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We propose an extension of the QCD sum rules, termed the resonance sum rules, to access resonance
poles in the complex energy plane. By strategically introducing a contour in the complex plane and
conformal mapping, the method intends to reach resonance poles on the second Riemann sheet. To validate
this approach, we apply resonance sum rules to the square-well potential model, for which the pole
locations are known. The analysis demonstrates a successful extraction of the pole positions and residues
for both the S-wave and P-wave resonances. The results are in good agreement with the analytic solutions,
with discrepancies within 5% for the pole positions and 20% for the residues. This framework provides a
basis for future applications to realistic hadronic resonances, promising new insights into spectral
properties of QCD.
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I. INTRODUCTION

The quantum chromodynamics (QCD) sum rules method
provides a powerful theoretical framework to study had-
ronic properties directly from the fundamental principles of
QCD, the theory of the strong interaction. Originally
developed by Shifman, Vainshtein, and Zakharov [1,2],
this approach connects hadronic properties with quark
and gluon dynamics through operator product expansion
(OPE), dispersion relations, and quark-hadron duality. By
analyzing the correlation function

Πðq2Þ ¼ i
Z

d4xeiq·xhT½jðxÞj†ð0Þ�i; ð1Þ

constructed from a local current operator, jðxÞ, of quarks
and/or gluons, one can extract hadronic parameters such as
masses, decay constants, and form factors from the under-
lying QCD dynamics. The nonperturbative contributions
encoded in vacuum condensates, such as the quark and

gluon condensates, serve as essential inputs to the formal-
ism. Despite being semiphenomenological, the QCD sum
rules approach has provided substantial insights into
hadron spectroscopy and structure, especially for systems
where lattice QCD or other nonperturbative techniques
become computationally intensive or less effective. For
comprehensive reviews, see Refs. [3–9].
A central challenge lies in the treatment of resonances,

which constitute a dominant part of the hadron spectrum. In
lattice QCD, the discrete energy levels of a finite volume
just provide the scattering amplitudes at these real energy
points. Then, using theoretical models or effective field
theory, the scattering amplitude is analytically continued into
the complex energy plane to find the resonance pole position.
This process not only requires significant computational
resources to obtain the energy levels, but also introduces
substantial theoretical uncertainties due to themodels used for
determining the pole position. By contrast, QCD sum rules
method exploits the analyticity of correlation functions to
connect the OPE in the deep Euclidean region to the physical
kinematic region in the complex energy plane. This suggests
that sum rules could provide a complementary approach to
exploring the analytic structure of resonant states.
However, the conventional framework still has critical

limitations. The physical spectral function constrained
by the sum rules method is defined only on the positive
real axis of the square of four-momentum (s ¼ q2), while
the resonance poles reside in the complex plane.
Moreover, the spectral function is widely modeled via
the “poleþ continuum” ansatz [1,2]
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ρðsÞ≡ 1

π
ImΠðsÞ

¼ jλj2δðs −m2Þ þ 1

π
θðs − sthÞ ImΠOPEðsÞ; ð2Þ

where m is the mass of the hadron, which is assumed to
have a vanishing decay width. λ denotes the coupling of
current jðxÞ to the same state. Finally, ΠOPEðsÞ is the OPE
expression of the original correlator in Eq. (1), which can
be expected to be accurate at high energy and, hence, is
used to approximate the continuum above the threshold sth.
This assumption, called “quark-hadron duality,” is justi-
fied in QCD thanks to asymptotic freedom. The ansatz in
Eq. (2) is well justified for a narrow ground state below
the continuum threshold, while it becomes inadequate for
resonances with finite decay widths.
Efforts have been made to improve these shortcomings.

A finite-width spectral peak has been introduced into the
spectral function with a variable width parameter to be
determined by the sum rules [10–13], or the integral of the
sum rules is directly inverted to access the spectral function
without using Eq. (2) [14,15]. These studies have revealed
that the standard sum rule framework cannot fully constrain
all three resonance parameters (mass, coupling, and width)
simultaneously but instead leads to certain correlations
among them. For example, a maximum entropy analysis of
the ρ meson sum rule [14] did reveal the existence and
location of a peak in the spectral function but could not
unambiguously determine its width. Thus, the conventional
sum rules framework remains limited in its ability to access
the full pole structure of resonances.
To overcome these limitations, we explore a generali-

zation of QCD sum rules in the complex energy plane.
Inspired by the complex scaling method used in many-body
systems [16–18], we explore a modification of the
dispersion relation:

Πðq2Þ ¼ 1

π

I
C
ds

ImΠðsþ iεÞ
s − q2

; ð3Þ

by deforming the integration contour C into the complex
plane. This allows for an analytic continuation of the
correlator onto the second Riemann sheet, thus enabling
the extraction of pole positions associated with resonant
states.
Before applying this idea to QCD, we test it in a simple

and analytically solvable system, i.e., the quantum mechan-
ics of the square-well potential. Depending on its depth,
this potential can exhibit bound, virtual, and resonant
states. Each corresponds to a pole of the scattering
amplitude in the complex energy plane and leaves its
(more or less pronounced) characteristic traces on the real
axis. Our aim is to examine whether complex-plane sum
rules can extract the resonance poles in the low-energy

region from the asymptotic behavior of the scattering
amplitude at large momentum.
The paper is organized as follows. In Sec. II, we introduce

the square-well potential and its spectrum. Section III out-
lines the sum rule formulation for extracting the bound state,
while, in Sec. IV, we present the novel method to determine
the pole position of resonance states and their residues. In
the next section, we show how to calculate the resonance
parameters using the above method for the S- and P-wave
cases. Conclusions are given in Sec. VI, and technical
derivations are provided in the Appendixes.

