,
away from the vortex-line end points. However, in our
framework, we are interested in describing fluxes which are
collimated along the vortex lines, as observed on the lattice
[for SUð2Þ, see Ref. [47] ]. For this purpose, unobservable
Dirac strings would need to be introduced (see Fig. 1).
Equivalently, these strings can be avoided by describing the
nonoriented vortices as non-Abelian objects, which are
locally Abelian (see Refs. [26,45,48] for further details).

FIG. 1. Left: Chromomagnetic field of a nonoriented configu-
ration formed by two vortex lines γ; γ0 carrying co-weights C ;C 0,
respectively. In this case, in addition to the flux concentrated
along the vortex lines, there is also a component that spreads
isotropically around the origin. Right: A nonoriented con-
figuration with a collimated flux. The flux is conserved due to
the presence of the unobservable Dirac string δ with charge
E ¼ C 0 − C .

3Note that in deviation from the notation of Ref. [45], we have
included here the center charge C γ in the definition of the line
current [Eq. (7)].
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In order to avoid unobservable Dirac strings in our Abelian
setting, in Ref. [45] we introduced a scalar potential ζ,
which contributes to the magnetic field in the form

B ¼ ∇ × A −∇ζ: ð14Þ

We then constructed a wave functional that is peaked at the
possible realizations of oriented and nonoriented colli-
mated magnetic fluxes and is explicitly given by

ΨðA; ζÞ ¼
X
fγg

ψfγgδ
�
A − aðfγgÞ�δ�ζ − bðfγgÞ�: ð15Þ

Here,

bðx; fγgÞ ¼ ð−ΔÞ−1∇ · Bðx; fγgÞ; ð16Þ

and

Bðx; fγgÞ ¼
X

γn ∈ fγg
jðx; γnÞ ð17Þ

is the magnetic flux [cf. Eq. (13)] of a vortex network fγg
of vortex lines γn carrying the Cartan charge C n.
Furthermore, the sum in Eq. (15) runs over all vortex
networks fγg including oriented and nonoriented vortices,
as well as N-vortex matching configurations. Note that the
scalar monopole potential ζ enters the wave functional as a
dynamical field variable like the gauge field A. Conse-
quently, it has to be integrated over in the scalar product of
wave functionals.
Due to the presence of the δ functionals of the gauge

field, in our wave functional ΨðA; ζÞ [Eq. (15)], it is
convenient to switch to a representation in dual variables
obtained via functional Fourier transforms:

Ψ̃ðE; ηÞ ¼
Z

½DA�
Z

½Dζ�ei
R

d3xE·Aei
R

d3xðη;ζÞΨðA; ζÞ;

ð18Þ

where ðA;BÞ is the Killing product in the Lie algebra and
E · A≡ ðEi; AiÞ. The dual of the gauge field coordinate
AðxÞ is the electric field EðxÞ, which represents the
canonical conjugate momentum, while η denotes the dual
of the magnetic monopole field ζ.
Using the definitions of aðfγgÞ [Eq. (6)] and bðfγgÞ

[Eq. (16)], the dual wave functional in Eq. (18) can be
written in the more compact form

Ψ̃ðE; ηÞ ¼
X
fγg

ψfγg exp
�

i
4π

Z
fγg

dx · ðΛ;C γÞ
�
: ð19Þ

Here, we have introduced the Cartan-algebra-valued vector
fieldΛ ¼ ΛqTq, which is composed of the dual variables E,
η and is given by

Λ ¼ ΛT þ ΛL; ð20Þ

with

ΛTðxÞ ¼ 4π

Z
d3x̄Dðx − x̄Þ∇x̄ × Eðx̄Þ;

ΛLðxÞ ¼ 4π

Z
d3x̄Dðx − x̄Þ∇x̄ηðx̄Þ ð21Þ

being its transversal and longitudinal components, respec-
tively. In Eq. (19), we have definedZ

fγg
dx � � � ¼

X
γ ∈ fγg

Z
γ
dx � � � : ð22Þ

Model calculations [49] show that the probability ampli-
tude ψfγg for the occurrence of a vortex line γ or a vortex
cluster fγg is determined by the vortex tension and stiff-
ness. Parametrizing the vortex lines γ by their length s,
the statistical weight ψfγg of a vortex network fγg is then
given by

ψfγg ¼ exp

�
−
Z
fγg

dsjuðsÞjðμþ u̇2ðsÞ=κÞ
�
; ð23Þ

where uðsÞ ¼ ẋðsÞ is the tangent vector. The parameters μ
and κ control the vortex density and the stiffness, respec-
tively. Furthermore, lattice calculations [50] show that
center vortices have a repulsive interaction. As shown in
Ref. [51], this can be implemented in our model by
introducing an auxiliary scalar field σðxÞ, which contributes
a term −iσ to the action (23) and has to be integrated over in
Eq. (19) with a Gaussian weight:Z

