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Excited solutions in a Skyrme-Chern-Simons model in 2+ 1 dimensions
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We study excited solutions in a Skyrme-Chern-Simons theory in 2 + 1 dimensions. In particular, we
emphasize the necessity of using a Lagrange multiplier method to obtain excited solutions, due to the
appearance of a discontinuity when using a constraint compliant parametrization. These solutions
are characterized by an integer number p, excited solutions corresponding to p # 0. The dependence
of the global charges on the parameters is analyzed, showing nonstandard behaviors. We also find that the
presence of the Skyrme-Chern-Simons term does not alter significantly the pattern of energy levels, so
p = 0 solutions (fundamental solutions) have always the minimal energy.
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I. INTRODUCTION

Chern-Simons (CS) densities, referred also as anomalies,
have played an important role in many areas of gauge field
theory [1,2]. A salient feature of CS densities is that while
they are not themselves invariant under gauge transforma-
tions, their second-order equations of motion are gauge
invariant.

A particular area of application, relevant to the subject of
interest in the present work, has been in the construction of
solitons in the classical field theory of gauged Higgs [3-5]
and Skyrme [6] fields in 2 4 1 dimensions. Unusual effects
were observed in SO(2) gauged Skyrmions in 2 + 1 [7,8]
and in 4 + 1 [9] dimensions. These unusual effects include
the appearance of both positive and negative slopes in the
plots of (E,J) and (E, Q,), where E is the mass/energy, J
the angular momentum, and Q, the electric charge of the
SO(2) gauged Skyrmion. In addition it was seen that the
presence of the CS term in these systems led to a change in
the topological charge, namely, the “baryon number,” of the
Skyrmions. We will return to these effects when analyzing
the properties of the generalization of CS anomalies below.

Chern-Simons densities result from Chern-Pontryagin
(CP) densities, the latter being both gauge invariant and a
total divergence. The CS densities are defined only in odd
dimensions since they result from a one-step descent of
CP densities, which themselves are defined only in even
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dimensions. This aspect of CS densities excludes the
application of anomalies to field theories in even spacetime
dimensions. It is to tackle this obstacle that Skyrme-Chern-
Simons (SCS) densities were proposed in Ref. [10]. The
SCS are analogs of the CS, whose definition follows from a
one-step descent of Skyrme-Chern-Pontryagin [11] (SCP)
densities, the latter being both gauge invariant and total
divergence, and, like CS anomalies, the SCS densities are
not themselves gauge invariant but result in gauge invariant
equations of motion. But in contrast to the CP densities that
are defined only in even dimensions, the SCP densities [11]
are defined in all dimensions—even and odd. Hence the
SCS densities resulting from the one-step descent of the
latter, are also defined in all odd and even dimensions.

To date we have studied the simplest SCS density in
2 + 1 dimensions in [12] (in the absence of the usual CS
term) as a prototype, to test whether the unusual properties
resulting from the effect of the CS term on the SO(2)
gauged O(3) Skyrmion observed in 2 + 1 dimensions [7,8]
would appear also with a SCS term. It was observed that
these effects were largely similar in both cases. The next
example, in 3 4+ 1 dimensions, is under active consider-
ation. The purpose of the present work is to study details of
the earlier work [12] in 2 + 1 dimensions, to resolve a
remaining question with a view to proceeding to 3 + 1
dimensions.

From the viewpoint of applications to physics, clearly the
most important case is that of 3 41 dimensions. The
problem of constructing anomaly densities for gauged
Skyrme fields in 3 + 1 dimensions has been active for a
long time, and it may be in order to comment on it briefly
here. The approach was based on gauging the Wess-
Zumino (WZ) action as formulated in Ref. [13] and in a
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vast literature thereafter (see, e.g., [14,15]). Subsequently,
the work of Ref. [13] was specialized to gauge group SO(2)
and an explicit formula for the anomaly in that case was
given in [16], to which we refer here as the Callan-Witten
(CW) anomaly. More recently a detailed analysis of the
model consisting of the SO(2) gauged Skyrme action in
3 + 1 dimensions in the presence of the CW anomaly, was
carried out in Ref. [17], where Chern-Simons-like effects
such as those seen in [7,8] on the gauged Skyrmionin 2 4 1
dimensions were observed. The corresponding analysis
employing the SCS density instead of the CW anomaly in
3 4 1, has not been carried out to date. Indeed, it is with this
in mind that we revisit the SCS action in 2 + 1 dimensions,
whose effects on the Abelian gauged planar Skyrmion were
studied in [12] previously, where certain dynamical effects
deserving further study were encountered.