II. SQUARE-WELL POTENTIAL

We consider a three-dimensional square-well potential:

VðRÞ ¼
�−V0 R < R;

0 R > R;
ð4Þ

where R is the radial coordinate and V0 andR are the depth
and the range of the potential, respectively. The radial wave
function with the angular momentum l reads

ψ lðRÞ¼
(
cVl jlðk1RÞ; R<R;

cþl h
ðþÞ
l ðkRÞþc−l h

ð−Þ
l ðkRÞ; R>R;

ð5Þ

where

k1≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þk20

q
; k≡ ffiffiffiffiffiffiffiffiffiffi

2mE
p

; k0≡
ffiffiffiffiffiffiffiffiffiffiffiffi
2mV0

p
; ð6Þ

and hð�Þ
l ¼ jl � inl are the spherical Hankel functions, with

jl and nl being the spherical Bessel and Neumann func-
tions, respectively.
Given the continuity of the wave function at R ¼ R, the

scattering amplitude matrix Tl is defined by

TlðEÞ≡ SlðzÞ − 1

2iz
; ð7Þ

where the matrix SlðzÞ is

SlðzÞ≡ cþl
c−l

¼ zhð−Þ0l ðzÞjlðz1Þ − z1h
ð−Þ
l ðzÞj0lðz1Þ

z1h
ðþÞ
l ðzÞj0lðz1Þ − zhðþÞ0

l ðzÞjlðz1Þ
; ð8Þ

with dimensionless variables z ¼ kR and z1 ¼ k1R ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 þ z20

p
, where z0 ¼ k0R. For simplicity, we set R ¼ 1

and m ¼ 1. Then, one has E ¼ 1
2
z2 and V0 ¼ 1

2
z20. The

bound state exists if z0 ⩾ π=2 for l ¼ 0 and z0 ⩾ π for l ¼ 1.
For l ¼ 0, the scattering amplitude is explicitly given by

T0ðzÞ ¼
ðz sin z1 cos z − z1 cos z1 sin zÞ

zðz1 cos z1 − iz sin z1Þ
e−iz; ð9Þ
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which is analytic in the complex z plane except for the
poles corresponding to the physical states. The square root
in the momentum introduces two Riemann sheets: The first
(physical) (RI) sheet contains bound states, while resonant
and virtual states exist on the second Riemann sheet (RII).
Figure 1 shows the imaginary parts of the scattering
amplitude with z0 ¼ π on the RI and RII sheets.

III. EXTRACTION OF BOUND
STATE POLES

In this section, we present a method for extracting the
real poles, i.e., the energy of the bound states, generated
from the square-well potential. As their decay widths
vanish, the analysis is similar to that of conventional
QCD sum rules studies. This, hence, serves as a test of
the usefulness of the square-well potential model as an
analog of real QCD sum rules.

A. Large energy expansion of T matrix

For large energiesE, the scatteringamplitudeTlðEÞ canbe
approximated by a seriesTOPEðnÞ

l ðEÞwith truncation ordern,
which represents a power series in V0=jEj. The expansion is
valid in the limit V0=jEj → 0 and, therefore, becomes
increasingly accurate for jEj ≫ V0, corresponding to the
weak-coupling or high-energy limit of the system.
Although there are no explicit operators here, the

expansion can be considered as the analog of the OPE
in QCD sum rules.1 As an explicit example, for l ¼ 0, the
expansion reads

T0ðzÞ¼ ð2z− sin2zÞ z
2
0

4z3

þð4sin2zþ i− ie4iz−4z−8e2izzþ8iz2Þ z40
32z5

þ��� :
ð10Þ

We define TOPEðnÞ
l ðEÞ by truncating this series at the order

ðz20Þn or Vn
0. In Fig. 2, we compare the exact scattering

amplitude T0ðEÞ with its truncated expansions TOPEðnÞ
0 ðEÞ

for z0 ¼ π (V0 ¼ π2=2). The expansion reproduces the
exact amplitude for sufficiently large jEj along the real axis,
and the convergence systematically improves with increas-
ing truncation order n.

B. Pole extraction

To extract the bound state poles of the T matrix, we
consider a contour integral on the first Riemann sheet of
the complex energy plane RI, as shown in the left panel
in Fig. 1. The closed contour B consists of a straight line
parallel to the real axis (shifted by an infinitesimal þiε)
and an arc Bþ

arc closing the contour in the upper half-
plane:

I
B
¼

Z
Ethþiε

−Ethþiε
þ
Z
Bþ
arc∶Eth

; ð11Þ

where Bþ=−
arc∶Eth

denote anticlockwise and clockwise inte-
grals, respectively, along the arc of radius Eth.
The contour B excludes the bound state poles on the

negative real axis of E in the first Riemann sheet. As a
result, for any analytic scattering amplitude TðEÞ, the
integral

FIG. 1. Contour plot of imaginary part of S-wave scattering amplitude on the first (a) RI, and second (b) RII, Riemann sheets of the
complex energy plane for z0 ¼ π. On the RI sheet, the red closed path B denotes the integration contour that excludes the bound state
pole on the negative real axis.

