
N = 8 supersymmetric mechanics with spin variables from
indecomposable multiplets

Evgeny Ivanov 1,2,* and Stepan Sidorov 1,†

1Bogoliubov Laboratory of Theoretical Physics, JINR, 141980 Dubna, Moscow Region, Russia
2Moscow Institute of Physics and Technology, 141700 Dolgoprudny, Moscow Region, Russia

(Received 23 January 2026; accepted 13 February 2026; published 3 March 2026)

We define two new indecomposable (not fully reducible)N ¼ 8, d ¼ 1 off-shell multiplets and consider
the corresponding models of N ¼ 8 supersymmetric mechanics with spin variables. Each multiplet is
described off shell by a scalar superfield which is a nonlinear deformation of the standard scalar superfield
X carrying the d ¼ 1 multiplet (1; 8; 7). Deformed systems involve, as invariant subsets, two different
off-shell versions of the irreducible multiplet (8; 8; 0). For both systems we present the manifestly N ¼ 8

supersymmetric superfield constraints, as well as the component off- and on-shell invariant actions, which
for one version exactly match those given in arXiv:2402.00539. The two models differ off shell, but prove
to be equivalent to each other on shell, with the spin variables sitting in the adjoint representation of the
maximal R-symmetry group SOð8Þ.
DOI: 10.1103/tcwy-y4tg

I. INTRODUCTION

Supersymmetric mechanics with spin variables was
proposed in [1] as a system based on the coupled dynamical
and semidynamical (with the first-order kinetic terms for
physical bosonic d ¼ 1 fields) irreducible multiplets.
Recently, a new approach to such systems based on the
not fully reducible (indecomposable) multiplets was pro-
posed [2].1

The first example of an N ¼ 8 supersymmetric model
with spin variables was presented in [8], using an off-shell
N ¼ 4 superfield formalism. Later on, the authors of
Ref. [9] demonstrated that this model on shell is invariant
under N ¼ 8, d ¼ 1 superconformal group OSpð8j2Þ. In
the original paper [8], it was conjectured that the model
constructed corresponds to an indecomposable N ¼ 8
supermultiplet encompassing the dynamical (1; 8; 7) multi-
plet with a pair of semidynamical (8; 8; 0) multiplets. The
basic aim of the present paper is to prove this conjecture.
We define the relevant N ¼ 8 superfield set subjected to

the proper manifestly N ¼ 8 supersymmetric nonlinear
constraints and show that the off-shell field content
considered in [8] naturally comes out as a solution of
these constraints. We also introduce another indecompos-
able N ¼ 8 multiplet with the same number of physical
bosonic and fermionic fields, construct the relevant off- and
on-shell actions, and find that on shell it yields the same
system as in [8].
The superfield description of the multiplet (1; 8; 7) was

originally given within the SUð2Þ × SUð2Þ × SUð2Þ
covariant formalism in [10]. The direct superfield con-
struction of manifestly N ¼ 8 invariant actions has not
been accomplished as yet. The invariant actions were
constructed in the framework of harmonic N ¼ 4, d ¼ 1

superspace [10–12]. The covariant description of the
multiplet (1; 8; 7) with the maximally extended R-sym-
metry SOð7Þ was presented in [13], at the component
level. The invariant Lagrangian was constructed there by
the “brute force” method.
The multiplet (8; 8; 0) was studied in the SOð4Þ × SOð4Þ

covariant formulation in [10]. When dealing with this
multiplet in the present paper, we rely on Ref. [14], where
N ¼ 8, d ¼ 1 superalgebra was deformed to the super-
algebra suð4j1Þ. Here we are interested only in the
undeformed case, with the standard N ¼ 8 Poincaré
superalgebra written in the SUð4Þ covariant form. As
was shown in [14], N ¼ 8 multiplets with the off-shell
d ¼ 1 field content (8; 8; 0) can exist in three nonequivalent
SU(4) covariant forms related to each other by triality
which is the specific feature of the complete R-symmetry
group SOð8Þ of N ¼ 8 supersymmetry. We studied only
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1Such d ¼ 1 supermultiplets are known under various names:
“nonminimal” [3,4], “tuned” [5], “long,” and “indecomposable”
[6,7]. Their characteristic feature is the presence of some subset
of fields forming an irreducible supermultiplet on their own.
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two of such multiplets since the third one requires a
different d ¼ 1 superspace for its off-shell description.
Here, we also ignore the third version for the same reason.
The triality property refers also to the multiplets with the
content (0; 8; 8). On the other hand, SU(4) covariant
formulations of the multiplets (1; 8; 7), (2; 8; 6), (6; 8; 2),
and (7; 8; 1) are unique.
The paper is organized as follows. In Sec. II we start with

the irreducible multiplet (1; 8; 7). First, we present its SU(4)
covariant description and derive invariant off-shell compo-
nent Lagrangians through the proper reductions of the
Lagrangians of theN ¼ 8multiplet (2; 8; 6). We also recall
the superfield construction in terms of harmonic N ¼ 4
superfields accommodating the multiplets (1; 4; 3) and
(0; 4; 4). Further, we rewrite the constraints of the multiplet
(1; 8; 7) in the maximally SO(7) covariant form. In Sec. III,
we describe the first version of the indecomposable N ¼ 8
multiplet unifying the multiplet (1; 8; 7) with a pair of
(8; 8; 0) multiplets. We deform the constraints of the
multiplet (1; 8; 7) by adding complex constrained super-
fields describing these two (8; 8; 0) multiplets. We construct
the component off-shell Lagrangian and show its identity
with that of the model constructed in [8]. In Sec. IV,
we consider a different version of the indecomposable

N ¼ 8 multiplet, in which the (1; 8; 7) multiplet is coupled
to the pair of the second multiplet (8; 8; 0) from the list
given in [14]. In this version, the superfield constraints of
the multiplet (1; 8; 7) are deformed by chiral and tensor
N ¼ 8 superfields. We construct its off-shell Lagrangian.
We also compare the on-shell Lagrangians of both inde-
composable multiplets and prove their equivalence. In
Sec. V, we summarize the results and discuss some
problems for the future analysis.

II. MULTIPLET (1;8;7)

A. SU(4) covariant formulation

We deal with the N ¼ 8, d ¼ 1 superalgebra written as

fQI; Q̄Jg ¼ 2δIJH; ½H;QI� ¼ 0; ½H; Q̄I� ¼ 0:

ð2:1Þ

Here, the capital indices I, J (I ¼ 1; 2; 3; 4) refer to the
SUð4Þ fundamental representation. The corresponding
superspace consists of a time coordinate t and complex
Grassmann coordinates θI , ðθIÞ ¼ θ̄I. Supersymmetry acts
on them as

δθI ¼ ϵI; δθ̄I ¼ ϵ̄I; δt ¼ iðϵ̄IθI þ ϵI θ̄
IÞ; ðϵIÞ ¼ ϵ̄I: ð2:2Þ

One can easily define left and right time coordinates:

tL ¼ tþ iθ̄IθI; tR ¼ t − iθ̄IθI: ð2:3Þ

The left chiral subspace transforms as

δθI ¼ ϵI; δtL ¼ 2iϵ̄IθI: ð2:4Þ

The covariant derivatives are

DI ¼ ∂

∂θI
− iθ̄I∂t; D̄I ¼ −

∂

∂θ̄I
þ iθI∂t: ð2:5Þ

This worldline realization follows from the realization of [14] in the flat-superspace limit.
An unconstrained scalar superfield X has 256 components in its θ-expansion. The number of components is reduced to 16

by imposing the following quadratic constraints2:

DID̄JX −
δIJ
4
DKD̄KX ¼ 0; DIDJX −

1

2
εIJKLD̄KD̄LX ¼ 0: ð2:6Þ

The superfield X is expanded as

2The antisymmetric tensor εIJKL satisfies the following identities:

ε1234 ¼ 1; ε1234 ¼ 1; εIJKLεIJKL ¼ 24;

