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We define two new indecomposable (not fully reducible) " = 8, d = 1 off-shell multiplets and consider
the corresponding models of A" = 8 supersymmetric mechanics with spin variables. Each multiplet is
described off shell by a scalar superfield which is a nonlinear deformation of the standard scalar superfield
X carrying the d = 1 multiplet (1,8, 7). Deformed systems involve, as invariant subsets, two different
off-shell versions of the irreducible multiplet (8, 8, 0). For both systems we present the manifestly " = §
supersymmetric superfield constraints, as well as the component off- and on-shell invariant actions, which
for one version exactly match those given in arXiv:2402.00539. The two models differ off shell, but prove
to be equivalent to each other on shell, with the spin variables sitting in the adjoint representation of the

maximal R-symmetry group SO(8).

DOI: 10.1103/tcwy-y4tg

I. INTRODUCTION

Supersymmetric mechanics with spin variables was
proposed in [1] as a system based on the coupled dynamical
and semidynamical (with the first-order kinetic terms for
physical bosonic d =1 fields) irreducible multiplets.
Recently, a new approach to such systems based on the
not fully reducible (indecomposable) multiplets was pro-
posed [2].1

The first example of an A/ = 8 supersymmetric model
with spin variables was presented in [8], using an off-shell
N =4 superfield formalism. Later on, the authors of
Ref. [9] demonstrated that this model on shell is invariant
under N' =38, d = 1 superconformal group OSp(8|2). In
the original paper [8], it was conjectured that the model
constructed corresponds to an indecomposable N =8
supermultiplet encompassing the dynamical (1, 8, 7) multi-
plet with a pair of semidynamical (8, 8, 0) multiplets. The
basic aim of the present paper is to prove this conjecture.
We define the relevant N' = 8 superfield set subjected to

“Contact author: eivanov@theor jinr.ru

“Contact author: sidorovstepan88 @ gmail.com

'Suchd = 1 supermultiplets are known under various names:
“nonminimal” [3,4], “tuned” [5], “long,” and “indecomposable”
[6,7]. Their characteristic feature is the presence of some subset
of fields forming an irreducible supermultiplet on their own.
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the proper manifestly A = 8 supersymmetric nonlinear
constraints and show that the off-shell field content
considered in [8] naturally comes out as a solution of
these constraints. We also introduce another indecompos-
able A/ = 8 multiplet with the same number of physical
bosonic and fermionic fields, construct the relevant off- and
on-shell actions, and find that on shell it yields the same
system as in [8].

The superfield description of the multiplet (1, 8,7) was
originally given within the SU(2) x SU(2) x SU(2)
covariant formalism in [10]. The direct superfield con-
struction of manifestly A/ = 8 invariant actions has not
been accomplished as yet. The invariant actions were
constructed in the framework of harmonic N =4, d =1
superspace [10-12]. The covariant description of the
multiplet (1,8,7) with the maximally extended R-sym-
metry SO(7) was presented in [13], at the component
level. The invariant Lagrangian was constructed there by
the “brute force” method.

The multiplet (8, 8, 0) was studied in the SO(4) x SO(4)
covariant formulation in [10]. When dealing with this
multiplet in the present paper, we rely on Ref. [14], where
N =8, d =1 superalgebra was deformed to the super-
algebra su(4|1). Here we are interested only in the
undeformed case, with the standard A = 8 Poincaré
superalgebra written in the SU(4) covariant form. As
was shown in [14], A/ = 8 multiplets with the off-shell
d = 1 field content (8, 8, 0) can exist in three nonequivalent
SU(4) covariant forms related to each other by triality
which is the specific feature of the complete R-symmetry
group SO(8) of N = 8 supersymmetry. We studied only

Published by the American Physical Society
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two of such multiplets since the third one requires a
different d =1 superspace for its off-shell description.
Here, we also ignore the third version for the same reason.
The triality property refers also to the multiplets with the
content (0,8,8). On the other hand, SU(4) covariant
formulations of the multiplets (1,8,7), (2,8,6), (6,8,2),
and (7,8, 1) are unique.

The paper is organized as follows. In Sec. I we start with
the irreducible multiplet (1, 8, 7). First, we present its SU(4)
covariant description and derive invariant off-shell compo-
nent Lagrangians through the proper reductions of the
Lagrangians of the N' = 8 multiplet (2, 8, 6). We also recall
the superfield construction in terms of harmonic N = 4
superfields accommodating the multiplets (1,4,3) and
(0,4, 4). Further, we rewrite the constraints of the multiplet
(1, 8,7) in the maximally SO(7) covariant form. In Sec. III,
we describe the first version of the indecomposable N' = 8
multiplet unifying the multiplet (1,8,7) with a pair of
(8,8,0) multiplets. We deform the constraints of the
multiplet (1,8,7) by adding complex constrained super-
fields describing these two (8, 8, 0) multiplets. We construct
the component off-shell Lagrangian and show its identity
with that of the model constructed in [8]. In Sec. IV,
we consider a different version of the indecomposable

|

501 = €y, 5@1 = él,

One can easily define left and right time coordinates:

tL =1 + iéIQI bl
The left chiral subspace transforms as
591 =€y,
The covariant derivatives are
0 -
D' = ——i0'o,,
00, %

N = 8 multiplet, in which the (1,8, 7) multiplet is coupled
to the pair of the second multiplet (8,8,0) from the list
given in [14]. In this version, the superfield constraints of
the multiplet (1,8,7) are deformed by chiral and tensor
N = 8 superfields. We construct its off-shell Lagrangian.
We also compare the on-shell Lagrangians of both inde-
composable multiplets and prove their equivalence. In
Sec. V, we summarize the results and discuss some
problems for the future analysis.