1The OPE is an expansion by the mass dimension of the local
operators, and, thus, the Wilson coefficients scale inversely with
this dimension. Such feature can be mimicked by the present
expansion.
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I
B
TðEÞWðE;MÞdE ¼ 0 ð12Þ

vanishes by Cauchy’s theorem. Here, WðE;MÞ is an
analytic weight function in the complex energy E plane
and becomes a real number along the real energy E axis,
with M being a parameter called “Borel mass.”
Defining the spectral function ρlðEÞ ¼ 1

π ImTlðEþ iεÞ,
Eq. (12) implies [6,19]

LlðM;Eth; nÞ≡ Im
Z
B−
arc∶Eth

TOPEðnÞ
l ðEÞWðE;MÞdE

≈
Z

Eth

−Eth

πρlðEÞWðE;MÞdE: ð13Þ

Notably, although TOPEðnÞ
l ðEÞ is valid and convergent

only for sufficiently large jEj (arc section of the integral),
the analyticity ensures that the contour integral in
Eq. (12) relates high-energy expansion to low-energy pole
information.
On the phenomenological side, assuming that a single

bound state dominates, the imaginary part of the T matrix
can be parametrized as

ImTph
l ðEþ iεÞ ¼ Im

�
−fl

E − El þ iε
þ background

�
; ð14Þ

where El and fl are the energy and the coupling constant of
the bound state, respectively. The “background” here
represents all other contributions that do not originate from
this bound state, including the continuum and the high-
energy states above the threshold Eth. Consequently, the
spectral function is then

ρphl ðEÞ ¼ flδðE − ElÞ þ ρbgl ðEÞθðE − EthÞ; ð15Þ

where ρbgl ðEÞ describes the contribution of background.
Assuming ρphl ¼ ρl and using the contour relation in

Eq. (13), one obtains the integration of ρphl from TOPE
l . To

enhance the ground-state contribution and suppress the
background contribution, we choose a weight function of
the form WðE;MÞ ¼ e−E=M. The extracted energy and
coupling constant are, respectively [19–24],

ElðM;Eth; nÞ ¼ M2
d
dM

lnLlðM;Eth; nÞ; ð16Þ

flðM;Eth; nÞ ¼
1

π
eEl=MLlðM;Eth; nÞ: ð17Þ

From Eqs. (16) and (17), the extracted bound state energy
and coupling constant depend on three parameters: the
Borel mass M, the continuum threshold Eth, and the
truncation order n.
The Borel window and the threshold Eth must be

appropriately constrained. To this end, we employ the
standard criteria used in QCD sum rules: large pole
contribution (PC) and good OPE convergence (CVG).
This is because, on one hand, if M is too large, the
background contribution becomes significant. To suppress
it, we require the PC [19,21,22,24,25],

PC ¼ LlðM;Eth; nÞ
LlðM;∞; nÞ ; ð18Þ

of the lowest bound state to be dominant. On the other
hand, ifM is too small, CVG then cannot be guaranteed. To
address the problem above, the ratio below should exceed a
lower bound, i.e., [21,24–26],

FIG. 2. Comparison of the exact S-wave scattering amplitude T0ðEÞ with the truncated expansion TOPEðnÞ
0 ðEÞ on the first Riemann

sheet for z0 ¼ π (V0 ¼ π2=2). The black solid line refers to T0ðEÞ and TOPEðnÞ
0 ðEÞwith n ¼ 1, 2, 3, 4 shown by the red, orange, blue, and

gray dashed lines, respectively. (a) Real part. (b) Imaginary part.

OU-YANG, GUBLER, OKA, WANG, and WU PHYS. REV. D 112, 114034 (2025)

114034-4



CVG ¼
����1 − LlðM;Eth; n − 1Þ

LlðM;Eth; nÞ
����; ð19Þ

where n stands for the truncation order of OPE.
Although the numerical thresholds for PC and CVG are

not uniquely determined, they must be stringent enough
to ensure pole dominance and OPE convergence. The Eth
is then fixed by minimizing the M dependence of the
extracted energy through [24,25]

χ2ðEthÞ ¼
Z

Mmax

Mmin

dM
½ElðM;Eth; nÞ − Ēl�2

Mmax −Mmin
; ð20Þ

where

Ēl ¼
Z

Mmax

Mmin

dM
ElðM;Eth; nÞ
Mmax −Mmin

: ð21Þ

As an illustrative example, we consider a trivial case with

l ¼ 0, z0 ¼ π and ρOPEðn¼10Þ
0 . Because of the large coupling

f0, one has PC > 95% even for M > 100, leading to a
wide Borel mass range. Nevertheless, the upper bound
Mmax ¼ 10 is imposed to ensure PC ⩾ 98%. For the CVG
criterion, imposing CVGjn¼10 < 3 × 10−3 leads to the
lower limit of the Borel window Mmin ¼ 4.5. By minimiz-
ing χ2, we find the optimal threshold Eth ≈ 5.66.
For comparison, another common and equivalent

approach is to determine Eth from the intersection point
of Borel curves El¼0 versus Eth for different values of M
[22,25]. As shown in Fig. 3(a), the minimum of χ2

coincides with the intersection point of the Borel curves.
This confirms the consistency of the determination
of Eth and demonstrates that the extracted energy is
insensitive to M.

Finally, the extracted bound state energy Eex
l¼0 ¼ −2.22

and the coupling constant fex0 ¼ 26.28 are in agreement
with the analytic results Ean

l¼0 ¼ −2.26 and fan0 ¼ 25.86,
respectively, as illustrated in Fig. 3(b). Here, for simplicity,
the superscripts “ex” and “an” are for “extracted” and
“analytic,” respectively. The relative deviations ðanalytic −
extractedÞ=analytic are approximately 1.5% for the energy
and 1.6% for the coupling constant.