εIJKLεIJKM ¼ 6δLM; εIJKLεIJMN ¼ 4δK½Mδ
L
N�; εIJKLεIMNP ¼ 6δJ½Mδ

K
Nδ

L
P�:
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Xðt; θ; θ̄Þ ¼ xþ θIψ
I − θ̄Iψ̄ I −

i
2

�
θIθJ þ

1

2
εIJKLθ̄

Kθ̄L
�
AIJ þ θ̄IθICþ iθ̄IθI

�
θJψ̇

J þ θ̄J ˙̄ψJ

�
−
i
3
εIJKLθIθJθK ˙̄ψL

þ i
3
εIJKLθ̄

I θ̄Jθ̄Kψ̇L þ 2½ðθÞ4 þ ðθ̄Þ4�ẍ − 1

2
ðθ̄IθIÞ2ẍ − 2i½ðθÞ4 − ðθ̄Þ4�Ċþ 1

2
θ̄KθKθIθJȦIJ þ 1

2
θK θ̄

K θ̄I θ̄JȦIJ

− 2ðθÞ4θ̄I ̈ψ̄ I þ 2ðθ̄Þ4θIψ̈ I −
1

2
ðθ̄IθIÞ2

�
θJψ̈

J − θ̄J ̈ψ̄J

�þ 1

6
ðθ̄IθIÞ3C̈ −

i
2
½ðθÞ4 þ ðθ̄Þ4�

�
θIθJ þ

1

2
εIJKLθ̄

K θ̄L
�
ÄIJ

þ i
2

�ðθÞ4εIJKLθ̄I θ̄K θ̄Lð∂tÞ3ψJ − ðθ̄Þ4εIJKLθIθJθKð∂tÞ3ψ̄L

�þ ðθÞ4ðθ̄Þ4ð∂tÞ4x;

ðxÞ ¼ x; ðψ IÞ ¼ ψ̄ I; AIJ ¼ −AJI; ðAIJÞ ¼ 1

2
εIJKLAKL ¼ AIJ; ðCÞ ¼ C; ð2:7Þ

where

ðθÞ4 ¼ 1

24
εIJKLθIθJθKθL; ðθ̄Þ4 ¼ 1

24
εIJKLθ̄

I θ̄Jθ̄Kθ̄L: ð2:8Þ

So this superfield describes an irreducible off-shell multiplet with the content (1; 8; 7). The constraints (2.6) respect the R-
symmetry group SOð7Þ ⊂ SOð8Þ, though only its SUð4Þ ∼ SOð6Þ subgroup is manifest. The N ¼ 8 supersymmetry
transformations of the component fields read:

δx ¼ ϵ̄Iψ̄ I − ϵIψ
I;

δψ I ¼ iϵJAIJ þ ϵ̄Iðiẋþ CÞ; δψ̄ I ¼ −iϵ̄JAIJ − ϵIðiẋ − CÞ;
δC ¼ −iðϵ̄I ˙̄ψ I þ ϵIψ̇

IÞ; δAIJ ¼ 4ϵ̄½Iψ̇J� − 2εIJKLϵK ˙̄ψL: ð2:9Þ

1. Derivation from multiplet (2;8;6)

Here, we show how invariant actions can be derived from actions of the multiplet (2; 8; 6). This way of getting the actions
of (1; 8; 7) proves to be most convenient.
The irreducible multiplet (2; 8; 6) is described by a chiral superfield [15] satisfying the constraints

DIΦ̄ ¼ 0; D̄JΦ ¼ 0; DIDJΦ −
1

2
εIJKLD̄KD̄LΦ̄ ¼ 0; ðΦÞ ¼ Φ̄: ð2:10Þ

It has the following θ-expansions over the chiral superspace ðtL; θÞ:

ΦðtL; θÞ ¼ ϕþ
ffiffiffi
2

p
θIψ

I −
iffiffiffi
2

p θIθJAIJ −
ffiffiffi
2

p

3
iεIJKLθIθJθK ˙̄ψL þ 4ðθÞ4 ̈ϕ̄;

ðϕÞ ¼ ϕ̄; ðψ IÞ ¼ ψ̄ I; ðAIJÞ ¼ AIJ ¼
1

2
εIJKLAKL: ð2:11Þ

The component fields transform as

δϕ ¼ −
ffiffiffi
2

p
ϵIψ

I; δϕ̄ ¼
ffiffiffi
2

p
ϵ̄Iψ̄ I;

δψ I ¼
ffiffiffi
2

p
iϵ̄Iϕ̇þ iϵJAIJ; δψ̄ I ¼ −

ffiffiffi
2

p
iϵI

˙̄ϕ − iϵ̄JAIJ;

δAIJ ¼ 4ϵ̄½Iψ̇J� − 2εIJKLϵK ˙̄ψL: ð2:12Þ
It can be shown that these transformations reduce to the transformations (2.9) by identifying x and C as

x ¼ 1ffiffiffi
2

p ðϕþ ϕ̄Þ; C ¼ iffiffiffi
2

p ðϕ̇ − ˙̄ϕÞ: ð2:13Þ

This way, we reduce the multiplet (2; 8; 6) to (1; 8; 7). The reversed procedure is known as the oxidation procedure [16]. We
can also observe this duality between two multiplets at the superfield level. Indeed, the sum Φþ Φ̄ satisfies the same
constraints as the superfield X in (2.6).
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The general invariant Lagrangian of the multiplet
(2; 8; 6) can be written as

L ¼ −
1

4

	Z
d4θKðΦÞ þ

Z
d4θ̄ K̄ðΦ̄Þ



; ð2:14Þ

where KðΦÞ is an arbitrary holomorphic function. The
component Lagrangian reads

Lð2;8;6Þ ¼ gðϕ; ϕ̄Þ
	
ϕ̇ ˙̄ϕþ i

2
ðψ I ˙̄ψ I − ψ̇ Iψ̄ IÞ þ

1

4
AIJAIJ




−
i
2

�
ϕ̇∂ϕgðϕ; ϕ̄Þ − ˙̄ϕ∂ϕ̄gðϕ; ϕ̄Þ

�
ψ Iψ̄ I

−
i

2
ffiffiffi
2

p �
AIJψ

IψJ
∂ϕgðϕ; ϕ̄Þ þ AIJψ̄ Iψ̄J∂ϕ̄gðϕ; ϕ̄Þ

�

−
1

24
gðϕ; ϕ̄Þ�εIJKLψ IψJψKψL

∂ϕ∂ϕgðϕ; ϕ̄Þ
þ εIJKLψ̄ Iψ̄Jψ̄Kψ̄L∂ϕ̄∂ϕ̄gðϕ; ϕ̄Þ

�
; ð2:15Þ

where gðϕ; ϕ̄Þ is a special Kähler metric defined as

gðϕ; ϕ̄Þ ¼ K00ðϕÞ þ K̄00ðϕ̄Þ: ð2:16Þ

To gain the Lagrangian of the multiplet (1; 8; 7), we
impose the requirement that the target metric gðϕ; ϕ̄Þ is
a function of the argument ϕþ ϕ̄. There are only two
solutions:

g1 ¼ 1; g2 ¼
1ffiffiffi
2

p ðϕþ ϕ̄Þ: ð2:17Þ

The corresponding Lagrangians read

L1
ð2;8;6Þ ¼ ϕ̇ ˙̄ϕþ i

2
ðψ I ˙̄ψ I − ψ̇ Iψ̄ IÞ þ

AIJAIJ

8
; ð2:18Þ

L2
ð2;8;6Þ ¼

1ffiffiffi
2

p ðϕþ ϕ̄Þ
	
ϕ̇ ˙̄ϕþ i

2
ðψ I ˙̄ψ I − ψ̇ Iψ̄ IÞ þ

AIJAIJ

8




−
i

2
ffiffiffi
2

p ðϕ̇ − ˙̄ϕÞψ Iψ̄ I −
i
4

�
AIJψ

IψJ þ AIJψ̄ Iψ̄J

�
:

ð2:19Þ

Performing the redefinitions (2.13), we obtain two possible
Lagrangians of the multiplet (1; 8; 7):

L1
ð1;8;7Þ ¼

ẋ2

2
þ i
2
ðψ I ˙̄ψ I − ψ̇ Iψ̄ IÞ þ

C2

2
þ AIJAIJ

8
;