II. MULTIPLET (1,8.7)

A. SU4) covariant formulation

We deal with the NV = 8, d = 1 superalgebra written as

[H.Q'] =0,  [H Q)] =0.

(2.1)

{Ql7 Q./} = 25§H7

Here, the capital indices I, J (I = 1,2,3,4) refer to the
SU(4) fundamental representation. The corresponding
superspace consists of a time coordinate ¢ and complex

Grassmann coordinates 0,, (6;) = #'. Supersymmetry acts
on them as

5t =i(E0,+¢,0), () =¢. (2.2)
tr =t—i0'0,. (2.3)
5t = 2ie'0;. (2.4)
D, = —i, + i6,9,. (2.5)
00

This worldline realization follows from the realization of [14] in the flat-superspace limit.
An unconstrained scalar superfield X has 256 components in its 8-expansion. The number of components is reduced to 16

by imposing the following quadratic constraints®:
_ 8t _
D'D,X — ZJDKDKX =0,

The superfield X is expanded as

2 . .
The antisymmetric tensor &’/KL

1234 _ |

€ ; €134 = 1,

8IJKL eIJKL

— FsL
eryxm = 6037,

1 _
DIDJX - EgleLDKDLX =0.

E.IJKL

ey = 457, 5@

(2.6)

satisfies the following identities:

ek = 24,

[MON) SIJKLEIMNP = 66‘[’}\/[555%]
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_ _ ] 1 R _ _ . ] .
X(1,0,0) = x + O’ — 0"y, — % (‘91‘91 + §£IJKL9K9L>A” +0'0,C +i0'0, (0,4 +&ry) — %SUKLQIGJQKV_/L

) S - 1 - R . ) R
+ %&JKLQI@J@KU'/L +2[(0)* + (0)*]% — 5 (0'0,)%% = 2i[(0)* - (0)*]C + §9K9K‘9191A” + EQKHKGIHJAIJ

PP [ T T _ | I W
- 2(9)4911//1 + 2(9)49ﬂl/1 ) (9191)2 (QJV/J - 911/’!) + 6 (9191)3C ) [(‘9)4 + (‘9)4] (9191 + 581/KL9K9L>A”

i -

+5 [(0)e1x0'0%0"(0,)°y” — (0)*¢VK10,0,0k(0,)p1] + (0)*(8)*(0,)*x,
) =x. () =p;. AV =-a", (AY) = %SIJKLAKL =Ay, ©)=c, (2.7)
where
myzigm@@@@, @yziqm@@mm. (2.8)

So this superfield describes an irreducible off-shell multiplet with the content (1, 8, 7). The constraints (2.6) respect the R-
symmetry group SO(7) C SO(8), though only its SU(4) ~SO(6) subgroup is manifest. The N = 8 supersymmetry
transformations of the component fields read:
ox = &'y —epy,
51//1 = i€JA1J+E'I(ix+C), 51/_/[ = —iEJAU—el(i)'C—C),
5C = —i(&y; + epih), SAM = 4elhy ! — 2elTKLe 3y, (2.9)

1. Derivation from multiplet (2,8,6)

Here, we show how invariant actions can be derived from actions of the multiplet (2, 8, 6). This way of getting the actions
of (1,8,7) proves to be most convenient.
The irreducible multiplet (2, 8, 6) is described by a chiral superfield [15] satisfying the constraints

_ _ 1 - -
D'é=0. D@=0. D'D'O- MDD d=0. (®)=0. (2.10)

It has the following #-expansions over the chiral superspace (11, 6):

; 2 .
(1. 0) = ¢+ V20" — ée,e,A” - g ie/KLO,0,0,5, + 4(0) .

_ 1
(¢) = 9. (w') =1, (AY) = Ay = EfleLAKL- (2.11)

The component fields transform as

5 = —\2epy, 5 = V2,
(‘)‘llll = \/Elél¢ + i€JAIJ, 51/_/1 = — 2i€15§ — ié]AI_],
SAY = delly!) — 2el/KL ey, (2.12)
It can be shown that these transformations reduce to the transformations (2.9) by identifying x and C as

1 - i . -
x=—(+¢), C=—(¢—19). 2.13
7 ¢+ ) 7 (¢ — ) (2.13)
This way, we reduce the multiplet (2, 8, 6) to (1, 8, 7). The reversed procedure is known as the oxidation procedure [16]. We
can also observe this duality between two multiplets at the superfield level. Indeed, the sum ® + @ satisfies the same
constraints as the superfield X in (2.6).
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The general invariant Lagrangian of the multiplet
(2,8,6) can be written as

L _% [/ 0K (@) +/d“9/_€(<§)}

where IC(®) is an arbitrary holomorphic function. The
component Lagrangian reads

(2.14)

Lise =9, ) {‘ﬁ (;5 + % (Wl —ylwy) + %A”AIJ:|
- [¢a¢g<¢, P)— o300, ) v

2\/_ [Aryw!y?0,9(h, &) + Al T 039(, )]

—g(¢, &) [ersxrwv’ySwl0,0,9(¢. )

+ KL e 05059(. )] (2.15)

where g(¢. ¢) is a special Kihler metric defined as

9(b.4) = K"(¢) + K" (). (2.16)
To gain the Lagrangian of the multiplet (1,8,7), we
impose the requirement that the target metric g(¢, @) is
a function of the argument ¢ 4+ ¢. There are only two

solutions:

1 _
g =1 gzzﬁ(ﬁb‘i‘@- (2.17)
The corresponding Lagrangians read
. o AIJA
286 ¢¢+ (WIWI_WIWI)+T”’ (2.18)
AVA

Lrse) = 7((1) +9)|dd+5 i — i) + o
2\/— (¢ — 4’)1// - 1 (Aull/ T+ A gy).
(2.19)

Performing the redefinitions (2.13), we obtain two possible
Lagrangians of the multiplet (1, 8,7):

22 . 2 1J
! R I c- A A,J
Lisn =7 +2(l// Py =) + 5+
X'Z i ~ C2 A”A”
Loy =*|7+5 (" — ) + T+
C 1.~ 1,,.J 1J
—Sv' - (Aull/ v+ AYgp,). (2.20)

B. Formulation in terms of N =4 superfields

Here, we summarize the N =4 construction of the
actions (2.20) based on the harmonic superfield description
of the multiplets (1,4,3) and (0,4,4) [10-12].