IV. RESONANCE SUM RULES TO EXTRACT
THE COMPLEX POLE POSITION

In this section, we extend the conventional sum rule
framework to extract the resonance pole. It is necessary to
determine both the real and imaginary parts of the complex
pole position on the second Riemann sheet. This introduces
several challenges beyond those encountered in the bound
state case: (i) The integration contour must be deformed to
access the second Riemann sheet, (ii) the linear segments of
the contour must lie close to the direction specified by the
phase angle of the pole, so that the integration path passes
through the vicinity of the resonance, and (iii) both the real
and imaginary parts of the T matrix must be utilized. To
overcome these challenges, we introduce a new contour
and mapping procedure, as shown in Fig. 4, which allows
us to determine the phase angle and modulus of the pole
simultaneously.

A. T matrix near a complex pole

On the phenomenological (ph) side, the T matrix
containing a resonance pole can be written as

TphðEÞ ¼ F
E − EP

þ background; ð22Þ

FIG. 3. Extraction of the S-wave bound state pole for z0 ¼ π (V0 ¼ π2=2) from OPE up to truncation order n ¼ 10 using a method
analogous to conventional QCD sum rules. (a) Determination of the continuum threshold Eth by minimizing χ2 in Eq. (20) (main panel).
The inset shows an alternative determination by locating the intersection point of Borel curves El¼0 versus Eth for different values ofM.
Both methods give consistent results. (b) Bound state energy and residue as functions of the Borel mass M, obtained using the optimal
threshold Eth ≈ 5.66. The extracted values (red) are reasonably close to the analytic ones (blue).
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with the residue F ¼ fx þ ify and the pole position EP ¼
rPeiθP (θP < 0)2 and complex argument E ¼ reiθ. At the
vicinity of the pole θ → θP þ 0�, one has

TphðEÞjθ→θPþ0∓ ¼ Fe−iθ
�

1

r − rp
� iπδðr − rPÞ

�

þ background: ð23Þ

Unlike the bound state case described in Eq. (15), the
imaginary part alone cannot isolate the pole contribution
δðr − rPÞ, since both the pole position and the residue are
complex for a resonance. Thus, the conventional sum rules
method is no longer applicable.

B. New method to extract
the complex pole

To resolve the above complications, we propose a novel
method to extract the complex pole based on Eq. (23). First,
we deform the contour connecting the asymptotic region
with the vicinity of the pole, as shown in Fig. 4(a). The
closed contour includes three parts: C0

rtheiπ
on RI along its

negative axis, Crtheiθ0
0 on RII, and Cþ

arc from RI to RII
crossing the positive axis of RI at which RI and RII
connect, and then yields

I
C
TðEÞWðE;MÞdE

¼
�
0 θ0 > θP;

2πiFWðrPeiθP ;MÞ θ0 < θP;
ð24Þ

where Cþ=−
arc∶Eth

denote anticlockwise and clockwise inte-
grals, respectively, along an arc of radius Eth. The paths

C0
rtheiπ

and Crtheiθ0
0 are mapped onto the real axis by the

transformation

ωðE; θ0Þ ¼ ðEe−iθ0Þ π
π−θ0 ; ð25Þ

where θ0 is the newly defined scanning angle. Under this
mapping,ωðE; θ0Þ takes−rπ=ðπ−θ0Þ on the contourC0

rtheiπ
for

E ¼ reiπ and rπ=ðπ−θ0Þ on Crtheiθ0
0 for E ¼ reiθ0, as illustrated

in Fig. 4(b).
The weight function is chosen to have a Gaussian form:

WðE;M;E0;θ0Þ¼ exp

�
−
½ωðE;θ0Þ−ωðE0;θ0Þ�2

M2

�
; ð26Þ

where E0 ¼ r0eiθ0 is a new parameter that changes the peak
of the Gaussian weight function to effectively enhance the
contribution from the vicinity of the target pole position.
[We hereafter suppress the ðE0; θ0Þ from the argument ofW
for simplicity.]
When θ ¼ θ0 ≈ θP and r ≈ rP, one has TðEÞ ≈ TphðEÞ

along Crtheiθ0
0 . Moreover, an appropriate Gaussian weight

suppresses the background contribution of the integral
along the path C0

rtheiπ
, which can, thus, be neglected.

Hence, we define

Aþ iB≡
�Z

0

rtheiπ
þ
Z

rtheiθ0

0

�
TðEÞWðE;MÞdE

¼ph

½θ0→θP�

Z
rth

0

ðfx þ ifyÞ
�

1

r − rP
� iπδðr − rPÞ

�
×Wðreiθ0 ;MÞdr; ð27Þ

FIG. 4. Illustration of the contour and conformal mapping used in the resonance sum rule. (a) Contour C in the complex-energy plane
employed in the new resonance sum rule for the z0 ¼ 0.4π case. (b) Example of the conformal mapping ωðE; θ0Þ in Eq. (25), which
maps the contour segments E ¼ reiπ and E ¼ reiθ to the real ω axis for θ0 ¼ − 0.936.