½Dσ�e− 1
2λ0

R
d3xσ2 : ð24Þ

Here, λ0 measures the strength of the repulsive interactions
between the vortex lines weighted by λ0. Incorporating this
property, together with N-matchings and nonoriented
components, leads to the same ensemble previously con-
sidered in Ref. [39] to study the confining properties of
Yang-Mills theory in 3D Euclidean spacetime. In that
reference (see also Refs. [51,52]), using methods of
polymer physics [53,54], an effective field representation
for this ensemble was derived. Then, building on this result,
we were able in Ref. [45] to write the dual wave functional
Ψ̃ðE; ηÞ in terms of the following effective theory for a set
of N complex scalar fields ϕkðxÞ:

Ψ̃ðE; ηÞ ¼
YN
k¼1

Z
½Dϕ̄k�½Dϕk�e−Wðϕ;Λ½E;η�Þ: ð25Þ

Here, the index k specifies the N different co-weights C k
associated with the possible elementary center vortices.

D. R. JUNIOR, L. E. OXMAN, and H. REINHARDT PHYS. REV. D 114, 014026 (2026)

014026-4



Furthermore, the “action” functional for the scalar fields4 is
given by

Wðϕ;ΛÞ ¼
Z

d3x

 
−

1

3κ

XN
k¼1

ϕ̄kD2ðΛkÞϕk þVðϕÞ
!
; ð26Þ

VðΦÞ ¼ λ0
2

X
k

�
ϕ̄kϕk þ

μ

λ0

�
2

− ξ0

 YN
k¼1

ϕk þ C:c:

!

− ϑ0
X
k≠l

ϕ̄kϕl; ð27Þ

where

DðΛkÞ ¼ ∇ − iΛk ð28Þ
is the covariant derivative of the Abelian vector field Λk
defined by the projections of the Cartan-algebra-valued
vector field Λ [Eq. (20)] onto the co-weights C k:

Λk ¼
ðΛ;C kÞ

4π
: ð29Þ

The parameters λ0, μ, and κ control the strength of the
repulsive interactions between center vortices, the tension,
and the stiffness, respectively. In addition, the parameters
ξ0 and ϑ0 determine the relative importance ofN-matchings
and nonoriented configurations. In the absence of these
terms, the symmetry of the model would be Uð1ÞN . The
inclusion of the ξ0 term reduces this symmetry to Uð1ÞN−1.
Finally, the term ϑ0 associated with nonoriented vortices
further breaks the symmetry down to ZðNÞ. In fact, as
discussed in Ref. [39], this corresponds to a generalization
of ’t Hooft’s model [2], which was formulated with vortices
that carry a fixed co-weight C . Due to this ZðNÞ
symmetry in the percolating regime (μ < 0), there are N
degenerate vacua corresponding to the N different center
elements of ZðNÞ. The equivalence between the represen-
tations in Eqs. (19) and (25) is briefly established in
Appendix A. For the subsequent studies, it will be
convenient to use the following compact representation
for the dual wave functional in Eq. (25):

Ψ̃ðE; ηÞ ¼
Z

½DΦ�½DΦ†� exp ½−WðΦ;Φ†;ΛÞ�;

WðΦ;ΛÞ ¼
Z

d3xðTrððDðΛÞΦÞ†ðDðΛÞΦÞÞ þ VðΦ;Φ†ÞÞ;

DðΛÞΦ ¼ ∇Φ − iΛΦ;

VðΦÞ ¼ λ

2
TrðΦ†Φ − a2IÞ2 − ξðdetΦþ detΦ†Þ

− 2ϑTrðΦ†TAΦTAÞ; ð30Þ

where the field Φ is an N × N diagonal matrix with its
elements given by the complex scalar fields ϕk. In Eq. (30),
we have redefined the parameters in the action as follows:

λ¼ λ0ð3κÞ2; ξ¼ ξ0ð3κÞN=2; ϑ¼ ϑ03κ;

a2 ¼ −
μ

ð3κÞλ0
−
ϑ

λ

N − 1

N
¼ −

1

3κλ0

�
μþ ϑ0

N − 1

N

�
: ð31Þ

III. THE WILSON LOOP

In Ref. [45], using our wave functional (30), we
evaluated the expectation of the Wilson loop operator,

WðCÞ ¼ 1

N
Tr exp

�
i
Z
C
dx · AðxÞ

�
: ð32Þ

This was done in the following way: since the vortex wave
functional (15) has support only on the Cartan gauge
potentials [Eqs. (6) and (7)], the ordinary Stokes theorem
can be used to express the Wilson loop as

WðCÞ ¼ 1

N
Tr exp

�
i
Z
SðCÞ

dΣ · B

�

¼ 1

N
Tr exp

�
i
Z

d3xΣðx; SðCÞÞ · B
�
; ð33Þ

where SðCÞ is an arbitrary surface bordered by C and
we have introduced the characteristic function of the
surface SðCÞ:

Σðx; SðCÞÞ ¼
Z
SðCÞ

dσ1dσ2∂σ1x × ∂σ2xδðx − ȳðσÞÞ: ð34Þ

Here, ȳðσÞ is a parametrization of SðCÞ. The surface SðCÞ
can be arbitrarily chosen, except for its boundary ∂S ¼ C.
Inserting in Eq. (33) the explicit form of the magnetic field
B [Eq. (14)] and performing a partial integration, we find
for the Wilson loop

WðCÞ ¼ 1

N
Tr exp

�
i
Z

d3x½ð∇ × ΣÞ · Aþ∇ · Ση�
�
: ð35Þ

In order to perform the trace, it is convenient to use the
spectral representation of the Cartan generators Tq:

Tq ¼
XN
k¼1

ωkjqjkihkj; ð36Þ

where jki are the weight vectors andωk is a tuple formed by
the eigenvalues ωkjq, known as the weights of the defining
representation of SUðNÞ. Using the fact that Pk ¼ jkihkj
are orthogonal projectors, the trace in the Wilson loop
[Eq. (35)] can be transformed to

4Note thatW is not an effective action for the 4D ensemble, but
rather for the field representation of its IR vacuum wave functional.
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WðCÞ ¼ 1

N

X
k

exp

�
i
4π

Z
d3x½ð∇ × ΣÞ · ðC k; AÞþ ð37Þ

∇ · ΣðC k; ηÞ�
�
; ð38Þ

where we explicitly use the relation between the co-weights
and the defining weights:

C k ¼ 4πωkjqTq: ð39Þ

In the dual variables E, η, the gauge and the monopole
fields A, ζ are given by5

Aq ¼ i
δ

δEq ; ζq ¼ i
δ

δηq
: ð40Þ

Using this representation in Eq. (37), the action of the
Wilson loop operator on the wave functional in the dual
variables yields

WðCÞΨ̃ðE; ηÞ ¼ 1

N

X
k

Ψ̃
�
Eþ C k

4π
∇ × Σ; η −

C k

4π
∇ · Σ

�
:

ð41Þ

With this result, one obtains for the Wilson loop

hWðCÞi ¼
X
k

Z
½DE�½Dη�Ψ̃�ðE;ηÞ

× Ψ̃
�
EþC k

4π
∇×ΣðSÞ;η−C k

4π
∇ ·ΣðSÞ

�
: ð42Þ

We first consider the effective theory of the wave
function Ψ̃ðE; ηÞ. The dominating contribution to the
integrals over the ϕk comes from the vacuum configuration
ϕk ¼ v. We can therefore do these integrals in the (lowest-
order) saddle-point approximation. Upon freezing the
scalar fields ϕk at their vacuum values v, the wave func-
tional (25) simplifies to

Ψ̃ðE; ηÞ ¼ exp

�
−v2

Z
d3xTrðΛ†ΛÞ

�
: ð43Þ

From the explicit expression of Λ in Eqs. (20) and (21), it is
seen that for large values of v2, this wave functional is
strongly peaked at E ¼ 0 and η ¼ 0. We can therefore also
carry out the integrals over E and η in Eq. (42) in the
(lowest-order) saddle-point approximation, which then
yields for the Wilson loop [Eq. (42)]

hWðCÞi ¼
X
k

Ψ̃
�
C k

4π
∇ × ΣðSÞ;−C k

4π
∇ · ΣðSÞ

�
: ð44Þ

The remaining wave functional defines via Eq. (25) an
effective theory in the presence of an external source given
by the characteristic function ΣðCÞ of the area enclosed
by the Wilson loop C. Due to this source, the dominant
contribution to the functional integrals over the scalar fields
comes here not from the vacuum solutions, but from
smooth classical domain wall solutions that interpolate
between the different ZðNÞ vacua. Furthermore, the domain
walls are localized at the minimal surface SminðCÞ bordered
by the loop C. Note also that all co-weights C k of the
defining representation give the same contribution to the
Wilson loop, so that the sum over them can be explicitly
carried out. As detailed in Ref. [45], one obtains then for
asymptotically large loops C an area law

hWðCÞi ≈ const × exp
�
−σAðSminðCÞÞ

	
; ð45Þ

where AðSminðCÞÞ is the area of the minimal surface
SminðCÞ bordered by the loop C, and σ is the string tension
of the defining representation. We also evaluated this
average for a k-antisymmetric representation and found
that the string tension is compatible with a Casimir law
when the parameters satisfy λa2; ξvN−2 ≫ ϑ.

IV. THE ’T HOOFT LOOP

According to Ref. [2], the algebraic properties (commu-
tators) of Wilson and ’t Hooft loop operators lead to an
area/perimeter complementarity when their expectation
values are taken in the ground state of the theory. How-
ever, these properties do not by themselves enforce that an
area law for the average of one operator implies a perimeter
law for the other average when considering a given generic
quantum state different from the ground state. For this
reason, it is essential to subject our wave functional to the
’t Hooft loop test. If the wave functional peaking at center
vortices we proposed has a good overlap with the vacuum
in the IR regime, then it must display this complementarity.
In the following, we calculate the expectation value of

the ’t Hooft loop operator [Eq. (2)] in our vortex wave
functional, using both the explicit vortex representation
[Eq. (11)] and the effective field theory representation
[Eq. (25)].