The SU(2) x SU(2) x SU(2) formulation is given via
the derivatives D™ and V4, where the indices i, @, and
A (i, a, A = 1, 2) mark doublets of three commuting SU(2)
groups [10]. The odd coordinates #; and & are split into the
two sets of Grassmann coordinates 0@ and ™. We define
the new derivatives in terms of the original ones (2.5) as

D!l .= D!, D2 =D, D!2:= D2, D = -D,,
V! = Ds, V2.=D3, V2=-D, V=D
(2.21)

The constraints (2.6) can then be rewritten as

Diepx =0,  DIVIX =0,
viavPy = o, (foD”“ + VXVJ‘)A)X 0. (2.22)
We define N/ = 4 superfields as
X = X5y, A= VAX |5y (2.23)
These N = 4 superfields satisfy
DleD)x =0, DYWA=0, D= 0gia + 60,
(2.24)

The multiplet (1, 8,7) splits into the irreducible multiplets
(1,4, 3) and (0, 4,4) described by X and W™, respectively.
The implicit supersymmetry is realized on them through the
7™ transformations

8, X = nia P, 5,4

1,
= DiDIX. (2.25)

The Lagrangians (2.20) correspond to the following

actions:
ham == [ e = [ g 226
S(1,8,7) D) Sy ™ — D) C(A) A> (2.26)
S T ot e e 2.2
S(1,8,7) *_6 C(H) —5 C<A) AC(A)- ( . 7)

Here, both actions were constructed within the framework
of the N = 4 harmonic superspace [17] (see Appendix A).
The superfield ¥ satisfies both the Grassmann-analyticity
and harmonic constraints:
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DropA =0, DHIPHA =, (2.28)

The superfield X is represented via an analytic prepotential
X (A) as [18]

X(0) —/duXm)(C(A)),

6X (a)(E(a)) = DL (a))- (2.29)
The prepotential is analytic but otherwise unconstrained
(i.e. it exhibits an arbitrary harmonic dependence,
D X,) # 0). The multiplet (1,4, 3) arises as the appro-
priate Wess-Zumino gauge with respect to the gauge trans-
formation in (2.29).

C. Octonionic covariant formulation

The multiplet (1,8, 7) was also described at the compo-
nent level by making use of the octonionic structure
constants [13]. Here, we present the relevant superfield
constraints.

We define N/ =8, d = 1 superspace in terms of real
Grassmann coordinates 0, and 0, where the index a (a = 1,
2,3,4,5,6,7)is a vector index associated with the group
SO(7). The infinitesimal A/ = 8 transformations are real-
ized in this superspace as

50, = g, 80 = e, St = i(€,0, + €6). (2.30)
The relevant covariant derivatives are defined as
d . J
Da = aTOa — 1930,, D= % — 190, (231)

and are related to the complex derivatives (2.5) as

1

D'=—=(D; +iD,;),  D*=—=(D;—iD),

- Sl
\S)

D’ =—(Dy—iDs),  D*=—=(Dg+ iDy).

V2

The constraints (2.6) are then rewritten in the form

(2.32)

S-S

(capeDeD + DDy )X = 0, (2.33)
where c,,. are the octonionic structure constants (see
Appendix B). The octonionic covariance implies that
the constraints (2.33) are invariant under the following
SO(7)-transformations:

1 1
0D, = Aap Dy + 5 CabeatbeDa — 5 CabeAbeDs

1
0D = = capedapDe,

5 (2.34)

Aab = —Apa-

Indeed, these transformations correspond to the non-
standard embedding of the algebra so(7) in so(8) (see
Sec. 2.1.3 of [19]). In fact, the total set of N = 8 covariant
derivatives form the eight-dimensional spin representation
of the group Spin(7) [20] and one could think that they
form a vector of Spin(8), implying the latter to be the full
covariance group. Nevertheless, the constraints (2.33) are
covariant only with respect to the SO(7) internal symmetry.
The superfield X is expanded as

i
X =x+4i0y, +i0y + i00,A, + 59391, CabeAe
1 ) 1 o1 .
- E ggaebcabcl//c + 8 gagbac Cabc¥ + ggaebgccabcdl//d

1 L1 .
+ 8 Geaebeccabcx - ﬂgaebecedcabcdx

1 . 1 .
+ 8 Gaebgced CabcAd + 8 eeaebec Cabchd

+ (terms with higher 6 powers). (2.35)

Taking into account (2.32), it is straightforward to
establish the direct relation between the fermionic and
auxiliary components in the SU(4) ~SO(6) and SO(7)
formulations:

Warw =y, Ay« CAY. (2.36)

All components in (2.35) are real and transform as

ox = —i(eaya +ey),
OYy = €% + €Ay — Capc€phAec, Oy = €x — €,A,,

0A, = (€ — €ra) — iCapc€ne- (2.37)

The Lagrangians (2.20) are rewritten as

i , AA
521,8,7) =515 (Wara +wir) + az 2, (2.38)
2 P . Ly AlAy
Lhigg) =[5 +5 Walra +yi) + =5
‘A Cehe 2.39
- E alYWa + Tl//bl//c . ( . )