In contrast to the gauged WZ actions [13-16] which are
strictly in 3 4+ 1 dimensions, the definition of the SCS
density arises from a prescription which applies to all
dimensions. A noteworthy difference between the gauged
Wess-Zumino-Witten (WZW) actions in 3 + 1 dimensions
and its SCS counterpart is that in the latter the WZ term
itself appears. This is because in that case the full Skyrme
scalar is that of the O(6) sigma model, rather than the O(4)
scalar describing the Skyrmion. This particular property of
SCS actions will be the center of the present note.

To test the analogy between the effects of the CS and
SCS actions, we have in Ref. [12] studied the system
consisting of the action that supports the SO(2) gauged
Skyrmion in 2 4 1 dimensions, in the presence of the SCS
action (and in the absence of the CS term). It was verified
that the exotic features observed for the plots (E,J) and
(E.Q,) in the presence of the CS term, were observed
qualitatively also in the presence of the SCS term.

While the ultimate aim would be the study of the effect
of the SCS term on the gauged Skyrmion in 341
dimensions, our initial study was carried out for the
2 41 system studied in Ref. [12], as a prototype for
the 3 4+ 1 dimensional case. Technically, the system describ-
ing the Abelian (Maxwell) field on IR? in the static limit can
be subjected to azimuthal symmetry, resulting in a one-
dimensional action density. The resulting field equations
then, can be described by ODEs in the radial coordinate r.
By contrast, the system describing the Abelian' field on IR
in the static limit when subjected to azimuthal symmetry
results in a two-dimensional reduced action described by
PDE:s in the radial and polar coordinates (r,6).

Having settled to the study of the prototype in 2 + 1
dimensions before proceeding to the 3 4+ 1 dimensional
case, we return to details of the mechanism encountered in
Ref. [12]. The system there was described by the fields
(A, 9% a=1,273), the SO(2) gauge connection and

'"The SCS density in 3 + 1 dimensions is encoded with either
an SO(2) x SO(2) or an SO(2) x SO(3) connection [11].

the O(3) Skyrme scalar supporting the gauged planar
Skyrmion, and (A,,B,.6% @ =1,2,...,5) which encode
the SCS action, where B# was described as the auxiliary
Abelian field and 6% as the auxiliary O(5) Skyrme scalar.
The results in Ref. [12] were restricted to that of a
contracted model, in which the O(5) Skyrme scalar

0% = (60,01, 6%), a=1,2 and A=3,4, (1.1)
is contracted to an O(3) field via the contraction

I a de e 95

¢ — 0 = (6*,0°), a=a,5, (1.2)

by setting 64 = 0.

The choice (1.2) is quite natural since the ungauged
sigma model scalar 8 € O(3) can support topologically
stable solutions on IR? [18], while an O(5) sigma model
encoded by the scalar 8% does not. This argument is
independent of whether the Skyrme scalar is gauged or
not, so it applies equally well to the SO(2) x SO(2) gauged
system defining the SCS density. Hence, it would be
expected that the field configurations resulting from a
system described by #? will have higher energy and be
unstable against decay to the solutions of the system
described by 6“.

Retaining the full O(5) Skyrme scalar 67 is akin to the
situation of the Weinberg-Salam model on IR?, where the
SU(2) gauged complex doublet Higgs scalar also cannot
support finite energy topologically stable solutions [18].
Rather, the system supports “sphaleron” solutions [19,20],
which are not topologically stable because of the multiplet
structure of the Higgs scalar, which is encoded with one
extraneous parameter that results in the instability. Here by
contrast the O(5) Skyrme scalar is encoded with mwo such
parameters (93, 94), which renders geometric treatment as
in Ref. [19] difficult. We have thus opted to analyze the
ODEs of the full system, namely, the SO(2) x SO(2)
gauged O(5) Skyrme scalar.