A. Vortex representation

Before addressing the ’t Hooft loop average by using the
effective field representation of our wave functional, we
shall consider its vortex representation, where the vortex
guiding centers appear explicitly. Here, the argument
we present disregards the interactions between the vortex
lines, necessary to stabilize the condensate. They are
incorporated in the next section, within the effective field5Note that E is the negative momentum of the gauge field.
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representation. Under this condition, it is easy to see that
our vortex wave functional (11) indeed yields a perimeter
law for the ’t Hooft loop. For this purpose, we use the
representation (11) for the wave functional and apply
Eq. (4) to obtain

VðCÞΨðAÞ ¼ ΨðAþ aðCÞÞ
¼
X
fγg

ψfγgδðA − aðfγgÞ þ aðCÞÞ; ð46Þ

using the relation að−CÞ ¼ −aðCÞ and defining the vortex
configuration

fγ0g ¼ fγg ∪ ð−CÞ; ð47Þ

implying

aðfγ0gÞ ¼ aðfγgÞ þ að−CÞ: ð48Þ

Then, using the property of the statistical weight [Eq. (23)],

ψfγ0g ¼ ψfγgψ−C; ð49Þ

we obtain

VðCÞΨðAÞ ¼ ψ−1
−C

X
fγ0g

ψfγ0gδ
�
A − aðfγ0gÞ�

¼ ψ−1
−CΨðAÞ: ð50Þ

With this result, we find for the expectation value of the
’t Hooft loop operator

hVðCÞi ¼ ψ−1
C ; ð51Þ

where we have used the fact that the statistical weight in
Eq. (23) does not depend on the orientation of the vortex
line, ψ−C ¼ ψC.
In the statistical weight ψγ [Eq. (23)], the parameter μ

controls the vortex density, and for percolating vortices,
required for confinement, μ < 0 holds. Now, we consider
for simplicity a circular loop with radius R, which we put in
the center of the xy plane. In radial coordinates, the length
parameter is s ¼ Rφ, and the curvature of the circle is
u̇ðsÞ2 ¼ ẍðsÞ2 ¼ 1=R2 ¼ const. Then, from Eq. (51), we
find for the ’t Hooft loop

hVðCÞi ¼ exp

�
−L
�
jμj − 1

κR2

��
; L ¼ 2πR: ð52Þ

For R → ∞, the second term in the exponent vanishes, and
we are left with a pure perimeter law with the perimeter
tension jμj exclusively determined by the vortex density.

B. Effective field theory representation

The physical applicability of the wave functional we
proposed in Ref. [45], describing an ensemble of center
vortices, is restricted to the description of asymptotic
IR properties of the Yang-Mills theory. In addition, as in
any framework that goes from microscopic degrees of
freedom—in this case, the thin center-vortex guiding
centers—to macroscopic coarse-grained field variables,
the effective representation can be trusted only at large
distances. Indeed, in the ensemble superposition, there is a
series of approximations leading to the representation in
Eqs. (25)–(27). In particular, its quadratic character in the
field derivatives arises from the combined effect of stiffness
and the assumption of sufficiently long center-vortex lines.
Under these conditions, their end-to-end probabilities are
well approximated by a second-order Fokker-Planck equa-
tion. In other words, the information that can be reliably
obtained from this representation is entirely of infrared
origin—i.e., below an appropriate momentum scale Q. As
we have seen, the calculation of the asymptotic Wilson loop
average is due to a smooth soliton, and therefore it is a
reliable low-momentum effect.
In the gauge field representation, VðCÞ [Eq. (3)] trans-

lates the argument of a state by the field of a center vortex;
see Eq. (4). In the electric field representation, where
ΠðxÞ ¼ −EðxÞ, the operator of the ’t Hooft loop [Eq. (2)] is
diagonal and just multiplies the wave functional by a phase:

VðCÞΨ̃ðE; ηÞ ¼ exp

�
−i
Z

d3xE · aðCÞ
�
Ψ̃ðE; ηÞ: ð53Þ

With this relation, we find for the ’t Hooft loop

hVðCÞi ¼
Z

½DE�½Dη�Ψ̃�ðE; ηÞe−i
R

d3xE·aðCÞΨ̃ðE; ηÞ: ð54Þ

Using the explicit expressions for the center-vortex field
aðCÞ [Eq. (6)] and for Λ [Eq. (21)], we haveZ

d3xE · aðCÞ ¼ −
1

4π

Z
d3xΛTðEÞ · jðCÞ: ð55Þ

Since the wave functional in Eq. (25) depends on the dual
variables E, η only through Λ—Ψ̃ðE; ηÞ≡ Ψ̃ðΛðE; ηÞÞ—it
is convenient to change the integration variable from EðxÞ
and ηðxÞ to ΛTðxÞ and ΛLðxÞ, which can be easily done due
to the linear relations in Eq. (21) (the Jacobian is an
irrelevant constant). This yields, for the ’t Hooft loop,