They were found at the component level in [13]. Perhaps,
the harmonic superspaces associated with the generalized
flag manifolds of the groups O(7) or Spin(7) [21] could be
used to properly rewrite the constraints on the scalar super-
field X and to construct the Lagrangians (2.38) and (2.39)
in terms of the appropriate analytic superfields. We will not
dwell on these issues here.
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1. Remark

As was emphasized, the constraints (2.33) are covariant
with respect to the symmetry SO(7). The free Lagrangian
(2.38) is exceptional since on shell it possesses the
extended symmetry SO(8). Eliminating the auxiliary field
A,, we obtain the relevant on-shell Lagrangian as

)'CZ

i ) .
£(11,s.7) |0n—shell 5 + ) (Walra +yip).  (2:40)
It is invariant under the hidden SO(8)/SO(7) transforma-
tions of the fermionic fields:

SY = paWa,  OWa = —pay. (2.41)
The field x is a trivial singlet with respect to SO(8). The
Lagrangian (2.40) is invariant under SO(8), to which the
SO(7) symmetry of the off-shell model is upgraded on shell.

To show exclusivity of the Lagrangian above, let us now
consider the free Lagrangian (2.18) of the multiplet (2, 8, 6).

plzal) — 0, [)(,Zg> =0,

1 _
Dlzal — EEIJI(LI)KZZ’

- 1) -
D'z} = D¥ 7.

The on-shell Lagrangian reads

Sz .

6(12.8,6) |0n—shell = ¢ ¢ + 5 (l//ll/_ll - lj/ll/_ll)‘ (242)
One can show that the fermionic part is invariant under the
group SO(8), while the bosonic part is invariant under its
subgroup SO(2) ~U(1). Thus, the on-shell Lagrangian
(2.42) possesses the symmetry SO(2) x SO(6) that just
corresponds to the full covariance group of the con-
straints (2.10).

III. INDECOMPOSABLE MULTIPLET: VERSION I

In this and next sections, we present two modified
versions of the constraints (2.6). It will be convenient to
start with the version studied in [8].

We consider the version® of (8.8,0) described by a
complex superfield Z¥ (a = 1, 2). This superfield satisfies
the constraints

=17,
J
1

(3.1)

_ &
D,z = Z’DKZ“K.

The index a (a = 1, 2) is an external vector index.* The field content (8,8, 0) is doubled due to this vector index, i.e. the
above superfields describe two irreducible multiplets (8,8, 0). This doubling is necessary for getting the correct Wess-
Zumino type term for bosonic components. The #-expansion of Z%! exhibits component fields as

Z9(1,0,0) = 7 — 20,y — /20"y + (terms with higher 6 powers),

(z*) =z,

") =%,

The components transform as

579 = 26‘]){”” + \/5(;‘]}{”, 578 =

Sy = —V2ie;z,

1
al] __ all (,al]\ __ aKL __ ,a
X == ) = Seykx =X

57" = V2ie'z,

Next, we consider a deformed superfield X, that contains in its definition 74 as an invariant subset.

The deformed superfield X, is defined by the constraints

_ S _ - & -
D'D;X ) - ZJ DXDyX ) = ixe® <za'z’; - ZJ Z“KZ’,’(> ,

1 _ 1 _
DIDJX<K> _ EeleLDKDLX(K) — iKE'ab <Za[lzbj] _ EEIJKLZ?(ZZ> ,

This version of (8,8,0) was denoted in [14] as version 2.

! (3.2)
=2&/y4, — V2e 74,

Syl = 2igl 70 — jgl/Kley 74, (3.3)

(3.4)

*The same type of indices was exploited for the semi-dynamical multiplets in [8]. The accompanying SO(2) antisymmetric tensor

satisfies

ab) — E.ab’ E.abgcd — ea(:ebd _ eadgbc"
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where « is a deformation parameter. It amounts to a reducible but indecomposable representation of supersymmetry, and has
an invariant subset formed by Z*/. The latter appear in the expansion of X ),

o 1 - 1
Xo(1.0.0) = X(1.0.0) — erab (9,91 -5 e,JKL9K9L> (z“’z”f 5 e”“z;gzﬁ>

_ 8
— ike?0’0, <z”’zb = Z“Kz’,’<> + k(terms with higher 6 powers), (3.5)

and imply the following deformed transformations for the (1,8,7) field set:
ox = &'y — ey,

: . &) i 1 a=
5V/I — IGJAIJ + E‘I(lx + C) lK.'E'abe‘J <ZaIZb A ZaKZ?(> + 21(‘8 € <ZaIZbJ 2€IJKLZ?(ZIlz> ,

_ - g 57 1
oy = —zeJA” —¢(ix—C) — lke‘”’ej <z‘”zb —Zz‘”(z’,% + 2K£"b e’ ESHKLz“biL - z“zb

e N V2 s _ i
5cz—l(€ll//1+€ﬂ//1) + 1 lK€ab(€I)(aZ?+€1)(aZb1)+§K€ab(€)(a” b+€Z7ijj)

SAM = delh!) — 26l KLe iy, _2\/_,(8111;6 74 7bJ] 4 \/2xcel KL ga bexy

2
—\/_Ke“be a bJ + 5 KSUKLé'abGK)_(azg—K&‘”KLSabéM)(%MZIZ—FzKSab KZalJ =b

+ KSabé‘ )(aIK bJ — ke € )(aJK bl 2K€ € )(aIJ bK (36)
These transformations should be complemented by (3.3). The limit x = 0 leads to X satisfying (2.6), and the multiplet
becomes fully reducible.