L2
ð1;8;7Þ ¼ x

	
ẋ2

2
þ i
2
ðψ I ˙̄ψ I − ψ̇ Iψ̄ IÞ þ

C2

2
þ AIJAIJ

8




−
C
2
ψ Iψ̄ I −

i
4

�
AIJψ

IψJ þ AIJψ̄ Iψ̄J

�
: ð2:20Þ

B. Formulation in terms of N = 4 superfields

Here, we summarize the N ¼ 4 construction of the
actions (2.20) based on the harmonic superfield description
of the multiplets (1; 4; 3) and (0; 4; 4) [10–12].
The SUð2Þ × SUð2Þ × SUð2Þ formulation is given via

the derivatives Diα and ∇iA, where the indices i, α, and
A (i, α, A ¼ 1, 2) mark doublets of three commuting SUð2Þ
groups [10]. The odd coordinates θI and θ̄I are split into the
two sets of Grassmann coordinates θiα and θ̂iA. We define
the new derivatives in terms of the original ones (2.5) as

D11 ≔ D1; D22 ≔ D̄1; D12 ≔ D2; D21 ≔ −D̄2;

∇11 ≔ D̄3; ∇22 ≔D3; ∇12 ≔ −D̄4; ∇21 ≔ D4:

ð2:21Þ

The constraints (2.6) can then be rewritten as

DiðαDβÞ
i X ¼ 0; Dði

α∇jÞ
AX ¼ 0;

∇iðA∇BÞ
i X ¼ 0;

�
Dði

αDjÞα þ∇ði
A∇jÞA

�
X ¼ 0: ð2:22Þ

We define N ¼ 4 superfields as

X ≔ Xjθ̂¼0; ΨiA ≔ ∇iAXjθ̂¼0: ð2:23Þ

These N ¼ 4 superfields satisfy

DiðαDβÞ
i X ¼ 0; Dði

αΨjÞA ¼ 0; Diα ¼ ∂

∂θiα
þ iθiα∂t:

ð2:24Þ

The multiplet (1; 8; 7) splits into the irreducible multiplets
(1; 4; 3) and (0; 4; 4) described by X and ΨiA, respectively.
The implicit supersymmetry is realized on them through the
ηiA transformations

δηX ¼ ηiAΨiA; δηΨiA ¼ 1

2
ηAjD

i
αDjαX : ð2:25Þ

The Lagrangians (2.20) correspond to the following
actions:

S1ð1;8;7Þ ¼ −
1

2

Z
dζðHÞX2 −

1

2

Z
dζ−−ðAÞΨ

þAΨþ
A ; ð2:26Þ

S2ð1;8;7Þ ¼ −
1

6

Z
dζðHÞX3 −

1

2

Z
dζ−−ðAÞΨ

þAΨþ
AX ðAÞ: ð2:27Þ

Here, both actions were constructed within the framework
of the N ¼ 4 harmonic superspace [17] (see Appendix A).
The superfield ΨþA satisfies both the Grassmann-analyticity
and harmonic constraints:
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DþαΨþA ¼ 0; DþþΨþA ¼ 0: ð2:28Þ

The superfield X is represented via an analytic prepotential
X ðAÞ as [18]

XðζÞ ¼
Z

duX ðAÞðζðAÞÞ;

δX ðAÞðζðAÞÞ ¼ Dþþϒ−−ðζðAÞÞ: ð2:29Þ

The prepotential is analytic but otherwise unconstrained
(i.e. it exhibits an arbitrary harmonic dependence,
DþþX ðAÞ ≠ 0). The multiplet (1; 4; 3) arises as the appro-
priate Wess-Zumino gauge with respect to the gauge trans-
formation in (2.29).

C. Octonionic covariant formulation

The multiplet (1; 8; 7) was also described at the compo-
nent level by making use of the octonionic structure
constants [13]. Here, we present the relevant superfield
constraints.
We define N ¼ 8, d ¼ 1 superspace in terms of real

Grassmann coordinates θa and θ, where the index a (a ¼ 1,
2, 3, 4, 5, 6, 7) is a vector index associated with the group
SOð7Þ. The infinitesimal N ¼ 8 transformations are real-
ized in this superspace as

δθa ¼ ϵa; δθ ¼ ϵ; δt ¼ iðϵaθa þ ϵθÞ: ð2:30Þ

The relevant covariant derivatives are defined as

Da ¼
∂

∂θa
− iθa∂t; D ¼ ∂

∂θ
− iθ∂t ð2:31Þ

and are related to the complex derivatives (2.5) as

D1 ¼ 1ffiffiffi
2

p ðD1 þ iD2Þ; D2 ¼ 1ffiffiffi
2

p ðD3 − iDÞ;

D3 ¼ 1ffiffiffi
2

p ðD4 − iD5Þ; D4 ¼ 1ffiffiffi
2

p ðD6 þ iD7Þ: ð2:32Þ

The constraints (2.6) are then rewritten in the form

ðcabcDcDþ D½aDb�ÞX ¼ 0; ð2:33Þ

where cabc are the octonionic structure constants (see
Appendix B). The octonionic covariance implies that
the constraints (2.33) are invariant under the following
SOð7Þ-transformations:

δDa ¼ λabDb þ
1

2
cabcdλbcDd −

1

2
cabcλbcD;

δD ¼ 1

2
cabcλabDc; λab ¼ −λba: ð2:34Þ

Indeed, these transformations correspond to the non-
standard embedding of the algebra soð7Þ in soð8Þ (see
Sec. 2.1.3 of [19]). In fact, the total set of N ¼ 8 covariant
derivatives form the eight-dimensional spin representation
of the group Spinð7Þ [20] and one could think that they
form a vector of Spinð8Þ, implying the latter to be the full
covariance group. Nevertheless, the constraints (2.33) are
covariant only with respect to the SOð7Þ internal symmetry.
The superfield X is expanded as

X ¼ xþ iθaψa þ iθψ þ iθθaAa þ
i
2
θaθbcabcAc

−
1

2
θθaθbcabcψ̇c þ

1

6
θaθbθccabcψ̇ þ 1

6
θaθbθccabcdψ̇d

þ 1

6
θθaθbθccabcẍ−

1

24
θaθbθcθdcabcdẍ

þ 1

6
θaθbθcθdcabcȦd þ

1

6
θθaθbθccabcdȦd

þ ðterms with higher θ powersÞ: ð2:35Þ

Taking into account (2.32), it is straightforward to
establish the direct relation between the fermionic and
auxiliary components in the SUð4Þ ∼ SOð6Þ and SOð7Þ
formulations:

ψa;ψ ⟷ ψ I; ψ̄ I; Aa ⟷ C;AIJ: ð2:36Þ

All components in (2.35) are real and transform as

δx ¼ −iðϵaψa þ ϵψÞ;
δψa ¼ ϵaẋþ ϵAa − cabcϵbAc; δψ ¼ ϵẋ − ϵaAa;

δAa ¼ iðϵaψ̇ − ϵψ̇aÞ − icabcϵbψ̇c: ð2:37Þ

The Lagrangians (2.20) are rewritten as

L1
ð1;8;7Þ ¼

ẋ2

2
þ i
2
ðψaψ̇a þ ψψ̇Þ þ AaAa

2
; ð2:38Þ

L2
ð1;8;7Þ ¼ x

	
ẋ2

2
þ i
2
ðψaψ̇a þ ψψ̇Þ þ AaAa

2




−
i
2
Aa

�
ψψa þ

cabc
2

ψbψc

�
: ð2:39Þ

They were found at the component level in [13]. Perhaps,
the harmonic superspaces associated with the generalized
flag manifolds of the groups O(7) or Spinð7Þ [21] could be
used to properly rewrite the constraints on the scalar super-
field X and to construct the Lagrangians (2.38) and (2.39)
in terms of the appropriate analytic superfields. We will not
dwell on these issues here.
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1. Remark

As was emphasized, the constraints (2.33) are covariant
with respect to the symmetry SOð7Þ. The free Lagrangian
(2.38) is exceptional since on shell it possesses the
extended symmetry SOð8Þ. Eliminating the auxiliary field
Aa, we obtain the relevant on-shell Lagrangian as

L1
ð1;8;7Þ




on−shell ¼

ẋ2

2
þ i
2
ðψaψ̇a þ ψψ̇Þ: ð2:40Þ

It is invariant under the hidden SOð8Þ=SOð7Þ transforma-
tions of the fermionic fields:

δψ ¼ ρaψa; δψa ¼ −ρaψ : ð2:41Þ

The field x is a trivial singlet with respect to SOð8Þ. The
Lagrangian (2.40) is invariant under SOð8Þ, to which the
SOð7Þ symmetry of the off-shell model is upgraded on shell.
To show exclusivity of the Lagrangian above, let us now

consider the free Lagrangian (2.18) of the multiplet (2; 8; 6).