hVðCÞi ¼
Z

½DΛ�Ψ̃�ðΛÞe i
4π

R
d3xΛ·jðCÞΨ̃ðΛÞ: ð56Þ

The wave functional Ψ̃ðΛÞ ¼ Ψ̃ðE; ηÞ is given by the effec-
tive field theory [Eq. (25)]. Moreover, due to Eq. (55), only
the transverse part of Λ is relevant for the calculation of the
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’t Hooft loop. In what follows, we therefore retain only ΛT,
but we omit the superscript for notational simplicity. We
evaluate this field theory consistently with the calculation
of the Wilson loop given in Sec. III: First, we carry out the
functional integral over the scalar fieldΦ in Ψ̃�ðΛÞ. We will
do this at the one-loop level by considering an expansion of
the scalar fields around their vacuum and retaining only the
quadratic part of the action. After integration over the
fluctuations, this leads to (see Appendix B)

Ψ̃�ðΛÞ ¼ exp

�
−
Z

d3x

�
v2

2
Λ2 þ F2ðΛÞ

2m

��
: ð57Þ

Then, the ’t Hooft loop is given by

hVðCÞi ≈
Z

½DΛ� exp
�
−
Z

d3x

�
v2

2
Λ2 þ F2ðΛÞ

2m

��

× exp

�Z
d3x

i
4π

Λ · jðCÞ
�
Ψ̃ðΛÞ: ð58Þ

As the first factor is a Gaussian, we approximate the
integral by the value of the integrand on its peak, given by

Λ0ðCÞ ¼
i
4π

O−1jðCÞ; O¼ −∇2 þM2

m
; M2 ¼ v2m:

ð59Þ

Then, the ’t Hooft loop is

hVðCÞi ¼ e
i
8π

R
d3xΛ0ðCÞ·jðCÞΨ̃ðΛ0ðCÞÞ: ð60Þ

The terms in the exponent are highly localized on the
curve C, so that they are expected to yield a contribution
proportional to the perimeter of the curve. The factor
Ψ̃ðΛ0ðCÞÞ is still a field theory, which we will treat again
in the saddle-point approximation in the next section.

V. THE ’T HOOFT LOOP SOLITON

Here, we shall study the contribution to the ’t Hooft loop
hVðCÞi originating from Ψ̃ðΛ0ðCÞÞ in Eq. (60), by means
of a saddle-point approximation of its scalar field repre-
sentation. Due to the localized nature of the “external
source” Λ0ðCÞ, we expect that the saddle point of the scalar
field Φ will be given by a soliton configuration which is
strongly localized at the source Λ0ðCÞ and approaches the
vacuum value Φ ¼ vI far away from the loop C. Indeed, in
that region, the external source Λ0ðCÞ is exponentially
suppressed at scales larger than 1=M. In addition, the action
functional WðΦ; 0Þ has discrete vacua, and all the asso-
ciated scalar field modes are massive. This is a consequence
of having a condensate of center vortices with nonoriented
components. Therefore, the minimization of WðΦ;Λ0ðCÞÞ
results in soliton fields that approach one of these vacua far

away from the loop C, which is a connected region. Thus,
on general grounds, it is clear that the action of the soliton
field will be concentrated around C, giving rise to a
perimeter law.
It is interesting to compare this situation with that

obtained when computing the Wilson loop. As shown in
Ref. [45], and briefly reviewed in Sec. III, in that case the
action minimization involves boundary conditions on a
disconnected set, with different vacua in the regions with
large positive and negative coordinates transverse to the
planar loop. A domain wall sitting on the Wilson loop was
thus obtained, generating a minimal area law. It is satisfying
to see that the area/perimeter complementarity emerges
as a clear consequence of the very same mechanism. At
the level of the IR scalar field representation of the wave
functional, the mixed center-vortex condensate produces
gapped field modes and discrete vacua. This, in turn,
generates a large-distance behavior of observables that
depend on the connectivity properties of the vacuum
regions induced by the corresponding sources.
An asymptotically large circular loop looks locally like a

straight line. We can therefore expect that the perimeter
coefficient of the ’t Hooft loop hVðCÞi can be estimated by
considering the limiting case where C becomes an infinite
straight line. Locating this line on the z axis, the external
field Λ0ðCÞ [Eq. (59)] in the argument of the wave
functional in Eq. (60) is given by

Λ0ðxÞ ¼ iO−1jðxÞ; jðxÞ ¼ C δ2ðx⊥Þez; ð61Þ

where x⊥ denotes a vector in the plane perpendicular to
the z axis. Due to the axial symmetry of this field, it is
convenient to use cylindrical coordinates: x ¼ ðρ;φ; zÞ. In
these coordinates, the external field is