Now, our purpose is to construct invariant Lagrangians corresponding to this multiplet. We deform the component
Lagrangians (2.20) and require them to be invariant under the transformations (3.3) and (3.6). This “brute force”
construction uniquely implies the deformations of both Lagrangians. It turns out that the Lagrangian £%1.8,7) has no invariant

deformation. At the same time, the invariant deformation of £! exists and is written as

(1.8.7)

i, > AVA, ab (al ,bJ ash AL\ _ L abals z
Eindec,1:2+§(1//ll’1 ') + 5 >t g +88 (z412P7 Ay + 2925AY) — i Cz
. 1 1 .y ue 1 B
K _ab Isb 12b 3’<2b~d Isb.cJ=d Isb.cJ=d
+5e x(z4z8 — z91Zh) + 35 e (221zh2¢ 728 — z91782¢'79). (3.7)

It precisely coincides with the Lagrangian constructed in terms of ' = 4 superfields in Ref. [8] [Eq. (4.29) there]. One
observes that the bosonic fields z%/ have only the first-order time derivatives, i.e. the pair of multiplets (8,8, 0) are
semidynamical.

A. Passing on shell

We eliminate the auxiliary fields by their equations of motion:
[ 1
C_Zkg ZaIZ?, AIJ — _2 a <Za1ZbJ +§€IJKL2111(22>’
){a — _l l/_/ Za _l_lg l//KZaL )(g _ _ 1 l/_/ Zal )—(a — _ wlza (38)
1J X 1<y ) 1JKL ’ —\/Ex < —\/Ex 1

Redefining the semidynamical fields as
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al 1 al sa 1 Sa
77 = Wy ) i = _xy],
we obtain the following on-shell Lagrangian:
Boi T K ab(eoalsh _ alsh
Lon—shell = ?+5(W W =) +§€ (7 —y457)
i h i al=b T =
+ ke ey Yyt + S ) + S ket (29w
2
K . P e
=+ @ Sab&“d (yaly?ycly? _ yalyblylyzji) )
The relevant on-shell transformations are
ox = &'y — ey,
. . _ O 1 1
Sy = ie'x — ixe {6’ <y“’y5’ - 3’?"%2) +3 S”KLejyﬁéyZ} =

_ L. PR, A 1 _ 1
Sy = —iepk — ixe® [e; (y“’y? - 2’#"%) - ZSIJKLEJyaKth] =

El

1 B _ 7 — -
Sy = [5 (Ewk +exy®)y ! — ey — &g,y ~ 8”’“€JWKYZ]

R|l= x|

o 1 = vy na = T, nd oa = a.
55§ = — [2 (e Wk + exy®) ¢ — &'y, y4 — ey’ 55 — eyx € wkyL

Defining new quantities in the adjoint SO(8) representation,

St -
R} = ixe? (y“’yﬁ——’y“"y%) Ry = —ike®yqy;,  RY = ike®y

2
we can rewrite the on-shell transformations as
ox = &'y — ey,
e V(1 gk _J pl
oyt =ie'x +— 58 €;Rg; —€RY |,
X

1/1 -
51/_/1 = —ie,fc + ; (5 EIJKLEJRKL - €JR{> s

1 K- -
(e/w* Ry — exy'RY + e, Ry — 'k RY)

SR} =~
T x

-y,

1,,bJ
ay’

8! 1_ - 8! -
+ S EKYL <€1KLMRMJ + EJ(?KLMNRMN> =+ T ekt <5JKLMR1M - Ej 8KLMNRMN> )

21, . _ o .
ORiy =~ [2 (& Wk + exw™)Riy + Rk + ey Ry — SKLM[IGKWLR%:| ,
- 21 - - -
SRV = R {5 (éKl/—/K + €KU/K) RY + GK,/,[I RIK 4 g[ll/—/K RIK _ KLM[I exliL Rﬁ } .

Imposing the standard Hamiltonian constraints as

) K - K i _
p =X, pyal —58 hy;’ %0, py? —58 hyhl %0, pl//I _EWI NO, pl/?, —
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we introduce the Poisson and Dirac brackets:

- 1 _ .
{x.ples =1L {55 os = ;‘9ab5§7 {v'. 9, }pp = —i6). (3.15)
Performing the canonical quantization, we find that the generators (3.12) form the algebra so(8):

[R).RE] =6KR, —5{RK,  [RV,Rg.] = 64R] + 5] Ry — 8] R, — 5¢RY,
R}, RK!] = 87 R — 85 R, [R). Rk1] = 61 Ryk — kR .. (3.16)

The quantum Hamiltonian reads

2
p 1 _ 1 - o 1 _ _

H=>-3 [Rﬂl//]llfz +7 («?unl//’w’R“ - €”KL1//11//JRKL)} + e (2R5R{ + Ry RY + R”R,,). (3.17)
As was shown in [9], this SO(8) symmetry is enlarged to the superconformal symmetry OSp(8|2). It is worth pointing out

that the presence of the superconformal symmetry OSp(8|2), as well as of the R-symmetry SO(8), is a specific feature of the
on-shell model (see also discussion in Sec. II C 1).

B. N =4 superfield construction

Here, we reformulate the modified constraints (3.4) in terms of N = 4 superfields and reproduce the N = 4 construction
of the Lagrangian (3.7).
By analogy with the covariant derivatives (2.21), we redefine the complex superfield Z¢ as

Ball = Zal’ Ba22 = Zzlt7 Ba12 = Za2’ Ba21 = _Zg’ (Baia) — B¢

Zall — Za3’ 7,622 . Zg, 7,412 . — Z”4, 7421 .— _ZZ’ (ZaiA) — Z?A’ (318)
The new superfields satisfy the constraints

aypaf inaj AryaB irgaj
D'BY =0, V(B =0, V'z®¥=0. DiZ{ =0,

D BYa = -V, Z9A, D¢ZA = VABaia, (3.19)
The constraints (3.4) are then equivalently rewritten as
Di(a])/f)x(’() — l'KgabBai((xBib/")’ D((IZVQX(K) _ iKEabBZ<iZZj), VZ(AV?)X(K) — iKSabzai(Az?B)’
(DEDI 4 VYV X = et (BE B 27004 ) (3.20)