The on-shell Lagrangian reads

L1
ð2;8;6Þ




on−shell ¼ ϕ̇ ˙̄ϕþ i

2
ðψ I ˙̄ψ I − ψ̇ Iψ̄ IÞ: ð2:42Þ

One can show that the fermionic part is invariant under the
group SOð8Þ, while the bosonic part is invariant under its
subgroup SOð2Þ ∼ Uð1Þ. Thus, the on-shell Lagrangian
(2.42) possesses the symmetry SOð2Þ × SOð6Þ that just
corresponds to the full covariance group of the con-
straints (2.10).

III. INDECOMPOSABLE MULTIPLET: VERSION I

In this and next sections, we present two modified
versions of the constraints (2.6). It will be convenient to
start with the version studied in [8].
We consider the version3 of (8; 8; 0) described by a

complex superfield ZaI (a ¼ 1, 2). This superfield satisfies
the constraints

DðIZaJÞ ¼ 0; D̄ðIZ̄a
JÞ ¼ 0; ðZaIÞ ¼ Z̄a

I ;

DIZaJ ¼ 1

2
εIJKLD̄KZ̄a

L; DJZ̄a
I ¼

δJI
4
DKZ̄a

K; D̄JZaI ¼ δIJ
4
D̄KZaK: ð3:1Þ

The index a (a ¼ 1, 2) is an external vector index.4 The field content (8; 8; 0) is doubled due to this vector index, i.e. the
above superfields describe two irreducible multiplets (8; 8; 0). This doubling is necessary for getting the correct Wess-
Zumino type term for bosonic components. The θ-expansion of ZaI exhibits component fields as

ZaIðt; θ; θ̄Þ ¼ zaI − 2θJχ
aIJ −

ffiffiffi
2

p
θ̄Iχa þ ðterms with higher θ powersÞ;

ðzaIÞ ¼ z̄aI ; ðχaÞ ¼ χ̄a; χaIJ ¼ −χaJI ðχaIJÞ ¼ 1

2
εIJKLχ

aKL ¼ χaIJ: ð3:2Þ

The components transform as

δzaI ¼ 2ϵJχ
aIJ þ

ffiffiffi
2

p
ϵ̄Iχa; δz̄aI ¼ −2ϵ̄JχaIJ −

ffiffiffi
2

p
ϵI χ̄

a;

δχa ¼ −
ffiffiffi
2

p
iϵI żaI; δχ̄a ¼

ffiffiffi
2

p
iϵ̄I ˙̄zaI ; δχaIJ ¼ 2iϵ̄½I żaJ� − iεIJKLϵK ˙̄zaL: ð3:3Þ

Next, we consider a deformed superfield XðκÞ that contains in its definition ZaI as an invariant subset.
The deformed superfield XðκÞ is defined by the constraints

DID̄JXðκÞ −
δIJ
4
DKD̄KXðκÞ ¼ iκεab

�
ZaIZ̄b

J −
δIJ
4
ZaKZ̄b

K

�
;

DIDJXðκÞ −
1

2
εIJKLD̄KD̄LXðκÞ ¼ iκεab

�
Za½IZbJ� −

1

2
εIJKLZ̄a

KZ̄
b
L

�
; ð3:4Þ

3This version of (8; 8; 0) was denoted in [14] as version 2.
4The same type of indices was exploited for the semi-dynamical multiplets in [8]. The accompanying SOð2Þ antisymmetric tensor

satisfies

εab ¼ −εba; ε12 ¼ −ε21 ¼ 1; ðεabÞ ¼ εab; εabεcd ¼ εacεbd − εadεbc:
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where κ is a deformation parameter. It amounts to a reducible but indecomposable representation of supersymmetry, and has
an invariant subset formed by ZaI. The latter appear in the expansion of XðκÞ,

XðκÞðt; θ; θ̄Þ ¼ Xðt; θ; θ̄Þ − i
4
κεab

�
θIθJ −

1

2
εIJKLθ̄

K θ̄L
��

zaIzbJ −
1

2
εIJKLz̄aKz̄

b
L

�

− iκεabθ̄JθI

�
zaIz̄bJ −

δIJ
4
zaKz̄bK

�
þ κðterms with higher θ powersÞ; ð3:5Þ

and imply the following deformed transformations for the (1; 8; 7) field set:

δx ¼ ϵ̄Iψ̄ I − ϵIψ
I;

δψ I ¼ iϵJAIJ þ ϵ̄Iðiẋþ CÞ − iκεabϵ̄J
�
zaIz̄bJ −

δIJ
4
zaKz̄bK

�
þ i
2
κεabϵJ

�
zaIzbJ −

1

2
εIJKLz̄aKz̄

b
L

�
;

δψ̄ I ¼ −iϵ̄JAIJ − ϵIðiẋ − CÞ − iκεabϵJ

�
zaJz̄bI −

δJI
4
zaKz̄bK

�
þ i
2
κεabϵ̄J

�
1

2
εIJKLzaKzbL − z̄aI z̄

b
J

�
;

δC ¼ −i
�
ϵ̄I ˙̄ψ I þ ϵIψ̇

I
�þ 3

ffiffiffi
2

p

4
iκεab

�
ϵ̄Iχaz̄bI þ ϵI χ̄

azbI
�þ i

2
κεab

�
ϵIχ

aIJz̄bJ þ ϵ̄IχaIJz
bJ
�
;

δAIJ ¼ 4ϵ̄½Iψ̇J� − 2εIJKLϵK ˙̄ψL − 2
ffiffiffi
2

p
κεabϵ̄½I χ̄azbJ� þ

ffiffiffi
2

p
κεIJKLεabϵKχ

az̄bL

−
ffiffiffi
2

p
κεabϵ̄½IχazbJ� þ

ffiffiffi
2

p

2
κεIJKLεabϵK χ̄

az̄bL − κεIJKLεabϵ̄MχaKMz̄
b
L þ 2κεabϵ̄KχaIJz̄bK

þ κεabϵKχ
aIKzbJ − κεabϵKχ

aJKzbI − 2κεabϵKχ
aIJzbK: ð3:6Þ

These transformations should be complemented by (3.3). The limit κ ¼ 0 leads to X satisfying (2.6), and the multiplet
becomes fully reducible.
Now, our purpose is to construct invariant Lagrangians corresponding to this multiplet. We deform the component

Lagrangians (2.20) and require them to be invariant under the transformations (3.3) and (3.6). This “brute force”
construction uniquely implies the deformations of both Lagrangians. It turns out that the LagrangianL2

ð1;8;7Þ has no invariant
deformation. At the same time, the invariant deformation of L1

ð1;8;7Þ exists and is written as

Lindec: I ¼
ẋ2

2
þ i
2

�
ψ I ˙̄ψ I − ψ̇ Iψ̄ I

�þ C2

2
þ AIJAIJ

8
þ κ

8
εab

�
zaIzbJAIJ þ z̄aI z̄

b
JA

IJ
�
−
i
4
κεabCzaIz̄bI

þ iκεab
	�

1ffiffiffi
2

p χ̄azbI þ χaIJz̄bJ

�
ψ̄ I − ψ I

�
1ffiffiffi
2

p χaz̄bI þ χaIJz
bJ

�

þ iκεabx

�
χaχ̄b þ 1

2
χaIJχbIJ

�

þ κ

2
εabx

�
żaI z̄bI − zaI ˙̄zbI

�þ 3κ2

32
εabεcd

�
2zaIz̄bJz

cJz̄dI − zaIz̄bI z
cJz̄dJ

�
: ð3:7Þ

It precisely coincides with the Lagrangian constructed in terms of N ¼ 4 superfields in Ref. [8] [Eq. (4.29) there]. One
observes that the bosonic fields zaI have only the first-order time derivatives, i.e. the pair of multiplets (8; 8; 0) are
semidynamical.