Λ0 ¼ iC
m
8π2

K0ðMρÞez; ð62Þ

where K0ðxÞ is the modified Bessel function of the second
kind. We note that this field is imaginary, so we need to
extend our wave functional, initially defined for real Λ, to
the imaginary axis. We perform this continuation such that
the effective field theory (30) representing our wave func-
tional remains well defined. For the exponent in Eq. (60),
using the relation

ðC ;C Þ ¼ 8π2
N − 1

N
; ð63Þ

we obtain

i
Z

d3xΛ0 · jðCÞ ¼ −
mðN − 1Þ

2πN

Z
dρK0ðMρÞδðρÞ

Z
dz;

ð64Þ
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which yields a divergent contribution to the perimeter law.
The divergence proportional to the perimeter is expected
[55] and can be dealt with by means of a renormalization of
the ’t Hooft operator. Then, we may write

hVCi ¼ e−γdLðCÞVrenðCÞ; ð65Þ

where LðCÞ is the perimeter of C, and γd is a divergent
constant. In fact, such a singular behavior of the perimeter
term is also observed in the lattice calculation of the
’t Hooft loop [55]. In the following, we will show that
the second factor in Eq. (60), which contributes to the
renormalized ’t Hooft operator, will indeed give rise to a
perimeter law with a finite coefficient.

A. The soliton solution

As discussed above, a nontrivial soliton solution of
the field theory defining our wave functional Ψ̃ðΛ0Þ is
expected due to the localized form of the external field Λ0

induced by the ’t Hooft loop. Furthermore, uniqueness of
the solution requires

Φðρ;φþ 2π; zÞ ¼ Φðρ;φ; zÞ: ð66Þ

As Λ0 · ∇Φ ¼ 0, the equation of motion simplifies to

∇2Φþ Λ†
0Λ0Φ ¼ λΦðΦ†Φ − a2Þ − ξ detΦ�ðΦ�Þ−1

− 2ϑTAΦTA: ð67Þ

This equation confirms our initial expectations. Far from
the loop, the source vanishes, and the fields remain at their
vacuum value v. As the loop is approached, however, the
source induces an effective positive mass-squared term,
breaking the dual superconducting phase and giving rise to
a finite energy density localized on the loop. It is sufficient
to solve this equation for SUð2Þ, since the higher gauge
groups SUðN > 2Þ contain the SUð2Þ as a subgroup and,
as in the case of the instantons, we can expect that the
embedding of the SUð2Þ soliton into SUðNÞ gives the
lowest SUðNÞ soliton solution. In this case, the external
source Λ0 induced by the ’t Hooft loop via the saddle-point
condition reads

Λ0 ¼ i
m
4π

K0ðMρÞ τ3
2
ez: ð68Þ

We shall assume that the soliton solutions have the form

Φ ¼ hu; ð69Þ

where h is a real scalar field and

u ¼ exp ðiχτ3Þ ¼ cos γ þ iτ3 sin γ ð70Þ

(with χ being real) is a chiral field living in the Cartan
subgroup Uð1Þ. With this representation and Ta ¼ τa=2,
the equation of motion [Eq. (67)] contains two independent
equations given by the terms proportional to the unit matrix
and to τ3, respectively, which read

cos χ
�∇2h − hð∇χÞ2� − sin χ

�
h∇2χ þ 2∇χ · ∇h�þ m2

64π2
K2

0ðMρÞh ¼ cos χ

�
λhðh2 − a2Þ −

�
3

2
ϑþ ξ

�
h

�
;

cos χ
�
h∇2χ þ 2∇χ ·∇h

�þ sin χ
�∇2h − hð∇χÞ2� ¼ sin χ

�
λhðh2 − a2Þ −

�
ξ −

ϑ

2

�
h

�
: ð71Þ

As χ is not coupled to the external source, we expect that
the lowest-energy solution will correspond to γ ¼ 0.
Then, the second equation is satisfied, and the first one
simplifies to

∇2hþ m2

64π2
K2

0ðMρÞh ¼ λhðh2 − v2Þ; ð72Þ

where the vacuum value of the scalar field v is

v2 ¼ a2 þ 2ξþ 3ϑ

2λ
: ð73Þ

The energy per unit length of the solution is

γ ¼ 2

Z
d2x

�
ð∇hÞ2 þ m2

64π2
K2

0ðMρÞh2
�

þ
Z

d2x
�
λðh2 − a2Þ2 − 2ξh2 − 3ϑh2

�
: ð74Þ

Moreover, in order to obtain a finite energy, the scalar
profile has to approach the vacuum as ρ → ∞—i.e.,
hðρ → ∞Þ ¼ v. To obtain a well-defined solution, we must
require v2 > 0, which corresponds to the spontaneously
broken (SSB) phase of the scalar field theory with discrete
ZðNÞ vacua. This condition generalizes the earlier require-
ment μ < 0 found in Eq. (52), where interactions between
vortex lines were neglected. Once these interactions are
included, what we actually need is the formation of a
condensate—precisely the same condition required for the
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area law of the Wilson loop. We have solved Eq. (72)
subject to a Dirichlet boundary condition at ρ ¼ 0. In
Fig. 2, we plot the dimensionless profile h̄ ¼ h=v for a
parameter choice compatible with our condition λa2, ξ ≫ ϑ
for Casimir scaling. The localization scale of the source for
this choice of parameters is 1=M ≈ 1=8 [see Eq. (59)]. We
see that the scalar field performs a smooth transition from
the trivial configuration h̄ ¼ 0 to one of the ZðNÞ vacua.
This confirms our expectations of a finite contribution to
the perimeter law as due to a smooth solution whose energy
density is localized near the loop.