Our method of constructing the solutions to the full
gauged O(5) system is anchored on the solutions in the
gauge decoupling limit of the model. Hence the model
employed here differs from the one in Ref. [12], in that in
addition to the quadratic Skyrme kinetic term, there appears
also the quartic Skyrme kinetic term necessary for satisfy-
ing Derrick scaling in the gauge decoupled model.

We refer to the solutions of the model described by the
scalar 0“ as the fundamental solution, while those described
by 6% as excited solutions. Computationally, such solutions
are first constructed for the ungauged model, which is then
gauged with the SO(2) x SO(2) gauge field.

In addition to starting from the ungauged model, we also
truncate the full system further by eliminating the O(3)
Skyrme scalar ¢* which would support the soliton itself.
Thus, we restrict our investigation to the full SCS density
together with both kinetic terms of the gauge fields and the
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Skyrme kinetic terms, the latter including both the quad-
ratic and quartic members.

The paper is organized as follows: We introduce the
model with its Lagrangian, static radial ansatz and appro-
priate boundary conditions in Sec. II, the computation of
the global charges is addressed in Sec. III, the numerical
results are presented in Sec. IV, and the conclusions are
discussed in Sec. V.

II. THE MODEL

In Ref. [12] we introduced an SO(2) gauged O(3) sigma
model, supplemented with an O(5) Skyrme scalar gauged
also with an “auxiliary” Abelian SO(2) field, including in
the dynamics of a SCS term. There the model was
contracted further so that the O(5) Skyrme scalar became
an effective O(3) scalar. Here in order to isolate the effect
of the SCS term and to analyze fully excited solutions, we
consider an SO(2) x SO(2) gauged O(5) Skyrme model in
2 4+ 1 dimensions endowed with the corresponding SCS
term. The potential employed is a “pion mass” potential.

The Lagrangian of the system we study here is

1 1 [ T
L= _ZFI%D _ZGIZID +§ |D/4(9 |2 _§|D[ﬂg D”]9b|2
—u(1 = 6) + kQscs, (2.1)
where the SO(2) x SO(2) gauge field is defined by
F,=0A,-0A, G,=0B,-0,B, (22)
and the O(5) scalar is
91
92 9
©)=161=|06"]. (2.3)
o &
93

with a=1,....,5 (a=1, 2, A=3, 4), satisfying the
constraint
|95|2 = 1. (2.4)

The gauge covariant derivatives of the scalar are defined
by

D,0% =0,0° +A,(e0)*, a=12 (25)
D,60* =0,0" + B,(e0)", A=34,  (206)
D, =9,6°, (2.7)

where (¢0)! = 62, (¢6)* = —0', (0)* = 6*, (e0)* = —0°.

The SCS term, Qgcg, can be written as
QSCS =W + Q, (28)

as given in Ref. [21]. The second term, €, can be given
explicitly,

1
Q= 3!8’“”195{§ (6°)*(A,G,, + B,F,,)
—A,B,0,(|6°] - |0*)

—2[A,(£0,0)9,6" + B,(¢9,0)"0,0°] } (2.9)

while the first one, namely, the Wess-Zumino term, @, can
only be expressed in constraint compliant parametrization.

A. Constraint compliant parametrization

The constraint compliant parametrization of the Skyrme
scalar is expressed by

0® sin f(x,) sin g(x,) n*
0%) =1 0* | = | sinf(x,) cosg(x,)m* |, (2.10)
& cos f(x,)

where n% and m4 are parametrized as

(n*) = (COSW(X”)), (mﬂ—(cos){(x")). (2.11)

siny(x,) sin y(x,)

In this parametrization, the full SCS density (2.8) is
expressed as

1
Qgcg = 3let { -2 <cosf - 3cos3f> (0;5in%g) 0, w0, x

1
+ §COS3f(AﬂG”U + BﬂFH’/)

— A,B, cos f0;(sin*fsin?g) — 0, (sin? fcos?g)]
+ 2cos f[A;0,(sin*fcos?g)o,x

+ B,0,(sin*fsin®g)d, /] }, (2.12)

the first line of which is @ in (2.8), which obviously
vanishes in the static limit.