Defining N = 4 superfields as

00 ZaiA = ZaiA

X =Xwlo—or Vo=V Xlpop, B =B b0 (3.21)

we obtain the following N = 4 constraints:
DD X = ike® BB, DY) = ke B4, DB =0, DYz =0, (3.22)

The implicit supersymmetry is realized on the N = 4 superfields (3.21) by the 4 transformations:

i i 1 i Ty i a i zaj. ai j ai ja
0y X () = in‘I‘(;‘), (5,7‘1‘(‘;:) = En?DaDJ KXo + EKe b(nBZ JAZ?B — ﬂfZB ZbiB _ ’Y?Ba Bbi ),
) | . 1 S
6”Bum — _EnlADjaZ;A’ 67[ZmA — 5'7?1);16“]{1' (323)
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The superfields X', and ‘I”(",‘:) have a mutual invariant subset B4, Note that the harmonization of ‘P% leads to some

nonanalytic superfield ‘PZ;/)‘, and so for the time being we were not able to construct deformations of the analytic

superpotentials in (2.26) and (2.27).
The N = 8 invariant action of the indecomposable multiplet was constructed in terms of A/ = 4 harmonic superfields
in [8] by introducing a fermionic superfield WW* that satisfies the constraints

Diewe = Beie, DD we =0, (W) = - (3.24)

Making use of this superfield we redefine the superfields X, and ‘{’Eﬁ) as

Xig = X = SkePWON, Wit

o = WA 4 et W ZPIA (3.25)

and obtain that

1

ilapy/ ! i i i a
DD/ x =0,  DYWIA =0, 5K =nPA,  5,WA = STDIDI Y,
Dilep e =0, SV = i 2914, Dz =, 5,244 = E;ﬁ‘Dﬁ,DJ“W“. (3.26)
Hence, the N = 8 multiplet (3.22) decomposes into the sum of irreducible multiplets (X, ¥4) and (W*, Z44), while the

dependence on « disappears from constraints but reappears once again in the invariant actions.
The N = 8 invariant action of the indecomposable multiplet was constructed in [8] as a deformation of (2.26):

1 ' 2
Sindec. 1 ==5 / ) <X - %Keabwawb> +3 / dey (lIHAlP; + 2ike Wi, ZVHAY 4 ixgabza+Azg+x(A)).

(3.27)

The superfields W4 and Z¢™4 are analytic, while the superfields & and W* can be represented by their analytic
prepotentials (2.29) and

We(¢) = / QWi ) IV = D (E ), (3.28)

The relevant component Lagrangian (3.7) was obtained by performing the oxidation procedure [16] that restores the
indecomposable multiplet at the component level. The action (2.27) has no similar deformation, since we cannot
simultaneously preserve invariance under the implicit symmetry (3.26) and gauge transformations of the prepotentials
(2.29) and (3.28).

1. Remark

We can introduce a chiral fermionic superfields I1¢ that satisfies

7o = pme,  ze—_lpme @ -

V2 ’ ! N ’

_ _ 1 -
D=0,  DI*=0,  D'DM*+2e’KDyD M1 =0. (3.29)

We can then redefine the scalar superfield X, as
i _ _
X(K) :X—ZK&‘ab(H“ —H“)(Hh —Hh), (330)

where X satisfies (2.6). So, the superfield X, satisfying the constraints (3.4) decomposes into the sum of X and I1“. We can
write the N' = 8 counterpart of (3.24) by defining a new superfield W9 as

066001-10
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1 _
W = — (I1¢ — I14), W= w4, . 3.31
ﬁ( ) 9=0 (3.31)
Recalling Sec. I1 A 1, we can oxidize the multiplet (1,8,7) to (2,8,6) as
X = (0+d) (3.32)
=7 . )

Unfortunately, we cannot split X, into a sum of chiral and antichiral superfields, which makes it impossible to construct the
appropriate deformation of the superfield Lagrangian (2.14).

IV. INDECOMPOSABLE MULTIPLET: VERSION II

Now we consider the second version of an indecomposable multiplet associated with another formulation of the multiplet
(8,8, 0) [14]. This multiplet (8, 8, 0) is described by a chiral superfield Z¢ and an antisymmetric tensor superfield yall, They
satisfy the constraints

_ — 1 - - — _
D'2¢=0.  D,z°=0.  D'D'zt— &"MLDyD 20 =0, (27 =2".
- — 1
D(IvaJ)K =0, D(IV?)K =0, yall — _VaJI’ (VaIJ> — thlj — E‘SHKLVaKLv
V2D've, =3D,Z2¢, 2D,V =3D'z¢. (4.1)

The index a plays the same role as in Sec. III. The #-expansions of both superfields exhibit component fields as

Z9(t,.,0) = 2% + V20,3 +V/2i0,0,°” + (terms with higher @ powers),
[1,al] _ @

Val./(t7 9’ é) — Ual] _ EIJKLGK)—((z + 2@ I)( 5 EI]KLQKQLza _ \/Eiéléjza

+ 2i0 9 vIK — jel/KLGM 4+ (terms with higher @ powers),

1
Ualj — _Ua.ll’ (va1J> — U?J — EgleLvaKLv (Za) =7z, (Zal) :)—(? (42)
These components transform according to the rules
Spld — €UKL€K)_(Z _ Zé[lj(aj], 579 = _\/Eelxal’ 579 = \/EEJ)—(;J’
S = V2ie' 2" = 2ie, vV, 78 = —V2ie 2 + 2ie v, (4.3)

By analogy with (3.4), we define the deformed constraints,
_ S
D'D;X ) = D*DicX ) = ike®? V4 VIIK,
1 I -
D'D'X g = 5e¥* DDy X = V2ike (24 = Z)V*. (4.4)