A. Passing on shell

We eliminate the auxiliary fields by their equations of motion:

C ¼ i
4
κεabzaIz̄bI ; AIJ ¼ −

κ

2
εab

�
zaIzbJ þ 1

2
εIJKLz̄aKz̄

a
L

�
;

χaIJ ¼ −
1

x

�
ψ̄ ½I z̄aJ� þ

1

2
εIJKLψ

KzaL
�
; χa ¼ −

1ffiffiffi
2

p
x
ψ̄ IzaI; χ̄a ¼ −

1ffiffiffi
2

p
x
ψ I z̄aI : ð3:8Þ

Redefining the semidynamical fields as
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zaI ¼ 1ffiffiffi
x

p yaI; z̄aI ¼
1ffiffiffi
x

p ȳaI ; ð3:9Þ

we obtain the following on-shell Lagrangian:

Lon−shell ¼
ẋ2

2
þ i
2
ðψ I ˙̄ψ I − ψ̇ Iψ̄ IÞ þ

κ

2
εabðẏaIȳbI − yaI ˙̄ybI Þ

þ i
4x2

κεab
�
εIJKLyaIybJψKψL þ εIJKLȳaI ȳ

b
Jψ̄Kψ̄L

�þ i
2x2

κεab
�
2yaIȳbJψ

Jψ̄ I − yaIȳbIψ
Jψ̄J

�

þ κ2

8x2
εabεcd

�
yaIȳbJy

cJȳdI − yaIybJȳcI ȳ
d
J

�
: ð3:10Þ

The relevant on-shell transformations are

δx ¼ ϵ̄Iψ̄ I − ϵIψ
I;

δψ I ¼ iϵ̄Iẋ − iκεab
	
ϵ̄J
�
yaIȳbJ −

δIJ
2
yaKȳbK

�
þ 1

2
εIJKLϵJȳaKȳ

b
L



1

x
;

δψ̄ I ¼ −iϵIẋ − iκεab
	
ϵJ

�
yaJȳbI −

δJI
2
yaKȳbK

�
−
1

2
εIJKLϵ̄

JyaKybL


1

x
;

δyaI ¼
	
1

2

�
ϵ̄Kψ̄K þ ϵKψ

K
�
yaI − ϵJψ

IyaJ − ϵ̄Iψ̄JyaJ − εIJKLϵJψ̄KȳaL



1

x
;

δȳaI ¼ −
	
1

2

�
ϵ̄Kψ̄K þ ϵKψ

K
�
ȳaI − ϵ̄Jψ̄ I ȳaJ − ϵIψ

JȳaJ − εIJKLϵ̄
JψKyaL



1

x
: ð3:11Þ

Defining new quantities in the adjoint SOð8Þ representation,

RI
J ¼ iκεab

�
yaIȳbJ −

δIJ
2
yaKȳbK

�
; RIJ ¼ −iκεabȳaI ȳbJ; R̄IJ ¼ iκεabyaIybJ; ð3:12Þ

we can rewrite the on-shell transformations as

δx ¼ ϵ̄Iψ̄ I − ϵIψ
I;

δψ I ¼ iϵ̄I ẋþ 1

x

�
1

2
εIJKLϵJRKL − ϵ̄JRI

J

�
;

δψ̄ I ¼ −iϵI ẋþ
1

x

�
1

2
εIJKLϵ̄

JR̄KL − ϵJRJ
I

�
;

δRI
J ¼

1

x

�
ϵJψ

KRI
K − ϵKψ

IRK
J þ ϵ̄Kψ̄JRI

K − ϵ̄Iψ̄KRK
J

�

þ 1

x
ϵKψ̄L

�
εIKLMRMJ þ

δIJ
2
εKLMNRMN

�
þ 1

x
ϵ̄KψL

�
εJKLMR̄IM −

δIJ
2
εKLMNR̄MN

�
;

δRIJ ¼ −
2

x

	
1

2

�
ϵ̄Kψ̄K þ ϵKψ

K
�
RIJ þ ϵ̄Kψ̄ ½IRJ�K þ ϵ½IψKRJ�K − εKLM½I ϵ̄KψLRM

J�



;

δR̄IJ ¼ 2

x

	
1

2

�
ϵ̄Kψ̄K þ ϵKψ

K
�
R̄IJ þ ϵKψ

½IR̄J�K þ ϵ̄½Iψ̄KR̄J�K − εKLM½IϵKψ̄LR
J�
M



: ð3:13Þ

Imposing the standard Hamiltonian constraints as

p ¼ ẋ; pyaI −
κ

2
εabȳbI ≈ 0; pȳaI

−
κ

2
εabybI ≈ 0; pψ I −

i
2
ψ̄ I ≈ 0; pψ̄ I

−
i
2
ψ I ≈ 0; ð3:14Þ
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we introduce the Poisson and Dirac brackets:

fx; pgPB ¼ 1; fyaI; ȳbJgDB ¼ 1

κ
εabδIJ; fψ I; ψ̄JgDB ¼ −iδIJ: ð3:15Þ

Performing the canonical quantization, we find that the generators (3.12) form the algebra soð8Þ:

½RI
J; R

K
L � ¼ δKJ R

I
L − δILR

K
J ; ½R̄IJ; RKL� ¼ δIKR

J
L þ δJLR

I
K − δILR

J
K − δJKR

I
L;

½RI
J; R̄

KL� ¼ δKJ R̄
IL − δLJ R̄

IK; ½RI
J; RKL� ¼ δILRJK − δIKRJL: ð3:16Þ

The quantum Hamiltonian reads

H ¼ p2

2
−

1

x2

	
RI
Jψ

Jψ̄ I þ
1

4

�
εIJKLψ

IψJR̄KL − εIJKLψ̄ Iψ̄JRKL

�

þ 1

16x2

�
2RI

JR
J
I þ RIJR̄IJ þ R̄IJRIJ

�
: ð3:17Þ

As was shown in [9], this SOð8Þ symmetry is enlarged to the superconformal symmetry OSpð8j2Þ. It is worth pointing out
that the presence of the superconformal symmetry OSpð8j2Þ, as well as of the R-symmetry SOð8Þ, is a specific feature of the
on-shell model (see also discussion in Sec. II C 1).

B. N = 4 superfield construction

Here, we reformulate the modified constraints (3.4) in terms ofN ¼ 4 superfields and reproduce theN ¼ 4 construction
of the Lagrangian (3.7).
By analogy with the covariant derivatives (2.21), we redefine the complex superfield ZaI as

Ba11 ≔ Za1; Ba22 ≔ Z̄a
1; Ba12 ≔ Za2; Ba21 ≔ −Z̄a

2; ðBaiαÞ ¼ Ba
iα;

Za11 ≔ Za3; Za22 ≔ Z̄a
3; Za12 ≔ Za4; Za21 ≔ −Z̄a

4; ðZaiAÞ ¼ Za
iA: ð3:18Þ

The new superfields satisfy the constraints

Dðα
i B

aβÞ
j ¼ 0; ∇ði

AB
ajÞ
α ¼ 0; ∇ðA

i ZaBÞ
j ¼ 0; Dði

αZ
ajÞ
A ¼ 0;

Di
αBajα ¼ −∇i

AZ
ajA; Dα

iZ
aiA ¼ ∇A

i B
aiα: ð3:19Þ

The constraints (3.4) are then equivalently rewritten as

DiðαDβÞ
i XðκÞ ¼ iκεabBaiðαBbβÞ

i ; Dði
α∇jÞ

A XðκÞ ¼ iκεabBaði
α ZbjÞ

A ; ∇iðA∇BÞ
i XðκÞ ¼ iκεabZaiðAZbBÞ

i ;�
Dði

αDjÞα þ∇ði
A∇jÞA

�
XðκÞ ¼ iκεab

�
Baði

α BbjÞα þ Zaði
A ZbjÞA

�
: ð3:20Þ

Defining N ¼ 4 superfields as

X ðκÞ ≔ XðκÞjθ̂¼0; ΨiA
ðκÞ ≔ ∇iAXðκÞjθ̂¼0; Baiα ≔ Baiαjθ̂¼0; ZaiA ≔ ZaiAjθ̂¼0; ð3:21Þ

we obtain the following N ¼ 4 constraints:

DiðαDβÞ
i X ðκÞ ¼ iκεabBaiðαBbβÞ

i ; Dði
αΨjÞA

ðκÞ ¼ iκεabBaði
α ZbjÞA; Dðα

i B
aβÞ
j ¼ 0; Dði

αZajÞA ¼ 0: ð3:22Þ

The implicit supersymmetry is realized on the N ¼ 4 superfields (3.21) by the ηiA transformations:

δηX ðκÞ ¼ ηiAΨiA
ðκÞ; δηΨiA

ðκÞ ¼
1

2
ηAjD

i
αDjαX ðκÞ þ

i
2
κεab

�
ηiBZ

ajAZbB
j − ηAjZ

ai
BZ

bjB − ηAj B
ai
α Bbjα

�
;

δηBaiα ¼ −
1

2
ηiADjαZa

jA; δηZaiA ¼ 1

2
ηAjD

i
αBajα: ð3:23Þ
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The superfields X ðκÞ and ΨiA
ðκÞ have a mutual invariant subset Baiα. Note that the harmonization of ΨiA

ðκÞ leads to some

nonanalytic superfield ΨþA
ðκÞ , and so for the time being we were not able to construct deformations of the analytic

superpotentials in (2.26) and (2.27).
The N ¼ 8 invariant action of the indecomposable multiplet was constructed in terms of N ¼ 4 harmonic superfields

in [8] by introducing a fermionic superfield Wa that satisfies the constraints

DiαWa ¼ Baiα; DiðαDβÞ
i W

a ¼ 0; ðWaÞ ¼ −Wa: ð3:24Þ

Making use of this superfield we redefine the superfields X ðκÞ and ΨiA
ðκÞ as

X ðκÞ ¼ X −
i
2
κεabWaWb; ΨiA

ðκÞ ¼ ΨiA þ iκεabWaZbiA; ð3:25Þ

and obtain that

DiðαDβÞ
i X ¼ 0; Dði

αΨjÞA ¼ 0; δηX ¼ ηiAΨiA; δηΨiA ¼ 1

2
ηAjD

i
αDjαX ;

DiðαDβÞ
i W

a ¼ 0; δηWa ¼ ηiAZaiA; Dði
αZajÞA ¼ 0; δηZaiA ¼ 1

2
ηAjD

i
αDjαWa: ð3:26Þ

Hence, the N ¼ 8 multiplet (3.22) decomposes into the sum of irreducible multiplets ðX ;ΨiAÞ and ðWa;ZaiAÞ, while the
dependence on κ disappears from constraints but reappears once again in the invariant actions.
The N ¼ 8 invariant action of the indecomposable multiplet was constructed in [8] as a deformation of (2.26):

Sindec: I ¼ −
1

2

Z
dζðHÞ

�
X −

i
2
κεabWaWb

�
2

þ 1

2

Z
dζ−−ðAÞ

�
ΨþAΨþ

A þ 2iκεabWa
ðAÞZ

bþAΨþ
A þ iκεabZaþAZbþ

A X ðAÞ
�
:

ð3:27Þ

The superfields ΨþA and ZaþA are analytic, while the superfields X and Wa can be represented by their analytic
prepotentials (2.29) and

WaðζÞ ¼
Z

duWa
ðAÞðζðAÞÞ; δWa

ðAÞ ¼ DþþΩa−−ðζðAÞÞ: ð3:28Þ

The relevant component Lagrangian (3.7) was obtained by performing the oxidation procedure [16] that restores the
indecomposable multiplet at the component level. The action (2.27) has no similar deformation, since we cannot
simultaneously preserve invariance under the implicit symmetry (3.26) and gauge transformations of the prepotentials
(2.29) and (3.28).

1. Remark

We can introduce a chiral fermionic superfields Πa that satisfies

ZaI ¼ 1ffiffiffi
2

p DIΠa; Z̄a
I ¼ −

1ffiffiffi
2

p D̄IΠ̄a; ðΠaÞ ¼ Π̄a;

DIΠ̄a ¼ 0; D̄JΠa ¼ 0; DIDJΠa þ 1

2
εIJKLD̄KD̄LΠ̄a ¼ 0: ð3:29Þ

We can then redefine the scalar superfield XðκÞ as

XðκÞ ¼ X −
i
4
κεabðΠa − Π̄aÞðΠb − Π̄bÞ; ð3:30Þ

where X satisfies (2.6). So, the superfield XðκÞ satisfying the constraints (3.4) decomposes into the sum of X andΠa. We can
write the N ¼ 8 counterpart of (3.24) by defining a new superfield Wa as
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Wa ≔
1ffiffiffi
2

p ðΠa − Π̄aÞ; Wa ¼ Wajθ̂¼0: ð3:31Þ

Recalling Sec. II A 1, we can oxidize the multiplet (1; 8; 7) to (2; 8; 6) as

X ¼ 1ffiffiffi
2

p ðΦþ Φ̄Þ: ð3:32Þ

Unfortunately, we cannot split XðκÞ into a sum of chiral and antichiral superfields, which makes it impossible to construct the
appropriate deformation of the superfield Lagrangian (2.14).

IV. INDECOMPOSABLE MULTIPLET: VERSION II

Now we consider the second version of an indecomposable multiplet associated with another formulation of the multiplet
(8; 8; 0) [14]. This multiplet (8; 8; 0) is described by a chiral superfield Za and an antisymmetric tensor superfield VaIJ. They
satisfy the constraints

DIZ̄a ¼ 0; D̄JZa ¼ 0; DIDJZa −
1

2
εIJKLD̄KD̄LZ̄a ¼ 0; ðZaÞ ¼ Z̄a;

DðIVaJÞK ¼ 0; D̄ðIVa
JÞK ¼ 0; VaIJ ¼ −VaJI; ðVaIJÞ ¼ Va

IJ ¼
1

2
εIJKLVaKL;

ffiffiffi
2

p
DJVa

IJ ¼ 3D̄IZ̄a;
ffiffiffi
2

p
D̄JVaIJ ¼ 3DIZa: ð4:1Þ

The index a plays the same role as in Sec. III. The θ-expansions of both superfields exhibit component fields as

ZaðtL; θÞ ¼ za þ
ffiffiffi
2

p
θIχ

aI þ
ffiffiffi
2

p
iθIθJv̇aIJ þ ðterms with higher θ powersÞ;

VaIJðt; θ; θ̄Þ ¼ vaIJ − εIJKLθK χ̄
a
L þ 2θ̄½IχaJ� −

ffiffiffi
2

p
i

2
εIJKLθKθL ˙̄za −

ffiffiffi
2

p
iθ̄I θ̄Jża

þ 2iθ̄½IθKv̇aJ�K − iεIJKLθ̄MθKv̇aLM þ ðterms with higher θ powersÞ;

vaIJ ¼ −vaJI; ðvaIJÞ ¼ vaIJ ¼
1

2
εIJKLvaKL; ðzaÞ ¼ z̄a; ðχaIÞ ¼ χ̄aI : ð4:2Þ

These components transform according to the rules

δvaIJ ¼ εIJKLϵK χ̄
a
L − 2ϵ̄½IχaJ�; δza ¼ −

ffiffiffi
2

p
ϵIχ

aI; δz̄a ¼
ffiffiffi
2

p
ϵ̄I χ̄aI ;

δχaI ¼
ffiffiffi
2

p
iϵ̄I ża − 2iϵJv̇aIJ; δχ̄aI ¼ −

ffiffiffi
2

p
iϵI ˙̄za þ 2iϵ̄Jv̇aIJ: ð4:3Þ

By analogy with (3.4), we define the deformed constraints,

DID̄JXðκÞ −
δIJ
4
DKD̄KXðκÞ ¼ iκεabVa

JKV
bIK;

DIDJXðκÞ −
1

2
εIJKLD̄KD̄LXðκÞ ¼

ffiffiffi
2

p
iκεabðZa − Z̄aÞVbIJ: ð4:4Þ

The superfields Za and VbIJ form invariant subsets of the indecomposable set ðXðκÞ; Z; VÞ. The solution of (4.4) can be
expanded as