B. Field equations and static radial ansatz

The general field equation can be obtained by taking
variations of (2.1) with respect to Ay, B,, f,g,y, and y
[with Qgcg given in constraint compliant parametrization
(2.12)]. The presence of the Wess-Zumino term in (2.8)
prevents us from using a Lagrange multiplier method and
forces the use of the constraint compliant parametrization.
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However, for static radial solutions, the Wess-Zumino term
o does not enter the field equations and one can formally
obtain those equations using a Lagrange multiplier method
over a Lagrangian where Qgcg is substituted effectively by
Q (2.9). That approach has the advantage to skip the
computation of the function g directly, which has been
found to be numerically difficult.

The static radial ansatz we will employ for the gauge
potential can be written as

Ag=c(r), A = (C’(r)_”> (ex),, i=1.2, (2.13)
r
b —
By=d(r), B;= (M) (ef), i=12(2.14)
r
with &; = x;/r, i =1, 2 and (&%), = %, (¢%), = =%, in

polar coordinates (r, ) (with x; = rcos ¢, x, = rsin@).
For the O(5) scalar, the azimuthal symmetry is expressed
by restricting the functions f, g, w, and y to

f=r),

n and m being nonvanishing integer numbers.

As mentioned above, for this type of solution it is useful
to use a nonconstraint compliant parametrization by defin-
ing the functions

g=9(r), y=np, y=mp, (2.15)

R(r) = sin(f(r)) sin(g(r)). (2.16)
§(r) = sin(f(r)) cos(g(r)). (2.17)
T(r) = cos(f(r)), (2.18)
satisfying
R(r)>+S(r)*+T(r)* =1. (2.19)

The resulting system of ODEs possesses simplified
solutions for the cases g(r) = 0 [equivalently, R(r) = 0]
or g(r) = =/2 [equivalently, S(r) = 0], for which the O(5)
scalar reduces to an effective O(3) scalar.

C. Boundary conditions and expansions

We are interested in finite-energy configurations with
azimuthal symmetry. More precisely, we want to obtain
excited solutions for the full O(5) scalar field, so g(r) will not
be constant, in general. The analysis of the field equations
reveals that it is necessary that |n| # |m|, with |n|, |m| > 2.
Because of the symmetry (n, m) <> (—n, —m) and under the
interchange (n, m) <> (m, n), without loss of generality, in
order to obtain excited solutions we will assume

n>m>?2. (2.20)

The boundary conditions at the origin read

a(0) = n, c'(0) =0, (2.21)
b(0) =m,  d(0)=0, (2.22)
R(0) =0, S(0) =0, T(0) =—(-1)~, (2.23)

with p =0, 1,2, ... (Remark: Negative integer values of p
result in equivalent solutions to those with positive values.)
The corresponding boundary conditions in constraint
compliant parametrization read

_ 1+ (=1)?

f(0) 5 (2.24)

z,  g(0) = px

This set of boundary conditions is a consequence of
the expansions at the origin of the functions that ensure
regularity of the solutions and finite energy. These expan-
sions read

a(r) =n+a,r* + 0(r*), (2.25)
c(r) =co+ O(r?), (2.26)
b(r) = m+ byr* + O(r*), (2.27)
d(r) = dy+ O(r?), (2.28)
R(r) = R,r" + O(r"*?), (2.29)
S(r) = S, r™ + O(rm+?), (2.30)
T(r) = ~(=1)7 + 3 (~1)’S3r2 £ 0(~2712). (231)
whereas for the functions f(r) and g(r) they are
=" o), )
9(r) = pr + guoyr"™" + O(r"™"*2),  (2.33)
with
R, = —fn9—m> S =—fm- (2.34)
The boundary conditions at infinity are
}irgloa(r) = dq, rlg(r)loc(r) = Coo» (2.35)
lmb(r) = by, limd(r) =de,  (236)
mR(r) =0, lmS(r)=0, lmT(r)=1.  (2.37)
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For f(r) and g(r) the boundary conditions are a bit more
involved since they depend on the relative magnitude of
|ce| and |dy|. There are three possibilities:

limf(r) =0, limg(r) =0, for|cy| <|ds|, (2.38)
limf(r) =0, limg(r) = g for [co| > |dul, (2.39)
limf(r) =0, limg(r) =ge, for|ce|=ds|, (2.40)

with g, #0 or z/2. Owing to that, the asymptotic
expansions of excited solutions need to be considered
separately in these three regimens:

Case |c| < |do|

a(r) = ag + cj/re”™ + 2 2VImhr 4 (2.41)
1 1 iy
C(r) = (et C27—3_8K + 62—26_2 p—deor + ..., (2.42)
r r
1
b(r) = be + crv/re™ 425 ;e‘zv”—di’ +....  (243)
1 R
d(r) :doo+c]7;€_8K+C4;€_2 ”_dg"r‘F..., (244)
1 S
R(r) = czey—me VI 4, (2.45)
\/;
1 Iy
S(r) =c3 Vol Hodar (2.46)
2
1
T(r)=1 —%; e VI (247)
whereas for f(r) and g(r)
1
f(r)= C3We‘vﬂ—di’ .. (2.48)
g(r) = cperWhmeamVi=dor 4 (2.49)
Case |co| > |do|
1 [

a(r) :aoo+cl\/’_"e_8’<+€'1;e_2 HCT 4, (2.50)
1 1 ey
C(r)zcw+cz7;e_8’<+62;e—2 ”_Cg"r—F..., (2.51)

b(r) = by + cay/re™ + &y 2VImRr 4 (2.52)
1 1 ey
d(r) =dy + ¢, 7;6_8'( + 64ﬁe_2 Heear 4 (2.53)

1
R(r) = c3ﬁe‘\/”'cg"r + .. (2.54)
1 =
S(r) = —C3C4W€_ M_di’r + ceey (255)
2
1
T(r) = —%;e‘zw“ci’ + . (2.56)
whereas for f(r) and g(r)
1
f(r) = QW[ CaCUSE (2.57)
g(r) =5+ eseVirdovimr g (2.58)
Case ‘Cool = |doo|
a(r) = ag + cy/re” + ee VIS 4L (2.59)
1 1
c(r) =co+ cZ7;e‘8’< - éz;e—zv”—cﬁo’ +....  (2.60)
b(r) = be + coy/re™™ + e3¢ VIS 4 (2.61)
1 1 ;
d(r) =ce+c ﬁe‘gk + ooV L (262)
1 ;
R(r) = c3sin(gs,) N (2.63)
1
S(r) = ¢3c05(geo) We‘w‘ci’ +on (2.64)
2
1
T(r) = —%;e‘zvﬂ‘cﬁo’ + . (2.65)
whereas for f(r) and g(r)
1
f(r)z%ﬁe_ T L (2.66)
2 —b%)sin(2 1
9(r) = g + (2 = bio) sin g°°)—+ (2.67)

4/ — 2, r

(Remark: Given y, k, m, n, and p, the only free parameters
are ¢, and d, the rest of parameters being numerically
determined.)

III. GLOBAL CHARGES

A. Energy and angular momentum

The stress-energy tensor associated to the Lagrangian
(2.1) can be computed using the GR prescription, namely,
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T,

oL
=-2—+n,L,
ym

(3.1)

with (17,,) = diag(1, -1, —1), the Minkowski metric in Lorentzian coordinates (xo, X, x). The explicit form of the stress-

energy tensor reads

1 1 _ | _ .
T;w - _ (F/l/)F/)D 4 ”MDF/)GF/)”) _ <G;4/)G/)u + Z nﬂpG/mG/m> — (D”QHDDQLJ — 5 nﬂDD/}euD/’6a>

4

1 o s 1 s s
-3 {(DWQ“DP]GI’)(D[UQ“DD]Gb)n”” + Znﬂy(DLDQ“DG]Qb)(DL"G"D"]QZ’)] — (1 = 6°).

(3.2)

Notice that the SCS density does not enter the stress-energy tensor.
From (3.2) we can compute the energy density, £, and the angular momentum density, .7, defined, respectively, by