The superfields Z¢ and V*" form invariant subsets of the indecomposable set (X (x)»Z, V). The solution of (4.4) can be
expanded as

_ - 2 1 N
X((1.0.0) = X(1,0.0) — ixe" 0 v, 0K — %ikeab <9191 - ESUKLBKHL) (z¢ =z
+ k(terms with higher 6 powers). (4.5)

The full set of A/ = 8 supersymmetry transformation properties of the component fields is given by (4.3) and by the
following transformations:
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ox = ey — ey,
S I_ieAIJ+—I('-+C) abzJ b1K+\/§ ab ( _—u) blJ
w! =i, e (ix ike® e v v 211(8 e;(z% =74,
. . V2
Sy = —ie’ Ay — ¢(ix — C) — ikebe v v?’® + == > ike®e’ (24 — z)0b,

5C = —i(&"y; + eppr!) + ixe® (&l vl + e, vt),

SAl — 45[11/-/1] _ 2£IJKL€KVLIL 4 2K€”KL8ab€M){ vLM _ 4K€K)(a[l1)bJ]K — xeab (eK)(uK _ ék)_(([l() 2

2
_ \/EKgabé[IZaJ] (Zb _ Zb) _ %—Ké‘abE‘”KLGK)_(Z(Zb _ Zb)‘ (4.6)

Applying the same method as for the previous indecomposable multiplet, we can construct the component Lagrangian:

20 . Y AYA, V2 B} i B}
Lindec. 1 :§+§(V/1y/,—y/1y/,) +7+ 3 Yy = 3 ke AN (7 4 7 ‘J)U?JJFE’“?MCZ“Z}J
- . oab \/i 1 al =b alJ —a hIJ al b K ab a ;blJ azb ~asb
+ ike T(W)(,z +yrtz ) wly v, —wixsvn = xx ] +§8 x(v”v + 2%z —ZZ)
K2 K2
+1—6€ ed(z0 = z9) b (¢ — 2 )UU+§€“h8‘vaKUMKUfLU‘UL. (4.7)

This off-shell Lagrangian is not equivalent to (3.7). Below we demonstrate the equivalence of these Lagrangians after
elimination of auxiliary fields, i.e. on shell.

A. Passing on shell

We eliminate the auxiliary fields by their equations of motion:

V2

¢ _%’@“bzaib, Al = — 2 ke (2% +2%)v}),
1N, ~ 1 V2
and redefine the semidynamical fields as
1 _ 1 _ 1 [
a _ _~ a’ a __ _~ a’ atd — alJ 4.9
¢ ﬁy ¢ \/;Cy \/‘E ! ( )

The on-shell Lagrangian reads

[\S]

P20 . K . e V2i _
Lonshel =5 +5 (Wi —yl) + 5 e (uf,ub™ + yay — yayt) + Wk(y“uibw’w’ + ¥ ut g ;)

i 1 K2 hocs
"’FK( a blkllljl//[+2y y Wllll) _gs gcd(zya bIJ c d —u?Kub’Kquu‘”L—y“ybycyd). (410)

The on-shell transformations are
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ox = ey — ey,

8! 1
oy! = ie!x — ixe® [é’ (uﬁKu“K +Ejy“)7b> +V2¢;5u ””]

57 1
o = —iei — ixe?” {€J<u ublk L 5 -4y ) V2e!yiu ]

1 2 1
Su — |:5 (EKV_/K + €Kl//K) u’s + 2€Kl//[]uaJ]K + 2@[11/—/Kua.l]K + \/Eé[le]ya _ \/T_SIJKLG WLy :| -
x’
a 1 all 1 Ha 1 =17 I\ ga =0, J,,a 1
Sy? = 2(61//1+611;/)y + V2 u = 6y = — E(ewﬁ-e,yf)y +V2ely ug, = (4.11)
The Poisson and Dirac brackets are defined as follows:
all 1 absl sJ a 5b 1 ab I - ol
{x.ptes = 1. {u uy bop = —k k0 {*. 3" }ps = —E {v' v, }ps = —id). (4.12)
Performing the canonical quantization, we define generators satisfying the algebra relations (3.16) as
o -
R} = ke (u?,(ub”< + ?Jy")')b>, Ry = —V2ike®yeu?,, RV = \/2ike b ysybl/ (4.13)

Finally, we obtain the same Hamiltonian (3.17).

One observes that the on-shell transformations (4.11) are written via the quantities (4.13) in the same form (3.13). This
means that the on-shell Lagrangians (3.10) and (4.10) can be uniquely written in terms of the adjoint representation
“currents” R}, R;;, and R!/. We guess an ansatz invariant under (3.13) (up to total time derivatives):

8]

@20 . . R )
Lon—shell = E + 5 (llflll/1 - 11/11//1) - R5A{(R) - R”AIJ(R) - RIJA”(R)

1 _ 1 - 1 -
+ 2 Ry, + 1 (erskrw"y! RXE — e"Klip g Ry, ) | = 2 (RJR{ + R ;RY), (4.14)

where A7, Ay, and A" are some functions in the adjoint representation. Calculating the explicit expressions for these
functions is a technically complicated problem which will be tackled elsewhere.