2The second Riemann sheet corresponds to the angular domain
θ∈ ð−2π; 0Þ.
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Cþ iD≡
�Z

0

rtheiπ
þ
Z

rtheiθ0

0

�
TðEÞWðE;MÞωðE; θ0ÞdE

¼ph

½θ0→θP�

Z
rth

0

ðfx þ ifyÞ
�

1

r − rP
� iπδðr − rPÞ

�
×Wðreiθ0 ;MÞωðreiθ0 ; θ0Þdr; ð28Þ

where A, C and B,D denote the real and imaginary parts of
integrals, respectively. Here and in the following, the
variables with “ph” indicate that TphðEÞ is applied in the

case that the angle of E ¼ reiθ alongCrtheiθ0
0 is in the vicinity

of θ0 ≈ θP, and the background term is assumed to be
neglected. The “�” signs stand for the cases θ0 < θP < 0
and θP < θ0 < 0, respectively.
To eliminate the contribution of the 1=ðr − rPÞ term, we

introduce a new parameter α such that fx þ αfy ¼ 0. This
leads to simple relations:

ðAþ αBÞphθ0→θP
¼ �πðαfx − fyÞWðrPeiθ0 ;MÞ; ð29Þ

ðCþ αDÞphθ0→θP
¼ �πðαfx − fyÞWðrPeiθ0 ;MÞ
× ωðrPeiθ0 ; θ0Þ: ð30Þ

Here, the “�” signs are inherited from Eqs. (27) and (28).
This implies that Aþ αB and Cþ αD exhibit discontinuity
when θ0 passes through θP. The derivation of Eqs. (29) and
(30) can be found in Appendix A.
Next, we define the arc integrals as

A0 þ iB0 ≡
Z
C−
arc

TðEÞWðE;MÞdE; ð31Þ

C0 þ iD0 ≡
Z
C−
arc

TðEÞWðE;MÞωðE; θ0ÞdE: ð32Þ

With the residue relation in Eq. (24), ðA0; B0Þ and ðC0; D0Þ
can be related to ðA; BÞ and ðC;DÞ, respectively. In
particular, one finds

ðA0 þ αB0Þphθ0→θP
¼ πðfy − αfxÞWðrPeiθP ;MÞ; ð33Þ

ðC0 þ αD0Þphθ0→θP
¼ πðfy − αfxÞWðrPeiθP ;MÞr

π
π−θP
P : ð34Þ

Notably, the above relations hold regardless of whether the
resonance pole lies inside or outside the closed contour C.
The detailed derivation of the above equations is given in
Appendix A.
When the scanning angle θ0 approaches the pole

angle θP (θ0 → θP), the pole position can be extracted
directly as

Eex
P ¼ rexP eiθ0 ; ð35Þ

rexP ¼
�
C0 þ αD0

A0 þ αB0

�π−θ0
π

; ð36Þ

where Eex and rex denote the extracted complex energy
and its modulus, respectively, and coincide exactly with
the true pole position Eex

P jθ0→θP
¼ Ean

P ¼ ranP eiθP if all
background contributions vanish.
Finally, the residue F ¼ fx þ ify can be extracted as

Fex ¼ ðA0 þ αB0Þphθ0→θP

πWðEex
P ;MÞ

−αþ i
α2 þ 1

ð37Þ

by solving the equations(
fx þ αfy ¼ 0;

ðA0 þ αB0Þphθ0→θP
¼ πðfy − αfxÞWðEex

P ;MÞ: ð38Þ

C. Determination of parameters

To extract the resonance pole in Eq. (35), the main task is
to determine two parameters α and θP. In practice, what we
can calculate are A0 þ αB0 and C0 þ αD0 with changing
cancellation parameter α, scanning angle θ0, threshold rth,
and Borel massM. The ranges ofM and rth are constrained
by the conventional QCD sum rules criteria of PC and
CVG, as discussed below. For α ¼ −fx=fy and θ0 ¼ θP,
we propose the following method to determine their values.
For the correct α satisfying fx þ αfy ¼ 0 and for

θ0 ≈ θP, the combination A0 þ αB0 in Eq. (31) becomes
independent of rth with fixed M2. This can be seen by
expanding the integrand in Eq. (22):

ðA0 þ αB0Þph

≈
Z

rth

0

dr

�
fx þ αfy
r − rP

þ ðαfx − fyÞrPðθP − θ0Þ
ðr − rPÞ2 þ rrPðθP − θ0Þ2

	
×Wðreiθ0 ;MÞ þO½ðθP − θ0Þ2� þ possible residue:

ð39Þ

For α ¼ −fx=fy and θ0 ≈ θP, the 1=ðr − rPÞ term cancels,

and a δðr − rPÞ function appears as r0�
ðr−rPÞ2þðr0�Þ2 ¼

�πδðr − rPÞ, yielding the rth independence. This property
allows one to determine α and θ0. Furthermore, whether the
value of “possible residue” is zero depends on whether the
considered singularity is within the contour, which solely
relies on the magnitude relationship between θ0 and θP and
is itself independent of the numerical value of rth. In
addition, the above discussion, in principle, is based on a
fixed Borel mass; thus, we can pick out the specific values
of α and θ0 for each Borel mass. However, for a properly
defined Borel window, the optimal values of α and θ0 turn
out to be rather stable for the square-well potential, which
will be shown later.
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The rth independence of A0 þ αB0 motivates us to
formulate the following function to search for α and θ0:

σ1ðα; θ0Þ≡ STD½ðA0 þ αB0Þ; frth1;…; rthng�; ð40Þ

where rthi ¼ rth þ iΔrth; i∈Z, and the statistical standard
deviation (STD) is defined as