g = _T()Ov (33)
T =x1Toy — xTg;. (3.4)
For the radial solutions we are considering here (2.13)—(2.18), these densities read
o o Vool ot e o Lol L 20 o\ o) e 2 2 2
E=Z ()P +5@)P?|+5 @) +50)? | +5 || F+5a |R+ (& +5b% )2+ (R')? + (5)* +(T)
2 r 2 r 2 r r
1 1 1 1
+3 K(cz + —2a2> R* + <d2 + —2b2> S2> (R4 (8)? +(T")?) + = (ad — bc)szSz} +u(1-T), (3.5)
r r r
J =dc +bd + acR* + bdS? + (acR* + bdS?)((R')? + (8')? + (T")?), (3.6)
where in constraint compliant parametrization they become
1 1 1 1
&= 3 [(c’)2 + P (a/)z] +§ [(d’)2 —+ ﬁ(b’)z}
Ve o w2p 2 o a2 PRI &~ lbz 2
+§ (f")* +sin“f(¢)* +sin“f| | ¢ +ﬁa sin“g + +ﬁ cos“g
Loopllop:n 20(ad — be)? 2o o\ > 1b2 2 2
—l—ism f 7 sin fsin“gcos®g(ad — be)* + | | ¢ —|—ﬁa sin“g + +ﬁ cos?g | ((f)
s ()| 4 (1 = o) 3.7
J=dcd +bd+[1+(f)+sin f(¢)?] sin f(ac sin? g + bd cos? g). (3.8)
I
This 12.15t expression for J (':an be.: written 1n'a more use.:ful £ Edx — 2 o0 rEdr, (3'1 0)
form using the field equations in constraint compliant IR2 0
parametrization, namely,
1d J= [ g&@x=2xz " r7gd
J = —d—[SKab cos’ f + rac’ + rbd']. (3.9) IR? Jdx ﬂ/) rJdr
rar
= 167k[aby + (—1)"nm], (3.11)

The energy, E, and the angular momentum, J, of the
solutions can be readily obtained from the corresponding
densities

where the last term in (3.11) results from (2.21)—(2.24),
(2.35)-(2.40), and (3.9).
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B. Electric charges

In order to define the electric charges we will follow a
Noether approach. Using the constraint complaint para-
metrization (2.10)—(2.11), it is easy to see that under a
gauge transformation

A, = A, + 0\, (3.12)
W=y + A, (3.13)
B, — B, + 9,/\,, (3.14)
¥ —=x+ A, (3.15)

the Lagrangian remains unchanged and so does the action,
so the following two currents are conserved

0= [ pedix =2 [ rpudr = 16mlbes + m{(=1)7 = sin’ g(e0)].
IR2 0

Qy - [Rz pyd2x = 277/)00 rpgdr = 16”’([“00 — ncos’ g(oo)},

We define the charge densities associated to A, and B, by

(3.17)

Pe = _J?

e Pe=ly

For the radial solutions we are considering here (2.13)—
(2.18) and using the field equations, these densities can be
written as

Po = %% [rc’ + 8k(b — msin? g) cos? f], (3.18)
1d
Py= [rd' + 8x(a — n cos? g) cos® f]. (3.19)
The electric charges result to be
(3.20)
(3.21)

where we have used (2.21)—(2.24). From (2.38)—(2.40) it is clear that these charges are discontinuous at |c,,| = |dy|. As we
will see in the following section, the other quantities are continuous at |c,| = |dy|. In fact, this anomaly is easily solved by
considering the total electric charge, Q,, which is continuous at |c.| = |d|

Q, =nQ, +mQ, = 16zk[nby, + may, 4+ nm((-=1)? = 1)].

IV. NUMERICAL RESULTS

The field equations for the static radial ansatz (2.13)—
(2.15) in constraint compliant parametrization consists of
six second-order ODEs. The presence of g(r), with the
discontinuity in its boundary conditions at |c.| = |d],
makes the integration of that system numerically chal-
lenging. In order to overcome such a difficulty, it is
more convenient to use the Lagrange multiplier method,
employing functions R(r), S(r), and T(r), instead, at the
cost of introducing one more function, f(r) (Lagrange
multiplier), and the algebraic constraint (2.19). The system
of seven ODEs plus an algebraic constraint, in eight
functions, was solved by using the software package
COLDAE, which employs a collocation method for boun-
dary-value differential-algebraic equations and a damped
Newton method of quasilinearization [22]. In addition, a
compactified radial coordinate x = r/(1 + r) was used.
Given a concrete theory (i.e., given y and «), there are
three integer parameters (n, m, and p) and two real

(3.22)

parameters (c,, and d ), which constitute our numerical
set of parameters. Exploring the whole parameter space is
an unattainable task, so we will concentrate on values that
show the general behavior of excited solutions [satisfy-
ing (2.20)].