VI. SUMMARY AND CONCLUSIONS

In Ref. [45], we proposed a wave functional peaked at a
center-vortex condensate, which can be represented in
terms of a scalar field theory living on a 3D equal-time
slice. Because of the presence of not only oriented center
vortices but also nonoriented ones, the scalar modes turned
out to be gapped, and the effective field representation
displays discrete ZðNÞ vacua. This, together with the fact
that the calculation of the Wilson loop involved boundary
conditions on disconnected regions, led to a domain wall
soliton solution localized on the minimal area bordered by
the Wilson loop, thereby producing an area law.
In the present work, we used the center-vortex wave

functional proposed in Ref. [45] to calculate the spatial
’t Hooft loop and found a perimeter law. For a sufficiently
large circular loop C, so that the effective IR field
representation of our wave functional applies, the dominant
field configurations are solitons that approach one of the
discrete vacua outside a toroidal neighborhood of C, which
is a connected region. Therefore, on general grounds, the
relevant soliton configurations have action localized around
C, giving rise to a perimeter law. The area/perimeter
complementarity thus follows from the same underlying
mechanism: the mixed center-vortex condensate generates

gapped modes and discrete vacua, and the large-distance
behavior of observables is governed by the connectivity of
the vacuum regions selected by the external sources
induced by the Wilson or ’t Hooft loop, respectively. As
a consequence, the proposed IR wave functional satisfies
both confinement criteria.
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APPENDIX A: EFFECTIVE FIELD
REPRESENTATION FOR THE WAVE

FUNCTIONAL

The equivalence between the representations (19) and
(25) for our wave functional can be seen by expanding
Eq. (25) in powers of ξ0 and ϑ0. To the lowest nontrivial
order, the ξ0 expansion yields

ξ20
YN
k¼1

Gkðx;yÞdetOC k
; OC k

¼D2ðΛkÞþμ− iσ; ðA1Þ

where Gkðx; yÞ ¼ hϕkðxÞϕ̄kðyÞi is the two-point function
of the field ϕk. To interpret this contribution, it is conven-
ient to define QC ðx; u; x0; u0; LÞ, the partial sum over
vortex lines l with length L carrying a co-weight C , which
begin at x0 with an orientation u0 and end at x with an
orientation u, as follows:

QC ðx; u; x0; u0; LÞ ¼
Z

½dx�Lv0;vψ le
i
R
l
dx·ΛC ; ðA2Þ

where we have denoted the loop coordinates and orienta-
tion by v≡ ðx; uÞ, and the measure ½dx�Lv0;v integrates over
the vortex lines satisfying the above-mentioned conditions.
As discussed in Refs. [39,51,52], this object satisfies the
diffusion equation

−∂LQC ¼
�
−
κ

2
Δu þ μ − iσ þ u · ð∇ − iΛC Þ

�
QC ; ðA3Þ

where Δu is the Laplacian on the unit sphere. In the limit of
small stiffness (large κ), the partial amplitude becomes

FIG. 2. Dimensionless radial profile h̄ ¼ h=v for λ ¼ 40,
ξ ¼ 1, ϑ ¼ 0.01, a ¼ 0.3. In this case, the contribution
to γ is 0.24.
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independent of the orientations, and the equation becomes
approximately

−∂LQC ðx; x0; LÞ ≈OCQC : ðA4Þ

In this limit, the solution is thus

QC ðx; x0; LÞ ≈ hxje−LOC jx0i: ðA5Þ

The contribution of all loops with the given co-weight can
be written as

Ψ̃C ðE; ηÞ ¼
X∞
n¼0

1

n!

Yn
i¼1

Z
dL
L

Z
dvi

Z
½dxðiÞ�Li

vi;viψγi

× e
i
R
γi
dx·ΛC : ðA6Þ

The sum over loops can be exponentiated in terms ofQC as
follows:

Ψ̃C ðE; ηÞ ¼ e−
R

dL
L trQC ðx;x;LÞ: ðA7Þ

Then, using Eq. (A5), we obtain

Ψ̃C ðE; ηÞ ¼ detOC : ðA8Þ

That is, the factor detOC k
in Eq. (A1) generates the contri-

bution of the closed loops carrying the co-weight C k.
We find, for the Green’s function in Eq. (A1), the
representation