STD½Y; fX1;…; Xng� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

n
i ½YiðXiÞ − Ȳ�2

n − 1

r
; ð41Þ

with Ȳ ¼ ð1=nÞPn
i YiðXiÞ. We determine α and θ0 by

minimizing σ1. Furthermore, in Appendix B, we propose
another statistical standard deviation σ2, for B0 − αA0,
which can further confirm the robustness of the values
of α and θ0 obtained from σ1.
Notably, we should point out that the intrinsic uncer-

tainties arise from higher-order corrections:
(i) O½ðθP − θ0Þ2� terms in the expansion of TphðEÞ,
(ii) O½ðr

π
π−θ0
P − r

π
π−θ0
0 ÞðθP − θ0Þ=M2Þ� corrections from the

Gaussian weight WðrPeiθP ;MÞ −WðrPeiθ0 ;MÞ, and
(iii) contributions from background in TphðEÞ such as
excited states and continuum. These yield deviations that
affect the precision of the extracted α and related
parameters.
After fixing the optimal α and θ0, we next specify the

conditions for the Borel window ½Mmin;Mmax�, which is
chosen to ensure the pole dominance and the OPE con-
vergence. To suppress contributions from excited states and
the continuum, we require that the pole contribution

PC ¼ jðA0 þ αB0ÞOPEðnÞj
jðA0 þ αB0ÞOPEðnÞj þK

ð42Þ

should be sufficiently large, where

K ¼
�Z

rtheiπ

−∞
þ
Z

∞eiθ0

rtheiθ0

�
jTOPEðEÞjWðE;MÞdE ð43Þ

represents background contribution from excited states and
the continuum. Meanwhile, the OPE convergence is quali-
fied by

CVGn ¼
����1 − ðA0 þ αB0ÞOPEðn−1Þ

ðA0 þ αB0ÞOPEðnÞ
����: ð44Þ

Since the A0 þ αB0 is almost independent of the threshold
rth for the optimal α and θ0, the last variable rP will also be
weakly dependent on the threshold rth. Namely, any rth in
the proper range will result in a similar pole position and
residue. Nevertheless, we still need to verify the final
results by their dependence on the Borel mass. The
dependence of jEex

P j on the Borel mass can be quantified by

χ2ðrthÞ ¼
Z

M2
max

M2
min

dM2
½Eex

P ðM2;C−
arc∶rthÞ − Ēex

P �2
M2

max −M2
min

; ð45Þ

where the average energy is

Ēex
P ¼

Z
M2

max

M2
min

dM2
Eex
P ðM2;C−

arc∶rthÞ
M2

max −M2
min

; ð46Þ

ensuring a stable Borel plateau.
Finally, the parameter ω0 ¼ ωðE0; θ0Þ with E0 ¼ r0eiθ0

[Eq. (25)] can be chosen iteratively: An initial guess E0

(first iteration) close to the expected pole is refined by
updating E0 (mth iteration)≈Eex

P [(m − 1)th iteration] until
convergence. Note that the initial E0 does not need to
coincide with the pole position.

V. EXAMPLES EXTRACTING THE COMPLEX
POLE POSITION

As a first application of the proposed method, we employ
the square-well potential to extract the resonance poles
explicitly. The results are presented for both S- and P-wave
channels.

A. Determination of the optimal α and θ0
We apply the proposed procedure to the S-wave case

with z0 ¼
ffiffiffiffiffiffiffiffi
2V0

p ¼ 0.4π and the P-wave case with z0 ¼ffiffiffiffiffiffiffiffi
2V0

p ¼ 0.9π, using the contour shown in Fig. 4(a). At
large energies E, the T0ðEÞ (S-wave) and T1ðEÞ (P-wave)
can be approximated by their truncated expansions

TOPEðn¼5Þ
l ðEÞ ≈ TlðEÞ along the complex arc up to trunca-

tion order n ¼ 5, as shown in Fig. 5. To improve con-
vergence, expansions are performed at V0 ¼ 0.7≲ 0.4π for
the S-wave and V0 ¼ 3.9≲ 0.9π for the P-wave cases
rather than at V0 ¼ 0.
Under the mapping transformation of Eq. (25), the

Gaussian weight function WðE;M;E0; θ0Þ in Eq. (26) is
employed in the contour integrals. For the S-wave, we
choose E0 ¼ 11.00eiθ0 with θ0 ¼ −0.940, while for the
P-wave we adopt E0 ¼ 0.30eiθ0 with θ0 ¼ −0.500. As
shown in Fig. 5, the weight functions effectively enhance
the pole contributions while suppressing the nonpole
background.
To evaluate ðσ1Þmin, the parameter space of rth is

discretized into 21 equal steps for two different choices
of the rth range. We employ the ranges [11.00, 12.00]
and [11.00, 13.00] for the S-wave and [0.40, 0.50] and
[0.40, 0.60] for the P-wave. Figure 6 shows the
minimal value of σ1 by varying α at each fixed θ0.
The different curves correspond to different choices of
the rth range and the Borel mass M. Then, from the
minima of these curves, we obtain the optimal θ0 value.
Figure 6 shows that, while the curves vary, the location
of the minima are quite consistent, demonstrating that
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the extracted θ0 for S- and P-wave can be rather stable
for different choices of the rth range. The results with
different M are also consistent with each other, showing
that the minimum depends little on the Borel mass. In
Fig. 7, we show the behavior of the minimum σ1 value

as a function of α at the optimal θ0. This valley
structure of σ1 identifies the optical α. With this
approach, we are able to fix the best values of α ≈
−fx=fy and θ0 ≈ θP, which are independent of the
choices of rth and M2.