The general profiles of the functions for a typical excited
solution are presented in Fig. 1. It is clear that the solu-
tions interpolate between the boundary conditions at the
origin (2.21)—(2.23) and at infinity (2.35)—(2.37). The
parameter p can be interpreted as the number of nodes
of S(r) in (0,00). In Fig. 2 (left) we exemplify that by
considering three solutions with p = 0, 1, 2, respectively.
Notice that p = 0 implies g(r) = 0 [which gives rise to
R(r) =0.] Then, these solutions with p = 0 are funda-
mental embedded O(3) solutions, since the symmetry
group for the Skyrme scalar reduces to an effective O(3)
group. Excited solutions correspond to p = 1,2, .... Fully
O(5) solutions have to be excited solutions, although there
are excited embedded O(3) solutions for p # 0, though
(see below).
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(left) Function g(r) for solutions with 4 = 0.1,k = 0.05,n =3,m =2,p =0, 1,2, ¢, = 0.1, d,, = 0.2. (right) Function g(r)

for solutions with y = 0.1,k =0.0l,n =3, m=2,p = 1(c, = 0.1,d, =0.2), (¢ =0.2,d,, =0.2), and (¢, = 0.2,d, = 0.1).
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g(r) forsolutions withy = 0.1,k =0.05,n =3,m =2,p = 1, ¢, = 0.1, d,, = 0.2, both for fully O(5) Skyrme scalar (corresponding to
the lower branch in left figure) and for embedded O(3) Skyrme scalar (corresponding to the upper branch in left figure).

In Fig. 2 (right) we give the corresponding profiles of
f(r) for the solutions presented in Fig. 2 (left). It is seen
that as p increases the last peak of f(r) approaches the
value 7, never being reached though. The corresponding
profiles for function g(r) are presented in Fig. 3 (left).
Again, the parameter p can also be interpreted as the
number of “steps” the function g(r) shows.

As mentioned previously, using g¢(r) for numerics
introduces additional difficulties due to the discontinuity
that occurs at |c,,| = |dy | over the boundary conditions at
infinity. That jump is shown in Fig. 3 (right). As |c| and
|dy| get closer, g(r) becomes more and more steep at
x = 1, making necessary the use of a nonconstraint com-
pliant parametrization.

The full parameter space shows very intricate patterns
depending on the values of n, m, and p, as well as of y and
k. Here we will show the typical general behavior of the

global quantities defined above. In order to do so, we will
consider two types of curves: curves with constant ¢, and
varying d, and curves with constant d, and varying c.

In Fig. 4 we represent the energy E and the angular
momentum J as a function of d, for solutions with
u=01,xk=005n=3m=2,p=0,1,2,c, = 0.1.
Both plots clearly show the different behavior between
solutions with odd p (p =1 in the plots) and even p
(p =0, 2 in the plots). While for even p the behavior of
E and J is the expected one, with solutions existing in
the range set by the asymptotic behavior (u > d2,), for
p =1 we observe two branches, corresponding to two
different solutions for each given d,. This same feature
also occurs for the total electric charge Q,, shown in
Fig. 5 (left). In this figure, along the lower branch and up
to the bullet on the upper branch, the solutions corre-
spond to the fully O(5) Skyrme scalar field while
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solutions on the upper branch to

the right of the bullet

correspond to the embedded O(3) Skyrme scalar solu-

tions.” For these solutions R(r) =

0. The embedded O(3)

solutions are excited, though, since S(R) has one node, as
they correspond to p = 1. It is worth noticing that the
O(3) solutions along the upper branch cannot be com-
puted in constraint compliant parametrization (2.10). The
reason for that is that function g(r) is not continuous,
having a jump from 7 to O at a certain value of the radial

coordinate. In Fig. 5 (right) we

plot g(r) for solutions

with d, = 0.2, both along the lower branch [fully O(5)
case] and the upper branch [embedded O(3) case],
revealing clearly the discontinuity of g(r) for the O(3)

solutions.