GC ðx; yÞ ¼
Z

dLQC ðx; x0; LÞ ðA9Þ

by integrating Eq. (A5) over L. Therefore,

ξ20
YN
k¼1

Gkðx; yÞ ¼ ψfγg
YN
k¼1

e
i
R
γk
dx·ΛC k ; ðA10Þ

where fγg is the “N-matching” vortex network, formed by
N vortex lines with common end points carrying the N
possible co-weights. Similarly, the expansion of Eq. (25) to
lowest order in ϑ0 yieldsX

i≠j
ϑ20Giðx; yÞGjðy; xÞ detOC i

detOC j
; ðA11Þ

which gives the contribution of a network containing two
vortex lines interpolated by monopoles, in addition to the
contribution due to the closed vortex loops carrying co-
weights C i, C j. Then, when all powers of ξ0, ϑ0 are
considered, an ensemble of vortex loops, together with all
possible N-matching and nonoriented configurations, is
generated.

APPENDIX B: INTEGRATING OVER
FLUCTUATIONS OF THE SCALAR FIELDS

Our wave functional is given by the scalar field theory in
Eq. (30). In the following, we work out this field theory in
the semiclassical approximation—i.e., expanding the field
around its vacuum value and performing the Gaussian
integral over the fluctuations. For simplicity, we assume the
SUð2Þ gauge group. Then, the potential becomes

VðϕÞ ¼ λ

2
ðjϕ1j4 þ jϕ2j4Þ −

�
ϑ

2
þ λa2

�
ðjϕ1j2 þ jϕ2j2Þ

− ξðϕ1ϕ2 þ ϕ̄1ϕ̄2Þ − ϑðϕ1ϕ̄2 þ ϕ̄1ϕ2Þ: ðB1Þ

The vacua of this potential are given by ϕ1 ¼ ϕ2 ¼ v,
where

v2 ¼ a2 þ 2ξþ 3ϑ

2λ
: ðB2Þ

Consider fluctuations around this vacua, parametrized by
complex functions φ1, φ2:

ϕ1 ¼ vþ φ1; ϕ2 ¼ vþ φ2: ðB3Þ

The expansion of the potential around the vacuum, up to
quadratic order, reads

V ¼ λv2

2
ðφ2

1 þ φ2
2 þ φ̄2

1 þ φ̄2
2Þ þ

�
λð2v2 − a2Þ − ϑ

2

�
× ðjφ1j2 þ jφ2j2Þ − ξðφ1φ2 þ φ̄1φ̄2Þ
− ϑðφ1φ̄2 þ φ̄1φ2Þ: ðB4Þ

Defining the vector

φ ¼

0
BBB@

φ1

φ2

φ̄1

φ̄2

1
CCCA; ðB5Þ

the potential can be written as

V ¼ φ†M2φ; ðB6Þ

where the matrix M2 is

M2 ¼ 1

2

�
C B

B C

�
; ðB7Þ

where
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C ¼
�
λð2v2 − a2Þ − ϑ

2
−ϑ

−ϑ λð2v2 − a2Þ − ϑ
2

�
;

B ¼
�
λv2 −ξ
−ξ λv2

�
: ðB8Þ

Up to second order in the fluctuations, the action
becomes

W ¼
Z

d3xðφ†ðNðΛÞ þM2Þφþ iJ†φÞ; ðB9Þ

NðΛÞ ¼ 1

2

�
−D2ðΛÞI2×2 0

0 −D2ðΛÞI2×2

�
;

J ¼

0
BBB@

−ω1 · ð∇ · ΛÞ þ vðΛ · ω1Þ2
−ω2 · ð∇ · ΛÞ þ vðΛ · ω2Þ2
ω1 · ð∇ · ΛÞ þ vðΛ · ω1Þ2
ω2 · ð∇ · ΛÞ þ vðΛ · ω2Þ2Þ

1
CCCA: ðB10Þ

Integration over φ;φ† leads toZ
½Dφ†�½Dφ�e−Wðφ;φ†Þ ¼ detð−D2 þCþBÞ−1

2

×detð−D2 þC−BÞ−1
2

× e−
v2
2

R
d3xΛ2−

R
d3xJ†ð−NðΛÞþM2Þ−1J:

ðB11Þ

Here, we have used the fact that for a 2n × 2n matrix M of
the type

M ¼
�
A B

B A

�
; ðB12Þ

where A, B are n × n matrices, the determinant is given by

detM ¼ detðA − BÞ detðAþ BÞ: ðB13Þ

This formula can be obtained by using the similarity
transformation

P ¼
�
I I

I −I

�
; P−1 ¼ 1

2

�
I I

I −I

�
ðB14Þ

to diagonalize the matrix M. Following Ref. [56], we can
evaluate the leading terms of the effective action for Λ in a
gradient expansion. This results in

exp

�
−
F2ðΛÞ
2m

þ � � �
�
;

m ¼ 192π
ðϑþ ξÞð4ϑþ 2a2λþ 3ξÞ

5ϑþ 2a2λþ 4ξ
; ðB15Þ

where the dots represent terms containing higher-order
derivatives of Λ.
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