XðκÞðt; θ; θ̄Þ ¼ Xðt; θ; θ̄Þ − iκεabθ̄JθIvaJKv
bIK −

ffiffiffi
2

p

4
iκεab

�
θIθJ −

1

2
εIJKLθ̄

K θ̄L
�
ðza − z̄aÞvbIJ

þ κðterms with higher θ powersÞ: ð4:5Þ

The full set of N ¼ 8 supersymmetry transformation properties of the component fields is given by (4.3) and by the
following transformations:
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δx ¼ ϵ̄Iψ̄ I − ϵIψ
I;

δψ I ¼ iϵJAIJ þ ϵ̄Iðiẋþ CÞ − iκεabϵ̄JvaJKv
bIK þ

ffiffiffi
2

p

2
iκεabϵJðza − z̄aÞvbIJ;

δψ̄ I ¼ −iϵ̄JAIJ − ϵIðiẋ − CÞ − iκεabϵJvaIKv
bJK þ

ffiffiffi
2

p

2
iκεabϵ̄Jðza − z̄aÞvbIJ;

δC ¼ −i
�
ϵ̄I ˙̄ψ I þ ϵIψ̇

I
�þ iκεab

�
ϵ̄IχaJvbIJ þ ϵI χ̄

a
Jv

bIJ
�
;

δAIJ ¼ 4ϵ̄½Iψ̇J� − 2εIJKLϵK ˙̄ψL þ 2κεIJKLεabϵ̄M χ̄aKv
b
LM − 4κϵKχ

a½IvbJ�K − κεab
�
ϵKχ

aK − ϵ̄K χ̄aK
�
vbIJ

−
ffiffiffi
2

p
κεabϵ̄½IχaJ�ðzb − z̄bÞ −

ffiffiffi
2

p

2
κεabεIJKLϵK χ̄

a
Lðzb − z̄bÞ: ð4:6Þ

Applying the same method as for the previous indecomposable multiplet, we can construct the component Lagrangian:

Lindec: II ¼
ẋ2

2
þ i
2
ðψ I ˙̄ψ I − ψ̇ Iψ̄ IÞ þ

C2

2
þ AIJAIJ

8
þ

ffiffiffi
2

p

8
κεabAIJðza þ z̄aÞvbIJ þ

i
2
κεabCzaz̄b

þ iκεab
	 ffiffiffi

2
p

2

�
ψ I χ̄aI z

b þ ψ̄ Iχ
aIz̄b

�
− ψ IχaJvbIJ − ψ̄ I χ̄

a
Jv

bIJ − xχaI χ̄bI



þ κ

2
εabx

�
vaIJv̇

bIJ þ za ˙̄zb − żaz̄b
�

þ κ2

16
εabεcdðza − z̄aÞvbIJðzc − z̄cÞvdIJ þ

κ2

8
εabεcdvaJKv

bIKvcILv
dJL: ð4:7Þ

This off-shell Lagrangian is not equivalent to (3.7). Below we demonstrate the equivalence of these Lagrangians after
elimination of auxiliary fields, i.e. on shell.

A. Passing on shell

We eliminate the auxiliary fields by their equations of motion:

C ¼ −
i
2
κεabzaz̄b; AIJ ¼ −

ffiffiffi
2

p

2
κεabðza þ z̄aÞvbIJ;

χaI ¼ −
1

x

�
ψ̄JvaIJ þ

ffiffiffi
2

p

2
ψ Iza

�
; χ̄aI ¼ −

1

x

�
ψJvaIJ þ

ffiffiffi
2

p

2
ψ̄ I z̄a

�
; ð4:8Þ

and redefine the semidynamical fields as

za ¼ 1ffiffiffi
x

p ya; z̄a ¼ 1ffiffiffi
x

p ȳa; vaIJ ¼ 1ffiffiffi
x

p uaIJ: ð4:9Þ

The on-shell Lagrangian reads

Lon−shell ¼
ẋ2

2
þ i
2
ðψ I ˙̄ψ I − ψ̇ Iψ̄ IÞ þ

κ

2
εab

�
uaIJu̇

bIJ þ ya ˙̄yb − ẏaȳb
�þ

ffiffiffi
2

p
i

2x2
κ
�
yaubIJψ

IψJ þ ȳaubIJψ̄ Iψ̄J

�

þ i
x2

κ

�
uaJKu

bIKψJψ̄ I þ
1

2
yaȳbψ Iψ̄ I

�
−

κ2

8x2
εabεcd

�
2yaubIJȳcudIJ − uaJKu

bIKucILu
dJL − yaȳbycȳd

�
: ð4:10Þ

The on-shell transformations are
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δx ¼ ϵ̄Iψ̄ I − ϵIψ
I;

δψ I ¼ iϵ̄I ẋ − iκεab
	
ϵ̄J
�
uaJKu

bIK þ δIJ
2
yaȳb

�
þ

ffiffiffi
2

p
ϵJȳaubIJ



1

x
;

δψ̄ I ¼ −iϵI ẋ − iκεab
	
ϵJ

�
uaIKu

bJK þ δJI
2
yaȳb

�
−

ffiffiffi
2

p
ϵ̄JyaubIJ



1

x
;

δuaIJ ¼
	
1

2

�
ϵ̄Kψ̄K þ ϵKψ

K
�
uaIJ þ 2ϵKψ

½IuaJ�K þ 2ϵ̄½Iψ̄KuaJ�K þ
ffiffiffi
2

p
ϵ̄½IψJ�ya −

ffiffiffi
2

p

2
εIJKLϵKψ̄Lȳa



1

x
;

δya ¼
	
1

2

�
ϵ̄Iψ̄ I þ ϵIψ

I
�
ya þ

ffiffiffi
2

p
ϵIψ̄JuaIJ



1

x
; δȳa ¼ −

	
1

2

�
ϵ̄Iψ̄ I þ ϵIψ

I
�
ȳa þ

ffiffiffi
2

p
ϵ̄IψJuaIJ



1

x
: ð4:11Þ

The Poisson and Dirac brackets are defined as follows:

fx; pgPB ¼ 1; fuaIJ; ubKLgDB ¼ −
1

κ
εabδI½Kδ

J
L�; fya; ȳbgDB ¼ −

1

κ
εab; fψ I; ψ̄JgDB ¼ −iδIJ: ð4:12Þ

Performing the canonical quantization, we define generators satisfying the algebra relations (3.16) as

RI
J ¼ iκεab

�
uaJKu

bIK þ δIJ
2
yaȳb

�
; RIJ ¼ −

ffiffiffi
2

p
iκεabȳaubIJ; R̄IJ ¼

ffiffiffi
2

p
iκεabyaubIJ: ð4:13Þ

Finally, we obtain the same Hamiltonian (3.17).
One observes that the on-shell transformations (4.11) are written via the quantities (4.13) in the same form (3.13). This

means that the on-shell Lagrangians (3.10) and (4.10) can be uniquely written in terms of the adjoint representation
“currents” RI

J, RIJ, and R̄IJ. We guess an ansatz invariant under (3.13) (up to total time derivatives):

Lon−shell ¼
ẋ2

2
þ i
2
ðψ I ˙̄ψ I − ψ̇ Iψ̄ IÞ − ṘI

JA
J
I ðRÞ − ˙̄RIJĀIJðRÞ − ṘIJAIJðRÞ

þ 1

x2

	
RI
Jψ

Jψ̄ I þ
1

4

�
εIJKLψ

IψJR̄KL − εIJKLψ̄ Iψ̄JRKL

�

−

1

8x2
�
RI
JR

J
I þ RIJR̄IJ

�
; ð4:14Þ

where AJ
I , ĀIJ, and AIJ are some functions in the adjoint representation. Calculating the explicit expressions for these

functions is a technically complicated problem which will be tackled elsewhere.