15

FIG. 5. Scattering amplitudes, their truncated expansions, and applied weight functions within the new resonance sum rule for the
(a) S-wave and (b) P-wave channels.

For each threshold set,

there are 21 points

with equal spacing.

For each threshold set,

there are 21 points

with equal spacing.

FIG. 6. Minimum value of σ1 by varying α, shown as a function of θ0. (a) S-wave and (b) P-wave.

FIG. 7. The value of σ1 as a function of α with the fixed θ0. (a) S-wave and (b) P-wave.
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B. Borel window and plateau

In this subsection, we determine the Borel window by
the PC and CVG criteria. We choose M2 ∈ ½0.80; 2.00�
with 90%≳ PC≳ 80% for the S-wave and
M2 ∈ ½0.10; 0.30� with 80%≳ PC≳ 60% for the P-wave,
which satisfy the large pole contribution and good
convergence. Figure 8 shows that the OPE convergence
is ensured for n ≈ 5.

Since, when determining the minimum σ1, we require
the least dependence of A0 þ αB0 on the threshold rth,

ðrexP Þ
π−θ0
π ¼ ðC0 þ αD0Þ=ðA0 þ αB0Þ and even the final

χ2ðrthÞ are hardly dependent on the threshold, as demon-
strated in Fig. 9 to confirm the stable Borel plateau. Here,
we choose the median value rth ¼ 12.00 for S-wave and
rth ¼ 0.50 for P-wave as the optimal thresholds within the
range of their threshold sets.

FIG. 8. The PC and OPE CVG, shown as a function of the Borel mass M. (a) S-wave and (b) P-wave.

FIG. 9. Dependence of χ2ðrthÞ on the threshold parameter rth. (a) S-wave and (b) P-wave.

FIG. 10. The pole radius rP, shown as a function of the (squared) Borel mass M2. (a) S-wave and (b) P-wave.
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Finally, the pole positions Eex
P and the residues Fex are

extracted via Eqs. (35) and (37) for both S- and P-wave.
The resulting Borel plateau shown in Fig. 10 demonstrates
that ðrexP ÞS-wave ≈ 11.02 and ðrexP ÞP-wave ≈ 0.35 are nearly
independent of M2. The obtained parameters and their
comparison with the analytic results are summarized in
Table I.

VI. SUMMARY AND DISCUSSION

In this paper, we have developed a novel method, the
“resonance sum rule” using Cauchy’s theorem to extract
resonance poles on the second Riemann sheet of the
correlation function within the QCD sum rule framework.
Although the core idea is conceptually straightforward, its
application requires overcoming several technical challenges.
To demonstrate the validity and effectiveness of our

approach, we first applied it to a toy model: the quantum
mechanical scattering problem with a square-well potential,
which can be solved analytically. Focusing on the first
resonance poles of the S-wave and P-wave scattering
amplitudes in an attractive square-well potential, we
demonstrated that the pole position and the residue can
be reliably extracted from the resonance sum rule.
To achieve this, we employ a contour integral of the

scattering amplitude weighted by a “Borel function.” The
contour is constructed to simultaneously enclose the reso-
nance pole on the second Riemann sheet and the high-
energy region where the 1=z expansion (with z ¼ ffiffiffiffiffiffi

2E
p

),
mimicking the OPE, is valid. By rotating the contour
around E ¼ 0 onto the second Riemann sheet and varying
the rotation angle and the contour radius, one can extract
the resonance pole.
It is found that this method works effectively in the

square-well potential model. For both S- and P-wave
channels, the pole positions and residues can be extracted
from the resonance sum rule. In particular, we utilize the
sensitivity of the sum rule to the rotation angle in order to
determine the ratio of the real and imaginary parts of the

pole position. The results are consistent with the analytic
results. For the pole positions and residues, the error is
within 5% and 20%, respectively. The precision is ulti-
mately limited by the validity of the 1=z expansion, which
reflects the analogous limitations of the OPE in QCD
sum rules.
To extend this method to real hadron resonances, further

investigations and refinements are required. As a next step,
we plan to test the method on the ρ meson resonance. In
principle, it should be possible to carry out such an analysis
to extract the complex pole from the P-wave ππ scattering
amplitude on the second Riemann sheet.
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APPENDIX A: DERIVATION OF VARIOUS
INTEGRALS

The definition of the phenomenological scattering ampli-
tude with E ¼ reiθ is

TphðEÞ ¼ F
E − EP

þ background; ðA1Þ

where E ¼ reiθ, EP ¼ rPeiθP , and F ¼ fx þ ify. If θ ≈ θP,
one has

TphðEÞ ¼ Fe−iθ

r − rPeiðθP−θÞ
¼ Fe−iθðr − rP cos δþ irP sin δÞ

ðr − rP cos δÞ2 þ ðrP sin δÞ2
;

¼ Fe−iθ
�

1

r − rP
þ irPδ
ðr − rPÞ2 þ rrPδ2

�
þOðδ2Þ;

¼δ→0Fe−iθ
�

1

r − rP
� iπδðr − rPÞ

�
; ðA2Þ

where δ≡ θP − θ and þð−Þ relates to δ > 0 (δ < 0).

TABLE I. Comparison between the analytical results and
extracted complex pole positions for the S-wave and P-wave
resonances. n ¼ 5 is chosen for OPE.