In Figs. 6 (left and right) and 7 (left), d, is set to
do, = 0.1 and ¢, is varied, for solutions with g = 0.1,

k=005n=3m=2,p=0, 1,

2. Again the different

*Notice that the position of the lower and upper branches are
inverted for the energy E, the “upper branch” being below the

“lower branch” in the plot for E.

behavior between even and odd p solutions appears. In this
case, however, the O(3) solutions that appear to the right of
the bullet have constant global quantities. In fact, all the
points along the horizontal lines represent just one solution.
The reason for that is that ¢, becomes a pure gauge
parameter for embedded O(3) solutions (i.e., solutions with
p = 0 and O(3) solutions along the upper branch). This is
checked in Fig. 7 (right) where we represent the angular
momentum J as a function of d, for two values of ¢,
namely, ¢, = 0.0 and 0.1, for solutions with u = 0.1,
k=0.05n=3,m=2,p=1. We clearly see that both
cases have a common part along the embedded O(3)
solutions (upper branches), reflecting the fact that c, is
a gauge parameter for those embedded O(3) solutions.
Notice that these embedded O(3) solutions are excited
solutions (p = 1), though.

Moreover, we should notice that using p > 0 as the
label for excited solutions is in order, since for given
U, K, n, M, Cy, and d,, we have always found numerically
that the energy E increases with p, as seen in Figs. 4 (left)
and 6 (left). Although we have not been able to explore the
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whole parameter space, this seems to be a general property
for these solutions.

As a final remark, we would like to mention that for
given (n,m, p,k,u), there is a solution for which the
energy E reaches a minimum. Although we have not
analyzed all the possibilities, we have always found that
a local minimum occurs at (cq,dy) = (0,0). For p =0
that corresponds to the solution with J = 0, Q, = 0, but for
p =1,2, ..., the minimum of E corresponds to a charged
rotating solution, i.e., with J#0 and Q,#0. As an
example of that, we show in Fig. 8 (left) the dependence
of the energy E on the angular momentum J and the total
electric charge Q; in the vicinity of the minimum for the
solutions with u=0.1,x=00l,n=3,m=2,p=2.
The shape of the surface E(J, Q,) is quite involved, as it
is a multivaluated function. In Fig. 8 (right) we display
some contour curves for the 3D surface of Fig. 8 (left). It is
evident from both figures that the energy E is not a
monotonic function neither on the angular momentum J
nor on the electric charge Q,, for p > 0.

V. CONCLUSIONS

In this paper we have addressed the construction of
excited solutions in a SCS model in 2 + 1 dimensions and
the question whether that SCS term might modify or not the
general pattern of energies in the model, by analyzing its
effect on the excited solutions. Although excited solutions
(with p > 0) already exist in the ungauged Skyrme model
in 24 1 dimensions (provided that the quartic Skyrme
kinetic term is present in the Lagrangian, (2.1)), here we
have introduced an SO(2) x SO(2) Abelian gauge poten-
tial to be able to define a SCS term, whose influence we
were aimed to study.

In Ref. [12] the effect of a SCS term on fundamental
solutions of a slightly different model was considered,
revealing that the slopes of (E, Q,) and (E, J) curves may

have both positive and negative signs, in contrast with the
standard case of exclusively monotonically increasing pos-
itive slopes. However, only solutions with g(r) = const were
considered there. Our objective here was to look for the
existence of excited solutions first and then study their
properties. Their construction was challenging, mainly
because the use of a constraint compliant parametrization
introduces a discontinuity in the asymptotic boundary con-
dition of the function g¢(r), and also because excited
embedded O(3) solutions in constraint compliant paramet-
rization have a noncontinuous g(r). That was the reason why
the type of solutions we are considering here could not be
obtained in Ref. [12].

Using the Lagrange multiplier method, the excited
solutions can be obtained, being characterized by an
integer number p, which coincides with the number of
nodes of the function S(r) in (0,00). Fundamental
solutions correspond to p = 0. In addition, the ansatz
considered here, (2.13)—(2.19), includes two more integer
numbers, namely, n and m. Excited solutions exist only
for |n| # |m| and |n|,|m| > 2. There is an asymmetry
between solutions with even p and odd p, having the
latter a more intricate behavior (see Figs. 4 and 5). In
fact, we have only found excited embedded O(3)
solution for odd p [Figs. 4-7].

Finally, for given n, m, k, and y, we observe, in general,
that the energy increases with p, the lowest value corre-
sponding to the fundamental solutions p = 0 [see Fig. 4].
Although it is impossible to explore the whole parameter
space of the theory, we believe this is a general property. In
that sense, the SCS term does not seem to be enough to
reverse the general order of the energy levels in a gauged
Skyrme model in 2 + 1 dimensions.
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