B. N =4 superfields
In accordance with the notations of Sec. II B, we make the redefinitions:

Qall = Va14’ Qa22 = Va23’ Qa12 = Va24’ Qa21 = Va13’

1 - 1
Vall = ValZ7 Va22 = Va34’ Va12 = 74 _ 7a , Ve = 74 + Za
Q") =Q4,. V4 =Vu, (Vi) =V (V) =V (4.15)

Then, the constraints (4.1) are rewritten as

DQY =0,  VIQ:¥ =o.

oo . y 3. 3.
DiVek) =0,  DeD)ve=0, D, Vi = -5 DLV =2 V,Qi,
(ix7ajk) i(AB) ya aij 3 iya 3 i (yax
ViV =0, VEVIVE=0,  V VU =SV V= -2 DLQY (4.16)

and the superfield X, satisfies now the constraints
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Di(a[)f)x(’() — —ZiKSaanA (aQZﬂ) )

yila v?)X(K) _ _ZiKgaan(Aanm ;

(DEDI 4 VVI) X = —dike ViOVIIE DIVIX ) = 2ike Q4 V. (4.17)
We pass to N = 4 superfields,
Xy = Xwlo—o» \P'(é) = VX (o)lo—o-
Quda 1= Qada|, Vel = yaii|, V= V| (4.18)
and find the A/ = 4 form of the constraints
Di(aD/l?)X(K> — _Dikeab QaA(aQZﬂ)’ Dfl"Pfi/; = —Dixe QuAVDI],
D“Q¥ =0,  DYVUk =0, iapflye =0, DV = —%Dflva. (4.19)
The implicit N/ = 4 supersymmetry transformations look like
5, X = ma¥l, 5, = %nj.‘Dlef“X(K) — ixe® (nfy QAT QEE + 2y yeik ),
5"QaAa _ _%rliADjaV?]_’ 5rlvaij _ %77/(;1)9 QuAa, 5,V = _%ﬂiADEIQaAa‘ (4.20)

Recalling the action (3.27), we suspect that there should
exist V' =4 superfield construction of the component
action (4.7).

V. CONCLUSIONS

In this paper we have defined new indecomposable
multiplets of A/ = 8 mechanics by deforming the con-
straints (2.6) of the multiplet (1,8,7). There are two
nonlinear deformations (3.4) and (4.4) related to different
versions of the multiplet (8, 8, ()).5 In both cases we have
constructed the invariant off-shell Lagrangians (3.7) and
(4.7), and shown that the Lagrangian (3.7) exactly coin-
cides with the one constructed in [8]. We have shown that
the relevant on-shell models are equivalently described by
the Lagrangians (3.13) and (4.14), where the spin variables
enter through the functions in the adjoint representation
of SO(8).

Among the problems for the future study we mention the
manifestly A = 4 supersymmetric superfield construction
of various off-shell component actions presented in this
paper (perhaps, using the appropriate harmonic formalism)
and the proof of possible duality between the two models at
the full superfield level. It would be also interesting to
consider A" =4 analog of the N = 8 indecomposable
multiplets as a nonlinear deformation of N = 4 multiplet
(1,4,3) by two spin N' = 4 multiplets (4,4, 0).

These deformations are the first known examples of the
nonlinear N' = 8, d = 1 superfield constraints.

The original work [1] was formulated in terms of matrix
superfields and aimed to derive N' =4 supersymmetric
spin Calogero models by gauging [18,22]. An intriguing
question is whether we can generalize the constraints (3.4)
and (4.4) to matrix superfields and derive from them N = 8
supersymmetric spin Calogero models.
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APPENDIX A: BASICS OF N =4,d=1
HARMONIC SUPERSPACE

The N =4, d = 1 superspace { = {1,060} is defined by
standard transformation properties:

591'(1 — €i()z7 St = _ieiaeia’
(Qia) = _giav (eia) = —€iq- (Al)
We extend it by the harmonic variables u;:
utuy —utuj = 8. (A2)

Defining the new coordinates as
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t(A) =t - iegej)”uju;, ei(l — giuul;t’

(A3)

we obtain the harmonic superspace ¢y = {(a), 0%, ui" }.

It has an analytic harmonic subspace {(5) = {t( A) AT
which is closed under the supersymmetry transformations:

1
dé’(H) = Z du dl‘(A)D;D_aD;D+ﬂ,

1
diiy) = 3 du dt(5) DD (A6)

Unconstrained harmonic superfields have an infinite
number of components in their harmonic expansion.

801 = e, St(a) = 2ie™0;, In order to gain the finite number of fields one needs to
Sut =0 et = oyt (A4) impose harmonic constraint D™+¢g = 0 together with the
' | ! Grassmann-analyticity condition:
The covariant derivatives are
D q(Ca) = (A7)
T — i D = J + 2i07 —— More details can be found in Ref. [17]
90, T 1) T
0 APPENDIX B: OCTONIONIC STRUCTURE
++ +agt +
DT = G 0 G T Vi g CONSTANTS
— 0 o-0- d o2 d The third-rank antisymmetric tensor ¢y, is also referred
— Wi a + +i “ot(n )+ “ 005" to as the octonionic tensor (or the octonionic structure
constants) [13,19,23,24]. It has the following nonzero
DY = Lﬁi 9 — 0 — 9 g—i (A5) components:
" ouf “i 6 - %a0f o0y
C123 = Cl47 = Cle5 = Coag = Cas7 = C354 = C367 = 1. (B1)
The integration measures d¢ ) and dZ_,’ over the full and 2 147 109 2o 7 = 7
analytic A/ = 4 harmonic superspaces are defined as The fourth-rank tensor ¢#*¢d is defined as
1
Cabed — ggabcdefgcefg’ €abcedefgCdefg — 24¢apes
1234567 = 1. C4567 = C2356 = C2437 = C1357 = C1346 = C1276 = C1245 = L. (B2)
We list a few useful identities for these tensors:
CabcCdec = 253[d5e]b — Cabde> CabedCefed = 85a[e5f]b — 2Capet> CabeCabe = 08aq,
CabedCebed = 2464¢ CabedCefd — 2(5a[ecf]bc + 5b[ecf]ca + 5c[ecf]ab)7 CabedCecd = —4Cabe- (BS)
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