Parameters S-wave P-wave

Threshold rth 12.00 0.50
Optimal θ0 −0.948 −0.560
Optimal α −2.38 0.14
r0 11.00 0.30
Borel window M2 0.70–2.00 0.10–0.30
Pole contribution 90%–80% 80%–60%

Pole extracted Eex
P 11.02e−i0.948 0.35e−i0.560

Pole analytic Ean
P 10.59e−i0.936 0.34e−i0.552

Residue extracted 0.19þ 0.08i −0.02þ 0.17i
Residue analytic 0.24þ 0.03i −0.04þ 0.18i
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Equation (29) is then derived as

ðAþ αBÞph ≡
�Z

0

rtheiπ
þ
Z

rtheiθ0

0

�
TphðEÞWðE;MÞdE

¼
suppress

R
0

rthe
iπ

Z
rth

0

�
fx þ αfy
r − rP

þ ðαfx − fyÞrPðθP − θ0Þ
ðr − rPÞ2 þ rrPðθP − θ0Þ2

�
WðE;MÞdr

¼θ0→θP
Z

rth

0

�
fx þ αfy
r − rP

� πðαfx − fyÞδðr − rPÞ
�
Wðreiθ0 ;MÞdr

¼
�−πðαfx − fyÞWðrPeiθ0 ;MÞ θP < θ0;

πðαfx − fyÞWðrPeiθ0 ;MÞ θ0 < θP;

where the superscript “ph” denotes that TphðEÞ is used to
approximate the integral. Similarly, the linear combination
Cþ αD in Eq. (30) is

ðCþ αDÞphθ0→θP
¼
suppress

R
0

rthe
iπ
Z

rth

0

�
fx þ αfy
r − rP

� πðαfx − fyÞδðr − rPÞ
�
Wðreiθ0 ;MÞr π

π−θ0dr

¼
�−πðαfx − fyÞWðrPeiθ0 ;MÞr

π
π−θ0
P θP < θ0;

πðαfx − fyÞWðrPeiθ0 ;MÞr
π

π−θ0
P θ0 < θP:

Note that in both cases we enforce the condition fx þ
αfy ¼ 0 to eliminate the 1=ðr − rPÞ term.
With the residue of the closed contour integral in

Eq. (24),

I
C
TphðEÞWðE;MÞdE ¼

(
0 θP < θ0;

2πiFWðrPeiθP ;MÞ θ0 < θP;

the arc integral reads

ðA0 þ iB0Þphθ0→θP
¼
Z
C−
arc

TphðEÞWðE;MÞdE¼ðAþ iBÞphθ0→θP

−

(
0 θP <θ0;

2πiFWðrPeiθP ;MÞ θ0<θP;
ðA3Þ

where the explicit forms of A0 and B0 are

A0ph
θ0→θP

¼Aph
θ0→θP

þ
�
0 θP <θ0;

2πfyWðrPeiθP ;MÞ θ0<θP
ðA4Þ

and

B0ph
θ0→θP

¼Bph
θ0→θP

þ
�
0 θP <θ0;

−2πfxWðrPeiθP ;MÞ θ0<θP:
ðA5Þ

This yields the simple linear combination

ðA0 þ αB0Þphθ0→θP
¼ −πðαfx − fyÞWðrPeiθP ;MÞ: ðA6Þ

α is still chosen as −fx=fy to cancel the contribution from
the 1=ðr − rPÞ term. Similarly, the definitions of C0 and D0
are given as

ðC0 þ iD0Þphθ0→θP
¼

Z
C−
arc

TphðEÞWðE;MÞωðE; θ0ÞdE

¼ ðCþ iDÞphθ0→θP

−

(
0 θP < θ0;

2πiFWðrPeiθP ;MÞr
π

π−θ0
P θ0 < θP;

ðA7Þ

which ultimately results in the linear combination

ðC0 þαD0Þphθ0→θP
¼−πðαfx−fyÞWðrPeiθP ;MÞr

π
π−θP
P : ðA8Þ

APPENDIX B: ADDITIONAL VARIABLE FOR
EXTRACTING α

Here, we propose a new variable B0 − αA0 that can also
help to extract the correct α ¼ −fx=fy. In the M → ∞
limit, when θ0 ∼ θP, B0 − αA0 can be expressed as

FIG. 11. The value of σ2 as a function of α with the fixed rth
and θ0.
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ðB0 − αA0ÞphjM2→∞

≈
Z

rth

0

dr

�
fy − αfx
r − rP

þ ðfx þ αfyÞrPðθP − θ0Þ
ðr − rPÞ2 þ rrPðθP − θ0Þ2

	
×Wðreiθ0 ;MÞ þO½ðθP − θ0Þ2� þ possible residue:

ðB1Þ

Then, if α ¼ −fx=fy, we find that ðB0 − αA0ÞphjM2→∞
becomes independent of θ0 for any fixed rth. Thus, we can
define a new statistical standard deviation as

σ2ðα; rthÞ≡ STD½ðB0 − αA0Þ; fθ01;…; θ0ng�; ðB2Þ

with θ0i ¼ θ0 þ iΔθ0.
As a consequence, σ2 enables us to determine α by

minimizing σ2 with fixed rth and θ0. To exemplify, for the
P-wave case we take rth ¼ 0.50, M2 ¼ 10, and θ0 ¼
−0.560þ iΔθ0, where i∈ fjjj∈Z and j∈ ½−10; 10�g and
Δθ0 ¼ 10−4. σ2 as a function of α is given in Fig. 11,
indicating a minimum for the optimal αextracted ¼ 0.19 that
reconfirms the existence of a resonance pole with a residue
consistent with the method presented in the main text.
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