B. N = 4 superfields

In accordance with the notations of Sec. II B, we make the redefinitions:

Qa11 ≔ Va14; Qa22 ≔ Va23; Qa12 ≔ Va24; Qa21 ≔ Va13;

Va11 ≔ Va12; Va22 ≔ Va34; Va12 ≔
1

2
ffiffiffi
2

p ðZa − Z̄aÞ; Va ≔
1ffiffiffi
2

p ðZa þ Z̄aÞ;

ðQaAαÞ ¼ Qa
Aα; Vaij ¼ Vaji; ðVaijÞ ¼ Va

ij; ðVaÞ ¼ Va: ð4:15Þ

Then, the constraints (4.1) are rewritten as

Dðα
i Q

aβÞ
A ¼ 0; ∇ðA

i QaBÞ
α ¼ 0;

Dði
αVajkÞ ¼ 0; DiðαDβÞ

i V
a ¼ 0; DjαVaij ¼ −

3

2
Di

αVa ¼ 3

4
∇i

AQ
aA
α ;

∇ði
AV

ajkÞ ¼ 0; ∇iðA∇BÞ
i Va ¼ 0; ∇jAVaij ¼ 3

2
∇i

AV
a ¼ −

3

4
Di

αQaα
A ; ð4:16Þ

and the superfield XðκÞ satisfies now the constraints
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DiðαDβÞ
i XðκÞ ¼ −2iκεabQaAðαQbβÞ

A ; ∇iðA∇BÞ
i XðκÞ ¼ −2iκεabQaðAαQbBÞ

α ;�
Dði

αDjÞα þ∇ði
A∇jÞA

�
XðκÞ ¼ −4iκεabVaði

k VbjÞk; Dði
α∇jÞ

A XðκÞ ¼ −2iκεabQa
AαV

bij: ð4:17Þ

We pass to N ¼ 4 superfields,

X ðκÞ ≔ XðκÞjθ̂¼0; ΨiA
ðκÞ ≔ ∇iAXðκÞjθ̂¼0;

QaAα ≔ QaAαjθ̂¼0; Vaij ≔ Vaijjθ̂¼0; Va ≔ Vajθ̂¼0; ð4:18Þ

and find the N ¼ 4 form of the constraints

DiðαDβÞ
i X ðκÞ ¼ −2iκεabQaAðαQbβÞ

A ; Dði
αΨjÞA

ðκÞ ¼ −2iκεabQaA
α Vbij;

Dðα
i Q

aβÞ
A ¼ 0; Dði

αVajkÞ ¼ 0; DiðαDβÞ
i V

a ¼ 0; DjαVaij ¼ −
3

2
Di

αVa: ð4:19Þ

The implicit N ¼ 4 supersymmetry transformations look like

δηX ðκÞ ¼ ηiAΨiA
ðκÞ; δηΨiA

ðκÞ ¼
1

2
ηAjD

i
αDjαX ðκÞ − iκεab

�
ηiBQ

aAαQbB
α þ 2ηAj V

aikVbj
k

�
;

δηQaAα ¼ −
2

3
ηiADjαVa

ij; δηVaij ¼ 1

2
ηðiAD

jÞ
α QaAα; δηVa ¼ −

1

2
ηiADi

αQaAα: ð4:20Þ

Recalling the action (3.27), we suspect that there should
exist N ¼ 4 superfield construction of the component
action (4.7).

V. CONCLUSIONS

In this paper we have defined new indecomposable
multiplets of N ¼ 8 mechanics by deforming the con-
straints (2.6) of the multiplet (1; 8; 7). There are two
nonlinear deformations (3.4) and (4.4) related to different
versions of the multiplet (8; 8; 0).5 In both cases we have
constructed the invariant off-shell Lagrangians (3.7) and
(4.7), and shown that the Lagrangian (3.7) exactly coin-
cides with the one constructed in [8]. We have shown that
the relevant on-shell models are equivalently described by
the Lagrangians (3.13) and (4.14), where the spin variables
enter through the functions in the adjoint representation
of SOð8Þ.
Among the problems for the future study we mention the

manifestly N ¼ 4 supersymmetric superfield construction
of various off-shell component actions presented in this
paper (perhaps, using the appropriate harmonic formalism)
and the proof of possible duality between the two models at
the full superfield level. It would be also interesting to
consider N ¼ 4 analog of the N ¼ 8 indecomposable
multiplets as a nonlinear deformation of N ¼ 4 multiplet
(1; 4; 3) by two spin N ¼ 4 multiplets (4; 4; 0).

The original work [1] was formulated in terms of matrix
superfields and aimed to derive N ¼ 4 supersymmetric
spin Calogero models by gauging [18,22]. An intriguing
question is whether we can generalize the constraints (3.4)
and (4.4) to matrix superfields and derive from themN ¼ 8
supersymmetric spin Calogero models.
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APPENDIX A: BASICS OF N = 4, d = 1
HARMONIC SUPERSPACE

The N ¼ 4, d ¼ 1 superspace ζ ¼ ft; θiαg is defined by
standard transformation properties:

δθiα ¼ ϵiα; δt ¼ −iϵiαθiα;

ðθiαÞ ¼ −θiα; ðϵiαÞ ¼ −ϵiα: ðA1Þ

We extend it by the harmonic variables u�i :

uþiu−j − u−iuþj ¼ δij: ðA2Þ

Defining the new coordinates as
5These deformations are the first known examples of the

nonlinear N ¼ 8, d ¼ 1 superfield constraints.
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tðAÞ ¼ t − iθðiα θjÞαuþi u
−
j ; θ�α ¼ θiαu�i ; ðA3Þ

we obtain the harmonic superspace ζðHÞ ¼ ftðAÞ; θ�α; u�i g.
It has an analytic harmonic subspace ζðAÞ ¼ ftðAÞ;θþα; u�i g,
which is closed under the supersymmetry transformations:

δθþα ¼ ϵþα; δtðAÞ ¼ 2iϵ−αθþα ;

δu�i ¼ 0; ϵ�α ≔ ϵiαu�i : ðA4Þ

The covariant derivatives are

Dþα ¼ ∂

∂θ−α
; D−α ¼ −

∂

∂θþα
þ 2iθ−α

∂

∂tðAÞ
;

Dþþ ¼ uþi
∂

∂u−i
þ iθþαθþα

∂

∂tðAÞ
þ θþα

∂

∂θ−α
;

D−− ¼ u−i
∂

∂uþi
þ iθ−αθ−α

∂

∂tðAÞ
þ θ−α

∂

∂θþα
;

D0 ¼ uþi
∂

∂uþi
− u−i

∂

∂u−i
þ θþα

∂

∂θþα
− θ−α

∂

∂θ−α
: ðA5Þ

The integration measures dζðHÞ and dζ−−ðAÞ over the full and
analytic N ¼ 4 harmonic superspaces are defined as

dζðHÞ ¼
1

4
du dtðAÞD−

αD−αDþ
β D

þβ;

dζ−−ðAÞ ¼
1

2
du dtðAÞD−

αD−α: ðA6Þ

Unconstrained harmonic superfields have an infinite
number of components in their harmonic expansion.
In order to gain the finite number of fields one needs to
impose harmonic constraint Dþþq ¼ 0 together with the
Grassmann-analyticity condition:

DþαqðζðAÞÞ ¼ 0: ðA7Þ

More details can be found in Ref. [17].

APPENDIX B: OCTONIONIC STRUCTURE
CONSTANTS

The third-rank antisymmetric tensor cabc is also referred
to as the octonionic tensor (or the octonionic structure
constants) [13,19,23,24]. It has the following nonzero
components:

c123 ¼ c147 ¼ c165 ¼ c246 ¼ c257 ¼ c354 ¼ c367 ¼ 1: ðB1Þ

The fourth-rank tensor cabcd is defined as

cabcd ¼ 1

6
εabcdefgcefg; εabcdefgcdefg ¼ 24cabc;

ε1234567 ¼ 1; c4567 ¼ c2356 ¼ c2437 ¼ c1357 ¼ c1346 ¼ c1276 ¼ c1245 ¼ 1: ðB2Þ

We list a few useful identities for these tensors:

cabccdec ¼ 2δa½dδe�b − cabde; cabcdcefcd ¼ 8δa½eδf�b − 2cabef; cabccdbc ¼ 6δad;

cabcdcebcd ¼ 24δae; cabcdcefd ¼ 2ðδa½ecf�bc þ δb½ecf�ca þ δc½ecf�abÞ; cabcdcecd ¼ −4cabe: ðB3Þ
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